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Abstract

The splitting of a ()-deformed boson, in the () — ¢ = e limit, is discussed. The equivalence
between a (J-fermion and an ordinary one is established. The properties of quantum algebras
Ug(sl(m)), the quantum superalgebras ospg (1/2m) and Ug(sl(m /1)) and the deformed Virasoro
algebra when their deformation parameter () goes to a root of unity, are investigated. These
properties are shown to be related to fractional supersymmetry and k-fermionic spin.
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1 Introduction

Quantum groups, (or quantum algebras) introduced by Drinfeld [1], are a subject much
discussed both by physicists and mathematicians. Its essence crystallized from the intensive
developments of the quantum inverse problem method [2] and from the investigation related
to Yang-Baxter equation [3]. A quantum group is mathematically defined as a noncommu-
tative and nonco-commutative Hopf algebra [4]. The applications of these new mathematical
structures have grown substantially in several areas of physics, as for instance in the solvable
two-dimensional systems, via inverse scattering techniques and the Yang-Baxter equation and
in rational conformal field theory [5-8 ]. The representation theory of quantum algebras has
been also an object of intensive studies. Available are the results for oscillator representations
of quantum algebras and quantum superalgebras. The latter are obtained through realizations
involving deformed Bose and Fermi operators [9-13 ].

Recently, in connection with quantum group theory, a new geometric interpretation of
fractional supersymmetry has been developed in references [14, 15, 16, 17, 18]. In these works,
the authors show that the one-dimensional superspace is isomorphic to the braided line when
the deformation parameter goes to a root of unity. Fractional supersymmetry is identified as
translational invariance along this line. In the limit ¢ = et the braided line algebra [19-21
Jcan be separated into two parts, one described by a generalized grassmann variable and the
other by an ordinary even variable. Similar techniques are used, in reference [22], to show how
internal spin arises naturally in a certain limit of the ()-deformed angular momentum algebra
Ug(sl(2)). Indeed, using Q-Schwinger realization, it is shown that the Ug(sl(2)) is nothing but
a direct product of undeformed U(sl(2)) and U,(sl(2)) which is the same version of Ug(sl(2))
at () = ¢. Since there exist Q-oscillator realizations of all deformed enveloping algebras Ug(g),
it is reasonable to expect these to admit analogous decompositions (or splittings) when ¢ — ¢.

The aim of this paper is to investigate the property of splitting for some deformed algebras
and superalgebras in the Q — ¢ limit. As a first step we wish to present in section (2) a number
of results concerning the property of -boson decomposition in the ¢ — ¢ limit. We shall
first of all discuss the way in which one obtains two independent objects (an ordinary boson
and a k-fermion) from one @-deformed boson when @) goes to a root of unity. We also show
the equivalence between a )-deformed fermion and a conventional (ordinary or undeformed)
fermion. Using the @-Schwinger realization which presents interesting properties in the () — ¢
limit, we have established analogous decomposition for quantum algebra Ug(sl(m)) (section 3),
the orthosymplectic algebra Ug (osp(1/2m)) (section 4), the quantum superalgebra Ug(sl(m/1))
(section 5) and the @-deformed Virasoro algebra (section 6). Finally we make some concluding
remarks.

2 Fractional spin through Q-bosons

We start with ()-deformed bosonic oscillator algebra Ag. The algebra Ag is generated by an
annihilation operator a~, a creation operator ¢t and a number operator N with the following
relations

a"at — Qata= =Q~N
a"at —Q lata™ = QYN (1)
[N,at]=at, [N,a™] = —a~

where @) is an arbitrary complex number. From the equation (1) we obtain

@ (@) = [Q (@)~ + Q'at)a, o)
(oYt = [ QY +Qla* (a™)'



where the symbol [[ ]] is defined by

1— Q2n

1—-Q?

Let us define ¢ to be k-th root of unity so that ¢* = 1, where k > 2 is a positive integer. The

cases of odd and even k have to be treated in slightly different ways and because of this it is
useful to introduce a variable [ defined by

[[n]] =

[l = Ek for odd values of k (3)
= % for even values of k

such that for odd k& we have ¢! = 1 and for even k, ¢! = —1.

In the particular case when ) — ¢ equations (2) can be written as

o (@) = Eaha,
()t = £a*t(a")! @)

In addition the equations (1) leads to:

N{a*)! = (@) (N +1),
(@ )'N = (N + (") )

Equations(5)with (¢ — ¢) and (4) are trivial if we assume

at)l =
((at))l — (())7 (6)

In this paper we shall deal with a representation of the algebra Ag such that in the limit (@ — ¢),
the equations (6) are satisfied. We note that the algebra obtained for k£ = 2, corresponds to the
ordinary fermionic algebra with (a*)? = (¢7)? = 0, a relation that reflects the Pauli exclusion
principle. The algebra obtained for k& > 2 corresponds to k-fermions (or anyons with fractional
spin in the sense of Majid [19, 20, 21]) operators [23, 24] that interpolates between fermions
(k =2) and bosons (k — o0).

It follows from the definition (1) that:

where the ()-deformed factorial is given by

[0 = [0 = 1 = 2]....[1] (8)

0] = 1
with | 0
- )

In the limit @@ — ¢, the equation (7) becomes:
limQ_>q ﬁ[Q_Na_, [Q_Na_, [ ...... [Q_Na_7 (a"")l]sz ..... ]Q4]Q2]

= limg_, %[Q_N(a_)lv (a+)l] (10)




which can be written as follows:

i [ Q10D @HQE
e VI VT

We remark that since ¢ is a root of unity, it is possible to change the sign in the exponent of

=1 (11)

q% terms in the above and in the following definitions.
In the spirit of the work [22] we define

IN FRY A
b=t O ey, GTQF (12)
Q—a 1! Q—+a 1!
which satisfy the following commutation relation:
6,671 =1 (13)

which is just the defining relation of an ordinary boson. The number operator of these new
bosonic oscillators, is defined in the usual way as Ny = btb™.

This idea was introduced initially in [14 — 18,22] in order to investigate the fractional super-
symmetry and to show that there is an isomorphism between the braided line and the one
dimensional superspace. We will now introduce the new set of generators

—INy,
A" =a" ¢ 2

A* =gt 20 (14)
Nig=N —[N,.

satisfying the following commutation relations:

(A7, A+]q—1 = qNA
[A_7 A+]q = q_NA (15)
[Ny, A%] = £4%

which are the defining relations of a k-fermion [23, 24]. The two algebras {bT,b, N;} and
{AT, A7, N4} are mutually commutative, i.e.

(A= b4 = 0, [A+, 4] =0
[No, A¥] =0, [Ny, Na] =0, (16)
[Na,b%] =0,

We conclude that in the limit ) — ¢ the (J-deformed bosonic oscillator decomposes into two
independent oscillators, an (undeformed) boson and a k-fermion.
An appealing question is to ask whether is possible to find @-deformed fermionic operators
exhibiting a similar property of splitting to ()-deformed bosons, when the deformation parameter
( reduces to a root of unity ¢. To answer this question, we consider the ()-fermionic oscillator
algebra defined by {f~, f*, Nt} and by the following equations:

FTrr+Qft =
[T +QT =0

N /] = =1+, [Ny, 7] = 4 ()
(f7)2=0,(f")?=0
If we define the new creation F'* and annihilation '~ operators by:
P _Ne
Ft : ?—I—é—{% (18)



we obtain by a direct calculation the following anticommutation relation
{FTF~} =1. (19)

Moreover, we have

(F¥)2 =0. (20)

Thus we see that the -deformed fermion reproduce the conventional (ordinary) fermion. It
should be noted that the ()-deformed fermions were used by Hayashi [25] to give Q-fermionic
representation of quantum groups Ug(X) where X is a finite Lie algebra of type A,,, B, or D,,.
However the ()-fermions are nothing but the conventional ones. So, the spinor representation of
these quantum groups can be given in terms of a set of fermionic oscillator algebras.

3 The quantum algebra Uy(sl(m)) at () a root of unity

The analogue of the Jordan-Schwinger representation of Lie groups exists for all quantum
groups. A discussion of the )-boson and @Q-fermion representation was given by Hayashi [25],
this discussion covers the quantum groups A,, B,, C, and D,. However, we concentrate here
on the quantum group Ug(sl(n)) and we assume that the parameter () is generic.

In the ) — ¢ limit, the deformed bosonic oscillator algebra decomposes into a direct product of
an ordinary bosonic oscillator and a k-fermionic one. Since there exists a (J-oscillator realization
of the deformed enveloping algebra Ug(sl(m)) and its subalgebra Ug(su(m)), it is natural to
expect these to exhibit analogous decompositions when ) — ¢. For Q generic the Ug(sl(m))
algebra is generated by the set of generators {F;, F;, H;, 1 < i < m—1} satisfying the following
relations:

(£, 1] = 64 Hi]

(£, Hj] = aij

[Fi, Hj] = —ai; I, (21
[Hiv Hj] =0,
with 1 <¢,7 <m — 1 and the Q-deformed Serre relations
BB — (Q4Q )E Ez+1E + Ei1 B =0
E2E;  — (Q+ Q™ ) B+ B F2=0 (22)
FPFp —(Q+Q° )FE+1F + Fi F? =0
FF — (Q+Q YWEF, 1 Fi+ F1F?=0
where " "
[H,] = %
Q-Q
In (21), a;; is the ¢j-element of the N X N Cartan matrix
2 -1 ... 0
-1 2 . 0
...... . (23)
..... -1
........ -1 2

In the limit ) — 1, the previous equations reduce to the standard commutation relations defining
U(sl(m)) algebra.

The Ug(sl(m)) can be realized in terms of m Q-bosonic oscillators {a}, a7, N;y1 < i < m} by
putting



;= a;»"ai__l_l,
F; = a;a;»"_l_l, (24)
Hi = N; — Nij1,
for1<:<m-—1,

where a;»", a;, N;(1 < i< m) are operators satisfying the following relations

-+ +1 ,+,— Ni ..
a; al -Q ala; = QT4

[V, a;t] = j:a;tcsij, [a;t, a;t] =0, (25)
N;N; = N;N;.

The algebra generated by a;»l', a;, N;(1 <i<m—1)is nothing but the well known ()-deformed
Weyl algebra. We denote it by Ag(m).

As we have discussed above, we are interested by the ¢ — ¢ limit of the quantum algebra
Ug(sl(m)). The key tool to discuss this limit is the ()-bosonic decomposition presented in the
first section when ) — ¢. So, the m )-bosons reproduce m ordinary bosons defined by

+50 1 Otk
b7 = lim M7 bF = lim M (26)
Q—a 1! Q—a 1!
where their number operators are given by Ny, = b;»"bi_ fori=1,2,..,m.
Using operators (26), we can construct the undeformed U(sl(m)) algebra:
€; b;"bi__l_17
fi - bi_b;':_lv (27)
hi = Ny, — N,

(with 1 <7< m—1), and by combining the generators { H;, E;, I}, h;, €;, f;} we introduce the
new generators

SO = H; — Ih;,
SZ'_ = sz] )

(where 1 < ¢ < m — 1) which commute with the generators given by (27) and generate the
quantum algebra U, (sl(m)).
As a consequence, in the ) — ¢ limit, the quantum algebra Ug(sl(m)) is a direct product of
the form

lim  Ug(sl(m)) = U,(sl(m)) @ U(sl(m))

R—q
in which U(sl(m)) denotes the enveloping algebra of the undeformed sl(m) (@ — 1) and by
U,(sl(m)), we mean the enveloping algebra obtained by taking ¢) = ¢ in relations (21) and
(22) , rather than by taking the limit as above. This result generalizes the one obtained in
reference[22].
It is important to note that we have only established the above decomposition for a particular
realization, i.e. (Q-bosonic realization. This remark is also valid for all decomposition which will
be investigated in this work.

4 The orthosymplectic quantum supergroup ospg(1/2m)

The general definition of the orthosymplectic superalgebra quantum deformations has now
been formulated and their Hopf algebras structure established [26]. The simplest example,



that is ospg(1/2), has been examined in detail [27]. In addition, a Q-oscillator realization of
0spg(1/2m) has been given in terms of the annihilation and creation operators of m (Q-deformed
bosonic algebras [28, 29]. We shall be concerned in this section with the @ — ¢ limit (q is a
root of unity ) of the quantum superalgebra ospg(1/2m) (or B(0,m) in Kac’s notation). The
symmetric Cartan matrix of ospg(1/2m) is given by

2 -1 ... 0

...... . (29)

Moreover, it is generated by 3m generators {F;, F;, H;, 1 < i < m} satisfying the following
constraints

(£, F3] = bi5[Hi],

[Ei, Hj] = aij Ey,

(1, Hj] = —ai; I, (30)
[Hi, Hj] =0,
for 1 < 4,7 < m, and the Q-deformed Serre relations
EZ»QE]‘— (Q—I—Q_l)EjiEijji—l—E}‘E’?:07 i£n|i—j|l=1
EZF]_(Q+Q_1)BFjE+FjP;2:07 iFEn|i—jl=1 (31)

Ef)nEm—l - (Q + Q_l - 1)(E72nEm—1Em + EmEm—lETQn) + Em—lEf)n =0
F%Fm—l - (Q‘|’Q_1 - 1)(F72nFm—1Fm ‘|’FmFm—1F72n) ‘|’Fm—1FT?;L =0
with deg F; = deg F; = 0 for ¢ # m and deg F,, = deg F,,, = 1
The symbol [,], in equations (30), stands for the graded Lie product:

[$7 y] =qy— (_1)degx degy

Now we introduce the representation of ospg(1/2m) in terms of )-deformed bosons. Thus, we
introduce the operators

yx

E, = a;»"ai__l_l,
Fi = ai_a;':—lv
H; = N; — Niqq, (32)
HmZNer%, Em:%a;';” Fo=—L1 4

1 — 1 ) Uy s
Q4@ QT +Q7
where 1 < ¢ <m — 1.

Using the @Q-commutation relations of ()-bosons, one verifies that the operators given in (32)
satisfy the defining relations (30) and (31) of the generators of the quantum superalgebra
0spg(1/2m) . Furthermore, one obtains in this way a representation of ospg(1/2m) on the
Hilbert space formed by the state vectors of m ordinary harmonic oscillators. For a generic ()
this representation will be irreducible and infinite dimensional. In the limit ) — 1, the quantum
orthosymplectic superalgebra reduce to the standard one. As in the case Ug(sl(m)) , let us now
investigate the limit of ospg(1/2m) When @ — g.

In the @ — ¢ limit, the @)-deformed bosonic algebra {a;, a;»", N;, } for i fixed gives one classi-
cal bosonic algebra {b;, b5, N}, } (eq(12)) and one k-fermionic algebra (eq(14)) similarly to the
decomposition discussed in the first section. Using the classical operators we can construct by
using the Schwinger realization, the undeformed U(osp(1/2m)) algebra as:

e; = bj—bi:"h
fi - bi_bi+17
b (33)



where 1 < ¢ < m — 1, and from the remaining generators {NA“A;»I',A;} we generate a ¢-
orthosymplectic quantum superalgebra Uj,(osp(1/2m)) which commute with the undeformed
one realized above. So, we obtain

clgiglq Ug(osp(1/2m)) = Uy (osp(1/2m)) @ U(osp(1/2m).

Let us conclude this section by noting that the decomposition of the quantum orthosymplectic
superalgebra ospg(1/2m) is similar to the one obtained in the Ug(sl(m)) case.

5 The quantum superalgebra Ug(sl(m/1))

We recall that the quantum superalgebra Ug(sl(m/1)) is defined as the associative algebra
over C'generated by the generators {H;,, E;, F;, i =1,2,...,m} satisfying

(B, Fj] = 6;;[H;],1 <4, <m—1

{Evam} = [Hm],
[Esz]:aijEiv ivj:1727"'7m

(£, Hj] = —ag; F, ,j=1,2,....m (34)
(L, ;] = 0, [FZ,F]_O iwj=1,2,..om,|i—J|#1
E2 =0, F2=0.
and the ()-deformed Serre relations
E Ez-l—l (Q + Q_ )EEH-IEZ + Eji-l—lEvi2 = 07 i = 1727 sy T — 17
E22—|—1 (Q + Q ) Z-I-lEiEi-I-l + EiEiz-l—l = 07 i = 17 27 sy T — 27 (35)
F E-l-l (Q—I_Q )FE-l-lF —I_E-I-IF =0, t=1,2,...,m—1,
F2LF—(Q+Q HWFpEFiy +FFA, =0, i=1,2,..,m-2,
where a;; are the elements of the Cartan matrix given by
A 0
-1 2 . 0
...... . (36)
...... 2 -1
...... -1 0

The Zy-grading on Ug(sl(m/1)) is defined by the requirement that only F,, and F,, are odd
generators.

The slg(m/1) algebra can be realized in terms of m ()-deformed bosonic oscillators and one
Q-deformed fermionic oscillator. The explicit expressions for the corresponding generators, in
terms of (J-bosonic and )-fermionic operators, are given by:

E; = az-'l—ai_+17 Fi = ai_a;':—lv
H; = N; — Niy1, (37)
Em:a;l;f_v Fm:ar_nf—l_v Hm:Nm_Nf7

where 2 = 1,2, ....... ,m— 1.

Let us observe that the quantum superalgebra Ug(sl(m/1)) admits several representations
[28, 29]. However, we shall concentrate on the @-realization given by formulae (37). Based
on the (J-boson decomposition when () goes to the root of unity ¢, we introduce two set of
operators { Ny, bF, b7} and {N4,, AT, A7} corresponding to the classical bosons and k-fermions

PRI



respectively. We have shown also that the ()-deformed fermion is equivalent to an ordinary one.
Let us make use of the realization

€; = b;'b}:_l_l,
Ji = 0707, (38)
hz = Nb,‘ Nb,‘+17
€ = b;I;LF_, fm = bT_nF-I_7 hm = me — ]\7}77
(where ¢ = 1,2, ....... ,m — 1). Here we have introduced the creation F'*, annihilation F~ and

number Ng operators defined by
Y=g N2 pt,
F= = fmq NI, (39)
Np=-FtF—.

The generators {e;, fi,h;, 1 =1,2,....,m} generate the undeformed superalgebra U(sl(m/1)).
On the other hand, the remaining generators

—INy,.
A =a; q 2,
AF=at g (40)
NAi:Ni_lem

for { ¢ =1,2..., m} generate a k-femionic algebra A,(m):

[A;, A;'I—]q—l = 52]qNA’7
[A7, ATl = bijq~ ™
[N}, AT] = 65 AT,

[NV 4, AJ_] = —0;; A7 .

(41)

The two algebras A,(m) and U(sl(m/1)) commute mutually. So, we have the following result

lim  slg(m/1) = A,(m) @ sl(m/1)

Q—q

which is different from the two first decompositions obtained in sections (3) and (4). We think
that this type of decomposition can be extended to all quantum superalgebras .

6 The deformed centreless Virasoro algebra

The classical Virasoro algebra(Vir) is generated by the following set of generators {/,,,n € 7}
such that

s ] = (10 = 1)l (42)

It is well known that the algebra(42) can be realized by considering the Schwinger construction.
This realization involve one classical (undeformed) bosonic algebra {a*,a™, N}

l, = (a*)"Tta. n> -1 (43)

Recently, a lot of attention has been paid to the J-deformation of the centreless Virasoro algebra
[30, 31, 32, 33] and its central extension[31, 34, 35]. Recall that the one parameter deformation
of the centreless Virasoro algebra Virg is given by

9



where

[A, B(s.5) = @AB — SBA

A possible realization of ()-Virasoro generators is given by
Ly =Q M(a™)"a”. (45)

where the operators a™ and a~ are -deformed creator and annihilator respectively. At this
step, we repeat the similar procedure used in the above sections to investigate the behaviour
of the )-deformed Virasoro algebra When ) — ¢. Using the splitting property of )-deformed
bosons, let us introduce two commutating algebras {j,,n € Z} and {J,,,m € Z} such that

[]nv]m] = (m - n)]n-l—m
I:Jn7 Jm](qm—n7qn—m) = [m - n]Jn+m (46)
[Je,Ji] =0

where the generators j,, are defined in terms of the undeformed boson of type b (we denote by
b and bT, the annihilation and creation operators, respectively) as:

G = (6T)" 1o, (47)

The k-fermionic operators {A~, AT, N4} permit a realization of the ¢-deformed Virasoro algebra
(Viry) by putting
Jn=q NA(AT) LA (48)

Then we conclude that

lim  Virg =Vir,@ Vir

Q—q
We remark that the g-deformed Virasoro algebra exhibit some interesting properties. Indeed,
we note that when m — n = rl for any r € Z the second equation in (46)reduces to:

[Jns Jn] = 0 (49)

Note also, due to the nilpotency condition (A*)! = (A7)! = 0, the generators .J,, vanishes for
any n > [ — 1. This fact constitutes an interesting property of the deformed Virasoro algebra
when the deformation parameter is a root of unity. In particular, for [ = 3, the g-deformed
Virasoro algebra reduces to its subalgebra su,(2) generated by {Jo, J1,J_1}.

7 Conclusion

We have presented a general method to investigate the Q — ¢ = ¢ limit of some Q-
deformed algebras based on the decomposition of (J-bosons in this limit. We note that Q-
oscillator realization is crucial in this decomposition of these algebras. We have restricted in this
work our attention to Ug(sl(m)), Ug(osp(1/2m)), Ug(sl(m/1)) and the Q-deformed Virasoro
algebra. We believe that the techniques and formulae used here will be useful in extending
this study to all @)-deformed Lie algebras and superalgebras. This matter will be treated in
forthcoming paper[36].

10
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