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Introduction

The study of the behaviour of particle polarization in

/5-8/

uniform magnetic field. The present work sets out the general

accelerators is normally confined to the case of an almost
results of spin motion studies in storage rings (accelerators) with
an arbitrary electromagnetic field, on the assumption of the

existence of a closed orbit.
The present work consists of two parts.

The first part gives a simple and physically transparent
derivation of the equations of the spin motion of relativistic par-
ticles without the intermediate use of the 4-vector of polarization.
In the second part, an investigation is made of the nature of spin
motion, disregarding the particle trajectory deviations from the
closed (equilibrium) orbit. It is shown that there is always a
periodic spin motion with a fixed polarization along the field in

an almost uniform magnetic field,

This being the case, it is in practice possible to
create, at a given point of the orbit, an arbitrary spin orientation
in relation to the velocity and field. This opens up considerable
prospects for controlling the polarization in light and heavy par-

ticle storage rings.

The following work is devoted to a detailed study of
particle spin behaviour on a real trajectory, and of beam polariza-

tion as a wholee.

l. Spin motion equations

l. General equations

In non-relativistic theory, the quantum mechanical mean
of the spin vector-<3;> - :? of a particle moving along a2 con-

ventional trajectory satisfies the equation:

/5‘ [ g L= G (1.1)
Pl G ‘ /



where }t magnetic moment of the particle, Ci gyromagnetic
ratio.

The polarization state in the relativistic case may also
-
be characterized conveniently by the spin vector 5 in the rest

system,.

The equations for the vector 3 can be obtained from
the well-known BMT co-variant equations for the 4-vector of polar-
ization /1’2/. In this case the physical simplicity of the equa-
tions for 3 is masked. In fact, there is a very simple deriva-
tion of the equations without intermediate use of the 4-~vector of

polarization.

Let us define the proper system as a system obtained by
Lorentz transformation from the laboratory system. According to
the transformation, the orientation of the velocity ‘)j‘ in relation
to the spatial axis of the proper system at any moment of time
coincides with the orientation in the laboratory system. The equa-
tion for 3 can be obtained by using directly the non-relativistic
equation (1.1).

Let us change over to an inertial system coinciding with
the proper system at a moment of time ¢ ( W -system). The change
in the spin vector 3 in this system over an interval of proper
time A2 = dt i1l ve determined by the equation (1.1):

4y SH ]a’c

>
where Hc the magnetic field in the intrinsic system.

However, dfu will not coincide with the unknown in-
crement d\? , because when the particle velocity direction changes,
the spatial axes of the proper system (obtained from the laboratory
axes by the Lorentz transformation) are rotated in relation to the
W - systems Let us assume that d ? is the angle by which the
proper system is rotated in relation to the - system. Themn, we
may write

5/5‘.: ”/-gnu - [{'/?;?S”] ’ (1.2)
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—
The angle cltf can be found by simple reasoning.

Let us assume that d: is the vector of the velocity
rotation angle in the laboratory system:

- _ l 2 /»
do = z‘j‘z LZ) I U’}

Then the proper system of coordinates, in accordance
with its definltion, will rotate in relation to the new velocity
direction Ur + d'u' by an angle of-dz At the same time the
direction (1r+d1r) u in the W -system will form an angle of sz
with the direction L» « In reality, these directions in the

L -system are obtained in accordance with the Lorentz transforma-~
tion by projecting the corresponding directions of the laboratory
system onto a plane U = const. This procedure does in fact
correspond with the definition of the angle in the U-system between

two "bars" which are at rest in the laboratory system.

In this way the angle of rotation cl? is :

P = /‘/uc A = fz*‘ Uy
By substituting this expression in (1.2), we obtain the

desired equation

? f:f F(‘“k IVUU (1.3)

The first term on the right-hand side of the equation
is directly related to the magnetic moment of the particle, and the
second term is the consequence of the relativistic kinematics of

rotation.

The occurence of the last term can be demonstrated by
the following model. Iet us assume that the centre~of-mass of a bar
having a shortklength moves around a radius K at a speed VUV , and
that the moment of the forces acting on the bar is equal to O .

For simplicity let us locate the bar in the plane of rotation. In
non-relativistic mechanics, in the laboratory syétem the bar does

not rotate, whereas in the rest system of the centre of the bar,
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which rotates with the velocity ( ¢- system), the bar rotates at
an angular speed of-U’/R o In the relativistic case, rotation of
the bar in the ¢ -system will appear exactly as in the non-rela-
tivistic case: the angle of rotationciy%_ of the bar in the
C -system for two consecutive positions of the centre, situated
at a distance d@c (measured in the Cesystem), will be:
6/\” = - ‘._/_..[.0‘3
¢ R
During a period of velocity rotation, the bar will rotate through
an angle of
5oo— . (/(’ (/f— - 2
;= A aniad
In this way, in relation to the laboratory system, the
bar will rotate through an angle-2M( y —1).

The effect under consideration is phenomenologically
related to the well-known "twin paradox". The idea for this deriva-

/4/

tion is contained in early papers by Thomas

-—)p
Using the equation for P*c the electromagnetic field

in the laboratory system
N o =
:f(H{z +[E.D]) +'HU"
-

(l4t1 ,F4v = the transverse and longitudinal components of the

magnetic field in relation to the velocity) and the equations for

i}ftz‘ /m{fﬂ [TH n

it is possible to transform (1.3) to its well known form /2/:
3= (W)
e 3 -y — [/ 2m
-\ ?"_,-_ ] f_ S PRV Y e
W,,-'(/“ f)/’fz*i/%*/"i} /L/”']

| _
where Q = a'—-r%- = a'.-q,o is vthe_’a.nomalous part of the gyromag-
netic ratio ( ¢ = 1). The vector Wy has the direction of the

particle motion
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angular velocity of spin rotation relative to frames fixed in the
laboratory system. As can be seen, the normal qo and anomalous Q'
parts of the gyromagnetic relation are included non-additively in
the spin motion equation. The immediate explanation of this factor
is given by equation (1.3) from which it follows that this fact is

due to perturbation of the particle's trajectory.

The angular velocity of spin rotation will be proportional
to the total magnetic moment if the particle moves along a straight

> >
line (this is possible when € - 0 , or when gk + y-'HJ = 0 ).
— L3
It is convenient to write Wa in the form:

- -t Ry ::" - " , ' '
v o= [ i z(J g = G =
K sl / 3 N .- — - .L l
W= (7405 - e felEd]l G
with the condition
/"'(,-"»C/ (1.5)

> > Y
the last term in (1.4) can be neglected ([‘U ’U_] ¥ O ).Wj is
expressed directly by the parameters of the trajectory and the long-
itudinal magnetic field which does not change the particle's accelera-
tion.

-
For even higher energies ( b’C;' > 9o ), Wa is deter-
mined by the anomalous moment and does not depend on energy:

~ 7 8E) = - g(H, ~[£4])

This is explained by the fact that the normal part (the first term
in (1.3)) is reduced by a factor of ~I/x compared with the kine-
matic term. If % s then

—_— e o | >

W’;z = }'9// - ;-r/L L.j ‘

—
when ‘g =0 . WJ] coincides with the Larmor frequency —j—/-H—-.
m
Let us examine now the question of the transformation of

spin equations during transformation to any other system of unit
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-
‘vectors €, (l-,-) (ol = 1.2.3.). Let p be the angular speed of
rotation of the basis in relation to the initial system :

€, = Z'FZ é,] | (1.6)

The equations for spin motion in the new system will,

obviously, be :

. - P
-y . .

' e . I B
3:.‘. {-uﬁ,wb’gk "_:‘L

5\ (1.7)

-
The expression for Wb , Tollows directly from (1.6)
—
it €4 (t) are given :

= { .-‘2-. - e
\,(/b = 2_%’[(’& ,,KJ (1.8)

The spin equations, as any equations of type (1.7) can

be written in canonical form :
3 = {S - K }
where { ;j are Poisson brackets, either conventional or quantum,

H=-W7

and

(1.9)

is a Hamiltonian.

In many respects it is convenient to write the spin
motion in the Hamiltonian veriables I, and Y , where 31_
is the projection on a selected axis, and '7” is the spin rotation
phase around this axis. In these variables, the Hamiltonian

= Wgla ™ MS.;C“('Pf §) (1.10)



where
-('Y” : )
31 € ::_ S« t¢ 57

The Hamiltonians of the equation are of the form

== g5 = LS Sm (Y-8)

= Ty g Srees (9 8)

A

2. Equatione in the "natural” reference system

For certain applications it is convenient to use a

(1.11)

moving system of unit vectors, linked with the particle trajectory:

.
——

'U%tl

—
The expression for W\, 1is obtained from (1.8):

S - N I R Sy
\’\/D = (et eg)eé\. + Elzlilb"]

In this way the spin equations in this system are

So1mE] W (W, W W)

S
I
=~
SISy
+
o
™,
(4]

(1.12)

(1.13)



-8 -

5 If the condition (1.5) ng' >> ¢ is fulfilled, then
W  has a simple form :

W, = ¢

Let us consider some specific cases in which the equa-

tions (1.13) allow precise solutions.

-
When Q'z0 and Ef; =0 polarization is maintained in

the direction of the velocity /2/. This being the case, we have

from (1.11):
:Sv- const.

Yjv’ =5W1rdt

1

i.e. the spin moves in a plane perpendicular to the velocity and
over a time TT/VT/v._l,l and { change their sign. In fact if
the average value of Wu— = O, then the spin will oscillate in
this plane around a given average position.

In the case of motion in a magnetic field, W'L =Wy=0
(see 1.13), if the particle trajectory remains in the same plane
and there is no longitudinal magnetic field on the orbit. The same
occurs also in the presence of an electric field, if (1.5) is
satisfied. In this case the 32 polarization component is constant.
The angular velocity of rotation around the direction 23

. )y
7= vy = 74 1Bel

is fully determined by the anomalous magnetic moment.
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The spin moves in & similar manner, also in an arbitrary
electromagnetic field at the limit of high energies, when the field
on the particle trajectory varies adiabatically slowly in comparison

with spin rotation:
,/1 Wa e ‘/l\X/z o << e lpt’c\ (1.14)

In the laboratory system, the selution in this case is
of the form:

(1.15)

ki +/§:—§:(va—

(Uttl

g(f) = gz

where ¢ = %S/ﬁfi,(# y» $2= consl , i.e. the spin

has & constant projection in a direction perpendicular to the plane

(7, 7).

II. Spin motion in a storage ring
l. Formulation of the problem

Let us now turn to an investigation of the dynamics of
spin motion, taking into account the specific nature of partiocle
motion in storage rings and accelerators. The main property of
particle orbital motion in these systems is the existence of a
closed (equilibrium, periodic) orbit, along which all particles move
with small coordinate and momentum deviations from the _Squilibrium
values. Consequently, it is reasonable to represent Wn in the

form:

W, = W(ﬁ 0) + W (11.1)

— >
where WS is the value of W, on the equilibrium trajectory,
& jwsdl’ is the generalized azimuth of the particle, ws is the
equilibrium frequency of rotation. WS is & pericdic function of
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the azimuth:
We(7:,6)= (75 0 +201)

If small deviations in the particle trajectory from the
equilibrium value lead to small variations in the electromegnetic
field on the trajectory, the effect of ‘ur may be considered as a
small disturbance in relation to the motion in the equilibrium field.
Consequently when investigating spin motion the normal procedure may
be used: First the spin motion integrals on the equilibrium tra-
jectory are determined, and then a study made of the influence of
adding i} to the ideal spin motion.

It is usually assumed /5-8/ that the real conditions on
the closed orbit are such that in one revolution the polarization in
a direction transverse to the average plane of the orbit varies only
slightly:

| 3,(0+6¢) - 3,00)| << §

0402 21

(11.2)

This condition denotes, in practice, the closeness of the closed
orbit to the flat one and the smallness of the longitudinal magnetic
field. A considerable variation in the initial polarization ;32

in thies case may be accumulated only after a sufiiciently large

number of particle revolutions in the region of spin resonances.

We shall study spin motion without imposing any condi-
tions on the electromagnetic field of the storage ring, apart from
the existence of a closed particle trajectory. It is important for
the treatment that at a given point of the orbit there is a fixed
polarization direction which is constant during the motion. In a
magnetic field which is almost uniform, this direction is the
direction of the field). In view of this, we may formulate the
following approach to the problem. First of all, it is necessary
to elucidate whether there exisis on this equilibrium trajectory
a periodic spin motion. If this motion exists, its stability must be
investigated.



2, Spin motion on an equilibrium trajectory

The spin of an equilibrium particle satisfies the

equation

< D
= | W 3] (11.3)
We shall consider the equilibrium energy to be constant. Then

0= we 't tg = consl
27

W) = ﬁ%/‘l"*z;;

4

In accordance with the objective in mind, let us in-
vestigate whether a periodic solution exists

Ri8)= H(E+2%) 7= 1

. II.4
i (R 7] e
Let us prove that this solution exists for any —\Z/s(@)
The general solution of equation (II.3) can he represented in the
form of a combination of three linearly-independent solutions of
oL (6) (o =1,2,3). Since the scalar product of any two
solutions (II.3) is retained

j{/: 3:) = [ (II.5)
These three solutions can always be chosen to be orthogonal:
K. (0) Xal6) = bup
We shall seek the periodic equation of the form

3 -
o) = 2 P X (8)

«
where .
a—y .

/70( = /7 Xx = CDHSt
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In accordance with the condition of periedieity (II.4)

S haXa(8) = T N Xe(0+2F)
< e '

or

3 ;
;( (&(p" Ay‘p)n/sz 0

where

Nep = Fl) Tplo123)

The matrix /A does not depend on time, since Xp 6 + 2 Tl‘
is again the solution of (II.3) owing to the periodicity of W5 (6)

The non-~trivial solution of Vld exists if the determ-
inant of the system is equal to zero:

11 - Al

As the maxtrix N\ is, in fact, the matrix of rotation,
it has the following properties: 4

AN=T A=

Hence: :
IT-Al= (1-4T| = |A{la-1) = l L= (17 ]1-A)=0

In this way for any periodic ( ) there is a
periodic solutien for N (G)

This proof does, in fact, contain a possible way of
finding the periodic solution.

From the existence of the periodic solution emerges the
general character of spin motion in a periodic field. Let 3 (6)
be the solution of (II.3) for the arbitrary initial condition of

3(0) + SR (O) : Since
d - > _ 0
JESnh (II.58)

spin motion takes place in the following manner. There is a certain
periodic direction n (6) y which has the sense of the direction of
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polarization of the periodic field, around which the spin rotates,
retaining the projection on this direction. At the same time &
solution is found alsoc for the problem of the stability of the
periodic solution in the case of motion around an equilibrium orbit.

The characteristic of (II.Sa) suggests a way of construc-
Y
ting a general solution, if n (9) is known. Let us introduce the

following system of unit vectors:

e o), €8, n

>
where —e’ y € 9 are any iwo orthogonal periodic directions in a
-’
plane transverse to YL 6) « We shall specify the polarization by
tk:: projection on to and by the phase \P of rotation around
n ;.

> = ® (Y
§ = 3.1 + 3, Re(ee’’) (1I.6)
Here 5 = 2, + (:22

-—
For the anguler velocity Wb (see 1.8) we obtain, by
taking into account (II.4):

(EEMR (11.7)

— T e N v '(
W, =[]~ (€ e)n = (%), + %

Consequently the Hamiltonian in this system is equal to:

= (F-,3)= (Fi-£EE7)3,

As must be the case, 3,.,: © ;i +the spin rotates around F\> at an
angular velocity of

S 27 R Ly

¥ = 23, Wen-geer (1I.8)

The arbitariness in the choice of the transverse unit
vectors Z‘ and -Ze does not, of course, lead t¢c an unique solu-
tion of (II.6) in the "laboratory" system. This can easily be proved
by checking the invariance of the solution of (II.6) with regard to
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the substitution

The convenience of using precisely the periodic systems

e (6) = z (6 +2T) is that when the spin is observed at a
specific point of the orbit, the variation in polarization during a
revolution in relation to the selected periodic system coincides
with the variation compared with the stationary system. A special
sense is acquired by the fractional part of the. m‘eah value, for the
period, of the angular speed indicated Vv = <Y Iu)s -K (K =
nearest whole number), thus specifying the variation in spin orien-
tation during & revolution. This physical value does not depend on
the choice of periodic system. In fact, let o and €' be two
periodic systems:

S'a B 5P

whilst, in accordance with the condition of periodiecity,

<°2(0)> = K',[Ug
Then from (II.8) we obtain:

Py = (P>~ (id>= {¥) — K

i.e. the fractional part is retained.

Now it is easy to answer the question of the uniqueness
of the periodic solution. As all solutions rotate around r-ﬁ’ with
one angular frequency \}) s then on the condition that

(p) = Wiir - $§EE™> # rey,

—
the periodic solution of N 1is, obviously, unique. In the case of
the precise resonance <\¥> = Kl.Os any solution is periodic, i.e.
F\> is fully undetermined.

The freg;;ency v can be expressed also through the
basic solution of X .+ By definition, Q™Y is the angle
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through which the solution of equation (II.B) transverse to 'r-\’

is rotated during the revolution. In a complex form:
- O A 20
7(’9*2//} = @ /(’>1/t9)

By breaking down by basis (II.5a)
v n .

i

? = i '70& }(g/&)

ALy

we obtain the equation:
2

el -2l -
2(@ qup "—/LNF)7ﬁ'—-0
B=1

In this manner we have reached the problem of determining the
intrinsic values of the matrix /\ :

[Al-Al=0 r= O

This equation has three roots /\1 ’ )\2 ) /\3

It has already been proved that Az 4 is the intrinsic
-
value corresponding to the periodic solution of n (9) « Two others

can be found by using the following relations:
3
/\\' +/\z+ /\3 = Z-A.o(n( = SPA
X=¢
Masas=|Al=1
- ¥ T2hdY
Hence AN, = A3 = e
omy e L VR (11.9)
Cos 27 Y 7 (S/DA - 1}
From (II.5) it follows that cos @ \}_» , as must be the

case, does not depend on the choice of the basis X“ o« The reality
of Y follows from the inequalities:
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/B)Xu/e *’2//)

%Mw

-1 < S/DA =

t
which can easily be ohockcd in the system where one of thc balic

vectors is directed along n e« The eigenvectors of n ) Yz ?{

-qwiv ) eg‘\'ru)

which correspond to the eigen values 1, & are

orthogonal if CoS 21TV # 4 :

il B
44
-
The periodic solution of N is unique. In the case of the resonance

cog27V = 1

there is a degeneracy

and any solution is periodic.

From the two complex solutions we can construct a pair
- = —» e d -
of real orthogonal solutions W rlx PNy +Ne =N s whieh,
however, are not eigenvectors.

For future use it is convenient to utilize the periodic

basis
e I -~ -~
{&f={é & 7}, Ere=ge=E (a0
The general solution of (II.3) is written in the form:

—3": 3+ % (C'Z”C*'Z*) S.J’“‘KLRQ(E’ ﬂv (II.11)

V= WJS R j"'-‘-‘ C(M.si" C'=crmsf, lél’=5x J g2 »;2‘

The simplest examples of particle spin motion on an equilibrium
orbit are given in the Appendix.
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Let us examine the guestion of the stability of the
periodic solutlon of r—{ for a slight variation in W5 . 4
variation of JWS may be linked both with the deviation of the
real field and clesed orbit from the ideal (calculated) ones, and
with the ve_x_z_;iation in the parameters (for example, energy) which
determine WS « In the linear approximation CS\K satisfies the

equation

= [Wsn]+ [Sw-n

3l
0’3

. . . 6‘-» v X
In this approximation On is transverse to 1N P Y-

we can write

> _ Pe c{a)/}’

For c(G) we obtain the equation:

—~y &)

'S(SW’(
Hence

C = t‘SS‘lrEé?leuﬁ at * cous?

By expanding S\;: €™ into a Fourier series

S Ws er = Z( SW C } 6
we obtain

ay bt {SW - )/< = {KE
Sh Ke € ~= e (11.12)
5 % (V—-K) s

(const = O from the requirement of periodicty of SW ).

~>

As can be seen, the periodic solution of n is very
sensitive to a slight change in Ws in the region of the V =K
resonances. This is the physical meaning of the indeterminacy of

-
n referred to above in the case of a precise resonance.

3. Spin motion equations for non-equilibrium particles

Let us turn to a study of the dynamics of spin motion



inhthe case of particles moving near to a closed orbit.

We shall examine spin motion in relation to a periodic
system of umit vectors (II.10).

Por an angular velocity ‘;7L (see 1.8) we obtain

—p - .

Consequently, the Hamiltonian in this system is

A= /%“M;§): ('Vc‘usn+-2", ?)': (11.13)
= (Vs 4 7)) 3n + 3w ces (- §)

L - >
where W_Le."p - re (see II.6; 1.10).

The spin motion equations in vector form and in Hamil-

tonian variables are of the form:

= LQwSFz»* 77?*, ?] (11.14)

W&a

: 2
351 =T T" 2y SL;S’VH(V $)

”

~.
i
»)
X o©

vIx¢

D
W
3

= v AT = 0 el (11.15)

When 'l—a;: O , the equations (II.14, 15) coincide with
(II.11) and describe spin motion on the equilibrium trajectory of a
particle. The deviation of spin motion from (II.1l) is entirely due
to the deviation of the particle from the equilibrium orbit.

When investigating the dynamics of spin motion it is
useful, both from the mathematical and physical stand-points, to
make a comparison of the properties of spin and orbital motion. In
many respects, there appears a qualitative and quantitative analogy
between the fundamental properties of the dynamics of these degrees
of freedom. It is already possible to make such a comparison in gen-

eral terms.
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Tha main charascteristic of orbital motion is the
equilibrium trajectory. One may compare with it the periodic
trajectory of spin Ff(}S) . These trajectories are produced by
special initial conditions. In practice, a very important factor
is the existence of the periodic trajectory N on any closed
particle orbit. To the particle oscillations around the equilibrium
orbit there corresponds a spin motion along the periodic solutiom.
Corresponding to the non~perturbed spin motion (rotation around F{ )
there are the "free oscillations'" of the particle along the closed
orbit, which are obtained in the linear approximation. In this sense

‘SL and the frequency Y play the same part as the amplitudes
and frequencies of the normal linear oscillations of orbital motion.
In particular, at a resonance vy = K s, the periodic solution F?
becomes indeterminate precisely in the same manner as, in the case
of the resonance of betatron frequencies with the harmonics of the

rotation frequency, the equilibrium orbit loses its determinacy.

If we know the ideal motion, there remains the problem
—>
of its stability when the perturbation W is included.

The methods of investigating the spin motion of non-
equilibrium particles depend substantially on the order of magnitude
of i} o As can be seen from (1.4), the relative order of pertur-
bation is almost always determined by the relative scatter of

momenta in the beam:
-y [y = ‘.“'}/)
lwl/1Iwsl ~lep P (11.16

The general condition for the “slowness" of the per-
turbation of spin motion is fulfilled during particle deviation from
the equilibrium trajectory:

13,0046 = 3, (8)] << §
\see 11.2)

, (11.17)
DL < 25
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and the equations (1l.14, 15) can be solved approximately, using
in general the same methods as when studying the action of small
perturbatiems on the betatron and synchrotron oscillations of the

particle.

As we know, in the solution of the question concerning
the stability of the orbital motion a decisive part is played by the
resonances between the frequencies of the ideal motion and frequen-
cies of the perturbation. In preocisely this way the stability of
spin motion should be defined by the sirength of the resonances
between the frequency of precession V) and the spectral frequencies
of perturbation. Basically, the criteria of the atability of spin
motion should be the same as for the orbital case. However, it is
necessary to bear in mind also the substantial difference in the
dynamic properties of orbital and spin motion. As the Hamiltonian
of spin motion is linear with respect to spin, resonances of the

type

By =g

( \)ik} any frequency from the spectrum U ), with ? >1 are
imposgsible, i.e. the spectrum of perturbation does not depend on
spin (disregarding the effect of spin on orbital motion).

For high energies, the evaluation of (II.16) may be
violated at those points where the curvature of the equilibrium
orbit is zero (see 1.4), whilast the gradient of the field transverse
to the orbit is non-vanishing. In view of the anomalous part of q/ ’
the condition (II.17) will not be fulfilled in the limit J’—a of |,
or for a sufficient length of such a section. This phenomenon is
linked with the violation of the similarity of spin trajectories in
e magnetic field, which occurs in orbital motion: unlike the case of
orbital motion, where the frequencies of motion over a fixed traj-
ectory, when y . o0 , do not vary ( H, E~Y ), the anomalous
part of the spin precession frequency increases in proportion to

the energy.

If equation (II.17) is not fulfilled, the theory of
perturbations cannot be applied. to equations (II.14, 15) and they
must be solved by other methods. The "fast" spin motion for
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different beam particles will be very different (see 1.4).

4. Radiation polarization

/9-12/

ultra-relativistic motion in a uniform magnetic field leads to po-

In accordance with papers , the radiation during

larization of the electrons and positrons along the magnetic field
over a time Tedp

i

-

~

N
Lo

' r* A 573
. = — e Lo N fomnd M K .
[(Iuh / 6 M /2 é,’Co “‘““g ""12 /e / C(_) (II 18)

where A and 7R, are the Compton wave-length and conventional
/

electron radius, R 1is the radius of the orbit é; rad =-2% %é?

'~ [ "

is the decrement of radiation losses.

The degree of equilibrium polarization

S 2 = 5_ =
S

7= 503 =
It is of interest to investigate how particles will be
polarized during motion in an arbitrary periodic field. For this,
Jet us use the equation for the average polarization for the overall
system, during motion in an arbitrary external field taking into
account the damping obtained in /12/:

AR - 23055y 4 LIE] ,
ARG RS R Rt S

/‘ 2 o
U é;_i, Zi Ny _ ec_
-"”' R ‘K}?,z_/? (D0 &= T =37

where

(the particle deviations from the equilibrium orbit can be disregard-

ed if there is not sny spin rescnance).

->
2

Let us represent 3 in the form (II.ll), considering
Sn and C  to be dependent on time. After obtaining the equations
for Bn and C +they may be averaged over time in view of the small
size of the radiation term. When \> ¥ K this operation can be



reduced to independent averaging over the phase \|1 of spin

rotation around ;)’ and over the period of particle motion.

After this we obtain the following equations:

_ Lof 22 4 ¢ Ve
= _§“< 7 (/. 9"0» +5/3< T> (11.20)

5’%:— C<§‘7.(9+ n;)>

a3,
it

[77]

v

where . -
,’70'1‘ }72}» . /7?.: }7

———,

For the equilibrium polarization we obtain:

S g B AilPnyy =
22=2%, n = }__ z 1 (€) (11.21)
: SBLEP-5n8))

As was to be expected, the average polarization over
-
the particle beam is directed along the periodic solution of N (9) .
The degree of equilibrium polarization is reduced, whilst its actual

value depends essentially on n_ (6)
The authors are grateful to V.N. Bajer and S5.T. Belyaev

for reviewing the work and for their discussions.
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APPENDIZX

Let us examine two model examples, where the necessary
spin orientation in relation to velocity and field can be produced
for a slight deformation of the orbit.

1. For high energies ( [‘}, >% Qo ) the following
method may be proposed. Let us assume that on a flat equilibrium
orbit there are gaps without fields. If we introduce a radial
magnetic field H;,_ in the gap (or a vertical electrical field E2 ),
the spin may rotate around a radial direction through an angle of
~ 1 for a small deformation of the particle orbit (SFJ_ IP ~

o/{a" ¢ 1 ). Let us change to the sy.s;hem ff un_i;t vectors, linked
with the undistorted equilibrium orbit (2, , €y ,€z ). In this
system, the angular veloeity of spin rotation has the form:

= : ~ 9'H, e, '
W(e) =~g'i= [ 772 0ceca

' >
- ? He €. 0. < 022

- —»
The general solution of { () with the initial conditien 3(0)=7°
has the form (O 6 £ 2T ):

$p = Sicos Fo — §Lsam &5
Tp= (38 apy + 3 coscy)eesy), — 855t (2)

$:= (3‘-:3'@ F o+ S o8 Fp) San f+ T3 08 A

where

e - <

8 e
N ::" (/f) ~5 o /H
Fo= éWCz A %‘ SWQ ‘Z,S

Q -3 -
From the requirement of periodicity § (QTT) =3° , We

Iy 3 a
obtain the initial conditions for the periodic solution of N (9) :
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Sl 4P ¥ '
: (—{y% 1 éz—C{J—;f

[ 2

where

T =+ f=

>

_.,
In this way the periodic solution of N

Y R R I S S S R
n(,z,)zﬁ’“A gces(f -2‘8)— e 3in(Y E)] Sim S+ €,ces 7 S 2% (3)

In order to determine the frequency v

y let us
- ->
construct a normalized solution of n

transverse to "l

*
.

The constants X and /5

are found from the condition of continu-
9
ity of 1 when 6 =04

By definition:

ws2iV = Jlnpan) = 2ce e - 1

3 (4)

From this it can be seen that the resonances Y = K are possible
only when

= 255, Y= 2k5 5
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i.e. subject to the periodiciiy of spin motion independently in each

of the two sections.

From (3) it cen be seen that by varying ¢ and ‘f it
is possible to produce any polarization direction at the necessary
point of the orbit.

The simplest example is the cese when, on the section
of the leading field 0 < < ©¢ an equilibrium polarization is
directed along the field. As can be seen from (3), this neces-
sitates ‘f =0 , i.e. the average radial field in the gap is zero.
Then, by changing the value of H, (6) it is possible in this case
to produce an equilibrium polarization at any angle in relation to
the velocity (including longitudinal). The degree of equilibrium
radiation polarization of electrons and positrons is reduced in-
significantly if QM - 6, << 2T

Let us exa.mi_;le the case when, in the gap, the magnetic
field is directed along €,

- -9'H, €, 0<6< 8,
fﬁ'“ev' §,< 6<2ii
The equilibrium orbit is not distorted.

The periodic sclution in this case is obtained from (3)
- => — =
by substituting e, —» €, , €v —> — £,

By~ AllEecs(Po = § )-asinfty- T floind 4 EainFes fﬁ
| (6)

I?e"”:qi[g‘;(“’(?é" %ﬁ) €, Sin(f i[)}3w ? + (?Ucasff'z. A :5%

24

6 ' ‘
here SN Gy~ 2 . _ — i/_‘f
Y = EWCw N o =1 /iéﬁz'ws
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T A special feature of this example is that when

P = 2K -

the veloocity polarizatien (for the periodic solution) is effected
over the whole length of the gap. For energiles X £ 7(: /q' , the
condition (7) can, in practice, be satisfied only for specific
energy values. For large values, under the condition (7) it is
always possiﬁie to "get by" by introducing an additional magnetic
field along é& in the basic section. Ve note that without a
longitudinal field in the gap, (7) would imply a resonance, and such
8pin motion would be unstable. 7The inclusion of the longitudinal
field displaces the resonance, as can be seen from (4). PFor
stability, we require only:

2%
[weP| = [%j%_‘/glx;- 7|
8,

—
wherelhrK l 3: the value of the resonance Fourier-harmonic of
perturbation W, (see II.12 - II.15).

As can be seen from (II.20) in the case of electrons
and positrons, the radiation in this case leads to the disappearance
of the initial polarization over a time ~ 1 (II.18).
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