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1. Introduction.

Recently, a remarkable correspondence between d-dimensional conformal field theories

and supergravity inAdSd+1 has been conjectured and explored [1,2,3,4,5,6,7,8,9,10,11,12,13]1.

The original duality of ref. [1], between p-brane dynamics and supergravity in its

nearly horizon geometry, typically requiring a AdSp+2 ×Md−p−2 background2, has been

further confirmed in identifying massless excitations in the bulk with singletons composite

operators on the anti-De-Sitter boundary [2,6] and further extending this relation by pos-

tulating the recipe that, in some suitable limit (of the parameter space), the generating

functional for the boundary correlators of singleton composite fields is reproduced by the

AdSp+2 supergravity action [5,7]. This analysis has been done for the p = 3 case when 4d

superconformal field theories are better known.

This recipe has been further extended to include full supersymmetry in the maximal

symmetric case, corresponding to Md−p−2 × Sd−p−2 (S5 for d = 10, p = 3), in [8,12,13]

and models with lower supersymmetry in the world-volume theory started to be explored

[23,24,25].

If the corrispondence is at work, for any given N = 1, 2 superconformal field theory

in four dimensions, there should be a corresponding supergravity theory in AdS5. To gain

new insights on the knowledge of the latter is the purpose of the present paper.

One of the important point about five-dimensional supergravity theories is that they

can be regarded as Chern-Simons theories of a gauge symmetry G, which is identified with

the rigid symmetry on the world-volume theory.

The rigid symmetry is typically G = U(2) × G′ for N = 2 and U(1) × G′ in N = 1

theories in which U(2) and U(1) are the R-symmetries which are embedded in the U(2, 2/2)

and U(2, 2/1) superconformal algebras.

As pointed out in [7], the Chern-Simons coupling in the 5d theory just reproduces the

anomaly of the 4d boundary theory. This, of course, produces a simple and unique result

in the N = 4 super Yang-Mills case, in which G = SU(4). However, in N = 1 and N = 2

theories, the fact that the world-volume anomalies of the global simmetries must match

the Chern-Simons coupling in the 5d theory, gives a rather remarkable test and in fact

1 The close connection between the AdSp+2 geometry and the p-brane dynamics has been also

investigated in a series of papers [14,15,16,17,18,19,20,21].
2 A way of obtaining branes with lower supersymmtry is by identifyingMd−p−2 with a suitable

Einstein space as discussed in [22,21].
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predicts to a large extent the structure of the bulk theory, which is the gauged N = 2 and

N = 4 supergravity on AdS5.

The paper is organized as follows. In section 2, we give a complete classification of

the relevant multiplets for the U(2, 2/N) superalgebras (N = 1, 2). They fall in three

categories, as for the N = 4 case, namely, singletons, massless and massive multiplets.

In section 3, we recall some properties of the basic N = 2 and N = 4 supergravities in

AdS5, in particular the structure of their Chern-Simons terms. In section 4, we compare

world-volume superconformal field theories with their dual supergravity in AdS5. The

paper ends with a paragraph of conclusions and outlook.

2. Unitary irreducible representations of U(2, 2/1) and U(2, 2/2).

In the present paper, we will construct the relevant representations of the N = 1 and

N = 2 superconformal algebras, in their realization on the boundary singleton field theory

(on M4) and in the bulk supergravity theory (on AdS5). The main ingredient will be

the fact that massless fields in AdS5 correspond to composite of singletons fields on the

boundary, while singletons fields are just massless conformal fields on the boundary.

For the bosonic subgroup SU(2, 2) (the conformal group) of the superalgebra, this

analysis was carried out in [2,6], and its N = 4 extension was discussed in [8].

It is the aim of this section first to extend the singleton representation of SU(2, 2),

namely D(2, 1, 0) + D(3/2, 1/2, 0) + D(1, 0, 0) to the supersingleton, then to extend the

massless representation of SU(2, 2) in AdS5 to the corresponding supermultiplet.

Let us first consider the N = 2 case. The N = 2 superconformal algebra has a

SU(2) × U(1) R-symmetry. If the N = 2 superconformal singleton theory has no other

flavour symmetry then the corresponding N = 4 supergravity theory will be the gauged

SU(2)×U(1) supergravity, with possible additional matter multiplets. If on the other hand,

the superconformal theory has an additional flavour symmetry G′, then the corresponding

supergravity theory will have certain additional vector multiplets, which are the Yang-Mills

multiplet of G′. All these multiplets will arise as composite boundary excitations of the

singletons boundary fields.

- Singleton multiplets:

They are just the N = 2 superconformal multiplets which fall in two cathegories3:

3 Singleton multiplets are listed including antiparticle states.

2



. Vector multiplets:

D(2, 1, 0|0, 0) +D(3/2, 1/2, 0|2, 1) +D(3/2, 0, 1/2|2,−1) +D(1, 0, 0|0, 2). (2.1)

. Hypermultiplet:

2D(3/2, 1/2, 0|0,−1) + 2D(3/2, 0, 1/2|0,+1) +D(1, 0, 0|2, 0). (2.2)

where the extra two labels are the representations under SU(2)× U(1).

- Massless multiplets in AdS5.

Massless multiplets fall in three cathegories, the graviton multiplet and two types of

matter multiplets: the tensor multiplet and the vector multiplet. As in the maximal case,

the tensor multiplet has twice the degrees of freedom of a vector multiplet. Indeed, in the

Poincaré limit, after duality, a tensor multiplet gives two vector multiplets. Note that in

AdS the antisymmetric tensor verifies a self-duality constraint in the sense of [26].

Let us denote by Φ, Ai (where i is an index in the doublet representation of SU(2)) the

singleton vector and hypermultiplet, respectively. Φ is a multiplet whose first component

(lowest E0) is a complex field, Lie algebra valued in G, the Yang-Mills group of the world-

volume theory. Ai is a multiplet whose first component are two complex scalars in the

doublet representation of SU(2) and in some representation of G.

In absence of hypermultiplets, we may construct the following composite multiplets:

J = TrΦΦ̄ (with maximum spin = 2) and T = TrΦ2 (maximum spin = 1). In presence

of hypermultiplets, we can construct a third composite, Wl = AaiA
b
jtijσ

l
αβ (l = 1, 2, 3)

with value in the adjoint of G′. These multiplets were listed in [27] and their component

expansion given in [28]4.

The J multiplet is the supercurrent multiplet [29], analogous to the N = 4 counterpart

discussed in [8]. It contains the graviton, the gravitinos, the U(2) gauge fields and a U(2)

singlet scalar. Its representation content is

D(4, 1, 1|0, 0) +D(7/2, 1, 1/2|2,−1) +D(7/2, 1/2, 1|2, 1)

+D(3, 1/2, 1/2|3 + 1, 0) +D(3, 1, 0|1,−2) +D(3, 0, 1|1, 2)

+D(5/2, 1/2, 0|2,−1) +D(5/2, 0, 1/2|2,+1) +D(2, 0, 0|0, 0).

(2.3)

4 A list of the AdS5 massless multiplets for various amount of supersymmetry can be found in

[26].
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The tensor multiplet is given by the chiral multiplication of two singleton vector

multiplets and its structure is:

D(2, 0, 0|0, 4) +D(5/2, 1/2, 0|2, 3) +D(5/2, 0, 1/2|2,−3)

+D(3, 0, 0|3, 2) +D(3, 1, 0|0, 2) +D(3, 0, 1|0,−2)

+D(7/2, 1/2, 0|2, 1) +D(7/2, 0, 1/2|2,−1) +D(4, 0, 0|0, 0c).

(2.4)

We see that the dilaton scalar, which is massless in AdS5, is its last (θ4) component.

Finally, if there are hypermultiplets which substain a flavour symmetry group G′, then

there is the extra current superfield Wl, in the adjoint of G′, with components:

D(2, 0, 0|3, 0)+D(5/2, 1/2, 0|2,−1)+D(5/2, 0, 1/2|2, 1)+D(3, 1/2, 1/2|0, 0)+D(3, 0, 0|0, 2).

(2.5)

We now turn to the N = 1 case. The analysis here is particularly simple because

the N = 1 superconformal field theories are widely known. We can use here a superfield

notation both for singletons and massless fields in AdS5.

The singleton fields may be described by chiral superfields [30] Wα, φ, where Wα is the

Lie algebra valued field strenght multiplet of the Yang-Mills singleton boundary theory and

φ is a chiral multiplet in some representation of G which makes the theory superconformal

invariant [31].

The massless composite fields, in absence of the chiral multiplets φ, are [32]:

Jαα̇ = TrWαW̄α̇, D(3, 1/2, 1/2|0)+D(4, 1, 1|0)+D(7/2, 1, 1/2|−3/2)+D(7/2, 1/2, 1|3/2)

(2.6)

and

S = TrWαW
α, D(3, 0, 0|3)+D(5/2, 1/2, 0|3/2)+D(5/2, 0, 1/2|−3/2)+D(4, 0, 0|0). (2.7)

They correspond to the graviton multiplet and hypermultiplet in AdS5, respectively.

In presence of singleton chiral multiplets, there are two more type of multiplets:

W = I(φφ̄), D(2, 0, 0|0) +D(5/2, 1/2, 0| − 3/2) +D(5/2, 0, /1/2|3/2) +D(3, 1/2, 1/2|0)

(2.8)

where I means a singlet under the gauge group G, and

T = TrφWα, D(5/2, 1/2, 0|5/2) +D(3, 0, 0|1) +D(3, 1, 0|1)

+D(3, 0, 1| − 1) +D(7/2, 1/2, 0| − 1/2).
(2.9)
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Of course, the φ multiplets allow extra contribution to eq. (2.6), and extra hypermul-

tiplets of the type,

H = I(φ2), D(2, 0, 0|2) +D(5/2, 1/2, 0|1/2) +D(5/2, 0, 1/2| − 1/2) +D(3, 0, 0| − 1).

(2.10)

However, we note that, in both N = 1 and N = 2 theories, there is a universal

multiplet, other than the graviton, that contains the type IIB dilaton and have E0 = 4;

it is massless in AdS5 in the sense that ∂2φ = 0. This universal multiplet is a tensor

multiplet (T ) in N = 4 and an hypermultiplet in N = 2 AdS5 supergravity, respectively.

3. N = 2 and N = 4 supergravities as Chern-Simons theories.

A peculiar aspect of odd dimensional supergravity theories is that they require the

presence of Chern-Simons terms, appropriate to the underlying gauge symmetry of the

theory.

For example, in D = 5, 7, appropriate Chern-Simons terms, Ω5 and Ω7, relative to

the gauge group SU(4) and USp(4), appear in the maximally extended supergravities in

AdS [33,34]. In the Poincaré limit, the (R-) gauge symmetry becomes abelian and the

corresponding Chern-Simons forms just become the abelian ones [35].

The gauge variation of such terms is a boundary term, which reproduce the 4d anomaly

of the global symmtry of the boundary singleton theory. For the N = 8 case, this was

discussed in [7].

The generic form of the Chern-Simons term in D = 5 [33,36,37,38,39,40] is∫
Ω5 = dΛΣ∆

∫
AΛ ∧ FΣ ∧ F∆. (3.1)

where the non-abelian completion is understood in the case where A corresponds to some

Yang-Mills symmetry.

In AdS5 with N = 4 supersymmetry, we know that the pure supergravity part has

four vector fields, gauging the R-symmetry group SU(2)× U(1). Such a theory has been

constructed in [37]. The structure of the Chern-Simons terms in this case is∫
B ∧ F I ∧ F I . (3.2)

where F I is a SU(2) triplet and B is the U(1) multiplet. Note that no
∫
BF (B)F (B)

term is present. This means that the theory in AdS5 constructed in [37] must correspond
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to a superconformal theory on the boundary where the U(1)3 anomaly vanish but where

mixed SU(2)2 × U(1) anomalies exist and are reproduced by eq. (3.2). Moreover, in this

case, no additional continuous symmetries should exist in the singleton theory, otherwise

they would reflect in additional vector multiplets (and Chern-Simons coupling) in the bulk

supergravity lagrangian.

Let us now turn to the case where additional flavour symmetries are present. In this

case, following [36], the Chern-Simons coupling has an additional term
∫
B ∧ F a ∧ F a,

where F a are the gauge fields of the flavour symmetry G′. In N = 2 superconformal

theories the flavour symmetry is vector-like. Therefore, the only condition coming from

the Chern-Simons terms is still that the anomaly U(1)3 vanishes. It is not known whether

N = 4 supergravities in AdS5 exist with non zero
∫
B∧F (B)∧F (B). If such theory would

exist, singleton superconformal field theories with cubic anomaly U(1)3 would be allowed.

Let us now consider N = 1 superconformal theories. In this case the Chern-Simons

term leaves more freedom, since the constraints on the coefficients dΛΣ∆ are milder [38]. In

this case, the pure N = 2 supergravity has a U(1)3 Chern-Simons term, so that the corre-

sponding superconformal theory with no flavour symmetry should have a U(1)3 anomaly.

It seems to be possible to have many theories. However, it should be pointed out that the

dΛΣ∆ enter in the definition of scalar and vector kinetic term, so for particular choices of

dΛΣ∆ one may expect to find some singularities for some values of the scalar fields; this is

quite analogous to similar phenomena in six dimensional theories with Chern-Simons terms

cancelling gauge anomalies [41]. The implication of this would result in a loss of validity

of the supergravity lagrangian in AdS5 to describe 4d superconformal field theories.

4. Some candidate dual pairs of superconformal and supergravity theories.

We can use the correspondence between Chern-Simons terms in supergravities in AdS5

and anomalies of global symmetries in the superconformal theories, as a guideline for

finding dual pairs of theories or checking proposed ones.

In [23,25], superconformal theories with N = 1, 2 supersymmetry, which should have

a supergravity dual in AdS5, were found by orbifoldizing the original example with N =

4 supersymmetry in [1]. In general, we expect to find candidates for theories with a

supergravity dual in the class of finite supersymmetric gauge theories. In the N = 2 case,

the vanishing of the one-loop beta function is enough to guaranteer the finiteness of the
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theory, while in the N = 1 case higher loops must be checked. A list of finite N = 2 and

N = 1 supersymmetric gauge theories can be found in [31].

Let us start with theN = 2 case and the pure supergravity in AdS5 constructed in [37].

The theory in [37] has a gauge group U(1)×SU(2) which corresponds to the R-symmetry of

the superconformal boundary theory. The constraint coming from the supergravity Chern-

Simons terms is that the U(1)3 anomaly must vanish while the SU(2)2 × U(1) anomaly

must be generically non zero. An example of a N = 2 superconformal theory, which should

admit a AdS5 description, was described in [23], by orbifoldizing the N = 4 case in [1].

The theory has Yang-Mills group U(n)k and matter in the

(n, n̄, 1, 1, ...) + (1, n, n̄, 1, ...) + ...(n̄, 1, ..., n). (4.1)

and it is the world-volume theory for D3 branes sitting at an orbifold singularity. The

U(1)3 anomaly is indeed zero, while the SU(2)2 × U(1) anomaly, which does not receive

contributions from the hypermultiplets, is different from zero. The fact that the decoupled

U(1) factor in the superconformal theory must be taken into account in order to cancel the

U(1)3 anomaly, is a signal that the supergravity theory describes also the center-of-mass

motion of the D3 branes. Note that we cannot exclude the presence of additional matter

multiplets in the supergravity theory.

Let us discuss the case in which there are additional flavours symmetries. A standard

example of N = 2 superconformal theory is SU(n) with 2n flavours. The U(1)3 anomaly

does not vanish, indicating that this theory cannot have a supergravity dual in the class of

theories constructed in [37,36]. The existence of different N = 4 supergravity theories in

AdS5 which allow a cubic Chern-Simons term for U(1) cannot be excluded a priori. In any

case, since the duality proposed in [1] is valid only for large n, a candidate supergravity dual

would have an infinite number of vector multiplets corresponding to the SU(2n) flavour

symmetry, thus reducing the predictivity of such a duality. Superconformal theories with

flavour symmetry which does not increase with n can be found in [31]. Their supergravity

dual must be searched in the class of theories discussed in [36] (provided that the cubic

U(1)R anomaly vanishes).

Let us now consider the N = 1 case. The anomaly constraints are now far less

restrictive. In general, the Chern-Simons terms in the N = 2 pure supergravity in AdS5,

which is common to all the models, implies the existence of a U(1)3 R-symmetry anomaly in

the superconformal theory on the boundary. In the presence of other gauge fields in AdS5,
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corresponding to global symmetries on the boundary, the general form of the coefficients

dΛΣ∆ gives the form of the expected anomalies. The identification of the global symmetry

and the matching of the anomalies is, in general, not enough for identifying dual theories,

but gives strong constraints on the candidate pairs.

Let us consider a particular example. In [38], a particular N = 2 supergravity in AdS5

with gauge group U(1)×SU(3) was constructed. This theory contains eight vector multi-

plets in AdS5, whose scalar partner parametrise the exceptional manifold SL(3, C)/SU(3).

The form of the coefficients,

d000 = 1, d00a = 0, d0ab = −
1

2
δab, dabc = Dabc. (4.2)

where the indices 0 and a label U(1) and SU(3) respectively, and Dabc is the symmetric

tensor of SU(3), suggests the existence of SU(3)3 and SU(3)2×U(1) anomalies. The dual

theory must be aN = 1 superconformal theory which has a U(1)R×SU(3) global symmetry

with the same anomalies. A candidate superconformal theory with a U(1)R×SU(3) global

symmetry and the same anomalies was discussed in [23]. It has a Yang-Mills group U(n)3

and matter consisting of chiral multiplets in the representation,

3((n, n̄, 1) + (1, n, n̄) + (n̄, 1, n)) (4.3)

Since it is constructed as an orbifold of the original D3 branes theory in [1], we expect that

a supergravity description in AdS5 should exist. Such a description could be provided by

the N = 4 supergravity constructed in [38], with possible additional matter multiplets.

5. Conclusions

In this paper we have studied the general structure of N = 2 and N = 4 supergravities

in AdS5, with massless multiplets as composite operators of the boundary singleton theory

[5,6,7,42].

In analogy to the N = 4 case, we have associated the supermultiplets with JMAX = 2

to the supercurrents multiplet which always contains the graviton and the gauge bosons of

the R-symmetry group (U(2) for N = 2 and U(1) for N = 1). Unlike the N = 4 theories,

other multiplets exist for N = 2, 1 as composite boundary excitations.

For N = 4 supergravities, we have vector and tensor multiplets (both with JMAX).

The former are related to additional flavour symmetries (carried by the boundary hyper-

multiplets) of the N = 2 superconformal field theory. A universal tensor multiplet is

related to the dilaton.
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For N = 2 theories in AdS5, we may have, other than the graviton multiplet, three

types of matter composite multiplets: vectors (composite of boundary multiplets carry-

ing some flavour symmetry), tensors and hypermultiplets. The bulk hypermultiplets are

related to bound states of chiral superfields. One of them is the universal bulk dilaton

hypermultiplet.

An important constraint for the study of N = 1, 2 superconformal field theories,

which have a supergravity interpretation in AdS5, in the sense of [1,5,7], is that the global

anomalies on the D3 world-volume must be reproduced by the 5D Chern-Simons couplings

of the corresponding supergravity. This gives a remarkable constraint. For example, the

N = 4 supergravity of refs. [37,36] does not allow a U(1)3 R-symmetry anomaly. This

seems to imply that only boundary singleton theories without such an anomaly can be

associated to such theory. We do not know whether a N = 4 theory with a U(1)3 invariant

may be constructed, allowing to reproduce more models.

In the case of N = 2 supergravity in AdS5, the Chern-Simons term allows a much

richer structure. In fact, if the corresponding N = 1 superconformal boundary theory does

not carry flavour symmetries, there is a unique U(1)3 anomaly whose Chern-Simons term

is present in the N = 2 theory on AdS5.

An interesting question is to understand how many composite tensor and hypermul-

tiplets are present in AdS5 for a given superconformal singleton theory on the boundary.

It is perhaps possible to give a simple answer also to this question.

The presence of a scalar potential for supergravities in AdS5 allows to study critical

points for different possible vacua in the bulk theory (a general analysis was given in [26].

It is natural to conjecture that these critical points should have a dual interpretation in

the boundary superconformal field theory side.

The increasing evidence of a correspondence between supergravity theories may very

well go beyond the original interpretation of singletons as branes degrees of freedom and

AdS5 as nearly horizon geometry of the brane. It could in fact, as also discussed in

[5,7,9,10,11], reveal a powerfull tool in the study of non-perturbative aspects of conformal

invariant quantum field theories.
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