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Abstract

We consider nonlinear elliptic systems of divergence type. We provide a new method
for proving partial regularity for weak solutions, based on a generalization of the technique
of harmonic approximation. This method is applied in two situations: that of quasilinear
elliptic systems with inhomogeneity obeying the natural growth condition, and that of fully
nonlinear homogeneous systems. In the latter case our methods extend previous partial
regularity results, directly establishing the optimal H&lder exponent for the derivative of a
weak solution on its regular set.

1 Introduction

In this paper we are concerned with partial regularity for the solutions of certain systems of
nonlinear elliptic equations. Specifically, we consider systems of the form

—div(A(x,u, Du)) = f(z,u, Du) in (1.1)

for Q a bounded domain in R?, u and f taking values in R", where each A(-,-,-) is in
Hom(R",RY). A weak solution to (1.1) is then an RY-valued function u such that, for all
test-functions ¢ € C°(Q,RY), we have

/A(w,u,Du) -Dpdx = /f-(pdx. (1.2)
Q Q

Of course in order for these notions to make sense, one needs to impose certain structural and
regularity conditions on A and the inhomogenity f, as well as to restrict u to a particular class
of functions. We make these notions precise for the specific structures considered in Section
3, where we study quasilinear elliptic systems which are permitted to have an inhomogeneous
term, and Section 4, where we consider fully nonlinear, homogeneous equations of divergence
type.

Even under reasonable assumptions on A and f, in the case of systems of equations (i.e.
N>1) one cannot, in general, expect that weak solutions of (1.1) will be classical, i.e. C2-
solutions. This was first shown by De Giorgi [DeG]; we refer the reader to [G1, Chapter 2.3] for
further discussion, as well as additional examples and references. The goal, then, is to establish
a partial regularity theory. The regular set of a solution u is defined by

Regu = {z € Q| u is continuous on a neighbourhood of z},
and the singular set by

Singu = 2 \ Regu.



Partial regularity theory involves obtaining estimates on the size of Singwu (i.e. showing that
Singu has zero n-dimensional Lebesgue measure or better, controlling the Hausdorff dimension
of Singu), and showing higher regularity on Regu. We refer the reader to the monographs of
Giaquinta, [G1] and [G2], for an extensive treatment of partial regularity theory for systems of
the form (1.1), as well as more general elliptic systems.

Under the structure and regularity conditions introduced in Sections 3 and 4, the partial
regularity results as expressed in Theorems 3.1 and 4.2 is not new. The point of the current
paper is to provide a proof of partial regularity which utilizes a technique which is new to this
field, the technique of A-harmonic approximation, which we will explain after a brief discussion
of the standard methods of proof; we refer the reader to [EG, Section 1] and again to [G1, G2],
for more extensive discussions. Although this method does not yield a new partial regularity
result in the case of quasilinear systems (see Theorems 3.1), we are able to improve existing
regularity results in the case of fully nonlinear systems, in fact obtaining the optimal Holderi
constant for the derivative on the regular set: see Theorem 4.2.

There are four essential elements in the proof of partial regularity. The first element is
an inequality of Caccioppoli, or reverse-Poincaré, type. This enables one to control the L?-
norm of a bounded solution on a ball in terms of the structure constants, the L°°—norm of the
solution and the averaged mean-square deviation on a ball of larger radius. The second element
of the proof can then be roughly described as a way of improving the Caccioppoli inequality
sufficiently in order to be able to proceed to the third step. The third step is then to show
that smallness of a particular functional often termed the excess, consisting of the sum of the
averaged mean square deviation and a term involving the radius (the latter only appearing in
the case of inhomogeneous equations) on a particular ball is sufficient for a weak solution of
(1.1) to be Holder continuous on smaller balls. This is generally straightforward for equations
with constant coefficients, and the idea is usually to find an appropriate way of applying the
technique of “freezing the coefficients”.

The existing proofs can broadly be classified into two groups, the “direct” and the “indirect”,
the distinction essentially referring to the method of proof employed in the second step described
above. In the former case the goal is to prove reverse Holder—type inequalities. Such inequalities
go back to Gehring [Ge]; in the current setting this method was used by Giaquinta—Giusti
[GG], and simplified by Giaquinta—Modica [GM1]. We refer the reader to [G1, Chapter 5], [G2,
Chapter 6] for applications to other systems and for discussions. The direct proofs tend to be
very technical, although of course they have the advantage of generating explicit information
on the sensitivity of the various estimates to changes in the structure paramaters. Note that
there are more elementary, direct proofs for partial regularity for some elliptic systems fulfilling
structure conditions which are stricter than those considered here; see e.g. [EG], [U].

In the second type of proof, one proves the desired estimate by contradiction: if the desired
inequality were false, one could construct a particular sequence of solutions to (1.1), each of
which fails to satisfy the inequality but which, when appropriately rescaled (or “blown-up”),
form a sequence which converges to a solution of a simpler — often linear — problem, for which
the inequality holds. Compactness arguments then allow one to reach the desired conclusion.
These methods were first applied to quasilinear such as (1.1) by Giusti-Miranda [GiM], see also
[G1, Chapter 4], [H]; however the blow—up technique goes back to earlier works of De Giorgi,
Almgren and others.

The technique of harmonic approximation is a related idea. The point is to show that
a function which is “approximately-harmonic”, i.e. a function g for which [, Dg - Dy dz is
sufficiently small for all test functions ¢, lies L2—close to some harmonic function. This technique



has its origins in Simon’s proof of the regularity theorem of Allard ([A]), see [S1, Section 23],
and cf. [B]. An application lying closer to the current one can be found in [S2, Section 1.6].
Here the author is concerned with finding a so—called epsilon-regularity theorem for energy
minimizing harmonic maps; such theorems show that control on the averaged mean square
deviation of a given energy minimizer on a small ball leads to H6lder continuity on smaller
balls. The technique of harmonic approximation allows the author to simplify the original
epsilon-regularity theorem due to Schoen-Uhlenbeck (see [SU, Section 3]).

In Section 2 of the current paper we generalize this technique to elliptic bilinear forms. For
such A € Bil(Hom(R",RY)) we call u € H“?(Q, RY) A—harmonic if it satisfies

/A(Du,Dcp) de =0 forall p € CHQ,EY);
Q

A-harmonic approximation then refers to the direct analog of the above situation. A more
general form of this technique has been applied in the setting of geometric measure theory by
the first author and Steffen; see [DS, Section 3]. There the authors prove a boundary regularity
result for almost minimizing rectifiable currents of general elliptic integrands.

The current approach has some useful properties, which we wish to describe briefly. As
an indirect proof it avoids the technical difficulties associated with applying Gehring’s Lemma,;
however we obtain a better control of the sensitivity to the structure constants than other
indirect proofs, as the A-harmonic approximation argument is the only time where we argue
indirectly. For example, it is easy to determine the sensitivity of the excess to the inhomogeneous
term. In the indirect part of the argument, we only require standard compactness results
(Rellich’s Theorem): the usual indirect arguments require one to prove compactness results by
hand, on a case-by-case basis. In addition, the application of the A-harmonic approximation
result is accompanied by straightforward, relatively elementary arguments. All of these factors
combine to make the method very flexible.

As outlined above, we exhibit this by deriving the partial regularity results in two cases; in
Section 3 we consider quasilinear elliptic systems which are permitted to have an inhomogeneous
term, and in Section 4, we consider fully nonlinear, homogeneous equations of divergence type.
In each case the result is derived completely in the section at hand: apart from the A-harmonic
approximation Lemma, we only need the standard results of linear theory presented in Section
2, and elementary inequalities.

The partial regularity theory for nonlinear systems in the full generality given by (1.1)
requires no major new techniques beyond those introduced in Sections 3 and 4 of the current
paper, but for ease of readability we will present that case in a separate work [DG]J.

The flexibility of the technique also allows us to apply it to parabolic systems; we will take
this up in future work.

We close this section by briefly summarizing the notation we will use in this paper. As noted
above, we consider a bounded domain Q C R”, and maps from Q to R, where we take n > 2,
N > 1. For a given set X we denote by £"(X) and #¥(X) its n-dimensional Lebesgue measure
and k-dimensional Hausdorff measure, respectively. We write B,(z¢) = {z € R" : |z — x| < p},
and further B, = B,(0), B = B;. For bounded X C R" we denote the average of a given g €
LYX) by f ygdz, ie. f ygdz = ﬁ Jx g dz. In particular, we write guy.p =F p (5,9 dz. We
let a;, denote the volume of the unit-ball in R?, i.e. a,, = L"(B). We write Bil(Hom(R",RY))
for the space of bilinear forms on the space Hom(R", RY) of linear maps from R” to RY.



2 The A-harmonic Approximation Technique

In this section we present the A-harmonic approximation lemma, and for completeness also
include two standard estimates from linear theory, the Poincaré Lemma, and a result due to
Campanato. We refer the reader to Section 1 for comments on the A-harmonic approximation
lemma. For convenience of later application, we present the lemma in two different scalings (cf.
[DS, Lemma 3.3]).

2.1 Lemma. Consider fixed positive A and L, and n, N € N with n > 2. Then for any
given € > 0 there ezists § = §(n, N, \,L,e) € (0,1] with the following property: for any A €
Bil(Hom(R", RY)) satisfying
A(€,6) > NE)? for all € € Hom(R",RY) and (2.1)
|A(&,m)| < L[ |n|  forall &7 € Hom(R",RY), (2.2)

or any g € H"2(B,(z0),RY) (for some p >0, zg € R*) satisfying
o P

p?" / |Dg|*de <1 and (2.3)
BP($0)
‘p%” / A(Dg,Dy) dx‘ < dp sup |Dy| forall @€ CHB,(z0),RY) (2.4)
B (1'0
Bp(zo) !

there exists an A-harmonic function v € H = {w € H“?(B,(zo),RY)|p?> ™ [ |Dw|?dz <1}
Bp(mo)
with

p " / lv—g*dz <e. (2.5)
By (z0)

Proof. We assume first that zp = 0, p = 1 (at the end of the proof we will show how a
rescaling of this result yields the general result). Were the conclusion false, we could find ¢ > 0,
{A} each satisfying (2.1), (2.2) and {gx} with g, € H"?(B,RY) fulfilling:

/ lug — gi|?dz > € for all Aj, —harmonic v, € H (2.6)
B

(note that there are always Ag-harmonic functions in #, for example any constant function)
/|ng|2dac <1; and (2.7)
B

‘/Ak(ng,Dtp) dm‘ < zsup|Dy| for all p € CL(B,RY). (2.8)
B
B

Without loss of generality we can assume f pgrdz = 0 (by simply considering the sequence
{9x —F pyrdz} in place of {g;}). Poincaré’s inequality and Rellich’s lemma then allow us to
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find a subsequence, also denoted by {gx}, g € H"?(B,RY) and A € Bil(Hom(R",R")) (note
(2.2)) such that:

gr — g weakly in H"2(B,RY), g;, — ¢ in L?(B,RY), Ay — A, and/ |Dg|?dz < 1.
B

We then consider, for ¢ € C}(B,RY),

/A(Dg, Dy)dz= /A(Dg — Dgg, Dp)da+ /(A — Ay)(Dgg, Dp)dz+ /Ak(ng, Do) dz.
B B B B

The first term on the right-hand side tends to 0 as & — oo due to the weak-H"? convergence
of g to g; similarly the second term via (2.7) and the convergence of the Ay’s, and the third
term via (2.8). Thus g is A-harmonic on B.

We now consider the Dirichlet problem given by

/Ak(ka,Dgo)dwz() for all p € CH(B,RY), Uk—gEH&’Z(B,]RN).
B

This problem has a unique solution (see e.g. [G2, Chapter 1]), which we denote by v,. We then
have, using (3.3), the Ag-harmonicity of vy, the A-harmonicity of ¢, and Holder’s inequality,

A/ |Dvy, — Dg|*dx
B
< /Ak(DUk — Dg, Dvy, — Dg) dx = —/Ak(DQ,DUk — Dg)dzx
B B

_ /(A _ A)(Dg, Doy — Dg)dz < |A — Ay / \Dg| |Dvy, — Dglda
B B

1/2 1/2
< A= a( [1Dgds) " ( [ 1Dos~ Dglas) .
B B

Given the convergence of Ay to A and the fact that [ |Dg|*dz < 1, we can conclude that vy
converges strongly to g in H?(B,RY), and in particular we have that ||v; — 9llr2pryy — 0 as
k — oo. This would provide the desired contradiction if we had that v; € H. There is, however,
no way of guaranteeing this. We therefore set my, = max{||Dvg||;2grny,1}, and then define
Vi = %k; Then V}, is also Aj-harmonic in B, with V, € H.

We thus have (where the norms refer to the norm in L?(B,RY))

Ve = gkll < Vi — vl + lvx — gll + [lg — gk ll -

We have already established that the second and third terms on the right-hand side ap-
proach zero as k — oo. We note that the strong H'“?-convergence of v, to g shows that
limg 00 [ |Dvk|? dz exists and is bounded above by 1, meaning that limy_,,, my = 1. Hence

the first term on the right-hand side is dominated by 2(1 — %k)%(||9’| + 1) for k large (using
the L2-convergence of vy to g), which also convergences to zero as k — oo. This provides the
desired contradiction to (2.6).



In order to show the result on a general B,(zo), we define G on B via G(y) = g(zo + py)
and see that (2.1) and (2.2) allow us to apply the lemma to conclude the existence of an A-
harmonic V € HV?(B,RY) satisfying (2.3) and (2.4) on B (with v replaced by V, g replaced
by G). Setting v(z) = V(***) then yields the desired conclusion. 0

The second scaling of this result is then

2.2 Lemma. Consider fixed positive A and L, and n, N € N with n > 2. Then for any
given € > 0 there ezists § = §(n, N, \,L,e) € (0,1] with the following property: for any A €
Bil(Hom(R",RY)) satisfying (2.1) and (2.2), for any g € H%2(B,(z0),RY) (for some p > 0,
xo € R") satisfying

p " / |Dg|?dz <1 and (2.9)
Bp(mo)
‘p_n / A(Dg,Dyp) dw‘ <4 sup |Dyp| forall o€ CHB,(w),RY) (2.10)
By(zo)
Bp(mo) ?

there ewists an A-harmonic function € H = {w € H"*(B,(zo),RY) |p™" [ |Dw|?dz < 1}
Bp(mo)
satisfying

2 / 5—glde<e. (2.11)
Bp(mo)

Proof. For 2o = 0, p = 1 this is simply Lemma 2.1. For a general ball B,(z¢) we can
apply Lemma 2.1 to the rescaled function G(z) = %g(xo + pz) to obtain the existence of an
A-harmonic V € HY2(B,RY) satisfying (2.11) on B (with & replaced by V, ¢ replaced by G).

Rescaling via v(z) = pf/(’”_pxo) yields the desired result. O

We next state the Poincaré inequality in the form in which we shall need it.

2.3 Theorem. There ezists ¢, = cy(n), without loss of generality ¢, > 1, such that every
u € HY2(B,(z0)) satisfies

/ [t — gy p|* < cpp? / | Dul? da.
By (20) By (z0)

For a proof we refer the reader to e.g. [GT, Section 7.8]: note from (7.45) in that book the
above result follows with ¢, = 22"

Our final tool is a standard estimate for the solutions to homogeneous second order elliptic
systems with constant coefficients, due originally to Campanato, [C2, Teorema 9.2]. The result
follows from Caccioppoli’s inequality for h and its derivatives for any order, Sobolev’s inequality,
and Poincaré’s inequality. Note that the original result is given for scalar-valued equations, but
extends immediately to systems. For convenience we give the estimate in a slightly more
general form than that given in [C2] (but one which follows directly, after applying Sobolev’s
and Poincaré’s inequalities).



2.4 Theorem. Consider A, X\ and L as in Lemma 2.1. Then there exists co = co(n, N, \, L)
(without loss of generality we take co > 1) such that any A-harmonic function h on B,(zo)
satisfies

p? sup |Dh]>+p* sup |D*h]® <cop* ™ / |Dh|? dz .
B, 2(0) B, /2(%0)
By (z0)

3 Inhomogeneous quasilinear systems

In the special case of an inhomogeneous quasilinear system, (1.1) takes the form
—div(A(z,u)(Du, -)) = f(x,u, Du) in (3.1)

for Q a bounded domain in R”, u and f taking values in RY, where each A(-,-) is a bilinear
form on Hom(R",R"). In components (3.1) reads:

_Da(Agﬁ(wv U)Dﬂuj) = fz(xa u, Du),

where we sum over repeated indicies, with Greek indicies ranging from 1 to n, Roman indicies
from 1 to N. A weak solution to (3.1) is then an RY-valued function u such that, for all
test-functions ¢ € C®(Q,RY), we have

/A(x,u)(Du,DLp) dx = /f-(p dx. (3.2)
Q Q

We commence this section by stating our assumptions on A and f, and our notion of a weak
solution.

H1 We assume A € C°(Q x RY, Bil(Hom(R",R"))), and further that A is uniformly contin-
uous on sets of the form Q x {u : |u| < M}, for any fixed M, 0 < M < co.

H2 We require that the bilinear forms A(x,u) be uniformly strongly elliptic, i.e. there exists
A > 0 such that

Az, u)(€,€) > N¢?  for all € € Hom(R™,RY), (z,u) € @ x RV,
H3 There exists L > 0 such that
A(z,u)(&n) < LIE[ || for all £,y € Hom(R",RY), (z,u) € @ x RY.

H4 We impose the so—called natural growth condition on f (cf. [G1, p. 180]), i.e. there exist
constants ¢ and b, with a possibly depending on M > 0, such that

|f(z,u,p)| < a(M)|p|*> +b for all z€Q, u€RY with |u|<M, and p€ Hom(R*,R").



From hypothesis (H1) we have, writing w(-) for w(M, -), the existence of a monotone
nondecreasing concave function w : [0, 00) — [0,00) with w(0) = 0, continuous at 0, such that
(see e.g. [G1, p. 169])

|A(z,u) — A(y,v)| <w (|x —yP 4 ju— v|2) for all z, y € Qu,v € RV, |ul,|v] < M.

In this setting, a weak solution to (3.1) is defined to be a function u € H2(Q, RN )N L>®(Q,RY)
such that (3.2) holds for all test-functions ¢ € C°(Q,RY) and, by approximation, all ¢ €
Hy? (Q,RN) N Lo (Q,RY).

We next quote the partial regularity result. This result is originally due to Giaquinta—Giusti,
see [GG, Theorem 2.1].

3.1 Theorem. Let u be a weak solution of (3.1) under the hypotheses (H1)-(H4), ||ul|lp~ < M,
and assume 2a(M)M < X. Then

H"27¢(Singu) = 0,
for some € > 0, and further u € C%*(Reg u, RY) for all a € (0,1).

We remark that the techniques presented here (specifically, combining Theorem 3.3 with a
standard covering argument) yield the weaker result of H" 2(Singu) = 0, and some form of
reverse LP—L%-inequality is then needed to proceed to Theorem 3.1. Note also that there are
various higher regularity results, including u € C'° on Regu for A being C%?, smoothness
on Regu for smooth A, and reduction of the dimension of the singular set, possibly even full
regularity (i.e. Singu = () for A having particular structures: see e.g. [GG, Theorem 2.1], [G1,
Chapters 6,7], [G2, Chapter 6].

The first result we require in order to establish Theorem 3.1 is a reverse-Poincaré or
Caccioppoli-type inequality for weak solutions of (3.1).

3.2 Lemma. Let u € HY?NL>®(Q,RY) be a weak solution of (3.1) under (H1)-(H}) satisfying
|lu|| Lo <M <o00. Further assume 2a(M)M < X. Then for any B,(z¢) CC Q we have

/ |Du|?dz < c1p 2 / U — gy p|* dz + anb?p" 2 (3.3)

By /2(z0) By (wo)

for ey = c1(A\L,M,a(M)) > 1.

Proof. Let a = a(M). Consider a fixed B,(z9) CC €, and a cut-off function n € C}(B,(z))
satisfying 0 < n < 1, n = 1 on B,s(x) and |Vn| < 4/p. The function ¢ = n*(u — tg,p) is
admissable as a test-function in (3.2), and we obtain

/ A(z,u)(Du, Du)n*dx

Bp(mo)

= [ [fewDu) r = ) = 24(,0) (Du,n(u — sy ,) @ I0)] . (3.4
BP($0)



Using (H3), (H4),and ||u||z= < M the right-hand side of (3.4) can be estimated from above by

[ [a1DuPr = tag ] + 7Pl = tag ol + 2Ll Dl fu = | V]
BP($0)
which, after applying Young’s inequality to the second and third terms, is dominated by
16L2% +1/4
(2aM +¢) / | Dul*n’dz + 7@/ / U — gy p|Pdz + ab®p" e
ep

By (z0) By (z0)

for arbitrary positive ¢ (also noting ||u||ree < M). From (H2), we further deduce that the left-
hand side of (3.4) is bounded from below by Afg ) |Du|*n%dz. Combining these estimates
for the choice & = (X — 2aM) (which is positive by the conditions of the lemma) and dividing
through by ¢ yields (3.3) with ¢; = %; note from (H2) and (H3) L > X\,s0¢; > 1. O

We are now in a position to prove the central result for obtaining partial regularity, which is
that sufficiently small L?-mean oscillation on sufficiently small balls leads to Holder continuity
on smaller balls.

3.3 Theorem. Consider fizred o € (0,1). Under the assumptions of Theorem 3.1 there exist
positive Ry and € (depending on n, N, X\, L, b, M, a(M), w(-), and «) with the property that

][ U — gy r|*dz + R* < €2 (3.5)

Br(wo)

for some R € (0, Ro] implies u € CO*(Bg/s(z0),RY).

Proof. By translation, we consider xy = 0. Consider Br CC 2, B,(z) C Br. We consider
fixed ¢ € C2°(B,2(2), RN), Supp . (2) |Dg| <1, as a test-function in (3.2), to obtain

/ A(z,uzp)(Du, D) dz

B,/2(%)
= / f(x,u, Du) - pdx + / (A(z,uz,) — A(z,u))(Du, Dp) dx
B,/2(2) B,/2(2)
<a / \Dul?|pldz + b / | diz + / |A(z,u) — A(z,us,)| |Dul |De| dz
B,/2(%) B, /2(2) B, /2(2)
< sup |<p|<a / |Du|2dw+ban(p/2)">
@ e
1/2 1/2
+ sup |D<p|< / |A(x,u)—A(z,uz,,,)|2dx> < / |Du|2dx> o (36)
Por2E) R ) B,ja(2)

using first (H4) and then Hélder’s inequality. Recalling the definition of w(-) and using Lemma
3.1 and (H3), we continue to estimate, for bR% < 1, and cp = (1 +a) max{c;,b} > 1 (depending



on \, L, b, M, a(M)):

c ba
| AGu ) OuDodr < Bl &G [ e ot |+ D
By, 2(2) By(2)
1/2 1/2
+V2L / w (|x — 22+ ju — uz,p|2) dz % / lu — u, pl2dz + anb*p™t?
o
o(2) By (2)
< ganpn—Z(a +1) <01 ][ |u — uz’p|2dx + bp2>
Bp(z)
1/2 1/2
+V2Lapp" ! ][ w(p? + |u — uy p*)dz ci ][ lu — s p|*dz + bp?
Bp(z) By(z)
< ganPTLiZ C2 ][ lu— Uz,p|2d5[j +p?
BP(Z)
1/2
+2\/c;V2Lw!/? ][ lu — u,,|*dz + p? ][ lu — u,,|*dz + p?
Bp(z) By(z)
1/2 1/2
= ap" 2 ][ lu— u,,|*dz + p? g 2 ][ lu — u,,,|*dz + p?
By(z) By(z)

+v/8Lcyw'/? ][ lu—u,,|*dz +p* | |,
Bp(z)

where we have used Jensen’s inequality in the second last estimate.

For B, (y) C 2 we introduce the notation
I(y,0) = ][ lu — u, o |*dz + 0%
Bs(y)
The above estimate can then be applied to yield, for arbitrary ¢ € C} (B,)2(2), RM):

/ A(z,uzp)(Du, D) dz
Bp/Z(Z)

< anp" eIz )5 AL [Vez\/1(z,p) + VELw'(I(2,p))] .

p/2\%

Multiplying through by (§)?~", we obtain (noting that a, < 2)

p\> "
BP/2(Z
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< \1(zp)5 sup [Dpl2" 2ay [ea\/1(z, p) + VBLexw* (12, p))|

l3p/2(z)

< e[ 1(z.0)5 sup [Dgl[\[T(2,p) +w'(I(2,))] (3.7)

2 B,a(2)

for c3 = 22"=2(cy + 2L) > 1 (depending on n, \, L, b, M, a(M)).

From Lemma 3.2 we note, recalling bp? < 1,

p\2 " 9 P\ " a 2 2 n42
B |Du|® dx < B e | — ug | dx 4+ b p < c3l(z,p). (3.8)
B,/»(2) By (2)

We define now v = 2, for v = csv/1(z,p). From (3.7) we see

‘(92_” / A(z,u.,,)(Dv, D) da

Bp/Z(z)

< [VItp) +o! )| § s Dol (9)

p/Z(Z)

and, from (3.8) (recalling also the definition of c3),

2—n
(g) / |Dvl?dz < c5' < 1. (3.10)
lgp/Z(Z)

Now consider a fixed, arbitrary € > 0, and let § = §(n, N, A, L, ) € (0,1] be given from Lemma
2.1. If

VI(zp) + 0P (I(z,p) < 6 (3.11)

then we see from (3.9) and (3.10) that v satisfies the conditions of this lemma, allowing us to
conclude the existence of an A(z,u, ,)-harmonic function h € HI’Q(B/,/Q (z),RY) satisfying

) 2—n
(§> / |Dh|?dx < 1, (3.12)
Bp/Z(Z)
p -n
(§> / |h —vdz < e. (3.13)
Bp/2(z)

Using Theorem 2.4 and (3.12) we obtain the following interior estimate for h, for 6 € (0,1/4]:

sup |h— h(z)]? < 6%p* sup |Dh|? < 6%p’c <B> / |Dh|?dz < 4cof?. (3.14)
Ba(2) By/a(z) 2
Bp/?(z)

We now calculate, using (3.13) and (3.14):

O™ [ o =he)Pds < 209 [ (o b+ b h(2))ds

l30p(z) lng(Z)
< 2(6p) " ((g) 4 ean(0p)" sup I h(z>|2>
op\Z

< 217797 e 4 8, c06? .
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Multiplying this through by 72 and recalling the definition of v, we see

(Bp)~" / lu — yh(z)|?dz < ~* (217"07”5 + 8an0002) .

Bep(z)

The left-hand side of this inequality can be estimated from below by

Op) " it [ fu—efdr=Op) " [ fu gl do.
EerN
Bg,(2) Bg,(2)

Combining these estimates we have, since v? = c31(z, p) and since (0p)? < c3co6?1(z, p),
I(z,0p) < c3 (21_”%:10_"6 + 90002) I(z,p). (3.15)

We first fix
1
0= min{i, (18coc§) 20-e) }

(depending on (n, N, A\, L, b, M, a(M), «)), so that, in particular, 9coc30? <
set

%020‘, and then

c = an2n—20g20n+2a ,

so that 2!="a, tcd07 e = %920‘. With this choice of e, and § being the corresponding §(n, N,
A, L,e) from Lemma 2.1, we see from (3.15) that we have

I(z,0p) < 62“I(z,p) (3.16)

provided that (3.11) holds.

We now choose sg > 0 (depending on n, N, A\, L, b, M, a(M), a, w(-)) such that 0 <
w(sp) < 102, and assume

I =1(0,R) <2 "min {15 5} (3.17)

for some R € (0, Rg], where Ry = min{y/2sy, 1/\/5} (in the case b = 0 we take Ry = v/2sq).
Then for any z € Bg/y we have, noting I(z, IR) < 2"Ig:

VI(z, AR) + w2 (I(2, LR)) < 20Tk + w'/?(2" 1) < 36+ w'/?(sp) < 0,

so that under the smallness condition (3.17), (3.11) holds with p = %R for all z € Bg/y. We
can thus apply (3.16) in this situation to conclude

I(z,30R) + w'/?(I(2,30R)) < \/I(2,1R) + w'?(I(2,1R)) < 4,

i.e. we can apply (3.16) to Byg/z(2), as well, yielding I(z, %HQR) < 0]z, %R/Q), and induc-
tively

I(z,50"R) < 0°°*1(z,1R). (3.18)

12



Given p € (0,3 R], we can find k € N such that 1R < p < 10¥~1R, yielding 2p > 0*R, and
allowing us to estimate I(z, p) < 0 "I(z, 36*R). Combining these with (3.18) we have

% 2P 2a ) n+2a P 2a
e <o (B 1e4m < (5) (&) In

and more particularly
2 n+2a 2a
][ lu —u,,|? dr < <§> <%> Ip
Bp(z)

for all 2 € By, 0 < p < %R. The Campanato Theorem [C1, Teorema 1.3] (see also [G1,
Chapter 3.1]) then yields

u(z) —u(y)| < C(n,a)y/(2/0)" 2], lz —y] for all 2,y € Bg/q,
R/2 /

le. u € CU’Q(ER/Z,]RN). O
The partial regularity result Theorem 3.1 now follows, modulo the comments after the
statement of that theorem.

4 The fully nonlinear homogeneous case

In this section we consider the case of a general homogeneous system of second-order elliptic
equations, i.e. we consider weak solutions of

div A(x,u, Du) =0 in Q
for Q a bounded domain in R”, and A : Q x R? x Hom(R", RV ) — Hom(R",RV).

In analogy to Section 3, a weak solution here means u € H%?(€2, R") such that
/A(a:,u, Du) - Dpdz =0 for all p € C°(Q,RY). (4.1)
Q
We assume the following structure-conditions on A (cf. the conditions in Section 3):
H1 A(z,&,p) are differentiable functions in p with bounded and continuous derivatives
0A N n N
8—p(x,£,p) <L forall (z,&,p) € Q2 xRY x Hom(R",R"Y), for some L > 0;
H2 A is uniformly strongly elliptic, i.e. for some A > 0 we have
0A

—(z, & p)v v 2> Ay orall z € 2, £ € R" and p,v € Hom(R",R" ); an
5 3 ANv|? forallz e Q, € € RV and H n RN d
p

13



H3 there exists 5 € (0,1) and K : [0,00) — [0, 00) monotone nondecreasing such that

Al &.p) — A@Ep)| < K(el) (jo — 3P +1¢ 7)1+ o)

for all 2,7 € Q, £,€ € RV, and p € Hom(R", RV ); without loss of generality we take
K >1.

From (H1) and (H2) we immediately deduce the following (cf. Section 3):
|A(z, €,p) — Az, &,v)| < Llp—v|; (4.2)
(A(z,€,p) — A(z,&,v)) - (p—v) 2 Alp —v|?

for z € Q, ¢ € RY and p,v € Hom(R", RY).

Further (H1) allows us to deduce the existence of a function w : [0,00) x [0,00) — [0, 00)
with w(t,0) = 0 for all ¢ such that ¢ — w(t, s) is monotone nondecreasing for fixed s, s — w(t, s)
is concave and monotone nondecreasing for fixed ¢, and such that for all (z,&,p), (%,£,p) in
Q x RY x Hom(R",RY) with |¢| + |p| < M we have

5y 060 = 5 6D < w (Mo 7P + | P+ 1p - )

cf. [GG, p. 124], as well as Section 3.

As in Section 3, our first goal is to prove an inequality of Caccioppoli, or reverse-Poincaré,
type. We require the inequality in a more general form than that needed in the case of a
quasilinear system.

4.1 Lemma. Consider v fized in Hom(R",RY), ¢ fived in RN and let u € HY?(Q,RY) be a
weak solution to (4.1). Then for all zo € Q and p <1 such that B,(zo) CC 2, there holds

/ |Du — v|?dz
B,/2(%0)
c 2
<O [ € vl — o) + s ]+ ) (1 0])
Bp(z0)
fOT C1 = Cl(AvL)a C2 = CQ(Aaﬁ)‘

Proof. We denote u — ¢ — v(z — xp) by v, and consider a standard cut-off function n €
C(By(zp)) satisfying 0 < n < 1, |Vn| < %, n = 1 on Bj(wg). Then ¢ = n?v is, by
approximation, admissible as a test-function in (4.1), and we obtain

/ A(z,u, Du) - (Du — v)n’dz = —2 / A(z,u, Du) - nv @ Vndz.
By (20) By (z0)
We further have
— / A(z,u,v) - (Du — v)n* dz
By (z0)

=2 / A(z,u,v) -nv @ Vndz — / A(z,u,v) - Dpdz,

By (z0) Bp(zo)
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and
0= / A(xo,&,v) - Dpd.
BP(“?O)
Adding these three equations yields
/ (A(z,u, Du) — A(z,u,v)) - (Du — v)n’dz
By (z0)

= -2 (A(z,u, Du) — A(z,u,v))n - v Vndz

By (z0)
~ [ (4@ up) - A€ + v(o = 20),v)) - Dipda
Bp(mo)
- (A(x,f—i—u(ac—xo),u)—A(mg,é’,u))-Dtpdx
Bp(mo)
< I+ IT+1I1+1V, (4.4)

where

I =2L / |Du — v||v| |Vn| ndz,

Bp(mo)

1T = K(gl+ D+ ) [ ol D vy da,
By (o)

1T = 2K(&+ L+ wl) [ o9|Valydz,  and
By (z0)

2 2\A/2

1V = K(¢ + )+ 1) [ (o= 2ol + vz - 20))

By (z0)

(1w — v| + 2nfo| [V]) de,

after using (4.2),(H3), and p < 1.

For € positive to be fixed later we have, using Young’s inequality,

16L2
I<e / |Du — v|*n’dz + > / lv|*dz.
o
Bp(zo) By (z0)

Using Young’s inequality twice in II, we have
g g

II<e¢ / |Du — vf2n?de + %K2(|§| F )+ v])? pZ’B(%|v|)2ﬁdaj
By (z0) Bp(z0)
2 2 1 75 a2l 1 2
<e [ Du—vPitds (KU + )0+ ) o™ 5+ [ jofds).
Bp(fL’O) Bp($0)
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and similarly we see

1 3 n+-28_
< / [oPde + (SK (] + ) (L + V) ™ ™t T3
Bp(zo)

and

8
v < [ ORQE e+ ) (Du =]+ 2ol ) do

By (z0)
1
<e / |Du — v|?n’dz + — / |v|?dz
By (z0) P By (z0)

1
(604 ) K]+ 21+ P02
Combining these estimates in (4.4) and using (4.3), we have

A — 3¢ Du — v|?>n’dz
( n

By (o)
1617 +1 1 12 P g
s(%m)ﬁ [ toda e (Z4875) (K€l D@+ ) ™
By (o)
1
(2 64) K]+ 21+ P02 (45)

_28_ 2 _2
Noting that ,01 =5 < p% for p <1, K2 < K77 (since K > 1), (1 + |v|)?20+8) < (1 + |[v])T-7,

and 64 < 8727 we can estimate from (4.5)

— 3¢) / |Du — v|?n? da (4.6)
By (o

16L% + 1 1 21 25
s(um)ﬁ [ ol +2 (575 + ) g (K (el + ) (1 + 1) 7

9
By (z0)

Setting € = 2 in (4.6) and multiplying through by 2 %, we obtain the desired inequality with

12(16L% + 1) + 4
o= (0 1) = 1216 ; JE nd (M, f) = <815+§>
a
We now consider ¢ € CP(B,(zp), RY) with sup |D¢| < 1, and we henceforth restrict
Bp(mo)

to p < 1. We further fix £ = ug,, = fB o tdz, and (as in the proof of Lemma 4.1) set

v=u—¢&—v(r—z9). We have, noting that f A(zo,&,v) - Dpdr = 0 (since A(zo,&,v) is
Bp(z0)
constant) and using (4.1):

[/1 g_ (w0, &, v+ #{Du — V))dt] (Du —v)Dypdx
0

Bp 1'0

~ [ (Alwo.& Du) = Alan,&v)) - Dpde = [ (Alao & Du) = Ala,u, Du) - Dy ds.
Bp(z0) Bp(zo)
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Rearranging this, we have

5, Tao) 8814(360’5’ v)(Du —v)Dpdz = p{o {O/Ia—A zo,&,v)dt| (Du —v)Dydx
1
{0 L/( (w0,&,v) (xo,ﬁ,u—l—t(Du—u)))dt](Du—V)DLpdgg+
/ (x0,&, Du) — A(z,u, Du)) - Dpdz. (4.7)
B

Using (H1) and the estimate for the modulus of continuity of %, we have

—(z0,&, v+ t(Du —v))

‘“ 04 < VBLWM (€] + v, 1Du— vf2) |

(9]) (170757 ) (9])

and hence (4.7) yields, recalling ||Dy||re <1,

aaA(xo,f, v)(Du —v)Dpde < T+ 11+ 111, (4.8)
Bp(z0)
where
I =v2L / W (1¢] + o], |Du — v | Du — o] da,
BP(“?O)
IT = / |A(zo,&, Du) — A(z,€ + v(z — zy), Du)|dz  and
BP(“?O)
11T = / |A(z, & + v(z — x0), Du) — A(z,u, Du)|dz .
BP(“?O)

We have, using first Cauchy-Schwarz’s and then Jensen’s inequalities:
1/2
I< \/2L\/anpn/2w1/2(|f| + v, ][ |Du — I/|2d$) ( / |Du — v|? dw) . (4.9)
By (o) By (z0)
We abbreviate K (|| + |v|) by k and estimate, using (H3), Young’s inequality, x > 1, and p < 1:

II<x / (1 + [v)?0° (1 + |v| + |Du — v])de

By (z0)
< 262(1 + ) P anp™ P + / \Du — v[2dz.

BP(“?O)

We also estimate III by using (H3) and (repeatedly) applying Young’s inequality:

IIT < &k / % (1 4 |Dul)dz

By (z0)
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gn/ |'U|’8(].+|I/|)d$+l<&/ |v|?| Du — v|da
(o

By (xo) By (wo)
<k (1+1v|) ’8<l|v|>ﬁdx+/ﬁ2 / p?f <l|v|>2ﬂdw+ / |Du — v|*dx
Bp(xo) By (o) g Bp(xo)
<2 / lo[2dz + 2 (K(1 + [V])) TF app™*? + / \Du — v[2dz, (4.10)
v By (zo By (xo)
26 26

again where we have noted x > 1, and used the fact that pT73 < p2-8 < pf for p < 1. By
Theorem 2.3 we can further estimate from (4.10):

ITT < (1+2¢) / |Du — v|*dz + 2 (k(1 + |l/|))ﬁ anp" o
By (z0)

2
Since x?(1 + |v|)1*+F < (/{(1 + |I/|)) "% we can combine the above estimates to obtain

IT+ 11T <2(1 +c¢p) / |Du — v|dz + 4 k(1 + [1]) =7 anp™5 . (4.11)
By (z0)

We define

D(x9,p,v) = ][ |Du — v|* dz and H(t) = (K(M +t)(1 —i—t))ﬁ
BP($0)

Note that H IS monotone nondecreasing, and takes values in [1,00); in particular we have that
(k(1 4+ |v]))T=F < H(]¢| + |v|). We can now combine (4.9) with (4.11) in (4.8) to obtain

/ O (0, &,0)(Du — 1) D da
BP($0)

dp
< V2L 2 ([¢] + |v], @(0, p, )@Y (20, p,v) + 2(1 + ) @ (0, p, 1) + dan H(IE] + |V])p”
< c3 (w1/2(|£| + v, ®(z0, p, )@ (20, p,v) + ®(0, p,v) + H(JE] + IVI)pﬂ) (4.12)

for c3 = 2"*1(1 + ¢,) + V2L (depending on n and L).
For £ > 0 to be determined later, we take § = d(n, N, A\, L,¢) € (0, 1] to be the corresponding
constant from the A-harmonic approximation Lemma.
U — Ugy,p — V(T — To)
3 ((@0,p,v) +40~2p% H2(|ug o] + )/

w =

and obtain from (4.12), now for arbitrary ¢ € C2°(B,(z), RY),

. 0A
p ap

Bp(zo)

—— (%0, Ugg,p, V) DwD dx

< (w2 (tiag ol + [V, @ (20, p,1)) + B2 (20, p,0) + §) sup [Dyg|  (4.13)
By (z0)
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(noting that c3 > 2" > «y,) and
_ a
p" / \Dwl2ds < <2 < 1. (4.14)
B,(zo) “
P

For £ > 0 to be determined later, we take § = d(n, N, A\, L,¢) € (0, 1] to be the corresponding
constant from the A-harmonic approximation Lemma. If the smallness-condition

W2 (Jugy p| + V], (0, p,v)) + B2 (20, p,v) < 6/2 (4.15)

is satisfied, inequalities (4.13) and (4.14) allow us to apply the second scaling of the A-harmonic
approximation Lemma, Lemma 3.2, to conclude the existence of a %(:Eg,um,p,u)—harmonic

function h € H'"?(B,(z), RY) satisfying:

p "2 / |w — h|?dz < ¢ (4.16)
Bp(zo)
and
p " / |Dh|?dz < 1. (4.17)
BP($0)

From Theorem 2.4 and (4.17) we have

sup |D?h|? < cop™ "2 / |Dh|?dz < C—g.
Bp/Z(mO) Bp(xO) P

For 0 € (0,1/4] (we will later fix ), Taylor’s theorem applied to h at xy thus yields

sup  |h(z) — h(zg) — Dh(wo)(w — m0) 2 < “2(20p)" = 16c40"p?. (4.18)
:DEBQBP(:L‘()) p

We have then

(20p) ™2 / lw — h(wo) — Dh(zo)(z — z0)*dx

Bagp(20)
< 2(29,))—”—2( / lw — h|?dz + / Ih — h(z0) — Dh(wo) (& — $0)|2d$>
Bag, (o) Bag,(w0)
< 2(20p) "% (p"2e + 16cpan (200)"0°p%)  (via (4.16), (4.18))
= 27" 192 4 8cha, 02 (4.19)

1/2
Setting v = c3 (@(xo,p, v) + 40 2p?P H? (|ug, o] + |I/|)) / and noting that the mean-value of
u — (v 4+ vDh(zg))(x — x0) on Baog,(xo) is Ug 20, we have

@mﬂﬂl/hh%mfv+wmmm—mwx

BZGp (1’0)
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< 00) "7 [ty — (e~ 20) — (A(r0) + Dh(zo)z — w0))d
Bag,(z0)
— 2(20p) "2 / lw — h(w0) — Dh(zo) (2 — z0)|’der
Bag,(z0)

< 3 (2771072 + 8cpant?) (@ (o, p,v) + 4020 H2 gy | + |v]))  (from (4.19))
< cs(67" %+ 6?) (@(xo,p, V) + 40 2pPP H? (|ugy | + |I/|)) (4.20)

where ¢4 = (27" ! + 8ayc0)c3 (depending on n, N, A and L). Note that ¢, > 1.
Applying Lemma 4.1 on Bag,(xo) with £ = ug, 29, and v + yDh(z) in place of v yields

| 1Du= v+ 4Dhiao)) s
BBp(:DO)

<

U — Ugy 20p — (v + yDh(z0))(z — x0)|2d3: + F, (4.21)

oS!
)
5
D)
—~
8
=)
z —

for

2

F = 0300 (200)"% (K ([t 205] + [V + 7DR(z0) ) (1 + |v + yDh(wo)])) 7
< 200 (200" 2 H ([t 20| + |v + YDh(0) ) (4.22)
after taking into account the definition of H. We note, using Theorem 2.4 and (4.17)
[y Dh(wo)| = e3(@ (w0, p,v) + 407" H? |ty | + [v]))/*| Dh ()|
< ca /(D (w0, p,v) + 4022 H2 (g | + V]) V2. (4.23)
Further we have

205l < ltzpl +1 f (4= ttagy = vl — 70)dal
Bag,(z0)

1/2
< g p| + ( ][ U — Ugy,p — V(2 — $0)|2dx>
Bag,(z0)

< Juapgl+ @02 u— gy~ vtz — o) Pl
BP($0)

C
S |u£L‘07P| + (2\9/)E/QP(I)1/2($[%P’ V)

1/2

C _ 1/2
< ol + 280 (o, pyv) + 4620 H2 (s | + 1) L (420)

(29)n/2p

the second-last inequality following from Poincaré’s inequality (note that u — s, , — v(z — zo)
has mean-value 0 on B,(z)). Thus, noting p < 1, we combine (4.23) and (4.24) to obtain

|“xo,20p| + v+ yDh(z)|

C B 1/2
< gl + 01+ (e + 05275 ) (900, 00) 448720 B (g -+ 101)
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Assume that we have

<C3\/_+ 20 \/):/2> ®'/2(zg, p,v) < : (4.25)
and
2 (e + oa7s ) o' H s + )™ < 4. (426

Then we see from (4.22), recalling also that H > 1,
20 (200 H (1 -+ [tz | + V) < 50 (09)"0 02 H2 (1 + g | + 1) (.27

for c5 = max{2"*2¢y, 1} depending on n, A and 3.
We have then from (4.20),(4.21), and (4.27), assuming that (4.25) and (4.26) hold (and
using Lemma 4.1 with £ = ug, 29,),

(I)((II(), opa (Du)moﬁp)

<a;'0p)" [ |Du~ v+ yDh(so))da
Bep(l‘o)
_ n c
<op'Op) " | gz [ 10 e — 07+ YDA(0) (@ — o)+ F
Bag,(x0)
< 2cresagt (07772 + 0%) (B(wo, p, v) + 402" H (Juigy o] + V) )
+esp™P 0P H? (1 + |ugg p| + V) (4.28)

We now set cg = 2" eiesa;! > 1 (depending on n, N, A, L and 3), and we then fix 6 € (0,1/4]
such that cg6? < %025. We then set € = 8”4, which fixes § € (0,1]. Note that 6, € and ¢ depend
on the same parameters as cg.

Taking v = (Du)g,,p in (4.28) and writing ®(z, R) for ®(z, R, (Du),,r) we have

D(z0,0p) < c60?® (w0, p) + (2¢6072 + ¢5)p* 02 H? (1 + |ugy | + [V])

<
< 10%9%(20, p) + crp?P 0P H2 (1 + |ugy ol + V) (4.29)

noting that cgh? < %9”, and setting c; = 2¢60~2 + ¢5 (with ¢; > 1, depending on n, N, \, L
and f3), as long as the smallness conditions (cf. (4.15), (4.25), (4.26))

W(|tzg o] + (D)o o, B (20, ) < 35, (4.30)

D(x9,p) < rnln{‘s6 , 402} (4.31)
and

2 (L + sz | + (D) pl) < & (432)

are satisfied; here cg = c3,/co + (with the same dependancies as c¢7).

%
(20)n/2
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Now for a fixed M; > 0, we choose ty positive (depending on n, N, A\, L, 3, My and w(-))
such that

K 62 1 ME1—6°)?
My, ty) < — d t)<min{—., — s 7 4.
w(Mito) < 75 and - #o < min{yg, 427 4(1 +\/q)20n} (4.33)

We now set Hy = H(1 + M), and choose pyp > 0 (depending on the same quantities as ¢, and
additionally on K (-)) such that

26 to

P ey + QHZ

note that this choice ensures 208p0 Hy < 5 J and 207/)0’8 Ho 7

Assume that we have, for some p € (0, pl,
[Uzg,p| + |(DU)g,p| < 3M1 and  ®(zo,p) < 2to. (4.34)
Then (4.30), (4.31)and (4.32) are satisfied, and so we can conclude from (4.29)
®(x0,0p) < 6°7 (%‘I)(«’EO,P) + C7PQﬁH3) :

We can iterate this procedure if we can ensure, for every j € N, that

D(20,07p) <ty and |ug, gi,| + (D) gy 05, < M. (4.35)
Then we would have (4.30), (4.31)and (4.32) with p replaced by 6/p, and hence could conclude
(w0, 07+ p) < 6% (18 (z9,07p) + c7(67p)* H}) . (4.36)
We will establish (4.35) by induction. We suppose that (4.35) is valid for 0,...,7 — 1. Then
®(z9,67p) < ﬂq’(ﬂﬂo, p) + crHyp™ XJ: 69721~
2/ =1

< %9 (277 (w0, p) + 207 H3py )

< to0%", (4.37)

by the choice of py. We further calculate

x070jp x070‘jp
[tz,03 p| + (D) 4,3 |

+
< g pl + (D) ol + HR[ZCPI/Q (o .0¢ p)

M L+ &
2 9n/2 Z 0 \/_
M1 1+ \/_
<72 Tera- )‘/7
< My, (4.38)

where we have used (4.37) and (4.34) in obtaining the second inequality, and (4.33) for the final
inequality.

From (4.37) and (4.38) we see that we have established (4.35) for all 7 € N. As in [GM2,
p. 127] (cf. the end of Section 3 of the current paper) this allows us to conclude the desired
partial regularity result:

| /\
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4.2 Theorem. Let u € HY2(Q,RN) be a weak solution to (4.1) under the structure-conditions
(H1)-(H3). Then Regu is open in Q, and u € CY¥(Regu, RY). Further Singu C X1 U o,
where

Y1 ={zr€Q : liminf ][ |Du — (Du)yy p|* dz > 0}, and
p—0t
Bp(z0)

Yo ={z€Q : sup (|u$0,p| + |(Du)$0,p|) =00},
p>0

and in particular, L"(Singu) = 0.

As stated in the introduction, the fact that we obtain the optimal Hélder continuity C'-% on
the regular set is new, cf. prior proofs such as [GM2, Theorem 1.1]. Note also that our method
carries through for the case 8 = 1, in this case yielding u € C»*(Regu, RY) for all a € (0, 1).
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