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Abstract

We construct induced representations of the multiparameter Hopf superalgebras
Uuq(gl(m=n)) and Uuq(sl(m=n)). The �rst superalgebra we constructed earlier as the
dual of the multiparameter quantum deformation of the supergroup GL(m=n). The second
superalgebra is a Hopf subalgebra of the �rst for a special choice of the parameters. The
representations are labelled by m+n integer numbers, respectively m+n� 1 complex
numbers, and act in the space of formal power series of (m + n)(m + n � 1)=2 non-
commuting variables, of which mn are odd and the rest are even. These variables
generate a q-deformation of a ag supermanifold of the supergroup GL(m=n), respectively
SL(m=n).
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1. Introduction

The extension of the activity on quantum groups to the �eld of supersymmetry was started
with the paper of Manin [1], where the standard multiparametric quantum deformation
of the supergroup GL(m=n) was introduced. These deformations of GL(m=n) were fur-
ther studied in, e.g., [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]. (For the non-standard
two-parameter deformations of GL(1=1) we refer to [12], [13], [14].) In the case of one-
parametric deformation the superalgebra Uq(gl(m=n)) in duality with GLq(m=n) and its
quantum subsuperalgebra Uq(sl(m=n)) were studied in, e.g., [15], [16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33], [34], [35]. However, there
was not much study of the multiparameter deformations of U(gl(m=n)) and U(sl(m=n))
and their interrelations, namely, two-parameter deformations were obtained for m = n = 1
in [36], [5], [8], and multiparameter deformations of U(sl(m=n)) were obtained in [37],
and of U(sl(m=1)) in [38]. However, until recently the superalgebra in duality with the
standard multiparameter deformation GLuq(m=n) was not known. This dual Hopf super-
algebra, which we denote as U � Uuq(gl(m=n)), was found in [39]. There were also
found the conditions on the parameters for which U has as Hopf subsuperalgebra the
multiparameter deformation U 0 � Uuq(sl(m=n)). (For m = n = 1 the latter holds
always.)

In the present paper we construct the induced holomorphic representations of U and
U 0. The representations are labelled by m+n integer numbers, respectively m+n�1 com-
plex numbers and act in the space of formal power series of (m + n)(m + n� 1)=2 non-
commuting variables, of which mn are odd and the rest are even. These variables generate
a q-deformation of a ag supermanifold of the supergroupGL(m=n), respectively SL(m=n).
The construction is achieved by using the Gauss decomposition of the generators of the
multiparameter matrix quantum supergroup A � GLuq(m=n). We use it to give a new
basis ofA which we use as expansion basis for our functions and which has convenient prop-
erties w.r.t. the right action of U . Namely, we impose the conditions of right covariance
[40] in order to eliminate the dependence of our functions on the strictly upper diagonal
generators in the Gauss decomposition, while the dependence on the diagonal generators
in the Gauss decomposition is �xed for all functions. These �xed powers of the diagonal
generators are the integer numbers which parametrize our representations. For u = q = 1
our representations coincide with the holomorphic representations induced from the upper
diagonal Borel subsupergroup B of G � GL(m=n) and acting on the coset G=G+, where
G+ is the strictly upper diagonal supergroup of G. That is why we call our representations
induced. Further, we enforce the conditions under which U 0 is a Hopf superalgebra. Then
we can set the superdeterminant to unity and consider the representations of U 0. Finally,
we eliminate also the dependence on the diagonal generators of the Gauss decomposition.
This is done invariantly, so that the representation parameters remain in the matrix ele-
ments. For u = q = 1 these latter representations coincide with the standard holomorphic
representations induced from B and acting on the coset G=B. These representations can
be extended to arbitrary complex values of the m+ n� 1 representations parameters.

The paper is organized as follows. In Section 2 we recall the multiparameter matrix
quantum supergroup A and the dual multiparameter Hopf superalgebra U . In Section 3
we give the left and right actions of U on A. In Section 4 we give the Gauss decomposition
of the generators of A and a new basis of A. In Section 5 we give the explicit construction
of the induced representations of U and U 0. Section 6 contains an Outlook. There are also
three Appendices.
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2. Multiparameter deformation of GL(m/n) and the dual superalgebra

The multiparameter quantum deformation A = GLuq(m=n) of the supergroupGL(m=n)
was introduced �rst in [1], and later, in a slightly di�erent form, in [11]. It is generated by
the elements of a quantum supermatrix M :

M = (TIJ ) =

�
Aij Bi�
C�j D��

�
(2:1)

where I; J = 1; :::;m + n; i; j = 1; :::;m and �; � = m + 1; :::;m + n, which obey the
following commutaion relations:

TINTIL = (�1)bI bN+bIbL+bNbL(�u2)bIp TILTIN ; for N < L ;

TINTJN = (�1)bNbI+bNbJ+bIbJ (�u2)bNq TJNTIN ; for I < J ;

p TILTJN = (�1)(bI+bL)(bJ+bN)q TJNTIL ; for I < J ; N < L ;

(�1)(bI+bN)(bJ+bL) uq TJLTIN � (up)�1 TINTJL = (�1)bJ bN+bJbL+bNbL(u� u�1) TILTJN

for I < J ; N < L

(TIN )
2 = 0 ; for bI + bN = 1

p =
qNL

u2
; q =

1

qIJ
(2:2)

where b denotes the parity, which for the indices is de�ned by: bI = 0 if I = i = 1; :::;m
and bI = 1 if I = � = m+1; :::;m+n. Further, we de�ne the parity dTIJ of the generators
TIJ through the parity of the indices, namely we set: dTIN = (bI + bN) (mod 2). Thus,
the supermatrixM is in the so-called standard form, so that the elements of A and D are
even and those of B and C are odd. We shall not need explicitly the basis of A which
was introduced in [39], but we shall use the fact that it is homogeneous, i.e., each element
of the basis has a de�nite parity.

Considered as a superbialgebra, A has the following comultiplication �A and counit
"A [1]:

�A(TIJ ) =

m+nX
N=1

TIN 
 TNJ = (TIJ)(1) 
 (TIJ)(2) (2:3a)

"A(TIJ ) = �IJ (2:3b)

where in (2:3a) we have used Sweedler's notation for the co-product of an element a :
�A(a) = a(1)
 a(2) . We also recall that for a superbialgebra the coproduct preserves the
parity, (cf., e.g., [39]). In particular, ba = (ba(1) + ba(2)) (mod 2).

The Hopf superalgebra U � Uuq(gl(m=n)) which is in duality with GLuq(m=n) was
found in [39]. Naturally U is a multiparameter deformation of the superalgebra
U(gl(m=n)). We have shown that as a commutation algebra we have the classical struc-
ture, namely, a splitting in two subalgebras: U �= U 0 
 Z, where U 0 is isomorphic to
the standard one-parametric deformation Uu(sl(m=n)), and Z is central in U for m 6= n.
However, as a coalgebra U can not be split in this way, as only Z is a Hopf subalgebra,
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while U 0 is not a Hopf subalgebra unless m = n = 1 or some special relations between
the parameters exist. These special relations were established in [39] and used to obtain
explicit multiparameter Hopf superalgebra deformations of U(sl(m=n)) which we use
here.

Let us denote the Chevalley generators of sl(m=n) by HI ; X
�
I I = 1; : : : ;m +

n � 1. Then we take for the `Chevalley' generators of U 0 : KI = udIHI=2, K�1
I =

u�dIHI=2, X�
I ; I = 1; : : : ; m + n � 1, d1 = : : : = dm = �dm+1 = : : : = �dm+n = 1,

with the following algebra relations

KIKJ = KJKI ; KIK
�1
I = K�1

I KI = 1U (2:4a)

KIX
�
J = u�cIJX�

J KI (2:4b)

[X+
I ;X

�
J ] = �IJ

K2
I � K�2

I

�I
(2:4c)

X�
I X

�
J = X�

J X
�
I jI � J j > 1 (2:4d)

(adu�X
�)2X�

J = 1 jI � J j = 1 (2:4e)

[ [ X�
m ; X�

m�1]u� ; [ X
�
m ; X�

m+1]u� ]u� = 0 ; � = � (2:4f)

where cIJ is the Cartan matrix of sl(m=n) and �I = dI�, (� = u� u�1).

Further Z is generated by K = uK
0=2 with K 0 = K (m 6= n), K 0 = ~K if

m = n. Here K is the standard central generator of gl(m=n), being given in the de�ning
matrix representation by 1m+n. The generator K is not used for m = n since then it
belongs also to the Cartan subalgebra of sl(m=m)), (being a linear combination of the HI).
For m = n we introduce the generator ~K which belongs to the Cartan subalgebra of
gl(m=m), but not to the subsuperalgebra sl(m=m). In the de�ning matrix representation
~KIJ = dI�IJ .

The Hopf structure of U is given by [39]:

�U (K
�
I ) = K�

I 
K�
I (2:5a)

�U (X
+
I ) = X+

I 
P
1=2
I + P

�1=2
I 
X+

I (2:5b)

�U (X
�
I ) = X�

I 
Q
1=2
I + Q

�1=2
I 
X�

I (2:5c)

"U (K
�
I ) =1U "U (X

�
I ) = 0 (2:5d)

U (KI) = K�1
I ; U (X

�
I ) = �u�(dI+dI+1)=2X�

I (2:5e)

�U (K) = K 
K; "U (K) = 1; U (K) = K�1 (2:6)

where

PI = (~qI)
K̂0

m+nY
S=1

QdS
bHS

IS ; Q
1=2
I = K2

IP
�1=2
I (2:7a)

QII =

8<
:

u2

qi;i+1
; i �m

u02

q0
�;�+1

; I = � > m
(2:7b)

u0 � 1=u ; q0IJ � qIJ=u
2
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QI;I+1 =

8>><
>>:

1
qi;i+1

; i < m
1

q0
m;m+1

; I = m

1
q0
�;�+1

; I = � > m

(2:7c)

QIS =

(
qSI

qS;I+1 ;
S � I � 1

qI+1;S
qIS ;

I + 2 � S
(2:7d)

~qI =

 
mY
s=1

QIs

!
m+nY

�=m+1

Q�1
I� (2:7e)

bHS �

m+n�1X
J=S

dJHJ ; bHm+n = 0 (2:7f)

and for m 6= n we have:

K̂ 0 �
1

m� n
(K � K0) (2:8)

K0 �

mX
j=1

jHj +

m+n�1X
�=m+1

(� � 2m)H�

while for m = n we have:

K̂ 0 �
1

2m
( ~K � ~K0) (2:9)

~K0 �

2m�1X
I=1

IdIHI :

We have also:

�U (PI) = PI 
PI �U (QI) = QI 
QI (2:10a)

"U (PI) =1U "U (QI) = 1U (2:10b)

U (PI) = P�1
I ; U (QI) = Q�1

I (2:10c)

Note that from the generators X�
I , KI , K, only X�

m are odd, while the rest are
even.

As we said we shall also use the conditions on the deformation parameters that de-
couple K 0 from P and Q, namely

~qI = 1 : (2:11)

If (2.11) holds then U 0 is a Hopf subalgebra of U [39]. Note that for m = n = 1 (2.11)
holds always.

The bilinear form giving the duality between U and A is given by [39]:

hKI ; TJLi = u
dI(�IJ �

dI
dI+1

�I+1;J)=2
�JL (2:12a)

hX+
I ; TJLi = u

~I=2Q
�1=2
I;I+1�IJ�J+1;L (2:12b)

hX�
I ; TJLi = (�1)

~Iu(
~I�2dI)=2Q

1=2
II �IL�J�1;L (2:12c)
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from which follows:

hP
1=2
I ; TJLi = Q

1=2
IJ �JL (2:12d)

hQ
1=2
I ; TJLi = u

dI(�IJ �
dI

dI+1
�I+1;J )

Q
�1=2
IJ �JL (2:12e)

Finally:

hK; TJLi = u1=2�JL m 6= n (2:13a)

hK; TJLi = udJ=2�JL m = n (2:13b)

where ~I = 1 if I = m and 0 otherwise.

The pairing between arbitrary elements of U and A follows from the properties of the
duality pairing. The pairing (2:12) is standardly supplemented with

hy; 1Ai = "U (y) : (2:14)

3. Left and right actions of U and U 0

We begin by de�ning two actions of the dual algebra U on A. First we introduce (as in
[41]) the left regular representation of U by:

�(y)TIL =

m+nX
N=1

hU (y); TIN i TNL = (3:1a)

= hU (y); (TIL)(1)i (TIL)(2) (3:1b)

where in the second line we have used (2:3a). From (3:1) we �nd the explicit action of the
generators of U :

�(KI )TJL = u
dI(

dI
dI+1

�I+1;J � �IJ )=2
TJL (3:2a)

�(X+
I )TJL = � u(

~I+dI+dI+1)=2Q
�1=2
I;I+1�IJTJ+1;L (3:2b)

�(X�
I )TJL =� (�1)

~Iu(
~I�3dI�dI+1)=2Q

1=2
II �I+1;JTJ�1;L (3:2c)

from which follows:

�(P
1=2
I )TJL = Q

�1=2
IJ TJL (3:2d)

�(Q
1=2
I )TJL = u

dI(
dI

dI+1
�I+1;J � �IJ )

Q
1=2
IJ TJL (3:2e)

Finally:

�(K)TJL = u�1=2TJL m 6= n (3:3a)

�(K)TJL = u�dJ=2TJL m = n (3:3b)

The above is supplemented with the following action on the unit element of A :

�(KI)1A = 1A; �(X�
I )1A = 0; �(K)1A = 1A : (3:4)
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In order to derive the action of �(y) on A we shall use the general form [42], which is the
same as (3:1b) but for an arbitrary element  of A :

�(y) = hU (y);  (1)i (2) (3:5)

So the action on the product of two homogeneous elements may be calculated using the
properties of pairing, the graded tensor product, coproduct and antipode, namely,

hy1 
 y2;  1 
  2i = (�1)by2b 1 hy1;  1i hy2;  2i (3:6a)

(a 
 b)(c
 d) = (�1)bbbcac
 bd (3:6b)

�(� ) = (�1)b�(2) b (1) �(1) (1) 
 �(2) (2) (3:6c)

(ab) = (�1)babb(b)(a) (3:6d)

We �nd using (3.5) and (3:6):

�(y)� = (�1)by(1) (b�+by(2)) (�(y(2))�) (�(y(1)) ) (3:7)

Thus we have for the generating elements y = KI ;X
�
I , (note that in all cases we haveby(1) by(2) = 0) :

�(KI)� = (�(KI )�) �(KI) (3:8a)

�(X+
I )� = (�1)b�~I (�(P1=2

I )�) �(X+
I ) +

+ (�(X+
I )�) �(P

�1=2
I ) (3:8b)

�(X�
I )� = (�1)b�~I (�(Q1=2

I )�) �(X�
I ) +

+ (�(X�
I )�) �(Q

�1=2
I ) (3:8c)

From (3:8a) follows:

�(P
1=2
I )� = (�(P

1=2
I )�) �(P

1=2
I ) (3:8d)

�(Q
1=2
I )� = (�(Q

1=2
I )�) �(Q

1=2
I ) (3:8e)

For K we have:
�(K)� = (�(K)�) �(K) (3:9)

Applying the above rules one obtains:

�(KI)(TJL)
n = u

ndI(
dI

dI+1
�I+1;J � �IJ )=2

(TJL)
n (3:10a)

�(P
1=2
I )(TJL)

n = Q
�n=2
IJ (TJL)

n (3:10b)

�(Q
1=2
I )(TJL)

n = u
ndI(

dI
dI+1

�I+1;J � �IJ )
Q
n=2
IJ (TJL)

n (3:10c)

�(X+
I )(ajl)

n = � u�3
~I=2uq�n=2[n]u�Ij(ajl)

n�1Tj+1;l (3:11a)

�(X+
I )(d��)

n = � u0q0�n=2[n]u�I�(d��)
n�1d�+1;� (3:11b)
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�(X�
I )(ajl)

n =� u�1q�(n�2)=2[n]u�I+1;jaj�1;l(ajl)
n�1 (3:12a)

�(X�
I )(d��)

n =� (�1)
~Iu�3

~I=2u0�1q0�(n�2)=2[n]u�I+1;�T��1;�(d��)
n�1 (3:12b)

where u0 = u�1, q0 = u2q = u2=qI;I+1 and [n]u = (un � u�n)=�. For K we have

�(K)(TJL)
n = u�n=2(TJL)

n ; m 6= n (3:13a)

�(K)(TJL)
n = u�ndJ=2(TJL)

n ; m = n (3:13b)

Next we introduce the right action of U following [41] (cf. also [43], where it is called
left action and denoted by �l), but taking into account the graded structure:

�R(y)TIL =

m+nX
N=1

(�1)bydTIN TIN hy; TNLi (3:14a)

= (�1)by cTIL(1) (TIL)(1) hy; (TIL)(2)i (3:14b)

where y 2 U .

From (3:14) we �nd the explicit right action of the generators of U :

�R(KI)TJL = u
dI(�IL �

dI
dI+1

�I+1;L)=2
TJL (3:15a)

�R(X
+
I )TJL = �I+1;L (�1)

~I dTJ;L�1 u~I=2Q�1=2
I;I+1 TJ;L�1 (3:15b)

�R(X
�
I )TJL = �IL (�1)

~I(1+ dTJ;L+1) u(~I�2dI)=2Q1=2
II TJ;L+1 (3:15c)

From (3:15a) follows:

�R(P
1=2
I )TJL = Q

1=2
IL TJL (3:15d)

�R(Q
1=2
I )TJL = u

dI(�IL �
dI

dI+1
�I+1;L)

Q
�1=2
IL TJL (3:15e)

Finally:

�R(K)TJL = u1=2TJL m 6= n (3:16a)

�R(K)TJL = udL=2TJL m = n (3:16b)

The above are supplemented with the following action on the unit element of A:

�R(KI)1A = 1A; �R(X
�
I )1A = 0; �R(K)1A = 1A: (3:17)

In order to derive the action �R(y) on A we shall use the general form [42], which is the
same as (3:14b) but for an arbitrary homogeneous element  of A :

�R(y) = (�1)byb (1)  (1) hy;  (2)i (3:18)
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So the action of an arbitrary homogeneous element y 2 U on the product of two homo-
geneous elements of A is given by:

�R(y)� = (�1)byb�(1)+by(2)(b�(2)+b (1)) �(1) hy(1); �(2)i  (1) hy(2);  (2)i = (3:19a)

= (�1)b�by(2) (�R(y(1))�)�R(y(2)) (3:19b)

Thus we have for the generating elements y = KI ;X
�
I ,

�R(KI )� = (�R(KI )�)�R(KI) (3:20a)

�R(X
+
I )� = (�R(X

+
I )�)�R(P

1=2
I ) +

+ (�1)b�~I (�R(P�1=2
I )�)�R(X

+
I ) (3:20b)

�R(X
�
I )� = (�R(X

�
I )�)�R(Q

1=2
I ) +

+ (�1)b�~I (�R(Q�1=2
I )�)�R(X

�
I ) (3:20c)

From (3:20a) follows:

�R(P
1=2
I )� = (�R(P

1=2
I )�)�R(P

1=2
I ) (3:20d)

�R(Q
1=2
I )� = (�R(Q

1=2
I )�)�R(Q

1=2
I ) (3:20e)

For K we have
�R(K)� = (�R(K)�)�R(K) (3:21)

Using this we �nd:

�R(KI )(TJL)
n = u

ndI(�IL �
dI

dI+1
�I+1;L)=2

(TJL)
n (3:22a)

�R(P
1=2
I )(TJL)

n = Q
n=2
IL (TJL)

n (3:22b)

�R(Q
1=2
I )(TJL)

n = u
ndI(�IL �

dI
dI+1

�I+1;L)
Q
�n=2
IL (TJL)

n (3:22c)

�R(X
+
I )(ajl)

n = un�1q(n�2)=2[n]u�I+1;laj;l�1(ajl)
n�1 (3:23a)

�R(X
+
I )(d��)

n = u
~I=2u0(n�1)q0(n�2)=2[n]u�I+1;�T�;��1(d��)

n�1 (3:23b)

�R(X
�
I )(ajl)

n = (�1)
~Iu

~I=2un�1qn=2[n]u�I;l(ajl)
n�1Tj;l+1 (3:24a)

�R(X
�
I )(d��)

n = u0(n�1)q0n=2[n]u�I;�(d��)
n�1d�;�+1 (3:24b)

For K we have

�R(K)(TJL)
n = un=2(TJL)

n m 6= n (3:25a)

�R(K)(TJL)
n = undL=2(TJL)

n m = n (3:25b)
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4. Basis via Gauss decomposition

Until here we have used implicitly the basis for A given in [39], however, it is not suitable
for the construction of the induced representations following [40], [41]. From the latter
references we know that the suitable basis is via the use of a Gauss decomposition. The
point is that we shall use right covariance [40] to reduce the number of variables on which
our functions depend. Right covariance with respect to the raising generators X+

I means
that their right action will annihilate our functions. It so happens that this right action
will annihilate automatically the 'lower triangular' and 'diagonal' entries of the Gauss
decomposition. Thus, right covariance eliminates dependence on the 'upper triangular'
entries of the Gauss decomposition. Right covariance with respect to the Cartan generators
means that their right action will be scalar on our functions. For this it is su�cient that the
right action of the Cartan generators will be scalar on the 'lower triangular' and 'diagonal'
entries of the Gauss decomposition.

We give the simple cases m = n = 1 and m = 2; n = 1 in Appendix A and Appendix
B, resp. Below we treat the general case.

The matrix T in (2.1) may be written as

T =

�
A B

C D

�
=

�
1 0
F 1

��
A 0
0 H

��
1 E

0 1

�
(4:1)

where

H = D � CA�1B (4:2a)

E = A�1B ; F = CA�1 (4:2b)

and A�1 is the inverse of the quantum matrix A. Furthermore, the quantum matrices A
and H may be decomposed as follows

A = ALADAU (4:3a)

H = HLHDHU (4:3b)

where the index L indicates the strictly lower triangular matrix (with units on the main
diagonal), D for the diagonal matrix and U for the strictly upper triangular matrix (with
units at the main diagonal). Then, the quantum supermatrix T may be decomposed as
follows

T =

�
A B

C D

�
=

�
AL 0
� HL

��
AD 0
0 HD

��
AU �
0 HU

�
(4:4)

where

� = AUE = AUA
�1B (4:5a)

� = FAL = CA�1AL (4:5b)

In fact, the elements of the quantum matrix A are even and their commutation rela-
tions are that of GLuq(m), so we can get its Gauss decomposition directly from [41]. For

11



this we have to suppose that the principal minor determinants of A:

Dr =
X
�2Sr

�(�)a1�(1) : : : ar�(r)

=
X
�2Sr

�0(�)a�(1)1 : : : a�(r)r ; r � m (4:6)

�(�) =
Y
j<k

�(j)>�(k)

�
�q�(k)�(j)

u2

�
(4:7a)

�0(�) =
Y
j<k

�(j)>�(k)

�
�1

q�(k)�(j)

�
(4:7b)

are invertible; note that Dm is just the quantum determinant of A (we will denote it by
DA). Further, for the ordered set I = fi1 < : : : < irg and J = fj1 < : : : < jrg, let �

I
J be

the r-minor determinant with respect to rows I and columns J such that:

�IJ =
X
�2Sr

�0(�)ai�(1) j1 : : : ai�(r)jr (4:8)

Note that �1:::i1:::i = Di. Then one has as in [41] (1 � i; k; l � m)

ail = YikDkkUkl (4:9)

where Yik are elements of AL, Dkk are elements of AD and Ukl are those of AU . They are
given explicitly by:

Yik =

k�1Y
s=1

qsi

qsk
�1:::k�1i1:::k D�1

k (4:10a)

Dkk = DkD
�1
k�1 (D0 = 1) (4:10b)

Ukl = D�1
k �1:::k1:::k�1l (4:10c)

Now let us calculate the right action of X+
I on Yil and Dll . From (3:20b) we deduce

that

�R(X
+
I )� = (�R(X

+
I )�) �R(P

1=2
I ) + (�R(P

�1=2
I )�) �R(X

+
I ) (4:11)

where � is an arbitrary product of ajl with 1 � j; l � m. Then, using (3:15b; d) one can
prove by a direct calculus that:

�R(X
+
I )�

N
L = 0; forL = f1; : : : lg;8N (4:12)

and in particular case we have
�R(X

+
I )Dj = 0: (4:13)

Then using (4.11) we get

�R(X
+
I )Yjl = 0; �R(X

+
I )Dll = 0 (4:14)
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To calculate the right action of X+
I on �, we �rst introduce the left and right quantum

cofactor matrices Aij and A
0
ij associated to A:

Aij =
X
�(i)=j

�(��i)

�(�i)
a1�(1) : : : �aij : : : am�(m) (4:15a)

A0ij =
X
�(j)=i

�0(��0j )

�0(�0j )
a�(1)1 : : : �aij : : : a�(m)m (4:15b)

where �i and �
0
j denote the cyclic permutations:

�i = fi; : : : 1g; �0j = fj; : : :mg (4:16)

and the notation �x in (4:15) indicates that x is to be omitted. Then one can show that

X
aijAkj =

X
A0jiajk = �ikDA (4:17)

and obtain the left and right inverse of A as

Mij = D�1
A A0ji = AjiD

�1
A : (4:18)

One can calculate the following

�R(P
1=2
I )DA =

mY
s=1

Q
1=2
Is DA (4:19a)

�R(P
1=2
I )D�1

A =

mY
s=1

Q
�1=2
Is D�1

A (4:19b)

�R(P
1=2
I )Mij = Q

�1=2
Ii Mij (4:19c)

Now we have to calculate the right action on F�l. First, using (4.11), (4.18) and (4:19b),
we note:

�R(X
+
I )Mjl = �Q

1=2
II Q

�1
I;I+1�IjMj+1;l (4:20)

and then we get:

�R(X
+
I )F�l = �R(X

+
I )C�jMjl =

= (�R(X
+
I )C�j) �R(P

1=2
I )Mjl +

+ (�1)
~IcC�j (�R(P�1=2

I )C�j) �R(X
+
I )Mjl = 0 (4:21)

It remains now to calculate the right action of X+
I on the lower triangular matrix HL

and the diagonal one HD. Note that the de�ning commutation relations of GLuq(m=n) in
(2.2) are in fact the explicit of the following super-RTT equation:

(�1)bN(bN+bL)RIJMNTMNTNL = (�1) bM(bJ+bN)TIMTJNR
MN

NL (4:22)
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where the �nite-dimensional R-matrix is given by

RIJNL = �IL�
J
Nf(�u

2)bI�IJ + �IJ (�1)bIbJqJI + �JI (�1)bIbJ u2
qIJ

g + �IN�
J
L�

JI (1�u2) (4:23)

where �IJ = 1 if I > J and 0 otherwise. (For n = 0 and qi = u, 8i, the above
relations will reduce to the RTT relations for GLu(m), [44].) On the other hand, starting
from (4.22) one can prove that the matrix H satis�es the same super-RTT equation with
all indices are odd. This is proved in [45]. So the elements of H satisfy the de�ning
commutation relations of GLu0q0(n). Further one can prove that the right action on H is
as follows:

�R(KI )h�� = u
dI(�I��

dI
dI+1

�I+1;�)=2
h�� (4:24a)

�R(X
+
I )h�� =

�
u
~I=2Q

�1=2
I;I+1�I+1;�h�;��1 ; � > m+ 1

0 ; � = m+ 1
(4:24b)

�R(X
�
I )h�� = �I� uQ

1=2
�� h��+1 � �Im u

�1 h�;m+1Em�; (4:24c)

�R(K)h�� =

�
u1=2h�� ; for m 6= n

u01=2h�� ; for m = n
(4:24d)

�R(P
1=2
I )h�� = Q

1=2
I� h�� (4:24e)

�R(Q
1=2
I )h�� = u

dI(�I��
dI

dI+1
�I+1;�)

Q
�1=2
I� h�� (4:24f)

Now, one can get the Gauss decomposition of H in the same way as it was done for
the quantum matrix A. For this we have to suppose that the principal minor determinant
of H:

G� =
X

�2S��m

~�(�)hm+1�(m+1) : : : h��(�)

=
X

�2S��m

~�0(�)h�(m+1)m+1 : : : h�(�)� ; m+ 1 � � � m+ n (4:25)

~�(�) =
Y
�<�

�(�)>�(�)

 
�q0�(�)�(�)

u02

!
(4:26a)

~�0(�) =
Y
�<�

�(�)>�(�)

 
�1

q0
�(�)�(�)

!
(4:26b)

are invertible; note that Gm+n is just the quantum determinant of H (we will denote it
by DH). Further, for the ordered set I = f�1 < : : : < �rg and J = f�1 < : : : < �rg, let

�0
I
J be the r-minor determinant with respect to rows I and columns J such that:

�0
I
J =

X
�2Sr

~�0(�)h��(1)�1 : : : h��(r)�r (4:27)

Note that �0
m+1:::�
m+1:::� = G�. Then one has (m+ 1 � �; �;  � m+ n):

h� = Z��G��V� (4:28)
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where Z�� are elements of HL, G�� are elements of HD and V� are elements of HU . They
are given explicitly by

Z�� =

��1Y
=m+1

q�

q�
�0
m+1:::��1�
m+1:::� G�1

� (4:29a)

G�� = G�G
�1
��1 (Gm = 1) (4:29b)

V� = G�1
� �0

m+1:::�
m+1:::��1 (4:29c)

Now let us calculate the right action of X+
I on Z�� and G�� . Using (3:20b) anddh�� = 0 (mod2) we get:

�R(X
+
I )h�� = (�R(X

+
I )h��)�R(P

1=2
I ) + (�R(P

�1=2
I )h��)�R(X

+
I ) (4:30)

from which we deduce

�R(X
+
I )� = (�R(X

+
I )�)�R(P

1=2
I ) + (�R(P

�1=2
I )�)�R(X

+
I ) (4:31)

where � is an arbitrary product of h�� with m+ 1 � �; � � m+ n. Then, one can prove
in the same way as for A that:

�R(X
+
I )�

0N
L = 0; for L = fm+ 1; : : : �g; 8N (4:32)

and in particular case we have
�R(X

+
I )G� = 0 : (4:33)

Then using (4.31) we get

�R(X
+
I )Z�� = 0; �R(X

+
I )G�� = 0 : (4:34)

Finally, we write down the superdeterminant:

F =

mY
s=1

Dss

m+nY
�=m+1

G�1
�� = DmG

�1
m+n (4:35)

for which we also obtain:
�R(X

+
I )F = 0 : (4:36)

Thus, we have proved that the right action of X+
I on the strictly lower and diagonal

matrices in the Gauss decomposition of T is zero. On the other hand the right action of of
X+
I on the strictly upper diagonal matrices in the Gauss decomposition of T is nontrivial.

We have now for the right action of the Cartan generators:

�R(KI)�
N
L = u�Il=2�NL ; L = f1; : : : lg 8N (4:37a)

�R(KI)�
0N
L = u�Im=2u0�I�=2�0

N
L ; L = fm+ 1; : : : �g 8N (4:37b)
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from which follows

�R(KI)Dj = u�Ij=2Dj ; �R(KI )G� = u�Im=2u0�I�=2G� (4:38a)

�R(KI )Yjl = Yjl; �R(KI )Z�� = Z�� (4:38b)

we have also
�R(KI)��l = ��l: (4:39)

Now we give the action of K in both cases m 6= n and m = n.

For m 6= n we have

�R(K)DA = um=2DA; �R(K)Mjl = u�1=2Mjl (4:40a)

�R(K)�
N
L = ul=2�NL ; L = f1; : : : lg 8N (4:40b)

�R(K)�
0N
L = u(��m)=2�0

N
L ; L = fm+ 1; : : : �g 8N (4:40c)

from which it follows

�R(K)Dj = uj=2Dj ; �R(K)G� = u(��m)=2G� (4:41a)

�R(K)Yjl = Yjl; �R(K)��l = ��l �R(K)Z�� = Z�� (4:41b)

For m = n we have

�R(K)DA = um=2DA; �R(K)Mjl = u�1=2Mjl (4:42a)

�R(K)�
N
L = ul=2�NL ; L = f1; : : : lg 8N (4:42b)

�R(K)�
0N
L = u0(��m)=2�0

N
L ; L = fm+ 1; : : : �g 8N (4:42c)

from which it follows

�R(K)Dj = uj=2Dj ; �R(K)G� = u0(��m)=2G� (4:41a)

�R(K)Yjl = Yjl; �R(K)��l = ��l �R(K)Z�� = Z�� (4:41b)

Thus, we have shown that right action of the Cartan generators is scalar on all entries
of the Gauss decomposition.

The generators Ylj;��l; Z�� are the q-analogues of the strictly lower triangular
supermatrices of GL(m=n), while the generators Ujl;�i�; V�� are the q-analogues of the
strictly upper triangular supermatrices of GL(m=n). The generators Djj ; G��;F are
the q-analogues of the diagonal supermatrices of GL(m=n). In the following we shall need
their commutation relations. Since these are rather lengthy they are given in Appendix C.

Clearly one can replace the basis of A in terms of TJL with a basis in terms of XLJ =
(Ylj ;��j ; Z��) with (L > J), Di, G�, (� � m + n � 1), F , and WJL = (Ujl;�j�; V��).
More precisely, the basis will be given as follows:

f�v;�k; �w
:
= (Y21)

v21 : : : (Ym;m�1)
vm;m�1 (�m+1;1)

vm+1;1 : : : (�m+n;m)
vm+n;m �

� (Zm+2;m+1)
vm+2;m+1 : : : (Zm+n;m+n�1)

vm+n;m+n�1 �

� (D1)
k1 : : : (Dm)

km (Gm+1)
km+1 : : : (Gm+n�1)

km+n�1 (F)km+n �

� (Vm+n�1;m+n)
wm+n�1;m+n : : : (Vm+1;m+2)

wm+1;m+2 �

� (�m;m+n)
wm;m+n : : : (�1;m+1)

w1;m+1 (Um�1;m)
wm�1;m : : : (U12)

w12 (4:44)

�v
:
= fvIJ j 1 � J < I � m+ ng ; vIJ 2 ZZ+ ; v�i � 1

�k
:
= fkI j 1 � I � m+ ng ; kI 2 ZZ

�w
:
= fwIJ j 1 � I < J �m+ ng ; wIJ 2 ZZ+ ; wi� � 1
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and we are using the normal ordering similar to [41], namely, we �rst put the elements Yij
in lexicographic order, (i.e., if i < k then Yij is before Yk` and Yti is before Ytk), then the
elements ��i in lexicographic order, then the elements Z�� in lexicographic order, then
the elements DI and F , then the elements V�� in antilexicographic order, (i.e., if � > 

then V�� is before V� and V�� is before V�), then the elements �i� in antilexicographic
order, �nally, the elements Uij in antilexicographic order. Note that the basis includes the
unit element of A :

f0;0;0 = 1A (4:45)

Finally, we should note that the commutation relations in Appendix C are given in antic-
ipation of this basis.

5. Representations of U and U 0

We have already seen that the basis introduced in (4:44) has the necessary right covariance
properties we mentioned earlier. Thus, we consider a candidates for our representation
spaces the formal power series:

' =
X

ki2ZZ;v�i;wi�2f0;1g
vji;v��;wij ;w��2ZZ+

��v;�k; �w f�v;�k; �w ; ��v;�k; �w 2 CI (5:1)

We impose now right covariance with respect to X+
I ; i.e., we require:

�R(X
+
I )' = 0: (5:2)

This means that our functions ' do not depend on WIJ , since (5.2) is ful�lled automat-
ically for the other elements of the basis, as we saw in the previous Section. Thus, the
function obeying (5.2) are:

' =
X

ki2ZZ; v�i2f0;1g
vji;v��2ZZ+

��v;�k f�v;�k ; ��v;�k
:
= ��v;�k;0 ; f�v;�k

:
= f�v;�k;0 (5:3)

Next we impose right covariance with respect to KI and K:

�R(KI)' = udIrI=2' (5:4a)

�R(K)' = ur̂=2' if m 6= n (5:4b)

�R(K)' = u~r=2' if m = n (5:4c)

where rI and r̂; ~r are parameters to be speci�ed below. Using the following:

�R(KI )F = F (5:5a)

�R(K)F = u(m�n)=2F if m 6= n (5:5b)

�R(K)F = umF if m = n (5:5c)
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and the actions of KI and K on the new generators and their products we �nd:

�R(KI )' = udIkI=2'; for I � m+ n� 1; I 6=m (5:6a)

�R(Km)' = u
1
2

�
km+

P
m+n�1

�=m+1
k�
�
' (5:6b)

�R(K)' = u
1
2

�P
m

j=1
jkj+

P
m+n�1

�=m+1
(��m)k�+(m�n)km+n

�
' if m 6= n (5:6c)

�R(K)' = u
1
2

�P
m

j=1
jkj�

P
m+n�1

�=m+1
(��m)k�+2mkm+n

�
' if m = n (5:6d)

Comparing the right covariance (5:4) the direct calculations (5:6) we obtain:

kI = rI ; for I �m+ n� 1; I 6= m (5:7a)

km = rm �

m+n�1X
�=m+1

r� (5:7b)

r̂ =

mX
j=1

jkj +

m+n�1X
�=m+1

(� �m)k� + (m� n)km+n =

=

mX
j=1

jrj +

m+n�1X
�=m+1

(� � 2m)r� + (m� n)km+n ; if m 6= n (5:7c)

~r =

mX
j=1

jkj �

2m�1X
�=m+1

(� �m)k� + 2mk2m =

=

2m�1X
J=1

JdJrJ + 2mk2m ; if m = n (5:7d)

This means that rI ; r̂; ~r 2 ZZ and there is no summation in kI ; also we have:

km+n =
1

m� n
(r̂ �

mX
j=1

jrj �

m+n�1X
�=m+1

(� � 2m)r�) if m 6= n (5:8a)

k2m =
1

2m
(~r �

2m�1X
J=1

JdJrJ ) if m = n (5:8b)

Thus, the reduced functions obeying (5.2) and (5:4) are

' =
X

v�i2f0;1g
vji;v��2ZZ+

��v f�v ��r ; ��v
:
= ��v;0 ; f�v

:
= f�v;0 (5:9a)

��r
:
= (D1)

r1 : : : (Dm�1)
rm�1(Dm)

ŝ(Gm+1)
rm+1 : : : (Gm+n�1)

rm+n�1(F)t̂ (5:9b)

�r = fr1; : : : ; rm+n�1 ; r̂(or ~r)g

where

ŝ = rm �

m+n�1X
�=m+1

r� (5:10a)

t̂ =

8<
:

1
m�n

(r̂ �
Pm
j=1 jrj �

Pm+n�1
�=m+1

(� � 2m)r�) if m 6= n

1
2m

(~r �
P2m�1
J=1 JdJrJ ) if m = n

(5:10b)
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Next we shall give the U representation (left) action � on '. Besides the action of
the 'Chevalley' generators KI ;X

�
I ;K we shall give for the readers convenience also the

action of PI;QI though it follows from that of KI . We have:

�(KI )Ylj = u(�I+1;l��I+1;j��Il+�Ij)=2Ylj (5:11a)

�(X+
I )Ylj = � u(

~I+dI+dI+1)=2Q
�1=2
I;I+1Q

�1=2
Ij �Il(�lm�m+1;m + (1� �lm)Yl+1;j) +

+ uQ
�1=2
I;I+1Q

�1=2
Il

�
qj;j+1qj+1;l

qjl

�(1��l;j+1)

�IjYj+1;jYlj +

+ uQ
�1=2
I;I+1Q

1=2
Il Q

�1=2
I;j�1Q

�1=2
Ij �I+1;j �

� f
qj�1;l

qj�1;jqjl
Yl;j�1 � Yj;j�1Yljg (5:11b)

�(X�
I )Ylj = � u�2Q

1=2
II Q

1=2
Ij u

��Ij�I+1;lYl�1;j (5:11c)

�(K)Ylj = Ylj (5:11d)

�(P
1=2
I )Ylj = Q

�1=2
Il Q

1=2
Ij Ylj (5:11e)

�(Q
1=2
I )Ylj = u(�I+1;l��I+1;j��Il+�Ij)Q

1=2
Il Q

�1=2
Ij Ylj (5:11f)

�(KI )��j = u
dI(

dI
dI+1

(�I+1;���I+1;j)��I�+�Ij)=2
��j (5:12a)

�(X+
I )��j = � u�1Q

�1=2
I;I+1Q

�1=2
Ij �I���+1;j+

+ u(
~I+dI+dI+1)=2Q

�1=2
I;I+1Q

�1=2
I� (

qj;j+1qj+1;�

qj�
)(1���;j+1)�Ij �

� ((1 � �jm)Yj+1;j � �jm�m+1;m)��j +

+ uQ
�1=2
I;I+1Q

1=2
I� Q

�1=2
I;j�1Q

�1=2
Ij �I+1;j �

� f
qj�1;�

qj�1;jqj�
��;j�1 � Yj;j�1��jg (5:12b)

�(X�
I )��j = � (�1)

~Iu(
~I�3dI�dI+1)1=2Q

1=2
Ij u

��Ij�I+1;� �

� f��;m+1Ymj + (1 � ��;m+1)���1;jg (5:12c)

�(K)��j =

�
��j if m 6= n

u��j if m = n
(5:12d)

�(P
1=2
I )��j = Q

�1=2
I� Q

1=2
Ij ��j (5:12e)

�(Q
1=2
I )��j = u

dI(
dI

dI+1
(�I+1;���I+1;j)��I�+�Ij)

Q
1=2
I� Q

�1=2
Ij ��j (5:12f)

�(KI)Z�� = u
dI(

dI
dI+1

(�I+1;���I+1;�)��I�+�I�)=2
Z�� (5:13a)

�(X+
I )Z�� = � u0Q

�1=2
I;I+1Q

�1=2
I� �I�Z�+1;� +

+ u0Q
�1=2
I;I+1Q

�1=2
I� (

q0�;�+1q
0
�+1;�

q0��
)(1���;�+1)�I�Z�+1;�Z�� +

19



+ (�1)bI+cI+1u2~I u(~I+dI+dI+1)=2Q�1=2
I;I+1Q

1=2
I� Q

�1=2
I;��1Q

�1=2
I� �I+1;� �

� f
q0��1;�

q0��1;�q
0
��

(�Im��m + (1 � �Im)Z�;��1) �

� �Im�m+1;mZ�� � (1� �Im)Z�;��1Z��g (5:13b)

�(X�
I )Z�� = � u0�2Q

1=2
II Q

1=2
I� u

0��I��I+1;�Z��1;� (5:13c)

�(K)Z�� = Z�� (5:13d)

�(P
1=2
I )Z�� = Q

�1=2
I� Q

1=2
I� Z�� (5:13e)

�(Q
1=2
I )Z�� = u

dI(
dI

dI+1
(�I+1;���I+1;�)��I�+�I�)

Q
1=2
I� Q

�1=2
I� Z�� (5:13f)

�(KI )Dj = u��Ij=2Dj (5:14a)

�(X+
I )Dj = � u(

~I+dI+dI+1)=2Q
�1=2
I;I+1

j�1Y
s=1

Q
1=2
Is �Ij�

� (�jm�m+1;m + (1 � �jm)Yj+1;j)Dj (5:14b)

�(X�
I )Dj = 0 (5:14c)

�(K)Dj = u�j=2Dj (5:14d)

�(P
1=2
I )Dj =

jY
s=1

Q
�1=2
Is Dj (5:14e)

�(Q
1=2
I )Dj = u��Ij

jY
s=1

Q
1=2
Is Dj (5:14f)

�(KI )G� = u(��Im+�I�)=2G� (5:15a)

�(X+
I )G� = � u(

~I+dI+dI+1)=2Q
�1=2
I;I+1f

��1Y
�=m+1

Q
1=2
I� �I�Z�+1;�+

+

�Y
�=m+2

Q1=2
m��Im�m+1;mgG� (5:15b)

�(X�
I )G� = 0 (5:15c)

�(K)G� =

�
u�(��m)=2G� if m 6= n

u0�(��m)=2G� if m = n
(5:15d)

�(P
1=2
I )G� =

�Y
�=m+1

Q
�1=2
I� G� (5:15e)

�(Q
1=2
I )G� = u(��Im+�I�)

�Y
�=m+1

Q
1=2
I� G� (5:15f)
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�(KI )F = F (5:16a)

�(X+
I )F = 0 (5:16b)

�(X�
I )F = 0 (5:16c)

�(K)F =

�
u(n�m)=2F if m 6= n

u�mF if m = n
(5:16d)

�(P
1=2
I )F = F (5:16e)

�(Q
1=2
I )F = F (5:16f)

Now we note that from (5:14), (5:15), (5:16) we have the important consequence
that the degrees of variables Dj , G�, F are not changed by the action of U . Thus, the
parameters rI and r̂ (or ~r) indeed characterize the action of U , i.e., we have obtained
representations of U .

� Thus, by formulae (5:11), (5:12), (5:13), (5:14), (5:15), (5:16), we have given the
induced representations of U labelled by the m + n integer numbers rI and r̂ (or ~r)
and acting in the space of formal power series of (m + n)(m+ n� 1)=2 non-commuting
variables, of which the mn variables ��i are odd and the variables Yij and Z�� are
even.

Remark: For u = q = 1 our representations coincide with the holomorphic representations
induced from the upper diagonal Borel subsupergroup B of G � GL(m=n) and acting on
the coset G=G+, where G+ is the strictly upper diagonal supergroup of G. That is why
we call our representations induced. }

To obtain our representation more explicitly one is using these formulae together with
the rules (3:8) and (3.9). In particular, we see that:

�(K)' =

�
u�r̂=2'; if m 6= n

u�~r=2'0 ; if m = n
(5:17a)

'0 =
X

v�i2f0;1g
vji;v��2ZZ+

��v u

P
�;i

v�i
f�v ��r (5:17b)

We notice from (5:16) that U 0 acts trivially on F . Thus, the action of U 0 involves
only the parameters rI , I �m+n�1. On the other hand by (5:17) we see that the action
of K involves only the parameter ~r0 (~r0 = r̂ if m 6= n ; ~r0 = ~r if m = n). Thus we can
consistently also from the representation theory point of view restrict to SLuq(m=n), i.e.,
we set

F = F�1 = 1A : (5:18)

Note that in order to enforce this condition it is also necessary that F commutes with all
generators, and the conditions for this which follow from the explicit commutation relation
in Appendix C are just conditions (2.11).
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With (5.18) enforced the dual algebra is U 0 � Uuq(sl(m=n)). Thus, the reduced
functions for the U 0 action are:

' =
X

v�i2f0;1g
vji;v��2ZZ+

��v f�v �
0
�r (5:19a)

�0�r
:
= Dr1

1 : : :D
rm�1
m�1 D

ŝ
mG

rm+1

m+1 : : : G
rm+n�1

m+n�1 (5:19b)

� Thus, by formulae (5:11), (5:12), (5:13), (5:14), (5:15), we have given the induced
representations of U 0 labelled by the m + n � 1 integer numbers rI . For u = q = 1
our representations coincide with the standard holomorphic representations induced from
B and acting on the coset G=B.

To obtain the representations more explicitly one is using these formulae together with
the rules (3:8). In particular, we have:

�(KI )(Ylj)
k = uk(�I+1;l��I+1;j��Il+�Ij)=2(Ylj)

k (5:20a)

�(X+
I )(Ylj)

k = � u(
~I+dI+dI+1)=2Q

�1=2
I;I+1Q

(k�2)=2
Ij cl�Il(Ylj)

k�1 �

� (�lm�m+1;m + (1� �lm)Yl+1;j) +

+ uQ
�1=2
I;I+1Q

(k�2)=2
Il cj

�
qj;j+1qj+1;l

qjl

�(1��l;j+1)

�IjYj+1;j(Ylj)
k +

+ uQ
�1=2
I;I+1Q

k=2
Il (

qj�1;j

u
)k~cj�1�I+1;j �

� f
qj�1;l

qj�1;jqjl
Yl;j�1(Ylj)

k�1 � Yj;j�1(Ylj)
kg (5:20b)

�(X�
I )(Ylj)

k = � u�2Q
1=2
II Q

k=2
Ij u

�k�Ijcl�1�I+1;lYl�1;j(Ylj)
k�1 (5:20c)

�(P
1=2
I )(Ylj)

k = Q
�k=2
Il Q

k=2
Ij (Ylj )

k (5:20d)

�(Q
1=2
I )(Ylj)

k = uk(�I+1;l��I+1;j��Il+�Ij)Q
k=2
Il Q

�k=2
Ij (Ylj)

k (5:20e)

�(KI)(Z��)
k = u

kdI(
dI

dI+1
(�I+1;���I+1;�)��I�+�I�)=2

(Z��)
k (5:21a)

�(X+
I )(Z��)

k = � u0Q
�1=2
I;I+1Q

(k�2)=2
I� c��I�(Z��)

k�1Z�+1;� +

+ u0Q
�1=2
I;I+1Q

(k�2)=2
I� c�(

q0�;�+1q
0
�+1;�

q0��
)(1���;�+1)�I�Z�+1;�(Z��)

k +

+ (�1)bI+cI+1u(~I+dI+dI+1)=2Q�1=2
I;I+1Q

k=2
I� ~cI�I+1;� �

� f
q0��1;�

q0��1;�q
0
��

(�Im(qm;m+1)
k��m +

+ (1 � �Im)(
q0��1;�

u0
)kZ�;��1)(Z��)

k�1 �

� �Im(qm;m+1)
k�m+1;m(Z��)

k �

� (1 � �Im)(
q0��1;�

u0
)kZ�;��1(Z��)

kg (5:21b)
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�(X�
I )(Z��)

k = � u0�2Q
1=2
II Q

k=2
I� u

0�k�I�c��1�I+1;�Z��1;�(Z��)
k�1 (5:21c)

�(P
1=2
I )(Z��)

k = Q
�k=2
I� Q

k=2
I� (Z��)

k (5:21d)

�(Q
1=2
I )(Z��)

k = u
kdI(

dI
dI+1

(�I+1;���I+1;�)��I�+�I�)
Q
k=2
I� Q

�k=2
I� (Z��)

k (5:21e)

where

cI =

�
(qi;i+1)

(k�1)=2[k]u; if I = i � m

(q0�;�+1)
(k�1)=2[k]u; if I = � > m

(5:22a)

~cI =

�
(qi;i+1)

(1�k)=2[k]u; if I = i � m

(q0�;�+1)
(1�k)=2[k]u; if I = � > m

(5:22b)

�(KI )(Dj )
k = u�k�Ij=2(Dj )

k (5:23a)

�(X+
I )(Dj )

k = � u(
~I+dI+dI+1)=2Q

�1=2
I;I+1

j�1Y
s=1

Q
k=2
Is ~cj�Ij�

� (�jm�m+1;m + (1� �jm)Yj+1;j)(Dj )
k (5:23b)

�(X�
I )(Dj )

k = 0 (5:23c)

�(P
1=2
I )(Dj )

k =

jY
s=1

Q
�k=2
Is (Dj)

k (5:23d)

�(Q
1=2
I )(Dj )

k = u�k�Ij
jY
s=1

Q
k=2
Is (Dj)

k (5:23e)

�(KI )(G�)
k = uk(��Im+�I�)=2(G�)

k (5:24a)

�(X+
I )(G�)

k = � u(
~I+dI+dI+1)=2Q

�1=2
I;I+1~cIf

��1Y
�=m+1

Q
k=2
I� �I�Z�+1;� +

+

�Y
�=m+2

Qk=2m��Im�m+1;mg(G�)
k (5:24b)

�(X�
I )(G�)

k = 0 (5:24c)

�(P
1=2
I )(G�)

k =

�Y
�=m+1

Q
�k=2
I� (G�)

k (5:24d)

�(Q
1=2
I )(G�)

k = uk(��Im+�I�)

�Y
�=m+1

Q
k=2
I� (G�)

k (5:24e)
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As a consequence we have, e.g.,

�(KI )' = u�
1
2
dIrI

X
vk2f0;1g
vji;v��2ZZ+

u
1
2
vji (�I+1;j��I+1;i��Ij+�Ii) �

� u

1
2
vk dI

�
dI

dI+1
(�I+1;���I+1;�)��I�+�I�

�
u

1
2
v�� dI

�
dI

dI+1
(�I+1;���I+1;�)��I�+�I�

�
�

� ��v f�v �
0
�r

(5:25)

Finally, since the action of U 0 is not a�ecting the degrees of Dj and G� , we may
introduce (as in [40], [41]) the restricted functions:

~' =
X

v�i2f0;1g
vji;v��2ZZ+

��v f�v (5:26)

using the intertwining operator:

~' � I '
:
= 'jDi=G�=1A (5:27)

We denote the representation space of ' by C�r, the representation space of ~' by ~C�r,
and the representation acting on ~' by ~� . Thus, the operator I acts from C�r to ~C�r .
The properties of ~C�r follow from the intertwining requirement for I [40]:

~� I = I � : (5:28)

In particular, we have:

~�(KI ) ~' = u�
1
2
dIrI

X
vk2f0;1g
vji;v��2ZZ+

u
1
2
vji (�I+1;j��I+1;i��Ij+�Ii) �

� u

1
2
vk dI

�
dI

dI+1
(�I+1;���I+1;�)��I�+�I�

�
u

1
2
v�� dI

�
dI

dI+1
(�I+1;���I+1;�)��I�+�I�

�
�

� ��v f�v

(5:29)

� We �nish by noting that the functions ~' have the important advantage that the
representation action ~� can be extended to arbitrary complex rI . This is seen, e.g., from
(5.29).

6. Outlook

The representations constructed in this paper will have many applications. The most
interesting ones seem to be connected with the case of the multiparameter quantum con-
formal supergroup which is a real form of U 0 for m = 4, i.e., Uuq(sl(4=N)). In this case
the non-commuting variables Yij contain a deformation of Minkowski space (as in [46])
which together with the variables ��i will give a deformation of N-extended Minkowski
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superspace. Following [47] we shall analyze the reducibility of our representations and
construct intertwining di�erential operators on them.

Acknowledgments. The authors are grateful for hospitality at the Abdus Salam Inter-
national Center for Theoretical Physics. V.K.D. was supported in part by the Bulgarian
National Research Foundation under contract �-643.

Appendix A. Basis for the case m=n=1

Here we give separately the simplest case m = n = 1, i.e., GLuq(1=1). We have:

T =

�
a b

c d

�
=

�
1 0
� 1

��
A 0
0 D

��
1 �
0 1

�
(A.1)

where we suppose now that there exists an element a�1 :

A = a ; D = d � ca�1b (A.2a)

� = a�1b ; � = ca�1 (A.2b)

The commutation relation between the old generators are

ab = pba; db = pbd

ac = qca; dc = qcd

pbc = �qcb; b2 = c2 = 0
ad � da = (q�1 � p)bc

(A.3)

The superdeterminant is given by:

D = ad�1 � bd�1cd�1 (A.4)

It is central and group-like element, and we suppose that it has an inverse (D)�1 . The
commutation relations between the new generators fA;D;�;�g are

A� = p�A; D� = p�D
A� = q�A; D� = q�D
�� = ���; �2 = �2 = 0
AD = DA

(A.5)

One extends the algebra with inverse elements A�1 and D�1 of A and D, respectively.
The superdeterminant is now given by

D = AD�1 (A.6)

The coalgebra structure is given by

�(A) = A 
A + A�
 �A
�(D) = D 
D + D�
 �D
�(�) = 1
 � + �
A�1D

�(�) = �
 1 + DA�1 
 �

(A.7)
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One can also calculate the coproduct of the inverses A�1 and D�1:

�(A�1) = A�1 
A�1 � �A�1 
A�1� (A.8a)

�(D�1) = D�1 
D�1 � �D�1 
D�1� (A.8b)

The counit and the antipode are given by:

"A(A) = "A(D) = 1 (A.9a)

"A(�) = "A(�) = 0 (A.9b)

A(A) = ��1A�1; A(D) = ��1D�1 (A.9c)

A(�) = � �D; A(�) = �D� (A.9d)

where
� = 1 � q�1�D� (A.10)

Now let us write explicitly the right action on the old and new basis. For the basis
fa; d; b; cg we have:

�R(K1)

�
a b

c d

�
= u1=2

�
a b

c d

�
(A.11a)

�R(P
1=2
1 )

�
a b

c d

�
= uq1=2

�
a b

c d

�
(A.11b)

�R(Q
1=2
1 )

�
a b

c d

�
= q�1=2

�
a b

c d

�
(A.11c)

�R(X
+
1 )

�
a b

c d

�
= (uq)�1=2

�
0 a

0 c

�
(A.11d)

�R(X
�
1 )

�
a b

c d

�
= � (uq)1=2

�
b 0
d 0

�
(A.11e)

�R(K)

�
a b

c d

�
=

�
u1=2a u�1=2b

u1=2c u�1=2d

�
(A.11f)

On the new basis we have:

�R(K1)

�
A �
� D

�
=

�
u1=2A �
� u1=2D

�
(A.12a)

�R(P
1=2
1 )

�
A �
� D

�
=

�
uq1=2A �

� uq1=2D

�
(A.12b)

�R(Q
1=2
1 )

�
A �
� D

�
=

�
q�1=2A �

� q�1=2D

�
(A.12c)

�R(X
+
1 )

�
A �
� D

�
=

�
0 u1=2

0 0

�
(A.12d)

�R(X
�
1 )

�
A �
� D

�
=

�
�(uq)1=2A� 0
�u1=2qDA�1 (uq)1=2D�

�
(A.12e)

�R(K)

�
A �
� D

�
=

�
u1=2A u�1�
� u�1=2D

�
(A.12f)

Finally the right action on A�1 is given by

�R(KI)A
�1 = u�1=2A�1; �R(P

1=2
I )A�1 = (uq)�1=2A�1; �R(Q

1=2
I )A�1 = q1=2A�1;

�R(X
+
I )A

�1 = 0; �R(X
�
I )A

�1 = (uq)1=2�A�1; �R(K)A
�1 = u�1=2A�1:

(A.13)
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Appendix B. Basis for the case m=2,n=1

Now let us take the case of m = 2, n = 1. The quantum matrix may be decomposed as

T =

0
@ a11 a12 b13
a21 a22 b23
c31 c32 d33

1
A =

0
@ 1 0 0
z21 1 0
31 32 1

1
A
0
@A11 0 0

0 A22 0
0 0 D33

1
A
0
@ 1 u12 �13
0 1 �23
0 0 1

1
A
(B.1)

where we have to suppose that there exist A�111 and A�122 :

A11 = a11 A22 = a22 � a21a
�1
11 a12 (B.2a)

u12 = a�111 a12 ; z21 = a21a
�1
11 (B.2b)

�13 = a�111 b13 �23 = A�122 (b23 � a21a
�1
11 b13) (B.3a)

31 = c31a
�1
11 ; 32 = (c32 � c31a

�1
11 a12)A

�1
22 (B.3b)

D33 = d33 � 31A11�13 � 32A22�23: (B.4)

The commutation relations between these generators are

A11u12 = pu12A11; A11�13 = p�13A11;

uq�23A11 � (up)�1A11�23 = 0;

u12A22 = qA22u12; p�13A22 = qA22�13;

A22�23 = p�23A22;

uqD33u12 � (up)�1u12D33 = 0;
�13D33 = u2qD33�13; �23D33 = u2qD33�23 ;

; (B.5)

A11z21 = qz21A11; A1131 = q31A11;

uq32A11 � (up)�1A1132 = 0;

z21A22 = pA22z21; pA2231 = q31A22;

A2232 = q32A22;

uqD33z21 � (up)�1z21D33 = 0;
31D33 = u2pD3331; 32D33 = u2pD3332 ;

; (B.6)

[A11 ; A22] = [A11 ; D33] = [A22 ; D33] = 0; (B.7)

u12�13 = h�13u12; �13�23 = �g�23�13;
g�23u12 � u12�23 = u(u� u�1)�13; (�13)

2 = (�23)
2 = 0

(B.8)

z2131 = g�131z21; 3132 = �h�13231;
32z21 � h z2132 = u�1(u� u�1)31; (31)

2 = (32)
2 = 0

(B.9)

[u12 ; z21] = [u12 ; 31] = [u12 ; 32] = 0;
[�13 ; z21] = [�23 ; z21] = 0;
�1331 + 31�13 = �1323 + 23�13 = 0
�2313 + 13�23 = �2323 + 23�23 = 0;

(B.10)
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where g = q12q23=q13 and h = g=u2. The superdeterminant is now given by

D = A11A22D
�1
33 : (B.11)

It satis�es the following commutation relations with the new generators:

u12D = ~q1Du12; Dz21 = ~q1z21D (B.12a)

�13D = ~q1~q2D�13; D31 = ~q1~q231D (B.12b)

�23D = ~q2D�23; D32 = ~q232D (B.12c)

A11D = DA11; A22D = DA22; D33D = DD33 (B.12d)

The action of the right action on the new basis is as follows:

�R(KI)

0
@A11 u12 �13
z21 A22 �23
31 32 D33

1
A =

0
@u�I1=2A11 u(�I2�2�I1)=2u12 u(�I+1;3��I1)=2�13

z21 u(�I2��I+1;2)=2A22 u(�I+1;2)=2�23
31 32 u�I+1;3=2D33

1
A ;

(B.13a)

�R(P
1=2
I )

0
@A11 u12 �13
z21 A22 �23
31 32 D33

1
A =

0
B@Q

1=2
I1 A11 Q

�1=2
I1 Q

1=2
I2 u12 Q

�1=2
I1 Q

1=2
I3 �13

z21 Q
1=2
I2 A22 Q

1=2
I3 Q

�1=2
I2 �23

31 32 Q
1=2
I3 D33

1
CA ;
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�R(Q
1=2
I )

0
@A11 u12 �13
z21 A22 �23
31 32 D33

1
A =

=

0
B@u�I1Q

�1=2
I1 A11 u(�I2�2�I1)Q

1=2
I1 Q

�1=2
I2 u12 u(�I+1;3��I1)Q

1=2
I1 Q

�1=2
I3 �13

z21 u(�I2��I+1;2)Q
�1=2
I2 A22 u�I+1;2Q

�1=2
I3 Q

1=2
I2 �23

31 32 u�I+1;3Q
�1=2
I3 D33

1
CA ;

(B.13c)

�R(X
+
I )

0
@A11 u12 �13
z21 A22 �23
31 32 D33

1
A =

0
@0 u�I+1;2 u1=2h1=2�I+1;3u12
0 0 u1=2�I+1;3
0 0 0

1
A (B.13d)

Appendix C. Commutation relations of the new basis

We �rst give the commutation relation between the generators fYji, ��i, Z��, Uij , �i�,
V��. The indices used below obey i < j < k < l � m and m + 1 � � < � <  <

� throughout the Appendix. We also use the notation:

pIJ �
qIJ

u2
; p0IJ �

q0IJ
u02

(C.1)

We start with the generators Yji;��i; Z�� of the 'lower triangular' subsuperalgebra:
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YkjYki =
qijqjk

qik
YkiYkj (C.2a)

YkiYji =
qijqjk

qik
YjiYki (C.2b)

YkjYji =
pijpjk

pik
YjiYkj + u�1(u� u�1)Yki (C.2c)

YliYkj =
qikqkl

qijqjl
YkjYli (C.2d)

qjl

qjkqkl
YljYki =

pijpjl

pil
YkiYlj + u�1(u� u�1)YkjYli (C.2e)

YlkYji =
qikqjl

qilqjk
YjiYlk (C.2f)

��iYji =
qijqj�

qi�
Yji��i (C.3a)

��jYji =
pijpj�

pi�
Yji��j + u�1(u� u�1)��i (C.3b)

��iYkj =
qikqk�

qijqj�
Ykj��i (C.3c)

qj�

qjkqk�
��jYki =

pijpj�

pi�
Yki��j + u�1(u� u�1)Ykj��i (C.3d)

��kYji =
qikqj�

qi�qjk
Yji��k (C.3e)

Z��Yji =
qi�qj�

qi�qj�
YjiZ�� (C.4)

��j��i = �
q0ijq

0
j�

q0i�
��i��j (C.5a)

��i��i = �
qi�q��

qi�
��i��i (C.5b)

��i��j = �
qi�q��

qijqj�
��j��i (C.5c)

q0j�

q0j�q
0
��

��j��i = �
p0ijp

0
j�

p0i�
��i��j + u0�1(u0 � u0�1)��j��i (C.5d)

(��i)
2 = 0 (C.5e)

Z����k =
q0k�q

0
��

q0k�
��kZ�� (C.6a)

Z����k =
p0k�p

0
��

p0k�
��kZ�� + u0�1(u0 � u0�1)��k (C.6b)
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Z���k =
qk�q�

qk�q�
�kZ�� (C.6c)

q0�

q0��q
0
�

Z���k =
p0k�p

0
�

p0k
��kZ� + u0�1(u0 � u0�1)

qk�q�

qk�q�
�kZ�� (C.6d)

Z���k =
qk�q�

qkq��
��kZ� (C.6e)

Z�Z� =
q0��q

0
�

q0�
Z�Z� (C.7a)

Z�Z�� =
q0��q

0
�

q0�
Z��Z� (C.7b)

Z�Z�� =
p0��p

0
�

p0�
Z��Z� + u0�1(u0 � u0�1)Z� (C.7c)

Z��Z� =
q�q�

q��q��
Z�Z�� (C.7d)

q0��

q0�q�
Z��Z� =

p0��p
0
��

p0��
Z�Z�� + u0�1(u0 � u0�1)Z�Z�� (C.7e)

Z�Z�� =
q�q��

q��q�
Z��Z� (C.7f)

Next we consider the generators Uij ;�i�; V�� of the 'upper triangular' subsuperal-
gebra:

UijUik =
pijpjk

pik
UikUij (C.8a)

UikUjk =
pijpjk

pik
UjkUik (C.8b)

UijUjk =
qijqjk

qik
UjkUij � u(u� u�1)Uik (C.8c)

UijUkl =
pikpjl

pilpjk
UklUij (C.8d)

pjl

pjkpkl
UikUjl =

qijqjl

qil
UjlUik � u(u� u�1)

pijpjl

pikpkl
UjkUil (C.8e)

UilUjk =
pijpjl

pikpkl
UjkUil (C.8f)

Uij�i� =
pijpj�

pi�
�i�Uij (C.9a)

Uij�j� =
qijqj�

qi�
�j�Uij � u(u� u�1)�i� (C.9b)

Uij�k� =
pikpj�

pi�pjk
�k�Uij (C.9c)

pj�

pjkpk�
Uik�j� =

qijqj�

qi�
�j�Uik � u(u� u�1)�i�Ujk (C.9d)

Ujk�i� =
pikpk�

pijpj�
�i�Ujk (C.9e)
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UijV�� =
pi�pj�

pi�pj�
V��Uij (C.10)

�i��j� = �
p0ijp

0
j�

p0i�
�j��i� (C.11a)

�i��i� = �
pi�p��

pi�
�i��i� (C.11b)

�i��j� = �
pijpj�

pi�p��
�j��i� (C.11c)

qijqj�

qi�
�i��j� = �

pj�

pj�p��
�j��i� � u(u� u�1)

pijpj�

pi�p��
�j��i� (C.11d)

(�i�)
2 = 0 (C.11e)

�k�V�� =
p0k�p

0
��

p0k�
V���k� (C.12a)

�k�V�� =
q0k�q

0
��

q0k�
V���k� � u0(u0 � u0�1)�k� (C.12b)

�k�V� =
pk�p�

pkp��
V��k� (C.12c)

p0�

p0��p
0
�

�k�V� =
q0k�q

0
�

q0k
V��k� � u0(u0 � u0�1)

pk�p�

pk�p�
V���k (C.12d)

�kV�� =
pk�p�

pk�p�
V���k (C.12e)

V��V� =
p0��p

0
�

p0�
V�V�� (C.13a)

V��V� =
p��p��

p�p�
V�V�� (C.13b)

V��V� =
q0��q

0
�

q0�
V�V�� � u0(u0 � u0�1)V� (C.13c)

V��V� =
p�p��

p��p�
V�V�� (C.13d)

p0��

p0�p
0
�

V�V�� =
q0��q

0
��

q0��
V��V� � u0(u0 � u0�1)

p��p��

p�p�
V�V�� (C.13e)

V�V� =
p0��p

0
�

p0�
V�V� (C.13f)

Now we give the commutation relations of the 'diagonal' generators Dii; G��;F with
the 'o�-diagonal' ones:
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DiiYji = q�1ij YjiDii (C.14a)

DjjYji =
u2

qij
YjiDjj (C.14b)

DiiYkj =
qij

qik
YkjDii (C.14c)

DjjYki =
u2

qijqjk
YkiDjj (C.14d)

DkkYji =
qjk

qik
YjiDkk (C.14e)

Dii��i = q�1i� ��iDii (C.14f)

Dii��j =
qij

qi�
��jDii (C.14g)

Djj��i =
u2

qijqj�
��iDjj (C.14h)

DiiZ�� =
qi�

qi�
Z��Dii (C.14i)

UijDii =
u2

qij
DiiUij (C.15a)

UijDjj = q�1ij DjjUij (C.15b)

UjkDii =
qij

qik
DiiUjk (C.15c)

UikDjj =
u2

qijqjk
DjjUik (C.15d)

UijDkk =
qjk

qik
DkkUij (C.15e)

�i�Dii =
u2

qi�
Dii�i� (C.15f)

�i�Djj =
u2

qijqj�
Djj�i� (C.15g)

�j�Dii =
qij

qi�
Dii�j� (C.15h)

V��Dii =
qi�

qi�
DiiV�� (C.15i)

G��Yji =
qj�

qi�
YjiG�� (C.16a)

G����i =
u02

q0i�
��iG�� (C.16b)

G����i =
u2

qi�q��
��iG�� (C.16c)

32



G����i =
q��

qi�
��iG�� (C.16d)

G��Z�� = q0
�1
��Z��G�� (C.16e)

G��Z�� =
u02

q0��
Z��G�� (C.16f)

G��Z� =
q��

q�
Z�G�� (C.16g)

G��Z� =
u2

q��q�
Z�G�� (C.16h)

GZ�� =
q�

q�
Z��G (C.16i)

UijG�� =
qj�

qi�
G��Uij (C.17a)

�i�G�� = q0
�1
i� G���i� (C.17b)

�i�G�� =
q��

qi�
G���i� (C.17c)

�i�G�� =
u2

qi�q��
G���i� (C.17d)

V��G�� =
u02

q0��
G��V�� (C.17e)

V��G�� = q0
�1
��G��V�� (C.17f)

V��G =
q�

q�
GV�� (C.17g)

V�G�� =
u2

q��q�
G��V� (C.17h)

V�G�� =
q��

q�
G��V� (C.17i)

Using (C.14), (C.15), (C.16), (C.17) we obtain the commutation relations of

Di =
Qi
j=1 Djj , G� =

Q�
�=m+1

G�� .

F Yji =

 
j�1Y
s=i

~qs

!
Yji F (C.18a)

F ��i =

 
��1Y
S=i

~qS

!
��i F (C.18b)

F Z�� =

 
��1Y
=�

~q

!
Z��F (C.18c)

Uij F =

 
j�1Y
s=i

~qs

!
F Uij (C.18d)
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�i� F =

 
��1Y
S=i

~qS

!
F �i� (C.18e)

V�� F =

 
��1Y
=�

~q

!
F V�� (C.18f)

Finally the elements of the strictly lower triangular generators Yji;��i; Z�� super-
commute the strictly upper triangular generators Uij ;�i�; V��. Analogously, the diagonal
elements Dii; G��;F commute with each others.
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