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1 Introduction

1.1 Setting the scene

Since its invention in the late sixties, string theory has grown up in a tumultuous history
of unexpected paradigm shifts and deceptive lulls. Not the least of these storms was the
discovery that the five anomaly-free perturbative superstring theories were as many glances
on a single eleven-dimensional theoria incognita, soon baptized M-theory, awaiting a better
name [B07, BI9|. The genus expansion of each string theory corresponds to a different
perturbative series in a particular limit g, — 0 in the M-theory parameter space, much
in the same way as the genus expansion arises in 't Hooft large-N, fixed-¢g2,;N regime of
Yang—Mills theory [B03]. M-theory can be defined by the superstring expansions on each
patch, and the superstring (perturbative or non-perturbative) dualities allow a translation
from one patch to another, in a way analogous to the definition of a differential manifold
by charts and transition functions. This analogy overlooks the fact that string theories are
only defined as asymptotic series in g, — 0, and some analyticity is therefore required to
move into the bulk of parameter space.

This definition has been effective in uncovering a number of features of M-theory, or
rather its BPS sector, which behaves in a controlled way under analytic continuation at
finite-g,. In particular, M-theory is required to contain Cremmer, Julia and Scherk’s eleven-
dimensional supergravity || in order to account for the Kaluza—Klein-like tower of type
IIA DO-branes as excitations carrying momentum along the eleventh dimension of radius
R, ~ ¢2/*, as shown by Townsend and Witten [BO7, B19; it should also contain membrane
and fivebrane states, in order to reproduce the D2- and D4-brane, as well as the NS5-brane
and the type ITA “fundamental” string. Which of these states is elementary is not decided
yet, although M2-branes and DO-branes are favourite candidates |88, B4]. It may even
turn out that none of them may be required, and that 11D SUGRA may emerge as the
low-energy limit of a non-gravitational theory [[63)].

While the dualities between string theories relate different languages for the same
physics, the symmetries of string theory provide a powerful guide into M-theory, which
is believed to hold beyond the BPS sector. The best established of them is certainly
T-duality, which identifies seemingly distinct string backgrounds with isometries (see for
instance Refs. |[33, B| and references therein). Throughout this review, we shall restrict
ourselves to maximally supersymmetric type II or M theories, and accordingly T-duality
will reduce to the inversion of a radius on a d-dimensional torus. To be more precise, a
T-duality maps to each other type IIA and type IIB string theories compactified on cir-
cles with inverse radii, while a T-symmetry consists of an even number of such inversions
(together with Kalb-Ramond spectral flows to which we shall return), and therefore cor-
responds to a symmetry of type II string theories and of their M-theory extensionf]. As
we shall recall, such T-symmetries on a torus T generate a SO(d,d, Z) discrete symmetry
group, the continuous version of which SO(d, d, R) appears as a symmetry of the low-energy

HHaving emphasized this point, we shall henceforth omit the distinction between dualities and symme-
tries.



effective action.

On the other hand, the action of 11D or type IIA supergravity compactified on a torus 7%
as well as of the equations of motion of uncompactified type I1IB supergravity have for long
been known to exhibit continuous non-compact global symmetries, namely the exceptional
symmetry g (R) of Cremmer and Julia and the SI(2,R) symmetry of Schwarz and West
respectively |72, [[83, [8F, E71|. These symmetries transform the scalar fields and in general
do not preserve the weak coupling regime, which puts them out of reach of perturbation
theory, in contrast to the well established target-space T-duality.

In analogy with the electric-magnetic SI(2,Z) Montonen-Olive-Sen duality of four-
dimensional N = 4 super Yang-Mills theory [R31], P81, Hull and Townsend have proposed
[I75| that a discrete subgroup Egq)(Z) (resp. SI(2,Z)p) remains as an exact quantum
symmetry of M-theory compactified on a torus T (resp. of ten-dimensional type IIB string
theory and compactifications thereof)[J. The two statements are actually equivalent, since
after compactification on a circle the type IIB string theory becomes equivalent under T-
duality on the (say) tenth direction to type IIA, and the symmetry Eqq)(Z) can be obtained
by intertwining the S{(2,Z)p non-perturbative symmetry with the T-duality SO(d—1,d —
1,7Z). Conversely, the SI(2,Z)p symmetry of type IIB theory can be obtained from the M-
theory description as the modular group of the 2-torus in the tenth and eleventh directions
[B73, 6], and is a particular subgroup of the modular group Si(d,Z) of the d-torus. This,
being a remnant of eleven-dimensional diffeomorphism invariance after compactification on
the torus 7%, has to be an exact symmetry as soon as M-theory contains the graviton. The
T-duality symmetry SO(d — 1,d — 1,7Z) is however not manifest in the M-theory picture.
All in all, the U-duality group reads

Eya)(Z) = Si(d, Z) =1 SO(d —1,d — 1,7Z) (1.1)

where the symbol > denotes the group generated by the two non-commuting subgroups.

The structure of the group ([.1)) will be discussed at length in this review, and a set
of Weyl and Borel generators will be identified. The former preserve the rectangularity
of the torus and the vanishing of the gauge background, while the latter allow a move to
arbitrary tori. States are classified into representations of the U-duality group Egq)(Z),
whether BPS or not, and we will derive U-duality invariant mass and tension formulae for
1/2- and 1/4-BPS states, as well as conditions for a state to preserve a given fraction of
the supersymmetries. Besides the entertaining encounter with discrete exceptional groups,
this will actually teach us about the spectrum of M-theory, since the more M-theory is
compactified, the more degrees of freedom come into play. In particular, we will show the
need to include states with masses that behave as 1/¢”, n > 3, which are unconventional in
perturbative string theory. An important application of these results is the exact determi-
nation of certain physical amplitudes in M-theory, such as the four-graviton R* coupling,
which can be interpreted as traces over M-theory BPS states |21, [42, P53]. The weak
coupling analysis of these exact couplings provides a very useful insight into the rules of

semi-classical calculus in string theory (B4, P44, [40, [46, R0, [99, 257

2The first example of string duality actually appeared in the context of heterotic string theory [




A proposal has recently been put forward by Banks, Fischler, Shenker and Susskind to
define M-theory ab initio on the (discrete) light front, as the large-N limit of a supersym-
metric matrix model given by the dimensional reduction of 10D U(N) super Yang-Mills
(SYM) theory to 0 + 1 dimension |24, B0Q]. This model also describes low-energy inter-
actions of DO-branes induced by open string fluctuations [B2, [86, [00], and, as shown
by Seiberg, arises from considering M-theory on the light front as a particular limit of M-
theory compactified on a circle, i.e. type IIA theory [27§]. DO-branes are therefore identified
as the partons of M-theory in this framework. This proposal has passed numerous tests,
and has been shown to incorporate membrane and (transverse) fivebrane solutions, and to
reproduce 11D SUGRA computations. The invariance under eleven-dimensional Lorentz
invariance remains, however, to be demonstrated (see [BI7] for a step in that direction).

Upon compactification of d dimensions, the DO-branes interact by open strings wrapped
many times around the compactification manifold, and the infinite-dimensional quantum
mechanics can be rephrased as a gauge theory in d+1 dimensions [B03, [27]. This dramatic
increase of degrees of freedom certainly removes part of the appeal of the proposal, but
becomes even more serious for d > 4, where the gauge theory loses its asymptotic freedom
and becomes ill-defined at small distances. We will briefly discuss the proposals for ex-
tending this definition to d = 4,5. We will also discuss the interpretation of M-theory BPS
states in the gauge theory, and show the occurrence of unconventional states with energy
1/g3%, n > 2. Despite these difficulties, the Matrix gauge theory gives a nice understand-
ing of U-duality as the electric-magnetic duality of the gauge theory, together with the
modular group of the torus on which it lives [299, [27, [[I(]. The interpretation of finite- N
matrix theory as the compactification of M-theory on a light-like circle implies that the
U-duality group Eqq)(Z) be enlarged to Eqy1a+1)(Z) [[73, B4, P44, [73]; we will show that
this extra symmetry mixes the rank /V of the gauge group with charges in a way reminiscent
of Nahm duality. All these features are guidelines for a hypothetical fundamental definition
of Matrix gauge theory.

1.2 Sources and omissions

This review is intended as a pedagogical introduction to M-theory, from the point of view
of its 11D SUGRA low-energy limit, its strongly coupled type II string description, and
its purported M(atrix) theory definition. It is restricted to maximally supersymmetric
toroidally compactified M-theory, and uses U-duality as the main tool to uncover the part
of the spectrum that is annihilated by half or a quarter of the 32 supersymmetries. The
exposition mainly follows [L10, P55, R44|, but relies heavily on [BI§, B19, B1d, 79§, P1]. It
is usefully supplemented by other presentations on supergravity solutions [296, B09, B1d],
M(atrix) theory [R2, 1], P4, D-branes [R57, 67, B06), [[9], string dualities [P§, 79, B1d, B7,
P33, and perturbative string theory P47, [9§] and general introductions 254, [[4, R74].
The following topics are beyond the scope of this work:

e Black hole entropy: the modelisation of extremal black-holes by D-brane bound states
has allowed a description of their microscopic degrees of freedom and a derivation of



their Bekenstein—Hawking entropy [R97] (see [R24, P52 for reviews). The latter can
be related to a U-duality invariant of the black hole charges [[67], [[9, [89, B, [, and
U-duality can even allow the control of non-extremal states [294].

Gauge dynamics: the study of D-brane configurations has also led to a qualitative
understanding of gauge theories dynamics as world-volume dynamics of these objects;
see [[33| for a thorough review. We will mainly consider configurations of parallel
branes, as describing the Matrix gauge theory description of M-theory on the light
cone.

BPS-saturated amplitudes: A special class of terms in the effective actions of M-
theory and string theory receives contributions from BPS states only. We will briefly
discuss an application of the M-theory mass formulae that we derived to the com-
putation of exact R* couplings in Subsection F.§, and refer to the existing liter-
ature for more details on the exact non-perturbative computation of these cou-
plings, and their interpretation at weak coupling as a sum of instanton effects.
Relevant references include |34, P40, for two-derivative terms in N = 2 type
II strings, [[56, [57, [47, [ for four-derivative terms in type II/heterotic the-
ories, |B1, BU, [99|, for F* (and related) terms in type I/heterotic theories, and
[T40, 4§, [42, B00, [, E], 92, 53, P53, [41), [45] for R* (and related) terms in
type IIB/M-theory. Infinite series of higher-derivative BPS-saturated R*F29~2 or
R*H*~* and R" terms have also been computed or conjectured in Refs. |1, P26

and I@, 7 7 @]

Scattering amplitudes: in order to validate the M(atrix) theory conjecture of BFSS,
a number of scattering computations have been carried out both in the Matrix model
and in 11D supergravity; they have shown agreement up to two loops, see for instance
B2, B3, 58, B4, P46, 193, B11, B45, P29, [1Z]. This agreement is better than naively
expected, and indicates the existence of non-renormalization theorems [R4] for these
interactions.

D-instanton matrix model: an alternative formulation of M-theory as a statistical
matrix model has been proposed by Ishibashi, Kawai, Kitazawa and Tsuchiya [[79].
It has so far not been developed to the same extent as the BFSS proposal, and in
particular the origin of U-duality has not been explicited. See Refs. |p4), [[14, [60,

[[13, P70, P03, 63, 63, 23, BOT, B3, 223, BT, [3, [, [29] for further discussion.

Twelve dimensions and beyond: the structure of U-duality symmetry has led to specu-
late on the existence of a 12D [BI3, B7, B0, 42| or higher |2§, B9, 6, 41, 93, 264, 240
dimensional parent of M-theory, with extra time directions. The N = 2 heterotic
strings suggest an appealing construction of this theory (see [R27] for a review).
However, the full higher-dimensional Lorentz symmetry is partially reduced to its
U-duality subgroup, and its usefulness remains unclear at present. We shall, how-
ever, encounter in Subsection [L.§ a tantalizing hint for an extra time-like direction
with “length” lf;.

10



e String networks: a construction of 1/4-BPS states based on three-string junctions
[B73, 60, BJ| has been suggested [R8Y], that reproduces the U-duality invariant mass
formula in 8 dimensions |p0, B0, 0§|. These solutions have been constructed from the
M2-brane |206, P2§| and their dynamics discussed in [264, FI]|, but their supergravity
description is still unclear.

e Non-commutative geometry: it has been argued that non-commutative geometry |p9
is the appropriate framework to discuss D-brane dynamics, and is even required in
the presence of Kalb-Ramond two-form background [[[0, P9, p74]. This description
incorporates T-duality [E6]], 71| and even U-duality in its Born-Infeld generaliza-
tion |[[62]. It should in particular (see Subsection [.§) extend Nahm’s duality of
ordinary two-dimensional Maxwell theory to higher-dimensional cases [237]. Related

discussions can be found in Refs. [[61], P13, [90, {4, P33, P11, [

e Gauged supergravity: 11D SUGRA possesses maximally supersymmetric backgrounds
other than tori, namely compactifications on products of spheres and anti-deSitter
spaces [[20]. These correspond to the near-horizon geometry of M2- and M5-branes,
and have been argued to provide a dual description to the gauge theory on these
extended objects [P23]. They will be ignored in this review.

e String theories with non maximal supersymmetry: the Eg X Fg heterotic string and
type I string can be obtained from M-theory by orbifold compactification [[L65], L6€],
while the SO(32) heterotic string is related to Eg x Eg by a T-duality, or to type
[ string theory by a non-perturbative duality [59]. M/(atrix) theory descriptions
have been proposed both in the heterotic |25, B39, P13, [94, B62, [64, [37, [87, P14,
203, P04, O] and the type II [[17, [97, EG, [38, [[95, BY, PJ] cases, as well as on
non-orientable surfaces [[96, B27], and will not be treated here.

e Non-BPS states: The study of stable non-BPS states has been iniated in [R87| and
further examined [P8G, P89, 8T, Bg]. It would be interesting to investigate the impli-
cations of U-duality symmetry on the spectrum of non-BPS states.

1.3 Outline

Section [ introduces the superalgebra and fundamental BPS states of M-theory in the con-
text of 11D SUGRA and type ITA /B superstring theories. T-duality is recalled and revisited
in Section P from an algebraic point of view, at the level of the effective action and of the
perturbative and non-perturbative BPS spectrum. The same techniques are used in Section
f] to introduce U-duality and its action on the spectrum of particles and strings, restrict-
ing to Weyl generators. Borel generators are incorporated in Section [, where U-duality
invariant mass and tension formulae for general toroidal compactification with arbitrary
gauge backgrounds are derived, as well as U-duality multiplets of BPS constraints. Section
f introduces Matrix gauge theory as the Discrete Light-Cone Quantization of M-theory fol-
lowing an argument by Seiberg, and discusses the dictionary between M-theory and Matrix
gauge theory. The U-duality symmetry is finally discussed in Section [ from the perspective
of the Matrix gauge theory, as well as the extended U-duality symmetry arising from the
extra light-like direction. 11



2 M-theory and BPS states

2.1 M-theory and type ITA string theory

M-theory was originally introduced as the strong coupling limit of type IIA superstring
theory. The latter has been argued [BI§, B07| to dynamically generate an extra compact
dimension at finite coupling of radius Ry ~ gf/ % in units of an eleven-dimensional Planck
length [,

R/l =g, 1) =g} (2.1)

where 1/1? = o/ denotes the string tension and g, its coupling constant. The strong coupling
limit g; — oo should therefore exhibit eleven-dimensional N = 1 super-Poincaré invariance.

While a consistent eleven-dimensional theory of quantum gravity is still missing, it has
been known for a long time that type IIA supergravity can be obtained from the eleven-
dimensional N = 1 supergravity of Cremmer, Julia and Scherk, by dimensional reduction
on a circle. M-theory is therefore required to reduce at energies much smaller than 1/,
to 11D SUGRA, in the same way as type IIA (or type IIB) superstring theory reduces to
type IIA [63, [78, [3T] (or type IIB [B71, [[68, 7F|) supergravity at energies much smaller

than 1/l; (which is also smaller than both the ten-dimensional Planck mass g5_1/4/ls and

the eleven-dimensional Planck mass g, 13 /ls at weak coupling). This is summarized in the
following diagram:

M-theory o type ITA string theory

| l
11D supergravity ? 10D type IIA supergravity

where compactification on a circle occurs from left to right and the energy decreases from
top to bottom.

The matching relations (B.0]) can be easily obtained by studying the Kaluza—Klein re-
duction of 11D SUGRA, described by the action

6

l

Syy = é/d“x\/—_g <R — 4—’é(d(3)2) - 27—\/532 /C AdC A dC (2.2)
up to fermionic terms that we will ignore in the following. In addition to the usual Einstein—
Hilbert term involving the scalar curvature R of the metric gy;n, the action contains a
kinetic term for the 3-form gauge potential Cpsyr (which we shall often denote by Cs3) as
well as a topological Wess—Zumino term required by supersymmetry. The action (£.3) does
not contain any dimensionless parameter, and the normalization of the Wess—Zumino term
with respect to the Einstein term is fixed by supersymmetry. The dependence on the Planck

length [, has been reinstated by dimensional analysis, with the following conventions:

[dx] =0, [gMN] =2, [@ =11, [R] = -2, [CMNR] =0, [d] =0, (23)
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relegating the dimension to the metric only. In particular, the relation between the eleven-
dimensional Planck length and Newton’s constant is given by x3, = [9/(2(27)%). We will
generally ignore all numerical factors.

Dimensional reduction is carried out by substituting an ansatz
dsi, = R (dz® + A,dz")* + dsi, (2.4)

for the metric, where R stands for the fluctuating radius of compactification (as measured
in the eleven-dimensional metric) and A describes the Kaluza—Klein U(1) gauge field arising
from the isometry along z° [, and splitting the three-form Cyryg in a two-form B, = C,,s
and a 3-form C,,,,. Only the zero Fourier component (i.e. the zero Kaluza-Klein momentum
part) of these fields along x* is kept. On dimensional grounds the scalar curvature becomes

R(gun) = R(gw) + (85:) + R*(dA)? (2.5)

so that the reduced action reads

1
S =3 / 2R,/ =g
p

aRS ? 2 2 6 2 lg 2
R+ (57 ) +RUdAP +5(dC) +R—§(dB)

—l—/B/\dC/\dC. (2.6)

On the other hand, the low-energy limit of type IIA string theory is given (in the string
frame) by the action

l4

12

lG

Stia = 1 /leZE\/—_g [6_2¢ <R + 4(0¢)? -5

5

(dB)?) - g(dA)Q (dC)Q}

+/B/\dC/\dC, (2.7)

which describes the dynamics of the (bosonic) massless sector

NS-NS ' guw, Bu, ¢ (2.8a)
R-R : A,, Cu, (2.8b)

denoting the metric, antisymmetric tensor and dilaton from the Neveu-Schwarz square
sector, and the one- and three-form gauge potentials from the Ramond square sector (indices
g run over 1...10). Ramond p-form gauge fields will be generically denoted by R,. The
dependence on the string length [, is again instated on dimensional grounds, while the
dependence on the coupling

g? = ¢ (2.9)

#3The subscript s is used to indicate that string theory is obtained in this way.
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stems from the fact that the two-derivative action originates from string tree level (hence
the e=2¢ factor), with each Ramond field coming with an additional power of e?, ensuring
the correct Maxwell and Bianchi identities (see [260] for a recent discussion). In particular,
the ten-dimensional Newton’s constant is given by k3, = ¢2I5. Identifying the dilaton ¢
with the scalar modulus In R, up to a numerical factor, and matching the two actions (2.4)
and (277) leads to the relations

R, 1 1 1 R? 1 R, 1
l_g = 2l8 ; R l3 = 2[4 9 l_gs = l_6 ) l_g = l_2 ) (2]‘0)
P gs s S¥p gS s P S p s

obtained by comparing the terms R, dB, dA and dC respectively in Eqs. (P.6) and (27).
Two of these four relations turn out to be redundant as a consequence of supersymime-
try, and they can be reduced to the matching relations already stated in Eq. (B]]), or
equivalently

R, 1
Rs = lsgs s l_3 = l_2 s (2]_]_)
D s

which summarize the relation between the M-theory parameters {[,, Rs} and the string
theory parameters {ls, gs}.

Using (2.11) and (R.9) in the metric (R.4) we find the alternative form

2
dsiy

i oy/3ds?
o= '3 (da® + A, dat)? + e 20310 (2.12)
p

[

which will be used to relate low-energy solutions of M-theory and type IIA string theory.

2.2 M-theory superalgebra and BPS states

While M-theory has to reduce to 11D SUGRA in the low-energy limit, little is known about
its microscopic degrees of freedom. It is however postulated that the N = 1 supersymmetry
of 11D SUGRA should be valid at any energy, and the spectrum is therefore organized into
representations of the super-Poincaré algebra [B0g:

1
{Qa,Qp} = (CFM)aBZM+§(CFMN>aﬁZMN (2.13a)
1
+§(CTMNPQR)aﬁZMNPQR
(Qa, 2] = 0. (2.13D)
Here ), denotes the 32-component Majorana spinor generating the supersymmetry (see
[07] for a general account on spinorial representations), and T'j/y.. the antisymmetric

product of I" matrices, i.e. I'y,I"y ... for distinct indices and zero otherwise. See Appendix
AT for our gamma matrix conventions.
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In addition to the usual translation operator P,;, which we denoted by Z,; for uni-
formity, the right-hand side of Eq. (P-I3d) contains “central charges” ZM~ and ZMNRST
in non-trivial representations of the Lorentz group. These charges appear as irreducible
representations (irreps) in the decomposition 528 = 11 + 55 + 462 of the symmetric ten-
sor product {Qa, @3}, and the simplest assumption is that they should commute with the
SUSY charges Q, [] (their commutation properties with the Lorentz generators are encoded
in their index structure). They can be identified as the electric and magnetic charges of
extended objects [[[69, B4] with respect to the gauge potential Cysyp and the metric gysy
and their Kaluza—Klein descendants.

The various components of the central charges, their corresponding potentials, as well as
the nature of the solution, are summarized in Table P.T. Here, & denotes the six-form dual
to Cs and Kr.rpmnporst the 7-formf] dual to the Kaluza-Klein gauge potential g7y, after
compactifying the direction I. This hints toward the existence of extended states charged
under these gauge fields, namely 2-branes, 5-branes, 6-branes and 9-branes. The 9-branes,
which are not charged under a gauge potential, are not dynamical and correspond to the
“end-of-the-world” branes in compactifications of M-theory with lower supersymmetry [[63].
They will not be further considered in this review, but we will shortly return to the M2,
M5 and KK6-brane.

ZO ZI ZIJ ZIJKLM ZOI ZOIJKL

goo gor Cors EorarLm none ICM;MNPQRSTO

mass || momentum | M2-brane | M5-brane | 9-brane | KK6-brane

Table 2.1: M-theory central charges, gauge fields and extended objects.

The generic representation of the superalgebra (2.13) is generated by the action of 16
fermionic creation operators on a vacuum |0) in a given representation of the Lorentz group;
it is therefore 2'%-dimensional, i.e. contains 32768 bosonic states and 32768 fermionic states.
The positivity of the matrix (0[{Qa,@3}|0) implies a bound on the rest mass Z; known
as the Bogomolny bound. When this bound is saturated, part of the supersymmetries
annihilate the vacuum |0):

> ZMNA(CT .. )**Qpl0) = 0, (2.14)
Z

resulting in a reduced degeneracy. Equation (PI4) requires that the 32 x 32 matrix
ZMN-(Tyyn. ) has at least one zero eigenvalue, and implies in particular the BPS condi-

Tt is possible to introduce non-Abelian relations while still preserving the Jacobi identity [, but the
status of this possibility is still unclear.

®No antisymmetry is assumed for indices separated by a semi-colon. The peculiar index structure
K18 = Kr,imnporsT ensures that the seven-form indices M, ..., T are distinct from the compact direction
I, and the double occurrence of I has the same origin as the square radius R? in Eq. (R.29).
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tion

def (Z(Z : r)aﬁ> =0, (2.15)

Z

which determines the rest mass Z in terms of the other charges.

The dimension can be further reduced if the zero eigenvalue is degenerate, and this
requires more relations between the various charges. Since only Z; contributes to the trace
on the right-hand side of Eq. (B.I3d), the maximum number of zero eigenvalues is 16,
corresponding to a state annihilated by half the supersymmetries, or in short a 1/2-BPS
state. Because of its reduced dimension, a BPS state with smallest charge cannot decay,
except if it can pair up with another state of opposite charge to make a representation twice
as long |B2]]]. These states can therefore be followed at strong coupling (in the M-theory
language, this means for arbitrary geometries of the compactification manifold) and serve
as the basis for many duality checks.

As an illustration, we wish to investigate the case where, besides the mass M = Z,
only the two-form central charges Z7/ do not vanish. This will be later interpreted as an
arbitrary superposition of M2-branes. We therefore have to solve the eigenvalue equation:

Fe=Me, T'=2"Ty, (2.16)
Squaring this equation yields
02 =27 + 72" 725 e = M (2.17)

where the symbol = denotes the equality when acting on €. The space of solutions now
depends on the value of kKL = ZW zKL — 7 A 7. If k = 0, Eq. (BI7) implies
(Z'7)? = M? and T'? = M?. Since Tr I = 0, the 32 x 32 matrix I has 16 eigenvalues M
and 16 eigenvalues —M, and therefore Eq. (R.If]) is satisfied for a dimension-16 space of
vectors €. The state with charges Z!7 is therefore annihilated by half the supersymmetry
generators (),, and has a mass

M =271 (2.18)

The condition Z A Z = 0 means that the antisymmetric charge matrix Z7 has rank 2, i.e.
that only parallel M2-branes are superposed.

If on the other hand Z A Z # 0, we may rewrite Eq. (B.17) as
I'e= (M> = Mi)e, T"=k"5 Tk, (2.19)

and we are lead back to an equation similar to Eq. (B.I6]). Squaring again yields

F/Q _ (kIJKL)2 4 (]{3 . k>IJKLFIJKL 4 (]f A k>IJKLMNPQFIJKLMNPQ

= (M2 - M2, (2.20)
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where (k - k)I/EL = RIIMNEKLMN = Ag hefore, if k- k = k Ak = 0, this equation implies
(K7L = (M? — M2)? = T2 Since Tr I = 0, Eq. (B.I9) is satisfied by half the
supersymmetries, but Eq. (B.16) by a quarter only. We therefore get a 1/4-BPS state with
mass squared:

M2 = 717717 4 /| ITKLLIIKL (2.21a)
EIEL — gl 7KL (2.21b)

This expression reduces to Eq. (E-I§) for a 1/2-BPS state, i.e. when k//KZ = (. On the
other hand, if k- k or k Ak # 0 do not vanish, the state is at most 1/8-BPS and we have to
carry the same analysis one step further. Note that the conditions k-k # 0 (resp. kAk # 0)
can only be satisfied when d > 6 ( resp. d > 8), in agreement with the absence of 1/8-BPS
states in more than five space-time dimensions.

2.3 BPS solutions of 11D SUGRA

In want of a microscopic formulation of M-theory (or of non-perturbative type IIA string
theory), it is certainly difficult to determine what representations of the eleven-dimensional
Poincaré superalgebra actually occur in the spectrum. However, this is achievable for
BPS states, since supersymmetry protects these from quantum effects and in particular
determine their exact mass formula. They can be studied at arbitrarily low energy, and
in particular in the 11D SUGRA limit of M-theory. Instead of describing the equations
implied by the BPS condition on the supergravity configuration, we refer the reader to
existing reviews in the literature [[0, [04, B0Y, P94, PI0|, and content ourselves with
recalling the four 1/2-BPS standard solutions: the pp-wave and three extended solutions,
the membrane (or M2-brane), fivebrane (M5-brane) and the Kaluza—Klein monopole, also
known as the KK6-brane.

The eleven-dimensional metric describing the extended solutions splits into two parts:
the world-volume, denoted by E'?, including the time and p world-volume directions, and
the transverse Euclidean part E'°7P. These solutions are given in terms of a harmonic
function H on the transverse space, which we choose as a single pole

k

although any superposition of such poles would do (this is stating the no-force condition
between static BPS states; the constant shift in Eq. (.29) ensures the asymptotic flatness
of space-time, required for a soliton interpretation). The constant k depends on Newton’s
constant x1; and on the p-brane tension, and is quantized by the requirement that the
space-time be smooth (we will henceforth choose the smaller quantum).

The pp-wave[] and KK6-brane solutions only involve the metric, and read [[[70, B07]
pp-wave : ds7; = —dt* +dp? + (H — 1)(dt + dp)*® + ds*(E?) (2.23a)

¥6The name pp-wave stands for plane fronted wave with parallel rays [63]. The solution (2.23) was
generalized in [@] to include excitations of the three-form potential.
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H=1+ (2.23b)
KK6-brane : ds}; = ds*(E"®) 4 dsiy () (2.24a)
dsty = Hdy'dy' + H™' (dgrw + Vi(y)dy')® | i=1,2,3 (2.24D)

VxV=V-H, Hzl—l—ﬁ.
]
The KK6-brane solution is analogous to the five-dimensional Kaluza—Klein monopole [297],
and is built out from the four-dimensional Taub-NUT gravitational instanton (see Ref.
[[09| for a review of this topic), which is asymptotically of the form R3 x S!, where 1y
is the compact coordinate of S' with period 27 R. Consequently, this solution only arises
when at least one direction is compact. It is localized in the four Taub-NUT directions,
as should be the case for a 6-brane, and magnetically charged under the graviphoton g,rx.
It can be considered as the electromagnetic dual of a pp-wave, electrically charged under
the graviphoton arising after compactification on a circle of radius R. pp-waves in compact
directions will be called indifferently Kaluza—Klein excitations or momentum states.

The corresponding solutions for the M2- and M5-brane read [[L0§, [49):

(2.24¢)

M2-brane : ds?, = H?3ds*(EY?) + HY3ds*(E®) (2.25a)
dCs = Vol(E"?) NdH ™! (2.25b)
k K2, T
H=1+—, k=22 2.25
+ r6 ’ g 397 ( C)
Mb5-brane :  ds?, = H™3ds*(EY) + H*3ds*(E®) (2.26a)
k k3, Ty
H=1+—, k=22 2.2
+ 7"3 ) 394 ’ ( 6C)

which also show that the M2-brane (resp. Mb5-) is electrically (resp. magnetically) charged
under the 3-form gauge potential. The symbol %, denotes Hodge duality in ¢ dimensions,
and €2, the volume of the sphere S™ with unit radius:

27rnT+1
Q, = T (n_+1) . (2.27)
2
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The tensions (or mass per unit world-volume) of these four basic BPS configurations
can be easily evaluated from ADM boundary integrals and Dirac quantization, or more
easily yet by dimensional analysis:

1 R?
KK-state: 75 = T KK6-brane : 74 = T

. X . (2.28)
M2-brane : 7o = -, Mb-brane: 75= .

3 18

The tension (i.e. mass) of the pp-wave with momentum along a compact direction of radius
R (occasionally denoted as Rry) is the one expected for a massless particle in eleven
dimensions; the tension of the KK6-brane is easily obtained from the latter by electric—
magnetic duality, after reading off from Eq. (2.6) the Kaluza—Klein gauge coupling 1/g%; =
R3/15:

7, R

Ts 2 D (2.29)

All these BPS states have been inferred from a classical analysis of 11D supergravity.
They should in principle arise from a microscopic definition of M-theory, which would
allow a full account of their interactions. Nevertheless, it is still possible to formulate
their dynamics in terms of their collective coordinates which result from the breaking of
global symmetries in the presence of the soliton [[30]. Supersymmetry gives an important
guideline, since (the unbroken) half of the 32 supercharges has to be realized linearly on the
world-volume, while the other half is realized non-linearly. This fixes the dynamics of the
M5-brane to be described in terms of the chiral (2,0) six-dimensional tensor theory [pY],
while the membrane is described by the 2+1 supermembrane action |3, Bg]. Unfortunately,
the quantization of these two theories remains a challenge. As for the KK6-brane, the
description of its dynamics is still an unsettled problem [[57].

2.4 Reduction to type IIA BPS solutions

Upon compactification on a circle (with periodic boundary conditions on the fermion fields),
the supersymmetry algebra is unaffected and the generators merely decompose under the
reduced Lorentz group. The 32-component Majorana spinor ), decomposes into two 16-
component Majorana—Weyl spinors of SO(1,9) with opposite chiralities, and the N = 1
supersymmetry in 11D gives rise to non-chiral N = 2 supersymmetry in 10D. However, it
is convenient not to separate the two chiralities explicitly, and rewrite the supersymmetry
algebra as

{Qa, Qs = (CT")opP,+ (CTy)ap”Z
1
+5(CT)as 2" + (CT,T ) as 2" (2.30)

1 1

5! (Crwpw)aﬁ 2R 4! (Cruvmrs)aﬁ Zmee
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where the eleventh Gamma matrix 'y is identified with the 10D chirality operator ['gI'y ... T'.
The eleven-dimensional central charges give rise to the charges 2, Z#, Z# Z#vro  ZHrvroT
whose interpretation is summarized in Table R.2, where we omitted the momentum charge
P,. In this table, Ky, mnpgrst denotes the 6-form dual to g, after compactification of the
direction m.

Z Zij Zz Zijklm Zijkl ZOi ZO ZOijkl ZOijk
Ay COij By, 8Oijklm ROijkl none | none ]Cm;mpqrso ROlmnpqr
DO | D2 | F1 | NS5 D4 D8 9-brane | KK5 D6

Table 2.2: Type ITA central charges, gauge fields and extended objects

Under Kaluza—Klein reduction, the BPS solutions of 11D SUGRA yield BPS solutions
of type ITA supergravity. This reduction can, however, be carried out only if the eleventh di-
mension is a Killing vector of the configuration. This is automatically obeyed if the eleventh
direction is chosen along the world-volume E'”, and reduces the eleven-dimensional p-brane
to a ten-dimensional (p—1)-brane with tension 7,_; = R7,; this procedure is called diagonal
or double reduction [[L03], and we shall call the resulting solutions wrapped or longitudinal
branes. One may also want to choose the eleventh direction transverse to the brane, but
this is not an isometry, since the dependence of the harmonic function H on the transverse
coordinates is non-trivial. However, this can be easily evaded by using the superposition
property of BPS states, and constructing a continuous stack of parallel p-branes along the

eleventh direction. The harmonic function on E'°~P turns into an harmonic function on
E9P:

[e'e) S 1
/ dor | — . (2.31)
— o [(x8)2 + p2]T 1Y

We therefore obtain an unwrapped or transverse p-brane in ten dimensions with the same
tension 7, as the one we started with. This procedure is usually called vertical or direct
reduction. It has also been proposed to reduce along the isometry that arises when the
sphere S°7P in the transverse space E'97P is odd-dimensional, hence given as a U(1) Hopf
fibration [[07], but the status of the solutions obtained by this angular reduction is still
unclear.

Applying this procedure to the four M-theory BPS configurations, with tensions given
in Eq. (R.28), we find, after using the relations (R.11)), the set of BPS states of type ITA
string theory listed in Table B.3:

As the table shows, we recover the set of all 1/2 BPS solutions of type IIA string theory,
which include the KK excitations, the fundamental string and the set of solitonic states
comprised by the NS5-brane, KK5-brane and the Dp-branesf’] with p = 0,2,4,6 [J. The

¥"The letter D stands for the Dirichlet boundary conditions in the 9 — p directions orthogonal to the
world-volume of the Dp-brane, which force the open strings to move on this (p+1)-dimensional hyperplane.
#There is also an 8-brane coupling to a nine-form, whose expectation value is related to the cosmological

constant [256, [td, Bg|.
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M-theory mass/tension type ITA

longitudinal M2-brane T = % = l% F-string
P s

transverse M2-brane r— l%, = gllg D2-brane
P sts

longitudinal M5-brane T, = % = lld D4-brane
P gsly

transverse Mb-brane T, = l% = 2116 NS5-brane
p gsts

longitudinal KK mode To = Ris = g\ll‘ DO-brane

transverse KK mode To — % = % KK mode
2 2

longitudinal KK6-brane T = Rsl};"TN = I;Tl]; KK5-brane
P s's

KK6-brane with Rty = Ry | 74 — }f—gz = gll7 D6-brane
P sts
2 2

transverse KK6-brane T — RngN = ?Elg 6§—brane

Table 2.3: Relation between M-theory and type ITA BPS states.

NS5-brane is a solitonic solution that is magnetically charged under the Neveu-Schwarz
B-field [pg]. The Dp-branes are solitonic solutions, electrically charged under the RR gauge
potentials R, 1 (or magnetically under R;_,) [B5¢]. The tension of these BPS states does
not receive any quantum corrections perturbative or non-perturbative, which is why these
objects are useful when considering non-perturbative dualities. States electrically (resp.
magnetically) charged under the Neveu-Schwarz gauge fields have tensions that scale with
the string coupling constant as ¢° (resp. 1/¢?), whereas states charged under the Ramond
fields have tensions that scale as 1/gs.

The last line in Table -3 is an unconventional solution, which we call a 6}-brane, ob-
tained by vertical reduction of the KK6-brane in a direction in the R3 part of the Taub-NUT
space [p4]. The integration involved in building up the stack is, however, logarithmically
divergent, and, if regularized, yields a non-asymptotically flat space. However, as we will
see in more detail in Subsection [L.9, at the algebraic level this solution is required by U-
duality symmetry. At that point we will also explain our nomenclature for this (and other)
non-conventional solutions. It is also interesting to note that all the tensions obtained
above are not independent, since they follow from the basic relations (R.11]). This already
hints at the presence of a larger structure that relates all these states, a fact that we will
establish using the conjectured U-duality symmetry of compactified M-theory.

The dimensional reduction can also be carried out at the level of the supergravity
configuration itself. For example, using the relation (2.13) between the 11D metric and
10D string metric, one finds that a solution with 11D metric of the form

ds}, = H*ds*(E"?) + H ds*(E'°P) (2.32)
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yields two 10D solutions with metric and dilaton

ds?y = HYds*(EY') + HPAs*(E°7P), e = HY (2.33a)
where
3 3
diagonal: p'=p—1, azg, ﬂ:>\+g, fy:—;, (2.33b)
A 3\ 3\
vertical : p' =p, Oé:fi—|—§, 6:7,7:—?, (2.33¢)

for diagonal and vertical reduction respectively. As explained in the beginning of this
subsection, in the first case the harmonic function is the same as the original one, and in
the second case it is an harmonic function on a transverse space with one dimension less.
The reduction of the gauge potentials can be worked out similarly.

The resulting 10D type IIA configurations are then described by the following solutions:

F-string :  ds?, = H 'ds*(EM) + ds?(E®) (2.34a)
-1 -2 k
B(HIH , € :H, H:1+E (234b)
NS5-brane :  ds?, = ds*(E"®) + Hds*(E?) (2.35a)
—2¢ -1 k
B =wdH , e =H", H=1+ (2.35b)
Dp-brane :  ds?, = H~Y2ds*(E'?) + HY/2ds*(EP) (2.36a)

e =HPI2 H-=14 i (2.36b)
FP2) —Vol(EY)AdH™' |, p=0,1,2 (2.36¢)
E® P =y dH |, p=4,56 (2.36d)

FO =pF® L p® =3 (2.36¢)
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where, for completeness, we have included the Dp-brane solutions for all p = 0...6, al-
though we note that only even p occurs in type IIA. The subscripts e and m indicate
whether the p-branes are electrically or magnetically charged under the indicated fields.
One also finds the ten-dimensional gravitational solutions, consisting of the pp-waves and
KK5-brane, which have a metric analogous to the eleven-dimensional case (see (B.23) and
(B29)), with harmonic functions on a transverse space with one dimension less. Of course,
one may explicitly verify that all of these solutions are indeed solutions of the tree-level

action (R.7).

In contrast to the M2-brane and Mb-brane, the dynamics of Dp-branes has a nice and
tractable description as (p + 1)-dimensional hyperplanes on which open strings can end
and exchange momentum with |[256]. The integration of open string fluctuations around a
single D-brane at tree level yields the Born-Infeld action [B§, 10, [L§],

1 / -
SBI = W dp+1£€_¢ @ + B + lgF . (237)

Here, the hatted fields g, B stand for the pullbacks of the bulk metric and antisymmetric
tensor to the world-volume of the brane, and F is the field strength of the U(1) gauge field
living on the brane. The coupling to the RR gauge potentials is given by the topological

term (07, [43]F
Skr = z‘/eB”?F AR, (2.38)

where R = > R, denotes the total RR potential.

In the zero-slope limit, the Born—Infeld action becomes the action of a supersymmetric
Maxwell theory with 16 supercharges. In the presence of N coinciding D-branes the world-
volume gauge symmetry gets enhanced from U(1)Y to U(N), as a consequence of zero
mass strings stretching between different D-branes |[B20]. The non-Abelian analogue of the
Born-Infeld action is not known, although some partial Abelianization is available [BIZ],
but its zero-slope limit is still given by U(N) super-Yang—Mills theory.

2.5 T-duality and type IIA /B string theory

So far, we have discussed M-theory and its relation to type IIA string theory. In this
subsection, we turn to type IIB string theory and its relation, via T-duality, to type ITA
[P3, BQ]. We first recall that the massless sector of type IIB consists of the same Neveu-
Schwarz fields (R.8d) as the type IIA string, but the Ramond gauge potentials of type IIB
now include a O-form (scalar), a 2-form and a 4-form with self-dual field strength,

a, Bu ., Dupo , (2.39)

PThere is also a gravitational term required for the cancellation of anomalies ], but it does not
contribute on flat backgrounds.
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with *Dy = D,. The low-energy effective action has a form similar to that in (R.7), with the
appropriate field strengths of the even-form RR potentials in (P.39), as long as the 4-form
is not includedf™. The standard 1/2-BPS solutions of type IIB are the fundamental string,
NS5-brane, Dp-branes with odd p, pp-waves and KK5-brane.

In order to describe the precise T-duality mapping, we again write the ten-dimensional
metric as a U(1) fibration

dsly = R*(da® + A,dz")? + g dr'ds” , pv=0...8. (2.40)

T-duality on the direction 9 relates the fields in the type IIA and type IIB theories in the
Neveu—Schwarz sector as

TQ : R« R ) gs < gsR ) Au = Bg,u ) B;w — B,uz/ - A,uBQV + AVBQ;L ’ (241)

leaving g,,, and the string length [, invariant. The Ramond gauge potentials are furthermore
identified on both sides according to

Ty : Reodi” R+d® AR, R=) R, (2.42)
p

where - and A denote the interior and exterior products respectively. In other words, the 9
index is added to the antisymmetric indices of R when absent, or deleted if it was already
present. These identifications actually receive corrections when B # 0, and the precise

mapping is [T, (3, [T]
PR — dz? - (ePR) +da® A (ePR) (2.43)

in accord with the T-duality covariance of the RR coupling in (2.3§). Whereas one T-
duality maps the type IIA string theory to IIB and should be thought of as a change of
variable, an even number of dualities can be performed and correspond to actual global
symmetries of either type IIA or type IIB theories. This symmetry will be discussed in
Section fJ, and its non-perturbative extension in Section f.

The action on the BPS spectrum can again be easily worked out, at the level of tension
formulae or of the supergravity solutions themselves. As implied by the exchange of the
Kaluza—Klein and Kalb-Ramond gauge fields A, and By, states with momentum along the
9th direction are interchanged with fundamental string winding around the same direction.
On the other hand, T-duality exchanges Neumann and Dirichlet boundary conditions on
the open string world-sheet along the 9th direction, mapping Dp-branes to D(p + 1)- or
D(p — 1)-branes, depending on the orientation of the world-volume with respect to x°
[BO, B7|. This of course agrees with the mapping of Ramond gauge potentials in Eq. (2.43).
Similarly, NS5-branes are invariant or exchanged with KK5-branes, according to whether

HOA Jocal covariant action for the self-dual four-form can be written with the help of auxiliary fields [B]],
but for most purposes the equations of motion are sufficient.
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they are wrapped or unwrapped, respectively [[11], 7). This can also be easily seen
by applying the transformation (2.41)) to the tension formulae, as summarized in Table P4
for a T-duality 7; on an arbitrary compact dimension with radius R;.

type ITIA (B) tension T;-dual tension | type IIB (A)

KK mode M=+ M = % winding mode

wrapped Dp-brane Tp1 = gj# Tp1 = g%lg’ unwrapped D(p — 1)-brane
wrapped NSH-brane T = 95;6 T = 95;6 wrapped NSb5-brane
unwrapped NS5-brane | 75 = 92% T = gljli unwrapped KK5-brane

Table 2.4: T-duality of type II BPS states.

T-duality can then be used to translate the relation between strongly coupled type I[TA
theory and M-theory in type IIB terms. In this way, it is found that the type IIB string
theory is obtained by compactifying M-theory on a two-torus 7%, with vanishing area, and
a complex structure 7 equated to the type IIB complex coupling parameter [273]:

7
T=a+—. (2.44)

Js

Here, a is the expectation value of the Ramond scalar and g, the type IIB string coupling.

We focus for simplicity on the case where the torus is rectangular, so that 7 is purely
imaginary and hence the RR scalar a vanishes. In this case, the relation between the
M-theory parameters and type IIB parameters reads

R 3 3
s=—, [2=2  Rg=-—-2_ 2.45
9= R, s~ R, 5~ R.Ry (245)

where R, Ry are the radii of the M-theory torus and Rp the radius of the type IIB 9th
direction. The uncompactified type IIB theory is obtained in the limit (R, Rg) — o0,
keeping Rs/Ry fixed. From Eq. (R.43), we can then identify the type IIB BPS states to
those of M-theory compactified on 72. The results are displayed in Table B-j for states
still existing in uncompactified type IIB theory, and in Table P.§ for states existing only
for finite values of Rp.

#1 Whereas the worldvolume dynamics of type IIB NS5- and D5-branes is described by a non-chiral

(1,1) vector multiplet, the type IIB KK5-brane is chiral and supports a (2,0) tensor multiplet. Indeed, it
is T-dual to the chiral type ITA NS5-brane [@] On the other hand, the type ITA KKb5-brane, dual to the
type IIB NS5-brane, is nonchiral.
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M-theory mass/tension | type IIB

M2-brane wrapped around z° ?—5 = %2 fundamental string
M2-brane wrapped around z° }l%—gg = gsllg D1-brane (D-string)
M5-brane wrapped on z*, 2° R‘Zé% L= gsll‘sl D3-brane
KK6-brane wrapped on z?, R%%g — 1| D5-brane

charged under g, P gsts

KK6-brane wrapped on z°, R%gRé _ 21l6 NS5-brane

charged under g, P 9sts

Table 2.5: Relations between M-theory and type IIB BPS states.

M-theory mass/tension | type [IB

M2-brane wrapped on z°, 2 R?;z“" =7 | KK mode

unwrapped M5-brane é = % KK5-brane with Rty = R
unwrapped M2-brane é = :j x wrapped D3-brane
Mb-brane wrapped on x?* %“' = :j ﬁg wrapped Db-brane
M5-brane wrapped on z° ?—5 = % wrapped NS5-brane
ukrllwralilpedd KK6-brane, Jl%_gi _ ffé wrapped D7-brane

charged under g, P sls

Eﬁlz:\;;z?ipsider giK&brane, }l%_; - QRE?JIB? wrapped 7-brane

Table 2.6: More relations between M-theory and type [IB BPS states.

As in Table P.3, we see in the last entry of Table P.§ a non-standard BPS state with
tension scaling as g; 3, which we have called a 73-brane. As this brane will turn out to be
related to the D7-brane by S-duality (see Subsection [.J) it may also be referred to as a
(1,0) 7-brane. This and other non-standard solutions will be discussed in more detail in

Subsection .9
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3 T-duality and toroidal compactification

Having discussed how dualities of string theory lead to the idea of a more fundamental
eleven-dimensional M-theory, we now turn to the symmetries that this theory should ex-
hibit, with the hope of getting more insight into its underlying structure. For this purpose,
it is convenient to consider compactifications on tori, which have the advantage of preserv-
ing a maximal amount of the original super-Poincaré symmetries, while bringing in degrees
of freedom from extended states in eleven dimensions in a still manageable way.

The approach here is similar to the one that was taken for the perturbative string
itself, where the study of T-duality in toroidal compactifications revealed the existence
of spontaneously broken “stringy” gauge symmetries (see |[33| for a review). Given the
analogy between the two problems, we shall first review in this section how T-duality in
string theory appears at the level of the low-energy effective action and of the spectrum,
with a particular emphasis on the brane spectrum. We shall then apply the same techniques
in Sections f] and [ in order to discuss U-duality in M-theory.

3.1 Continuous symmetry of the effective action

Compactification of string theory on a torus 79 can be easily worked out at the level of the
low-energy effective action, by substituting an ansatz similar to (2.4)

dsiy = gij (da’ + Al da?) (da? + Alda”) + gudatda” (3.1a)

ij=1...d , pv=0...(9—4d) (3.1b)

in the ten-dimensional action

S0= 1 [y (R+ 100y — %(dBf) , (3.2

where we omitted Ramond and fermion terms. We have also split the ten-dimensional
two-form B into d(d — 1)/2 scalars B;;, d vectors B;, and a two-form B,,.

Concentrating on the scalar sector, and redefining the dilaton as Ve=2? = [%e=2?¢ where
V = /det g [} is the volume of the internal metric, we obtain

1 1 1
Sscal = = A0y /—ge2%4 (4(8¢d)2 + ZTI 0g0g~" + ZTI g 0B g_lﬁB) . (3.3)
This can be rewritten as
1 1
Sscal = ZS——d dlo_dl' —g€_2¢d <4(8¢d)2 + gTI' 0M@M_l) s (34)

H24 denotes the internal metric g;;, except in the space-time volume element /—g multiplying the action

density.
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where M is the 2d x 2d symmetric matrix

—1 —1
M = g 9B ., M'nM=n, n= la , (3.5)
—Bg™' g—Bg'B I,

orthogonal for the signature (d, d) metric 7. The scalars g;; and B;; therefore parametrize
a symmetric manifold

_ S0(d,d,R)
~ S0(d) x SO(d)

H > M, (3.6)

where SO(d) x SO(d) is the maximal compact subgroup of SO(d,d,R). The matrix M
is more properly thought of as the SO(d) x SO(d) invariant M = V'V built out from the
vielbein in SO(d, d,R)

1/R1 1 —A% e Bll Blg
]_/Rg 1 . Bgl ng
V= . S (3.7)
R 1 Al
Ry 1

corresponding to the Iwasawa decomposition of SO(d,d,R), as will be discussed in more
detail in Section .. The two-derivative action for the scalars g;;, B;j, ¢q is therefore
invariant 23] under the action M — Q'MQ of Q € O(d,d,R), and so is the entire two-
derivative action in the Neveu-Schwarz sector, if the 2d gauge fields AZ and B;, transform
altogether as a vector under O(d, d, R), the dilaton ¢4, metric g,, and two-form B, being
invariant.

The action on the Ramond sector is more complicated, since the Ramond scalars and
one-forms transform as a spinor (resp. conjugate spinor) of SO(d,d,R), with the chiral-
ity depending on whether we consider type ITA or IIB. Elements of O(d,d,R) with (—1)
determinant flip the chirality of spinors; they therefore are not symmetries of the action
in the Ramond sector, but dualities, exchanging type IIA and type IIB theories. Indeed
it is easy to see that the R — 1/R dualities that we discussed in Subsection P.j belong
to this class of transformations. The tree-level effective action is therefore invariant under
the continuous symmetry SO(d, d, R), which extends the symmetry Si(d, R) that would be
present in the dimensional reduction of any Lorentz-invariant field theory.

3.2 Charge quantization and T-duality symmetry

Owing to the occurrence of particles charged under the gauge fields AZ and B;,, the con-
tinuous symmetry SO(d, d,R) can, however, not exist at the quantum level. For instance,
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perturbative string states have integer momenta m; and winding numbers m’ under these
gauge fields, lying in an even self-dual Lorentzian lattice I',. The 1/2-BPS states are ob-
tained when the world-sheet oscillators aLn and dLn are not excited, and satisfy the mass
formula and matching condition

M2 =m'Mm
= (m; + Bijmj)gik(m;.C + Bym!) + migijmj (3.8a)
[m|* =0, (3.8b)

where m = (m;, m?) is the vector of charges, ||m||? = 2m;m! its Lorentzian square-norm
and M is the moduli matrix given in (B.3).

On the other hand, 1/4-BPS states are obtained when the world-sheet oscillators are
excited on the holomorphic (or antiholomorphic) side only, and have mass

M? =m'Mm + |[|m|| , (3.9)

where the norm |||m]|?| is equated to the left or right oscillator number by the matching
conditions. Only the discrete subgroup preserving I', can be a quantum symmetry, and
this group is O(d,d,Z), the set of integer-valued O(d,d,R) matrices. In particular, the
subgroup Si(d,R) of SO(d,d,R) is reduced to the modular group of the torus Si(d,Z), an

obvious consequence of momentum quantization in compact spaces.

In addition to this perturbative spectrum, type 1l string theory also admits a variety of
D-branes, which are charged under the Ramond gauge potentials. Their charges take value
in another lattice, I'p, and transform as a spinor under SO(d, d,R). Again, the determinant
(—1) elements of O(d,d,Z) flip the chirality of spinors, and therefore do not preserve I'p.
As we shall see shortly, SO(d,d,Z) however does preserve the lattice of D-brane charges.
This is in agreement with the fact that this group can be seen as the Weyl group of the
extended gauge symmetries that appear at particular points in the torus moduli space, and
are spontaneously broken elsewhere [[34].

3.3 Weyl and Borel generators

In order to better understand the structure of the T-duality symmetry, it is useful to
isolate a set of generating elements of SO(d,d,Z). We define Weyl elements as the ones
that preserve the conditions

gij = R?éw y Bij =0 y (310)

that is square tori with vanishing two-form background, and Borel elements as the ones
that do not. Weyl generators include the exchanges of radii S;; : R; «+» R;, which belong
to the Sl(d,Z) modular group, as well as the simultaneous inversions of two radii T;; :
(Ri, Rj) — (1/R;, 1/ R;).

29



We choose the following minimal set of Weyl generators:

SZRZHRH-Iu ’lzld—l, (311&)
Js 1 1

T : (gs, Ry, LE— 11b

o) (Gl ) (3.110)

For convenience, we followed the double T-duality on directions 1 and 2 by an exchange of
the two radii, included the action on the coupling constant and set the string length [, to
1. Altogether, the Weyl group of SO(d, d,Z) is the finite group

W (SO(d, d)) = Zy >4 S, (3.12)

generated by the T-duality transformation 7" and the permutation group Sy of the d direc-
tions of the torusf™.

On the other hand, Borel generators include the Borel elements of the modular subgroup,
acting as 7; — ; +; on the homology lattice of the lattice, as well as the integer shifts of
the expectation value of the two-form in the internal directions B;; — B;; +1. Any element
in SO(d,d,Z) can be reached by a sequence of these transformations.

Weyl and Borel generators can be given a more precise definition as operators on the
weight space of the Lie group or algebra under consideration (see for instance Ref. [[7q] for
an introduction to the relevant group theory) [, Weyl generators correspond to orthogonal
reflections with respect to planes normal to any root and generate a finite discrete group,
while Borel generators act on the weight lattice by translation by a positive root. Any finite-
dimensional irreducible representation (of the complex Lie algebra) can then be obtained
by action of the Borel group on a, so called, highest-weight vector, and splits into orbits of
the Weyl group with definite lengths.

3.4 Weyl generators and Weyl reflections

Weyl generators encode the simplest and most interesting part of T-duality. It is very easy
to study the structure of the finite group they generate, by viewing them as orthogonal
reflections in a vector space (the weight space) generated by the logarithms of the radii.
More precisely, let us represent the scalar moduli (In gs,In Ry, ..., In Ry) as a form ¢ on a
vector space Vg1 with basis eg, e1, ..., eq, and associate to any weight vector A = 2%, +
xle; + -+ + aley, its tensionf™

d

T =N = g R RY  RY (3.13)

#13The Weyl group of SO(d, d) can actually be written as the semi-direct product Sq x (Z2)9~!, where
the commuting Zo’s are the double inversions of R; and, say, R;.

H4From this point of view, Weyl generators are not properly speaking elements of the group, but can be
lifted to generators thereof, at the cost of introducing Zs phases in their action on the step operators E,.
See for instance Appendix B in Ref. ], for a discussion of this issue in the physics literature.

#150ne could omit the 2° coordinate since g, can be absorbed by a power of the invariant Planck length
[T R:/g?, but we include it for later convenience.
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The vector A should be seen as labelling a state in the BPS spectrum, with tension 7. The
generators (B.I1]) are then implemented as linear operators on V;,; with matrices

S; = , T = (3.14)

Iq—3 Iq—3

These operators S; and 1" in (B.I9) are easily seen to be orthogonal with respect to the
signature (— + - - - 4) metric

ds? = —(dz®)? + (dz®)? + d2®(de' + - - - + dz?) | (3.15)
and correspond to Weyl reflections
a- A

A w(A) =A—2 3.16
— pa(A) — ¢ (3.16)

with respect to planes normal to the vectors
o =¢€1—¢€ , i=1...d—1 (3.17a)
Qg =€+ ey . (317b)

The group generated by S; and T is therefore a Coxeter group, familiar from the theory of
Lie algebras (see [[70] for an introduction, and [[77, for a full account). Its structure
can be characterized by the matrix of scalar products of these roots:

()* = (ap)? =2 (3.18a)

Q- Qg1 = Qg - Qg = —1. (318b)

This precisely reproduces the Cartan matrix Dy of the T-duality group SO(d,d,R), sum-
marized in the Dynkin diagram:

Oo

D2 — D3 — = Da (3.19)

The only delicate point is that the signature of the metric (B.1) on V. is not positive-
definite. This can be easily evaded by noting that the invariance of Newton’s constant
[T Ri/g? implies that all roots are orthogonal to the vector

d=e1+ - +eq—2e (3.20)
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with negative proper length 62 = —(d + 4), so that the reflections actually restrict to the
hyperplane V; normal to d:

§-x=2"=0. (3.21)

The Lorentz metric on Vyy; then restricts to a positive-definite metric g;; = d;; on Vj.
The dualities S; and T therefore generate the Coxeter group Dy, which is the same as the
Weyl group of the Lie algebra of SO(d,d,R). In order to distinguish the various real and
discrete forms of Dy, one needs to take into account the Borel generators, which we defer
to Subsection B.7.

The Dynkin diagram (B.I9) allows a number of simple observations. We may recognize
the Dynkin diagram A, of the Lorentz group SI(d, R) (denoted with +), extended with the
root () into the Dynkin diagram of the T-duality symmetry SO(d, d, R). T-duality between
type ITA and type IIB corresponds to the outer automorphism acting as a reflection along
the horizontal axis of the Dynkin diagram. The chain denoted with ()’s represents a dual
Si(d,R) subgroup, which is nothing but the Lorentz group on the type IIB T-dual torus.
The full T-duality group is generated by these two non-commuting Lorentz groups of the
torus and the dual torus.

Decompactification of the torus 7' into 79! is achieved by dropping the rightmost
root, which reduces Dy to Dy_;. When the root ay is reached, the diagram disconnects
into two pieces, corresponding to the identity SO(2,2,R) = SI(2,R) x SI(2,R), or to the
decomposition of the torus moduli space into the 7" and U upper half-planesf™. Finally,
for d = 1 the T-duality group SO(1, 1,7Z) becomes trivial, while the generator of O(1,1,Z)
corresponds to the inversion R < 1/R, not a symmetry of either type ITA or type IIB
theories.

3.5 BPS spectrum and highest weights

Having proved that the transformations S; and 7' indeed generate the Weyl group of
SO(d,d,Z), we can use the same formalism to investigate the orbit of the various BPS
states of string theory. According to (B.I3) the mass or tension can be represented as a
weight vector in Vg1, and one should let Weyl and Borel generators act on it to obtain the
full orbit. Each orbit admits a highest weight from which all other elements can be reached
by a sequence of Weyl and Borel generators (Weyl generators alone are not sufficient,
because they preserve the length of the weight).

All highest weights can be written as linear combinations with positive integer coeffi-

H6The extra Zy exchanging the two S1(2,R) factors belongs to O(2,2,R) but not to SO(2,2,R).
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cients of the fundamental weights

R
)\(1) =€ — € — MWD = —1 (322&)
Js
RiR
>\(2) =e1 +eg — 260 — MNS = 12 2 (322b)
Ry... R4
AT = e 4o oo =200 — My wns = IT“ (3.22¢)
1
)\(d_l) =€ + 4 €d—1 — 260 = —€q — MWF = R_ (322d)
d
0 1
AW =—e — Mp=— (3.22¢)
Js

dual to the simple roots, that is A®) - a; = —0; E7|.We used the symbol = for equality
modulo the invariant vector ¢ in Eq. (B.20), and the notation F',D and NS for fundamental,
Dirichlet and Neveu-Schwarz states, respectively, depending on the power of the coupling
constant involved, and w for each wrapped direction (the notation wF is justified by the
fact that the Kaluza—Klein states are in the same multiplet as the string winding states).
This is summarized in the Dynkin diagram

1

gs

AN

RiRy _  RiRoRs 1 (323)

9s Qg Rd
Ry
gs

which shows the highest weights associated to each node of the Dynkin diagram.

In particular, we see from (B.23) that the type IIA D-particle mass (M = 1/g,l;) lies
in the spinor representation dual to ay, just as do the type IIB D-string tension (7; =
1/gsl?) and D-instanton action (7_; = 1/g,), whereas the type IIB D-particle mass (M =
R;/g4l%) and type ITA D-string tension (73 = R;/g,l3) and D-instanton action (7 = R;/g,ls)
transform in the spinor representation dual to ay, of opposite chirality. On the other hand,
the Kaluza—Klein states lie in a vector representation. All highest-weight representations
can be obtained from the tensor product of these “extreme” (from the point of view of the
Dynkin diagram) representations. T-duality on a single radius exchanges the two spinor
representations, as it should.

H7The minus sign shows that we are really considering lowest-weight vectors, but we shall keep this abuse
of language.
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3.6 Weyl-invariant effective action

In the previous subsections, we have discussed how the Weyl group of SO(d, d) arises as
the finite group generated by the permutations and double T-duality (B.I1)), whereas the
low-energy action itself is invariant under the continuous group SO(d, d,R). This has been
checked in the scalar sector in Eq. (B.4)), by direct reduction of the 10D effective action on
T?. It is however possible to rewrite the full action in a manifestly Weyl-invariant way, by
a step-by-step reduction from 10D, as was originally developed in Ref. [RI§] in the context
of 11D supergravity. This procedure leads to a clear identification of “dilatonic” scalars,
which appear through exponential factors in the action and include the dilaton g; and the
radii R; of the torus, versus “Peccei—Quinn” scalars which have constant shift symmetries
and are better thought of as 0-forms with a 1-form field strength.

Each field strength F'®) gives rise to field strengths of lower degree F, @ \yith internal

21.. Z ?
indices 4; ...7, (given by the exterior derivative of a (¢ — 1)-form up to "Chern-Simons

corrections), while the metric gives rise to Kaluza-Klein two-form field strengths 7?7 and

i(1)

one-form field strengths F;*7, i < j, of the vielbein components in the upper triangular

gauge
gun = ExER npq (3.24a)
R 1AL AL AL A
Ry VNNV VT
BN = K . K ‘ . (3.24b)
R, 1 Azll_l Aﬁ_l
d
R, 1| oA
EY [11-a

where E denotes the vielbein in the uncompactified directions. The action (E77]) in the

Neveu—Schwarz sector then takes the simple form:
OR;\° Ri i\’
E F
Ri ) ' . (Rj J
1<)

gy ey () - )

where the first five terms come from the reduction of the Einstein—Hilbert term and the
last three terms from the kinetic term of the two-form.

v
Snsao-a = [ 7%/ =g —=
931

R+(8¢)2+;<

. (3.25)

Putting together the forms of the same degree, we see that their coefficients form the
Weyl orbit ®,, of the string tension (f ) the Weyl orbit ki of the Kaluza—Klein and
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winding states (.7-"/&2)), and the set of positive roots &, = {e; £ e;,i < j} (]—",gl)). We can
therefore rewrite the action in the Weyl-invariant form:

2
Ssions = [0y gty [R+0p-0p 4 Ty, 10 (AL))

—2(p,A\) f@) 2 —2{(p,\) f‘(3) 2 3.26
2 by € V) s, © A ; (3.26)

where ¢ = (Ings,In Ry, ..., In Ry) is the vector of dilatonic scalars, (¢, A) the duality bracket
in Eq. (B:I3) and dyp - Op the Weyl-invariant kinetic term obtained from the non-diagonal
metric (B.15]). A diagonal metric on the dilatonic scalars is recovered upon going to the
Einstein frame.

The Weyl group acts by permuting the various weights appearing in Eq. (B.26), and the
invariance in the gauge sector is therefore manifest. As for the scalars, the set of positive
roots @, is not invariant under Weyl reflections, but the Peccei-Quinn scalars undergo
non-linear transformations A©® — e=2¢® A that compensate the sign change [220]. The
Peccei-Quinn scalars therefore appear as displacements along the positive (non-compact)
roots. Together with the dilatonic (non-compact) scalars ¢, they generate the solvable Lie
subalgebra that forms the tangent space of the moduli space H |8, B, [, BL1]-

We have so far concentrated on the Neveu-Schwarz sector, but the same reasoning
can be applied to the full type Il action. The T-duality Weyl symmetry can, however,
be exhibited only by dualizing the p-form gauge fields G® = dR®~Y into lower rank
(10 — d — p)-form gauge fields when possible, and keeping them together when their dual
when the self-duality condition 10 — d — p = p is satisfied. We then obtain, for the action
of the Ramond fields

2 2
SRR = fdlo_dif\/—_g % [Z,\@DI e e (g,(\l)> + Z,\ecbm e e <g§2)>

—2(p,A) [ 23) 2 —2(p,\) [ o4) 2
+ZAE¢D16 7 (g)\ ) +Z)\E<I)D2e 7 <g)\ ) ) (327)

where ®p1,Ppo,Pp;1,Pps denote the Weyl orbits with highest weight 1/g,R;, 1/gsls, R;/gsl?,
1/gsl3 respectively, corresponding in turn to the two spinor representations.

3.7 Spectral low and Borel generators

Having discussed the structure of the Weyl group we now want to investigate the full
SO(d,d,Z) symmetry. For this purpose, it is instructive to go back to the perturbative
multiplet of Kaluza—Klein and winding states. The action of the Weyl group on the highest
weight 1/Ry of the vector representation generates an orbit of 2d elements, 1/R; and R;.
However, a particle can have any number of momentum excitation along each axis, and
wind along any cycle of the torus 7. It is therefore described by integer momenta m, and
winding numbers m’, so that its mass on an arbitrary torus reads

M? =m;g"m; +migym? | ij=1...d, (3.28)
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when B;; = 0. This mass formula is then invariant under modular transformations 7' —
v' + AA%y7 of the torus, i.e. integer shifts A7 — A} + AA? of the off-diagonal term of the
metric (no sum on @)

ds? = R¥(dx" + A;d:vj)z + gjrdx? dz* | (3.29)
upon transforming the momenta and winding as
my, — my — AALm,; . mP — mF + 5fAA§-mj ) (3.30)

This transformation generates a spectral flow on the lattice of charges m; and m/.

In addition, being charged under the gauge potential B,,;, the momentum of the particle
shifts according to m; — m; = m; + B;;m’, yielding the mass (B-§). From this, we see that
the Borel generator B;; — B;; + AB,;; induces a spectral flow

my — my + ABjkmj . omF—mk . (3.31)

The two spectral flows (B.3() and (B.31]) can be understood in a unified way as transla-
tions on the weight lattice by positive roots. Indeed, the set of all positive roots of SO(d, d)
includes the Si(d) roots e; —e;, 7 < j, images of the simple roots o; = e;41—e;,1 <i < d—1
under the Weyl group S; of Si(d), as well as the roots e; + e;, which are images of the
T-duality simple root oy = e; +e5. The translation by a root e; — e; generates infinitesimal
rotations in the (4, j) plane™:

Al —ep) = —AAL —¢), Aley) = 5?AA§|ej) (3.32)

equivalent to the spectral flow in Eq. (B.30), whereas translations by a root e; + e, generate
an infinitesimal B;; shift:

as in Eq. (B.31). The moduli A} and By; can therefore be identified as displacements on
the moduli space ‘H along the positive roots e; — e; and e; + e;. We note that the two
displacements do not necessarily commute and that only integer shifts are symmetries of
the charge lattice.

3.8 D-branes and T-duality invariant mass

In order to study the analogous properties of the D-brane states, we may try to write down
the moduli matrix Mg € SO(d,d,R)/SO(d) x SO(d) in the spinorial representation and
look for the transformations of charges that leave the mass m!Mgm invariant, when now m
is a spinor of D-brane charges. It is in fact much easier to study the D-brane configuration
itself and compute its Born-Infeld mass [255, [59].

H8The Borel generators E, actually either translate the weight vectors A or annihilate them.
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BPS D-brane states are obtained by wrapping Dp-branes on a supersymmetric p-cycle
of the compactification manifold. In the case of a torus 7%, this is simply a straight cycle,
and in the static gauge the embedding is specified by a set of integer (winding) numbers
Ni:

X'=No*, i=1...d, a=1...p, (3.34)

where o® and X* are the space-like world-volume and embedding coordinates respectively.
The numbers N! can, however, be changed by a world-volume diffeomorphism, and one
should instead look at the invariant
ikl _ _aBys nri ATd ATk ATl

mH = PO NI NINENG (3.35)
where we restricted to p = 4 for illustrative purposes. m“* is a four-form integer charge
that specifies the four-cycle in 7. In addition, the D-brane supports a U(1) gauge field
that can be characterized by the invariants

. 1 . 1
m¥ = 56‘%5]\7;]\%1% , M= geamFaﬁFwé , (3.36)

which are again integer-valued, because of the flux and instanton-number integrality. The
charges N' = {m, m" m%* _ .} constitute precisely the right number to make a spinor
representation of SO(d,d,Z) when p = d or p = d + 1 (depending on the type of theory
and dimensionality of the torus); indeed, the spinor representation of SO(d, d) decomposes
under Si(d) as a sum of even or odd forms, depending on the chirality of the spinor. The
Chern—Simons coupling (E:3§) can be rewritten in terms of these charges (up to corrections
when B # 0) as

> ’ 1 .. 1 ..
/€B+a FR = mRgy + §m”7?,0ij + Em”klRo,’jkl + ... (337)
so that (for p = 4) the instanton number m can be identified as the DO-brane charge, the
flux m* as the D2-brane charge and m”* as the D4-brane charge. Configurations with

m # 0 exist in SYM theory on a torus, even for a U(1) gauge group, and correspond to
torons [BU3, [[50, [[51].

The mass of the wrapped D-brane can be evaluated by using the Born-Infeld action
(B=37), and depends only on the parametrization-independent integer charges m, m*, m*“* ...
Explicitly, we obtain, for p = d, the T-duality invariant mass formula:[T]

1, 1 1

2 ~ ~ ij\2 ~ ijklN2
M - g2l2m + 2 g2l6 (m]) + 4! g2llo (m] ) + ... (338&)
5 L i L ikl
- - 1 -
mi = m”+§WW”BM+.“ (3.38¢)
ik = ik (3.38d)

H9This expression was originally derived in Ref. by a sequence of T-dualities and covariantizations.
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where the dots stand for the obvious extra terms when d > 4. A similar expression holds
for p = d + 1 and yields the tension of D-strings:

1 , . 1 .
2 ~ 3\2 ~ 17k\2 ~ 17kllN2
~ i i Lk L ki
m' = m'+ 3 Bj, + gm Bk B + . .. (3.39b)
- - 1 -
mik = ik imlm’]kBlm +... (3.39¢)
iaklm - — iaklm (3.39d)
where the integer charges read, e.g. for p =5,
mim = P NI NI NENGN T (3.40a)
g 1 o
ik afyde nTi k
mt = 3¢ K ]\CJ\%]\C,FC;E (3.40Db)
i 1 i
m = geaﬁ’yéeNaFB'yF& . (340C)

The mass formulae (B-3§) and (B-39) hold for 1/2-BPS states only; they are the analogues
of Eq. (B.§) for the two spinor representations of SO(d, d). They can be derived by analysing
the BPS eigenvalue equation in a similar way as in Subsection B.3. This analysis is carried
out in Appendix [A.3, and yields, in addition, the conditions for the state to be 1/2-BPS,
as well as the extra contribution to the mass in the 1/4-BPS case. In the d < 6 case, we
find a set of conditions:

B =l M 4 i — (3.41a)
ki;jklmn = mi[jmklmn} +m mijklmn =0 (341b)
iisklmnpg  —  pijyp klmnpg o ijlkl, mnpg] _ () (3.41c)

analogous to the level-matching condition ||m||? = 0 on the perturbative states. In contrast
to the latter, they have a very clear geometric origin, since they can be derived by expressing
the charges m in terms of the integer numbers N/ (Eq. (B:3§)). For d = 6, they transform
in a 154 36 + 15 = 66 irrep of the T-duality group SO(6,6,Z). The last line in (B.41)
drops when d = 5, giving a 5+ 5 = 10 irrep of SO(5,5,7Z). When d = 4, only the
k1234 = m2 Am? + m m* = 0 component remains, which is a singlet under SO(4, 4, Z).

When the conditions n = 0 in (B4]]) are not met, the state is at most 1/4-BPS, and its
mass receives an extra contribution, e.g. for d = 5:

1 1 . 1 . 1 /502 1 /- 2
M2 — W 'ﬁl2 4 ﬁ (mzj)2 + M (mzykl)2 + \/M <kwkl> + W <kz;yklmn) ‘ , (342)
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where the shifted charges are given by
]%ijkl _ kijkl + ankm;nijkl ’ ]%i;jklmnp _ ki;jklmnp ) (343)

For d = 6, there are still conditions to be imposed in order for the state to be 1/4-BPS

instead of simply 1/8-BPS, which are now cubic in the charges m and transform as a 32
of SO(6,6,Z) (see Appendix [ and Subsection b.9).
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4 U-duality in toroidal compactifications of M-theory

T-duality is only a small part of the symmetries of toroidally compactified string theory,
namely the part visible in perturbation theory. We shall now extend the techniques of
Section [ in order to study the algebraic structure of the non-perturbative symmetries,
which go under the name of U-duality. In this section, we focus on the subgroup of the
U-duality symmetry that preserves compactifications on rectangular tori with vanishing
expectation values of the gauge potentials. The most general case of non-rectangular tori
with gauge potentials, for which the full U-duality symmetry can be exhibited, is discussed
in the next section.

4.1 Continuous R-symmetries of the superalgebra

As in our presentation of uncompactified M-theory in Section P, the superalgebra offers a
convenient starting point to discuss the symmetries of M-theory compactified on a torus
T? The N =1, 11D supersymmetry algebra is preserved under toroidal compactification:
the generators @), merely decompose as bispinor representations of the unbroken group
SO(1,10 — d) x SO(d), and form an N-extended super-Poincaré algebra in dimensions
D = 11 — d. The first factor SO(1,10 — d) corresponds to the Lorentz group in the
uncompactified dimensions and is actually part of the superalgebra, while the second only
acts as an automorphism thereof, and is also known as an R-symmetryf?]. There can be
automorphisms beyond the obvious SO(d) symmetry, however, and these are expected to
be symmetries of the field theory.

This symmetry enhancement can be observed at the level of the Clifford algebra itself
[L87, P20]. The Gamma matrices T'y;, M = 0,d + 1...10 of eleven-dimensional super-
symmetry can be kept to form a (reducible) Clifford algebra of SO(1,10 — d), while the
matrices I';, I = 1...d form an internal Clifford algebra. Note that we have chosen here,
in contrast to the notation of the rest of the review, the internal indices running from 1 to
d. The generators I';; generate the SO(d) R-symmetry, but they can be supplemented by
generators I'; to form the Lie algebra of a larger R-symmetry group SO(d + 1) 7. It was
the attempt to exhibit the SO(8) symmetry of 11D SUGRA compactified on T7 that led
to the discovery of hidden symmetries [[/J].

The R-symmetry group is actually larger still. Consider the algebra generated by
I'2), I'3), T'6), I'(7), where the subscripts denote the number of antisymmetric internal in-
dices, and the corresponding generators are dropped when the number of internal directions
is insufficient:

e For d = 2, the only generator I';; = I'15 generates a U(1) R-symmetry.

120The R-symmetry is actually part of the local supersymmetry, but we are only interested in its global
flat limit.

121 This is the basis for the twelve-dimensional S-theory proposal [@] It is important that these generators
commute with the momentum charge CT',,.
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e For d =3, I';s) and I'(3) commute, and generate an SO(3) x U(1) symmetry.

o For d = 4, I'gy = 'y 'y, where I'|_ is the space-time or internal chirality (see Eq.
(A1) and, together with I'(5), generates an SO(5) symmetry.

o For d =5, ') £ 1 T'(3) generate two commuting SO(5) subgroups.

e Lor d =6, I'sy appears in the commutator [I'3), I'(3)] and a USp(8) is generated.

e For d = 7 (resp. d = 8) the generator I'(7) comes into play and one obtains an

SU(8) x U(1) (resp. SO(16)) R-symmetry group.

The various R-symmetry groups are summarized in the right column of Table f.1, which
furthermore gives the decomposition of the 528 central charges on the right-hand side of
Eq. (B:I34) under the Lorentz group SO(1,10 —d) in the uncompact directions and the R-
symmetry group. The various columns correspond to distinct SO(1, 10—d) representations,
after dualizing (moving) central charges into charges with less indices when possible. In
all these cases, the superalgebra can be recast in a form manifestly invariant under the
R-symmetry. Here we collect the cases D = 4,5,6, including the central charges, which
transform linearly under the R-symmetry:

e For D =4 (d = 7), the 32 supercharges split into 8 complex Weyl spinors transforming
as an 8 @ 8 of SU(8):

{Qaa, Q) = UZB Py 04p (4.1a)
{Qan, Qs} = €apZan (4.1b)
{QaA, Qg‘g} = €5 Zap (4.1¢)

where = 0,1,2,3 are SO(3, 1) vector indices, o, & = 1,2 are Weyl spinor indices,
and A, A=1,---,8 are 8, 8 indices of SU(8). The central charges are incorporated
into a complex antisymmetric matrix Z,p.

e For D = 5 (d = 6), the 32 supercharges split into 8 Dirac spinors of SO(4,1),
transforming in the fundamental representation of USp(8). The N = 8 superalgebra
in a USp(8) basis is

{Qan, @} = P (CY") 5 Qap + Cop Zap (4.2)

where = 0,1,2,3,4 are SO(4,1) vector indices, « = 1,2,3,4 are Dirac spinor in-
dices, A =1,--- 8 are indices in the 8 of USp(8), and 24 is the invariant symplectic
form and Zp is the central charge matrix.

e For D =6 (d = 5), the 32 supercharges form 4 complex spinors transforming in the
(4,1) + (1,4) of SO(5) x SO(5) and the superalgbra takes the form

{Qa, Q5 = W™ hspu, (4.3)
{ Z,Q%} = 6,52, (4.4)
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where a,b = 1,...,4 are SO(5) spinor indices and w® is an invariant antisymmet-

ric matrix, from the local isomorphism SO(5) = USp(4).

The 16 central charges

are incorporated in a matrix Z% transforming as a bispinor under the R-symmetry
SO(5) x SO(5) and satisfying the reality condition Z* = wZw".

The R-symmetries that we have discussed here will be of use in the next section to determine
the scalar manifold of the compactified 11D SUGRA and hence the global symmetries.

p=0

p=1

a p=3 p=4 p=
Qa ZZIIJ,KZI:[];; gz;ﬁ; Zi};IJK Z/u/pIJ Zul/pa] ZwpaT H
140 T+1 1 "
(,16) +0 +0 +0 0 ! 1 L
211 1+ 2 ]
(2,16) +0 +0 1_+10 1 +2 D so)
=2+1 =241 o =241 move
+
(2,8%) 3;)3 1;)3 141 | 3+ fg_ 1) | so@)
F287) | _grig- | gy | THFL | =3F1 g g | mee | XU(D)
116 1+4 1+4
(4,8) +0 1 N X (4) D soe)
— 10 — 5 _'_ 1 — 5 _'_ 1 - move move
115
= 5410 +5+[1 1+10 |10"+ 10
(4,3) e I SO e ) | soe)
’ =(4.4) +(1,5) =(4,4) | +(1,10) meve e
+2(1,1)
61615 1+6 1+ 20 (15) © 0
(8,4) | e | s USp(8)
_ariq | =21 | =36
7121 .
(8+,2) 121 1£ 4355 | (21) (7)
+(8_7 2) +[7] 35+ [21] = 360 move move 0 SU(8)
—63+1
_ 28,
8§+ 28
148470
(16,2) 96 +456 | 1F50) (28) 0 0 | so(e)
+[28] _ 135 _'_ 1 move move
—120 |~

Table 4.1: Classification of the supercharges and central charges w.r.t the Lorentz/R-
symmetry group SO(1,10 — d) x H. Trreps of H are in bold face. Charges in parenthesis
are Poincaré-dualized (moved) into charges in square brackets. Adapted from Ref. [27].
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4.2 Continuous symmetries of the effective action

In our discussion of the continuous symmetry of the effective action of the toroidally com-
pactified type IIA theory in Subsection B.I], we have intentionnally focused our attention
on the Neveu—Schwarz sector, and have briefly described how the Ramond fields would
transform under the symmetries of the Neveu—Schwarz scalar manifold. The distinction
between Neveu-Schwarz and Ramond sectors is however an artefact of perturbation theory
and, as we discussed in Section I, the two sets of fields are unified in the 11D SUGRA
description. They mix under the eleven-dimensional Lorentz symmetries unbroken by the
compactification on T [#, namely Si(d,R). The low-energy effective action therefore
admits a continuous symmetry group (G4 containing

SO(d—1,d — 1,R) > Si(d,R) , (4.5)

where the symbol > denotes the group generated by the two non-commuting subgroups.
As found by Cremmer and Julia |2, [87], the groups G4 turn out to correspond to the
Eq(ay series, listed in Table .2

D|d| Gi=Eyy H,

101 R 1

912 | Si(2,R) x Rt U(1)

813 | SI(3,R) x SI(2,R) | SO3) x U(1)
714 | Si5,R) SO(5)

6|5 | SO(5,5R) SO(5) x SO(5)
516 || Ege USp(8)

4| 7| B SU(8)

318 || Exe SO(16)

Table 4.2: Cremmer—Julia symmetry groups and their maximal compact subgroups.

The notation Eyg) denotes a particular non-compact form of the exceptional group £y,
namely its normal real formf?J, and from now on this distinction will be omitted. As ev-
ident from their Dynkin diagrams shown in Table [I.3, the groups E,; form an increasing
family, whose members are related by a process of group disintegration reflecting the de-
compactification of one compact direction in 7¢. This is displayed in Table {.3, and will
be discussed more fully in the next subsection.

The occurrence of these groups can be understood by fitting the number of scalar fields
(including the duals of forms of higher degree) to the dimension of a coset space G4/ Hg,

22 Note that d has been upgraded by one unit with respect to the previous section.

123 The normal real form has all its Cartan generators and positive roots non-compact, and is the maximal
non-compact real form of the complex algebra F,4(C) [[158, [137].
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1 1 1
E5:D5 T
o—0O0—0O—=0
1 2 2 1
Es T
o—O0——0O0——0——=0
1 2 3 2 1
E; T
oO—O0—O—C0—C0——-—O0
2 3 4 3 2 1
Fjg 1)
o—O0—NO—C0O—CO——C0—=0
2 4 6 ) 4 3 2
Ey = By T
O—O0O0——O0——O0—~0O0—0C0——=0
2 4 6 ) 4 3 2

®
1

Table 4.3: Dynkin diagrams of the E; series. The group disintegration proceeds by omitting
the rightmost node. The integers shown are the Coxeter labels, that is the coordinates of

the highest root on all simple roots.



where H,; is the R-symmetry of the superalgebra described in the previous section. In
order to have a positive metric for the scalars, it is necessary that H; be the maximal
compact subgroup of G;. Together with the dimension of the scalar manifold, this suffices
to determine Gj.

Scalar fields arise from the internal components of the metric gr; of the torus 7%, and
from the expectation value of the three-form gauge field C;;x on T% they also arise from
the expectation value &y rvn on T of the six-form dual to Cyyp in eleven dimensions,
or equivalently the expectation value of the scalar dual to the three-form C,,, in D = 5,
the axion scalar dual to the two-form C,,; in D = 4, or to the one-form C,;; in D = 3;
similarly, the Kaluza—Klein gauge potentials g,; can be dualized in D = 3 into scalars Ky,
which can be interpreted as the expectation value K. jxrymnpor on T? of the magnetic
gauge potential dual to gy in eleven dimensions. The counting is summarized in Table
4. The factor R appearing in D = 10 and D = 9 corresponds to the type IIA dilaton,
and generates a scaling symmetry of the effective action, called trombonne symmetry in
Ref. [7§]. Note that a quite different U-duality group would be inferred if one did not
dualize the Ramond fields into fields with less indices [219, [4], or if one would considerer
Euclidean supergravities [[[74, [7).

An analogous counting has been performed in Tables [L.5 and [L.§ for one-form and two-
form potentials, inducing particle and string electric charges, respectively. The latter can
be put in one-to-one correspondence to the central charges of the supersymmetry algebra
discussed in the previous section, with two exceptions. Firstly, the Lorentz-invariant central
charge Z%1231 in five dimensions, where 0...4 denote the five space-time dimensions, does
not correspond to any one-form potential |B1, Rq|[%] This truncation of the superalgebra
is consistent with U-duality and is of no concern, except for the twelve-dimensional origin
of M-theory. Secondly, there are only 120 Lorentz singlet central charges in D = 3 for 128
gauge potentials (equivalently, there are only 64 Lorentz vector charges in D = 4 for 70 two-
form gauge fields). As we shall see shortly, U-duality implies that there should in fact be
248 electric charges in D = 3 (133 string charges in D = 4), yielding a linear representation
of the duality group Eg (resp. E7). Of course, the notion of electric charge is ill-defined in
D = 3, where a one-form (or a two-form in D = 4) is Poincaré-dual to a zero-form and a
particle (or a string) to an instanton. Another manifestation of the pathology of the D = 3
case is the non-asymptotic flatness of the point-like solitons (or string-like in D = 4), and
the logarithmic divergence of the kernel of the Laplacian in the transverse directions. In
spite of these difficulties, we shall pursue the algebraic analysis of these cases in the hope
that they can be resolved.

If the charges m under the gauge fields can be put in one-to-one correspondence with the
central charges Z, they are nevertheless not equal: the gauge charges are integer-quantized,
as we will discuss in the next subsection, whereas the central charges are moduli-dependent

124Bquivalently, the central charges Z°1234, 702345 transform as a vector in six space-time dimensions.
These charges could be attributed to a KK6-brane, if only the KK6-brane did not need six compact
directions to yield a string, and seven to yield a particle state.
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linear combinations of the latter:
Z=Y-m, (4.6)

where V is an element in the group G, containing the moduli dependence; it is defined up to
the left action of the compact subgroup K = H,, inducing an R-symmetry transformation
on Z.

The local H; gauge invariance can be conveniently gauge-fixed thanks to the Iwasawa

decomposition (see for instance [203, 32])
V=k-aneK-A-N (4.7)

of G4 into the maximal compact K, Abelian A and nilpotent N. A natural gauge is obtained
by taking K = 1, in which case the “vielbein” V becomes a (generalized) upper triangular
matrix V = a-n. The Abelian factor A is parametrized by the “dilatonic scalars”, namely the
radii of the internal torus, whereas the nilpotent factor NV incorporates the “gauge scalars”,
namely the expectation values of the gauge fields (including the off-diagonal metric, three-
form and their duals) on the torus. G4 acts on the charges m from the left and on V from
the right. The transformed V' can then be brought back into an upper triangular form by
a moduli-dependent R-symmetry compensating transformation on the left. This implies
that the central charges Z transform non-linearly under the continuous U-duality group
Gy. For the case of T-duality in type II string theory this decomposition is given in Eq.
(B.7). In Section fl, we shall obtain an explicit parametrization of V in terms of the shape
of the torus and the various gauge backgrounds.

D|d| g|Cs| & | Kys | total scalar manifold
101 1 1 R
9121 3 3 SI(2,R)/U(1) x Rt
813 6| 1 71 SI(3,R)/SO(3) x SI(2,R)/U(1)
71410 4 14 Si(5,R)/SO(5)
651 15|10 25 SO(5,5,R)/SO(5) x SO(5)
56 21]20] 1 42 Ese)/USp(8)
41712835 7 70 Eq77y/SU(8)
3181 365628 8 || 128 FEg(5)/S0(16)

Table 4.4: Scalar counting and scalar manifolds in compactified M-theory.

4.3 Charge quantization and U-duality

As in the case of T-duality, the continuous symmetry Eqq)(R) of the two-derivative effec-
tive action cannot be a symmetry of the quantum theory: the gauge potentials transform
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D|d|g|Cs| & | Kig | total | charge representation
10141 1 1
922 1 3 3 of SI(2)
81313 3 6| (3,2) of SI(3) x SI(2)
71414 6 10 10 of SI(5)
6155 10] 1 16 16 of SO(5,5)
516(]6|15] 6 27 27 of Eg )
al7|7l21]21] 7 56 56 of Err)
3188|2856 36| 128 248 of Lys)

Table 4.5: Vectors and particle charge representations in compactified M-theory.

Did|g|Cs| & | Kis | total | charge representation
101 1 1 1
9|2 2 2 2 of Si(2)
813 3 31 (3,1) of SI(3) x SI(2)
74 41 1 5 5 of SI(5)
615 51 5 10 10 of SO(5,5)
516 6|15 6 27 27 of Eg g
4|7 7135 28 70 133 of Er(p

Table 4.6: Two-forms and string charge representations in compactified M-theory.

non-trivially under Ej;, and the continuous symmetry is therefore broken by the existence
of states charged under these potentials. At best there can remain a discrete subgroup
E4a)(Z), which leaves the lattice of charges invariant. For one thing, a subset of the
charges corresponds to the Kaluza—Klein momentum along the internal torus, and are
therefore constrained to lie in the reciprocal lattice of the torus. Another subset of charges
corresponds to the wrapping numbers of extended objects around cycles of 79, and are
then constrained to lie in the homology lattice of T

A way to determine the remaining discrete subgroup is to consider M-theory compact-
ified to D = 4 dimensions, in which case Poincaré duality exchanges gauge one-forms with
their magnetic duals [[73]. In this dimension, Dirac—Zwanziger charge quantization takes
the usual form

min, —m'n; € Z (4.8)

for two particles of electric and magnetic charges m! and n; respectively, and 4 runs from
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1 to 28, as read off from Table [L.5. This condition is invariant under the electric-magnetic
duality Sp(56,7Z), under which (m’, n;) transforms as a vector. The exact symmetry group
is therefore at most

Ery(Z) C Erq)(R) N Sp(56,Z) (4.9)

This translates into a condition on Eqq)(Z) for d < 7 by the embedding Fya)(Z) C E77)(Z).
A similar condition can be obtained in D = 3, where all one-forms are dual to scalars.

The condition (f.9) requires a precise knowledge of the embedding of E77)(R) in Sp(46, R).
Instead, we shall take another approach, and postulate that the U-duality group of M-theory
compactified on a torus T? is generated by the T-duality SO(d — 1,d — 1,Z) of type IIA
string theory compactified on 79!, and by the modular group SI(d,Z) of the torus T

Eya)(Z) = SO(d —1,d — 1,Z) = SI(d, Z) . (4.10)

The former was argued to be a non-perturbative symmetry of type IIA string theory, as
discussed in the previous section, while the latter is the remnant of eleven-dimensional
general reparametrization invariance, after compactification on a torus 7% it is therefore
guaranteed to hold, as long as M-theory, whatever its formulation may be, contains the
graviton in its spectrum. The above construct is therefore the minimal U-duality group,
and since it preserves the symplectic condition ([.§)] also the maximal one.

In the d = 2 case, the U-duality group ([.I() is the modular group SI(2,Z) of the M-
theory torus, which in particular contains the exchange of R, and Ry; translated in type IIB
variables, this is simply the S1(2,Z) S-duality of type IIB theory (in 9 or 10 dimensions),
which contains the strong-weak coupling duality gs — 1/gs, as can be seen from Eq. (B.43).
Note that we do not expect any quantum symmetry from the trombonne symmetry factor
R*. For d = 3, the T-duality group splits into two factors SI(2,Z) x SI(2,7Z), one of which
is a subgroup of the modular group SI(3,Z) of the M-theory torus 7°. The definition
(E10) therefore yields Eg3)(Z) = SI(3,7Z) x SI(2,7Z) and is the natural discrete group of
Es. Ford =4, SO(3,3,Z) is isomorphic to a Sl(4,7Z) (in the same way as SO(6) ~ SU(4))
which does not commute with the modular group SI(4,Z) of M-theory on a torus T
Altogether, they make the SI(5,7Z) subgroup of Eyu4)(R) = SI(5,R). For d = 5, we obtain
the SO(5,5,Z) subgroup of E5i)(R) = SO(5,5,R). For d > 6, this provides a definition of
the discrete subgroups of the exceptional groups Eyq) (R)PY. These groups are summarized
in the rather tautological Table 7. We note that it is crucial that the groups Eqq)(R)
be non-compact in order for an infinite discrete group to exist. The maximal non-compact
form is also required in order that all representations be real (i.e. that the mass of a particle
and its anti-particle be equal, see Section [.§).

125\ verification of this statement requires a precise knowledge of the branching functions of Sp(56) into
E7.

126This is particularly interesting in the d > 9 case, where we obtain discrete versions of affine and
hyperbolic groups, see Section E
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D|d Eqq)(R) Eq)(Z)

10 | 1 1 1

92 SI(2,R) SI(2,2)
8|3 | S13,R) x SI(2,R) | Si(3,Z) x SI(2,7)
74 Si(5,R) Si(5,7)
65| SOG.5R) SO(5,5,7)
5|6 Eg(e) (R) Eee) (Z)
417 Er)(R) Err)(Z)
318 Ey(s) (R) By (Z)

Table 4.7: Discrete subgroups of Ej.

4.4 Weyl and Borel generators

A set of generators of the U-duality group can easily be obtained by conjugating the T-
duality generators under Sl(d,Z). The Weyl generators now include the exchange of the
eleven-dimensional radius R, with any radius of the string-theory torus 79!, in addition
to the exchange of the string-theory torus directions among themselves and T-duality on
two directions thereof. It is interesting to rephrase the latter in M-theory variables, using

relations (R.1) and (B.11)):

3 1 3 [6
T, : Ri L Rj— =2, R, P I3 P 4.11
T RERC YT RE T RER " RiRR, (4.11)

These relations are symmetric under permutation of ¢, j, s indices, and using an Ry < R,
transformation, we are free to choose i, j, s along any direction of the M-theory torus 7.
The M-theory T-duality therefore reads

3 3 3 18
) RJ - ) RK - L ) lg - -
R;Rg Ry Ry R/R; P RiR;Ry

and in particular involves three directions, contrary to the naive expectation. We em-
phasize that the above equation summarizes the non-trivial part of U-duality, and arises
as a mixture of T-duality and S-duality transformations. It can in particular be used to
derive |Antoniadis:1999rm| the duality between the heterotic string compactified on 7%
and type ITA compactified on K3 in the Horava-Witten picture [Horava:1996ma|, and thus
unify all vacua with 16 supersymmetries. We however restrict ourselves to the maximally
supersymmetric case in this review.

Tk : R —

(4.12)

The Weyl group can be written in a way, similar to Eq. (B-I12)F*]:
W (Ey) = Zo 4 Sy (4.13)

27This equation holds for d > 3 only; when d < 3 the Zy symmetry (f.13) collapses and only the
permutation group Sy remains.
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but it should be borne in mind that the algebraic relations between the Z, symmetry T'o3
and the permutations S;; are different from those of the T-duality generators 715 and
Sij; in addition d differs by one unit from the one we used there. We also note that the
transformations 17y and Sy; preserve the Newton’s constant

1 JIRr Vg
- B (4.14)
K2 19 19

where we have defined Vi to be the volume of the M-theory compactification torus.

On the other hand, the Borel generators now include a generator v; — 7;+, that mixes
the eleven-dimensional direction with the other ones, as well as the T-duality spectral flow
B;; — B;; + 1, from which, by an Ry < R; conjugation, we can reach the more general
M-theory spectral flouf

Crik:Cyxk = Cryx + 1. (4.15)

We should also include a set of generators shifting the other scalars from the dual gauge
potentials, as explained in Section [.2:

Epykiun + Eryxpmun — Eryxkimn + 1 (4.16a)
Krykrmneor @ Kruxruneor — Krakpuneor+1 . (4.16b)

These scalars and corresponding shifts are needed for d > 6 and d > 8 respectively. For
d > 9, as will become clear in Section [L.f, the enlargement of the symmetry group to an
affine or Kac-Moody symmetry requires an infinite number of such Borel generators. As we
shall see in Subsection p.4, the Borel generators (f.I6) can be obtained from commutators
of C;jk transformations.

4.5 Type IIB BPS states and S-duality

Before studying the structure of the U-duality group, we shall pause and briefly discuss the
action of the extra Weyl generator Ry <+ Rg on the type IIB side. Using the identification
(R.43) to convert to type IIB variables, this action inverts the coupling constant and rescales
the string length as

1

%HE,@H@%, (4.17)

in such a way that Newton’s constant 1/(g2l%) is invariant. Its action on the BPS spectrum

can be straightforwardly obtained by working out the action on the masses or tensions, and
is summarized in Table [[.§.

In this table, we have displayed the action of the Z, Weyl element only. Under more
general duality transformations, the fundamental string and the NS5-brane generate orbits

128 A5 discussed in Subsection f.4, the C shift actually has to be accompanied by £ and K shifts to be a
symmetry of the equations of motion.
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state tension || S-dual | dual state
1 1 .
D1-brane PE F F-string
D3-brane L L D3-brane
gsls gsls
D5-brane L —L= | NS5-brane
gs1$ 9218
2 2
KKb5-brane }f—lg Lial KKb5-brane
9318 gsle
D7-brane 9‘118 gg% 73-brane
Sts s's
D9-brane gs% ‘g‘l% 94—brane

Table 4.8: S-dual type IIB BPS states.

of so called (p, q) strings and (p, ¢) five-branes. The former can be seen as a bound state of p
fundamental strings and ¢ D1-branes, or (in the Euclidean case) as a coherent superposition
of ¢ D1-branes with p instantons [Z00]. The (p, g) five-branes similarly correspond to bound
states of p NS5-branes and ¢ D5-branes.

On the other hand, the action of S-duality on the D7 and D9-brane yields states with
tension 1/¢2 and 1/g? respectively. These exotic states will be discussed in Subsection
.9, where our nomenclature will be explained as well. Again, such states have less than
three transverse dimensions, and do not preserve the asymptotic flatness of space-time and
the asymptotic constant value of the scalar fields. In particular, the D7-brane generates a
monodromy 7 — 7 + 1 in the complex scalar 7 at infinity. Its images under S-duality then
generate a more general SI(2,Z)p monodromy

M:(l_pq P’ ) (4.18)

—-¢* 1l+pg

ascribable to a (p,q) 7-brand™]. We finally remark that the relations in Table [.§ can
also be verified directly using the Ry < Ry flip and the M-theory/IIB identifications as
(un)wrapped M-theory branes, given in Tables P.5 and P.4.

4.6 Weyl generators and Weyl reflections

In order to understand the occurrence of the Eyq) U-duality group, we shall now apply
the same technique as in the T-duality case and investigate the group generated by the
Weyl generators. We choose as a minimal set of Weyl generators the exchange of the M-
theory torus directions S; : Ry < Rjy,1, where I = 1...d — 1, as well as the T-duality
T = Tio3 on directions 1,2,3 of the M-theory torus. Adapting the construction of Ref.

1291t has also been proposed that the IIB 7-branes transform as a triplet of SI(2,Z) [230].
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[[10)Fland Subsection B4, we represent the monomials ¢ = (Inf%,In Ry, In Ry, ..., In Ry)
as a form on a vector space V;,, with basis eg, ey, e, ..., ¢4, and associate to any weight

vector A = 2%y + xte; + - - - + xley its “tension”[7]
d

T =N =3 RI'RY RS (4.19)

The generators S; and 71" can then be implemented as linear operators on V.1, with matrix

X 2 1 1 1
~1 1 -1
Sy = : ! , T=|[-1 <1 ~1 : (4.20)
—1 -1 -1
L3

I[d—3

The operators S; and 7" in ([20) are easily seen to be orthogonal with respect to the
Lorentz metric

ds?* = —(d2®)? + (da")? | (4.21)

and correspond to Weyl reflections

A= pa(N) =X —2—2= 4.22
— V) =2 =252 (422
along planes orthogonal to the vectors

a]:€]+1—6],[:1...d—1, g =e€1+e+e3—ep. (423)

It is very striking that lﬁ appears on the same footing as the other radii R;, but with a
minus sign in the metric: it can be interpreted as the radius of an extra time-like direction,
much in the spirit of certain proposals about F-theory [BI3, P7|. The only non-vanishing
(Lorentzian) scalar products of these roots turn out to be

() =(w)?=2, ar-arp=asz-a=-1 (4.24)

summarized in the Dynkin diagram:

| (4.25)
+1 — B2 — B3 — Dy —---— DBg

130In Ref. ], the discussion was carried out from the gauge theory side, and the U-duality invariant
(#.14) was used to eliminate the vector eg, except when d = 9. This vector can, however, be kept for any
d, and, as we shall momentarily see, appears as an extra time-like direction.

BLT actually has the dimension of a p-brane tension 7, with p = —(32° + 2! + -+ + 29 + 1).
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This is precisely the Dynkin diagram of E; as shown in Table [f.3, in agreement with the
analysis based on moduli counting.

In Eq. (f.29) it is easy to recognize the diagrams of the SO(d —1,d —1,7Z) (denoted by
(O’s) and Sl(d,Z) (denoted by +’s) subgroups. The branching of the Si(d) diagram on the
third root reflects the action of T-duality on three directions. The full diagram can be built
from the M-theory Lorentz group SI(d,Z) denoted by +’s, and from the type IIB Lorentz
group Si(d — 1,7) generated by the roots ag, s, ..., aq_1 [P. Under decompactification,
the rightmost root has to be dropped, so that E; disintegrates into Fy_ . When the
root at the intersection is reached, the diagram falls into two pieces, corresponding to the
two SI(2) and SI(3) subgroups in D = 8. The root « itself disappears for d = 2, leaving
only the root ay of SI(2,R).

Again, the action of the Weyl group on V., is reducible, at least for d < 8. Indeed,
the invariance of Newton’s constant HRI/lg implies that the roots are all orthogonal to
the vector

d=e1+--+eqg—3eg , (4.26)

with proper length 62 = d — 9, so that the reflections actually restrict to the hyperplane V,
normal to 9:

ot 320 =0, (4.27)

The Lorentz metric on Vy,; restricts to a metric gr; = d;7 — 1/9 on Vj, which is positive-
definite for d < 8, so that S; and T indeed generate the Weyl group of the Lie algebra
E4(R). The order and number of roots of these groups are recalled in Table [L.9 [[741].

When d = 9, however, the invariant vector d becomes null, so that V;;; no longer
splits into 0 and its orthogonal space; the generators act on the entire Lorentzian vector
space Vyy1, and the generators S; and 7' no longer span a finite group. Instead, they
correspond to the Weyl group of the affine Lie algebra Fy = Es. This is in agreement
with the occurrence of infinitely many conserved currents in D = 2 space-time dimensions.
This case requires a specific treatment and will be discussed in Subsection f.13. For d > 9,
that is compactification to a line or a point, the situation is even more dramatic, with the
occurrence of the hyperbolic Kac-Moody algebras F1g and Ej;, about which very little is
known. The reader should go to [[84, [83, B39, for further discussion and references.

4.7 BPS spectrum and highest weights

Pursuing the parallel with our presentation on T-duality, we now discuss the representations
of the U-duality Weyl group. The fundamental weights dual to the roots aq,...,aq_1, g

132From this point of view, the U-duality is a consequence of general coordinate invariance in M and type
IIB theories [209].

133 There is a notable exception for d = 8, where Eg disintegrates into F7 x SI(2). This is because the
extended Dynkin diagram of Fs has an extra root connected to as. Only SI(2) singlets remain in the
spectrum, however. The same happens in d = 4, where E5 = SI(3) x SI(2) in E4 = SI(5) is not a maximal
embedding.
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d 2 3 4 5) 6 7 8 9
Ey | A Ayx A Ay D;  FEg E; Es  Ex
order | 2 6 x 2 5! 2150 27315 210315 7 2135527 oo
roots | 2 6+2 20 40 72 126 240 )

Table 4.9: Order and number of roots of £; Weyl groups.

are easily computed:

MW =¢ —¢g— T, = % (4.28a)
p
A — e fey—2e0 > Tp= R}?)? (4.28b)
p
A3 =¢ +ey+e3—3eg— T = % (4.28c¢)
p

N =4t s Ty= BB g

p
AN — o) 4 deg g —3eg — Tl 4= . ‘l‘9Rd_2 (4.28e)

p
N = 4oy —3eg=—64— M= %d (4.28f)
ANOZ e T = % (4.28g)

where the symbol = in Eq. (f.281) denotes equality modulo §, that is up to a power of the
invariant Planck length. In the above equations, we have translated the weight vectors into
monomials, and interpreted it as the tension 7,;, of a p-brane:

e The weight A1) corresponds to the Kaluza-Klein states, with mass 1/R;, as well
as its U-duality descendants. We shall name its orbit the particle multiplet, or flux
multiplet, for reasons that will become apparent in Subsection (.9

e The weight A(Y) on the other hand has dimension 1/L?, and corresponds to the tension
of a membrane wrapped on the direction 1: it will go under the name of string mul-
tiplet, or momentum multiplet. The latter name will also become clear in Subsection

6.

e The weight \© is the highest weight of the membrane multiplet containing the fun-
damental membrane with tension 1/l2, together with its descendants.
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e The weights A\®) and A® both correspond to threebrane tensions 73 and 7. Even
though they are inequivalent under the Weyl group, it turns out that A® is a de-
scendant of A® under the full U-duality group. The U-duality orbit of the state with
tension 7 is therefore a subset of the orbit of the state with tension 73, and A\® is
the true highest-weight vector of the threebrane multiplet.

e The same holds for A\ associated to a membrane tension 7, and descendant of the
highest weight A(*) of the membrane multiplet under U-duality, as well as for A() and
AL,

e The weight \® corresponds to a fivebrane tension 77, but is again not the highest
weight of the fivebrane multiplet, which is instead a non-fundamental weight:

1
Tp=— — A= —2¢5 =220 . (4.29)
Ly
Similarly, the weight A) corresponds to a fourbrane tension 7/, and is not the highest
weight of the fourbrane multiplet, which is instead a non-fundamental weight:

Ti=— = A=e; — 25 =AY £ A0 (4.30)

e Finally, the instanton multiplet does not appear in Eq. (f.2§). An instanton configu-
ration can be obtained by wrapping a membrane on a three-cycle[™, and corresponds
to a weight vector

RiRyR3
T, = T

Since this vector is a simple root, it corresponds to a multiplet in the adjoint rep-
resentation. It is, however, not the highest weight of the U-duality multiplet, which
is instead the highest root ¢ whose expansion coefficients on the base of the simple
roots are given by the Coxeter labels in Table [.3. An explicit computation gives

d=4: 19 = §-2D - )\O (4.32a)
d=5: 19 = 6§—A\? (4.32b)
d=6: ¢ = -\ (4.32¢)
d=7:9 = 6—\W (4.32d)
d=8: ¢ = 6-)\7. (4.32¢)

Since the fundamental weights A(*) are dual to the simple roots «;, it is clear that
Y- ay = 0; s, where [ is the index appearing on A in Eq. ([.39) at a given d, and
moreover it can be easily checked that ¢? = 2. The highest root can therefore be
added as an extra root in the Dynkin diagrams in Table .3, and turns them into
extended Dynkin diagrams.

134We should, however, warn the reader that it is not the representation arising in non-perturbative
couplings, as we shall discuss in Subsection p.§.
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The previous considerations are summarized in the diagram

1
I
(4.33)
R _ RiRs _ RiRoR3 _ RiRaR3R4 I O
& i i o R

where we have indicated the highest weight associated to each node of the Dynkin diagram.
For simplicity, we shall henceforth focus our attention on the particle and string multiplets,
corresponding to the rightmost node with weight A=Y and leftmost node with weight ("
respectively.

4.8 The particle alias flux multiplet

The full particle multiplet can be obtained by acting with Weyl and Borel transformations
on the Kaluza—Klein state with mass 1/R;. Instead of working out the precise transfor-
mation of the supergravity configurationsf>), we can restrict ourselves to considering the
masses of the various states in the multiplet. We note that the action of S;; and 717 5 on
the dilatonic scalars R; is independent of the dimension d of the torus, so that we can work
out the maximally compactified case D = 3, and obtain the higher-dimensional cases by
simply deleting states that require too many different directions on 7% to exist.

The results are displayed in Table .10, where distinct letters stand for distinct indices.
The states are organized in representations of the SI(8,7Z) modular group of the torus 7%,
These representations arrange themselves in shells with increasing power of lﬁ; since [, is
invariant under SI(8,Z), this corresponds to the grading with respect to the simple root «.
Generalized T-duality 77 may move from one shell to the next or previous one, whereas
St acts within each shell. Eight states with mass VR/lg have been added in the middle
line, corresponding to zero-length weights that cannot be reached from the length-2 highest
state. These states are, however, necessary in order to get a complete representation of the
modular group SI(8,7Z), and can be reached by a Borel transformation in SI(8,7Z). They
can be thought of as the eight ways to resolve the radius that appears square in the mass of
the other states on the same line, into a product of two distinct radii. This is not required
for the other lines, since all squares can be absorbed with a power of Newton’s constant.

In the last column of Table [[.I0, we have indicated the representation of Si(8,Z) that
yields the same dimension. The superscripts denote the number of antisymmetric indices,
and no symmetry property is assumed across a semicolon. In other words, m%" correspond
to the V ® A"V where V is the defining representation of Si(d). These representations
are precisely dual to those under which the various gauge vectors transform (see Table
[.3); they actually correspond to the charges of the BPS state under these U(1) gauge
symmetries (see also Subsection [L.9). They generalize the D-brane charges we discussed in
Section B Altogether, these states sum up to 248, the adjoint representation of Eg, which

15Gee Ref. for the construction of U-duality multiplets of p-brane solutions, and Ref. [[L15] for a
discussion of the continuous U-duality orbits of p-brane solutions.
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indeed decomposes in the indicated way under the branching SI(8) C Eg. The occurrence
of the adjoint representation simply follows from the last equality of Eq. ([.32) identifying
the fundamental weight A(” with the highest root of Ej.

mass M SI(8) irrep | charge
RLI 8 myq
gt 28 m?
RIRJRIERLRM 56 mo
RerJRKRéRMRNRP7 ] \l/_ég 1+63 mb7
RiR?,Ri{RLl;MRNRPRQ 56 m3®
R R iR | g 6
RIS BRI IR R RS | g e
18

Table 4.10: Particle/flux multiplet 248 of Eg.

The first three lines in Table [[.I(] have an obvious interpretation. The state with mass

L is simply the Kaluza—Klein excitation on the dimension I, and m; denotes the vector of

Ry
integer momentum charges. The state with mass R]Rj/lg is the membrane wrapped on a

two-cycle T? of the compactification torus 7%, and the two-form m!” labels the precise two-
cycle, just as in the D-brane case of the previous section. The third line corresponds to the
fivebrane wrapped on the five-cycle labelled by m!/5KEM  The states on the fourth line are
more interesting. The first of them involves one square radius, and therefore does not exist
in uncompactified eleven dimensions. It is simply the KK6-brane with Taub—NUT direction
along R; and wrapped along the directions J to P. The second state with mass VR/lg,
however, does exist in eleven uncompactified directions, and has the tension of a would-be
8-brane. Its asymptotic space-time is however not flat, but logarithmically divergent. The
status of this solution is unclear at present, together with that of the following lines of the
table. These states only appear as particles in D = 3, with the peculiarities that we have
already mentioned.

Upon decompactification, the last two lines in Table .I( disappear since they require
eight distinct radii, and the particle multiplet reduces to a representation of the corre-
sponding U-duality group, as indicated in Table f.IT]. When d > 4, the representation
remains the one dual to the rightmost root. For d = 3, the U-duality group disconnects
into S1(3) and SI(2), and —e4 becomes equal to A + A®) instead of being equal to A, as
in other cases. Consequently, the particle multiplet transforms as a (3,2) representation
of U-duality.

The full particle multiplet on T can be easily decomposed in representations of the
U-duality group Ey4 1(Z) in one dimension higher by separating the states in Table
according to their dependence on the decompactified radius Ry (which gives a gradation
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with respect to the simple root ay_;). We obtain the general decompositionf]
MD =10 Mly® (T o T)h & T ® ()5, (4.34)

where we have denoted the multiplets as in Eq. (f2§) and specified the power of Ry in
subscript. The notation (7;)? means twice the fundamental weight associated to 7;. The
multiplets on the right-hand side of (f:34) become empty as d decreases. In particular,
we note that the particle multiplet on 7% decomposes into a singlet, corresponding to the
Kaluza-Klein excitation around the decompactified direction z?, as well as a particle and
a string multiplet on 797!, depending on whether the state was wrapped around z¢. There
are also a number of additional states that appear for d > 6, to which we shall come back
in Subsection [71.

D | d | U-duality group | irrep | Si(d) content

101 1 1 1

9 |2 SI(2,Z) 3 [2+1

8 |3 || SI3,Z) x Sl(2,Z) | (3,2) | 3+ 3

7|4 SI(5,2) 10 |4+6

6 |5 SO(5,5,7) 16 |5+ 10+ 1

516 Eo(0)(Z) 27 |6+ 15+ 6

4|7 Err)(Z) 56 | 7+ 21+ 2147

318 Egs)(Z) 248 | 2(8 + 28 + 56) + 63 + 1

Table 4.11: Particle/flux multiplets of Ej.

As a side remark, we note that Table .10 is symmetric under reflection with respect to
the middle line: for each state with mass M there is a state with mass M’ satisfying

/ VR ?
MM’ = (l—g) , (4.35)
p

where Vg is the volume of the eight-torus. In particular, the lowest weight is equal to
minus the highest weight, modulo the invariant vector 6. This is a general property of
real representations of compact group, and indeed 248 is the adjoint representation of Fj,
therefore real. The same also holds for the 56 representation of E7 in the d = 7 case.
However, whether real or not with respect to the compact real form of the group E;(C), all
the representations appearing in Table [L.T1] are real as representations of the non-compact
group Eyq), as is required by the existence of an anti-particle for each particle. This is
obvious for d < 4; for d = 5, it is equivalent to the statement that the spinor of SO(8) is
real, since the reality properties of spinors of SO(p, q) depend only on p — ¢ mod 8. This
property is a characteristic feature of the representations of the maximally non compact
real form.

B6For d =8, this is 248 =156 © (133 ® 1) © 56 @ 1.
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4.9 T-duality decomposition and exotic states

In order to make contact with string theory solutions, it is useful to decompose the particle
multiplet into irreducible representations of the T-duality group SO(d—1,d—1,7Z). This can
be simply carried out by distinguishing whether the indices lie along the eleventh dimension
or not, and substituting the matching relations (2.1]). Since T-duality commutes with the
grading in powers of the string coupling g5, the various irreps are then sorted out according
to the dependence of the mass of the states on g;. Table [f.19 summarizes the decomposition
of the particle/flux multiplet for M-theory on T® into irreducible representations of the
SO(7,7) T-duality symmetry group of type ITA string theory on T7, as well as the SI(8)
(resp. S1(7)) modular group of the M-theory (resp. string theory) torus.

The masses of the states in the a-th column depend on the string coupling constant as
1/g%"!, and are given by

. 1 R
v o (4.36a)
. 1 1 RiR; RiRjRyR, R;R;jRyR RmRn
Sa gs <E= o7 B i (4.36b)
. 1 [ RiR;R R Rm V% R?R-RleRmRn V' R:R:
S+ AS: 92 < : 18 ) ERv : I > Rl%(; s (4360)
. Vi R, RiR;jR;, R;RjRyRiRnm v
S Pl ( A e e (4.36d)
!/ VI’% 2 12
Ve <gzl§> (ﬁ Rz‘) (4.36¢)

where V}, denotes the volume of the string-theory seven-torus. At level 1/g? we observe
the usual KK and winding states of the string and the level 1/gs reproduces the D0-,D2-
,D4- and D6-branes. At level 1/¢2, the NS5 and KK5-brane appear together with two new
types of state, a 7o-brane and a 53-brane. Our nomenclature displays on-line the number of
spatial world-volume directions, i.e. the number of radii appearing linearly in the mass; the
superscript specifies the number of directions (if non-zero) that appear quadratic, cubic,
etc., listed from the right to the left. the subscript denotes the inverse power of the string
coupling appearing in the mass formula; for example, in this convention the KK5-brane is
a by-brane. According to this notation, we find at level 1/¢? a 63-, 43-, 23- and 0-brane.
Their masses are related to those of the even Dp-branes, by the type ITA (on T7) mirror
symietry

v\’
I
MM = (gglg) , (4.37)
which follows from the M-theory mirror symmetry relation (f:33). Finally, at level 1/g,
a 15- and a Oil’ﬁ)—brane are obtained, whose masses are related to those of the KK and

winding states by (£.37).

At this point a few remarks are in order about the new type IIA states that appear
in (236). The To- and 52-brane, with mass proportional to 1/g> have a conventional
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dependence on the string coupling, but no supergravity solutions are known for these
states. In addition, a variety of states with exotic dependence on the string coupling, 1/¢2
and 1/g2, are observed. They arise from M-theory states with mass diverging as 1/ lg or
faster. It is not clear what the meaning of these new states in M-theory and type ITA string
theory is. These states cannot be accommodated in weakly coupled string theory where the
most singular behaviour is expected to be 1/¢2, corresponding to Neveu—Schwarz solitons.
A higher power would imply a contribution of a Riemann surface with Euler characteristic
X > 2. Another way to see this is by considering the gravitational field created by these
objects, which scales as Mr?: since k3, ~ g2, states whose mass goes like g7, n < 2 create
a vanishing or at most finite gravitational field in the weak coupling limit, allowing for a flat
space description in the spirit of D-branes. On the other hand, when n > 2, the surrounding
space becomes infinitely curved at weak coupling, and these states do not correspond to
solitons anymore. In fact, the simplest of these states, namely 6}, can be obtained by
constructing an array of Kaluza-Klein along a non-compact direction of the Taub-NUT
space [, and wrapping the worldvolume directions on the string theory torus 7° [p4|. The
summation of the poles in the harmonic function is logarithmically divergent, implying
that the asymptotic space-time is logarithmically divergent as well. This is the rule and
not the exception for a pointlike state in 3 space-time dimensions (since the Laplacian in
the two transverse coordinates has a logarithmic kernel), and the conventional states with
an asymptotically flat space-time are simply configurations with a vanishing charge. The
same issue arises for p-branes in p+ 3 dimensions (or less). We emphasize, though, that our
present purpose is to examine the consequences at the algebraic level of the presence of the
conjectured U-duality, which does require these exotic states. The supergravity solutions
describing these states can in principle by computed using the known duality relations,
which indeed do not preserve the asymptotic flatness of the metric.

24:%2 *;D P 14 (V) |64 (Sa) |1+ 91 (5@ AS) 64 (Sp) | 14 (V')

8 (m1) 7 (m1) | 1 (my)

28 (m?) 7 (m*) | 21 (m?)

56 (m°) 35 (m*) | 21 (mP)

1+ 63 (m!7) 7 (m=0) | 14 14 48 (msT, mb) | 7 (mh)

56 (m%) 21 (m27) 35 (m*7)

28 (mﬁ;g) 21 (m55;57) 7 (m6;57)
8 (m!5) 1 (m=TsT) | 7 (mbeTeT)

Table 4.12: Branching of the d = 8 particle multiplet into irreps of SI(8) and SO(7,7).
The entries in the table denote the irreps under the common SI(7) subgroup of SI(8) and
SO(7,7).

137This construction first appeared in the context of the conifold singularity in the hypermultiplet moduli

space [246].
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4.10 The string alias momentum multiplet

The same analysis can be carried out for the string multiplet, by applying a sequence
of Weyl reflections on the highest weight R;/ lg describing the wrapped membrane. After
adding a multiplet of length 2 and 35 zero-weights for SI(8,Z) invariance, we obtain a 3875
representation of Egg). The precise content of this representation is displayed in Appendix
B; instead, we display in Table the more manageable result for the d = 7 case, where
the string multiplet transforms as a 133 adjoint representation of E7y. The occurrence of
the adjoint representation is again understood from Eq. ([

weight A to the highest root .

tension 7 mass SU(7) irrep | charge
R 1
ViR 7 n
P
RrR;RkR 4
I Jng L 35 n
RIRjRkRLRMRN -V, 1;6
e (T4 | 1448 nti
R2R2R% R Ry RyRp 3.7
I J" K l11)2 35 n-—
RiRjRE R Ry Ry Re | o N6
115

Table 4.13: String/momentum multiplet 133 of E.

D | d | U-duality group | irrep | Si(d) content

10 | 1 1 1 1

9 |2 SI(2,Z) 2 |2

8 | 3| SI3,Z) x Sl(2,Z) | (3,1) | 3

7|4 SI(5,2) 5 |4+1

6 |5 SO(5,5,7) 10 [5+5

516 Eo(6)(Z) 37 |6+15-+6

4|7 Err)(2Z) 133 |7 +35+49 +35+7
318 Eys)(2) 3875 |8 + 70 + ...

These states have the same interpretation as the states in the particle multiplet, but
for wrapping one dimension less of the world-volume. In other words, the states in the
particle multiplet can be obtained by wrapping strings on one dimension more— except for
the Kaluza—Klein state, which is a genuine point-like (or wave-like, rather) object. We
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Table 4.14: String/momentum multiplets of Ej.

]) relating the fundamental




note again that Table is symmetric under reflection with respect to its middle line, in
agreement with the reality of the 133 adjoint representation of F.

The string multiplet in higher dimensions is simply obtained by dropping the states that
require too many different radii, as displayed in Table [[.T4; in all cases, it corresponds to the
representation dual to the leftmost root a;. We note that in d = 6 the 27 string multiplet
is distinct from the 27 particle multiplet, but is related to it by an outer automorphism of
Ejg corresponding to the Zs symmetry of its Dynkin diagram. We also note, for later use,
that in all cases the string multiplet representation arises in the symmetric tensor product
of two particle multiplets, i.e. (M ®; M) ® 7 always contains a singlet.

Like the particle multiplet, the full string multiplet on 7% can be easily decomposed in
representations of the U-duality group Eq_1-1)(Z) in one dimension higher by using the
gradation in powers of the decompactified radius Ry [P

T =The (Lo T, (4.38)

where we have denoted the multiplets as in Eq. ([.2§) and again specified the power of
Ry in subscripts. In particular, we note that the string multiplet on 7% decomposes into
a string and a membrane multiplet on 79!, depending whether the state was wrapped
around z%. There are also a number of additional states that disappear for d < 6.

13:@;’3 SO0 1 (9) | 32 (Sk) | 1+ 66 (5@ AS) 32 (S) | 1(5”)
7 (n') 1 (n°) | 6 (n')

35 (n') 20 (n*%) | 15 (n")

11 48 (n'®) 6 (%) | 1+ 1+ 35 (n*5,nl%) | 6 (n'©)

35 (n®7) 15 (ns%59) 20 (n%*9)

7 (n6?7) 6 (n°55%0) | 1 (n%)

Table 4.15: Branching of the d = 7 string multiplet into irreps of SI(7) and SO(6,6).
The entries in the table denote the irreps under the common Si(6) subgroup of SI(7) and
SO(6,6).

As in the previous subsection, we give the branching of the d = 7 string multiplet in
terms of irreps of the T-duality SO(6,6,Z) as well as the modular groups Si(7,7Z) and
S1(6,7) of the M-theory and string theory tori in Table [L.13.

4.11 Weyl-invariant effective action

As in our discussion of T-duality, we would now like to write the supergravity action (2.9)
in a manifestly Weyl-invariant form. This has been carried out in Refs. [PI§, 20|, a

138For d = 7, this is 133 = 27 & (78 & 1) & 27.
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simplified version of which will be presented here. As in Eq. (B.27), we decompose the
eleven-dimensional field strength F'® and metric in lower-degree forms. The action then
takes the simple form:

Sll d_/dll dl' S lg

R+Z<8R) +Z<% ) +Z R,F®

1<J

2 2 2
3 l3

3 (4 F® p_ (2 1

(hF Z( F ) +Z(RZR§,FU) 2. (RRRkF )

1<J i<j<k

. (4.39)

where the first line comes from the reduction of the Einstein—Hilbert term and the second
from the kinetic term of the three-form.

In Eq. (f39) we again recognize in front of the one-form field strength " and F®)
the positive roots e; — e; and e; + e; + e, — €, in front of the two-form field strength F®
the weights —e; of the particle multiplet, in front of the three-form field strength F'®) the
weights e; — ey of the string multiplet, and in front of the four-form field strength F'*)
the weight —eg of the membrane multiplet. However, these weights do not form complete
orbits: it is necessary to dualize the field strengths F®) into lower-degree field strengths
FM=d=p) 56 as to display the Weyl symmetry. In the 2p = 11 — d case, both the field
strength and its dual should be kept. Alternatively, all field strengths may be doubled with
their duals, and display an even larger symmetry [[/4, [(5].

We then obtain a manifestly Weyl-invariant action:

Sll—d = /dll_dl'\/ ;g [R + 8@ 8@

acd )\Ecbpart
2 2
by e ( j-“>(\3)) + Y e (fﬁ‘”) o, (440
Ae@smng Aeq)mcmbranc
where ¢ = (In lg, In Ry, ...,In Ry) is the vector of dilatonic scalars (whose first component

is non-dynamical), (o, \) = 2°Inl? +2'In Ry +. .. is the duality bracket (E19) and d¢ - d¢
the Weyl-invariant kinetic term (93 = 0) obtained from the metric (E2I). In addition
to the equations of motion from (EA40), the duality equations F®) = xF11=4=P) ghould
also be imposed. As in the case of T-duality, the set of positive roots ¢, is not invariant
under Weyl reflections, but the Peccei-Quinn scalars undergo non-linear transformations
AO) — =20 AO) that compensate for the sign change [220].
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4.12 Compactification on 7° and affine Ex symmetry

As we pointed out in Subsection [E£6, the compactification on a nine-torus 7% to two space-
time dimensions gives rise to a qualitative change in the U-duality group: the invariant
vector § in ([.26) corresponding to the dimensionless Newton constant becomes light-like
in the Lorentzian metric —(dz®)?+ (dz')?+- - -+ (dx?)?, so that the action of the U-duality
group generated by S; and T in Eq. (f:2() cannot be restricted to its orthogonal subspace.
Instead, it generates the Weyl group of the Ey affine algebra, as was shown in Ref. [[10];
we shall recast their construction in the notation of this review, at the same time settling
several issues.

In order to see the affine symmetry E arise, we simply note that the Dynkin diagram of
Ey (see Table [1.3) is nothing but the extended Dynkin diagram of Eg, where the additional
root with Coxeter label 1 corresponds to ag = eg —eg. The roots ayg, a1, . . ., a7 generate the
Ejg horizontal Lie algebra, whereas ag and 6 = 2?21 er—3eq are the extra dimensions needed
to represent the central charge K and degree D generators of the standard construction of
affine Lie algebras (see e.g. Ref. [[2]). To make the identification precise, we recall that
the simple roots of an affine Lie algebra G can be chosen as S

a; = (a7,0,0), T=1...r, d=(—,0,1) (4.41)

in the basis (u, k, d) of the Minkovskian weight space V, o = R” +RY! with norm p? + 2kd.
Here, v is the highest root of GG, r is the rank of G, k is the affine level, and d the Lg
eigenvalue. In the case at hand, we have G = Eg so r = 8 and want to find the change of
basis between the roots ay, I = 0...8 and null vector ¢ of our formalism and the standard

roots &y, I = 0...8 and vectors v = (0,0,1),x = (0,1,0). From Eq. ([.33) we have,
¢:61+"'+67+268—360:5—a8, (442)
so that, comparing with Eq. (f.41]), we can identify § with v = (0,0, 1) and

éé[:Oé[,[:l...7, (443&)
ag = ap , (4.43Db)
éé() = Qg . (4430)

The vector k = (0,1,0) can be easily calculated from the requirements that x* = s - 4; =
0,/=1...8and k-0 =1:
1 )
/<L:5(—61—"'—68+€9+360):€9—§. (444)
The level £ and degree d of any weight vector A € Vjy can now be obtained from the
products 0 - A and 0 - k respectively, and they both have a simple interpretation:

k=6 A=a"4+---+ 2" +32° (4.45)

139In order to keep with the standard notation, the simple roots of the Lie algebra are now labelled by
subscripts ranging from 1 to r, as opposed to our notation for the simple roots of the U-duality groups E,
which carry labels 0 to r — 1.
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is simply the length dimension of the associated monomial || R}cllgxo, and
d=k-A=2"—k/2 (4.46)

counts the power of Ry appearing in the same monomial, up to a shift k£/2. This was
expected, since the horizontal subalgebra Fg C Eg does not affect Ry and by definition
commutes with Ly. L_, generators, on the other hand, bring additional powers of Ry and
increase the degree d. In particular, the Ly eigenvalues are integer-spaced, as they should.

We proceed by considering the particle/flux and string/momentum multiplets intro-
duced in Subsections and 10, with highest weights A4™Y = —eg and AV = ¢; — ¢
respectively (see Eq. (f.28)). The particle multiplet is therefore a level —1 representation
with trivial ground state ¢ = 0 (that is, in the chiral block of the identity). A bit of
experimentation reveals the first SI(9) representations occurring in the particle multiplet:

m1;1;9’ m1;4;9’ 7n2;6;97 m4;7;9’ ,rn7;7;97 m2;3;9;9’”. (447)
with tensions scaling from 1/1% to 1/12!, in addition to the representations already present
in d = 8, given in Table §.10. However, the full orbit is infinite. On the other hand,
the string multiplet is a level —2 representation with ground state in the 3875 of Eg. In
both cases, the representations are infinite-dimensional, and need to be supplemented with
weights of smaller length as in the E; and Ejy cases. The instanton multiplet, on the other
hand, is a [evel-0 representation of Eg, with a non-singlet ground state in the adjoint of Fj,
making it obvious that the usual unitarity restrictions for compact affine Lie algebras do
not apply in our case. This concludes our analysis of the d = 9 case, and we now restrict
ourselves to the better understood d < & case.
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5 Mass formulae on skew tori with gauge
backgrounds

We would now like to generalize the mass formulae of the U-duality multiplets obtained
so far for rectangular tori and vanishing gauge potentials to the more general case of skew
tori and arbitrary gauge potentials, which will exhibit the full U-duality group. This will
also allow a better understanding of the action of Borel generators on the BPS spectrum.
We will concentrate on the d = 7 flux multiplet, but the same method applies to the other
multiplets.

5.1 Skew tori and Si(d,Z) invariance

We have already argued that BPS states could be labelled by a set of tensors of integer
charges describing their various momenta and wrappings. In particular, for the case of the
d = 7 flux multiplet, the charges

my, m*, m®, m"’ (5.1)

describe the Kaluza—Klein momentum, membrane, fivebrane and KK6-brane wrappings.
The position of the index has been chosen in such a way that we obtain the correct mass
by contracting each of them with the vector of radii R’ or inverse radii 1/R;. Note that
for d = 7 the tensor mb” is really a tensor m!, but the extra seven indices account for an
extra factor of the volume in the tension. Of course, a BPS state with generic charges m
will not be 1/2-BPS state in general (for d > 5): some quadratic conditions on m have to
be imposed, as already discussed in Subsections .4 and B.§. We shall henceforth assume
these conditions fulfilled, deferring the study of the latter to Subsection p.9.

The 1/2-BPS state mass formula for a non-diagonal metric gr; can be straightforwardly
obtained by replacing contractions with the vector of radii by contractions with the metric,
and inserting the proper symmetry factor and power of the Planck length on dimensional
grounds:

M2 = (my)? + (m2)? + (m9)2 + (m)7)?
=mg"my + ﬁmUQIKQJLmKL (5.2)

+3 1111)2 m! KM g8 g pgKQYLrRIM s N TR 4+

This formula is invariant under Si(d, Z), but not yet under the T-duality subgroup SO(d —
1,d —1,7Z) of the U-duality group. It only holds when the expectation value of the various
gauge fields on the torus vanish. To reinstate the dependence on the three-form C;;x, we
apply the following strategy.

e Decompose the flux multiplet as a sum of T-duality irreps.

e Include the correct coupling to the NS two-form field B;; using the T-duality invariant
mass formulae.
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e Study the T-duality spectral flow B — B + AB.
e Covariantize this flow under Si(d,Z) into a C — C' + AC flow.

e Integrate the C — C + AC flow to obtain the U-duality invariant mass formula.

5.2 T-duality decomposition and invariant mass formula

We have already discussed the first step in Subsection [L.9, and we only need to restrict
ourselves to the case d = 7. Table [l.IZ then truncates to its upper left-hand corner displayed
in Table p.I], as can be read from the d = 7 particle multiplet mass formula (p.2) written
with s and ¢ indices:

2

M2 = [ms + (ml)z] + [(msl>2 + (mz)z}

g2

+ [“”’84)2 + (ms’z] + [(ms"f’z + ml;f’z] (5.3)

g2 g4

corresponding to three SO(6,6) irreps,

V= (mq, m*t) momentum and winding (5.4a)
S = (ms,m? m*, ms%) DO0-,D2-,D4-,D6-brane (5.4b)
V= (m®, m*=6) NS5-brane and KK5-brane (5.4c)

56;;;7))3 T 2 (1) | 32(S,) | 12 (V)

7 (m) 6 (m1) | 1 (ms)

21 (m?) 6 (m*!) | 15 (m?)

21 (m®) 15 (m*) | 6 (md)

7 (m*) 1 (m**) | 6 (')

Table 5.1: Branching of the d = 7 particle multiplet into irreps of SI(7) and SO(6,6).
The entries in the table denote the irreps under the common Si(6) subgroup of SI(7) and
SO(6,6).

We can now use the T-duality invariant mass formulae for the T-duality irreps that we
obtained in Section B. In terms of the present charges, they schematically read (in units of
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M = (mi+ Bym™) g (my + Bym®™) + m™ gim™ (5.5a)
1 .

+ (m2 +m* By + ms?‘*ﬁBg)2

+ (ms4 + mS;sGB2)2 + (m8§56) 2] (55b)
M2, = %[(m5+m1;3632>2+ (m1;56)2] ’ (5'50)

where we used the vector and spinor representation mass formulae (B.§) and (B.3§). Adding
the three contributions M? v.s,.vny together, we now obtain the flux multiplet mass formula
for vanishing values of the Ramond fields and arbitrary B-field:

mZ - ~ s 7712 2
M= [ )]+ )+ O (5.6a)
77184 2 7715 2 ﬁLS;SG 2 ﬁll;sG 2
+[( 93) +(g§) }4_[( 93) + 92‘) ] ’ (5.6b)

where the tilded charges are shifted to incorporate the effect of the two-form as in (B.3), so
that for instance

Ms = Mg + Bgm —1—832 S4+48B3 (5.7)

is the shift in the DO-brane charge.

5.3 T-duality spectral flow

In Subsections B.7 and B.§ we have already discussed the spectral flow B;; — B;; + AB;;
in the vectorial and spinorial representations. We only need to rephrase this flow in terms
of the present charges:

Vi m;—m;+ AB;ym¥ | m — m®

SB Mg — M + %Amew , mij — mU + %ABklmSklij
msijkl N msijkl 4 %Aanms;smnijkl ’ mss6 _y 156 (58)

V/ . mijklm — mijklm _ ABnpmn;spijklm

ml;s6 N ml;sﬁ .

The flow indeed acts as an automorphism on the charge lattice, and in particular the

charges cannot be restricted to positive integers (except for m%7). This fact will be of use
in Subsection [7.§.
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Alternatively, the above spectral flow can be recast into a system of differential equations
for the shifted charges m, e.g. for the spinor representation we have

= o ~ij e
8m.5. _ 1 o ’ om _ 1 M kl

SB . 8323 2 8Bkl 2 (5 9)
67hsijkl _ lms,szyklmn 67hs;sijklmn _ 0
8an 2 ’ 631"1 ’

This system can be integrated to yield the spinor representation mass formula; the constants
of integration correspond to the integer charges m. The integrability of this system of
differential equations follows from the commutativity of the spectral flow.

5.4 U-duality spectral flows

The mass formula (.6) obtained so far is invariant under T-duality and holds for vanishing
values of Ramond gauge backgrounds. In order to obtain a U-duality invariant mass for-
mula, we have to allow expectation values of the M-theory gauge three-form C;;x, which
extends the Neveu-Schwarz two-form B;; = C;;; the expectation value of the Ramond one-
form is already incorporated as the off-diagonal metric component A; = g.;/R? # 0. For
d > 6, one should also allow expectation values of the six-form &7 jxpyn (Poincaré-dual
to Cryi in eleven dimensions). In string-theory language, this corresponds to the Ramond
five-form &5 and the Neveu-Schwarz six-form dual to B, in ten dimensions @

In order to reinstate the Cr;x dependence in mass formula we covariantize the B;; = Cg;;
spectral flow (p.§) under Si(d,Z), with the result that

mr — My + %ACL]K] m‘]K

mIJ N mIJ + %ACKLM mKLMIJ 510
mIJKLM N mIJKLM + %ACNPQ mN;PQIJKLM ( . )
ml;? s ml;? .

Here, however, the C spectral flow turns out to be non-integrable. Defining V’/X as the
flow induced by the shift C;;x — Crjx + ACrjk, we have the commutator

[vIJK’ vLMN] — QOVIJKLMN’ (511)

where VIJKLMN is the flow induced by the shift gIJKLMN — gIJKLMN + AgIJKLMN:

myp  — my +éA5JKLMN1 m KEMN

mIJ - mIJ +%A£KLMNPQ mK;LMNPQIJ (5 12)
m - P '
ml;? N m1;7 )

HO0For d = 8, we also need to include the form K1.g, which in string-theory language includes the Ramond
seven-form K. ,7, along with a Ky,57 form.
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The non-integrability (b.11) of the C-flow can be understood as a consequence of the
Chern—Simons interaction in the 11D supergravity action Eq. (B-2) [[4, [3]: the equation
of motion for C reads

d*F4+%F4/\F4:O, (5.13)
so that the dual field strength of F; has a Chern-Simons term
F, = +F) = d&g — %Cg ANFy . (5.14)
The equation of motion (p-I9) is invariant under the gauge transformations
0Cs =ANs, 0 =N — %Ag NCs , (5.15)

for closed A3 and Ag. Restricting to constant shifts, this reproduces the commutation
relations (B.11). An equivalent statement holds in D = 3, where the C3 and & shifts close
on a Ky.g shift.

The non-integrability of the system (p.I() can therefore be evaded by combining the
ACs shift with a A& shift

1

EAEIJKLMN - _C[IJKACLMN] ) (516)

upon which the resulting flow
VK — g IIK 00y 0 VMK (5.17)

becomes integrable [F]. The extra shift is invisible in the type IIA picture for zero Ramond
potentials since it does not contribute to the T-duality spectral flow. We emphasize again
that these extra terms are generated as a consequence of the integrability of the flow, which
we take as a guiding principle for reconstructing the invariant mass formula. The explicit
form of the resulting flow equations that follow from (5.17) is then given by [244]

1
VKL, = S K 5E (5.18a)
VLM 510 615 s KLMIT (5.18b)
V/NPQ s [TKLM lmN,PQIJKLM (5.18c¢)
: .
V/EST W KLMNPQ - () (5.18d)

M1For d = 8 there is also a non-trivial commutator []E] between the C3 and & flow, closing onto the ;.5
flow, which induces further shifts.
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VJKLMNP~ — lmJKLMN(S}D (519&)

ST
VELMNPQp 1T _ %mK;LMNPQIJ (5.19b)
VNPQRSTm IJKLM ' (5- 190)
VRSTUVW 5, LIKLMNPQ ) (5.19d)

which now can be integrated, as will be shown in Subsection p.§.

5.5 A digression on Iwasawa decomposition

In order to understand the non-commutativity of the spectral flow from another perspective,
it is worthwhile coming back to a simpler example of a non-compact group, namely the
prototypical G(R) = Sl(n,R) group. The Iwasawa decomposition ([.7) then takes the form

g=k-a-neK-A-N, (5.20)

where K = SO(n,R) is the maximal compact subgroup of G(R), A is the Abelian group
of diagonal matrices with determinant 1 and N is the nilpotent group of upper triangular
matrices. The factor k is absorbed in the coset G(R)/K, and the coset space is really
parametrized by A- N.

Now the subgroup of G(Z) leaving A invariant is nothing but the Weyl group S, of
permutations of entries of A, whereas that leaving /V invariant is the Borel group of integer-
valued upper triangular matrices with 1’s on the diagonal. The latter is graded by the
distance away from the diagonal, in the sense that

[Bp, By] C By (5.21)

where B, is the subset of upper triangular matrices with 1’s on the diagonal and other non
zero entries on the p-th diagonal only. In particular, B, is a non-compact Abelian subgroup
when p > n/2.

Returning to the case at hand, we see that V3, Vb (and V'¥® in the d = 8 case) are
analogous to the By, By (and Bs) Borel generators of SI(3) (or SI(4)). More precisely,
they correspond to the grading of the root lattice of E; with respect to the simple root ayg
extending the Sl(d,Z) Lorentz subgroup to the full Ey4) (Z) subgroup, or in other words the
grading of the adjoint representation in powers of lg. This can be seen from Table for
d = 8 since, in this case, the particle multiplet happens to be in the adjoint representation
248 of Fg. For d < 8, this can also be seen from the Coxeter label ag of «q in Table [L.3],
i.e. the oy component of the highest root of Ey: the degree p of all the positive roots then
runs from 0 (corresponding to the g;; Borel generators) to ag, with intermediate values 1
for the C3 flow, 2 for & and 3 for Ky s.
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We finally note that, in the notation of Eq. (5.20), the mass formula we are seeking
takes the form,

M?* =m! R (a-n)R(a-n) m, (5.22)

where m is the vector of integer charges transforming in the appropriate linear representa-
tion R of Ed(d) (R)

5.6 Particle multiplet and U-duality invariant mass formula

The flow (5.I§) can be integrated to obtain the E7(7)(Z)-invariant mass formula for the
particle multiplet of M-theory compactified on a torus 77 with arbitrary shape and gauge
background. The result is:

N | PPN 1, _s\2 1 2
M2 = (m1)2 + 2'—12 (mz) + 5'—%2 (m5) + 7l 111)8 (m1’7) s (523)

where the shifted charges depend on the gauge potentials as

- 1 1 1
mp=mry+ §CJKImJK + <ECJKLCMNI + ggJKLMNI) m KEMN
(5.24a)
1 1 .
+ | 577Cix.CunprCorr + =——=CikrEMNPQRI m HLMNPQR
314! 25!
S CA— %CKLMmKLMIJ
. ’ . (5.24b)
+ (ECKLMCNPQ + ggKLMNPQ> mIGEMNPQLI
i lJKLM _ ) TTKLM %CNPQmN;PQIJKLM (5.24c)
IIKLMNPQ _ . LIKLMNPQ (5.24d)

The shifts induced by the expectation values of C3 and &g give an explicit parametrization
of the upper triangulaif™] vielbein V in terms of the physical compactification parameters
(see Eq. (f.€)). The mass formula (p.23) is now invariant under T-duality, besides the
manifest Si(d,Z) symmetry.

As an illustration, we can look at the shift in T-duality vector charge m®' implied by
the above equation:

msl +A1m2 — msl
+ Aym? + (C3 + Ay By) m™ + (Egs + C3 By + Ay Bo By) m**°
+ (A C)m® + (€ + C3 + ArEes + A1 BoCs) m**0 . (5.25)

2y i5 actually upper triangular in blocks, because we did not decompose the metric gr; in a product of
upper triangular vielbeins.
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The second line precisely involves the tensor product of the charge spinor representation S
with the spinor representation made up by the Ramond moduli. In fact, to see that the set
(A1,C3 + A1 By, Eg5 + C3By + A1 By Bs) transforms as a spinor, one may simply note that it
is precisely the combination that appears in the expansion in powers of F' of the T-duality
invariant D-brane coupling [ ePHEF AR, Formula (5.23) reduces to the d = 5 result of Ref.
[PT] for vanishing expectation values of the gauge backgrounds (see also [29g)]).

5.7 String multiplet and U-duality invariant tension formula

Exactly the same analysis can be done for the momentum multiplet. We give here the
result for d = 6. The contributing charges n',n* n'® decompose into SO(6,6) T-duality
multiplets

I=(n%, S=n"n"%,  V=n"n"), (5.26)
and we obtain the FEy)(Z)-invariant tension formula for the d = 6 string multiplet:
1

1 1

2 ~1\2 ~ 4\ 2 ~1;6) 2
T° = Z—6(n)+ll—2(n)+ll—8(n )7, (5.27)
p p p
where the shifted charges are
n = n! + an4 + (CgCg + 56) ntio
nt o= nt 4 Cyn'd (5.28)
ﬁl;G — n1;6

The combinatorial factors and explicit index contractions are easily reinstated in this equa-
tion by comparison with (p-24d). This yields the parametrization of the vielbein V of Eq.
(E.6)) in the representation appropriate to the string multiplet.

5.8 Application to R* couplings

As an illustration of the result (p.27), we display the d < 5 string multiplet invariant
tension formula. Because of antisymmetry, only the charges n' and n* contribute, so that
the tension of the string multiplet is given by

1 1 1
T2 — @ <n1 + 5nIJKLCJKL> Y <nM + gnz\4z\quzoj\”m)
» ! !

1
+ Al l12nUKLgIMgJNgKPgLQnMNPQ . (5.29)
Cp

This is precisely the U-duality invariant quantity that was obtained in the study of instanton
corrections to R* corrections in type II theories in Ref. [R00|, where it was conjectured that
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the coupling for d = 5 is given by the SO(5,5,7Z) Eisenstein series

3/2 27TV —7rT2/t
l9 an nIJKL 0 £5/2 an nI]KL ) (5'30)

where 7 is given by the tension formula (p-29), and V' denotes the volume of the M-theory
torus 7. As will become clear in the next Subsection (see Eq. (5-38d)), the sum has to
be restricted to integers such that nl/n/KM = 0 in order to pick up the contribution
of half-BPS states only. The generalization of this construction to compactifications of
M-theory to lower dimensions was addressed in Ref. |B43|.

Under Poisson resummation on the charge n°, the U-duality invariant function (5-30)
exhibits a sum of instanton effects of order e='/9, corresponding to the DO-branes (with
charge n') and D2-branes (with charge n*®), but there is also a contribution of the extra
charge n? superficially of order e=/%. The NS5-brane does not yield any instanton on 7%,
so these effects seem rather mysterious. On the other hand, we may interpret Eq. (5-30)
as a sum of loops from all perturbative and non-perturbative strings. The occurrence
of the NS5-brane of the string multiplet is then no longer surprising. This soliton loop
interpretation should, however, be taken with care, since in any case we have not succeeded
yet in recovering the one-loop R* coupling from the SO(5,5,7Z) Eisenstein series.

5.9 Half-BPS conditions and Quarter-BPS states

The U-duality mass formulae (5.23)) and (5.27) that we have obtained only hold for 1/2-BPS
states, and require particular conditions on the various integer charges. These conditions
can be obtained from a precise analysis of the BPS eigenvalue equation, as in Subsection B.2,
or from a sequence of U-dualities from the perturbative level-matching condition ||m]|* = 0
in Eq. (B-8). In analogy to the latter condition, they should be quadratic in the integer
charges, be moduli-independent, and constitute a representation of the U-duality group
Eq4)(Z), appearing in the symmetric tensor product of two charge multiplets.

We have already noticed in Subsection that the string multiplet always appears
in the symmetric product of two particle multiplets, and indeed all the computations in
Appendix [A] point to the fact [¥] that the 1,/2-BPS condition on the particle multiplet is the
string multiplet constructed out of the particle charges. This has also been observed in Ref.
[L15], where it was shown that for d = 7 the 1/2-BPS conditions on the 56 particle multiplet
were transforming in a 133 adjoint representation of E;, which is the corresponding string
multiplet.

In order to extract the precise conditions, it is convenient to consider the branching

#3The naive inclusion of the KK6-brane as an extra I'ryxrarn ZO77ELMN term does not seem, however,
to yield a U-duality invariant mass formula by this method.
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under the ST-duality group:

E7(7) D SO(G,G)XSZ(Q) (5.31)
56 = (12,2)+ (32,1)
133 = (1,3)+(32,2) + (66,1),

where the 32 correspond to the D-brane charges mg, m?, m®, m** and the two 12’s to

the Kaluza—Klein and winding charges m;, m'* and the NS5-brane/KK5-brane charges
m5, mb*® respectively (see also Tables and [E15). The 133 in the symmetric tensor
product 56 ®, 56 of two particle multiplets is therefore

(1€12®,12,3)+ (32 €12®32,2) + (66 € 32®, 32+ 127 12,1) . (5.32)

So as to work out the tensor products in Eq. (p.39), it is advisable to consider the
further branching

S50(6,6) > SI(6) x O(1,1) (5.33)
12 = 6, +6_4
32 = 13+ 15, +15_;+1_3
66 = 15, +19+35,+15_,.

The decomposition of the
is therefore

133 conditions in terms of the various SI(6) C SO(6,6) charges

1, k= mym* (5.34a)
(
E = mym?+mem®!
32 k¥ = mim* +m*m? (5.34b)
\ ks;s5 = mlms;s6 + mslms4
(
E* = mym** + m>m? + mm?®
66, ELs5 = m2mst 4 msms;sﬁ 4 msimb 4 mlml;SG (534(;)
\ ks2;56 = m2ms;56 + ms4ms4 + mslml;sﬁ
19 k5% = m*'m® + mm**° (5.34d)
(
EY6 = mSm? 4 mbm,
32_4 k356 = mPmst 4 mbs6im2 (5346)
\ k55;56 — mSms;sﬁ + ml;56m84
1y @ k50 = mPmbst (5.34f)

where the subindex denotes the SO(1,1) C SI(2) charge, and the contractions are the
obvious ones. In particular, for D-brane charges only, the condition 66, reduces to the one
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introduced in Subsection B.§. The condition 1, is the familiar perturbative level-matching
condition, whereas 1_5 is the analogous condition on NS5-KK5 bound states. The other
conditions mix different T-duality multiplets. For example, the spinor constraints (5.34H)
and (5.34d) are composed of products of D-brane charges with either KK- and winding

charges or NS5- and KK5-brane charges.

As suggested by the index structure of the conditions & in (p-34), the constraints combine
in a string or momentum multiplet asf™]

E' = mym? (5.35a)
K= mym® 4+ m?m? (5.35b)
Y = mymbT 4 m?m® (5.35¢)
T o= mPmbT + mPm® (5.35d)
ST = mPmbT (5.35¢)

If these composite charges do not vanish, the state is at most 1/4-BPS, in which case its
mass formula is given by

M2 = M2(m) +\/[T (k)] , (5.36)

where Mo(m) and 7 (k) are given by the half-BPS mass and tension formulae (5-23) and
(5:27).

Noting from Eq. ({.34) that the string multiplet 77 appears in the decompactification
of the particle multiplet M, we can obtain the half-BPS condition on the string multiplet

by allowing non-zero m**, m**, m*¢ charges only, where s denotes a fixed direction on the
torus:
ks;s5 — m81m54 (537&)
ks2;86 _ m81m1§56 + m54m84 (537b)
k85;86 _ m84m1§56 (5 37C)

and identifying these charges with the n',n* n'% charges of the string multiplet in one

dimension lower. We therefore obtain a multiplet of half-BPS conditions

K = n'n (5.38a)
50 = n'n'® 4 nint (5.38b)
k0 = piph® (5.38¢)

This is easily seen to transform as a 77 multiplet, as can also be inferred from the decom-
position (£.3§) at level 2 of the string multiplet under decompactification. For d = 6, this is

#40ne could have alternatively derived these conditions from the branching E; D SI(7), but the one we
used is more constrained and more convenient.
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a 27 quadratic condition on the 27 string multiplet of Fg, whereas for d = 5 only the first
condition remains, giving a singlet condition on the 10 multiplet of SO(5,5). For d < 5, a
BPS string state is automatically 1/2-BPS, while for d = 7 the 73 condition transform as
a 1539 of E7. The tension of a 1/4-BPS string can also be obtained by decompactifying
one direction in Eq. (p.36), and has an analogous structure

T? = T3 (n) + /[T (k)] (5.39)

where 7y(n) and 77 (k) are given by the half-BPS tension (p.27) and the half-BPS 3-brane
tension, which can be worked out easily.

For d > 6 (resp d > 5), there still remain conditions to be imposed on the particle
multiplet (resp. string multiplet) in order for the state to be 1/4-BPS and not 1/8. In
the d = 7 case, it should be required that the 56 in the third symmetric tensor power of
the 56 particle charges vanishes [[15]. For d = 6, this reduces to the statement that the
singlet in 273 should vanish. This condition is empty for d < 5. We shall however not
investigate the 1/8-BPS case any further, and refer to Appendix A4 for the 1/8-BPS mass
formula of a NS5-KK-winding bound state in d = 6 (D = 5). In contrast to 1/2-BPS
states, 1/4-BPS and 1/8-BPS states in general have a non-trivial degeneracy and therefore
entropy, which still has to be a U-duality invariant quantity depending on the charges m
[L67, [89, [, P2, B]. This allows non-trivial checks on U-duality and predictions on BPS
bound states, which we shall only mention here [B14, B15, B89
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6 Matrix gauge theory

The definition of M-theory as the strong-coupling limit of type IIA string theory and the
finite energy extension of the eleven-dimensional SUGRA does not allow the systematic
computation of S-matrix elements, since type IIA theory is only defined through its per-
turbative expansion and 11D SUGRA is severely non-renormalizable. In Ref. [P4], Banks,
Fischler, Susskind and Shenker (BFSS) formulated a proposal for a non-perturbative def-
inition of M-theory, in which M-theory in the infinite momentum frame (IMF) with IMF
momentum P = N/R, is related to the supersymmetric quantum mechanics ] of N x N
Hermitian matrices in the large-N limit, the same as the one describing the interactions
of N DO-branes induced by fluctuations of open strings. Despite the powerful constraints
of supersymmetry, it is still a formidable problem to solve this quantum mechanics in the
large- N limit.

As was argued by Susskind [B00], sense can however be made of the finite-N Matrix
gauge theory, as describing the Discrete Light-Cone Quantization (DLCQ) of M-theory, that
is quantization on a light-like circle. This stronger conjecture has been further motivated
in Ref. |P7g|, relating through an infinite Lorentz boost the compactification of M-theory
on a light-like circle to compactification on a vanishing space-like circle, i.e. to type IIA
string theory in the presence of D0O-branes. This argument gives a general prescription for
compactification of M-theory (see also Sen’s argument Ref. [283]), and we shall briefly go
through it in this Section.

Upon toroidal compactification on T¢, the extra degrees of freedom brought in by the
wrapping modes of the open strings extend this quantum mechanics to a quantum field
theory, namely a U(N) Yang-Mills theory with 16 supersymmetries on the T-dual torus
T? in the large-N limit [[23, B0|. This prescription is consistent up to d < 3, but breaks
down for compactification on higher-dimensional tori, owing to the ill-definition of SYM
theory at short distances. Several proposals have been made as to how to supplement
the SYM theory with additional degrees of freedom while still avoiding the coupling to
gravity, which will be briefly discussed in this section. Besides their relevance for M-theory
compactification, these theories are also interesting theories in their own right, as non-trivial
interacting field theories in higher dimensions.

Our aim is to provide the background to discuss in Section [] the implications of U-
duality for the Matrix gauge theory describing toroidal compactification of M-theory. The
relation between the M-theory compactification moduli, including gauge backgrounds, and
Matrix gauge-theory parameters will be obtained, as well as the spectrum of excitations
that Matrix gauge theory should exhibit in order to describe compactified M-theory. This
will leave open the issue of what is the correct Matrix gauge theory reproducing these
features.

H5This model was first introduced in Ref. [6§, [L1§, [L7).
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6.1 Discrete Light-Cone Quantization

The finite-N conjecture of Ref. [B0]] is formulated in the framework of the DLCQ), the es-
sentials of which we review first. In field theory, it is customary to use equal-time (¢ = 2°)
quantization, which breaks Poincaré invariance, but preserves invariance under the kine-
matical generators consisting of spatial rotations and translations. However, an alternative
quantization procedure exists, in which the theory is quantized with respect to the proper
time ot = (2° + 2!)//2, which is referred to as light-cone quantization. In this case, the
transverse translations P’ and rotations L¥, as well as the longitudinal momentum P* and
the boosts L™%, Lt~ do not depend on the dynamics, while the generator P~ generates
the translations in the 21 direction and plays the role of the Hamiltonian. The usual dis-
persion relation H = v/ P*P; + M? in equal-time quantization, is replaced in the light-cone
quantization by

_ PP+ M
- 2pt 7
exhibiting Galilean invariance on the transverse space. Particles, with positive energy
P~ > 0, necessarily have positive longitudinal momentum P*, while antiparticles will have
negative P*. The vacuum of P~ is hence reduced to the Fock-space state |0), and the
negative-norm ghost states are decoupled as well. This simplification of the theory is at
the expense of instantaneous non-local interactions due to the P™ = 0 pole in (6.1)).

P~ (6.1)

Discrete light-cone quantization proceeds by compactifying the longitudinal direction
x~ on a circle of radius R;:

r_ >~z +21R; . (6.2)

This results into a quantization of the longitudinal momentum of any particle ¢ according
to
+_ M
pr= R
Because the total momentum is conserved, the Hilbert space decomposes into finite-dimensional
superselection sectors labelled by N = > n;. Note that the finite dimension does not re-
quire imposing any ultraviolet cut-off on the eigenvalues n;, but follows from the condition

(6.3)

It is important to note that, because the = direction is a light-like direction, the length
R; of the radius is not invariant, but can be modified by a Lorentz boost L™,

(xo ) ~ ( cosh /3 —sinhﬂ) (370 ) : (6.4a)
2! —sinh 8 cosh 3 a!

which amounts to

R — Ry, P~ =P, PT —e PPt (6.5)
This implies that the Hamiltonian P™ depends on the radius R; through an over-all factor
Pt =RHy , (6.6)

so that the mass M? = 2P P~ is independent of R;.
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6.2 Why is Matrix theory correct 7

Following Ref. [B7§]|, we will now derive the Hamiltonian Hy describing the DLCQ of
M-theory, and obtain the BFSS Matrix-theory conjecture. The basic idea is to consider the
compactification on the light-like circle as Lorentz-equivalent to a limit of a compactification
on a space-like circle. Acting with a boost (6.4) on an ordinary space-like circle, we find

e _ —23 1 [ _
cosh 3 sinh 8 0 ) _ R 1+e b Ry (6.7)
—sinh 8 cosh 3 R, V2 1+ e28 V2 R
where R, = Rje™”. Sending 3 — oo while keeping R; finite, we see that the light-like circle
is Lorentz-equivalent to a space-like circle of radius Ry, — 0.

In order to keep the energy finite, which from Eq. (p.0)) and on dimensional ground scales
as R;/12, we should also rescale the Planck length (and any other length) as I, , = e=/2l,,.
Altogether, M-theory with Planck length [, on the light-like circle of radius R; in the

momentum Pt = % sector is equivalent to M-theory with Planck length [, ; on the space-
like circle of radius R, in the momentum P = Rﬂs sector, with
Ry=Rie ", I,,=e P2, (6.8)
in the limit § — oo. Eliminating (3, we obtain the following scaling limit:
Rs R
R,—0, M=—"="2"1=fixed . (6.9)
z,

Following Ref. [E79], we shall denote the latter theory as M theory.

Since the space-like circle g shrinks to zero in [, ¢ units, this relates the DLCQ of M-
theory to weakly coupled type IIA string theory in the presence of N DO-branes carrying
the momentum along the vanishing compact dimension. Using Eq. (B.1), the scaling limit
becomes

1/2

gs = (RAM)** | o/ =12 = % , R, — 0, M =fixed . (6.10)
In particular, g, and o’ go to zero, so that the bulk degrees of freedom decouple, and only
the leading-order Yang-Mills interactions between DO-branes remain. This validates the
BFSS conjecture, up to the possible ambiguities in the light-like limit 8 — oo [[59, 2]
Several difficulties have also been shown to arise for compactification on curved manifolds
[L03, 02, but since we are only concerned with toroidal compactifications, we will ignore
these issues.

6.3 Compactification and Matrix gauge theory

For toroidal compactifications of M-theory, we consider the same scaling limit as in (B.9),
and keep the torus size constant in Planck length units, that is
R

P 1/2 B RI B
=T M , It = l_ = ﬁxed . (611)
p’s
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However, comparing (6.9) and (.11)), we find that the size of the torus goes to zero in the
scaling limit. To avoid this it is convenient to consider the theory on the T-dual torus 7%,
obtained by a maximal T-duality in all d directions. From Eq. (B.3), this has the effect
that,

ITA with N DO-branes — { IIA with N Dd-branes d = even (6.12)

IIB with N Dd-branes d = odd

Using the maximal T-duality transformation HCIlzl Ty, with T; given in (.3), the type II
parameters then become

(RSM)(3—d)/4 ) ;/2 ~ 1
gS:T’a/ZZSZW’ RIZW, (613&)
R, — 0, M:ljj—s:ﬁxed, T’IZZR—I:ﬁXGd, (6.13b)
D,S p;s

so that, in particular, the size of the dual torus is fixed in the scaling limit. We will
sometimes refer to the type II theory in this T-dual picture as the II-theory.

The behaviour of the string coupling in the scaling limit is now different according to
the dimension of the torus:

0 d<3
gs — { finite d =3 (6.14)
00 d> 3

In particular for d < 3 we still have weakly coupled type ITA or IIB string theory in
the presence of N Dd-branes, so that M-theory is described by the SYM theory with 16
supercharges living on the world-volume of the N Dd-branes. The gauge coupling constant
of this Matrix gauge theory and the radii s; of the torus on which the D-branes are wrapped
read

2 g M = 1
Gyw = 9:l ™ = = Vrz]:[m, si=Fi = — (6.15)

showing, in particular, that gZ,, is finite in the scaling limit.

The special case of Matrix theory on a circle (d = 1) yields (after an S-duality transform-
ing the background D1-strings into fundamental strings) Matrix string theory [234], P3, p4],
in which an identification between the large-N limit of two-dimensional N=8 supersym-
metric YM theory and type ITA string theory is established. We will not further discuss
this topic here, and refer to Ref. [I16, P9 for the next case d = 2 and its relation to type
IIB string theory. Moving on to the case d = 3, the same conclusion as in the d < 3 case
continues to hold, since although the string coupling is finite, the string length goes to zero
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so that loop corrections are suppressed in the o/ — 0 limit. Consequently, the d = 3 Matrix
gauge theory is N=4 supersymmetric Yang Mills theory.

For d > 3, however, the coupling gs blows up, and the weakly coupled string description
of the D-branes is no longer valid. This coincides with the fact that the Yang—Mills theory
becomes non-renormalizable and strongly coupled in the UV. Hence, in order to define a
consistent quantum theory, one needs to supplement the theory with additional degrees of
freedom. In the following we briefly review the proposals for d = 4 and d = 5, and show
the complication that arises for d = 6. These proposals follow from the above prescription,
using further duality symmetries, which will be examined in more detail in Section []. Other
decoupling limits have been considered in [[[71)].

6.4 Matrix gauge theory on 7"

In the case d = 4, it follows from (6.13) that the effective theory is 441 SYM coming from
the type ITA D4-brane world-volume theory. In the scaling limit the type ITA theory be-
comes strongly coupled and using the correspondence between strongly coupled IIA theory
and M-theory a new eleventh dimension is generated, which plays the role of a fifth space

dimension in the gauge theory [269, {7, []. Using Eqgs. (2:I1) and (F-I34), the radius and
11D Planck length are

- 1
= sls = )
R=g MV

I, = g1, = RYSM /0y 71/3 (6.16)

Moreover, comparing with (B.13) we find that the radius R is in fact equal to the YM
coupling constant

R=g3y - (6.17)

Hence, in the scaling limit (B9), the Planck length [, goes to zero so that the bulk
degrees of freedom decouple, while the radius R remains finite. The N type IIA D4-branes
become N Mb-branes wrapped around the extra radius R, and M-theory on 7% x S! is
then described by the (2,0) world-volume theory of N' M5-branes, wrapped on 7% and the
extra radius R, related to the Yang—Mills coupling constant by Eq. (B-I7). The proper
formulation of this theory is still unclear, but Matrix light-cone descriptions have been
proposed in Refs. |p6, E79, B14, [5, B, [83, [2§| and the low-energy formulation studied in
Refs. [[28, [4§]. In particular, at energies of order 1/¢%,,; the Kaluza-Klein states along
the extra circle come into play. They can be identified as instantons of 4D SYM lifted as
particles in the (4+1)-dimensional gauge theory. Additional evidence for this conjecture
that follows from the U-duality symmetry will be discussed in Section [q.

6.5 Matrix gauge theory on 77

In the case d = 5, we have N type IIB Db-branes at strong string coupling, so that it is
useful to perform an S-duality that maps the D5-branes to NS5-branes. Using Eqs. (£.17))

82



and (6.134d), we find that the string coupling and length become

~ ~

1 1
As = — = RsM 1/2‘/7« Z2 - sl2 = R; =Ry . 6.18
g gs ( ) ? s g s MQ‘/T ? 1 1 ( )
Moreover, comparing with Eq. (B-I9), we find that the string tension is related to the gauge
coupling constant by

2= g%u - (6.19)

The string coupling gs goes to zero in the scaling limit, so that the bulk modes are
decoupled from those localized on the NS5-branes. However, the string theory on the NS5-
branes is still non-trivial, and has a finite string tension in the scaling limit [[q]. As a
consequence, we find that M-theory on 7° x S! is described by a theory of non-critical
strings propagating on the NS5-brane world-volume with a tension related to the gauge
coupling by Eq. (p.19). The proper formulation of this theory is still unclear, but light-cone
Matrix formulations have been proposed |79, R90]. The string can be identified with a 4D
Yang-Mills instanton lifted to 145 dimensions. This description is close but not identical
to the proposal in Refs. [p3, PI] according to which the (1/4-) BPS sector of M-theory
should be described by the (1/2-) BPS excitations of the M5-brane, whose dynamics would
be described by a (ground-state) non-critical “micro-string” theory on its six-dimensional
world-volume. In particular, the theory on the type IIB NS5-brane is non-chiral, whereas
that on the Mb5-brane is chiral. We refer the reader to the work of [B4| for a discussion of
these two approaches.

6.6 Matrix gauge theory on 7°

Finally, we discuss the problems that arise for d = 6, in which case we have N type IIA
D6-branes at strong coupling. As in the d = 4 case, an eleventh dimension opens up, and
we find M-theory compactified on a circle of radius R with

~ 1 ~ 1

R =gl = m , = gl = W . (6.20)
The N D6-branes actually correspond to IV coinciding Kaluza—Klein monopoles with Taub—
NUT direction along the eleventh direction, and as R — o0, the monopoles shrink to zero
size and reduce to an Ay singularity in the eleven-dimensional metric. It was suggested in
Ref. [[53] that the bulk dynamics still decouples from the (6-+1)-dimensional world-volume,
and that the latter can be described in the IMF by the m(atrix) quantum mechanics of Ny
DO-branes inside N ten-dimensional Kaluza—Klein monopole, in the large-/N; limit. This
is very reminiscent to the BFSS description of M-theory, but the quantum mechanics is
now a matrix model with eight supersymmetries and corresponds to the Coulomb phase
of the quiver gauge theory in 0+1 dimensions associated to the Dynkin diagram Ay [[07)].
In other words, this is a sigma model with vector multiplets in the adjoint representation
of [U(N;)]®N and hypermultiplets in bifundamental representations (Ny, Ni) of U(Ny)y x
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U(Ny)gsr for & = 1...N, with U(N;), denoting the k-th copy of U(N;) and U(N;),
identified with U(Ny)y; this model is restricted to its Coulomb phase, where the hypers
have no expectation value. In the low-energy limit, it is expected to reduce to SYM in 146
dimensions, with gauge coupling

=g - (6.21)

Other approaches have been proposed in Refs. [p7, [2¢]. We shall come back to the d = 6
case in Section [ when we display the BPS states in terms of the low-energy SYM theory.

6.7 Dictionary between M-theory and Matrix gauge theory

We finally give the dictionary that allows us to go from M-theory on 7% x S! (with S!
a light-like circle) in the sector PT = N/R; and Matrix gauge theory on T?. This can
be obtained by solving (6.134) and (6.19), for the parameters (s;, N, gym) of the U(N)
Matrix gauge theory in terms of the parameters (Ry, R, l,) of M-theory compactification
on T? x S':

3
sp = b (6.22a)
R Ry
> _ b
= 6.22b
Iym Rzi_g H R, ( )
For completeness we also give the inverse relations
1 /RV, 1/2 RV, 1/2 N
RI:—(é ) ,z;}:(g ) . Pt=_—" (6.23)
S1 \ 9ym Iym Ry

where we have defined V; = []; s; as the volume of the dual torus on which the Matrix
gauge theory lives.

6.8 Comparison of M-theory and Matrix gauge theory SUSY

In order to describe the M-theory BPS states from the point of view of the gauge the-
ory, we need to understand how the space-time supersymmetry translates to the brane
world-volume. This is in complete analogy with the perturbative string in the Ramond-
Neveu-Schwarz formalism, in which space-time supersymmetry emerges from world-sheet
supersymmetry (see [[44], Section 5.2), and the case of the M5-brane has been thoroughly
discussed in Ref. [PI]. We will abstract their argument and discuss the case of a general
1/2-BPS brane, whether D, M, KK or otherwise, referring to that work for computational
details.

In the presence of a p-brane, the breaking of the 11D N = 1 space-time supersymmetry
is only spontaneous. The unbroken SUSY charges generate a superalgebra on the world-
volume of the brane, whereas the broken ones generate fermionic zero modes. The fixing of
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the reparametrization invariance on the world-volume is most easily done in the light-cone
gauge. The 32-component supercharge Q, then decomposes as af™ (spinor,spinor,spinor)
of the unbroken Lorentz group SO(1,1) x SO(p—1) x SO(10—p). The algebra is graded by
the eigenvalue +1/2 of the generator of SO(1, 1), so that the unbroken generators @/ have
charge +1/2 and the broken ones @), charge —1/2, where a is the spinorial index of the
SO(10 — p) R-symmetry and « the spinorial index of the SO(p — 1) Lorentz world-volume
symmetry. The anticommutation relations then take the form

{Q7.Q"} = H+P+Z"" (6.24a)
{07}y = p+2° (6.24b)
{Q.Q°y = 2. (6.24c)

In this expression, H and P are the world-volume Hamiltonian and momentum, Z++, Z°,
Z~~ some possible central charges and p is the transverse momentum. A contraction of the
central charges with the appropriate Gamma matrices is also assumed. In the following,
we absorb the momentum in the charges Z*+, and set p = 0 by considering a particle at
rest in the transverse directions.

The central charges Z° and Z** are simply a renaming of the ZM~  ZMNPQE central
charges of the 11D superalgebra (2.13d). As their indices show, Z° is a singlet of SO(1, 1),
whereas ZT" and Z~~ combine in a vector of SO(1,1); Z° is therefore identified with
the Z1/, ZI/ELM charges, whereas Z** correspond to the Z1, ZUJKLM charees where
as usual I, J, ..., are directions on the torus and 1 is the space-time direction combined
with the time direction on the light cone. In other words, Z° is identified with the particle
charges, whereas Z** correspond to the string charges. In order for the superalgebra
(6:24d) to reproduce the space-time superalgebra (2.13d) with particle charges only, we
therefore need to impose Z** = 0 on the physical states. This is the analogue of the
Lo = Ly level-matching condition.

The broken generators Q~ and the central charges Z° are given by the fermionic and
bosonic zero modes only. On the other hand, the unbroken generators as well as the central
charges Z** have a non-zero-mode contribution:

QT =Qf+Qf, ZH*=Z*+ 7, H=H+H. (6.25)

The zero-mode part of the generators @ is built out of the bosonic and fermionic zero
modes Z° and @, and anticommutes with the oscillator part Q+. It generates the same
algebra as in Eq. (p.244), while the oscillator parts generate the same algebra on their own
and anticommute with the zero-mode broken generators )~ = ();. The level-matching
conditions Z** = 0 are achieved through a cancellation of the zero-mode part, quadratic
in the particle charges Z°, and the oscillator parts.

Let us now consider the Hamiltonian H. Because of supersymmetry, both H, and H
are positive operators and for given zero modes Z°, the supersymmetric ground state is
given by the condition H = 0, or Q*|0) = 0. This state is therefore annihilated by all the
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or a sum of, depending on the parity of p.
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@+ supersymmetries, that is half the space-time supersymmetries, and must have vanishing
Z** charge, that is from the level-matching conditions Zi* = (Z°)? = 0. This condition is,
in less detail, the 1/2-BPS condition k = 0 with k defined as in Eq. (R.2IH). The energy of
this state is given by the zero-mode part Hy = {Qf, Qf } quadratic in the particle charges
Z°. This is equivalent to the mass formula Eq. (2.1§) for 1/2-BPS states in space-time.

On the other hand, BPS states preserving 1/4 of the space-time supersymmetry are
only annihilated by half the world-volume supercharges @+, and their energy is shifted by
the non-zero-mode contribution H. The latter is quadratic in the non-zero-mode part of
the string charges Z** = —Z#* = —(Z°)2, therefore quartic in the particle charge. This
is precisely what was found in Eq. (R.214):

E=MZ)+\/|[T(K) . (6.26)

This equation has a simple interpretation: the quadratic term corresponds to the 1/2-BPS
bound state between the heavy mass M, p-brane and the mass M particle, with binding

energy
/ M?
p

whereas the second corresponds to a 1/4-BPS bound state between the p-brane and the
mass M = RT of the string with tension 7 wrapped on the circle R:

E=(M,+M)—-M,=RT . (6.28)

There is therefore a complete identity between i) the space-time supersymmetry algebra
and particle spectrum in the absence of the p-brane, ii) the p-brane world-volume gauge
theory and iii) the bound states of the p-brane with other particles. This also holds at
the level of space-time field configurations, which can be seen as configurations on the

world-volume [BQ, BY].

6.9 SYM masses from M-theory masses

We shall now explicit the correspondence of the previous subsection in the D-brane case,
relevant for Matrix gauge theory, and relate the energies in the Yang-Mills theory to the
masses in space-time. This has been discussed in particular in Refs. [299, [27, [16, [34].
Based on the last interpretation as bound states of the N background D-branes with other
particles, we identify R = R, and M, = P, = N/R;, where R, is the radius of the light-like
direction, and fix the normalization of the Yang—Mills energies as

Eyn = %J\/F(Z) + R/ [T(K)]? . (6.29)

We then proceed by using the dictionary (6.23) to obtain the Yang—Mills energy of the
BPS states we discussed previously.

86



We now apply these considerations to the highest-weight states of the two U-duality
multiplets of Subsections [I.§ and {.I0. The highest-weight state of the particle multiplet
is a Kaluza—Klein excitation on the I-th direction, which becomes, after the maximal T-
duality, an NS-winding state bound to the background Dd-brane. Hence, it is a bound
state with non-zero binding energy, and using Eq. (6.27) we find

Borr — (1/R1)* _ g%wms7
™M UN/R, NV, ’

(6.30)

where in the second step we used the dictionary (£.23) to translate to Matrix gauge theory
variables. This is the energy of a state in the gauge theory carrying electric flux in the /-th
direction. For this reason, the particle multiplet is also called the flux multiplet.

Next we turn to the highest-weight state of the string multiplet, wrapped on the light-
like direction R;. The highest weight is a membrane wrapped on R; and R;, which becomes,
after the maximal T-duality, a Kaluza—Klein state bound to the background Dd-brane.
These two states form a bound state at threshold and according to (6.2§) we have

RR, 1
Eyy = ;3 i (6.31)
P SI

where Eq. (b.29) was used again in the second step. This is the energy of a massless particle
with momentum along the /-th direction in the gauge theory, so that we may alternatively
call the string multiplet the momentum multiplet from the point of view of Matrix gauge
theory.

This translation can be carried out for all other members of the U-duality multiplets,
and since U-duality preserves the supersymmetry properties of the bound state, one finds
the following general relation between SYM masses and M-theory masses:

R
particle/flux multiplet :  Fyy = Nl./\/l , (6.32a)
string/momentum multiplet :  Eyy = R/7; . (6.32b)

In Subsection [(-2, we will explicitly see for the cases d = 3,4, 5 that indeed all non-zero bind-
ing energy and threshold bound states appear in the particle/flux and string/momentum
multiplets respectively. Finally, we remark that the equalities in the two equations ([6.30)
and (B.31]) can be solved to yield the dictionary (f.29), so that the comparison of these two
types of energy quanta gives a convenient short-cut to ()
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7 U-duality symmetry of Matrix gauge theory

If any of the previously discussed Matrix gauge theories purports to describe compactified
Matrix gauge theory, it should certainly exhibit U-duality invariance. In this section, we
wish to investigate the implications of U-duality on the Matrix gauge theory at the algebraic
level, irrespective of its precise realization.

To this end we use the dictionary (6.23) between compactified M-theory and Matrix
gauge theory. We first recast the Weyl transformations of the U-duality group (see Subsec-
tion [£.4) in the gauge-theory language and interpret them as generalized electric—magnetic
dualities of the gauge theory. Then, we translate the U-duality multiplets of Subsections
f.§ and in Matrix gauge theory and discuss the interpretation of the states. Finally,
we use the results of Subsection p.4 to discuss the realization of the full U-duality group
in Matrix gauge theory and in particular the couplings induced by non-vanishing gauge
potentials.

At the end of this section a more speculative aspect of finite-N matrix gauge theory is
discussed. By promoting the rank N to an ordinary charge, we show the existence of an
Eqt1(a4+1)(Z) action on the spectrum of BPS states. In this way, we find that the conjectured
extended U-duality symmetry of matrix theory on 7% in DLCQ has an implementation as
action of Ed+1(d+1)(Z) on the BPS spectrum, as demanded by eleven-dimensional Lorentz
invariance.

7.1 Weyl transformations in Matrix gauge theory

The discussion of Matrix gauge theory from M-theory in Section [j has been restricted to
rectangular tori with vanishing gauge potentials, so that we first focus on the transforma-
tions in the Weyl subgroup of the U-duality group [*]

W(Ed(d)(Z)) = Zg > Sd . (7.1)

The permutation group S, that interchanges the radii R; of the M-theory torus obviously
still permutes the radii s; of the Matrix gauge theory T-dual torus. On the other hand,
the generalized T-duality 77k in (I2), using the dictionary (B.27), translates into the
following transformation of the Matrix gauge theory parameters:

2(d—4)

gn — T W= [losrsx Sa
S1iK - Sa — S a=1,J,K (7.2)
2
S @ — QYWMSG a#1,J K

For d = 3 the transformation ([.9) is precisely the (Weyl subgroup of) S-duality sym-
metry of N =4 SYM in 3+1 dimensions [299, [27]:

HTWe restrict to the case d > 3; the case d = 1 has trivial Weyl group, while for the case d = 2 there is
only the permutation symmetry Ss.
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obtained for zero theta angle. The transformation ([.2) generalizes this symmetry to the
case d > 3, by acting as S-duality in the (3-+1)-dimensional theory obtained by reducing
the Matrix gauge theory in d + 1 dimensions to the directions I, J, K and the time only
[TI0]. Indeed, the coupling constant for the effective (3+1)-dimensional gauge theory reads

1 W
=5 (74)
gt Iym
and the transformation ([.g) becomes
(geszsmSCL) - (1/ge2ff75avngf5a) : (75)

To summarize, we see that from the point of view of the Matrix gauge theory the U-
dualities are accounted for by the modular group of the torus on which the gauge theory
lives (yielding the SI(d,Z) subgroup) as well as by generalized electric-magnetic dualities
(implementing the T-dualities of type IIA string) [™.

We now discuss in more detail the d = 4,5,6 cases, in order to give more support to
the proposals discussed in Section [j. Explicitly, one obtains

2
d=4: S]JK ym 7 Fa 4 7& ]’ J’K (76&)
Sa — Sq a=1J K

g~ R
2
d=0>5: S[JK Sa — A a,b%[,J,K (76b)

Sb

Sq¢ — Sq a=1JK

Gy — X g bhc# 1K
d=206": S[JK Sq N @ (760)

Sa — Sa a=1,J K

For d = 4 we see that ([.64) induces a permutation of the YM coupling constant with the
radii, in accordance with the interpretation (6.17) of the YM coupling constant as an extra
radius. For d =5, Eq. ([:6H) takes the form of a T-duality symmetry (P-41]) of the non-
critical string theory living on the type [IB NS5-brane world-volume with the YM coupling
related to the string length as in (B.19). Finally, for d = 6, we see by comparing (7.6d) with
the U-duality transformation in ([.12) that we recover the symmetry transformation 77k
in M-theory with the YM coupling constant related to the Planck length by (B.21)).

At this point, it is also instructive to recall the full U-duality groups for toroidal
compactifications of M-theory, as summarized in Table [f., and discuss their interpre-
tation in view of the Matrix gauge theories for d = 3,4,5 (see Table [[])). For d = 3,

¥8From the point of view of type IIB theory, it can be shown that the latter also account for the restoration
of the transverse Lorentz invariance [R91].
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D d || U-duality origin

8 3| SI(3,Z) x SI(2,Z) | S-duality x symmetry of T

7 41| SI(5,7Z) symmetry of T° of M5-brane

6 51 SO(5,5,7) T-duality symmetry on NS5-brane
D<5|d>6 || Eyqg(Z) unclear

Table 7.1: Interpretation of U-duality in Matrix gauge theory.

the SI(3,Z) x Sl(2,Z) U-duality symmetry is the product of the (full) S-duality and the
reparametrization group of the three-torus. For d = 4, the Si(5,7Z) symmetry is the modu-
lar group of the five-torus, corroborating the interpretation of this case as the (2,0) theory
on the Mb5-brane [265|. Finally, for d = 5 the SO(5,5,Z) symmetry should be interpreted
as the T-duality symmetry of the string theory living on the NS5-brane [0, £4]. The
Eg(6)(Z) symmetry is by no means obvious in the IMF description discussed in Subsection
6.6, but this is expected since part of it are Lorentz transformations broken by the IMF
quantization. The interpretation of the exceptional groups Fyq)(Z), d = 7,8 is not obvious
either, since a consistent quantum description for these cases is lacking as well.

In Subsections [[.4-[7.G, the precise identification of the full U-duality groups for d =
3,4,5 will be discussed in further detail. Note also that as we are considering M-theory
compactified on a torus times a light-like circle, it has been conjectured that the Eyq)(Z)
U-duality symmetry should be extended to Egi1(a+1)(Z), as a consequence of Lorentz in-
variance. This extended U-duality symmetry will be discussed in Subsection [7.7.

Finally, we can translate the U-duality invariant Newton constant (f.I4) in the Matrix
gauge theory language. The most convenient form is obtained by writing

Va5 72% 9—d
li= — = <l_9> B (7.7)
Ivym P

which depends on the invariant D-dimensional Planck length and the radius of the light-
like circle, invariant under the Fyg (Z) transformations acting on the transverse space.
Again, in agreement with the Matrix gauge theory descriptions, we see that for d = 3 the
invariant I3 = 1/VZ2 is related to the volume V; of the three-torus; for d = 4 the invariant
I, = 1/(V,g3y) is related to the total volume of the five-torus, constructed from the four-
torus and the extra radius R = g2,; for d = 5 the invariant Iy = 1/g%,; is related to the
finite string tension T = 1/g%,, of the string theory. Finally, note also that for d = 6 the
U-duality invariant Is = V,/g%,; is related to the 5-D Planck length, when using I3 = g3y,

7.2 U-duality multiplets of Matrix gauge theory

We now turn to the translation of the U-duality multiplets of Subsections [£.§ and .10
in the Matrix gauge theory picture. To this end we use the dictionary ([.29) and the
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mass relations in Eq. (6.37). Equivalently, one may start with the highest-weight states
corresponding to electric flux (f.3() and momentum states (f.31]) in the Matrix gauge theory
and subsequently act with the transformations ([7.9) of the Weyl subgroup. Of course these
two methods lead to the same result, which are summarized in Tables and [7.3, for
the particle/flux and string/momentum multiplet respectively. As a compromise between
explicitness and complexity, we have chosen to write down the content for d = 7 in the first
case, and for d = 6 in the latter case. The tables list the mass M in M-theory variables,
the corresponding gauge theory energy Evyy and their associated charges, obtained from
the M-theory charges by raising lower indices or lowering upper indices.

M Eva charge
1 st ml
Ry NVs
RiRy Vs
— —_— m
lg A]Vg%/'M(SISJ)2 2
RiR;Rxk Rr Ry V3 m
15 NgS(srsyskspsa)? 5
Ri;RyjRxk R Ry Ry RpRq | m
B Ngi% (srisssxsLsmsnspsg)? 157

Table 7.2: Flux multiplet (56 of E;) for Matrix gauge theory on 7.

M Eym charge
RiRr 1
ST n
g ST 1
RiRRjRx Ry, v
g G\ SISISKS Ny
: YMSISISKSL
RiRr;RyRk R Ry RN Rp %
E ga SIS N6
P YMSISISKSLSMSNSP
RIRIRjRi;RLRyRNRpRQRRRSs Vs .
lé? g?(MSISJsK§5L5M8NSPSQSRSS 357
BRI Ry R R By BN RpRQRRrRsRr Ry Ry v n
l;1)5 g§(MSISJsKsLsMsN33P3QSRSSSTSUSV 6;7

Table 7.3: Momentum multiplet (133 of E;) for Matrix gauge theory on 7.

In Table [[.2, the first entry corresponds to a state with electric flux in the I-th direction,
while the second one carries magnetic flux in the I, J direction. The first entry in Table .3
is a KK state of the gauge theory, while the second one is a YM instanton in 3-+1 dimensions,
lifted to d + 1 dimensions. For d > 5, new states appear. As a further illustration, we take
a closer look at the special cases d = 3,4, 5,6, which can be obtained from the tables by
omitting those states that have too many compactified dimensions. The Tables [.4-.1]
list the content of each of the two multiplets for these cases [[10, 244, P6Y|, including the
M-theory mass, the YM energy, the multiplicity of each type of state and its interpretation
both in the Matrix gauge theory and as a bound state with the N background type II
Dd-branes. For d = 4,5 we have also added a column giving the bound-state interpretation
in the M5- and NS5-brane theories respectively.
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M Evm # | YM state b.s. of N D3

1 QXZ(MSf ;
& NV 3 | electric flux NS-w
R]RJ Vs 3 ]
magnetic flux || D1
B | NeZa(srs,)? &
% é 3 | momentum KK

S

Table 7.4: Flux and momentum multiplet for d = 3: (3,2) and (3,1) of SI(3) x SI(2).

M Eva # | YM state b.s. of N D4 || b.s. of N M5
2 2
RLI gYN—l\g/il 4 | electric flux NS-w \D2
RiR; Vs .
K NoZu(5157) 6 | magnetic flux || D2
R%{I L 4 | momentum KK
P S1 KK
LuVr L 1 | YM particle || DO
Iy Iym

Table 7.5: Flux and momentum multiplet for d = 4: 10 and 5 of SI(5).

M Eym # | YM state b.s. of N D6
1 9m5T .
Ry NV, 6 | electric flux NS-w
RiR, V, )
15 | magnetic flu D4
lp N9\2(M(8218J)2 & X
VR ‘/SSI
RS N 6 | new sector KK5
Régzl - 6 | momentum KK
P S1
RiVR S1SJ
RiR,IS Pt 15 | YM membrane || D2
Rl]lg] = - 6 | new sector NS5
p IymSI

Table 7.7: Flux and momentum multiplet for d = 6: 27 and 27 of E.

A few comments on these tables are in order.

e A number of states in the Matrix gauge theory have a uniformly valid interpretation
as bound states with the background Dd-branes, namely, for the flux multiplet,

electric flux = Dd-NS-winding bound state (7.8a)

magnetic flux = Dd-D(d — 2) bound state (7.8b)
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M Evm # | YM state b.s. of N D5 || b.s. of N NS5
2 2
RLI WN—R{[ZI 5 | electric flux NS-w D1
RiR; Vs )
B NZu(5157)° 10 | magnetic flux || D3 D3
‘l/_z‘? NXQ/%M 1 | new sector NS5 D5
Régl 51_1 5 | momentum KK KK
p
m _Sr .
Rils prag 5 | YM string D1 NS-w

Table 7.6: Flux and momentum multiplet for d = 5: 16 and 10 of SO(5,5).

and for the momentum multiplet,

KK momentum = Dd-KK bound state (7.9a)

YM state = Dd-D(d — 4) bound state (7.9b)

where the YM state denote the 4D Yang—Mills instanton lifted to d + 1 dimensions.
The correspondences in Eq. ([-§) and (["9) were noted in Refs. [250, P7, B20].

e In the d = 3 case, only perturbative states are observed in Table [7.4.

e For d = 4 one non-perturbative state occurs in Table [(-§, which corresponds precisely
to momentum along the dynamically generated fifth direction, i.e. to a Yang-Mills
instanton lifted to 4+1 dimensions [P63]. From the Mb-brane point of view, the
flux multiplet describes the M2-brane excitations, while the momentum multiplet
comprises the KK states, as indicated in the last column.

e For the case d = 5 in Table[7.g, we focus on the last column obtained by S-duality from
the D5-brane picture of the II theory. The YM string in the momentum multiplet
arises in this case from the wound strings on the NS5-brane. The wrapped transverse
fivebrane on T° appears as a bound state of D5-branes with the background NS5-
branes, with non-zero binding energy (since it is related by electric-magnetic duality
to the D1-NS1 bound state). It corresponds to a new sector in the Matrix gauge
theory Hilbert space, with energy scaling as 1/¢%,,. This state does not correspond
to any known configuration of the 145 gauge theory, but may be understood as a
magnetic flux along one ordinary dimension together with the dynamically generated
dimension in a 144 gauge theory obtained by reducing the original one on a circle

[L54].

For the d = 6 case, we see from Table [7] that all BPS states of type ITA theory on T° are
involved in the bound states of the flux and momentum multiplet, except for the D6-D0
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“bound state”. It has been argued that the latter forms a non-supersymmetric resonance
with the unconventional mass relation [8§, B04|:

M= (M3 + M2D/§’)3/2 . (7.10)
As a consequence we expect to find a state in the gauge theory with energy
Byw = (M3f5s + M%{f’)g/ "= Mups ~ MM (7.11)
Using the corresponding D-brane masses and the relation g2,; = g5/ we then obtain

‘/;1/3
Eym = N3 = N[ (7.12)
Iym

In the last step we have expressed the mass in terms of the U-duality invariant ([.7),
explicitly showing that this extra state transforms as a singlet under the U-duality group
FEg6)(Z). Since the DO-brane is mapped onto a D6-brane under the maximal T-duality,
the space-time interpretation of this extra U-duality multiplet follows from the M-theory
origin of the D6-brane, i.e. the state is KK6-brane with the TN direction along the light-
like direction. The corresponding data of this extra singlet are summarized in Table [I.§.
The d = 7 case is discussed in Appendix [J, and exhibits a number of similar states (with
M-theory masses depending on multiple factors of R;) as the extra singlet in d = 6.

M Evu # | YM state || b.s. of N D6
RVy || N1/3yL3
lzg) Q%M

Table 7.8: Additional multiplet for d = 6: 1 of Eg.

1 | new sector || DO

7.3 Gauge backgrounds in Matrix gauge theory

Our discussion of the Matrix gauge theory U-duality symmetries and mass formulae has
so far been restricted to the rectangular-torus case, with zero expectation values for the
M-theory gauge potentials. However, gauge backgrounds in M-theory yield moduli, and
should have a counterpart as couplings in the Matrix gauge theory.

As a simple example, consider first M-theory on 7, in which case we can switch on an
expectation value for the component Cyo3 of the three-form. Together with the volume V
of T3, it forms a complex scalar

Vv
T = 6123 “+1 l_3 s (713)

p
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which transforms as a modular parameter under the subgroup SI(2,Z) of the U-duality
group SI1(3,Z) x SI(2,Z) [[4g]. On the other hand, according to Eq. (6.224) the volume
is identified in the Matrix gauge theory with 1/g%,;, which together with the theta angle
forms a complex scalar

0 4
S=_—4i (7.14)
27 G
transforming as a modular parameter under the electric-magnetic duality group SI(2,Z).
One should therefore identify Cio3 with 6, or in other words the three-form background

induces a topological coupling [ F' A F on the D3-brane world-volume.

This can be derived more generally for any d by making use of Seiberg’s argument and
the well-known coupling of Ramond gauge fields to the D-brane world-volume. Details of
the derivation can be found in Ref. [B44] and we only quote the result which is that the
expectation value of the three-form induces the following topological coupling in Matrix
gauge theory:

Se =K /dt/ ForFir . (7.15)

This coupling reduces to the 6 term ([.14)) for d = 3 and was conjectured in Ref. [BJ]. As
we now show, the coupling (["I7) can also be inferred from the U-duality invariant mass
formulae.

To see this, we first translate the general U-duality invariant mass formulae (5.23) into
the gauge theory language using (p.29) and (p.39), restricting to d < 6 for simplicity:

i \/(ﬁl)2 i (g‘ﬁsz)Q ()" + (9&)4 ()" (716

in which we have added the flux multiplet and momentum multiplet together, as was argued
in Subsection f-8. Index contractions are performed with the dual metric g;; = ¢"/I5/R?,
and upper (lower) indices in the M-theory picture have become lower (upper) indices in the
Matrix gauge theory picture. We also recall that V; is the volume of the dual torus 7% on
which the Matrix gauge theory lives. The expression of shifted charges is then given by

9\2(1\/1
Fyy =
YMTUNYL

mt = m'+C%my+ (C°C* + %) ms (7.17a)
My = my+CPms (7.17b)
ms = ms (7.17¢)
iy = ni+Cny+ (C°C* +E%) nye (7.17d)
fiy = ng+Cnyg (7.17e)
flig = Mg - (7.17f)
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As we will see below, the linear shift in C? is in agreement with the coupling obtained in
Eq. ([-15). As a preview, the interpretation of the C* coupling in the various Matrix gauge
theories is summarized in Table [.9. We will discuss these formulae in further detail for
d = 3,4,5 below. There is as yet no derivation of the coupling of the & gauge potential to
the Matrix gauge theory.

D d Cryk | interpretation

8 3 1 f-parameter

7 4 4 | off-diagonal component A; of T5-metric

6 5 10 | Bys-background field of string theory on 5-brane
D<5|d>6 (g) unclear

Table 7.9: Matrix gauge theory interpretation of three-form potential.

7.4 SI(3,Z) x Sl(2,7Z)-invariant mass formula for N=4 SYM
in 3+1 dimensions

As a first case, we consider the mass formula (.I€) for d = 3,

2 1 ) 1
Py = _jngy (mf + §c”f<mm) gz (mL + 5cLMNmMN) (7.18)

(mrsg"™ g mrr) + Vnigtng .

1

_|_

Ngiy
This includes the energy of the electric flux m’ (i.e. the momentum conjugate to [ Fo;)
and the magnetic flux m;; = [ Fy; in the diagonal Abelian subgroup of U(N), together
with the energy of a massless excitation with quantized momentum n;. We observe that
the effect of the M-theory background value of the three-form Cjs is to shift the electric flux
m!, which is a manifestation of the Witten effect and indicates that the coupling of Cs to
gauge theory occurs through the topological term ([-I7). Indeed, the only effect of such a
coupling is to shift the momentum conjugate to dyA; by a quantity C'/* [ Fx.

Moreover, introducing the dual magnetic charge m! = 2¢//%m;x and setting C'/% =
Oe! 75 | the mass formula ([-I§) can be written in the alternative form
1 . 1 N
By = NV, (g¥na(m" + 0mL)grs(m? +6m) + 2 migrymy)
s 9ym (7.19)

+ nlgjjnJ ;

which manifestly exhibits the Si(2,Z) S-duality symmetry as well as the S1(3,Z) modular
group of the three-torus.
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7.5 Sl(5,Z)-invariant mass formula for (2,0) theory on the MS5-
brane

Moving on to the case d = 4, an extra momentum charge ny appears in ([(.16), which
corresponds to the momentum along the dynamically generated 5th dimension. After some
algebra, the total mass ([.16) can be rewritten in a manifestly U-duality (S1(5, Z))-invariant
form:

1 . =
Evv = WMABgAchDmCD + nAgABnB (720)
5
where A, B,---=1...5 and Vi = V,¢2,, is the volume of the five-dimensional torus. Here,

the two-form and vector charges m*?

on the four-torus by

, na on the five-torus are related to the original set

1
m’® = m', m!’ = ie”KLmKL (7.21a)

1
ny = ny, ns = @EIJKL’/L[JKL ], J,: 1,...,4 (721b)
where the charge m*” is the quantized flux (in the diagonal Abelian group) conjugate
to the two-form gauge field that lives on the (5-+1)-dimensional world-volume, and ny4 is
simply the momentum along the direction A. The gauge potential C; i combines with the
gauge coupling and the T metric to make the metric on T°:

AB

ds? = R*(dz® + Aldz;)? + ds? (7.22a)
» 2 1 JKL
R= gvM A] = §€]JKLC . (722b)

In particular, it is seen that the three-form potential plays the role of the off-diagonal
component of the five-dimensional metric relevant to the Mb5-brane.

As a check, we recall that the bosonic part of the M5-brane action can be written in a
non-covariant form by solving the self-duality condition after singling out a special (fifth)
space-like direction and integrating the resulting equations of motion [274, P51, . In
particular, it contains the coupling

1 G .
L=—- H"HP? (7.23a)

4 €uvipo G55

- 1
HH — EEMVPAUHP)\U TRV 0...4 , (723b)

which precisely reproduces, upon the identifications in ([.29), the topological coupling
(.I9) in the effective (4+41)-dimensional SYM theory, where the field strength F),, is iden-
tified with the dual field strength H .- Finally, we note that Eyy in (7.20) depends on the
volume of T through an over-all factor ‘/5_1/ 5, in agreement with the scale invariance of
the conjectured (5+1)-dimensional (2,0) theory.
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7.6 SO(5,5,Z)-invariant mass formula for non-critical string
theory on the NS5-brane

Finally, we consider the case d = 5, for which according to the reasoning in Subsection
the Matrix gauge theory should correspond to a non-critical string theory on the type
IIB NS5-brane with vanishing string coupling §, ¥ and finite string tension 2 = ¢2,,.
After some algebra, the mass formula (.If) can be rewritten in the manifestly U-duality
(SO(5,5)) invariant form

1

Eyy = ———M?*(D1,D3,D5) + / M2(KK,F1) , (7.24)
N Myss

where Mygs = g‘z/T is the mass of the background NS5-brane.

The second part of (:29) involves the momentum (n;) and winding (n', dual to ny)
excitations of the strings living on the world-volume, which form the vector representation
10 of the SO(5,5) T-duality group. The corresponding invariant mass

M*(KK,F1) = (ny + Bon')? + —(n')? (7.25)

directly follows from the second part of ([-I), using the identification

1
B_[J = §€]JKLMCKLM (726)
for the background antisymmetric tensor field in terms of the components of the three-form
gauge potential on the five-torus.

The first term in (7:24) involves the D-brane excitations arising from the charges

(m!, my, ms) that can be dualized into (m!, m3, m®). It exhibits the correct invariant mass

Eq. (B.39) for a spinor representation of SO(5,5):

~1 2 ~3 2 5 2
M DLD3D5) = [ | + ) + (2 (7.27a)
sl? gsl? Gsl8

m' =m' + Bym® + Bim® , m® =m® + Bym® (7.27b)

where we again used the identification ([7.2§).

As a further check, let us note that the Green—Schwarz term [d°zB A F A F in the
effective action of the six-dimensional string theory, correctly gives the topological term
(F.19) after using the relation ([(.26) between the background string theory B-field and the
vacuum expectation values of the M-theory three-form.

194 cancels out in the following formulae.
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7.7 Extended U-duality symmetry and Lorentz invariance

M(atrix) theory still lacks a proof of eleven-dimensional Lorentz covariance to shorten its
name to M-theory. In the original conjecture, this feature was credited to the large-N
infinite-momentum limit. The much stronger Discrete Light Cone (DLC) conjecture, if
correct, allows Lorentz invariance to be checked at finite N — or rather at finite N’s, since
the non-manifest Lorentz generators mix distinct /N superselection sectors. In particular,
M(atrix) theory on T¢ in the DLC should exhibit a U-duality Egi1(a4+1)(Z), if it is assumed
that U-duality is unaffected by light-like compactifications [[72, B4, B44]. In this section,
we show that an action of E4.1(Z) on the M-theory BPS spectrum can be defined when
we include the light-like circle S' on an equal footing with the space-like torus 7.

particle multiplet | charge string multiplet charge missing charges ext. part.
n ma (7) N(1) M, (8)
g m?(21) g n'(7) M?(28)
RIRJngRLRM m3(21) RlRI}%éRKRL n*(35) M3(56
R%RJRKRl%RMRNRP m1?7(7) RlRf,RKRngRMRNRP n1?6(49) N6(7), N7(1) M157(64)
g e e | 37 (35) || N27(21) MP(56)
RlRﬁR?]R%gLRifR?vRP a7y || NFT(21) MO8 (28)
NUTT(7), NT7(1) || MYS3(8)

Table 7.10: Particle multiplet and string multiplet wrapped on R; for d = 7. Together with
the rank multiplets, they form the d = 8 particle multiplet.

In the presence of an extra (light-like) compact direction of radius Ry, the states from
the string multiplet in Table can be wrapped to yield extra particles in the spectrum
that join the already existing states from the particle multiplet in Table [.I]. We have
summarized in Table the various particles obtained in the case d = 7. It clearly
appears that altogether, the d = 7 particle and string multiplets build a particle multiplet
of the d = 8 U-duality group, whose charges M are obtained from the particle m and string
n charges through the relations

my = M, miT = MY pli6 = MU0
m?=M?*, n'=M" m3® = M3 | 37 = M3 (7.28)
m5 — M5 7 n4 — Ml4 m6,8 — MG,S 7 n6,7 — MG;l?

where we have denoted the light-cone direction by an index [ [’J. This is not quite correct,
however, since in particular there is no candidate for the M; state, which would correspond

150As usual, the same relations hold for d < 7 by dropping the tensors with too many antisymmetric
indices.
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to a Kaluza—Klein excitation along the light-like direction. Obviously, this missing charge
is nothing but the rank of the gauge group

N =M, (7.29)

which indeed denotes the momentum along the light-like direction, and should therefore
be considered as a charge on the same footing as the others. labelling the vacuum of some
M(eta) theory on which the eleven-dimensional Lorentz group is represented. This charge
has to be invariant under the U-duality group Fyq) (Z), but it gets mixed with other charges
under Eqyqa41)(Z2).

While N is the only missing charge for d < 5, there is still, for d > 6, an extra missing
U-duality singlet

N6 = Mhl6 (7.30)

which can be interpreted as the D6-DO0 bound state of Eq. ([-1F). For d = 7, one needs
even more extra charges, namely

N2;7 = Ml2;l7 7 NG = Ml;l6 ’ N5;7 = Ml5;l7 7 N1;7;7 = Ml;l?;l? 7 (731)

which form the 56 of E;, isomorphic to the particle multiplet of Table p.1], as well as the
two singlets

N? — Ml;'? 7 N7;7 — Ml;l?;l? 7 (732)

for which Table [C.9 gives the bound-state interpretation as well. These extra charges along
with N were referred to in [R44] as the rank multiplet. The results are summarized in
the Table [[.I1], which lists, for all d’s, the dimensions of the particle and string multiplet,
as well as the rank multiplets that are needed to complete the first two into the particle
multiplet of the d + 1 case.

We note that the above discussion follows immediately from the decomposition ({.34)
of the particle multiplet of Eqq) into the particle and string multiplet of Ej_j@q—1) plus
extra irreps for d > 6. In particular, the extra representations that appear are nothing
but the extra charges forming the rank multiplet. If we omit the light-like direction, we
indeed see an extra 77/|; for d = 6; for d = 7 we have the extra representations 7/|y, 752
and (7/)?|3, whose subscripts are in precise correspondence with the number of times the

light-like direction appears in the charges of ([.:30) and ([-31)),([7-39).
7.8 Nahm-type duality and interpretation of rank

To see the physical significance of the U-duality enhancement, we discuss the extra genera-
tors in Egy1(a41)(Z). First there is the Weyl generator, exchanging the light-cone direction
with a chosen direction I on T%

Rl — R[ . (733)
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U-duality Flux | Mom. | Rank || Total
D]d| FEuw(Z) {m} | {n} | {N} | {M}
10 | 1 1 1 1 1 3
9 |2 SI1(2) 3 2 1 6
8 | 3| SI(3)xSU(2) | (3,2) | (3,1) 1 10
714 Si(5) 10 5 1 16
6 |5 SO(5,5) 16 10 1 27
5|6 Eg 27 27 1+1 56
4 |7 Er 56 133 |56 + 1| 248

+1+1

3|8 Eg 248 | 3875 00 00

Table 7.11: Flux, momentum and rank multiplets.

The action of this Weyl transformation leaves the other R;’s and [, invariant. In particular,
Newton’s constant in 11 — (d + 1) dimensions

1 VgR (d=7)/2 A
2 19 R gd-3 (7.34)
p
is invariant under U-duality. In terms of Matrix gauge theory, this means
R\ 4 R
Gom — - G ST 81, SJ#I — L 5J - (7.35)
RI R]

Note that the transformed parameters depend on the original ones and on R;. On the other
hand, the only dependence of the gauge theory on R; should be through a multiplicative
factor in the Hamiltonian, since R; can be rescaled by a Lorentz boost (see Eq. (B.4))). This
leaves open the question of how the M(eta) theory itself depends on R;.

The action on the charges follows from the exchange of the I and [ indices, so that
restricting to d = 6 for simplicity, we have

NHm[

nl PN mIl

(7.36)

n4 s m[4

nbb s mBI6

In particular, the rank NV of the gauge group is exchanged with the electric flux m;, whereas
the momenta are exchanged with magnetic fluxes. This is reminiscent of Nahm duality,
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relating (at the classical level) a U(N) gauge theory on T2 with background flux m to a
U(m) gauge theory on the dual torus with background flux N [P3@]. In the context of
higher-dimensional Yang-Mills theories, this symmetry was first observed at the level of
the multiplicities of the BPS spectrum of SYM in 1 + 3 dimensions |[5]|, and extended in
the context of Matrix theory on T in Refs. |[73, b4, 44, B5). Non-commutative geometry
may provide the correct framework for this duality [237)].

The other generator is the Borel generator,
Cux — Cuk , +AC K (7.37)

which is obtained from the usual Ey4 (Z) shifts by conjugation under Nahm-type duality.
It is therefore not an independent generator, but still gives a spectral flow on the BPS
spectrum

N — N+ ACs m?

m; — mq+ ACpy nt (7.38)
m? — m?+ ACy nt

m® — m®+ ACjp nh6 .

In particular, this implies that states with negative N need to be incorporated in the M(eta)
theory if it is to be Egi1(a41)(Z)-invariant. This is somewhat surprising since the DLC
quantization selects N > 0, and it seems to require a revision both of the interpretation
of N as the rank of a gauge theory and of the relation between N and the light-cone
momentum P+ [,

Finally, let us comment in some more generality on the occurrence of this extended
U-duality group. At least at low energies, the Matrix gauge theory describing the DLCQ of
M-theory compactified on T is nothing but the gauge theory on the N Dd-brane wrapped
on T? The latter is certainly invariant under the T-duality SO(d,d,Z), and not only
SO(d—1,d—1,Z) < Si(d). Its spectrum of excitations, or equivalently bound states, is
therefore invariant under SO(d, d,Z), and very plausibly under the extended duality group
Ed+1(d+1)(Z). On the other hand, we have expanded the bound-state mass in the limit
where the N Dd-branes are much heavier than their bound partners, whereas T-duality can
exchange the Dd-branes with some of their excitations. SO(d,d,7Z) is therefore explicitly
broken, and Eg;1(a4+1)(Z) is broken to Egq)y(Z). The invariance of the mass spectrum can
be restored by using the full non-commutative Born—Infeld dynamics instead of its small o/
Yang—Mills limit [[[d]. While not relevant for M(atrix) theory anymore, interesting insights
can certainly be obtained by studying these truly stringy gauge theories.
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Note added in proof :
Boundaries of M-theory moduli space

As we discussed in Section 2, M-theory arises in the strong coupling regime of type II string
theory, and reduces at low energy to 11D supergravity. It is important to determine what
portion of the M-theory moduli space are covered by these weakly coupled descriptions,
and thus what room is left for truly M-theoretic dynamics. The techniques we developed
in Section 4 allow us to easily answer this question, first addressed in Ref. |BI9| for com-
pactifications down to D > 4, and recently for D = 2 in Ref. [RJ]. We first consider
the case D > 2, and consider an asymptotic direction in the moduli space, represented
by an arbitrarily large weight vector A\ in the weight space V.1, see Section 4.6. Modulo
U-duality, A can be chosen in the fundamental Weyl chamber A-a > 0 for all positive roots
a. This corresponds to choosing

Ri < Ry<---< Ry , R1R2R3 > lz , (739)

where the inequalities are understood to be large inequalities, in order to have a maximal
degeneration in the moduli space [BI9]. The 11D supergravity description is valid provided
all radii are larger than the Planck length, i.e.

11D SUGRA :  1,< Ry . (7.40)

On the other hand, when the radius R; is much smaller than [,, we can have a type IIA
description with weak coupling ¢g? = (R;/l,)?, provided all radii are larger than the string
length 2 = I3/R; :

IIA : Ri<l,, RR:>D. (7.41)

If this is not the case, then we may instead try a type IIB description with weak coupling
gs = Ry1/ Ry, same string length {7 = [3/R; and 10-th radius Rp = I3 /(R R;). The IIB radii
Rp and R, ..., Ry are larger than the string length provided Ry R < [ and RiR3 > I3,
and it is not difficult to see that, using Eq. ([.39), the first implies R; < [,, and the second
is automatically satisfied. The type IIB description thus hold in the region

IIB : Ry <1, RiR; <D} (7.42)
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The weakly coupled 11D supergravity, type IIA and type IIB descriptions therefore cover,
up to U-duality, the entire asymptotic moduli space of M-theory on 7%, d > 2. Of course,
these descriptions fail when any of the large inequalities above become approximate equali-
ties, hence the need for a more fundamental definition of M-theory. On the contrary, when
D < 2, there are asymptotic sectors of the moduli space where no perturbative descrip-
tion is possible. Indeed, the weight space V;,; is now intrinsically Minkovskian, and the
light-cone X - A = —(2°)? 4+ >_(2%)? = 0 separates the moduli space into three sectors that
can never be related to each other by U-duality. For instance, the 11D supergravity region
([39) has z* > 2°/3 for all i, so that A- X\ > 0. It therefore sits in the interior of the future
light-cone if 2° > 0, or past light-cone if 2° < 0 (one may choose z° = 0 by working in
l, units). In fact, the time-like region can be shown to have a weakly coupled 11D super-
gravity, type IIA or type IIB description, whereas the spacelike region can be argued to be
cosmologically forbidden by the holographic principle [23].

Appendices

A BPS mass formulae

In this Appendix, we analyse the BPS eigenvalue equation (R.I4)) for various choices of
non-vanishing central charges. This gives a check on the mass formulae obtained on the
basis of duality, and yields the conditions on the charges for a state to preserve a given
fraction of supersymmetry.

A.1 Gamma Matrix theory

In order to maintain manifest eleven-dimensional Lorentz invariance, we use the 11D Clif-
ford algebra [['5s, '] = 2nasn, with signature (—, 4+, ... ), even after compactification. The
matrices 'y, are then 32 x 32 real symmetric except for the charge conjugation matrix
C =Ty, which is real antisymmetric. All products of Gamma matrices are traceless except
for

F(]Fl oo Fgrs - 1 5 (A].)
where we denote by s the eleventh direction. We define I'y;n.. = I'y/['y ... if the p indices
M, N, ... are distinct, zero otherwise, and abbreviate it as I'(,). We have

2 (—1)l8] 2 _ (—1)%]
L) = (=D, Lol'g) = (=D)t=1, (A.2)
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where the p indices are non-zero and the square brackets denote the integer part. Further-
more,

[e.9]

Ll + ()T Ly = Z L ptg—an) (A.3a)

k=0
p+q—4k>|p—q|

Ll — ()Tl = > Thegaa (A.3Db)

k=0
p+q—2—4k>|p—q|

with no restrictions on the p 4+ ¢ indices. On the right-hand side of Eq. (R3q) (resp.
(A.3H)), a contraction between the first 2k (resp. 2k + 1) indices of I'(,) and the first 2k
(resp. 2k + 1) indices of I'(y is implied. In particular,

L), el =Ty, (A.4)

since I'(9) generates Lorentz rotations.

A.2 A general configuration of KK-M2-M5 on 7°

Here we consider M-theory compactified on 7°, and allow for non-vanishing central charges
Zr, Z1y, ZiykLu, where the indices I, J,. .. are internal indices on 7°. We therefore look
for solutions to the eigenvalue equation

Fe = Me (A.5)
I = Zi0% 4+ Z"Tors+ Z"5 ™Mok -

Squaring this equation, we obtain

7120, 0y} — ZM Zge AUy, D} 4 Z1TREM ZNPQRS (1 v TnvpoRrs
+27Z; 275 [T T k] + 22, 27N AT Ty nmn
— QZIJZKLMNP [F[J, FKLMNP] = M2 , (A6)

where the symbol = denotes the equality when acting on €. Using the identities ([A.3d),([A.3H),
this reduces to

(Z])2 + (ZIJ)2 + (ZIJKLM)Q ++ZJZIJF] + (ZMZMIJKL+ZIJZKL) FIJKL =1 (A7)
A 1/2-BPS state is obtained under the conditions

o= 7,72 =0 (A.8a)
kIJKL = ZMZMIJKL 4 ZIJZKL =0 ’ (ASb)
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which indeed form a string multiplet (10) of E5 = SO(5,5), and has a mass given by
MG = (Z1)? + (ZV)? 4 (21T RE)2 (A.9)

If the conditions are not satisfied, we can define k; = ey k! 52 /4!, Ts = Tioz45 and
rewrite Eq. (A7) as

KT+ kTl = M2 — M2 . (A.10)

Note that the SO(5,5) vector (kz, k') is null: k;k! = 0. Squaring again yields the 1/4-BPS
state mass formula

MP = (20 +(Z1)2 + (ZKE )2 4RI + (e (A1)

This result can be straightforwardly made invariant under the full U-duality group by
including the couplings to the gauge potentials through the lower charges as found for the

particle and string multiplet in (5.23) and (5.27).

A.3 A general configuration of D0,D2,D4-branes on 77

We now consider the D-brane sector of M-theory on T°, that is a general configuration of
DO0,D2,D4-branes. The eigenvalue equation becomes

I'e = Me (A.12a)
I'= ZFOS + Zijroz'j + Zijklroz'jkls 5 (A12b)

where Z, Z¥, Z1k denote the D0,D2,D4-brane charges respectively, and 4, j,... run from
1 to 5. Squaring this equation, we obtain

27° + 29 ZM{Tij, T} + Z9M 2 P10 g
+4Z Z9¥T 0 + 229 ZM™ i, D) Ts = M . (A13)
Using identities (A-3d),(A3H), this becomes
2% 4 (Z9)? + (ZIY2 4 KD, 4 (KD, = M2 (A.14)
where we defined
KR = ZWzM 7z (A.15a)
kRl = gmli gikim (A.15b)

The second combination can be rewritten on 7° as a form k#/kmn = 7Zili zklmnl - Then k*
and k' can be dualized into a 10 null vector (k;, k') of the T-duality group SO(5,5). A
state with &k = k' = 0 is 1/2-BPS with mass

M2 = (2)2 + (Z9)2 + (Z1H)2 (A.16)
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If these conditions are not met, we can rewrite Eq. ([A.14) as
kDT + KTl = M? — M2 | (A.17)
implying a mass formula
M? = (Z) +(Z9) + (Z9M)? + 2/ (k)2 + (k,)? (A.18)
or, in terms of the natural undualized charges,

M2 = (Z)2 + (Z9)2 + (ZIM)2 4 2,/ (kiH)? + (kidkimm)2 (A.19)

A.4 A general configuration of KK-w—NS5 on 1°

Finally, we consider the Neveu—Schwarz sector of the theory considered in the Appendix
A3, namely the bound states of NS5-branes, winding and Kaluza—Klein states. The eigen-
value equation then reads

(ZiFOi + 2T + zijklmFOijklm) € = Me. (A.20)
Taking the square gives
22+ (22 4 (2)? 4222 T 4+ 222 Tgg; — 2052 2 = M? (A.21)
so the 1/2-BPS conditions appear to be
2 =zz=2'2=0. (A.22)

This agrees with the vanishing of the entropy zz'z; and its first derivatives, as obtained in
Ref. |II5]. We can go further and find the complete 1/8-BPS mass formula: multiply Eq.

(A.20) by 2ls:

—Z ziFGi —Zz zifﬁsi — 226 = ZMFOG (A23)
and combine with Eq. (A.21)) to obtain:

Now I'y and I'gg commute, are traceless and square to 1, so this is a second-order equation:
—22 4+ ()2 + () £ 22M £ 227 = M? (A.25)
with solutions
M =42+ /(2% 2)? (A.26)
or, equivalently:

M? =22 ()% 4 (22 + 2]z:2"| + 2|z\\/(zi)2 + (29)2 + 2|22 . (A.27)

This reduces to the usual mass formula for perturbative string states (z = 0) and for KK~
NS5 or w—-NSb5 bound states. For momentum and winding charges along a single direction,
this reduces to M = 424z, & 2!, in agreement with the identification of central charges in
Ref. [[15]. The U-duality invariant generalization of this mass formula is however unclear.
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B The d = 8 string/momentum multiplet

For completeness, we give in Table the content of the string/momentum multiplet for
d = 8 in the 3875 of Ejg). It comprises the 2160 states in the Weyl orbit of the highest
weight Ri/li of length 4, together with 7 copies of the 240 weights of length 2 with tension

7 = — x (d = 8 particle multiplet) , (B.1)
as well as 35 zero weights with tension

7= (?) | (B.2)

As in d = 7, the resulting multiplet exhibits a mirror symmetry, which relates each state

with tension R**72/I3* a = 1...6 to another state with tension R34-30 /130279 through
the relation
Vo 4
MM’ = (l—f) : (B.3)
p

where Vj is the volume of the eight-torus. For this reason, Table [B.]] only gives the explicit
form of the tensions for the lower half ¢« = 1...5 and the self-mirror part a = 6. The
second column gives the SI(8) irreps at each level graded by 1/ lg“, while the last column
lists the corresponding charges. Here the notation is as follows: a semicolon denotes an
ordinary tensor product as before (so in general contains more than one SI(8) irrep); two
superscripts (p; ¢) grouped within parentheses and separated by a semicolon denote the
irrep, whose Young tableau is formed by juxtaposition of a column with p rows and one

with g rows.

As an aid to the reader, we give the charges of the dual states at level lz(m—a):
a=1: n"¥ g =2: pt =3, p¥TER (B.4)
a=4: n1;5;8;8’ (7788 . a=5h: n(1;2);8;8’ nAT8:8

Finally, we display the decomposition of the d = 8 string multiplet under the T-duality
subgroup group SO(7,7,7). Here, we may again restrict to those states with (type IIA)
tensions M ~ 1/¢% a = 0...4, for each of which there is a dual state with tension M’
related to it by

SNA/AY
MM’ = (g;;s) : (B.5)

where V}, stands for the seven-dimensional type IIA torus. The type IIA mirror symmetry
(BH) easily follows from (B.3) using the M-theory/type IIA connection in (R.IT]). The
results are summarized in Table B.3.
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mass SI(8) irrep charge

5 s !

P
RIRJngRL 70 nt
R2R;RKkRLRuR )
J KlgL MEN 7R\;};9 8+216 n1,6

R2R? R2 RLRyRNRp

Vi R2 . 1):
RoL, TYRlLR 28 +36 +420 | 0¥ plLS
P P
R%R?,R%{RQ%R%RNRP
1L
VRR2R;RkR . "
RIlT 11]5 KL 7VRRIRJfKRLRM 56 + 168 + 404 TL(6’7), n1,4,8

Vg R? R2RKRLRMRN VrR2R Rk RLRy Ry Rp Y. .
s 7 I , 357 & | 1+63+720 nthDs 268

Table B.1: String/momentum multiplet 3875 of Eg.

Here the type IIA states in the a-th column, have a tension proportional to 1/¢g%!.
The first column is the singlet irrep formed by the fundamental string. The second column
is the spinor irrep consisting of Dp=0-,2-,4-,6-branes, with one unwrapped world-volume
direction. The third column can be decomposed into the SO(7,7) irreps 378 = 1 @ 3 x
91 ¢ 104, and contains, together with NS5 and KK5 with one unwrapped direction, many
non-standard states with tension ~ 1/g2. The fourth column contains the representation
896 = 14® 64 formed by tensor product of vector and spinor representation, and has states
with tension ~ 1/g2. The fifth column consists of 1197 states with tension ~ 1/g%. The set
of duals of these states includes states with tension up to 1/¢%, all of which are at present
far from understood.

2
We note that the string state with tension Vﬁff is presumably related to the conjectured
P
M9-brane [BS, 3], which should more properly be called M8-brane. In fact, for d = 9 there
will be a corresponding particle with mass Vllf , where Vg is now the volume of the nine-

torus. Taking R; = Ry = lsgs, this reduces fo the mass of the type IIA D8-brane, while

taking R, in one of the other world-volume directions gives an 8-brane with exotic mass

‘1/11 5 Vertical reduction, on the other hand, would give a type IIA 9-brane.

C Matrix gauge theory on 7T

In this appendix we discuss in some detail the Matrix gauge theory on T7, performing the
analysis of Subsection [(-] for the case d = 7.

For our discussion, it will be useful to first consider the type IIB states obtained from
the set of type ITA states in ([.3d), by performing a maximal T-duality on the seven-
torus. Using (R.41]), we find the following T-duality multiplets for type IIB string theory
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3875(Es)D SO(7,7)

SIL(JS) 1|64 378|896 | 1197 | 896
8 1|7

70 35135

224 21 | 154 | 49

484 1 | 154 1294 | 35

728 35 1292|294 |7
847 154 | 539 | 154
728 7 294 | 292
484 35 294

Table B.2: Branching of the d = 8 string multiplet into representations of SI(8) and
SO(7,7). The entries in the table denote the common SI(7) reps. The full table can be
reconstructed using mirror symmetry in the point with SI(7) representation 539.

compactified on 17

) R, 1
. 1 (Vg RiRjRxRiR.m, R;R;jR, R;
Sp o (Rl B B (C-1b)
.1 (VRRiR; oVip R?RjRL,RRmRn R;R;RLRR
S+AS: L (Yph glp KRG TR (C.1c)
S S S S S
) Vi ( RiRjRyRiRmRn RiRjRyR, RiR,
Sai g (P AL B (C.1d)
/ v 2 2
. R . s
V' () (Roti) - (C.le)

Here we have given the states in each multiplet in the order in which they are obtained
from the corresponding type IIA states. At the levels 1/¢g%, with a even, we obtain the
same set of states as in type IIA. At odd level, however, the spinor representations are
interchanged, so that at level 1/g, we obtain the odd Dp branes, while at level 1/¢2 we find
the set of ps * branes with p = 1,3,5, 7.

We also give the S-duality structure of the type IIB states (C.I]). Using ([L.I7), the
following list of S-duality singlets (appearing at each level) is found:

KK, D3, 7,, KK5, 3%, o"% . (C.2)
The remaining states pair up into S-duality doublets

F1-D1, D5-NS5, D7-75, 55-53, 15-15. (C.3)
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The M-theory mass, gauge-theory energy and bound-state interpretation of the flux and
momentum multiplets is given in Table [C].

M Evu # | YM state b.s. of N D7
1 IymST .
R NV 7 | electric flux NS—w
RiRy Vs .
3 NQ%M(SISgP 21 | magnetic flux D5
Vi Vs(s187) 2
RiR, T Ngoas 21 | new sector 95
VrR; vy 6
i Nglb 52 7 | new sector 13
Régzl i 7 | KK momentum || KK
p
RiVr SISJSK
RiR/RiTE peag 35 | YM threebrane || D3
R R;VR Vssg
RyID pes o1 49 | new sector KK5, 7,
V.
RlRIRiJQRKVR e 35 | new sector 33
Ly ) gYMS213J5K
BiVi Vst (1,6)
I0% o 7 | new sector 0y

Table C.1: Flux and momentum multiplet for d = 7: 56 and 133 of F;.

Comparing the states in the last column of this table with the total set of 1/2 BPS
states (C.]) for type IIB on T7, we note that there is a large number of states that do not
appear. In analogy with the extra D6-D0 multiplet (a singlet) that appeared for d = 6,
we can construct in this case an extra multiplet that contains the D7-D1 bound state, for
which we conjecture (by T-duality) the same bound-state mass formula as in Eq. ([7-I0),
so that

B = M2, — Ve st 4
YM — D1 ND7 — gz ) ( : )
YM

where we used g2,; = g,l%. The relevant data of the corresponding U-duality multiplet,
which forms the 56 of Er7y(Z), is given in Table [C.4. The easiest way to obtain this
table, starting with the gauge-theory mass ([C.4) obtained for the D7-D1 bound state, is
by noticing that this state is, up to a multiplicative U-duality invariant factor 171/3 (see Eq.
([.7)) and up to a power of 1/3, exactly analogous to the flux multiplet of Table C.1. Note
that the 56 states are precisely the S-dual states of those involved in the flux multiplet
bound states. The bound states relevant to the momentum multiplet, on the other hand,
involve S-duality singlets.

Besides the D7 itself, this leaves two more possible states left in the type IIB, which
can form a bound state with the D7, namely the two 7-branes with mass
Vi Vs
g2 g

(C.5)
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For the first one, we know already from the momentum multiplet that the mass relation is

Vs
Exyy =M= 1 71/2
IyMm

(C.6)

and hence a U-duality singlet. For the second state in ([C.), we deduce the mass relation
by the requirement that the bound-state energy be such that

Eyy = [Mypr + MY = Mypr ~ MMy, (C.7)

i) can be written in gauge-theory variables, and ii) is a U-duality singlet. Either of these
requirements yields a = 1/2, and we are left with a gauge-theory state with energy

Vi
9@‘(1\/{

The singlets in Egs. (C.f) and ([C.§) are also given in Table [C32.

Bym = MIPMYE. = NV2 2 = N2 102 (C.8)

M Evm # | YM state || b.s. of N D7
R2Vp N3y} 3523
——5—— | 7 | new sector || D1
A
: 1112J . 8/?7 VSQ 21 | new sector || NS5
L || Al
R2V, N3V,
RIA;EJIZ%W fféSJ) 21 | new sector || 53
2R, V2 Ay
R
ST ]Vﬁi‘/;s/g 7 | new sector | 1§
Ld IymS1
Rllg‘;/R YS 1 | new sector || 7
p 9yMm
R3VZ 1/2
et Ng4 L 1 | new sector || 73
P YM

Table C.2: Additional multiplets for d = 7: 56, 1 and 1 of FE;.
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