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Abstract

Some random �xed point theorems for set-valued random operators under very mild conditions

are established. Some recent results of O'Regan ([Proc. Amer. Math. Soc. 126 (1998),

3045{3053] and [Computers Math. Applic. 35 (1998), 27{34]) are improved signi�cantly. The

discussion in this paper underlines, in addition to generality, the unifying aspects of our result.
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1. Introduction

During the last twenty years many results concerning random �xed points of various types of

operators have been obtained, and a number of their applications have been given. Hence, it is

necessary to prove a random �xed point theorem under very mild conditions that includes most

of the known results and which is applicable to random di�erential equations, random integral

equations, random approximations etc. In this paper, we achieve this goal.

Let (
;�) be a measurable space, S a complete subset of a metric space X , and C(X) the

family of all non-empty closed subsets of X . The object of this paper is two-fold.

First, we prove that if T : 
 � S �! C(X) is a continuous random operator which satis�es

the condition (A), then T has a random �xed point. This result uni�es and extends a number

of known, as well as some new, random �xed point theorems. Our result includes, as special

cases, the earlier theorem of Itoh [4] as well as the recent results of Benavides, Acedo and Xu [2],

O'Regan [10, 11], Xu [16], and Tan and Yuan [14].

More recently, O'Regan [9] obtained a random �xed point theorem for a continuous hemi-

compact 1-set-contractive random operator T : 
� S �! CK(X) which satis�es the following

conditions:

1. If fxng � S and yn 2 T (!; xn) for all n are such that xn�yn �! 0 as n �! 1, then there

exists x 2 S with x 2 T (!; x).

2. If f(xj; �j)g
1

j=1 is a sequence in @S � [0; 1] converging to (x; �) with x 2 �T (!; x) and

0 � � < 1, then there exists j0 2 f1; 2; :::g with f�jT (!; xj)g � S for each j � j0.

Here CK(X) denotes the family of all non-empty compact convex subsets of X and @S the

boundary of S. In this context, we apply our main theorem to the derivation of a random �xed

point theorem which improves O'Regan's result signi�cantly. We also observe that the hemi-

compactness of T implies condition (1) and that O'Regan's theorem remains valid if condition

(1) is dropped.

We remark speci�cally that our result may be employed to obtain several random �xed point

theorems for various classes of random maps, that have recently been studied by a number of

authors, which are 1-set-contractive (e.g., Lin [6], Liu [7], Shahzad [12], Shahzad and Latif [13],

Tan and Yuan [15], Yuan and Yu [17] etc.). This indicates the generality and the unifying aspect

of our result.

2. Preliminaries

Let (
, �) be a measurable space and S a non-empty subset of a metric space X . We denote

by 2S the family of all subsets of S and by CB(S) the family of all non-empty closed bounded

subsets of S. A mapping G : 
 �! 2S n f�g is called measurable if, for each open subset U of

S, G�1(U) = f! 2 
 : G(!)\ U 6= �g 2 �. A mapping � : 
 �! S is said to be a measurable

selector of measurable mapping G : 
 �! 2S n f�g if � is measurable and �(!) 2 G(!) for
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each ! 2 
. A mapping T : 
 � S �! 2X n f�g is called a random operator if, for any �xed

x 2 S, the map T (:; x) : 
 �! 2X n f�g is measurable. A mapping � : 
 �! S is said to be a

random �xed point of a random operator T : 
� S �! 2X n f�g if �(!) 2 T (!; �(!)) for each

! 2 
. Let X be a Banach space and A a bounded subset of X . The Kuratowski measure of

non-compactness is de�ned by �(A) = inffc > 0 : A can be covered by a �nite number of sets of

diameter � cg. The Hausdor� measure of non-compactness is de�ned by �(A) = inffc > 0 : A

can be covered by a �nite number of open balls of radius � cg. A mapping T : S �! C(X)

is called (1) k-set-contractive (w.r.t. �) if T (S) is bounded and, for each bounded subset A of

S, �(T (A)) � k�(A), where k � 0; (2) condensing (w.r.t. �) if T (S) is bounded and, for each

bounded subset A of S with �(A) > 0, �(T (A)) < �(A). As in the case of �, corresponding to �

we have k-set contractive (w.r.t. �) and condensing (w.r.t. �) maps. A mapping T : S �! C(X)

is said to satisfy the condition (A) if for any sequence fxng in S and D 2 C(S) such that

d(xn; D) �! 0 and d(xn; T (xn)) �! 0 as n �! 1, there exists x0 2 D with x0 2 T (x0), where

d(x;D) = inffd(x; y) : y 2 Dg. A map T : S �! C(X) is called hemicompact if each sequence

fxng in S has a convergent subsequence whenever d(xn; T (xn)) �! 0 as n �! 1. We observe

that every continuous hemicompact map satis�es the condition (A). Also the condition (A) is

always true for continuous condensing mappings. A random operator T : 
 � S �! C(X) is

said to be continuous (k-set-contractive, condensing, etc.) if the map T (!; :) : S �! C(X) is so

for each ! 2 
.

3. Main results

Using a variant of the method �rst employed by Itoh [4](see also Beg and Shahzad [1], Bena-

vides, Acedo and Xu [2], Tan and Yuan [14]), we prove the following theorem which incorporates

some recent results (see, for examples, Beg and Shahzad [1], Benavides, Acedo and Xu[2, The-

orem 3.3 and Corollary 3.3], Itoh[4, Theorem 3.1], Tan and Yuan[14, Theorem 2.3], etc.).

Theorem 3.1. Let S be a non-empty separable complete subset of a metric space X and T :


 � S �! C(X) a continuous random operator satisfying the condition (A). Then T has a

deterministic �xed point if and only if T has a random �xed point.

Proof. It is enough to show that if T has a deterministic �xed point, then T has a random �xed

point. For each ! 2 
, set G(!) = fx 2 S : x 2 T (!; x)g. By assumption, G(!) is non-empty

and complete for each ! 2 
. We now prove that the mapping G : 
 �! 2S nf�g is measurable.

For any non-empty closed subset D of S, let

L(D) =

1\

n=1

1[

i=1

f! 2 
 : d(xi; T (!; xi)) <
2

n
g;

where fxig is a countable dense subset of D and d(x;D) = inffd(x; y) : y 2 Dg. As in the proof

of Tan and Yuan[14, Theorem 2.3], G�1(D) � L(D). On the other hand, if ! 2 L(D), then,

for each n, there exists i(n) such that d(xi(n); T (!; xi(n))) <
2
n
. Since T satis�es the condition
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(A) and d(x
i(n); T (!; xi(n))) �! 0, it follows that there exists some x0 2 D with x0 2 T (!; x0).

Hence G(!) \ D 6= � and so ! 2 G�1(D). Therefore, G�1(D) = L(D) and G is measurable.

Now, by the Kuratowski and Ryll-Nardzewski selection theorem [5], G has a measurable selector

� : 
 �! S. This � is clearly a random �xed point of T .

Corollary 3.2. [14, Theorem 2.3]. Let S be a non-empty separable complete subset of a metric

space X and T : 
 � S �! C(X) a continuous hemicompact random operator. Then T has a

deterministic �xed point if and only if T has a random �xed point.

Proof. Since every continuous hemicompact map satis�es the condition (A), the corollary follows

from Theorem 2.1.

Corollary 3.3. [2, Theorem 3.3]. Let S be a non-empty separable closed convex subset of a

Banach space X and T : 
 � S �! CB(X) a continuous condensing random operator (w.r.t.

�). Suppose T has a deterministic �xed point. Then T has a random �xed point.

Proof. Since every continuous condensing map satis�es the condition (A), the corollary follows

immediately from Theorem 2.1.

Now we assume that the interior of S may be empty. This case is very useful in studying

ordinary di�erential equations on noncompact intervals [3, 8]. Thus the following result may

be applied to establish the existence principle for random di�erential equations on noncompact

intervals.

Theorem 3.4. Let S be a non-empty separable closed convex subset of a Hilbert space X with

0 2 S and T : 
 � S �! CK(X) a continuous 1-set-contractive random operator (w.r.t. � or

�) satisfying the condition (A). If (2) holds, then T has a random �xed point.

Proof. For each n = 2; 3; :::, de�ne a mapping Tn : 
 � S �! CK(X) by Tn(!; x) = (1 �

1
n
)T (!; x). Then Tn is a condensing random operator (w.r.t. � or �). For each ! 2 
, let

f(xj; �j)g
1

j=1 be a sequence in @S � [0; 1] and (xj ; �j) �! (x; �) as j �! 1 with x 2 �Tn(!; x)

and 0 � � < 1. Then, for any ! 2 
, �jTn(!; xj) = �j(1�
1
n
)T (!; xj) = �jT (!; xj) � S, for j

su�ciently large. It is clear that �j = �j(1�
1
n
) is a sequence in [0; 1] with �j �! �(1� 1

n
) =

�(say), 0 � � < 1, and x 2 �Tn(!; x) = �(1� 1
n
)T (!; x) = �T (!; x) for each ! 2 
. Hence, by

[9, Theorem 2.1], Tn(!; :) has a �xed point xn (depending on !), that is, xn 2 (1� 1
n
)T (!; xn)

for each ! 2 
. Choose yn 2 T (!; xn) with xn = (1 � 1
n
)yn. Now, xn � yn = (� 1

n
)yn �! 0

as n �! 1. Further, d(xn; T (!; xn)) � kxn � ynk = k(� 1
n
)ynk �! 0 as n �! 1. It follows,

by the condition (A), that there exists an x 2 S such that x 2 T (!; x) for each ! 2 
. An

application of Theorem 3.1 yields that T has a random �xed point.
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Corollary 3.5. [9, Theorem 3.1]. Let S be a non-empty separable closed convex subset of a

Hilbert space X with 0 2 S and T : 
 � S �! CK(X) a continuous hemicompact 1-set-

contractive random operator (w.r.t. � or �). Suppose (1) and (2) are satis�ed. Then T has a

random �xed point.

Corollary 3.6. [9, Theorem 3.2]. Let S be a non-empty separable closed convex subset of a

Hilbert space X with 0 2 S and T : 
�S �! CK(X) a continuous condensing random operator

(w.r.t. � ). Suppose (2) holds. Then T has a random �xed point.

Remark 3.7.

1. Theorem 3.1 is a signi�cant generalization of most of the results that have appeared on

random �xed points. In particular, the more recent results of O'Regan (Theorems 2.1 to

2.3[10] and Theorem 3.1[11]) can be viewed as special cases of Theorem 3.1. It is interesting

to compare the hemicompactness of T to the property (B) of Theorem 3.1[11]. We further

add that the hemicompactness of T may be dropped.

2. In view of Theorem 3.4, we observe that Corollary 3.5[9, Theorem 3.1] remains valid

without the assumption of condition (1).

3. We also note that the hemicompactness of T implies condition (1) in Corollary 3.5[9,

Theorem 3.2]. Indeed, �x ! 2 
 arbitrarily. Assume T is hemicompact. Let fxng � S and

yn 2 T (!; xn) for all n be such that xn � yn �! 0 as n �! 1. Then d(xn; T (!; xn)) �

kxn � ynk �! 0 as n �! 1. It follows, by the hemicompactness of T , that there exists a

subsequence fxmg of fxng such that xm �! x0 2 S. The continuity of T further implies

that x 2 T (!; x). Hence T satis�es condition (1).

4. Condition (1) is always true for an operator T : 
�S �! C(X) that satis�es the condition

(A).

Problem. It seems to be an interesting problem to prove Theorem 3.1 for a continuous random

operator T : 
 � S �! C(X) satisfying conditon (1). This may provide an anwser to an open

question, whether the (deterministic) �xed point property for nonexpansive mappings implies

the random �xed point property for (random) nonexpansive mappings (cf. [16]). It is well

known that if X is uniformly convex and S is closed bounded convex, then condition (1) holds

for every nonexpansive mapping T : S �! X . For details, we refer to [2, 16].
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