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ABSTRACT

In order to combine the acceptance limitation due to a mechanical ob-
stacle at radius rpec, with that due to magnetic imperfections present in
the lattice, a quantity €4, to be called “dynamic acceptance” is introduced.
Using lowest order theory (with transfer matrices and no Hamiltonian) per-
turbed linear betatron motion is calculated and used to derive the depen-
dence €q,(Tmecn)- Being in analytic form, this acceptance reduction provides
a figure of merit that can be used to optimize the lattice tunes (thereby
refining the prescription “stay away from low order resonances”). Apart
from its definition as an acceptance rather than an aperture, what distin-
guishes €4, (mecn) from the commonly employed “dynamic aperture” is its
dependence on 7., and the importance of this distinction fades as ryecn
becomes large. In this first part the method is formulated and, to demon-
strate the method, optimal fractional tunes are found with only random
errors present—the loss of acceptance is dominated by sextupole errors.
But the intended application is for field errors that are systematic over
sections of the lattice, but not necessarily over the whole lattice. Such
field errors are unavoidable and are especially important in a high tune
accelerator like the LHC.
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1. Introduction

The performance of a high energy superconducting accelerator such as the LHC is
limited at large particle amplitudes either by mechanical obstacles or by magnetic imper-
fections, with the latter having come to be expressed by the “dynamic aperture” of the
lattice. Here it is argued that these limitations should be merged into a single quantity
€da(Tmech), to be called “dynamic acceptance” ,Jf which depends on the mechanical aperture
mech- In this paper, when the dynamic limitation is expressed at a particular point P it
will be expressed as a radius rg, that is related to e€q, by rq, = m where ¥ is the
appropriate beta function at P. Since most calculations will be referred to the point P at
which the limiting mechanical aperture is located, formulas will mainly be expressed in
terms of rq, applicable at that point and converted to €4, only at the end.

With the beam expected to be roughly Gaussian in transverse profile, it is customary
to express apertures in terms of “beam sigmas” where o, ~ 0, ~ 1 mm is a typical value
at a “typical” point where 8 = [iy,. In order to make this introduction as informal as
possible while retaining at least semi-quantitative accuracy let us accept this value so that
the same unit can serve for both mechanical dimensions and beam sigma.

To make the discussion concrete let us define some characteristic radii and assign them
plausible values. (Though they will be more reliable than their absolute values, their

relative values are also not claimed to be precise.)

Tmin ‘Lg mm, the smallest dynamic aperture for which measureable luminosity can
be obtained assuming a perfectly centered closed orbit.

Tmech, the radius of the smallest mechanical aperture or scraper, assumed to be at the
place in the lattice where rg, applies. In the LHC the minimum beam screen
radius is 18 mm but practical beam cleaning scrapers will probably be at about
10 mm. In this paper ryecn 1S treated as variable.

rref = 17 mm, the “reference” radius at which multipole coefficients are expressed.
ra1 ~ 20 mm radius at which particles are typically lost in a few turns according

to element-by-element tracking with conservative field imperfections.

T 1t was Kjell Johnsen who, in coffee time conversation, objected to the term “dynamic aperture” and
expressed the opinion that “dynamic acceptance” would be a more traditional and more useful measure.
The recommendation was endorsed by the others present—Wolfgang Schnell and Albert Hoffman.



Teony ~ 24 mm radius outside which the magnetic field is essentially unknown because

of unknown convergence of the multipole series.

As amplitudes increase toward r,; analytic calculation becomes impossible, but the
other side of the coin is that as amplitudes decrease from 7. toward ryi, analytic theory
becomes simpler and more accurate. This is the thesis on which this paper is based.

The theory just mentioned is first order perturbation theory, in which each nonlinear
element is treated as independent of all others. Then the effect of all nonlinear elements
acting in concert is obtained by simple superposition. Since this superposition is just like
the superposition of waves in the diffraction theory of physical optics, it can be performed
using phasor diagrams, and there is the possibility of constructive or destructive interfer-
ence. The number of phasor contributions is equal to the number of nonlinear elements,
which in our case will usually be the number of half-cells Ny/,—with the tune @ being
about 60 this is given approximately by Ny ‘L 8@ =~ 500. The maximum conceivable
coherent sum can therefore be about 500 times greater than a typical individual term, but
the sum will normally be much less constructive than this.

7 sum Areop which is

By performing this phasor summation we will obtain a “coheren
the maximum excursion away from a nominal, purely linear, betatron motion. The actual

motion will therefore fill a band £Ar.,, and this will reduce the dynamic aperture to

(1.1)

rda(rmech) = T"mech — Arcoha

and the dynamic acceptance to €ga(rmech) = ria(rmech) /BY. The basis for this formula is
that a particle with linear betatron amplitude rg, passes every possible obstacle with every
possible phase of both its linear and nonlinear parts and hence will be lost if its amplitude
exceeds the value given by the expression on the right hand side of (1.1). If there is no
nonlinearity the formula reduces trivially to rqy = Tmech, and for sufficiently small values
of rmech (Which can be varied arbitrarily in operations) Eq. (1.1) becomes arbitrarily more
reliable. The thesis of this paper is that values of ryen small enough to make Eq. (1.1)
reliable in this sense will at the same time be large enough for practical operations. Though

chaos makes it impossible to perform an accurate analytic calculation of the magnetic

T In the current context “destructive” interference is good and “constructive” interference is bad since the
amplitudes being superimposed constitute undesirable distortion.



aperture in the absence of mechanical apertures, this limitation is somewhat academic
since mechanical apertures are always present for operational reasons. We conjecture then,
that amplitudes that are practical operationally are small enough for analytic formulation
to be practical as well. It is very much in the spirit of the calculation to describe Ar.,, as
the amount by which the mechanical aperture is “fuzzed out” by the nonlinear dynamics.

The calculations of Lasheras and Jeanneret! are based on similar ideas.

If all nonlinear fields were known perfectly the coherent sum Ar.,, could be calculated
exactly within the model, but for now we can only estimate the magnitudes of the field
errors, concentrating on the nonlinearities associated with the main arc dipoles since they
are expected to dominate, at least at injection. The formulas in this paper can be applied
to random errors using a “random phase approximation” but they are more intended for
systematic field errors, or rather on “somewhat systematic” field errors. Such errors are
systematic over an appreciable fraction of the lattice, but not necessarily over the whole
lattice. Because the arcs are themselves periodic structures, there is the likelihood of
appreciable constructive interference over, say, one arc, even if the interference over the
whole lattice is largely destructive. What is required therefore is a “somewhat random
phase approximation”. Though the enhancement factor from this source cannot approach
the maximum possible value of 500 mentioned above, it can still be appreciably larger than
the value v/500 that might be expected if the elements contribute randomly, or the even
smaller value that can be achieved if the errors are purely systematic and are intentionally

arranged to be self-compensating.

Before proceeding to an accurate calculation of Ar.., I make the following semi-
quantitative estimate in order to provide guidance for the later formulation. As well as @)
and Ny/y defined previously we will use 2R ‘L 2.7 x 104 m, A® = 27/Ny, which is the
bend per half-cell, and By, = R/Q ‘2 72 m which is a typical value for the beta function.

In particular we will use the combination

BeypAO 4. 0.938
ref  0.017

55. (1.2)



When viewed at a particular point P in the lattice, the linear horizontal betatron displace-
ment on turn ¢ is given bny

Tt = Qg COS figl; (1.3)

the amplitude satisfies a, = \/e;8L, where ‘L Btyp- Assume that there is a nonlinear

element at P with strength M,,, that causes deflection
Azl = My, z;°. (1.4)

If this element is describable by conventional multipole coefficient by, ,+1 then

Ny
My, 20 = AO by, 41 x 1074 ( Tt ) : (1.5)

T'ref
where by, n,+1 is measured in standard “units” at r.ef and the two indices allow for Amer-
ican/European conventions. The effect of this nonlinear element at P is to “perturb” (1.3)
so that, specializing to n, = 2, the motion takes the form

Tt = Gy (cos pat + Beyp ai_l Mo /2\)—/2 cos Qt> , (1.6)

where ) is a tune that in general is a sum of pg, py, and p, with integer coefﬁcients,i
that for n, = 2 is given by Q = 2u,. A typical value for the “numerator” factor is
No = 1/n,. The “denominator” factor is proportional to AQ), the “tune distance to the
nearest resonance”; it is given by D = 2(cos 2, —cos fi5). “Avoiding the resonance” is done
by adjusting the lattice parameters so that, say, D ~ 87AQ > 0.5. Taking a; = /2,

the fractional distortion is given by

z—1
Qy Tref T'ref Do
1 1/2 (1.7)
= by3 x 107155 = =
23 2 0.5
~ 0.003 52,3

By this estimate, the fractional distortion caused by 1 “unit” of sextupole component in

the dipole in a single half-cell is approximately 0.3 percent.

T The main problem to be faced later is the coherent summation over phases, but for now we assume that
the time origin has been chosen to make the phase vanish.

t All formulas in this paper can be generalized to full three dimensional motion, but for simplicity the
discussion will mainly be restricted to two transverse dimensions



When two or more nonlinearities are superimposed it is necessary to take account
of their relative phase shifts in Eq. (1.6) by the replacement Qt — Qt + ®;. It is the
superposition of the resulting sinusoidal functions, appropriately performed using phasors,
that gives the theory its diffraction-like character. The numerical factor quantifying this
superposition will be called the “phasor factor”. If every dipole has the same imperfection
the estimate (1.7) has to be multiplied by a phasor factor that lies in the range from zero
to 500 but which may typically be about /500 = 22. The distortion caused by 1 unit of
sextupole component would then be about 0.3 x 22 = 7 percent. If 14 percent were the
largest tolerable acceptance reduction, this estimate suggests that the boundary between

acceptable and unacceptable random sextupole imperfection would be about 1 unit.

In spite of the presence of nonlinearity, Eq. (1.6) and its generalizations appearing later
in the paper, can be regarded as soundly based. What is problematical, because the actual
magnet errors are unknown, is the phasor superposition by which Ar.y, is calculated. Also
there is the minor nuisance of having to iterate Eq. (1.6) in order to find a self-consistent

value of a,.

Though I have emphasized the possible constructive interference of, say, the multipoles
in one arc, it is probably inappropriate to visualize amplitude growth as being localized
and occurring during any one passage through that particular arc. Note that Eq. (1.6)
accounts for all nonlinear deflections from the distant past until the present. Also, the
coherent superposition yielding Ar.,, can be performed at any point in the lattice, and

not necessarily within the offending arc.

The essence of multipole nonlinearity (unlike the beam-beam force) is that particle
orbits, though regular at “small amplitudes”, say less than ryi,, “blow up” at large am-
plitudes such as ry;. Since this ratio of large to small is only a factor of two or three, it
might be thought “unreasonable” to devote much effort to adjusting the lattice parameters
in an attempt to recover a modest improvement, perhaps at most doubling the dynamic
aperture. This is wrong, however. If the phase space densities of the beams are limited,
then doubling the dynamic aperture in two transverse directions increases the potential
limiting current of each beam by a factor of 2%. This could result in a luminosity increase

of 24 x 24/22 = 64.



Though one is accustomed to the mechanical aperture being “hard-edged” so that a
particle can only miss it, and be entirely unaffected, or hit it, and be lost, the magnetic
limitation is usually visualized as being more ephemeral. But, based on the discussion
in the previous paragraph, my conjectured way of looking at the magnetic aperture gives
it somewhat the same character as a mechanical edge. The “edge” region is “reasonably
narrow”, running from, say, 10 mm to say, 20 mm. From this, admittedly crude, point of
view, formula (1.1) can be modified to become independent of the mechanical aperture,
simply by taking ryecn to be the “edge radius” reqge = 15 mm. If the numbers have been
chosen so that Teqge = Tmech, this change has no effect on the predicted value of rg,. Of
course the exact equality Teqge = Tmech has been “put in by hand” and, as described, the
procedure is inconsistent in that the first order formula is assumed to be valid out to
amplitudes where it has previously been accepted to be invalid. Nevertheless, the fact that
the mechanical aperture is comparable to the edge aperture can perhaps be regarded as
natural and one expects the fraction error in rg, to be less than the fractional uncertainty
in 7egge- In any case, comparisons of dynamic apertures calculated in this paper with values
calculated by tracking (with rye = 00) have to rely on the validity of this assumption.

The attitude just expressed may be a bit too optimistic but, even if it is, one hopes that
compensation schemes and choices of tunes that yield optimal performance at intermediate
amplitudes within the present model will yield near optimal performance in practice.

In practical accelerator operation the tunes are consciously chosen to avoid those reso-
nances that are expected to be important by delicately balancing the distances to nearby
resonances. (This will be called level 0 application of the theory; in this report the pro-
cedure to accomplish it is illustrated in Fig. 9.1 to Fig. 9.4.) From a theoreticians’s point
of view this practice has the annoying effect of eliminating “the easy cases” in which the
dynamics is dominated by a single resonance. A kind of level 1 application of the theory
can then be attempted in which all the resonances are combined by simple superposi-
tion. An immediate complication that arises however is that the nonlinear elements cause
amplitude-dependent tune shifts. In lowest approximation it is only odd multipoles (U.S.)
that do this and a level Ia can be defined in which these tune shifts are accounted for.
Since these tune shifts almost surely disrupt the previously mentioned delicate balance, a

useful estimate of dynamic aperture may result from calculating the amplitude at which



the tunes have been shifted onto a particular nearby resonance. To this point lowest order
theory is adequate. The theory can then be iterated to higher order. Probably the effect
not yet considered at level 1a that is most likely to be important is the tune shift due to
sextupoles. On the one hand they cause no tune shift in lowest order, but on the other hand
they are invariably the strongest nonlinear elements in the ring because they are present
for chromaticity compensation. It is relatively straightforward to complete by iteration a
level 2 of calculation that accounts for all nonlinear tune shifts that entered at level 1. But
in this iteration many new resonances that were not present in level 1 enter, making the
calculation complex and causing the intuitive benefit of being able to concentrate on only
one or two resonances to be lost. Nevertheless level 2 can be completed by computer, and
higher levels of iteration as well.

For labeling resonances and where they come from it is necessary to use numerous
indices. In this report the letter n will be referred to as the magnetic order. 1t is the sum
of the powers appearing in the formula for the deflection caused by a magnetic element.
It is therefore also the multipole index (American convention), n = 1 for quadrupole,
n = 2 for sextupole and so on. The letter m economically labels harmonic spectral lines
that would be observed for example after Fourier analysing turn-by-turn beam position
data. The observed signals are sinusoidal functions of sums and differences of tunes,
Mg by +Myty. (Mnemonic: m goes with p1.) The letter [ labels resonance conditions in the
form 1,Q, +1,Q, = integer. (Since these indices are the coefficients of lines in “resonance
diagrams” there is a certain mnemonic value in this choice of [ as index.) By convention I,
is positive, but [, can have either sign. The quantity [, +|l,| will be known as the resonance
order.T Another index k also appears but only as an intermediate quantity. Though all
these indices are related by simple formulas there are so many as to be rather confusing.

This is part I of a more extensive study of the effect of and correction of nonlinear
resonances. It describes a theory having the same motivation and making the same general
approximations as papers by Guignard.? The methodology is very different however since

difference equations (obtained from transfer matrices) are used instead of Hamiltonian

t Usually the resonance order of a resonance caused by a pure multipole is equal to the European conven-
tion index for that multipole—for example the prominent resonances caused by sextupoles have resonance
order 3. It is possible for a pure multipole to cause a resonance of lower resonance order than its European
convention multipole index, however.



formalism. The most prominent effect of this is that the superposition over all time is
performed before the superposition over all elements in the ring. Then the “variable of
integration” (actually summation) for superimposing the effects of disjoint elements is the
betatron phase angle, call it ¢, ranging from 0 to 2w(. This contrasts with Guignard’s
treatment which has integrals (actually summations) over the range 0 < 6 < 27 where 0
is the angle locating elements circumferentially in the ring. Integrals over # are especially
significant when () is equal to a rational fraction @),, as is true for exact resonance, since
they can be used to define “driving terms” for the corresponding resonance, and these
terms dominate nonlinear distortion of particle motion when the “actual” tune @ is suffi-
ciently close to Q. In this paper it is shown that this condition is usually not satisfied in
practice, since one has choosen tunes to make it false by intentionally avoiding low order
resonances. On the other hand, integrals over ¢ depend on the “actual” tune () and hence
are appropriate for superimposing the effects of all resonances as this report accomplishes
(to lowest order.) This report greatly improves upon one of my ancient reports.?

In parts of the report not yet written the formulas in this part will be applied to LHC
and to the Mobius-modified CESR, accelerator. Though the same formulas apply to both
cases the important issues are very different. While many multipoles are important for
LHC only sextupoles are important for CESR. On the other hand the sextupole problem
in CESR is made difficult not only by the absence of any superperiodicity (or even any
periodicity) but also by the toggling between horizontal and vertical oscillations that makes

it necessary to suppress all third integer resonances and not just @, = 1/3.

2. Difference equation description of perturbed betatron motion

Betatron motion in one dimension is described by a general, 2x2, Twiss parameterized,

transfer matrix

(s P ) g—f (cos @12 + arg sin @12) V132 sin 12
1,Q1; 02,2, P12) = T _
sin <P12(1+a1\j2ﬁ)1+ﬂ<2305 p12(a1 —as) % (cos 12 — ag sin pi2)

(2.1)
Operating on the vector (z, 2’ )T with this matrix yields propagation from point P; to point

P, with lattice functions (1, a1) and (B2, @) and betatron phase separation ¢12. Because
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T is symplectic it satisfies

T ! =T, (2.2)

where T is the “symplectic conjugate” of T defined by

0O -1 0 O
T = —STTS, where S:<(1) _01>, or S= (1) 8 8 _01 (2.3)
0O 0 1 0

in one or two dimensions. A 2 x 2 matrix A and its symplectic conjugate are related by
a b — d —b
a- (1) m=( ). @

A+K:trA<(1) 2) (2.5)

which satisfy

If A is given by a “once-around” transfer matrix T(f3, a; 3, a; 1) then
tr'T =a+d=2cos p. (2.6)
Another combination that will be needed for T(3, «; 3, ;) is
—a

T—T:2sinu<_ofy B). (2.7)

Initially we will consider the effect of a single nonlinear element at some point P in the
lattice and describe the turn-by-turn motion at that point. This perturbed betatron motion
in two transverse dimensions is described by equations

X1 — AX},/2) _ (A B (X, + AX}/2 (2.8)
Y1 — AYL, /2 c D)\Y, +AY])2 '

Xt=<2>, Yt:(?gﬁ)’ (2.9)

give positions and slopes at a particular point in the lattice on “turn” ¢. Calling the once-

where

around transfer matrix M, if the accelerator is weakly coupled, as we will eventually (but
not initially) assume, its off-diagonal block matrices B and C are small and the on-diagonal

blocks are given approximately by

A = T (By, az; Be, s piz) , D & T (By, s By, s phy) - (2.10)
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The extra terms AX;} and AY) in Eq. (2.8) represent the deflections occuring due to the

perturbing element at the point P; they are assumed to have the form

0 0
AX! — AY'! = . 2.11
! <Al‘2 (flft,yt)> ’ ! (Ayi (‘”“yt)) (240

This form presupposes that the perturbing element has length short enough to be neglected
(so the orbit is continuous) and causes a slope discontinuity or “kink” (Az}, Ay;) that
depends only on the transverse position (¢, y:) and not on the slopes. The kink is treated
as occuring half just before the point P, half just after. Since all linear terms, both erect and
skew, can be included in M we can assume without loss of generality that the perturbing
terms include only nonlinear parts—the (linear) effect of erect quadrupoles is to shift A4
and/or Ap, the effect of skew quadrupoles is included in the off-diagonal blocks of M.

The matrix M and its symplectic conjugate are given by

A B — (A C
w-(48). m-(3 ) .
and these satisfy B
~— ([ (trA)1 0 0 E
M+M_< o wo1)lE o) (2.13)
where
E =C+ B, with determinant & = det|E|. (2.14)

Denoting the eigenvalues of M + M by A4 and Ap, they satisfy the simple equations
Ag+Ap=trA+trD, A 4Ap=trAtrD—&. (2.15)

For stable lattices there are real angles p4 = 27Q 4 and pp = 27Qp such that

Ay = A4+ 1/Ag = exp (ips) +exp (—ipg) = 2c0s p1g (2,16

, 2.16
Ap =Ap+1/Ap =exp (iup) + exp (—iup) = 2cos up

where A4,1/A4, Ap,1/Ap are the eigenvalues of M itself. Using these relations one can

obtain an identity that will prove to be useful:
2 [((trPA+&)1 0 0 E
(M + M) _< 0 (tr2D+éa)1>+(trA+trD)<E 0). (2.17)
Squaring M + M~! and subtracting the identity matrix multiplied by 2 yields

5 o [ —2+trPA+ & 0 0 E
M* +M _< 0 —2+tr2D+£‘>+(AA+AD)<E 0). (2.18)
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By eliminating the off-diagonal part of this equation using Eq. (2.13) and by liberal use of
Egs. (2.15) one obtains

M?+ M2~ (Ag+Ap) M+ M) + (2+AsAp)1=0. (2.19)

This is a remarkable equation since it has to be satisfied by any 4 x 4 symplectic matrix
describing a stable accelerator lattice. (This equation can also be obtained starting from
the theorem that a matrix satisfies its own characteristic equation. This comment makes
it also straightforward to obtain the analogous equation for the 6-dimensional matrix with
longitudinal motion included.)

If the eigenfrequencies are known (as would be true if one were using Eq. (2.19) to
analyse beam position data measured on an accelerator) then Eq. (2.19) is appropriate as
it is, but if the elements of M are known it is more convenient to substitute from Eq. (2.15)

to obtain

M2+ M — (tr A+ trD)(M + M) + (2 + tr AtrD — &)1 = 0. (2.20)

We wish next to manipulate Eq. (2.8) in such a way as to exploit this equation as far
as the linear terms are concerned, while at the same time keeping track of the nonlinear

perturbations. Because of Eq. (2.2), “backward propagation” can be described by

X1+ AX, /2 _ (A C) (X;—AX]/2 (2.21)
Y, 1+AY, ,/2)  \B D)\Y:-AY}/2)" '

By summing Egs. (2.8) and (2.21) one obtains
Xt+1 + Xt—l - tr A E Xt +
Yt+1 + Yt—l - E trD Yt
AY!, /2 - AY] /2 c-B D-D) Ay

By translating indices the same equations can be used to describle several turns. For

(2.22)

example,

(Xt+2 AXt+2/2) (A B> <Xt+1+AX +1/2>

Xt+AX
Yt+AY

Axg/z
Yt—AY;/Q

Xit1— AX£+1/2
Yii1 — AYi’f+1/2

b)( )
) (VoA
)( )

(2.23)

<_
(
(

@ > Q@
ga ow ga
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Adding these equations, the result is

Xipp+2X;+ X4 0\ _ (trA E X1+ X1 n
Yipo+2Y: + Yo E D)\ Y1+ Y

i AXG 9/2 = AXG_5/2 L (A A B-C) (AX,/2+AX; /2.
AY} /2 =AY} »/2 AYi/2+AY, 1 /2)°

(2.24)
C-B D-D
note that the explicitly linear terms are all in the first line. Using Egs. (2.22) and (2.17)

the first term on the right hand side can be eliminated;

Xiro +2X; + Xpo
Yito+2Yi+ Yo

[ (trPA+ & 0 0 E X
(47 eds)reasud) (3 0))(¥)+

L (A E AX) /2 — AX]_ /2 N
E D) \AY,,/2-AY; /2

(A E \(A-A B-C) (AX})2
E uD)\c-B D-D)(AY!?
N (AX§+2/2 — AX{;_2/2> N (A —~A B- g) <AX§;+1/2 + AX§_1/2)
AY!,,/2 — AY! /2 C-B D-D)\AY] /2+AY] /2
After this substitution one notes that off-diagonal blocks that “couple” X; and Yy still
remain. But, guided by Eq. (2.20), one notes that terms corresponding to (tr A+tr D)(M+
M) as given by Eq. (2.22) must still be subtracted; this yields

Xiro + Xio2 X1+ X1 Xy /
— (A4 + Ap) + (24 A4Ap) = A's,
Yipo+ Yio Yip1+ Y Yi ) o (2.25)

where

Ao [ AXi2/2—AX] ,/2 L (A A B-C) (AX]/2+AX; /2

(-wD E \(A-A B-CT)(AX})
E -trA)J\C-B D-D)\AY//2

This is the master equation on which everything else is based. In spite of the nonlinear de-

(2.25)

flections it is exact, but this is mainly academic since the deflections themselves depend on

the displacements. Being nonlinear this equation is subject to the well-known phenomena
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of chaos and dynamic aperture limitation. It will be greatly simplified in the remaining

sections of this paper.

3. Lowest order approximation of A’s

When viewed at point P in an arbitrarily coupled lattice, choosing ¢ = 0 appropriately,
the small amplitude turn-by-turn positions of one of the two pure normal mode oscillations
is given by

T = A cos (;J,At+<I>A )

T = z [s (uAt + @i’x) + g cos (,uAt + q)i’x)]
ﬂx
(3.1)
Yt = 0s (MAt + @ ’y>
AP
Y= — —y [s (uAt + @i’y) + ay cos (,uAt + q)i’yﬂ

For the other mode: A, — Dy, Ay — Dy, pia — pp, q)ix — <I>D , @i’y — @g’y. We
introduce the abbreviations @f’x = ®P 4 iy, @f’y = ®PY 4 ju, applicable to either
mode, (meaning the dependence on mode will no longer be indicated explicitly.) Also let

ay,ay stand for either A,, A, or D,, D,. Then Egs. (3.1) become

xfﬂ- = a cos (,ut ) = Xip,
P
x'};i: —aﬁ—fc [s (p,t+<I> )+axcos (p,t%—(bf’x)] EX'?,
X
P y P (3.2)
Yt+i = Oy COS(Mt+‘I)’>Eyi7
P P P
y'tﬂv = y [s (ut + O ’y) + ay, cos (ut + @, y)] =),

Because these are normal modes the frequencies are the same in both planes, but in general
the phases are different for x and y and for the two modes and they depend on position
P and turn index ¢ as well. (The strategy guiding the notation is to refer the turn index
to t, to have nothing but cosines appear in x; and 3¢, and to have ut with unshifted ¢ in
all arguments.) Other than the small amplitude assumption these formulas are completely
general—that is, when they are used to evaluate the A’s in Eqs. (2.25) the results are valid

for arbitrarily coupled lattices provided the coupled-lattice Twiss functions are used.
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If the lattice is approximately uncoupled the normal modes oscillations can be distin-

guished as nominally horizontal and vertical, satisfying

P P
pa R pe, 0<ay <<ay ~ng\/Be (3.3)
P P .
wp &y, 0 <al <<a ~ng,\/Ble.

The deflection terms A’s in Eq. (2.25) can then be written

0
Als — 1 (A:z:’ (A3, 93) —OA:J:’ (A%, 5,)
2
Ayl (Xz ayg Ay' XP2,yP
0
+1 A—E ~C\ | A/ (&P, V]) + Az (X7, V7))
2\C-B -D 0
(A7) ;)LA?J' (XF,08) (3.4)
. (—trD E ) Ax' (XF,VT) - Aaf (AT, 7))
2 E —trA 0
Ay' (A7, D7) — Ay’ (X5, 00)
0
_'_1 —trD E A—-A B-C A:E’(XOP,)/O)
Ay' (X5, 95)

where the motion has been approximated by Eq. (3.2) .

When the off-diagonal terms of this equation are neglected under the no-coupling
assumption it is curious that the resulting horizontal equation seems to depend on tr D.
Equating to zero the coefficients of tr D in the nominally horizontal (i.e. upper) terms of

Eq. (2.25) yields

<$t+1 — 2C08 iyt + Tp—1 >
0

Ty — 2€08 Ty + Ty_q
= I (yP VP I (yP P + sin pig P ) Al (XP yP>

This is the same difference equation one would have derived in the first place for uncoupled

(3.5)

x motion; it can be obtained immediately from Eq. (2.22). Hence the coefficient of tr D
in the fourth order difference equation vanishes identically in this uncoupled case. Our
problem has therefore been reduced to solving two second order difference equations, (3.5)

and the corresponding equation for vertical oscillations. The upper equations are
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Tpr] — 2COS gt + Tp—1 = Py sin ,uan:'(XOP, yﬁ)

) 1 P APy - (3.6)
Y41 — 208 gyt +yp—1 = Bysin uy Ay (Xy, Vg )
It is often sufficient to solve only these since the slopes can be obtained from

2 B Sin pig
This expressions gives x_ , the slope just after the nonlinear element.
Since the deflections are nonlinear the Courant-Snyder invariant calculated just after

passage through the nonlinear element,

2
n 1 1 —
eg D — 3 (xt2 + (azy + B$£+)2) =3 (xtz + (CEHI cosp,xt) ) : (3.8)

sin

is not conserved indefinitely, but it is conserved until the next nonlinear element is encoun-
tered. Note that its value is independent of o, meaning that the impulsive discontinuity
in Courant-Snyder invariant caused by a nonlinear element depends only on £3.

If the time variation of the deflection varies proportional to cos 2t it induces a response

(nl)

& cos Qt. (It will be shown in the next section). The corresponding variation of €, ' is

ay @2 Qt+1) - Q)
eg DT (cos2 Qt + (COS (t+ ) coRpoon ) (3.9)
5 sin 1

The quantity

(cosQ(t+ 1) — cos p cos
axy + Briy = T ( ( ). a )
sin

. —sin Qsin Qf + (cos Q — cos p1) cos Qt
T
sin p

(3.10)

is called “the slope component” in “normalized phase space”. In practice it will turn out
that “resonance” occurs only for cos{) = cos y, in which case the second term becomes
negligible, and the first becomes approximately +&sinQt. Eq. (3.10) therefore shows
that the phase shift relative to drive of the response in normalized phase space is small.
Furthermore, to the extent there is a phase shift, it depends only on €2 and . This greatly
simplifies the superimposition of the effects of nonlinear elements at different locations in
the lattice, since phases simply add in normalized phase space and, to the extent there is

phase shift, it is common to all elements.
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Later we will need to obtain the maximum value eﬁ?;l( from Eq. (3.9). In general this

is complicated, but if we assume sin u =~ +1 and cos u =~ 0 we get

(nl) ='f7_2

€max = 3 Rau, where Rq, =1+ <

cosQ—cosu)2 (3.11)

sin ju
In practice the second term will be fractionally important only for non-resonant terms that
are themselves small; in other words the “correction factor” R, is approximately 1 for

resonant terms so simply setting Rq , = 1 constitutes a reasonably consistent approxima-

tion. This approximation will be made from here on in this report.

4. Lowest order solution of the perturbed betatron equations

Because the left hand side of Eq. (2.25) is completely uncoupled, in the absence of
perturbation all components of X; satisfy the same equation. Setting the right hand side

to zero the uppermost equation is
Tiy2 + -2 — (Aa + Ap) (Tr42 + w4—2) + (2 + AaAp) 7 = 0. (4.1)
Seeking a “homogeneous” solution of Egs. (2.25) of the form
xp = cosput, or my = sinut, (4.2)
to be known as the “zero’th order motion”, the equation becomes
2 (cos2u — 2 (cos g + cos pup)cos pp+ 1+ 2cos g cos pup) (cos pt or sinput) =0, (4.3)
and these give the same condition for y;
cos 2y — 2 (cos g + cos pup) cos pp+ 1 4+ 2 cos g cos pp = 0. (4.4)

The solutions to this equation can be seen to be cos = cos 14 and cos g = cos pup which
is re-assuring.

Consider next the “inhomogeneous” response in Eq. (2.25) to a sinusoidal “drive term”
of the form

Al = cq cos (Q + ¢g). (4.5)
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The perturbed betatron equation is

Tp42+Ti—2—2 (cos g + cos up) (Try2 + xp—2)+ (2 + 2 cos pg cos pp) rr = cq cos (U + ¢q).

(4.6)

Seeking a solution in the form
xy = agq cos (2 + ¢q) (4.7)

one finds
cq/2
aq =
cos 202 — 2 (cos p g + cos up) cos 2 + 1 + 2cos pa0sup
4

- co/ (4.8)

(cos Q2 — cos p4) (cos Q — cos up)

B cq/4 1 1
©cospig —Ccospup \cosQ —cospy  cos§)— cosp
where the last step used partial fraction expansion. The conditions under which a denom-

inator factor can vanish is made more transparent by re-expressing this in the form

ag = cq/16 (
sin LATED i PAZED \ ) ﬂ+2uA

1 B 1 ) (4.9)

. Q- . 0 . Q-
sin 2MA sin +2MD sin 2” D

One notes in passing that if we include longitudinal motion then Eq. (4.8) generalizes to

cq/8
(cos Q2 — cos p14) (cos Q — cos pup) (cos Q — cos pg)’

aq = (4.10)

where pp/(27) is the synchrotron tune. As in Eq. (4.8) this expression can be expanded
into three separate terms by partial fraction expansion and much the same inferences could
be drawn concerning the resonances caused by vanishing denominator factors.

When the lattice is approximately uncoupled only the second order difference equations

(3.6) have to be solved;
Tpq1 — 2€08 Ty + Tp—1 = cq cos (Ut + Pg). (4.11)
The inhomogeneous solution of this equation is

cq/2 —cq/4
T = cos (2t + @) =
b cosQ — cos . ( 2) . % sin %

cos (Qt + Dg). (4.12)

This and the corresponding equation for y lead to the same resonances we had already

come to expect.
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In the context of this paper deflections like (4.5) arise in the iterative solution of
nonlinear equations. To show this consider a deflection due to a sextupole of “strength”

M;

O
2
so that (dropping the constant term) Q = 2u, and Eq. (3.5) is

Azl = Ma? = M (ag cos pgpt)® = M == (1 4 cos 2p,t) , (4.13)

<$t+1 — 2C08 pgt + Tp—1 )
/ / /
Ty — 2CO8 gy + Ty 4

_M a2 0 n Malsinp, [ B, 08 it
4 cos (2pgt + 2p1) — cos (2pgt — 241,) 2 —0ry
(4.14)

with solution

<-’I;t> _ MCL2 Sinlu’x/Z < /Bx COS 2/1'xt ) ) (415)

) ? 2 (oS 24y — €OS i) \ —2COS iy SN 215t — p COS 24t

Including the zero’th order motion the upper component takes the general form

Tt = ag (cos pat + P’ %[C (t)) , (4.16)

where symbols have been introduced that will be used for variable-form, standard-role

expressions through the paper: n,, is the amplitude in units of beam sigmas, N' = sin p, /2,

D = 2(cos 2y — €08 ig), P' = ng,\/€z P, P = 2/2/\4, and C(t) = cos2uyt. The factor ay

has been replaced by the factor n,,\/Br€; to take advantage of the constancy of €, over
the lattice as in Eq. (3.3). The factors A/, D, P or P’, and C(t) will be known respectively
as “numerator”, “denominator”, “phasor”, and “time-varying” factors of the response.
(When there are more than one nonlinear elements in the ring, P will have to be replaced

by a summation over them, but the other factors will not change.)

In greater generality, if Az’ = 2} where n, = 2,4,6,... is an even power of x

ng/2—1

= e cos™ (ot +0) = ()" {3 2 () eos a2 Gt - o) + (15, )

T

ng[2—1

Aty — Ay (“){ (z) sin (e — 2k) prz) sin (1 — 2ks) (st + ©)) |

k‘qj :O

(4.17)
where the lower series is only required for the lower of Egs. (3.5). There is a similar

expansions for odd ng; both are given in Table 4.1.
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Table 4.1: Expansion coefficients N, ;, in cos™ ¢ =, Ny,  cos (n — 2k)é.
The first entry is appropriate if n — 2k ranges over non-negative possibil-
ities. The second entry is appropriate if n — 2k ranges over non-positive
possibilities. For the latter case some elements are truncated.

n 0 1 2 3 4 5 6 7 8 9
k |common |1 | 1 |[1/2 |1/4 |1/8 |1/16 | 1/32 |1/64 |1/128 |1/256
0 L1 -{1 - |1 -1 -|1 -]1- |[1-1]20) @)
1 - 11 13 -4 -5 -6 - |7 -120 | &
2 -1 |- 33 3|10 -]15 - |21 -] 2(}) )
3 - 1 |- 4 |- 1010 1035 -|25 |
4 1 |- 5 - 15 |- 35128 | O

For reasons that will only become clear when we discuss two dimensional motion this
table has been made “unnecessarily” complicated by allowing for two possible ranges for
the k index. The reason for this freedom is that the cosine is an even function. For one
dimensional motion one should simply use the first entry so that n — 2k remains non-
negative. (For the other choice n — 2k remains non-positive.) For the one-dimensional case
presently under discussion, for temporary simplicity, we assume the first choice. T

Motivated by formulas in section 6 giving the deflections caused by pure magnetic
multipoles, and introducing a “strength coefficient” M7 %, the first of Eqgs. (4.17) can be
written

/ —T,.n — P, _ — P,
Azf = M0} = M0l 008" (gt + O77) = MEZ%a 3" N, 1, ChiZ (1)
kx

where Cg’f (t) = cos (ml_ (,uxt + <I>P’$>> , My = ng — 2k,
(4.18)

This same notation also serves for n, = 1,3,5,..., though Eq. (4.17) is not valid in this

case and the summation runs up to k; = (ny — 1)/2 in Eq. (4.18). From now on the

 To aid in making rough estimates, one may note that the coefficient of cos(n, (it + ®)) (the top row
in the table) is 1/2"=~! which is “atypically” small since the coefficients are positive and have to add up to
one, so “typical” values of the remaining coefficients are roughly the inverse of the number of terms. The
only reason this is mentioned is that the resonance caused by nonlinearity ™ that is likely to spring to mind
first come from the replacement cos™ ¢ — cos(n¢) and this is the one that is atypically small.
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upper limit will be left off with the understanding that the sum terminates before n, — 2k,
changes sign.
For the ng, k; term in this expansion the “drive frequency” is 2 = mgu, and the

resonant denominator factor is

1 1/2 B —1/4 (4.19)
D "~ cos (Mmgpty) —cos iy sin((mg + 1) 7Qy) sin ((my — 1) Q)" '

This factor contributes a potentially large factor to a solution much like Eq. (4.15). Before
writing this down one notes that the same Fourier term coming from the same, nominally
horizontal, z-mode oscillation may also cause a vertical oscillation with strength M"Y,
The left hand side of the relevant equation is the same as Eq. (4.14) but with z; — y; and
the corresponding resonant factor is
1 —1/4
DY sin (meQy + Qy) ™) sin (myQy — Q) )’

Just as the z-mode motion drives both z and y response, there are corresponding

(4.20)

responses to y-mode motion. All drive terms discussed so far are included in
A.’Et M:L'—)x My—)xyt ,
(4.21)
Ay = M7V + M%jyy

The “free oscillations” that include the effects of these nonlinear deflections are the]ﬂJr

rt = ap(cos put + g, g B MG, ol ek Ch ()
= Ym0 ByMi Vi T Gt (1)
o1 = Shym Bl o T CLY)
i = ay(€os jyt + g, —o By M,V ay’ lg’zy”“y Cry (1)) | %)

These formulas account (to terms of the same order n = n, or n = n,) for the nonlinear
element situated at point P. It would not be difficult to iterate this solution to get an

approximation to higher order, but there would be no point in doing that before first

t For consistency with later formulas it may be necessary to accept the “other” choice in Table 4.1 for &,
and hence ny — 2k,.
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including the effects of all other nonlinear elements in the lattice. One substitution that
will be appropriate for this is to substitute a, — /e, 0% and a, — /¢, 0.

We have now covered all the possibilities for pure-but-perturbed normal mode oscilla-
tions. But a typical particle is oscillating in both transverse normal modes simultaneously
(and longitudinally as well, but we skip consideration of this possibility.) It may happen,
especially in electron storage rings, that one or the other of the modes is negligibly small
relative to the other, say a, << a,, and in that case Eq. (4.22) (the upper pair) is all that
is required for a consistent calculation to order n = n,. But if a, and a, are comparable
in size it is necessary to account for deflections proportional to x"*y" where n = n; + ny.

Let us therefore consider the effect of deflections of the form

A:Et Mﬁg_ﬁ;xt yt 3 Ng + ny =n,
(4.23)
Ay = MRV Yl mg+ny =n.

When the unperturbed normal mode motions are substituted into these expressions, the
same formula (4.18) as before can be used to Fourier expand the individual z}** and y,"
factors, and then the product can be expanded using Eq. (4.13). (This just brings in
factors of 1/2.)

TY—T —1”N,kN,k/2
rt = ag(cos gt + D Zky ﬂiUMn‘g,ny ar’ " ay’ nxpag:}y_?)zg y Cf;mmy(t))

Mx,my
. xy—)y Ny Ny— 1Nnx, Nny,ky/2 P
Yyt = ay(cos pyt + > 2k, ByMung.ny az” ay DI Cingmy, (£))
Ty

Where CTI;lx,my (t) = Cos(ml, (/’L«Tt + @P,.’L’) + my(uyt + @P,y)).

(4.24)

The summation over k, is extended to include terms with m, both positive and negative.

A sample denominator factor is

1 —1/4
= — - . 4.25
DI s ((a1Qa + 11Qy) ) sin (raQa + LyaQy) 7) (4:25)
where
;1 =mg + 1, lyl = My, lpo =mgy — 1, lyz = my,. (4.26)

These coupled motion formulas will have to be replaced by more compact formulas later

on in order to correctly combine the terms coming from pure multipoles.
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We have now exhausted all possibilities for the n = n, + n, order of perturbation.
We anticipate that the perturbation terms that have been calculated will be unimportant
unless one of the denominator factors D, is small. After having made the conditions for
this to happen more explicit it will be necessary to superimpose the effects of all lattice
elements contributing to any particular “resonance” .|

In Eqgs. (4.22) and (4.24) individual terms within the summations “distort” the linear
betatron motion. Since their frequencies are incommensurate (except for cases to be dis-
cussed shortly) the sum of the absolute values of the coefficients of the C(t) factors can be

interpreted as Aag/az, Aay/az, Aag/ay, or Aay/ay, as appropriate.

5. Resonance conditions

It is the possible vanishing of one of the denominators that is the source of resonance.
This is the only possible source however, since the A’ factors are finite and appear only
in numerators. In an iterative procedure the right hand side of Eq. (2.25) will be approx-
imated by substituting a previously-determined approximate formula for x;. When this
(necessarily periodic or multi-periodic) function is Fourier analysed it consists of a sum
of “harmonics” of the form cq cos (2t + @) where Q is formed from some or all of the
possible integer combinations of u4 and pp. The response to each of these “drive terms”
is given by Eq. (4.9).i But to the order of accuracy of the current calculation (after one
iteration, that is) it is only the resonances corresponding to Eqs. (4.22) and (4.24) that
enter.

It is possible for a tune combination not to cause a resonance in spite of the fact that
it causes a denominator to vanish. This would be because the corresponding numerator

term coming from the right hand side of Eq. (2.25) vanishes. This occurs either naturally,

' To lowest order, which is to say Eqs. (4.22) and (4.24), there is no possibility of an exactly vanishing
denominator, and hence, strictly speaking, no resonance. However, when higher orders are included the
tunes can shift in such a way as to shift the tunes and cause true resonance.

Y In the Fourier expansion of A’s, as well as the various nonlinear harmonics, “fundamental terms”
cos (uat + ®q) or cos (upt + @) will in general appear. These terms reflect the fact that the nonlinear
forces can shift the tunes and/or cause linear coupling. Since terms like this correspond to linear motion
they must be cancelled by subtracting appropriate terms from both sides of the equation. This amounts
to “renormalizing” the coefficients on the left hand side of the equation. In the approximately-uncoupled
approximation the linear terms that may enter have the form cos (u,t + ®q) or cos (uyt + ®o) and these
have the unfortunate ability to couple the linear motion. This forces one to revert from the simpler second
order difference equations (3.6) to the fourth order equations (2.25).
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because of some symmetry, or because some nonlinear compensation scheme has arranged
for it to happen. It occurs, for example, in the uncoupled case when N,,, . = 0.

The tunes Q4 and Qp can be split into integer and fractional parts and both parts
influence the resonant behavior of the accelerator. But it can be seen from the structure
of Eq. (4.10) that with only one nonlinear element in the ring we need only be concerned
with the fractional parts. For the time being, this will be taken for granted.

Superficially it might appear that all factors in the denominator of Eq. (4.9) are capable
of vanishing and hence will result in similar behavior and be subject to similar analysis.
This is wrong however. First consider the situations near “linear sum resonances” where
Q4 + Qp is close to an integer, or near “linear difference resonances” where Q4 — Q)p is
close to an integer. For linear sum resonances, since the tunes “attract”, exact resonance
is possible and accelerator operation is never attempted in that vicinity. The possibility
of linear sum resonances will therefore be ignored from now on in this report. On the
other hand, difference resonances “repel” making it impossible for the difference resonance
condition to be satisfied exactly. Hence, though the factor cos 4 —cos pup is small near the
difference resonance, and hence amplifies other response terms, it cannot vanish. The only
possibilities of resonance in lowest order therefore are cos{) ~ cos 4 or cos {2 = cos up.

One thing that should be remembered is that in the present formalism the eigenvalues
A4 and Ap are exact and include all linear coupling effects. When operating close to a
difference resonance these eigenvalues may differ markedly from the nominal, uncoupled
values, cos p; and cos i, (which might even be equal, for example.) Even more so, the
eigenmotions may be far from the nominal, uncoupled, pure horizontal or pure vertical,
motions that one tends to visualize. The eigenmotions might, for example, be at angles
comparable to £45°. If this happened to be the case, then the erect sextupoles in the ring
would be capable of causing resonances (for example @ p = 1/3) that would not have been

expected for uncoupled motion.
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6. Deflections caused by pure multipole fields

The deflection terms A’ have to be calculated for the particular magnet being tra-
versed, whose field is expressed as a multipole series. In order to coalesce common factors,

dimensionless scaled multipole coefficients a,, ,,+1 and I;n7n+1 are defined by

- LB
i1 = AO10 4 apntt, bunts = AO10 b, pp1, where AO = —/0 (6.1)
Po/e
is the bend angle in radians of a particle of momentum pg passing through a dipole with
field By and arc length L. (If By = 0 it is necessary to replace it by, say, 0B/0x|y if it is

nominally a quadrupole.) The two indices correspond to American/European conventions.

In terms of multipole coefficients, the (dimensionless) magnetic field components are

M 3 e n
~ B, L b
B, =Y :%Z n,n+1—:lan,n+1<(x—M)+i(y—%)> :
po/e n=0,1 rref ( )
’ 6.2
M 7 e n
> B, L by, n+1 T 0p nt1 < .
B, = =9 : : (x—Az)+i(y — Ay .
T po/e ,ZO:,I T ref v=29)

These definitions differ from earlier formulations by the inclusion of the factor 7}, which
has the effect that the b, ,41 and a,,+1 are dimensionless and are to be interpreted
as fractional field deviations at ¢ (traditionally in parts per 10%). The coefficients in
the multipole series are related to other conventional parameters as shown in Table 6.1.

Formulas relating transverse momentum deviations caused by magnetic fields are
Azx' = —By, Ay’ = B,.

Suppressing the offsets (Az, Ay), the multipole series and the deflections it causes are then

given by

bn,n+1 + idn,n—f-l
n

ref

—Az' +iAy' = Z (z+iy)" . (6.3)

T

Real and imaginary coefficients R, and I,, are defined by

(@ + iy)" = Ry + il (6.4)
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n R, I, l~)n,n+1 T Az’ = —By Ay' = B,
Horizontal bend |0 1 0 JAC 0 —Ab, 0
Vertical bend 0 Af, 0 Ab,
Erect quadrupole |1 x Y g=1/f 0 —qr qy
Skew quadrupole 0 gs =1/ fs qsy qsT
Erect sextupole |2 | z? —y? 2y S/2 0 —3(2? —y?) 22zy
Skew sextupole 0 Ss/2 Ze2zy S (2? —y?)
Erect octupole |3 | z® —3zy? 322y —y° 0/6 0 -9 (2 - 3ay?) 9 322y — y?)
Skew octupole 0 Os/6 9= (3z%y — y°) 9= (z° — 3ay?)
Erect decapole |4 |z* — 62%y? 4xy(z® —y?) | D/24 0 L@ —62%y? +y") Bday(a® —y?)
Skew decapole +yt 0 D,/24 Do day(2? — y?) D (2% — 62%y% + )
Table 6.1: Deflections caused by standard magnets and notations for their strengths

The factors 1!, 2!, 3! entering the definitions of quad strength ¢, sextupole strength S,
octupole strength O, etc. are conventional. Formulas giving transverse momentum devia-

tions caused by the magnetic field components of pure multipole are

an n+1
Amn:—By|n—— — R, + —— 1,
Tyef Tyef (6 5)
b a
! n,n+1 n,n+1
Ayly =By, = 2itly, 4 Zentlp
ref Tyef
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7. Fourier harmonics caused by low order multipole fields

When deflection terms are drawn from Table 6.1 and evaluated using first approxima-
tions

Tt = ay cos (pgt + L),  yr = aycos (uyt + Pg)

the following notations and formulas (which employ the abbreviations m; = n, — 2k,

my = ny — 2ky) can be used to produce Fourier expansions:
Cing,my = €08 ((MzQz +myQy) 27t) . Cryp tmy = Cimgimy + Cmg,—my» 1= Cop
= ag cos (2mQyt) = a;C1p

y = ay cos (21Qyt) = a,Co1

2 2 2 2
9 9 Oy ay Uy — Gy
—y* = 2Cyo — =2C — ¢
x”—y 5 20 — 5 Co2 + 5 0,0
2xy = az0yC1 +1

3 3a,a2 3a3 — 6a,a’
3 2 Oy z x =y
— 3y = 220y — % e T PPrly

z Ty 1 ©30 4 CLE2 + 1 1,0
3 2 3 2

a 3ata 3a2 — 6asa
3$2y - y3 = - ZyCO,S + Z yC2,i1 — yfw 0,1
4 6 2 2 4
a a..a
at — 62?y? +yt = §z54,0 — ; YCo o + gyco,z;
4 4 4 4
da, — 12a§ag2/ b0t da, — 12(1%@; - 3a, — 12(1%@; + 3%6’0 .
8 ’ 8 ’ 8 ’
4a3a da,a3 12a3a, — 12a,a3
43y — day® = ; Y0341 — ——2Cp 4y + — S T4

(7.1)
Because everything has been expressed in terms of cosines, which are even functions of
their argument, it is valid, without loss of generality, to assume m, > 0.

When viewing the spectrum obtained by Fourier analysing turn-by-turn beam position
data taken in the presence of nonlinearity the observed lines can be labelled with the same
indices as on Cy, m,- Since the factors a, and a, are presumably, in some sense, “small”,
the dominant lines tend to be those having minimal powers of these factors. Furthermore,
if only one normal mode is excited, for example because the beam deflection is purely
horizontal or purely vertical and the uncoupled approximation of Eq. (4.11) is adequate,
one or the other of a, and a, is non-vanishing, so terms containing their product cannot

contribute.
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My

4 3 2 1 0
0 +1 +2 3 4

b0,1
ap,1

b1,2
a1,2

Qg

Ay

ba3
a23

a

[(SEN

8N

Az 0y

@ N

b3 4
as .4

3 2
ay, Az @,
2 3
ayay, a,

by
Q4.5

Uy A3 Ay, Ay

2.2 4

2,2

a,.a

z) Yy
3 3
a0y, 0

Table 7.1: Spectral lines in X-spectrum (horizontal) caused by particular multipoles.
a; and a, are “fundamental” amplitudes. There are also numerical factors, of order one,

not shown.

My

4 3 2 1 0
0 +1 +2 3 4

bo,1
ap,1

b12

ay,2

Qg

by 3
a23

a

(SNN

g

0y

M

b3.4

az.4

2 3
azay,a,

3
a;,, Qg

bas

)

4.5

2.2 4
zay,ay

2,2

z) Lty

3 3
A, Qy, Az Q

Table 7.2: Spectral lines in Y-spectrum (vertical) caused by particular multipoles. a,
and a, are “fundamental” amplitudes. There are also numerical factors, of order one, not

shown.
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8. Simultaneous r and y motion

Because of the large number of factors to be kept track of, it is advisable to formulate
the solution as compactly as possible, and because the multipole coefficients are originally
defined as coefficients in a complex power series, it is appropriate to re-formulate the
calculation using complex algebra. Let h; be the value on turn ¢ of a real or imaginary
harmonic response (that will later be identified either with z; or y;.) It satisfies an equation

Mmax

Ty —cos i he +heo1 =D CnfBey Sin ey (v +iy)" (8.1)
0

where, coming from Egs. (3.6) and (6.3),

G b
¢ = (an,m—l i n,z+1> ; (8.2)

n
Tref Tref

Py and 3, , will eventually be identified as p, and 3, or as p, and 3,. With n = n, +ny,
T = ay cos izt and y = ay cos pyt, a, and a, both real, (z + iy)"” can be expanded by the
binomial formula and each of the factors further binomial expanded to yield

2% (az (ei‘“t + e_i”mt) + iay (ei“yt + e_i”yt))n =

LS (5) a e )™ (g, (et ey
2 (8.3)
1 ‘ liay)" n Qe my )t
= on (Zy) ay ’Lay Y ZZ (nm  e)/ ) ((ny—ymy)/2) i Umamy )t
Ny mg
where
Q (my, my) = Mg piy + mypy. (8.4)

The index n is determined by the particular multipole being analysed and the index n,
fixes the amplitude dependent factor al (ia,)™. While calculating the other factors these
are held fixed as we vary the m, and m, indices. Substituting into Eq. (8.1) the right
hand side becomes

Mmax

Sm“x’yzz B 3237 gn s ()™ (3,) (0 mar) (g ompre) €0

n=2 ny

(8.5)

T It is useful to remember that (&) = () = 1. When evaluating low order resonances most terms have
kz = 0, which yields (;*) = 1, and/or k, = 0, which yields (;*) = 1.
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The summations have been re-ordered since all terms with the same values of m, and m,,
are coherent and must be summed before taking absolute values. Any one term in this
summation yields inhomogeneous response
neysinpny 3o (1) aie Gia)™ (1) () e2memot
2 cos Q2 (my, my) — 2 cos py,
~caBrysinpy (3,) ()" () ememst ()" () eimmt
4sin (Q (mg, my) + pp) sin (Q (mg, my) — pp)

(8.6)

Notice that the coefficient of the exponential is unchanged if the signs of both m, and
my are reversed. This makes it possible to pair-wise sum the term with indices m,,m,
to the term with —m,, —m,. There is only one aberrant case, m; = m, = 0, for which
this switch yields the same term. This case only occurs when n, and n, are both even
and is also the only case when the total number of terms in the double summation over
k; and k, in (8.3) is odd. Planning to correct its double counting straightaway we simply
ignore the m; = my, = 0 possibility and from now on limit m, to be non-negative for
purposes of keeping track of the summed pairs of terms. Note that in this grouping the
pairs (mg = 0,my) and (m, = 0, —m,) have also been summed so from now on if m, =0
then m, > 0; otherwise m, can be either positive or negative. The typical drive term and

its response then contain the factor

and the response is Aayp(n, ng; my, my; py) cos(Q(my, my)t) where

Aay — 20 P G ()" () (1=00:,07,,/2)

(8.7)
2 cos Q(mg,my)—2 cos py,

. o
Bay Sin pig 4 1Y ey,

The only complex numbers are now contained in the final factor: one factor ¢ enters
depending on skew (¢, ~ ay) or erect (¢, ~ ib,) multipolarity; the factor i"¥ depends
on ny (as n, advances 0,1,2,3, ... the factor advances i, —1, —7,1,4,...); and one factor ¢
depends on whether the deflection being calculated is Az’ or Ay'; see Eq. (6.3).
Depending on whether pj, = p, or pp = p,, the conditions for resonance can be

represented by equations whose coefficients are integers [, [;

(mm + 1) Qm + myQy = lQO + lyQy = 0, :*:1, :*:2, . fOI‘ Uh = Uz (8 8)
mﬂle‘ + (my + 1) Qy = lQO + lyQy = 0, :*:1, :i:2, ... for My = by :
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For given @, and )y numerical “accidents” determine particular pairs m,, m, that cause
one of the rightmost of (8.8) to be approximately satisfied. One then finds corresponding
values for [, [, by equating coefficients of the leftmost equations in (8.8). This yields

The content of Eqgs. (8.7) and (4.24) is essentially the same but Eqgs. (8.7) more explic-
itly includes the summation over n, of all the terms coming from a single multipole. The
reason the new indices I;,[, had to be introduced is that there is yet another summation
required which is over the elements in the lattice and this summation is directly a function
of I; and [, rather than m, and m,. We have arranged for n, and n, to be non-negative
and can insist that m, also be non-negative but it is possible for m; and m, to have

opposite signs, which forces m, to be negative, in turn forcing [, to be non-positive.

9. (Frustrated) attempt to identify dominant resonance(s)

Using formulas given earlier for the deflections caused by pure low order multipole
elements, the conditions under which a denominator factor can vanish are exhibited graphi-
cally in the following pages, one each for sextupoles and octupoles, two for decapoles. Most,
but not all, nonlinear terms are shown. The straight lines are contours on which one of
the sine function factors of one of the D factors vanishes. In these figures the axes are
unlabelled and have no scales, but in every case the scales are 0 < Q; < 1and 0 < Q, < 1.
The purpose of the circles is to give a rough visual representation of the “distance to near-
est resonance” of a sample tune combination @, = 0.28, (), = 0.31. The lines, having

equations of the form

1,Qu + 1,Q, = integer, (9.1)

are contours on which sin(lzpz + lyp,) vanishes. The radii 0.05/(|lz| + |l,|) of “circles
of influence” have been chosen to be inversely proportional to the number of bands in
the plot. Roughly speaking then, a possible resonance can be discarded unless its circle

intersects a line.
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Figure 9.1: Resonance lines caused by seztupoles. Horizontal responses
are in the two left columns, vertical responses are in the two right colums.
Erect sextupoles cause the lines in the upper left and lower right (very
lightly shaded.) Skew sextupoles are on the opposite diagonal. A possi-
ble choice of fractional tunes, @, = 0.28, @, = 0.31 is plotted, centered
in “circles of inluence”. Notations on the left are (ng,kz) or (ny, ky) or
(ng, kg)(ny, ky)E as appropriate.
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X"3-3xy"2

X+ X- y+ y-

3X2y-y"3

Figure 9.2: Resonance lines caused by octupoles. Horizontal responses
are in the two left columns, vertical responses are in the two right colums.
Erect octupoles cause the lines in the upper left and lower right (very lightly
shaded.) Skew octupoles are on the opposite diagonal. A possible choice
of fractional tunes, @, = 0.28, @, = 0.31 is plotted, centered in “circles of
inluence”. Notations on the left are (ng, kz) or (ny, ky) or (ng, kz)(ny, ky)+
as appropriate. Terms such as (ng, ky) = (3,1) or (ng, kz)(ny, k)£ =
(2,1)(1,0)+ that renormalize linear motion have been dropped. A row
that would have been labeled (31)y was overlooked in making the figure.
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Figure 9.3: Resonance lines caused by decapoles (upper part of figure).
Horizontal /vertical responses are in the two left /right columns. Erect de-
capoles cause the lines on the left (faintly shaded) of this figure and the right
of the next. A possible choice of fractional tunes, @, = 0.28, @, = 0.31
is plotted, centered in “circles of inluence”. Some integer resonance cases
have been dropped.
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Figure 9.4: Resonance lines caused by decapoles (continued). Horizon-
tal/vertical responses are in the two left/right columns. Erect decapoles
cause the lines on the right of this figure (faintly shaded) and the left of
the previous figure.
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Accepting the circle radii as drawn in these figures as a guide, Table 9.1 shows cases
where the circles intersect (or almost intersect) a line for the various low order erect
multipoles assuming @, = 0.28, Q, = 0.31. Table 9.2 shows the same thing for skew
multipoles. These are the cases that deserve most accurate treatment in predicting the
dynamic acceptance reductions they cause. The entry A indicates “distance to nearest res-
onance” more quantitatively. No case is extremely close to resonance since, for example,
1/(sin0.17) = 3.2, which is not much greater than 1.

In making the resonance plots there is one row for each term of the form z"=y"~"* in
the formula for the deflection caused by the particular multipole with index n. This can
result in “double counting” as for example with entries 25 and 26. Since all indices match
for these two terms they must not be added. On the other hand terms with matching values
for m, and m,, but different values of other indices are “coherent” and their contributions
must be summed. This is the one exception, mentioned earlier, where it is necessary to
keep track of the signs. See entries 22, 23, and 24. In the table the factors in question
are listed in the column with heading . But since terms differing by the factor ¢ are
never summed it is necessary only to keep track of the sign and not the ¢. These factors
have been included in the column with heading “factor” which combines all other integer
factors as well.

The final columns in Table 9.1 and Table 9.2 contain values calculated using Eq. (11.1).
For the reasons just mentioned these numbers cannot simply be added. But their order of
magnitude can be assessed by comparing with the roughly comparable factor %—%% ~ 0.5
appearing in Eq. (1.7).

Though the resonances included in Table 9.1 and Table 9.2 were intended to be the
“strong ones” it cannot be said that any particular one is dominant and there is no obvious
way to keep only one or two and reject the rest. There is a certain inevitableness to this
circumstance in that the nominal tunes were initially chosen to “stay away from low order
resonances”. It is therefore not surprising that at least a few have comparable strengths.

We conclude therefore that the only consistent procedure is to keep all terms that appear

in lowest order.
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Table 9.1: Potentially important resonances due to erect multipoles, based
on intersection or near intersection of circles and lines on resonance dia-
grams, for @, = 0.28,Q, = 0.31. A = nearest integer — 0.28[; — 0.311,.
Factors (}') are not shown because they are 1 in most cases. In cases with
k =1 (marked by *) extra factors () = n have to be included.

num. |m-pole | (%)™ | (%)™ ky mg | ()™ kymy |l 1y A factor coeff.
1 sext. 11 |a2/4 0 2 [a)/t 00 [3 0 [0.16 1/4 -0.3368
2 | -Az |1 -1 [a)/1 0 0 | a2/4 0 2 |1 2 |010 -1/4 0.4616
3 iAy' 2 1 |a/2 0 1 |a/2 01 |1 2010 1/2 -1.050
7 oct. 1 1 |a}/8 0 3 [ay/l 0 0 [4 0 |-012 1/8 0.1728
8 —Az" |3 -1 |az/2 0 1 |a/4 2 -2 |2 -2 006 -3/8 1.0762
9 iAy’ 3 i |a2/4 0 2 |a/2 1 -1 |2 -2 | 006 3/8 1.019
14 | dec. 6 -1 |a2/4 0 2 | a2/4 0 2 |1 2 (010 -3/8 -0.6116
15 | -Az" | 6 -1 |a2/4 1%¥ 0 | a2/4 0 2 |1 2 |010 -3/4 1.3848
16 1 1 |ad/1 0 0 |aj/16 4 -4 |1 -4 |-0.04 1/16 0.2498
17 1 1 |ad/1 0 0 |ay/16 1* 2|1 2 | 0.10 1/4 -0.4616
18 | Ay 4 1 |a3p/8 1* 1 | ay/2 0 1 |1 2 [0.10 3/4 -1.5750
19 4 - Jay/2 01 | ay/8 0 3 [1 2 (010 -1/4 -0.4052
20 4 - |ay/2 01 |a}/8 3 -3 |1 -4|-004 -1/4 1.1382
21 4 4 |al/2 01 |a3/8 1* 1 |1 2 |0.10 -3/4 1.5750

Y




38

Table 9.2: Potentially important resonances due to skew multipoles, based
on intersection or near intersection of circles and lines on resonance dia-
grams, for @, = 0.28,Q, = 0.31. A = nearest integer — 0.28[,
When [, is negative the “other” choice is made for k,. Factors (k ) are not
shown since in most cases they are 1. In cases W1th k=1 (marked by *)
extra factors (T) = n have to be included.

— 0.311,,.

num. | m-pole | (%)™ | (%)™ ky mg | (5)™ kymy |1z 1y A factor coeff.
4 | sext. 1 1 |a2/4 0 ag/l 0 0 |2 1 |013 1/4 -0.4452
5 | dAy |1 -1 | a&Y/1 0 ar/4 0 2 |0 3 |0.07 -1/4 0.6922
6 | —Az" | 2 i al/2 0 ay/2 0 1 |2 1 [013 1/2 -0.7610
10 | oct. 1 1 |a3/8 0 ag/1 0 0 |3 1 [-0.15 1/8 0.1382
1| Ay | 3 -1 | al/2 0 az/4 2 -2 |1 -1 |0.03 -3/8 2.2362
12 | —Az" | 3 i | da2/4 0 a,/2 0 1 |3 1 |-0.15 3/8 0.4300
13 3 i | a2/4 0 a,/2 1 -1 |1 -1 | 0.03 3/8 2.0020
22 | dec. 6 -1 |a2/4 1* ar/4 0 2 |0 3 |0.07 -3/4 2.0784
23 | Ay 1 1 |al/1 0 ay/16 0 4 |0 3 [0.07 1/16 0.1450
24 1 1 |al/1 0 ay/16 1* 2|0 3 | 0.07 1/4 -0.6922
25 | —Ax' | 4 4 | al/2 0O aj/8 0 3 |0 3 [0.07 -1/4 -0.5734
26 4 - | al/2 0 ad/8 0 3 |0 3 |0.07 -1/4 -0.5734
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10. Coherent superposition of amplitudes

It is worth noting that the presence of a nonlinear element in a lattice causes a local
kink, whether or not all elements have been arranged to cancel the resonance drive globally.
This kink is fractionally unimportant only close to resonance. For example, referring to
Eq. (4.14), if one wishes to propagate solution (4.14) away from the point where it has
been evaluated it is necessary first to add the small deflection Az}/2. If this term is
comparable with the other drive terms (because the resonance is not close) then it is not

really consistent to ignore Ax}/2.

In this sense then, the condition for a resonance to be a potential strong contributor
to nonlinear distortion is D << 1. This is the condition in which the discussion following
Eq. (3.10) applies and terms for which it does not apply, to have their effect included
correctly, require the inclusion of the correction factor Rq ,. Even when the condition

D << 1 is not met the phasor construction to be described is applicable however.

To understand how to superimpose perturbed responses from disjoint sources it is im-
portant to understand the “phase” uﬂ%—@i in the unperturbed expression x; = ay cos(ugt+
®P). Because t is a turn index rather than time, it has the same value for every element on
any one turn and advances discontinuously by 1 unit each time a reference particle passes
the origin. Hence the phase increases either as t increases or the longitudinal coordinate

mecreases.

Before beginning to combine the effects of more than one nonlinear element, one can
contemplate the source of the possible divergence exhibited with just one sextupole, say in
Eq. (4.15). The denominator factor cos 2, — cos p, vanishes if either 2pu, — g or 21, + 1y
is an integer multiple of 27. If either of these conditions is met then subsequent passages
through the element induce responses that “interfere” constructively and cause divergence.
The first of the resonance conditions can be understood as follows: the zero’th order time
dependence at P is cos u,t which the sextupole converts to cos2u,t (and a constant term
that is being dropped.) This drive causes synchronous (though not necessarily in-phase)
perturbed response at the same frequency. Setting aside the out-of-phase deviation because
it is common, this response can be compared with the one-turn-later response after it has

been propagated back by one turn to become cos(2p, (t+1)— ). The condition for these to
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be in-phase is that u, be an integral multiple of 27 which, as claimed, is the first condition.
The second condition relies on the fact that the deflection depends on the position z; but
not on the slope x}. This means that an “aliased” motion (through angle (2w — ;) /turn in
phase space) given by zy = cos (2m — )t induces the same cos 2.t response. Evaluating
this at ¢ + 1 and propagating its response backward leads to cos(4mt — 2yt — 205 — fiz);
this yields the condition that 3, be an integer multiple of 2. Another way of performing
the same process (which will simplify later calculations) is to take advantage of the fact
that, since the cosine function is an even function of its argument, one can reverse the
sign of the u; correction term instead of the sign of the 2u,t drive term. This amounts to
pretending the particle is rotating counter-clockwise in phase space by the angle p, /turn;
it doesn’t matter that the slope is wrong almost everywhere. Recapitulating the single
sextupole case, the harmonic frequency is €2 = 2u, and the resonance conditions are that
Q + p, be multiples of 2 which conforms directly with the result (4.9) obtained using
trigonometric identities.

If there are multiple nonlinear elements their contributions can be compared only if they
are referred to a common origin. Whether they interfere constructively or destructively
depends on their lattice (betatron phase) locations and on the particular resonance.

Let us generalize solution (4.16), referring to Eq. (4.17) if necessary to keep track of
the phase factors. Taking the phase locations of two sextupoles to be CDS) and (I>§E2), let
us perform the superposition at a location for which ®, = 0. The perturbed responses,
referred back to this origin, are cos(2/zxt+2<1>§c1) — @&1)) and cos(2/zxt+2<1>§c2) — @53)). When
these sinusoids are represented by phasors, the angle between them is @5;2) — <I>§;1). If we
employ the “counter-clockwise” correction the two responses vary like cos(2pu,t + 2@5;1) +
@;&1)) and cos(2p,t + 20 4 (I>§E2)) and the angle between phasors is 3(@;&2) - <I>§L,1)).

A phasor diagram appropriate for “near third integer” horizontal motion with two erect
sextupoles is plotted in Fig. 10.1. For a particular resonance applicable to the values n,
and k;, the phase factors are multiplied by the factor n, — 2k, = m, in Eq. (4.17) by which
A} is calculated, and the response is shifted in phase by the same amount. Since it is the
horizontal deflection being evaluated it is further necessary to shift one phase by +®&1:%)
and the other by +®(27) to refer them both to the agreed upon origin. Altogether then,

each response has to be shifted in phase by lxq)(i:f”) where [, = m,+1 or [, = m,; —1 before
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performing the coherent summation. For Eq. (4.16), n, = 2 and k; = 0, and hence m, = 2,
and the phase shifts are 3® or ¢. In the more general indexing scheme these possibilities
correspond to (Iz,ly) = (3,0) or (1,0). This extra generality is required to cover the
possibility that the vertical deflection will later be evaluated and then the corrections to
common origin will be +®¥) and the overall phase shift will be 1, ®() + lyq)(i’y) where
(Ig,ly) = (2,1) or (2,—1). The four examples given in this paragraph correspond to the
top row of Fig. 9.1, reading in order from left to right.

out of
h (2)3/2
e M
resultant
3¢
s [ |
My .
39
in phase

Figure 10.1: Phasor diagram appropriate for superimposing the contribu-
tions of two erect sextupoles to the resonance 3(), = integer for a deflecting
term [, = 3 coming from n, = 2, k, = 0 to obtain phasor P. For the gen-
eral resonance the phasor angle is [,®* + [,®Y and the phasor length is

MnﬂéHnw)/ 2@7?’/ 2 for z-resonance and M, ;L””/ Zﬂl(,H"y)/ 2 for y-resonance.

In general the multipole strengths also depend on the position P and so also do the

zero'th order amplitudes a, and a,. Assume they are given by

a/l‘ _ ’n,o_z\ / 61./857 ay = no.y1 ley/ByP7 (10.1)

where n,, and ns, are beam sizes in sigma-units. Except for obtaining absolute values
the factors ng,\/€; and ns,,/€, can be dropped since they do not depend on P. When
substituting into Eqgs. (4.22) or (4.24) for x4, terms proportional to a™ay,” acquire fac-

tors ﬂa(;nm_l)/ Zﬁgy/ 2 to go with the explicit factor [3,; this results in an overall factor



42

@5}4‘%)/2 ;y/2 ngﬂﬁ?(/l*‘”y)/

2 For our simple,
3/2
M.

For general one dimensional motion the variation cos mgu,t at point P, after correction

v)

. Similarly the y; response acquires a factor

W3/ ) (1) (2)
two sextupole example, the lengths of the two phasors are (3, M7 and Sy

to a common origin, becomes cos(ma;ua;t%—lx@ép)) with I, = m,£1 or cos(myp,t+1,®
with [, = £1. The second row of Fig. 9.1 illustrates these possibilities with k; = 1. Before

combining the effects of disjoint elements the phasor angle correction lﬂ)&P) + lyq)ép) must

therefore be applied and the multiplicative factor is ﬂ;ﬁnmﬂ)/ 2,

For two dimensional motion, the most general possible deflection can be expressed
cos(mg gt + mypyt) with m, > 0 but m, allowed to be either positive or negative. The
response to this deflection, after correction to a common origin is cos(myp,t + myp,t +
1)+ 1,80)) with I, = my + 1,1, = my or I, = mg,l, = m, £ 1. The condition for

resonance can then be expressed as
[.Qp +1,Qy =0,£1,%2,.... (10.2)

The coefficients [, and [, of these equations are the same coefficients that multiply the
betatron phase differences when constructing the phasor diagram. It is possible to infer
the indices [, and [, from figures like Fig. 9.1 through Fig. 9.4 since the equations of the
straight lines (from left to right) in those figures are

(M +1) Qe + myQy = 0,+£1,42, ..,
(10.3)
MmeQe+ (my £1)Q, = 0,+1,+2,...,

with m, > 0 but m, allowed to be either positive or 1r1egan;ive.Jr

Note that, since (), and @), are just the fractional parts of the tunes, they necessarily
lie in the range from 0 to 1, and at most a few of the integers on the right hand side of
Eq. (10.3) are actually required to include all the lines shown. Of course the equations as
written remain valid if the integer parts are included but there are then an infinite number
of equations without bringing in anything new.

The phasor diagram for (ng, ny, l;,1,) = (2,0,3,0) has been exhibited in Fig. 10.1. The

indices (ng,ny), along with the strengths c, determine the lengths of the phasors and the

 The coefficients [, and [, can be read off the figures just by counting intervals between lines along the
Q. and @, axes.
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indices (l;,[,) determine their angles. For the general phasor calculation it is convenient

to factor out the amplitude dependence and to define x and y-specific phasor factors

/ : : _ pna=1) ny [ €z €y
Px (ngm,n%, T Ty lﬂf’ly) - nUzm Moy \ 73~ 2 ref Pﬂﬁ n nyalzaly)a
I'

ref
ng ny
! . . T (TL _1) 651: ? Ey n7
Py (s Mgy 1y Ny by by) = nging,” (1"2 r2 Teet Py (1512, ly)
ref ref
(10.4)

Construction of P, and P, has been described previously; they depend on the (normally
complicated) distribution of element strengths and phases over the lattice. The factor
P, (respectively P,) has been defined with one power of a, (respectively a,) divided
out so that it yields a fractional (and hence [ independent) quantity; via the factors
P, and Py it includes the factor 3, or (B, from Eq. (8.7) and also the factor ¢, (which
has dimension [length]™"). There are the correct powers of 3, and B, in P, to go with
the powers of ¢, and ¢, to render P; and P, dimensionless. (The P factors vary like
pD/2en ~ Nlength]~(»~1/2 which cancels the dimensions of €(®~1).) Powers of ry¢ have
been introduced to make all factors separately dimensionless. A final dimensional rational-
ization will occur when ¢, is replaced by Zn,nﬂ / Tref OT 10_4bn7n+1 /rﬁafA@ in accordance
with Egs. (8.2) and (6.1). Then the phasor lengths will vary like (8/rpef) ™ t1/2by, 1 with
both factors dimensionless. Finally, to obtain 2 a— due to all elements in the lattice, it is

necessary to multiply P, by the remaining factors in Eq. (8.7).

The indices (m,,m,) have no direct influence on the phasor diagram but, along with
(ng,ny), they determine the numerator factor N that multiplies the overall resonance
strength. Also they control another complication that remains to be faced. Their values
determine the frequencies of turn-by-turn sinusoidal motion observed at a fixed point in
the lattice and it is possible for response at particular values of (mgs, my) to come from
more than one source. Since these responses combine coherently it is necessary to add
them before taking the absolute value to obtain the maximum amplitude excursion due
to nonlinear distortion. One can say therefore that (I,,/,) (in conjunction with betatron
phase advances around the ring) control the coherency of different elements while (m;, m,)

(in conjunction with the lattice tunes) control the turn-by-turn coherency.
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Under the special assumptions that a, = ay = a, B, = By = Biyp, Mo, = Mo, = No,

with V] /2 random phasor contributions from erect multipole by, n+1, all phasor factors are

n—1 5
7“373 (TL) - \/N1/2 (ﬂtyp) 10_4bn,n+1 AG, (105)

independent of ny, I, and [,.

11. Figure of merit

The nonlinear distortion that has been calculated can be used as a figure of merit
whose minimization leads to “optimal” lattice parameters. Though the distortion is likely
to be dominated by a few resonances it is convenient to be able to sum over all resonances
rather than selecting just the particular large contributors. As well as being small, the
contributions from non-resonant terms should be relatively insensitive to the lattice tunes
and should hence have little affect on the location of the minimum of a figure of merit.
To obtain the “worst case” it is appropriate to sum the absolute values of the responses
of individual resonances. But it is not legitimate to sum the absolute values of the terms
in Eq. (8.7) because some of them contribute to the same resonance coherently and with

opposite signs.

We wish to calculate the coherent sum Axz(m,,my;a;,a,) of all terms that con-
tribute to the response for a particular pair of values of m;, > 0, m,. The combinations
(mg,my) = (1,0), (0, 1), (0, —1) will be excluded however since they correspond to linear
motion. (By keeping track of these terms the amplitude dependent detuning and coupling
can be obtained.) Initially we consider only the terms of Eq. (8.7), for which n, is even (i.e.
for erect multipoles). Still, more than one multipole order can contribute coherently to the
same Fourier term. Since it is z-response, all contributing terms have [, = m,. The for-
mula can then be embellished to include skew multipoles by introducing a quantity (E/S)
which is the integer 0/1 for erect/skew multipoles. Also symmetry is exploited to restrict
the summation over multipole orders by introducing (e/o) which is 0/1 if |mg| + |my| is

even/odd.
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Al'(E/S)(mz,my;am,ay) . Sinllm RQ(memy)7ﬂm 150 50
az - 2cosQ(m$,my)—2cos,u ( T2 )
'<nmax ny<n' (n'—n})/2 1) m ng —1 ny
SrEitme Tristerme i Shise e s G ()
re re
11.1)
6 1 ny\ M —ny\ o0 0
(_1)1H( )Zn’— (n )(k’y)( k., y)(sny—Zk' myan —ny—2ki—m
n’—l n —1
( ref2 P (nam’nay’ n ny’ My + 1 my) + Trefg P (no'awno'y? n ny? - 17my))

The ranges of m, and m, have been defined previously (below Eq. (8.6)). Formally the
summations run over unphysical combinations but the Kronecker delta factors filter out
the correct contributions. Note that the two phasor factors P, shown explicitly in this
formula (as well as all the others implied by the summations) contribute coherently to
the same Fourier motion in spite of the fact that their rules for superimposing multiple
disjoint elements are different. This complicates the calculation seriously because it pre-
vents factorizing the equation into a lattice dependent part and a combinatorial part and
prevents completing one multipole at a time. In the end one will take absolute values, but
it is important that the appropriate coherent sums be evaluated before this is done. The
coefficients contained in Eq. (11.1) can be matched with those given with the same power
of a; and a, in Eq. (7.1) (setting all factors in the second and fourth lines to 1).

The factor Rq,, defined in Eq. (3.11), will usually be approximated by 1. Its pur-
pose is to correct the maximum values attained by non-resonant amplitudes—notice the
cancellation of its second term with a denominator factor.T The importance of this cor-
rection can be investigated by comparing the results with and without the approximation
Rqu, = 1. As argued previously, the inclusion of the Rq ,, correction is unlikely to effect
the location of the minimum value of the figure of merit to be introduced shortly, but it
may alter its absolute value noticeably because of the large number of non-resonant terms.

When reconciling Eq. (11.1) with the resonance diagrams Fig. 9.1 through Fig. 9.4, it
is important to appreciate that pairs of resonance plots have the same denominator factor
2 cos 2(mg, my) — 2cos iy in Eq. (11.1); they have I, = m; — 1 or I = m, + 1 and the
same values for [,. This pairing occurs because two phasor superpositions (note the sum

of two P’ phasor factors in Eq. (11.1)) have the same “quadratic” denominator which is

T As Ra,u. deviates from 1 the phase of the response relative to the zero’th order betatron motion varies.
The shift is common for all elements of the same type. The correction also assumes the phase shift is the
same for any amplitudes that “interfere” coherently.
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the product of two “linear” factors, sin((Q2(m,, my) = p1,)/2). The product of these linear
factors is unaffected by which of the two is small and it is not consistent to keep one term
and drop the other. For x response the members of the pair differ by whether u, is added
or subtracted in the formula for the location of the “pole”; for y response whether u,
is added or subtracted. Hence the paired values have one of I, or [, the same and the
other different by two units.T For this reason the prescription determining what entries
were made in Table 9.1 and Table 9.2 was not really consistent, since the amplitude of the
unshown case is comparable with that shown in some cases. The factors other than the
denominator are not necessarily equal either in magnitude or in sign in these paired cases
and the phasor constructions for summing them over lattice elements are different. They

are nevertheless “coherent” and they must be added before absolute values are taken.

If Eq. (11.1) is simplified according to Eq. (10.5), as is appropriate for random multi-

poles, the result is

Az(E/5) (mg, my; a, a) -4 ﬂtypA@ (E/S)
» =107"/Nijp Tefflx (Mg, my;a) Fo,'”’ (Mg, my;a) where

B V2 sin pug Ro(me,my) i
~ 2¢08Q (myg, my) — 2¢o8 fig

(E/S) 50 50 n' <nmax a n'—1
sz (mz7 My; a) = (1 - %) Z ( ) (b/a)n’,n’+1

W=24(efo)),2 N T

Fiz (mz7 my)

! !
n ny

ny' <n' ny kp<—s . n!
> 2S00
on'—1 ny, k?’/ K., ny—2ky—my n' —njy—2k;—mg
(11.2)
The two factors Fi, and .7-"2(5/ 2 have been introduced so that values of ]—"2(5/ %) can be

compared directly with the coefficients in Egs. (7.1) (with (b/a),, ., = 1). The fact v/2

in F1; comes from combining quadratically the two phasor terms in Eq. (11.1), as is appro-

priate for the assumed random distribution of strengths. In spite of our approximations

T A likely source of confusion concerning the pairing of resonances can be illustrated by noting (in the
plot numbered 2) that its resonance (I,l,) = (1,2) is necessarily paired with the case immediately on its
right with (I;,l,) = (1,—2). The latter label would have been (I,l,) = (—1,2) except for our convention
of keeping I, positive. Except for this, paired poles would always be consistent with the rule that their [,
values differ by 2 and their I, values are the same. (Unless they refer to y response, of course, in which case
their [, values differ by 2 and their I, values are the same.)
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the multipole strengths (b/a)p n+1 are still entangled inside the summation and it is not
possible to proceed without knowing how the strengths depend on n.

Returning to the exact formulation, from the quantltles gwen by Eq. (11.1) we wish
to obtain maximum amplitude excursions Aa—‘;m so that the quantlty rdaAa—‘;m is interpretable
as contributing additively to Arcy, in Eq. (1.1). From Eq. (11.1) “z-erect and z-skew

figures of merit” are defined by

E/S <Tmax A (E/S) 0, jag,
FOM( / )(ax; Cly; sz Qy) Zzz;?E/S)g ‘ T (azmy a ay) (11.3)
max <Nmax x 6971 A (E/S) T ax, A (E/S) T — az,
+ Zn e Zmy nE/S m (1 ny ) (‘ © (n;m Mmy;az,ay) ‘ T (mam My;az,ay) )

All terms that interfere coherently are within the absolute value signs.Jr Figures of merit
FOM( /9 applicable to y response are defined similarly but starting from Eq. (11.4).

The phasor factors P account for the phasor summation over all elements of one multi-
pole type in the lattice. This is the only factor in the theory that depends on the detailed
lattice design or on whatever statistical assumptions are made concerning the distribution
of errors. Also, any influence the integer parts of the tunes have on the figure of merit
is through this factor. The theory is completely deterministic only when the strength of
every nonlinear element is known so that P can be evaluated precisely.

For reference the formula for y-deflections is also given;

11.4
Ay(E/S)(mmymy;az,ay) o Sin)uyRQ(mm,’rny),uy 1 160 60 ( )
ay - ZCOSQ(mI,my) 2cos iy ( T2 )X

"< nmax ny<n' (n'—n})/2 ny,—1 ny ny =1

Zn'—n;re/o )2 Zn yv=(S/E),2 Z ky=0 Zk’ ’ n?;nag (szf) 2w(r€2yf) 2 X
re re
I
int(2¥ nl .\ n'—n
(" GO ™) 0% a2t
n'—1 n—l

(Trefz Py(nam’nay’n ny’mﬂ“my_'_ ]') _'_Tref P’y(nam7n0’y’n ny’ml'?my ]-))

T The order of evaluation of absolute values has treated skew and erect multipoles as uncorrelated. This
assumption is not necessarily valid. In fact it seems entirely likely that there are correlations among the
measured multipole strengths. Such correlations are routinely destroyed even in “reliable” tracking determi-
nations of dynamic aperture when Monte Carlo randomized errors are assigned. In the numerical example
below, since we keep only sextupole, octupole and decapole, the only possibility of interference (other than
that shown explicitly in the last factor of Eq. (11.1)) is between sextupole and decapole. If one or the other is
negligibly small the coherence effect will be unimportant and if they are comparable the statistical factor will
not have been included quite correctly by the simple ,/A; /2 factors. But the calculation is shown in detail
primarily for pedagogical purposes. All these complications will be avoided when every nonlinear element is
treated individually.
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In the clumsy notation of this formula (S/F) is the integer 1/0 for erect/skew multipoles,
and the factor (e/o) has the same meaning as in Eq. (11.1). The y figure of merit is given
by

(11.5)

).

The figures of merit still depend on the amplitudes a, and a,. Since the relative

E/S <nmax AylS/E) Myag,
FOM?(/ / )(ag;,ay;Qa:aQy) = Z:Z;?S/E),z‘ . (gmmya =

_ 0 E/S) .
Nmax My <Nmax—Mz - ‘Sm_y Ay( (ma,my;az,ay)
st 2= (E/s)2 (L~ 7 )(‘ 4z

_'_

Ay(E/S) (mm,—my;am,ay)
az

|

importance of different multipole orders depends on the magnitudes of a, and ay, these
amplitudes have to be chosen “appropriately”, perhaps iterating to obtain self-consistency.
Assuming that typical magnitudes of a, and a, are comparable one can define more nearly

isotropic figures of merit by

FOME/S) = pom{F/®) + roMmF/), (11.6)

Finally an overall figure of merit can be defined by

FOM = (FOM(E) + FOM(S)) : (11.7)
Then the “optimum” tunes Q9**, QP are those that minimize FOM.

Some sort of tentatively optimal fractional tunes can be determined by minimizing
FOM under the hypothesis that the phasor factors P are independent of I, and [,. A
numerical example is given in the next section. Naturally the tunes found this way depend
on the assumed multipole strengths, and they do not in general remain optimal when more
realistic assumptions are made about the distribution of multipole strengths.

For the special case a, = ay = a the effect of the nonlinearities is to shift a;, = a —
az; = a(1 +FOM®) and ay =a—ay =a(l+ FOM®) and a2 + aZ — 2a2(1 + (FOM® +
FOMW®W))). Letting rqy = /a2 + a2 = /2a, this corresponds to

Arga _ FOM (11.8)
Tda 2 .

Substituting into Eq. (1.1) yields rqa & rmech/(1 + FOM/2) or

~ _ Smech 11.9
€da ~ T3FOM" (11.9)

This equation has been manipulated starting with the assumption that the fractional

distortion is FOM X rq,/2 which makes it self-consistent to lowest order, but in principle



it is necessary to solve iteratively since FOM itself depends on amplitude. The superficial
proportionality of €4, t0 €mecn is illusory since increasing rpecn also increases FOM. If the
lowest order formulation were valid to all amplitudes (which it is not) the value rq, given

by Eq. (11.9) would approach the mechanical-aperture-independent “dynamic aperture”,

as it is customarily defined, for example in element-by-element tracking calculations.

12.

Numerical example, purely random errors

With (Qr,Q,) = (0.28,0.31), a, =

ay = Tyef, values of Fig (my, my)

F.

(E/S)
2z,y
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(M, my)

calculated using (11.2) for sextupoles, octupoles and decapoles are shown in Fig. 12.1.

SEXT|

OCT

DEC

TOT

Egs. (11.2) and its y-analog. The bottom row of tables contains sums of
the upper three rows. Entries affected by coherence are underlined.

ERECT SKEW SKEW ERECT
X -2 0 2 4 -3 -1 1 3 | -2 0 2 4 -3 -1 1 3
0 .9069 0 0 1.2883 0
1 1 .8398 |-1.4952 1 1 .6885 |-1.9525
2 -.6616 2 2 -.8277 2
3 3 3 3
4 4 4 4

-2 0 2 4 -3 -1 1 3 -2 0 2 4 -3 -1 1 3
0 0 -.2248 0 0 -.1826
1 |21143 -7394 1 1 |41582 -5924 1
2 2 3.9316 | .8449 2 2 1.8943 | .6624
3 .3396 3 3 2571 3
4 4 4 4

-2 0 2 4 -3 -1 1 3 -2 0 2 4 -3 -1 1 3
0 -.6205 | 1.8137 | .4908 0 0 -.5097 | 2.5767| .2697 0
1 1 |1.2266 -1.1263 1 1 |21164 - 7537
2 | -.6595|1.3231|-1.2015 2 2 | -5373|1.6554 |-.8784 2
3 3 -6179 | .6336 3 2571 3 -.7569 | .4863
4 .1340 4 4 .1059 4

-2 0 2 4 -3 -1 1 3 -2 0 2 4 -3 -1 1 3
0 -.6205 | 2.7206 | .4908 0 -.2248 0 -5097 | 3.865 | .2697 0 -.1826
1 |21143 7394 1 |1.2266| .8398 |-1.4952|-1.1263 1 |4.1582 -5924 1 |2.1164| .6885 |-1.9525|-.7357
2 | -6595| .6615 |-1.2015 2 3.9316 | .8449 2 | -5373|.8277 |-.8784 2 1.8943 | .6624
3 .3396 3 -6179 | .6336 3 3 -.7569 | .4863
4 11340 4 4 .1059 4

Figure 12.1: Values of v/2 Fi ,(mg, m )}"(E/S)(m my) calculated from
M T,y €T Yy 2z,y T Yy
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In each case (b/a)y 41 = 1 for the particular multipole and all others are set to zero.
In the lowest row of tables the result of setting all (b/a), 41 = 1 and forming the
coherent sum is shown. Cases where more than one multipole order contributes to the
same coherent sum are underlined. These sums have been formed by simple addition
which corresponds to their phasors having been assumed to be parallel. For purely random
errors their orientations would be random and it would be appropriate to take the quadratic
sum instead. It can be seen that our scrupulous attention to forming these sums before
taking absolute values has been largely academic in that there are coherent contributions
to the same sum in only four cases, some of them exhibiting constructive interference,
some destructive. Nevertheless the effort has undoubtedly been justified because it has
illustrated the nature of the coherence.

As well as determining optimal tunes, FOM provides the effective reduction of ac-
ceptance below that implied by the mechanical aperture. According to Eq. (11.9), the
fractional acceptance reduction is given by FOM, but we will quote results as 100 FOM
which is the acceptance reduction as a percentage. Incorporating also the remaining factors
in Eq. (11.2), the FOM values in tables must still be multiplied by the factors

) i n—1 A@/B N i n—1
100 x 107 (a/b),, 41 /N2 ~12.6 (a/b),, p4q

Tref Tref Tref

where (a/b)nn+1 is expressed in “units” at 7. Of course the factor | /N7, is only appro-
priate for purely random phases. For the LHC the anticipated r.m.s. dipole errors during
injection, in “units” at 17 mm arel

op3 = 0.607 x 1.72/V/3, op34 = 0.113 x 1.73/V/3,  apy5 = 0.112 x 1.74/V/3,

Ta23 = 0.283 x 1.72/V/3, 0434 = 0.167 x 1.73/V/3, 0445 = 0.046 x 1.7*/V/3,
(12.1)

The factor 1.7" corrects the values from the “old” reference radius of 1cm to the “new”
value of 1.7cm. The factor 1/v/3 corrects for the fact that there are three dipoles per
half cell. With these values of (b/a) ;41 values of 100 FOM calculated from Eqs. (11.3)
through (11.7) are in the table shown next. The particle amplitude has been taken to be
7mm which is about 100. Since the numbers are small compared to 100 percent, it makes

little difference whether they are referred to rq, or rpecn- The table is calculated for a grid

T Private communication from Jean-Pierre Koutchouk.
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of Q; and @, values. Locating the minimum in this table yields the best figure of merit
and hence the best operating point (under the assumptions). According to these numbers
the loss of acceptance at the nominal tunes is 10 percent, and the acceptance could be
improved by only about 1.5 percent by more advantageous choice of fractional tunes since

the minimum is broad.

100*¥FOM = percentage acceptance reduction at 10 sigma due to randoms

qQy =  0.270 0.278 0.286 0.294 0.302 0.310 0.318 0.326 0.334 0.342 0.350
qx=

0.260 11.5 9.5 8.8 8.5 8.6 8.9 9.7 11.1 34.4 12.4 13.6
0.264 14.3 10.1 9.0 8.7 8.7 9.0 10.0 11.3 34.7 12.8 14.5
0.268 28.9 11.3 9.5 8.9 8.9 9.2 10.6 11.5 35.0 13.3 15.6
0.272 28.9 14.3 10.2 9.3 9.1 9.4 999.9 11.8 35.4 14.0 17.0
0.276 14.3 29.0 11.5 9.8 9.4 9.6 11.1 12.1 35.9 14.8 18.9
0.280 11.4 29.0 14.5 10.6 9.9 10.0 11.0 12.5 36.4 15.7 21.6
0.284 10.2 14.4 29.3 12.0 10.5 10.4 11.2 13.0 37.1 17.0 25.5
0.288 9.6 11.6 29.4 15.1 11.3 10.9 11.6 13.6 37.9 18.5 32.1
0.292 9.2 10.5 14.9 29.9 12.8 11.6 12.1 14.3 38.8 20.6 45.0
0.296 9.1 10.0 12.2 30.1 16.0 12.6 12.8 15.3 40.0 23.5 83.3
0.300 9.0 9.7 11.1 15.7 30.9 14.2 13.8 16.7 41.5 27.7 999.9

When the multipole coefficients are turned on one at a time, the contributions to
FOM(.28,.31) in the order by 3,b34,b45,0a23,a34,a45 are 5.1, 0.6, 0.4, 2.5, 1.3, and 0.1.
The fact that these numbers add to roughly the same value as when all multipoles are on
at once, implies that interference effects are unimportant, (except as regards the two terms
in Eq. (11.1).) They also indicate that the loss of dynamic acceptance is due primarily to
sextupoles.

It provides a handy rule of thumb, and is perhaps not entirely a coincidence, that the
percent reductions in acceptance are roughly proportional to the multipole strengths (in
“units” at 1cm). If a particular resonance were dominant such a rule of thumb could not
work, but the optimal tunes presumably avoid such operating points. Setting a limit on
the simple sum of the (absolute values of) the multipole coefficients is not so different from
designating a “good field region” (in which the fractional field error does not exceed some
tolerance) as was the “old fashioned” practice in accelerator magnet design. (Of course
this only makes sense if 7 is comparable with the good field region.) The suggestion then

is that, in the absence of dominant resonance, it is not silly to characterize an accelerator

 The 999.9 entry near the center of the table actually stands for infinity; it corresponds exactly to the
resonance 1 x 0.272 -4 x 0.318 = —1.0. The “narrowness” of this resonance and the granularity of the table
is such that the resonance does not show up as a line.
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magnet by its “good field region”. One can even conceive of this being more reliable than
the enumeration of all the multipole coefficients in that the good field region properly
accounts for correlations that are commonly lost in the field representation by multipoles.]L

Paper II of this report will contain calculations of FOM(Q,, @Qy) for the LHC under
“realistic” assumptions concerning systematic field errors, with the aim of finding the
optimal operating point with integer tunes permitted to deviate by as much as several
units from their nominal values. From the results obtained so far one anticipates that the
8 entries in the upper row of Fig. 12.1 will continue to be the most important contributors,
and that the optimal fractional tunes will always be situated more or less equidistant from
nearby low order resonances.

The calculations in this paper and the paper to follow were suggested originally by
Jacques Gareyte and Jean-Pierre Koutchouk, though none of us correctly estimated the

complexity of the task.
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