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Abstract

Two systems of partial integral equations are considered. Under some natural conditions
the equivalence of these equations, corresponding to the systems of second kind of Fredholm’s

integral equations, is proved.

MIRAMARE — TRIESTE
July 1998


https://core.ac.uk/display/25275542?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

A number of problems in Quantum mechanics, Field theory, Solid state physics and problems
of stability of rotor are connected to the study of systems of partial integral equations [1,2,3,4].

Let us consider the following system of non homogeneous partial integral equations

(1) Z w t f](t y)dt—l—
j=1"¢
_|_Z O fi(z, t)dt 4+ gi(x,y), 1=1,n,
j=1"¢

and the corresponding system of homogeneous partial integral equations

(2) f: / KD (@, 1) f;(t, y)di+

—I—Z O fi(z,t)dt, i=1,n.

]1a

Here the kernels KZ»(;), Ki(jz) and the function g; ¢ = 1,n, are given as continuous functions

defined on [a,b]?, with values in C,where C is a complex plan and f;, 7= 1,n, are unknown
continuous functions defined on [a, b]2.
The problem of the equivalence of partial integral equations to Fredholm’s integral equations

was studied in [2-7]. In [2] the following partial integral equation was considered

b b
@ e = [ K@i+ [ KO0 nd+ gy,

and it was shown that equation (3) is equivalent to several different integral equations. These
integral equations depend on the way they were obtained and have non simple kernels.

In [5] a more general partial integral equation than (3) with additional total integral terms
was considered, and by using another method some integral equations were obtained. In this
case the kernels of the integral equations also depend on the way they were obtained and have a
non simple form. In [5] it has also been proved the existence of solutions under some additional
conditions on kernels. In work [3] equation (3) was investigated in the case when the functions K
and K3 do not depend on z,y€la, b], respectively. It was proven that equation (3) is equivalent
to a unique integral equation with simple kernel which does not depend on the way it was
obtained.

In the present work systems of partial integral equations (1),(11) and (2),(12) are consid-
ered, and it will be shown that under some natural conditions these systems of partial integral

equations are equivalent to corresponding systems of the second kind of Fredholm’s integral



equations with quite simple kernels. As a consequence we get a solvability theorem for these

systems of partial integral equations.

Let RE;) be the resolvent corresponding to the kernel KZ»(;),

i.e.
DY (2, 1)
(0 _ i\ _
R/ (x,t) = QTJ— 1,2,
where
(1)
(4) DY (w,1) = K (rs) - Bl ) gy
s1=1 t 7t 1(5151 (tlvtl)

KD KQ@h) Kb

1 o b b | N
+5r S // KDt KD (n) KW (tte) [didty + .
l)j (t2,1) Kg)m (t2,t1) Kg)@ (t2,12)

ni=1nl=12,

is the corresponding Fredholm’s minor and

(5) Ar= 14 X0y fo K (h, t)dt+
1(5151 ) I(£1)52 (tlv t2) dtldtg +...
! 51,52 1 1(5251 ) K£2)52 (t27 t2)

is the corresponding Fredholm’s determinant[8].

Theorem 1 Let A; # 0,i=1,2. Then the systems of partial integral equations (1) and (2) are

equivalent to the following systems of the second type of Fredholm’s integral equations, respec-

tively,
f( ) $ y —I_ Z / / R’L] x t Rgp (97 )fp(t S)dtdS ’L_ 1 n
Jp=1
and
sp=1"7
where
G(wy)—gzxy—l-Z/R (y,t g]xtdt—|—2 wtgp(ty)dH—
p=1"7
Y () @)
+ Z / / Rip ($7t)R” (y,S)gi(t,s)dtds
Jp=1

Corollary. 1 Assume that the conditions of the theorem are fulfilled. Then the system of non
homogeneous partial integral equations (1) has a non trivial solution if and only if the system of

homogeneous partial integral equations (2) has only a trivial solution.



Proof of the theorem. Fixing the variable z, z € [a,b], and having introduced the following

continuous functions

(6) f( ) fz € y gz Z w t f](t y)dt+gz($ y)

]1a

6 I:a/7b:|7Z: 17n7

we get that the system of partial integral equations (1) is equivalent to the following system of

the second kind of Fredholm’s integral equations

Jily ‘|‘Z t)fi@)dt, i=1n.

]1a

Let X denote the set consisting of n identical copies of [a, b], i.e.,
Y = U, [a,b);, [a,b]; = [a,b].
We shall define a measure o on the subsets s of the set ¥ according to the formula

o(s)=o01(s) +02(8) + ...+ on(s),

where 0;(s) = p(s N [a,bl;),i = 1,n, and p is the Lesbegues measure on [a,b].

We introduce the following functions on ¥ and on ¥ x3 :

(M) FY)=fiy),Y =y €la,b]i,9(Y) = g:(y), Y =y € [a,]];;

(8) Ko (Y, T) = K (y.0),Y =y € [a,0], T =1 € [a,b];, i, j = T, .
Then we obtain the following second type of Fredholm’s integral equation:

9) JY) = V) + [ KoY. T)[(T)do(T).

According to the Fredholm theorem equation (9) has a unique solution if and only if the
determinant A(K3) corresponding to the kernel K3 is not equal to zero. In this case the unique

solution of equation (9) is represented in the following form:

£(Y) :g(Y)—|—/ER(Y,T;K2)g(T)da(T),

where R(Y, T, K3) is the resolvent corresponding to the kernel K3, that is,

D(Y,T; Ky)

(10) R(Y,T; Ky) = NCORR



where
Ky(Y,T) Ko (Y, Th)

D(Y,T; K3) = Ky (Y, Ky ThT) Ky(Th,Th)

AT+

KoY, T) Ky(Y,Th) Ky(Y, Ty)

2 / / Ky(T1,T) Ko(Th, Th) Ko(T1, Ty) |dThdTs + .. .,
| Ky(To, T) Ky(Ta, Ty) Ko(Ty, Ts)

is the Fredholm’s minor and
A(KS) = 1+ / Ko (Th, Ty)dT+
)

Ky (Th, Th) Ko(1h,15)
Ky (15, Th) Ko(15,15)

2, ‘dTldTg—l-...,

is the Fredholm’s determinant.

Transforming the integrals over X to the integrals over [a,b] we get that A(K3) = A;. By the
conditions of the theorem, Ay # 0. Therefore, for all g(Y) equation (7) has a unique solution
and this solution is represented by formula (10). Taking into account notations (6),(7) and (8),
and calculating the minor D(Y,T; K;) and determinant A(K;) we shall obtain from (10) the
following system of partial integral equations, which is equivalent to system (1):

n b
fi(wv y) = gi($7 y) + Z RE?) (y7 t)g]‘($, t)dt—l_

j=1"

—I—Z K” wtf]tydt—l—Z//R” (y,s)fp(t,s)dtds, i =1,n

j=1"¢ =1
Further, fixing the variable y, y € [a,b] in this system of equations and having introduced
the functions f;(z) = fi(z,y) and

gi(x) = gi(z,y) +Z Jt)g; (@, t)dt+

]1a

-I-Z//R” (y,s)fp(t,s)dtds, i=1,n,

J,p=1

we get the following system of the second kind of Fredholm’s integral equations

file —I—Z wtf]() 1=1,n.

j=1"9
Using similar arguments as the above we obtain that the system of partial integral equations
(1) is equivalent to the following system of total integral equations

n b
fi(wv y) = gi($7 y) + Z RE?) (y7 t)g]‘($, t)dt—l_

j=1"*

—I—Z (z,t)g,(t, y)dt+

pl“



b
w30 [ [ w0 rDw, i mast

Jp=1

Jl=1

+ Z/ / R” Y, S {K (z,s) —I—Z/ RZp z,t) Kﬂ, (t s)dt} f,(t, s)dtds,

1=1,n
The following resolvent relations

n b
R,y = KD (e,) + 3 [ RP (e, t0) KM (11, 1)dty,

Jjp
r=1"%

j?p — 17 n7
hold. Therefore using these relations we obtain the part of the proof, concerning non homoge-

neous equation (1). For the rest of the proof we repeat the process from the first part of the

proof having put g; =0, = 1,n. So, we show that the homogeneous system of partial integral
equations is equivalent to the homogeneous system of the second kind of Fredholm’s integral
equations.

Now we shall consider the following system of partial integral equations which is more general

than (1):

(1) fi(%y):i K0 i,y
p
+Z; K @y ) S, Dt A+ gi, y),
j
(12) filz,y) / K e,y t) fi(L, y)di+
+Z (z,y;0) fi(z,)dt i =T, n.
=t

Here the kernels Ki(jl)v i,7 = 1,n and Ki(jz)7 i,7 = 1,n are continuous functions defined on
[a,b]? and ¢;,i =1, n are continuous functions on [a, b]?.

Let

1
D (@, v.1)

(13) B (nt) = =5

where DZ(»;)(QU, y,t) and Aq(y) are the Fredholm’s minor and determinant corresponding to the

kernels Ki(jl)(w, y;t),t,7=1,n and which are defined by the similar formulas of (4) and (5), and
let



where DZ(?)(w, y,t) and Ay(z) are the Fredholm’s minor and determinant corresponding to the

kernels Ki(jz)(av7 y;t), 1,7 = 1,n which are defined by the similar formulas of (4) and (5).

Theorem 2 Suppose that for all x,y€la,b] the inequalities: Aq(z) # 0 and Aq(x) # 0 are
satisfied. Then the systems of partial integral equations (11) and (12) are equivalent to the

following systems of total integral equations
( ) ‘
(2,9, )G (y, s, 8)+
a

(14) +RD (2,9 ) K (1, y, )] (L, s)dbds+

Jip= 1

n b n b
tgi(e, )+ [ B (e, y )gi(e,0dt+ > [ R (2,y,)g,(t y)dt

j=1"¢ p=1"1

and

(15) /a / ” (x,y,t K( )(y,s t)+

Jp=1

+RD (2,5, K (8, 9)1£ (1, 5)dtds

Corollary. 2 Assume that the conditions of the theorem are fulfilled. Then the system of non
homogeneous partial integral equations (11) has a non trivial solution for each g;,i = 1,n if and

only if the system of homogeneous partial integral equations (12) has only a trivial solution.

Proof Let f = (fi, f2,..., fn)and g = (g1, g2, ---, gn) be the vector functions defined on [a, b]?
with values in C”, where C'™ is an n-dimensional complex space. We define the operators Ky
and K acting in the Banach space C[, yj2,0n) of the continuous functions defined on [a, b]? with

values in C", according to the following formulas:

(K 1.f)i Z (z,y; ) f3(t, y)dt
j=1"9

(F2.)i Z (z,y;t) fi(z, t)dt
j=1"9

Now the system of partial integral equations (11) can be written in the following operator

form

(16) f=Kif+K:f+yg

According to the condition of theorem 2, Ay(y) # 0. Therefore by the Fredholm’s theorem

the operator I — K is invertible and its inverse operator (I — K1)~! has the following form

(17) (I - K)™'=1+Ry,



where R; is the integral operator in the space C([a7b]27Rn) given by the following formula

(R1f)i( Z (z,y5t) f;(t, y)dt

]1a

Using equality (17) we get from (16)
(18) f=U-EK) " (Kof +g9) = (I + Ri)(Kof +9) =

=Kyf+ RiKyf + 9+ Rig

Under the conditions of the theorem the inequality Az(z) # 0 holds for all 2€[a, b]. Reasoning
as above, we get that the operator (I — K3)~! exists and is represented as follows, (I — K3)™! =

I + Ry, where Ry is the operator in C([a7b]27cn) given by the following formula

(Rz2f)(z,y) Z (z,y;t) f;(z, t)dt

]1a

Using similar arguments as above we obtain from (16)
(19) =K f+RK f+ g+ Ry
From (18) we obtain
(20) Kif=K\Kyf+ KiR1Kyf+ K19+ Ki1Rg
For the resolvent Ry of the operator K the following Fredholm relation is valid,

KRy =R Ky =R — K,
Putting the expression for Ry K, to (20) we conclude that
Kif=RiKyf + Rig.

Substituting the expression for K;f to (19) we get the following system of total integral
equations

f=RiKyf + Rig+ BolKy f + g + Rag,

or

[=(RiKy + RoKy) f + g+ (R + Ry)g,

which is the same as (14).
We proved the part of theorem 2 concerning non homogeneous equation (11). For the proof

of the part concerning homogeneous equation (12) we repeat the process from the first part of

the proof putting ¢; = 0,0 =1, n.
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