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Abstract
In this note we consider the homotheties of cylindrically symmetric static spacetimes.

We find that we can provide a complete list of all metrics that admit non-trivial homothetic
motions and are cylindrically symmetric static.
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Homotheties ! have been argued to have special physical significance 2. There is a
large body of literature on this subject ?. Of particular relevance for our present purpose
is a classification of homotheties allowed in spacetimes according to the order of the ho-
mothety Lie algebra *. In this paper it was shown that for order 6 or more the problem
is completely resolved, while for order 5 or less only some general results could be pro-
vided. An alternative approach had been adopted for obtaining complete classifications
of spacetimes admitting some minimal isometry °. By introducing the constraint on the
spacetime that it must possess that minimal symmetry, one could obtain all metrics (or
classes of metrics) possessing higher symmetries. This “bottom-up” approach was used to
study homotheties of spherically symmetric spacetimes ¢. Here we use the same method

for cylindrically symmetric static spacetimes.

A homothety, H is a solution of the homothety equations

'CHQW = ;/ng (1)

In the case ¢» = 0, H becomes an isometryor Killing vector (KV). As such ¢ # 0 are called
proper homotheties. We solve Eq. (1) for ¢» # 0 with the metric written in generalised

cylindrical coordinates

ds? = e’V dt? — dp? — NP 2d? — M dz? (2)

2 is introduced to keep track of dimensions, a being taken to have dimensions of

where a
length.
Consider the above metric for the case v = A = u = 0. This is clearly a flat spacetime.
In fact, if we were to replace “af” by “y” and “p” by “x” this would be easily recognised
as Minkowski space. However, we obtained it by requiring the minimal isometry group to
be SO(2) @ R @R for cylindrical symmetry and staticity (one R being spacelike along the
axis and one timelike) not R @ R @ R. Consequently, we need to insist that 6 is an angle
and hence runs from O to 2m. We thus have to take a topological construction, keeping
the space flat we identify § = 0 with § = 27. When this procedure was used in the
classification of the isometries of cylindrically symmetric static spacetimes 7, the above
space was called “wrapped Minkowski”. It is a cylindrical analogue of the spherically

symmetric static Bertotti-Robinson metric ®

ds? = dt? — dr* — a*d0? . (3)

Topological constructions of the above type acquired special interest with their application

? to “topological field theories”.



There are many other Bertotti-Robinson metrics and correspondingly their cylindrical
analogues. It would be useful to be able to identify them in the cylindrical case. Two more
forms of the above “wrapped Minkowski” space are directly identifiable for v = A = 0,
pw=2n(p/po)and v =2ln(p/po), A = p = 0 (where pqg is a constant with units of length).
Since a homothety essentially involves a rescaling, the “wrapped Minkowski” space will
admit local homotheties which would be globally prohibited due to the topological con-
struction. (In effect a deficit, or an excess, angle will be provided.) This feature will hold
for all cylindrical Bertotti-Robinson like spacetimes admitting a proper homothety. By
deriving the local homotheties and checking which must be globally disallowed, we can
identify the special spacetimes referred to above.

Following our procedure, we found that there are only 3 cylindrically symmetric static
spacetimes admitting homothetic motions (globally). They can be generically expressed
by the metric with v = 2aln(p/po), A = 2(n(p/a), p = 0, where « is an arbitrary (real)
parameter. With o = 0 we get usual Minkowski space with proper homothety

0 0 0

ﬂ:¢(t§+pa_p“$)’ (4)

in addition to its usual 10 KVs. For a = 1 we get a spacetime of Petrov type ® D,
admitting the 5 homotheties

0 0 t 0 0 0 0 0
ﬂzcoaﬁ-ﬁ(@a—l-%%)4—02%4-03@4-@/)(56_,0%-2—2) . (5)

In the general case a # 0,1 we get a spacetime of Petrov type-I and Segré type ® [1,111],
admitting the 4 homotheties

d d d d d d

The Bertotti-Robinson like spacetimes admitting local homotheties that are glob-
ally ruled out are the following. One admitting 7 local homotheties has v = A =
p = 2aln(p/po) with a # 0,1; 5 have v = u = 2n(p/po), A = 0 and v = 0,
A= =2080n(p/po); while 4 have v = 2aln(p/po), A = = 20(n(p/po) (With a # 3 and
a,8 #0,1) and v = 2aln(p/po), A =0, = 2ln(p/po).

This completes the classification.
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