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Generalized gauge transformations: Pure Yang-Mills case
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Gauge transformations with Dirac point splitting are systematically discussed for the case of a pure Yang-
Mills theory. These generalized gauge transformations are based on two ingredients: a fixed four-vector, which
defines the point splitting, and a weight function, which gives an average over the amount of point splitting and
which provides a cutoff in momentum space in the direction of the point splitting four-vector. From the
requirement that the group property must be satisfied, it is found, starting from a simple ansatz, that an
infinitesimal generalized gauge transformation takes the form of an infinite series in the coupling constant.
Using induction on the order of the coupling constant, it is shown that all higher-order terms indeed exist and
that they can be expressed in terms of the lower-order formulas. That there are such generalized gauge
transformations suggests the possibility of a Yang-Mills field theory with mitigated divergences.
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I. INTRODUCTION

Point splitting, as a remedy for avoiding divergences
relativistic quantum field theory, has a long history. Over
years ago, Dirac@1# pointed out that by introducing a fixe
four-vectorem and by replacing products of field operato
A(x) B(x) by A(x2e) B(x1e), the divergence problem
could be circumvented. This suggests that all calculati
should be performed for finite values ofem , and that, only at
the end, one should take the limitem→0. Various attempts
have been presented@2,3#, in which one tries to make use o
this attractive idea.

It is the purpose of this paper to provide the first syste
atic discussion of gauge transformations for the case of
pure Yang-Mills theory with point splitting. Gauge transfo
mations incorporating the idea of point splitting will be r
ferred to as generalized gauge transformations, and wil
given explicitly.

The starting point of the present investigation consists
~1! in the Dirac point splitting, a direction, that ofem , is
picked out as the direction of the splitting, and~2! in order to
mitigate divergences, a momentum cutoff needs to be in
duced. With these observations, it is natural to choose
momentum cutoff in the direction ofem . In other words, we
choose the momentum cutoff at

uk•eu,1. ~1!

In the limit em→0, this momentum cutoff is taken to infinity
i.e., there is no cutoff.

In Yang-Mills theory, the infinitesimal gauge transform
tion is
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dLAm~x!52]mL~x!2ıg@L~x!,Am~x!#. ~2!

In momentum space, this takes the form

dLAm~k!5ıkmL~k!2ıgE d4k1E d4k2d~4!~k2k12k2!

3@L~k1!,Am~k2!#. ~3!

When the momentum cutoff~1! is introduced, Eq.~3! is
reinterpreted as

dLAm~k!5ıkmL~k!2ıgE
K
d4k1E

K
d4k2d~4!~k2k12k2!

3@L~k1!,Am~k2!# ~4!

when k is in K, the regionK being defined by Eq.~1!. In
other words,k, k1, and k2 are all required to satisfy the
inequality ~1!.

In order for Eq.~4! to define a gauge transformation,
must satisfy

@dL1
,dL2

#Am~k!5dLAm~k! ~5!

exactly, wheredL is a gauge transformation that, of cours
depends onL1 and L2. Unlike Eq. ~3!, Eq. ~4! does not
satisfy Eq.~5! exactly, and, therefore, higher-order terms
g must be added to it. For the same reason,L must also take
on the form of an infinite series. The main part of this pap
is precisely devoted to the derivation of explicit formulas f
dLAm(k) andL to all orders ing. Because we do not mak
use of any specific properties of the structure constants,
results we shall obtain are valid for an arbitrary Yang-Mi
symmetry.

This paper is organized as follows. In Sec. II, we intr
duce our notation. In Sec. III, we work out explicitly the fir
1203 © 1997 The American Physical Society
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1204 57R. GASTMANS AND TAI TSUN WU
and second order in the generalized gauge transforma
and, in Sec. IV, we work out the general formula for arb
trary order. We present explicit formulas which express
gauge transformation and the combined gauge paramete
given order in terms of lower-order expressions. Our pro
dure to arbitrary order requires the use of two identit
which are proven in the Appendixes. In Sec. V, the relat
to some previous papers are discussed briefly. Finally, S
VI presents the conclusions.

II. NOTATION

A. Lie algebra

A Lie algebra is characterized by a set of generatorsTa
which satisfy the commutation relations

@Ta ,Tb#5ı f ab
c Tc , ~6!

where the quantitiesf ab
c are the structure constants of the L

algebra. In the standard case, without point splitting,
transformation of the gauge fields is given by

dLAm
a ~x!52]mLa~x!1g fbc

a Lb~x!Am
c ~x!, ~7!

whereLa(x) are the infinitesimal gauge parameters.
Introducing the group elementsAm(x)[Ta Am

a (x) and
L(x)[Ta La(x), Eq. ~7! is the same as Eq.~2!. The only
property of the Lie algebra that we shall use is the Jac
identity

@A,@B,C##1@B,@C,A##1@C,@A,B##50. ~8!

Throughout the rest of the paper, we shall only consi
group elements, and, to alleviate the formulas, we shall d
the boldface notation for these quantities. This means thaAm
andL now stand for the group elements themselves.

B. Momentum space

In Eq. ~4!, the Fourier transforms are defined by

Am~k!5
1

~2p!2E d4xeık•xAm~x!,

L~k!5
1

~2p!2E d4xeık•xL~x!. ~9!

It is convenient to introduce the functionR defined by

R~k•e!5H 1 for uk•eu,1,

0 for uk•eu>1.
~10!

Then Eq.~4! can be rewritten as

dLAm~k!5R~k•e!ıkmL~k!2R~k•e!ıgE d4k1E d4k2

3d~4!~k2k12k2!R~k1•e!R~k2•e!

3@L~k1!,Am~k2!#1O~g2!, ~11!

provided that the condition is used where
n,

e
o a
-

s
n
c.

e

bi

r
p

dLAm~k!50 for uk•eu>1. ~12!

Since we have to deal with arbitrary powers ofg, it is
essential to simplify the notation. Using Eq.~11! as the ex-
ample, the first step is to drop all•e since there is no con
fusion:

dLAm~k!5R~k!ıkmL~k!2R~k!ıgE d4k1E d4k2

3d~4!~k2k12k2!R~k1!R~k2!@L~k1!,Am~k2!#

1O~g2!. ~13!

Thus the arguments ofAm andL are the four-vectorsk, k1,
or k2, while the arguments of theR functions are the scalar
k, k1, or k2, meaningk•e, k1•e, or k2•e.

To simplify the notation further, we drop the integr
signs and thed function. Moreover, the argumentski will be
denoted byi , except for the argumentk which remains un-
changed. With these conventions, Eq.~13! becomes

dLAm~k!5R~k!ıkmL~k!2R~k!ıgR~1!R~2!@L~1!,Am~2!#

1O~g2!. ~14!

We also find it convenient to introduce the functionS(k)
defined by

S~k!512R~k!. ~15!

Obviously, for all values ofk,

R2~k!5R~k!, S2~k!5S~k!, R~k!S~k!50. ~16!

The arguments of theS functions are treated on the sam
footing as theR functions.

III. FIRST AND SECOND ORDER

In Sec. II, it has been shown that the ideas of point sp
ting in position space translate into the appearance of
function R(k) in momentum space, which provides a cuto
for large values of the momentumk. The purpose of this
paper is to show the way to satisfy the group property

@dL1
,dL2

#Am~k!5dLAm~k!, ~17!

whereL(k) is the combined gauge parameter. In Eq.~17!,
the gauge parametersL i , i 51,2 are taken to be infinitesi
mal.

Anticipating on the result, we expand the gauge transf
mation and the combined gauge parameter in powers of
coupling constantg:

dLAm~k!5 (
n50

`

gndL
~n!Am~k!, L~k!5 (

n51

`

gnL ~n!~k!.

~18!

It follows from Eqs.~14! and ~18! that

dL
~0!Am~k!5ıR~k!kmL~k!,

dL
~1!Am~k!52ıR~112!R~1!R~2!@L~1!,Am~2!#. ~19!



e

that

m-
der
d-
-
rit-
ly

the
is

57 1205GENERALIZED GAUGE TRANSFORMATIONS: PURE . . .
To first order ing, the group property requires

@dL2

~0!dL1

~1!2dL1

~0!dL2

~1!#Am~k!5ıkmL ~1!~k!. ~20!

The left-hand side~LHS! of this equation reads

R~112!R~1!R~2!$@L1~1!,k2mL2~2!#

2@L2~1!,k2mL1~2!#%

5kmR~112!R~1!R~2!@L1~1!,L2~2!#, ~21!

because of the implicit integrations andd function in this
formula. It follows that the condition~20! is satisfied pro-
vided we take

L ~1!~k!52ıR~112!R~1!R~2!@L1~1!,L2~2!#. ~22!

Note that in the limite→0, both the zeroth order and th
first order gauge transformation in Eqs.~19!, as well as the
e
ul
combined gauge parameterL (1)(k) in Eq. ~22!, reduce to the
standard expressions without point splitting, because, in
limit, all the arguments of theR functions tend to zero, and
R(0)51.

To orderg2, the formulas become somewhat more co
plicated. We therefore introduce some more notation in or
to limit the size of the formulas and to improve their rea
ability. The group property~17! always refers to commuta
tors of two successive gauge transformations. To avoid w
ing down this type of commutators, we propose to write on
the first term of the commutator, the second term with
L1↔L2 interchange being always understood. With th
convention, the expression forL (1)(k), e.g., becomes

L ~1!~k!52
ı

2
R~112!R~1!R~2!@L1~1!,L2~2!#. ~23!

To orderg2, the group property~17! now reads
s

@dL2

~1!dL1

~1!1dL2

~0!dL1

~2!#Am~k!5ıkmL ~2!~k!2ıR~112!R~1!R~2!@L ~1!~1!,Am~2!#. ~24!

We thus have to findL (2)(k) anddL
(2)Am(k) such that Eq.~24! is satisfied. Let us rewrite Eq.~24! in such a way that the term

which are known from the orderg calculation appear on the LHS:

dL2

~1!dL1

~1!Am~k!1ıR~112!R~1!R~2!@L ~1!~1!,Am~2!#5ıkmL ~2!~k!2dL2

~0!dL1

~2!Am~k!. ~25!

In Eq. ~25!, the LHS is explicitly given by

2R~11213!R~1!R~213!R~2!R~3!H @L1~1!,@L2~2!,Am~3!##1
1

2
@Am~1!,@L1~2!,L2~3!##J

5R~11213!R~1!S~213!R~2!R~3!H @L1~1!,@L2~2!,Am~3!##1
1

2
@Am~1!,@L1~2!,L2~3!##J . ~26!
-
no

r in

for
.
ions
Note that in rewriting the expression~26! we used the fact
that, without a factorR(213), the expression would hav
vanished by virtue of the Jacobi identity. Hence, we co
replaceR(213) by 2S(213).

A simple calculation shows that Eq.~24! is satisfied if we
take

dL
~2!Am~k!52ıR~11213!R~1!S~213!R~2!R~3!

3H 1

e•k1
@e•A~1!,@L~2!,Am~3!##

1
k1m

e•k1e•~k21k3!
@e•A~1!,@L~2!,e•A~3!##

2
1

e•~k21k3!
@ Am~1!,@L~2!,e•A~3!##J ,

~27!
d

and

L ~2!~k!52ıR~11213!R~1!S~213!R~2!R~3!
1

2e•k1

3@e•A~1!,@L1~2!,L2~3!##. ~28!

A few comments should be made about the formulas~27!
and ~28!. In the limit e→0, the expressions for both
dL

(2)Am(k) andL (2)(k) vanish because the argument of theS
function tends to zero andS(0)50. This has to be so, be
cause, in the standard case without point splitting, there is
second-order term neither in the gauge transformation no
the combined gauge parameter.

Also, we could have chosen different expressions
dL

(2)Am(k) and L (2)(k) and still satisfy the group property
We imposed, however, the requirement that the express
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be free of singularities. One can verify that the poten
singularity fore•k150 is not present, because the numera
has a factorR(11213)S(213). In the limit e•k1→0, this
factor tends to R(213)S(213)50. Similarly, for
e•(k21k3)→0, the factorS(213) tends toS(0)50. Still,
the requirement of absence of singularities does not uniq
determine the expressions fordL

(2)Am(k) andL (2)(k). In our
experience, however, the choices in Eqs.~27! and ~28! lead
to the simplest results in higher orders. For that reason,
do not examine the other possibilities here.

Again, we introduce more simplifications in the notatio
All denominators which we encounter, apart from numeri
factors, are of the forme•ki ~or sums of such expressions!.
Hence, without creating confusion, we can simply den
them byki . Also, the expressionse•A(ki) will be denoted in
what follows byA( i ). Also, it will appear that the factors
A( i ) always have a factorR( i ) associated with them. We
therefore can drop the factorsR( i ) in the simplified notation.
Finally, we want to develop some recursive procedure
prove the existence of the generalized gauge transforma
to all orders. For that reason, it is advantageous to exp
higher-order formulas fordL

(n)Am(k) andL (n)(k) in terms of
lower-order formulas. It turns out that the expressio
dL

(l )Am(ki) and L (l )(ki) have a factorR( i ), S( i ), or unity
associated with them. Most of the time, it is the factorS( i )
which is present. Whenever this is the case, we shall
drop these factorsS( i ). When theR( i ) factor is present, we
shall explicitly write it, and when the unit factor appears, w

shall writedL
(l )Am( i ) or L (l )( i ).

In the simplified notation, the formulas~27! and~28! now
read
l
r

ly

e

.
l

e

o
on
ss

s

o

dL
~2!Am~k!5R~112!H 1

k1
@A~1!, d̃ L

~1!Am~2!#

1
k1m

k1k2
@A~1!, d̃ L

~1!A~2!#

2
1

k2
@Am~1!, d̃ L

~1!A~2!#J , ~29!

and

L ~2!~k!5
R~112!

k1
@A~1!, L̃ ~1!~2!#, ~30!

where, in Eqs.~29! and ~30!,

d̃ L
~1!Am~k!52ı@L~1!,Am~2!#,

L̃ ~1!~k!52
ı

2
@L1~1!,L2~2!#. ~31!

IV. ARBITRARY ORDER

We shall prove that the group property can be satisfied
arbitrary order. Let

dL
~n!Am~k!5R~k! d̃ L

~n!Am~k!, L ~n!~k!5R~k! L̃ ~n!~k!,
~32!

with

d̃ L
~0!Am~k!5ıkmL~k!, d̃ ~1!Am~k!52ı@L~1!,Am~2!#,

L̃ ~1!~k!52
ı

2
@L1~1!,L2~2!#, ~33!

and, forn>2,
d̃ ~n!Am~k!52 (
a51

n21

~21!aH 1

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!, d̃ L

~n2a!Am~a11!# . . . ##

1
~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!, d̃ L

~n2a!A~a11!# . . . ##

2
1

~k21•••1ka!•••kaka11
@Am~1!,@A~2!,@ . . . ,@A~a!, d̃ L

~n2a!A~a11!# . . . ###J , ~34!

and

L̃ ~n!~k!52 (
a51

n21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!, L̃ ~n2a!~a11!# . . . ##

2ı (
a50

n23

(
l 51

n2a22 ~21!a@A~1!,@ . . . ,@A~a!,@ d̃ L1

~ l !A~a11!, d̃ L2

~n2l 2a21!A~a12!## . . . ##

2~k11•••1ka!•••kaka11ka12
. ~35!

In Eqs.~34!, ~35!, and throughout the rest of the paper, we use the standard summation convention that

(
a

b

50 for b5a21 ~36!

and that
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1

~ka1•••1kb!•••kb
5

1

ka•••~ka1•••1kb!
51 for b5a21. ~37!

We also point out that, in Eqs.~34! and~35!, the quantitiesd̃ L
(m)A( i ) and L̃ (m)( i ) have factorsS( i ) implicitly associated with

them, while all other quantities have implicitR factors.
We want to prove the group property, which reads to ordern:

(
l 50

n21

~dL2

~ l !dL1

~n2l !2dL~n2l !
~ l !

!Am~k!50. ~38!

To this end, we shall first prove the somewhat simpler relation which reads

(
l 50

n21

~dL2

~ l ! d̃ L1

~n2l !2 d̃ L̃ ~n2l !
~ l !

!Am~k!50. ~39!

We intend to prove that Eq.~39! is valid using the induction method, i.e., we shall assume that, fora51,2, . . . ,n21,

(
l 50

n2a21

~dL2

~ l ! d̃ L1

~n2a2l !2 d̃ L̃ ~n2a2l !
~ l !

!Am~k!50. ~40!

From the discussion in Sec. II, we already know that Eq.~39! is satisfied forn51,2.
For the proof, it is useful to note that the expressions ford̃ L

(n)Am(k) simplify whenm is in the direction ofe. For n>2,

d̃ L
~n!A~k!52 (

a51

n21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!, d̃ L

~n2a!A~a11!# . . . ##. ~41!

It is not difficult to obtain the explicit expressions for the various terms in Eq.~39!, using the formulas~34! and~35!. We
simply list the results, which are somewhat lengthy:

dL2

~0! d̃ L1

~n!Am~k!5ı@L1~1!,R~2!dL2

~n21!Am~2!#2 (
a51

n21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!,dL1

~0! d̃ L2

~n2a!Am~a11!# . . . ##

2 (
a51

n21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!,dL1

~0! d̃ L2

~n2a!A~a11!# . . . ##

1 (
a51

n21
~21!a

~k21•••1ka!•••kaka11
@Am~1!,@ . . . ,@A~a!,dL1

~0! d̃ L2

~n2a!A~a11!# . . . ##

1 (
a52

n21
~21!a

~k11•••1ka21!•••ka21
$@dL1

~1!A~1!,@ . . . ,@A~a21!, d̃ L2

~n2a!Am~a!# . . . ##1 . . .

1@A~1!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!Am~a!# . . . ##%

1 (
a52

n21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
$@dL1

~1!A~1!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!# . . . ##1•••

1@A~1!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!A~a!# . . . ##%

2 (
a52

n21 ~21!a@dL1

~1!Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!#•••###

~k21•••1ka21!•••ka21ka

2 (
a53

n21
~21!a

~k21•••1ka21!•••ka21ka
$@Am~1!,@dL1

~1!A~2!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!# . . . ###1•••

1@Am~1!,@A~2!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!A~a!# . . . ###%. ~42!

Also, from Eq.~35!, we derive
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2 d̃ L̃ ~n!
~0! Am~k!

52ıkm L̃ ~n!~k!

5 (
a51

n21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!, d̃ L̃ ~n2a!

~0! A~a11!# . . . ##

1 (
a51

n21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!, d̃ L̃ ~n2a!

~0! Am~a11!# . . . ##

2 (
a50

n23

(
l 51

n2a22
~21!a~k11•••1ka12!m

2~k11•••1ka!•••kaka11ka12
@A~1!,@ . . . ,@A~a!,@ d̃ L1

~ l !A~a11!, d̃ L2

~n2l 2a21!A~a12!## . . . ##. ~43!

Adding the results of Eqs.~42! and ~43!, we obtain

~dL2

~0! d̃ L1

~n!2 d̃ L̃ ~n!
~0!

!Am~k!

5ı@L1~1!,R~2!dL2

~n21!Am~2!#

2 (
a51

n21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!,~dL2

~0! d̃ L1

~n2a!2 d̃ L̃ ~n2a!
~0!

!Am~a11!# . . . ##

2 (
a51

n21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!,~dL2

~0! d̃ L1

~n2a!2 d̃ L̃ ~n2a!
~0!

!A~a11!# . . . ##

1 (
a51

n21
~21!a

~k21•••1ka!•••kaka11
@Am~1!,@ . . . ,@A~a!,dL2

~0! d̃ L1

~n2a!A~a11!# . . . ##

1 (
a52

n21
~21!a

~k11•••1ka21!•••ka21
$@dL1

~1!A~1!,@ . . . ,@A~a21!, d̃ L2

~n2a!Am~a!# . . . ##1•••

1@A~1!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!Am~a!# . . . ##%

1 (
a52

n21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
$@dL1

~1!A~1!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!# . . . ##1•••

1@A~1!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!A~a!#•••##%

2 (
a52

n21 ~21!a@dL1

~1!Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!#•••###

~k21•••1ka21!•••ka21ka

2 (
a53

n21
~21!a

~k21•••1ka21!•••ka21ka
$@Am~1!,@dL1

~1!A~2!,@ . . . ,@A~a21!, d̃ L2

~n2a!A~a!#•••###1•••

1@Am~1!,@A~2!,@ . . . ,@dL1

~1!A~a21!, d̃ L2

~n2a!A~a!#•••###%

2 (
a50

n23

(
l 51

n2a22
~21!a~k11•••1ka12!m

2~k11•••1ka!•••kaka11ka12
@A~1!,@ . . . ,@A~a!,@ d̃ L1

~ l !A~a11!, d̃ L2

~n2l 2a21!A~a12!## . . . ##.

~44!

From Eq.~34!, we obtain

(
l 51

n22

dL2

~ l ! d̃ L1

~n2l !Am~k!

5 (
l 51

n22

(
a51

n2l 21
~21!a

~k11•••1ka!•••ka
$@R~1!dL1

~ l !A~1!,@ . . . ,@A~a!, d̃ L2

~n2l 2a!Am~a11!# . . . ##1•••
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1@A~1!,@ . . . ,@R~a!dL1

~ l !A~a!, d̃ L2

~n2l 2a!Am~a11!# . . . ##%

2 (
l 51

n22

(
a51

n2l 21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!,dL2

~ l ! d̃ L1

~n2l 2a!Am~a11!# . . . ##

1 (
l 51

n22

(
a51

n2l 21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
$@R~1!dL1

~ l !A~1!,@ . . . ,@A~a!, d̃ L2

~n2l 2a!A~a11!# . . . ##1•••

1@A~1!,@ . . . ,@R~a!dL1

~ l !A~a!, d̃ L2

~n2l 2a!A~a11!# . . . ##%

2 (
l 51

n22

(
a51

n2l 21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!,dL2

~ l ! d̃ L1

~n2l 2a!A~a11!# . . . ##

2 (
l 51

n22

(
a51

n2l 21 ~21!a@R~1!dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a!, d̃ L2

~n2l 2a!A~a11!# . . . ###

~k21•••1ka!•••kaka11

2 (
l 51

n22

(
a51

n2l 21
~21!a

~k21•••1ka!•••kaka11
$@Am~1!,@R~2!dL1

~ l !A~2!,@ . . . ,@A~a!, d̃ L2

~n2l 2a!A~a11!# . . . ###1•••

1@Am~1!,@A~2!,@ . . . ,@R~a!dL1

~ l !A~a!, d̃ L2

~n2l 2a!A~a11!# . . . ###%

1 (
l 51

n22

(
a51

n2l 21 ~21!a@Am~1!,@A~2!,@ . . . ,@A~a!,dL2

~ l ! d̃ L1

~n2l 2a!A~a11!# . . . ###

~k21•••1ka!•••kaka11
, ~45!

while from Eq.~33!, we easily derive that

dL2

~n21! d̃ L1

~1!Am~k!52ı@L1~1!,R~2!dL2

~n21!Am~2!#. ~46!

Equations~33! and ~35! yield

2 d̃ L̃ ~n21!
~1! Am~k!52 (

a51

n21
~21!a

~k21•••1ka!•••kaka11
@Am~1!,@A~2!,@ . . . ,@A~a!, d̃ L̃ ~n2a!

~0! A~a11!# . . . ###

1 (
a51

n23

(
l 51

n2a22
~21!a

2~k21•••1ka!•••kaka11ka12

3@Am~1!,@A~2!,@ . . . ,@A~a!,@ d̃ L1

~ l !A~a11!, d̃ L2

~n2l 2a21!A~a12!## . . . ###. ~47!

The last term in Eq.~39! to be calculated reads

2 (
l 52

n21

d̃ L̃ ~n2l !
~ l ! Am~k!5 (

l 52

n21

(
a51

l 21
~21!a

~k11•••1ka!•••ka
@A~1!,@ . . . ,@A~a!, d̃ L̃ ~n2l !

~ l 2a! Am~a11!# . . . ##

1 (
l 52

n21

(
a51

l 21
~21!a~k11•••1ka!m

~k11•••1ka!•••kaka11
@A~1!,@ . . . ,@A~a!, d̃ L̃ ~n2l !

~ l 2a! A~a11!# . . . ##

2 (
l 52

n21

(
a51

l 21
~21!a

~k21•••1ka!•••ka ka11
@Am~1!,@A~2!,@ . . . ,@A~a!, d̃ L̃ ~n2l !

~ l 2a! A~a11!# . . . ###.

~48!

Finally, we add the results from Eqs.~44!, ~45!, ~46!, ~47!, and~48! to obtain the LHS of Eq.~39!:

(
l 50

n21

~dL2

~ l ! d̃ L1

~n2l !2 d̃ L̃ ~n2l !
~ l !

!Am~k!

5 (
l 51

n22

(
a52

n2l
~21!a

~k11•••1ka21!•••ka21
$@ d̃ L1

~ l !A~1!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ##1•••
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1@A~1!,@ . . . ,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ##%

2 (
l 52

n22

(
a52

n2l
~21!a

~k11•••1ka21!•••ka21
$@dL1

~ l !A~1!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ##1•••

1@A~1!,@ . . . ,@dL1

~ l !A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ##%

1 (
l 51

n22

(
a52

n2l
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
$@ d̃ L1

~ l !A~1!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ##1•••

1@A~1!,@ . . . ,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ##%

2 (
l 52

n22

(
a52

n2l
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
$@dL1

~ l !A~1!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ##1•••

1@A~1!,@ . . . ,@dL1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ##%

2 (
l 51

n22

(
a52

n2l ~21!a@ d̃ L1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka

1 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka

2 (
l 51

n23

(
a53

n2l
~21!a

~k21•••1ka21!•••ka21ka
$@Am~1!,@ d̃ L1

~ l !A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###1•••

1@Am~1!,@A~2!,@ . . . ,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###%

1 (
l 52

n23

(
a53

n2l
~21!a

~k21•••1ka21!•••ka21ka
$@Am~1!,@dL1

~ l !A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###1•••

1@Am~1!,@A~2!,@ . . . ,@dL1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###%

2 (
l 51

n22

(
a52

n2l
~21!a~k11•••1ka!m

2~k11•••1ka22!•••ka22ka21ka
@A~1!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!## . . . ##

1 (
l 51

n23

(
a53

n2l
~21!a

2~k21•••1ka22!•••ka22ka21ka
@Am~1!,@A~2!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!## . . . ###.

~49!

In obtaining the result of Eq.~49!, we made use of the lower order relation of Eq.~40! to eliminate certain terms.
Expression ~49! can be written in a more compact form by introducing an extra summation indexb,

which labels the position ofdL
(l )A or d̃ L

(l )A in the commutator. We then have

(
l 50

n21

~dL2

~ l ! d̃ L1

~n2l !2 d̃ L̃ ~n2l !
~ l !

!Am~k!

5 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
@A~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##

2 (
l 52

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
@A~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##
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1 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
@A~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

2 (
l 52

n22

(
a52

n2l

(
b51

a21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21 ka
@A~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

2 (
l 51

n22

(
a52

n2l ~21!a@ d̃ L1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka

1 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21 ka

2 (
l 51

n23

(
a53

n2l

(
b52

a21
~21!a

~k21•••1ka21!•••ka21ka
@Am~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

1 (
l 52

n23

(
a53

n2l

(
b52

a21
~21!a

~k21•••1ka21!•••ka21ka
@Am~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

2 (
l 51

n22

(
a52

n2l
~21!a~k11•••1ka!m

2~k11•••1ka22!•••ka22ka21ka
@A~1!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!####

1 (
l 51

n23

(
a53

n2l
~21!a

2~k21•••1ka22!•••ka22ka21ka
@Am~1!,@A~2!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!##•••###.

~50!

Our aim is to prove that the right-hand side~RHS! of Eq. ~50! vanishes. There are three types of terms in expression~50!,
depending on the position of the indexm: the index can appear in the combinationdL

( i )Am( j ), it can appear in the combinatio
Am( i ) without adL

( j ) acting on thisAm( i ), or it can appear in the combinationkim . The quantitiesi and j can have any value
For the expression~50! to vanish, the three types of terms have to vanish separately. The three types of terms
respectively denoted byX1, X2, andX3, and we now show that they indeed vanish.

A. X1

We start by showing that the terms in Eq.~50! with a dL
( i )Am( j ) combination vanish. They are

X15 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
@A~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##

2 (
l 52

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21! . . . ka21
@A~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##

2 (
l 51

n22

(
a52

n2l ~21!a@ d̃ L1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21! . . . ka21ka

1 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka
, ~51!

wheredL1

(l )Am
¯̄denotes the term in its expansion of Eq.~34! proportional tod̃ L1

(l 2c)Am , i.e.,

dL1

~ l !Am~k!52 (
c51

l 21
~21!c

~k11•••1kc! . . . kc
@A~1!,@ . . . ,@A~c!, d̃ L1

~ l 2c!Am~c11!# . . . ##. ~52!

We shall treat the first two terms and the last two terms in expression~51! for X1 separately. We then have that
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X15X1A1X1B , ~53!

where

X1A5 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
@A~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##

2 (
l 52

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
@A~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!Am~a!# . . . ## . . . ##,

~54!

and

X1B52 (
l 51

n22

(
a52

n2l ~21!a@ d̃ L1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka

1 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka
. ~55!

We first rewrite expressionX1A in Eq. ~54! using the expansion fordL1

(l )A(b) given by Eq.~41!:

X1A5 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a

~k11•••1ka21!•••ka21
[A~1!,[ . . . ,[ d̃ L1

~ l !A~b!,[ . . . ,[A~a21!, d̃ L2

~n2l 2a11!Am~a!] . . . ]] . . . ]]

1 (
l 51

n22

(
a52

n2l

(
b51

a21

(
c51

l 21

~21!a1c
[A~1!,[ . . . ,[[A~b!,[ . . . ,[A~c1b21!, d̃ L1

~ l 2c!A~c1b!] . . . ]],

~k11•••1kc1a21!•••~kb1•••1kc1a21!

[A~c1b11!,[ . . . ,[A~c1a21!, d̃ L2

~n2l 2a11!Am~c1a!] . . . ]]] . . . ]]

~kb1•••1kc1b21!•••kc1b21 ~kc1b111•••1kc1a21!•••kc1a21
. ~56!

Note that, in the second term of Eq.~56!, we have extended the summation overl to include the terml 51, because it
vanishes due to our summation convention~36! for the sum overc. The two terms in Eq.~56! can now be combined using Eq
~37!:

X1A5 (
l 51

n22

(
a52

n2l

(
b51

a21

(
c50

l 21

~21!a1c
[A~1!,[ . . . ,[[A~b!,[ . . . ,[A~c1b21!, d̃ L1

~ l 2c!A~c1b!] . . . ]],

~k11•••1kc1a21!•••~kb1•••1kc1a21!

[A~c1b11!,[ . . . ,[A~c1a21!, d̃ L2

~n2l 2a11!Am~c1a! . . . ]]] . . . ]]

~kb1•••1kc1b21!•••kc1b21~kc1b111•••1kc1a21!•••kc1a21
. ~57!

Using the formula~A1! in Appendix A, we can rewrite this expression~57! in the form of a nested commutator. To see ho
this can be done, we rename a series of variables in Eq.~57!. Let

kb5K1 , kc1b5Kc11 , kc1a5Kc1a2b11 , ~58!

and

l 2c5P, c115N2L21, c1a2b115N21, n2l 2a115Q, ~59!

and let us rearrange the quadruple sum in Eq.~57! in the following way:
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(
l 51

n22

(
a52

n2l

(
b51

a21

(
c50

l 21

5 (
l 51

n22

(
b51

n2l 21

(
a5b11

n2l

(
c50

l 21

5 (
b51

n22

(
l 51

n2b21

(
a5b11

n2l

(
c50

l 21

5 (
b51

n22

(
l 51

n2b21

(
a5b11

n2l

(
P51

l

5 (
b51

n22

(
l 51

n2b21

(
P51

l

(
a5b11

n2l

5 (
b51

n22

(
P51

n2b21

(
l 5P

n2b21

(
a5b11

n2l

5 (
b51

n22

(
P51

n2b21

(
l 5P

n2b21

(
L51

n2l 2b

5 (
b51

n22

(
P51

n2b21

(
L51

n2P2b

(
l 5P

n2b2L

5 (
b51

n22

(
P51

n2b21

(
L51

n2P2b

(
Q51

n2b2L2P11

5 (
b51

n22

(
P51

n2b21

(
Q51

n2b2P

(
L51

n2b2P2Q11

5 (
b51

n22

(
P51

n2b21

(
Q51

n2b2P

(
L51

N22

. ~60!

The preceding manipulations then lead to

X1A5 (
b51

n22

(
P51

n2b21

(
Q51

n2b2P

(
L51

N22

~21!n2P2Q11
@A~1!,@ . . . ,@A~b21!,@@ Ā~1!,@ . . . ,@ Ā~N2L22!, d̃ L1

~P!Ā~N2L21!# . . . ##,

~k11•••1KN22!•••~K11•••1KN22!

[ Ā~N2L !,@ . . . ,@ Ā~N22!, d̃ L2

~Q!Ām~N21!] . . . ]]]] . . . ]]

~K11•••1KN2L22!•••KN2L22~KN2L1•••1KN22!•••KN22
, ~61!

where the notationĀ is used to indicate that theĀ has aK-type argument. The use of formula~A1! from Appendix A allows
one to perform the summation overL and convertsX1A into a nested commutator:

X1A5 (
b51

n22

(
P51

n2b21

(
Q51

n2b2P

~21!n2P2Q11
@A~1!,@ . . . ,@A~b21!,@ Ā~1!,

~k11•••1KN22!•••~K11•••1KN22!

[ . . . ,@ d̃ L1

~P!Ā~N22!, d̃ L2

~Q!Ām~N21!# . . . . . . ]]] . . . ]]

~K11•••1KN23!•••KN23

5 (
b51

n22

(
P51

n2b21

(
Q51

n2b2P

~21!n2P2Q11
@A~1!,@ . . . ,

~k11•••1kn2P2Q!•••~kb1•••1kn2P2Q!

[A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!Am~n2P2Q11!# . . . ]]

~kb1•••1kn2P2Q21!•••kn2P2Q21
, ~62!

where, in the last equality, we returned to the original integration variablesk.
In expression~62!, the sum overb can also be performed. To this end, we introduce the variable

a5n2P2Q, ~63!

and rearrange the triple sum as follows:

(
b51

n22

(
P51

n2b21

(
Q51

n2b2P

5 (
P51

n22

(
b51

n2P21

(
Q51

n2b2P

5 (
P51

n22

(
Q51

n2P21

(
b51

n2P2Q

5 (
P51

n22

(
Q51

n2P21

(
b51

a

. ~64!

Then

X1A5 (
P51

n22

(
Q51

n2P21

(
b51

a

~21!a11
@A~1!,@ . . . ,@A~a21!,@ d̃ L1

~P!A~a!, d̃ L2

~Q!Am~a11!## . . . ##

~k11•••1ka!•••~kb1•••1ka!~kb1•••1ka21!•••ka21
. ~65!

Formula~B1! of Appendix B can now be applied to perform to summation overb, and, finally,

X1A5 (
P51

n22

(
Q51

n2P21

~21!n2P2Q11
@A~1!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!Am~n2P2Q11!## . . . ##

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Q
.

~66!

The treatment ofX1B is very analogous to the one forX1A . We also rewrite expression~55! using the expansion fo

dL
(l )A(b) given by Eq.~41!, which again allows us to combine the two terms inX1B :
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X1B52 (
l 51

n22

(
a52

n2l

(
c50

l 21

~21!a1c
@@A~1!,@ . . . ,@A~c!, d̃ L1

~ l 2c!Am~c11!# . . . ##,

~k11•••1kc!•••kc

@A~c12!,@ . . . ,@A~c1a21!, d̃ L2

~n2l 2a11!A~c1a!# . . . ##

~kc121•••1kc1a21!•••kc1a21kc1a
. ~67!

Comparing Eq.~67! for X1B with Eq. ~57! for X1A , one sees thatX1B is the opposite of theb51 term in X1A with the
interchange ofd̃ LA↔ d̃ LAm . Therefore, Eq.~62! tells us that

X1B52 (
P51

n22

(
Q51

n2P21

~21!n2P2Q11
@A~1!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!Am~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ##

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Q11
.

~68!

Through some simple manipulations, we can cast Eq.~68! in a form which allows us to combineX1B with X1A :

X1B52 (
P51

n22

(
Q51

n2P21

~21!n2P2Q11
@A~1!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~Q!A~n2P2Q!, d̃ L2

~P!Am~n2P2Q11!## . . . ##

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Q

52 (
Q51

n22

(
P51

n2Q21

~21!n2P2Q11
@A~1!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!Am~n2P2Q11!## . . . ##

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Q

52 (
P51

n22

(
Q51

n2P21

~21!n2P2Q11
@A~1!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!Am~n2P2Q11!## . . . ##

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Q
.

~69!

Comparing Eq.~66! for X1A with Eq. ~69! for X1B , leads to the conclusion that

X15X1A1X1B50, ~70!

which is the result we intended to prove in this subsection.

B. X2

The terms in Eq.~50! with a factorAm( i ) without somedL
(l ) acting on them are

X25 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21 ka

2 (
l 51

n23

(
a53

n2l

(
b52

a21
~21!a

~k21•••1ka21!•••ka21ka
@Am~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

1 (
l 52

n23

(
a53

n2l

(
b52

a21
~21!a

~k21•••1ka21!•••ka21ka
@Am~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

1 (
l 51

n23

(
a53

n2l
~21!a

2~k21•••1ka22!•••ka22ka21ka
@Am~1!,@A~2!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!## . . . ###,

~71!

where, this time,dL1

(l )Am(k)denotes the term proportional toAm in its expansion given by Eq.~34!, i.e.,

dL1

~ l !Am~k!5 (
c51

l 21 ~21!c@Am~1!,@A~2!,@ . . . ,@A~c!, d̃ L1

~ l 2c!A~c11!# . . . ###

~k21•••1kc!•••kckc11
. ~72!

We want to show thatX2 vanishes.
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Let us respectively denote byX2A , X2B , X2C , andX2D the four terms in the order in which they appear in Eq.~71! for X2.
Substituting Eq.~72! into the first termX2A of Eq. ~71! yields

X2A5 (
l 52

n22

(
a52

n2l

(
c51

l 21

~21!a1c
@@Am~1!,@A~2!,@ . . . ,@@A~c!, d̃ L1

~ l 2c!A~c11!# . . . ###,

~k21•••1kc!•••kckc11

@A~c12!,@ . . . ,@A~c1a21!, d̃ L2

~n2l 2a11!A~c1a!# . . . ###

~kc121•••1kc1a21!•••kc1a21kc1a
. ~73!

If we defineYL
l ,c(k) by

YL
l ,c~k!5

@A~1!,@ . . . ,@A~c21!, d̃ L
~ l 2c!A~c!# . . . ##

~k11•••1kc21!•••kc21kc
, ~74!

then

YL
n2l ,a21~k!5

@A~1!,@ . . . ,@A~a22!, d̃ L
~n2l 2a11!A~a21!# . . . ##

~k11•••1ka22!•••ka22ka21
, ~75!

and

X2A5 (
l 52

n22

(
a52

n2l

(
c51

l 21

~21!a1c@@Am~1!,YL1

l ,c~2!#,YL2

n2l ,a21~3!#. ~76!

Making the change of variables

L5n2l , C5a21, A5c11, ~77!

in Eq. ~76!, we see thatX2A can also be written in the form

X2A5 (
L52

n22

(
C51

L21

(
A52

n2L

~21!A1C@@Am~1!,YL1

n2L,A21~2!#,YL2

L,C~3!#. ~78!

Taking half the sum of the expressions~76! and ~78! yields

X2A5
1

2 (
l 52

n22

(
a52

n2l

(
c51

l 21

~21!a1c$@@Am~1!,YL1

l ,c~2!#,YL2

n2l ,a21~3!#1@@Am~1!,YL1

n2l ,a21~2!#,YL2

l ,c~3!#%

5
1

2 (
l 52

n22

(
a52

n2l

(
c51

l 21

~21!a1c@Am~1!,@YL1

l ,c~2!,YL2

n2l ,a21~3!##. ~79!

In Eq. ~79!, we made use of the Jacobi identity to write the sum of two commutators as a single term. Substitut
definition ~74! for the expressionsY into Eq. ~79!, then leads to

X2A5
1

2 (
l 52

n22

(
a52

n2l

(
c51

l 21

~21!a1c
@Am~1!,@@ Ā~1!,@ . . . ,@ Ā~c21!, d̃ L1

~ l 2c!Ā~c!# . . . ##,

~K11•••1Kc21!•••Kc21Kc

@ Ā~c11!,@ . . . ,@ Ā~c1a22!, d̃ L2

~n2l 2a11!Ā~c1a21!# . . . ]]]]

~Kc111•••1Kc1a22!•••Kc1a22Kc1a21

52
1

2 (
l 51

n23

(
a52

n2l 21

(
c50

l 21

~21!a1c
@Am~1!,@@ Ā~1!,@ . . . ,@ Ā~c!, d̃ L1

~ l 2c!Ā~c11!# . . . ##,

~K11•••1Kc!•••KcKc11

@ Ā~c12!,@ . . . ,@ Ā~c1a21!, d̃ L2

~n2l 2a!Ā~c1a!# . . . ]]]]

~Kc121•••1Kc1a21!•••Kc1a21Kc1a
. ~80!

Upon comparing this expression~80! with the formula~67! for X1B , one sees that
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X2A5
1

2
@ Am~1!,X1B~n→n21,d̃ LAm~c11!→ d̃ LA~c11!/kc11!#. ~81!

We can then make use of the evaluation ofX1B in Eq. ~69! to write

X2A52
1

2 (
P51

n23

(
Q51

n2P22

~21!n2P2Q@Am~1!,@A~2!,@ . . . ,

@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ]]]

~k21•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~82!

We now examine the next two terms,X2B andX2C , in Eq.~71!. They can be combined into one expression in analogy w
the manipulations forX1A :

X2B1X2C52 (
l 51

n23

(
a53

n2l

(
b52

a21

(
c50

l 21 ~21!a1c@Am~1!,@ . . . ,@@A~b!,@ . . . ,@A~b1c21!, d̃ L1

~ l 2c!A~b1c!# . . . ##,

~k21•••1ka1c21!•••~kb1•••1ka1c21!~kb1•••1kb1c21!•••kb1c21

[A~b1c11!,[ . . . ,[A~a1c21!, d̃ L2

~n2l 2a11!A~a1c!] . . . ]]] . . . ]]

~kb1c111•••1ka1c21!•••ka1c21ka1c
. ~83!

Here, too, we could extend the summation overl to include the term withl 51. Letn5n811, and shift the summations ove
a andb by one unit, then

X2B1X2C5 (
l 51

n822

(
a52

n82l

(
b51

a21

(
c50

l 21 ~21!a1c@Am~1!,@ . . . ,@@A~b11!,@ . . . ,@A~b1c!, d̃ L1

~ l 2c!A~b1c11!# . . . ##,

~k21•••1ka1c!•••~kb1•••1ka1c!~kb111•••1kb1c!•••kb1c

[A~b1c12!,[ . . . ,[A~a1c!, d̃ L2

~n82l 2a11!A~a1c11!] . . . ]]] . . . ]]

~kb1c121•••1ka1c!•••ka1cka1c11
. ~84!

One recognizes that this expression is the commutator ofAm(1) with X1A with the replacementsn→n21 and
d̃ LAm( i )→ d̃ LA( i )/ki @see Eq.~57!#. Hence, we can immediately derive from Eq.~66! that

X2B1X2C5 (
P51

n822

(
Q51

n82P21

~21!n82P2Q11@Am~1!,@A~2!,@ . . . ,

@A~n82P2Q!,@ d̃ L1

~P!A~n82P2Q11!, d̃ L2

~Q!A~n82P2Q12!## . . . ]]]

~k21•••1kn82P2Q!•••kn82P2Qkn82P2Q11kn82P2Q12

5 (
P51

n23

(
Q51

n2P22

~21!n2P2Q

@Am~1!,@A~2!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ###

~k21•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~85!

Finally, we examine the last termX2D in Eq. ~71!. A simple change of variables

P5l , Q5n2l 2a11, ~86!

yields

X2D52 (
P51

n23

(
Q51

n2P22

~21!n2P2Q@Am~1!,

@A~2!,@ . . . ,@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ##]

2~k21•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~87!
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Adding the results~82! for X2A , Eq. ~85! for X2B1X2C , and Eq.~87! for X2D , now shows that

X25X2A1X2B1X2C1X2D50. ~88!

This is the result we set out to prove in this subsection.

C. X3

Finally, the terms in Eq.~50! with the indexm in the combinationkim are

X35 (
l 51

n22

(
a52

n2l

(
b51

a21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
@A~1!,@ . . . ,@ d̃ L1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

2 (
l 52

n22

(
a52

n2l

(
b51

a21
~21!a~k11•••1ka21!m

~k11•••1ka21!•••ka21ka
@A~1!,@ . . . ,@dL1

~ l !A~b!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ## . . . ##

1 (
l 52

n22

(
a52

n2l ~21!a@dL1

~ l !Am~1!,@A~2!,@ . . . ,@A~a21!, d̃ L2

~n2l 2a11!A~a!# . . . ###

~k21•••1ka21!•••ka21ka

2 (
l 51

n22

(
a52

n2l
~21!a~k11•••1ka!m

2~k11•••1ka22!•••ka22ka21ka
@A~1!,@ . . . ,@A~a22!,@ d̃ L1

~ l !A~a21!, d̃ L2

~n2l 2a11!A~a!## . . . ##, ~89!

where, this time,dL1

(l )Am(k) stands for the second term in its expansion~34!, i.e.,

dL1

~ l !Am~k!52 (
c51

l 21 ~21!c~k11•••1kc!m@A~1!,@ . . . ,@A~c!, d̃ L1

~ l 2c!A~c11!# . . . ##

~k11•••1kc!•••kckc11
. ~90!

Let us respectively denote byX3A , X3B , X3C , andX3D the four double sums in the order in which they appear in Eq.~89!.
In analogy with the manipulations forX1A , we can combineX3A andX3B into a single expression:

X3A1X3B5 (
l 51

n22

(
a52

n2l

(
b51

a21

(
c50

l 21

~21!a1c~k11•••1kc1a21!m

3
@A~1!,@ . . . ,@@A~b!,@ . . . ,@A~c1b21!, d̃ L1

~ l 2c!A~c1b!# . . . ##,

~k11•••1kc1a21!•••~kb1•••1kc1a21!

[A~c1b11!,@ . . . ,@A~c1a21!, d̃ L2

~n2l 2a11!Am~c1a!# . . . ]]] . . . ]]

~kb1•••1kc1b21!•••kc1b21~kc1b111•••1kc1a21!•••kc1a21kc1a
. ~91!

Comparing the expression~91! with Eq. ~57! for X1A , we see that they only differ by the factor (k11•••1kc1a21)m in the
numerator and a factorkc1a in the denominator. Hence, we immediately obtain from Eq.~66! that

X3A1X3B52 (
P51

n22

(
Q51

n2P21

~21!n2P2Q~k11•••1kn2P2Q!m@A~1!,@ . . . ,

@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!Am~n2P2Q11!## . . . ]]

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~92!

For the third double sumX3C in Eq. ~89!, we can again extend the summation overl to include the vanishing term with
l 51 because of~36!. But then, we can also include thec50 term, because (k11•••1kc)m50 for c50. Thus,
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X3C52 (
l 51

n22

(
a52

n2l

(
c50

l 21

~21!a1c~k11•••1kc!m

3
@@A~1!,@ . . . ,@A~c!, d̃ L1

~ l 2c!A~c11!# . . . ##,@A~c12!,@ . . . ,@A~c1a21!, d̃ L2

~n2l 2a11!A~c1a!# . . . ]]]

~k11•••1kc!•••kckc11~kc121•••1kc1a21!•••kc1a21kc1a

52 (
l 51

n22

(
a52

n2l

(
c50

l 21

~21!a1c ~ka1•••1ka1c21!m

3
@@A~1!,@ . . . ,@A~a22!, d̃ L1

~n2l 2a11!A~a21!# . . . ##,@A~a!,@ . . . ,@A~a1c21!, d̃ L2

~ l 2c!A~a1c!# . . . ]]]

~k11•••1ka22!•••ka22ka21~ka1•••1ka1c21!•••ka1c21ka1c
,

~93!

where, in the last step, we merely anticommuted the two terms in the commutator and renamed the integration
accordingly. Introducing new summation variables defined by

C5a22, a5c12, L5n2l 21, ~94!

we find thatX3C can be written as

X3C52 (
L51

n22

(
a52

n2L

(
C50

L21

~21!a1C~kC121•••1kC1a21!m

@@A~1!,@ . . . ,@A~C!, d̃ L1

~L2C!A~C11!# . . . ##,

~k11•••1kC!•••kCkC11

@A~C12!,@ . . . ,@A~C1a21!, d̃ L2

~n2L2a11!A~C1a!# . . . ]]]

~kC121•••1kC1a21!•••kC1a21kC1a
. ~95!

Hence,X3C is one half the sum of the two expressions~93! and ~95!, i.e.,

X3C52
1

2 (
l 51

n22

(
a52

n2l

(
c50

l 21

~21!a1c~k11•••1kc1kc121•••1kc1a21!m

3
@@A~1!,@ . . . ,@A~c!, d̃ L1

~ l 2c!A~c11!# . . . ##,@A~c12!,@ . . . ,@A~c1a21!, d̃ L2

~n2l 2a11!A~c1a!# . . . ]]]

~k11•••1kc!•••kckc11~kc121•••1kc1a21!•••kc1a21kc1a
. ~96!

From the comparison of this expression~96! with formula ~67! for X1B , we infer from Eq.~69! that

X3C5
1

2 (
P51

n22

(
Q51

n2P21

~21!n2P2Q~k11•••1kn2P2Q21!m@A~1!,@ . . . ,

@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ]]

~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~97!

For the last term of Eq.~89!, denoted byX3D , a change of variables

a5n2P2Q11, l 5P, n2l 2a115Q, ~98!

suffices to write this term in the form

X3D5 (
P51

n22

(
Q51

n2P21

~21!n2P2Q~k11•••1kn2P2Q11!m@A~1!,@ . . . ,

@A~n2P2Q21!,@ d̃ L1

~P!A~n2P2Q!, d̃ L2

~Q!A~n2P2Q11!## . . . ]]

2~k11•••1kn2P2Q21!•••kn2P2Q21kn2P2Qkn2P2Q11
. ~99!
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The various contributions toX3 are thus seen to have the same integrand, except for thekim terms in the numerators. From
Eqs.~92!, ~97!, and~99!, we learn that the various contributions are proportional to

X3A1X3B→2~k11•••1kn2P2Q21!m2~kn2P2Q!m ,

X3C→
1

2
~k11•••1kn2P2Q21!m ,

X3D→
1

2
~k11•••1kn2P2Q21!m1~kn2P2Q!m . ~100!

The different contributions are thus seen to add up to zero, hence, the entire expressionX350.
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D. Group property

We have established that the three type of terms,X1, X2,
andX3, separately vanish. This implies that

X5X11X21X350, ~101!

and thus that the relation~39!

(
l 50

n21

~dL2

~ l ! d̃ L1

~n2l !2 d̃ L̃ ~n2l !
~ l !

!Am~k!50 ~102!

is satisfied for all values ofn.
Note that, from the definition~32! of dL

(l )Am(k), it fol-
lows that, for all values ofn and l ,

dL
~ l !Am~k!5R~k! d̃ L

~ l !Am~k!,

dL~n2l !
~ l ! Am~k!5R~k! d̃ L̃ ~n2l !

~ l ! Am~k!. ~103!

Hence, multiplying the LHS of Eq.~102! with R(k) proves
the group property~38!

(
l 50

n21

~dL2

~ l !dL1

~n2l !2dL~n2l !
~ l !

!Am~k!50. ~104!

This is the result we wanted to establish in this section.

V. DISCUSSIONS

It remains to comment on the relation of the present w
with the earlier approaches. At first sight, this idea of po
splitting seems inconsistent with local gauge symmetr
which play such a crucial role in our present understand
of fundamental interactions@4,5#. In order to pinpoint this
possible incompatibility, we first examined four years a
the simplest case of an Abelian U~1! symmetry@6#. To our
great surprise, there is no inconsistency in this case, a m
encouraging result which is responsible for the later dev
opments, including the present paper.

Since the Abelian gauge fieldAm(x) has no self-
interaction, it is necessary to couple it to a charged ma
k
t
s,
g

st
l-

er

field c(x) to generate interactions. ForAm , we used the
standard transformation

dLAm~x!52]mL~x!; ~105!

for c(x), we made the ansatz

dLc~x!52ıeL~x1e!c~x12e!1O~e2!, ~106!

and determined the higher order terms in Eq.~106! by re-
quiring that the Abelian character of the gauge transform
tion be preserved, i.e.,

@dL1
,dL2

#c~x!50. ~107!

What is shown in Ref.@6# is that a solution of Eq.~107!
exists to all orders ine, meaning that the higher-order term
in Eq. ~106! can indeed be derived. This proof consists
showing that, order by order, although the number of con
tions far exceeds the number of parameters to be determi
these conditions are such that solutions do exist.

With this unexpected success, it was natural to study n
the Yang-Mills SU~2! gauge symmetry@4#. Instead of Eq.
~107!, we require that, for the gauge fieldsAW m ,

@dL1
,dL2

#AW m~x!5dLAW m~x!, ~108!

whereLW is the combined gauge parameter. In order to sat
the requirement of Eq.~108!, it was found that it is not
possible to use the original form of point splitting of Dira
@1# or some version of Eq.~106!. Instead, it is essential to
perform an average over the amount of point splitting us
a suitable weight function. More precisely, the simplest a
satz consistent with Eq.~108! is @7#

dL
~0!AW m~x!52]mLW ~x!,

dL
~1!AW m~x!5E

2`

1`

djr~j!LW ~x1je!3AW m~x2je!.

~109!
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Up to third order in the gauge coupling constant, the gen
alized gauge transformation and the combined gauge pa
eter were explicitly constructed.

This weight functionr(j) has to satisfy three conditions
~1! It has to be a real function of the real variablej; ~2! it
must be an even function ofj; ~3! it has to satisfy the con
volution property

E
2`

1`

dhr~j2h!r~h!5r~j!. ~110!

It may be noted that the the inverse Fourier transform
R(k) indeed satisfies Eq.~110!.

While the treatment of the Abelian case@6# is quite satis-
factory, that of the Yang-Mills SU~2! case@7# leaves much to
be desired. Specifically, the shortcomings include~a! the in-
finitesimal generalized gauge transformations are constru
only to order g3; and ~b! the procedure cannot be easi
generalized to other non-Abelian groups. Since neither
these shortcomings are present for the present appro
there is no question that the present one is superior to th
@7#.

VI. CONCLUSIONS

We have shown that, for any Lie algebra, it is possible
construct generalized gauge transformation for which
fields and the gauge parameters are taken at different sp
time points. The separation between the different space-
points is characterized by a fixed four-vectorem , and, for the
construction of the generalized gauge transformations,
r-
m-

f

ed

f
ch,
of

o
e
ce-
e

e

find that it is essential to average over the separationem with
a weight functionr(j). The conditions which the weigh
function has to satisfy lead, in momentum space, to the
troduction of a cutoff for the large momentum compone
of the fields in the direction ofem . We are thus led to con
sider, in momentum space, generalized gauge transfor
tions which only act on the small momentum components
the fields. Such generalized gauge transformations can
expected to lead to regulating theories, an exciting possib
which still needs to be examined carefully.

We find that it is possible to satisfy the group prope
~38!

@dL1
,dL2

#Am~x!5dLAm~x!, ~111!

for the group elementsAm(x), if we take the gauge transfor
mations

dLAm~k!5 (
n50

`

gnR~e•k! d̃ L
~n!Am~k!, ~112!

with

d̃ L
~0!Am~k!5ıkmL~k!,

d̃ L
~1!Am~k!52ıE d4k1d4k2d~4!~k2k12k2!

3R~e•k1!R~e•k2!@L~k1!,Am~k2!#,

~113!

and, forn>2,
d̃ L
~n!Am~k!52 (

a51

n21

~21!aE d4k1•••d4ka11d~4!~k2k12•••2ka11!R~e•k1!•••R~e•ka!S~e•ka11!

3H @e•A~k1!,@ . . . ,@e•A~ka!, d̃ L
~n2a!Am~ka11!# . . . ##

e•~k11•••1ka!e•~k21•••1ka!•••e•ka

1
~k11•••1ka!m@e•A~k1!,@ . . . ,@e•A~ka!,e• d̃ L

~n2a!A~ka11!# . . . ##

e•~k11•••1ka!e•~k21•••1ka!•••e•kae•ka11

2
@Am~k1!,@e•A~k2!,@ . . . ,@e•A~ka!,e• d̃ L

~n2a!A~ka11!# . . . ###

e•~k21•••1ka! e•~k31•••1ka!•••e•kae•ka11
J , ~114!

together with the combined gauge parameterL (k) given by

L ~k!5 (
n51

`

gnR~e•k!L̃ ~n!~k!, ~115!

with

L̃ ~1!~k!52ıE d4k1d4k2d~4!~k2k12k2!R~e•k1!R~e•k2!@L1~k1!,L2~k2!#, ~116!

and, forn>2,
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L̃ ~n!~k!52 (
a51

n21

~21!aE d4k1•••d4ka11d~4!~k2k12•••2ka11!R~e•k1!•••R~e•ka!S~e•ka11!

3
@e•A~k1!,@ . . . ,@e•A~ka!,L̃ ~n2a!~ka11!# . . . ##

e•~k11•••1ka!e•~k21•••1ka!•••e•ka

2ı (
a51

n22

(
l 51

n2a21

~21!aE d4k1•••d4ka11d~4!~k2k12•••2ka11!

3R~e•k!R~e•k1!•••R~e•ka21!S~e•ka!S~e•ka11!

3
@e•A~k1!,@ . . . ,@e•A~ka21!,@ d̃ L1

~ l !A~ka!, d̃ L2

~n2l 2a!A~ka11!## . . . ##

e•~k11•••1ka21!e•~k21•••1ka21!•••e•ka21e•kae•ka11
. ~117!

We also recall the definitions~10! and ~15! of the weight functionsR andS, which appear in Eqs.~112! through~117!:

R~e•k!5H 1 for ue•ku,1,

0 for ue•ku>1,

S~e•k!512R~e•k!. ~118!

Note that, in this section, we no longer use our simplified notation, which means among other things that the inte
L1↔L2 should not be performed in Eqs.~116! and ~117!.

As explained in Sec. III, the formulas~113! and~114! for dL
(n)Am(k) as well as Eqs.~116! and~117! for L (n)(k) are free of

singularities in the limitem→0. This is not immediately obvious from the way these formulas are presented. To see th
needs to express the higher order gauge variations in terms of first order gauge variations, and to examine the s
structure for the different integration variables separately. This can be done, however, without much difficulty.

Also note that, in the limitem→0, all dL
(n)Am(k) andL (n)k , for n>2, vanish, becauseS(0)50, and that allR functions

tend to unity becauseR(0)51. It follows that, in this limit, our generalized gauge transformations reduce to the standard
i.e., without point splitting.
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APPENDIX A

One of the ingredients in our procedure to show that the group property can be satisfied, consists of rewriting com
in terms of nested commutators only. In this appendix, we derive the formula we need for that purpose, i.e.,

(
l 51

n22
@@A~1!,@ . . . ,@A~n2l 22!,B~n2l 21!# . . . ##,@A~n2l !,@ . . . ,@A~n22!,C~n21!# . . . ###

~k11•••1kn2l 22!•••kn2l 22~kn2l 1•••1kn22!•••kn22

5
@A~1!,@ . . . ,@A~n23!,@B~n22!,C~n21!## . . . ##

~k11•••1kn23! . . . kn23
. ~A1!

In formula ~A1!, the arguments of the functionsA(m), B(m), and C(m) stand for the integration variableskm , and the
integration over all the variableskm is implicitly assumed. The quantitiesB andC can be anything, e.g., they can stand f
d̃ L

(P)Am(m) or d̃ L
(P)A(m)/km .

The proof of Eq.~A1! requires two other identities: one that allows us to rewrite an arbitrary commutator in terms of
over nested commutators, and a more elementary relation which allows us to perform this summation. The first
identity reads
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@@A~1!,@A~2!,@ . . . ,@A~n!,B~n11!# . . . ###,C~n12!#

~k11•••1kn!•••kn

5 (
i 51

n11
~21!n2 i 21@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n11!,C~n12!# . . . ## . . . ##

~k11•••1ki 21! . . . ki 21ki 11•••~ki 111•••1kn11!
. ~A2!

We use the induction method to prove Eq.~A2!. For n52, we have that

@@A~1!,@A~2!,B~3!##,C~4!#

~k11k2!k2
5

@A~1!,@@A~2!,B~3!#,C~4!#

~k11k2!k2
2

@@A~1!,B~2!#,@A~3!,C~4!##

~k11k3!k1

5
@A~1!,@A~2!,@B~3!,C~4!###

~k11k2!k2
2

@A~1!,@B~2!,@A~3!,C~4!###

~k11k3!k3

2
@A~1!,@B~2!,@A~3!,C~4!###

~k11k3!k1
1

@B~1!,@A~2!,@A~3!,C~4!###

~k21k3!k2

5
@A~1!,@A~2!,@B~3!,C~4!###

~k11k2!k2
2

@A~1!,@B~2!,@A~3!,C~4!###

k1k3

1
@B~1!,@A~2!,@A~3!,C~4!###

k2~k21k3!
, ~A3!

where, in the derivation, we repeatedly used the Jacobi identity. The result~A3! shows that relation~A2! is indeed satisfied for
n52.

We now assume that Eq.~A2! can be used forn→n21 to prove the desired result of ordern, i.e.,

@@A~1!,@ . . . ,@A~n!,B~n11!# . . . ##,C~n12!#

~k11•••1kn!•••kn

5
@A~1!,@@A~2!,@ . . . ,@A~n!,B~n11!# . . . ##,C~n12!##

~k11•••1kn!•••kn

2
@@A~1!,@ . . . ,@A~n21!,B~n!# . . . ##,@A~n11!,C~n12!##

~k11•••1kn211kn11!~k11•••1kn21!•••kn21

5 (
i 52

n11
~21!n2 i 21@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n11!,C~n12!# . . . ## . . . ##

~k11•••1ki 211ki 111•••kn11!~k21•••1ki 21!•••ki 21ki 11•••~ki 111•••1kn11!

1(
i 51

n
~21!n2 i 21@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n11!,C~n12!# . . . ## . . . ##

~k11•••1ki 211ki 111•••1kn11!~k11•••1ki 21!•••ki 21ki 11•••~ki 111•••1kn!

5 (
i 51

n11
~21!n2 i 21@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n11!,C~n12!# . . . ## . . . ##

~k11•••1ki 21!•••ki 21ki 11•••~ki 111•••1kn11!
, ~A4!

which proves Eq.~A2!. In these manipulations, we used the Jacobi identity in the first step, followed by an application
lower order formula on the resulting expressions.

The application of formula~A2! to the LHS of Eq.~A1! introduces a double sum, whereas the RHS of that equation
single term. The formula which is needed to carry out the summations is given by the elementary identity

(
i 50

n
~21! i

k1•••~k11•••1ki !~ki 111•••1kn!•••kn
5dn,0 . ~A5!

Because of our summation convention~37!, the relation is trivially satisfied forn50 andn51. Clearly, forn52, relation
~A5! is also satisfied, because

1

~k11k2!k2
2

1

k1k2
1

1

k1~k11k2!
50. ~A6!

Once more, we use the induction method to prove Eq.~A5! for n>3. Replacingkn→kn1kn11 in Eq. ~A5! and dividing by
kn11 yields, forn>3,
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05 (
i 50

n21
~21! i

k1•••~k11•••1ki !~ki 111•••1kn11!•••kn11
1

~21!n

k1•••~k11•••1kn21!~k11•••1kn11!kn11

5 (
i 50

n11
~21! i

k1•••~k11•••1ki !~ki 111•••1kn11!•••kn11
2

~21!n

k1•••~k11•••1kn!kn11
2

~21!n11

k1•••~k11•••1kn11!

1
~21!n

k1•••~k11•••1kn21!~k11•••1kn11!kn11

5 (
i 50

n11
~21! i

k1•••~k11•••1ki !~ki 111•••1kn11!•••kn11
, ~A7!

which establishes relation~A5! for n→n11, hence, by induction, for all values ofn .
Finally, to prove the identity~A1!, we first use the formula~A2! on the LHS of Eq.~A1!. This yields

(
l 51

n22
@@A~1!,@ . . . ,@A~n2l 22!,B~n2l 21!# . . . ##,@A~n2l !,@ . . . ,@A~n22!,C~n21!# . . . ###

~k11•••1kn2l 22!•••kn2l 22~kn2l 1•••1kn22!•••kn22

5 (
l 51

n22

(
i 51

n2l 21
~21!n2l 2 i 21@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n22!,C~n21!# . . . ## . . . ##

~k11•••1ki 21!•••ki 21ki 11•••~ki 111•••kn2l 21!~kn2l 1•••1kn22!•••kn22

5 (
i 51

n22
@A~1!,@ . . . ,@B~ i !,@ . . . ,@A~n22!,C~n21!# . . . ## . . . ##

~k11•••1ki 21!•••ki 21

3 (
l 51

n2 i 21
~21!n2l 2 i 21

ki 11•••~ki 111•••1kn2l 21!~kn2l 1•••1kn22!•••kn22
. ~A8!

In the last factor, the sum overl can be performed using identity~A5!. The change of variableL5n2l 2 i 21 transforms
this sum into

(
L50

n2 i 22
~21!L

ki 11•••~ki 111•••1ki 1L!~ki 111L1•••1kn22!•••kn22
5dn2 i 22,0. ~A9!

This d symbol tells us that the sum overi in Eq. ~A8! is reduced to the termi 5n22, which establishes the result~A1!.

APPENDIX B

In this appendix, we prove the following elementary relation:

(
b51

a
1

~k11•••1ka!•••~kb1•••1ka!~kb1•••1ka21!•••ka21
5

1

~k11•••1ka21!•••ka21ka
, ~B1!

which was used in Sec. IV to simplify the result forX1A .
We use again the induction method to prove Eq.~B1!. We, therefore, suppose that

(
b51

a21
1

~k11•••1ka21!•••~kb1•••1ka21!~kb1•••1ka22!•••ka22
5

1

~k11•••1ka22!•••ka22ka21
~B2!

is valid. Let us rename the variableskl →kl 11 in Eq. ~B2!, then

(
b51

a21
1

~k21•••1ka!•••~kb111•••1ka!~kb111•••1ka21!•••ka21
5

1

~k21•••1ka21!•••ka21ka
, ~B3!

or, with B5b11,

(
B52

a
1

~k21•••1ka!•••~kB1•••1ka!~kB1•••1ka21!•••ka21
5

1

~k21•••1ka21!•••ka21ka
. ~B4!
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Divide Eq. ~B4! by k11•••1ka , then

(
B52

a
1

~k11•••1ka!•••~kB1•••1ka!~kB1•••1ka21!•••ka21
5

1

~k11•••1ka!~k21•••1ka21!•••ka21ka
. ~B5!

Substituting Eq.~B5! into the LHS of Eq.~B1! yields

1

~k11•••1ka!~k11•••1ka21!•••ka21
1

1

~k11•••1ka!~k21•••1ka21!•••ka21ka

5
ka1~k11•••1ka21!

~k11•••1ka!~k11•••1ka21!•••ka21ka

5
1

~k11•••1ka21!•••ka21ka
, ~B6!

which is equal to the RHS of Eq.~B1!. Because Eq.~B1! is trivially satisfied fora51 anda52, it is thus shown to be valid
for all values ofa.
y
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