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1. Introduction

We consider the ¢ - deformation Uy(G) of the universal enveloping algebras U(G) of
simple Lie algebras G called also quantum groups [1], quantum universal enveloping
algebras [2], [3], or just quantum algebras. The representations of U,(G) were first
considered in [3], [4], [5], [6] for generic values of the deformation parameter. Actually all
results from the representation theory of G carry over to the quantum group case. This
is not so, however, if the deformation parameter ¢ is a root of unity. Thus this case is
very interesting from the mathematical point of view, cf. [7], [8], [9], and also [10].

The above developments use results on the embeddings of the reducible Verma mod-
ules. These embeddings are realized by the so-called singular vectors (or null or extremal
vectors). In [10] was given a general formula for the singular vectors which however was
not so explicit, except for the examples necessary for that paper. In [11] were given explicit
formulae for the singular vectors of Verma modules over U, (G) for arbitrary § corre-
sponding to a class of positive roots of G, which were called straight roots, and some
examples corresponding to arbitrary positive roots. Note that these results are complete
for G = Ay since in that case all positive roots are straight. In all these cases the
singular vectors were given only through the simple root vectors as in earlier work in the
case ¢ =1 [12], [13], [14]. The basis in which these singular vectors were written turned
out to be part of a general basis introduced later in the context of quantum groups, though
for other reasons, by Lusztig [15].

The aim of the present paper is to give expressions for the singular vectors of U,(Ay) in
terms of the Poincaré-Birkhoff-Witt (PBW) basis and to relate these expressions with those
in terms of the simple root vectors of [11]. The first result may be compared for ¢ = 1
with the formulae of [16], while the second result is not known also for ¢ = 1, except for

0 =2.

2. Definitions

Let G be a complex simple Lie algebra; then the quantum algebra U,(G) is the g¢-
deformation of the universal enveloping algebra U(G) defined [1], [17] as the associative
algebra over (' with Chevalley generators XijE , Hi , 1 =1,...,0 =rank G and with
relations [1] :

[H:, Hj] = 0, [H, X{] = £a;X7, (la)

(X A7) = 0t = b Hile s @ = gl o2 (1)
q, — q;

S (1 (Z) (X xE (x5 20,04 (1c)

k=0 qi

where (a;;) = (2(a; , o;)/(ai,a;)) is the Cartan matrix of G, (-, -) is the scalar product
of the roots normalized so that for the short roots a we have (o, o) =2, n=1-—q;j,
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Further we shall omit the subscript ¢ in [m], if no confusion can arise. Note also that
Ml I

g—q T = [m];

q

sometimes instead of ¢ one uses ¢’ = ¢*, so that [m]y =

The above definition is valid also when ¢ is an affine Kac-Moody algebra [1].

We use the standard decompositions into direct sums of vector subspaces G = H @

© Gs = GFTOoHOG, G5 = @ Gs, where H is the Cartan subalgebra spanned by
BeA peat

the elements H;, A = ATUA™ isthe root system of G, A%, A~, the sets of positive,
negative, roots, respectively; Ag will denote the set of simple roots of A. We recall that
H; correspond to the simple roots a; of G, and if 3¥ = E]‘ dj o), ¥ =26/(3,5), then
to B corresponds Hg = E]‘ d; H;. For every 3 € AT the elements of G which span G4

are denoted by X;E, (dim Gi+p = 1). The Cartan—Weyl generators X;t [17], [10], [18] are
normalized so that

(X7, X;] = [H;) g5 = ¢BAN

qp >

2
[Hs . X5 = £(8Y,8)X5, p.8' €At %

We shall not use the fact that the algebra U,(G) is a Hopf algebra and consequently
we shall not introduce the corresponding structure.

3. Highest weight modules over U, (G)

The highest weight modules V' over Uy(G) are given by their highest weight A €
H* and highest weight vector vg € V' such that:
6, HUO = A(H)Uo, \V/HEH . (3)

We start with the Verma modules V4 such that V4 = Uy(G) Dy, (B) Vo = Uy G7) @0,
where B = BT, BE =H @& GE are Borel subalgebras of §.

Xto =0, i=1,

; ey

We recall several facts from [10]. The Verma module V* is reducible if there exists
aroot € AT and m € IN such that

[(A+p, BY)=mly, = 0, 87 =28/(8,0), (4)

holds, where p = %EaeAJr a . If ¢ is not a root of unity then (4) is also a necessary
condition for reducibility and then it may be rewritten as 2(A+p, 8) = m(5,5). (In
that case it is the generalization of the (necessary and sufficient) reducibility conditions for
Verma modules over finite-dimensional G [19] and affine Lie algebras [20].) For uniformity
we shall write the reducibilty condition in the general form (4). If (4) holds then there
exists a vector v, € VA, called a singular vector, such that v, ¢ @ vg, and:

Hvs = (MH)-mp(H))vs , VHEH (5a)
XFve=0, i=1,....(. (5b)

; ey

The space U(G™)vs is a proper submodule of V* isomorphic to the Verma module
VA=mS = I(G7)®wv) where v} is the highest weight vector of VA~™8; the isomorphism
being realized by v, — 1 @ vj. The singular vector is given by [13], [10]:

ve = 0" = PJ @y (6)
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where P£ is a homogeneous polynomial of weight m3. The polynomial PP is unique
up to a non-zero multiplicative constant. The Verma module V* contains a unique
proper maximal submodule I*. Among the HWM with highest weight A there is a
unique irreducible one, denoted by Ly, ie., Ly = VA/IM | If VA isirreducible then
Ly = VA, Thus further we discuss Ly for which VA is reducible. If VA reducible
with respect to (w.r.t.) to every simple root (and thus w.r.t. to all positive roots), then
L, is a finite-dimensional highest weight module over U,(G) [21]. The representations
of U,(G) are deformations of the representations of U(G), and the latter are obtained
from the former for ¢ — 1 [21].

In [11] the singular vectors were given only through the simple root vectors, namely:
pfm :Pi(Xl_,...,X[)QQUO, (7)

so that PS is a homogeneous polynomial in its variables of degrees mn;, where n; €
Zy come from 8 =) n;o;.

The aim of the present paper is to give expressions for the singular vectors in terms
of the PBW basis and to relate these expressions with those of [11].

4. Singular vectors in PBW basis

In this paper we consider U,(G) when the deformation parameter ¢ is not a nontrivial
root of unity. This generic case is very important for two reasons. First, for ¢ = 1 all
formulae are valid also for the undeformed case and formulae for the relation with [11] are
new also for ¢ = 1. Second, the formulae for the case when ¢ is a root of unity use the
formulae for generic ¢ as important input as is explained in [11].

Let G = A¢. Let a;,1=1,...,¢ be the simple roots, so that (o; , o;) = —1 for
li—j]=1 and (a;, a;) = 2&; for |i —j|# 1. Then every root o € AT is given
by o = a;; = a;+aip1+ -+ a;, where 1 < < 7 </ in particular, the simple
roots in this notation are: o; = «;;. We recall that for A, the highest root is given by
& = a3 +as+---+ap and that every root a € AT is the highest root of a subalgebra
of Ag; explicitly o;; is the highest root of the subalgebra A;_;1; with simple roots
Qi , Q41 ,...,0; . This means that it is enough to give the formula for the singular vector
corresponding to the highest root.

Further we shall need the Cartan-Weyl basis of G and then the PBW basis of U,(G).
First, let Xij]; be the Cartan-Weyl generators corresponding to the roots =+a;; with

1 < j; in particular, Xijf = Xii, correspond to the simple roots «;. The CW generators
corresponding to the nonsimple roots with ¢ < j are given as follows:

1+1,7

_ Fi1/4 { 1/4 v+ + —1/4 v+ vt
= 4gq /<q/XH XE g /XjXH >

+ + vx — + +
Xij = iqmﬂ <q1/4 X; Xi+1,j - 49 VX ‘Xi> =
(8)
1,7—1 1,7—1
Now the PBW basis is given by monomials of the following kind:
(X )k (X gy lemme (XM (X )Rt x
X (X VR (X (X )R (XT)R

p rp
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This monomials are in the so-called normal order [18]. Namely, we put the simple root
vectors X intheorder X, , X,” ... X; . Then we put aroot vector X corresponding

to the nonsimple root « between the root vectors Xy and X7 if o = [B+7,

a,B,y € AT, This order is not complete but this is not a problem, since when two roots

are not ordered this means that the corresponding root vectors commute, e.g., X, and
X kit
Let us have condition (4) fulfilled for &, but not for any other positive root:
[(A+p,GY) = mly = [A(Ha)+L—m], =0, meN, (100)

q
[(A+poaf) —m']y = [A(Hy) +j—i+1—m),#0, Yoy #a, ¥m' € N . (10b)

Let us denote the singular vector corresponding to (10a) by v™%. We take an arbitrary
linear combination of the PBW basis and impose first the condition (5a) with # — & which
restricts the linear combination to terms of weight mda. Thus, we have:

oMt =Y Op (X)X ) TR L (X))
tij 1 <i<j<t
« (X[ l)m—tz—1,z—tz—2,z—1 (X—)m—tpz—tp,é’—l_ L L e Y (11)
. P
N (Xr_p)trp_tr—l,p (Xl—z)t12(X1—)m—t1z—t1,Z—1— coo —t12

where the summations in the variables t;; € Zy, 1 <¢ < j </{, are such that all powers
are nonnegative. The coefficients C7r depend on the variables ¢;;, and are to be found
by imposing the annihilating condition (5b). As expected they are fixed up to an arbitrary
nonzero multiplicative constant, say C' :

1 2 1 4
$> @m-1)t;—t3 — I<i<i<io1 Eszl tij (tipttit1,p)

Cr =Cq i< .
£—1
—3> U+ (HT)
q r=1 H [m - tr]'
v : r=1 %
( [m —ti — ti_l,i]!> [T [t — il
i=1 1<i<j<e

T DOH) +j—m+t))
AL ~r o

J=1

H = Hi+ .. +H., t = ) t
iF1<s<t

For { = 2 and t = t15 this formula is given [22], and for ¢ = 1 and ¢ = 2,3 in [12]. For
g = 1 our formula would coincide with the result of [16], if we correct one of the definitions
there, namely, if we define B*"" = Eigkq a;; instead of By = Eigkgj a;; inf-la
(20) of [16], «;; = t;j —t;—1;; note that B°"" = k.

S



5. Relation between the two expressions for the singular vectors

Here we would like to present the relation between the expressions for the singular vectors
in the PBW basis given in (11) and in the simple root vectors basis given in [11]. The
latter formula is (cf. f-la (13) from [11] for t = ¢ — 1):

U&m - Z Z ~~’w—1(X1_)m_k1 e (Xé_—l)m_kz_l X

X <X;>’” (X )hr - (XM @ (13a)
fy . kyy = a(_l)kl—i—m—i—kz_l <k1>q'” <k4_1>q 8
[(A+p)(HED, [+ p)HTY]

[((A+p)(HY) —kaly [N+ p)(HTY) = kealy

— a(-1 ki+-4ko_q <m> ) ( m ) y
(=1) ki/, ke-1/,

M +1], N+ —1],

13b
M+ 1k, M+ 0—1— ki, a#0 (13)

X
where A\° = A\(H?®).

5.1. C-coefficients in terms of a-coefficients

The C-coeflicients are given in terms of the a-coefficients by the following formula:

.. _ 1 (. R
Doty 3 (@M=t —t) =530 ) D gnyepee btk ttin)

Cr =(=1)< ¢ < h
La—om® T, ol
q [1[m —¢"]!
o : r=1 % (]_4)
s=1 1<i<j<t

3 Z ki(m—t') £—
X Z Oky ko,okey 4 =1 H _tr ]!

k17k27"'7kﬁ—1

where 0 <k, <m —1t".
To prove the above formula one can use the following lemmas:

Lemma 1: 4
m i ﬂ m e
(=1)™q 2

; a1 7 )




= L{(p—m)(n—p)— p)(X )" P(X s)p(Xr )m—p
OSPS%(mm)( 1)Pq [n — p]'[p][m — p]! (16)

Lemma 1 follows from formula (60) of [23] which is:

JF (=, b e q:l:%(b—c—i—l—u)) _ Z (—1)° (1/) (b)% q:l:%s(b—c—l—l—u)
s :

(C_b)z :I:lbu
- o v

in which here we set b = —a, ¢ =1—a, v = m, and use sign minus. Lemma 2 follows
just from (le¢) and (8).

(17)

5.2. a-coefficients in terms of C-coefficients

The a-coeflicients are given in terms of the C-coefficients by the following formula:

qz((m t)(l ]z) ]z)

ooy = (=Lt Himtim= 37 CTH

m = ]l — G+ g — ]!
i<y .]z . ]z .
m—f‘)_:lﬁjz—1
4
X (H[m — ' — ti—l,i]!> H [ti]‘ — ti—lJ]! X
i=1 1<i<j<t
y q% Zi<j((1—2m)tij+t?j) + 3 Z1§i<j§[—1 Zi=j+1 tij (tig1,pttip)+3(4—1)m?
(18)

To prove (18) one can use the relation:

zp: i W(m—k) (m—t) B

o m—1 m-—p)/,
= (—1)P gzl k= p M= H S . Vgt §
N 7 [m — p’ Z ’p E—s]! Pk

s=0

(19)

which also follows from (17) setting b = ¢, v = p — k, and using the fact that

(0)f = Ty(¥)/T4(0) = duo.
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