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Abstract
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The long-distance behaviour of N = 1 supersymmetric field theories is
believed to unravel a new kind of duality [1]. Two theories described in the
ultraviolet by different gauge contents and gauge groups flow in the infrared
towards the same fixed point of the renormalization group. They effectively
describe the same long-range physics. The non-trivial feature of this duality
is that the gauge groups of the dual pairs are different. The gist of this
relationship is better understood in terms of the dual pair of moduli spaces.
In general the scalar potential of a supersymmetric gauge theory comprises
two terms known as the D- and F- terms. The possible supersymmetric
vacua are labelled by the vanishing of both the D- and F- terms. The
locus of the scalar fields where the scalar potential vanishes is the moduli
space. In general the gauge group is completely broken by these vacua. The
moduli space is obtained when the spurious degrees of freedom associated to
the Higgs mechanism are eliminated. The structure of the classical moduli
space is preserved to all orders in perturbation by the non-renormalization
theorem. In fact non-perturbative effects do not modify the moduli space
of dual pairs in all the known examples. This implies that the low-energy
supersymmetric field theory is a supersymmetric non-linear sigma model
whose target space is the (classical) moduli space.

When there is no superpotential, the moduli space reduces to the equa-
tions D4 = 0, where A labels the generators of the gauge group G. The
moduli space is the quotient (D = 0)/G after going to the unitary gauge.
It is a subset of the (flat) vector space V' spanned by the scalar fields of the
ultraviolet theory.

The key idea for the construction of the dual magnetic theory stems from
a deep result in geometric-invariant theory. The moduli space is homeomor-
phic to the space of closed orbits in V' under the action of the complexified
gauge group G¢. This allows the identification of the chiral ring of the elec-
tric theory with the ring of G-invariant polynomials [1]. The dual magnetic
theory corresponds to the same superconformal field theory and is charac-
terized by the same chiral ring as the electric theory. From a geometric point
of view, the equality between the chiral rings of the electric and magnetic
theories implies that the electric and magnetic moduli spaces are isomorphic
as algebraic varieties.

In the present paper we shall study the isomorphism of the electric and
magnetic moduli spaces from the point of view of complex Ké&hlerian ge-
ometry. In particular the Kéhlerian equivalence between the electric and
magnetic moduli space entails that the corresponding low-energy non-linear
sigma models are identical.



In supersymmetric theories, holomorphy is probably one of the most im-
portant principles [2]-[4]. Usually, the scalar potential is a sum of F- and
D-terms: the F-terms are the norm of the gradient of a holomorphic func-
tion, the superpotential W. For the D-terms, the relation with holomorphy
is a bit more subtle and appears when we are interested in supersymmetric
vacua [5]. Consider for instance a compact Lie group G with Hermitian
generators T acting on a representation containing some scalar fields z;

then
oK
DA =+tr [ ==T74 1
(G 1)

where %—’ZC denotes the gradient of the Kéhler potential K with respect to the
scalar fields z.

A sufficient and necessary condition for the vanishing of the D-terms was
given in [5] in terms of holomorphic gauge invariants: for any holomorphic
gauge-invariant polynomial I in the scalar fields, each vev £ verifying

% = % ) (2)
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where C' is a complex constant, is a solution of the set of equations D4 = 0
(of course, the whole G-orbit associated to such a vev is also a solution), and
to any solution of D4 = 0 one can associate a holomorphic gauge invariant
satisfying (2). The proof of this result [6] was obtained by studying the
closed orbits of the complexified gauge group G¢ and the ring of G-invariant
polynomials. This ring is finitely generated: one can find an integrity basis
i.e. aset of G-invariant holomorphic polynomials {/%(2)},_;...; such that ev-
ery G-invariant polynomial in z can be written as a polynomial in the I*(z).
However the elements of an integrity basis are not always algebraically inde-
pendent, i.e. there exist algebraic relations (called syzigies) satisfied by the
fundamental invariants'. Now every G-invariant holomorphic polynomial I
is automatically G°-invariant, so that to each G°-orbit corresponds a vector
in C% made out of the values of fundamental invariants along this orbit.
Conversely, it can be shown that to each vector in C? satisfying the syzigies
is associated a unique closed G°-orbit. In that sense the algebraic subset of
C? defined by the syzigies is identified with the set of closed G¢-orbits.

LA trivial example is provided by the SU(N.) gauge theory with N, fields in the
fundamental and antifundamental representations; the fundamental invariants are the
mesons M = zZ and the baryons B = det z and B = det Z; classically, they are constrained
by det M — BB = 0.



Equations (2) can be seen as a condition for the points of a closed G°-
orbit to extremize the Kéahler potential, i.e. the Euclidean length in flat
space, the constant C~! being a Lagrange multiplier. A result of geometric
invariant theory [7] states that the points extremizing the Kéahler potential
on a G°orbit form a unique G-orbit. Identifying the points on a same G-
orbit, there is a one-to-one correspondence between the solutions of DA =0
and the closed G°-orbits.

We can also interpret (2) in another way: keep K constant and extremize
an invariant I (now C itself appears as a Lagrange multiplier). Here we
work on an iso-Kahler surface and we analyse how the value of the invariant
changes from one G¢-orbit to another.

Yet, the description of the moduli space in terms of polynomial invari-
ants is not well adapted to the calculation of the Kéahler potential induced
from a flat Kahler potential on V. In some simple examples [8], [9], the
moduli space has been described in terms of polynomial invariants and the
corresponding Kéahler potential induced from the flat Kahler potential to
the flat directions. However, in these few examples, there are no syzigies
to constrain the integrity basis, which is then very simple. The syzigies are
an obvious obstacle to any attempt to derive the low-energy effective theory
in terms of the analytic invariants I, as they have to be solved to define a
set of independent analytic coordinates. This corroborates the fact that the
't Hooft anomaly matching conditions cannot be verified by using the poly-
nomial invariants. For all these reasons we do not approach the question in
terms of these invariants.

To identify and to count the moduli fields among the scalars in a given
theory is quite easy. Correspondingly to the D- and F-terms in the potential
one obtains mass matrices M12) and M}% for the scalars. If the gauge group
G is broken down to H, the scalars along the dim (G/H) complex directions
<D;4>zi complete the massive vector multiplets corresponding to the broken
generators, so that (for C' P-conserving vacua) C' P-even scalar components of
these supermultiplets are the only eigenstates of M12) with non-zero eigenval-
ues. Their C'P-odd partners are unphysical degrees of freedom associated to
the Goldstone zero eigenstates of M. This eliminates 2dim (G/H) scalars
that are certainly not moduli.

The gauge invariance of the superpotential entails, at a supersymmet-
ric vacuum, FijD{1 = 0, which explicitly shows that the massive eigen-
states of Ml% are orthogonal to the scalars absorbed in the massive vector
multiplets. Hence one has to eliminate rank (F;;) complex scalars, leaving
dim V —2dim (G/H) — 2rank (Fj;) massless states. Then one has to remove



all massless states with gauge interactions (non-singlet under the unbroken
H subgroup) and superpotential interactions, involving only the massless
states. Of course this identification gives no further information on the
geometry of the moduli manifold.

In order to identify this manifold, one has to determine the symmetries
of the flat potential condition V = 0, namely the simultaneous zeros of the
D%s and F’s :

DA, &) =T =0;
Fi(§) =0. (3)

These symmetries include of course non-compact transformations. For in-
stance, under a dilation plus overall phase transformation, §§ = €&, the
invariance of the moduli space requires F; ¢{ = 0. The homogeneity of the
superpotential in the fields is a sufficient, not necessary in general, condi-
tion for the dilation invariance of the moduli space. The identification of
the complete symmetries of the vacuum degeneracy defines the geometry of
the moduli space. In particular, one must find the same moduli spaces for
dual supersymmetric theories.

We shall carry out our analysis in the explicit context of the SU(N,.)
gauge theory with N; flavours of quarks and antiquarks. The classical mod-
uli space is not modified non-perturbatively when Ny > N.. The construc-
tion of the duality between the electric and the magnetic theories has been
obtained in the conformal range %Nc < Ny < 3N, in which the electric and
magnetic theories are both asymptotically free.

Let us first provide a geometrical description of the so-called electric
theory [1]. This theory possesses gauge invariance SU(N.) with Ny flavours
of quarks and antiquarks transforming as the fundamental and antifunda-
mental representations. We denote by @Q¢, and Qg the corresponding scalar
fields. The Kahler potential is

KQ,Q"0,Q") =2 (Q'Q+Q'Q) . (4)

The anomaly-free global symmetries of the theory are SU(Ny) x SU(Ny) x

U(1)p x U(1)g, with Q}, transforming as (Ny,1,1,(Ny — N.)/Ny) and Qf
as (1, Nf, —1, (Nf - NC)/Nf).

The moduli space parametrizes the variety of degenerate supersymmetric

vacuum states, i.e. states with zero energy. Here these vacua are solutions
of the D-flatness equations:

DA = (QL)"TisQh — QRTL5(Q%)" = 0, (5)

4



where A runs over all the gauge indices. The previous equations are equiv-
alent to the single relation:

(@4 Q) QL@ = Adus Q

where A is a real number.

Equation (6) explicitly exhibits an SU (N, Ny) x U(1)p flavour invari-
ance [5], acting on the 2Ny component vectors (@, Q*), including a Car-
tan generator corresponding to the U(1)g. Moreover there is an obvious
invariance under dilation. Finally the symmetry of the moduli space is
Ge x SU(N,)qa, where

GBZU(Nf,Nf)XD. (7)

Notice that holomorphy is not preserved by the action of G.

Due to the constraint (6), possibly with the interchange of the role of @
and Q, and by making an SU(N;) x SU(N;) x U(1)g x U(1)g x SU(N,)
transformation, any solution of (5) can be put in the form

. 2 \280 .80 c _
QL. GF) = (,/aﬁA 5a,a15a) for i=1---Ng ; -
(0,0) for i =N.+1---Ny.

with a; real and positive. Actually these solutions belong to two kinds of
orbits of U(N¢, Nf) x SU(N,) x D, corresponding to the two cases where A
is zero and not.

Consider first the case A\ # 0 2; then using the appropriate element in
the subgroup U(1,1)™e of U(Ny, Ny), one gets

i (Va fOI"L:].NC, ~7
QO‘_{ 0 for i=N.+1---Ny; @ =0 (9)

We shall refer to the orbit associated with this point as the time-like orbit
or baryonic orbit. When A = 0, the situation is different since one cannot
use non-compact symmetries to cancel some components, but only to fix all
the non-vanishing values as follows

8, for a=1---7 < N.;

it
Qo = Qa { 0 elsewhere . (10)

2There are two conjugated baryonic branches corresponding to A > 0 and A < 0. Each
of them forms a single orbit under the symmetry group. In the following we deal with the
case A > 0. The case A < 0 is obtained by exchanging the roles of Q and Q*.



These orbits will be called mesonic. Therefore, the vacua manifold has
been identified as a finite set of SU(N¢, Nf) x U(1)p x SU(N,) x D orbits.
Each of these can be represented by the quotient of the symmetry group
(acting transitively on the orbit) by the stabilizer (or little group) of one
point. Thus we have to identify the stabilizer of each representative point
considered earlier to characterize each orbit.

For the baryonic orbit, the little group associated to the vacuum (9)
takes a simple structure of direct product

H, = SU(N; — N, Ny) x U(1) x SU(N.)p , (11)

where SU(N,)p is the diagonal combination of the gauge SU(N.)g and an
SU(N.) subgroup of U(Ny,Ny). The U(1) is a combination of the U(1)p
and an element of the Cartan subalgebra of SU(Ny, N¢). Here the gauge
group is completely broken; then after eliminating the spurious massless
scalars associated to the Higgs mechanism, the real dimension of the coset
Ge/H. is 4NyN. — 2N? + 2.

In order to further characterize the geometry of the baryonic branch
of moduli space, we first extract a flat subspace associated to the diag-
onal GI(1,C) factor in the coset and then introduce as coordinates the
N¢ x (2Ny — N.) complex matrix z and define its transformation under
U(Ny, Ny) as follows. First parametrize the Lie algebra of U(Ny, N¢) in the
representation of dimension 2Ny by

(oo 7)

where 7 is the (Ny — N, Ny) signature, a is an N, x N, anti-Hermitian
matrix, d is a (2Ny — N,) x (2N; — N..) matrix verifying dn = —nd' and m is
an N, x (2Ny — N.) matrix. The action on the matrix z takes the non-linear
infinitesimal form

6z =m+az+zd+zmmiz . (13)
A finite transformation takes the homographic form
z— (Az+ B)(Cz+ D). (14)

The elements of the coset are then parametrized by the exponentials e!(*),
where

Hz) = ( —ng : ) . (15)



The action (13) of U(Ny, N¢) on z yields a non-linear action on the coset
g z—=zg et®) 5 etza) | (16)

This action is transitive. There is only one U(Ny, Ny)-invariant Kéahler
potential up to a Kahler transformation, namely: K = tr In(1 4 znz').

Let us now check the correspondence between the massless scalar fields
and the moduli fields. As already discussed previously, since there is no
superpotential and the whole gauge group is Higgsed around the vacuum
(9), all the scalars are moduli with the exception of the N2 — 1 complex
scalars given by Tfﬁ‘Q%, associated to the SU(N,) massive vector multiplets.
All the 4NfN, — 2N? + 2 remaining scalar fields are massless, and their
number coincides with the real dimension of G./He.

For the mesonic orbit, the pattern is more complicated since the little
group associated to the vacuum (10) now has a structure of semi-direct
product, H, x SU(N, — r)q, with:

H, = SU(Ny—r,Ny—r) xU(1)> x SU(r)p @ H , (17)

where SU(r)p is the diagonal combination of the gauge and flavour SU(r)
subgroups, the two U(1)’s are combinations of the U(1)g, an element of
the Cartan subalgebra of SU(Ny, N¢) and an element of the Cartan sub-
algebra of SU(N.)g. The semi-direct factor H is a flavour nilpotent sub-
group with generators transforming as (2(Ny —7),7) @ (2(Ny — ), r) under
U(Ny —r,Nf —r) x SU(r)p and the Abelian subalgebra defined by their
commutators, which transform as (1, Adj ¢ 1) .

Notice that in this case, at least if r < N, — 1, an SU(N, — r) gauge
subgroup remains unbroken. After eliminating the degrees of freedom mov-
ing to the massive vector multiplet, the real dimension of the coset G./H,
is 4Nyr — 2r2, which is the dimension of the moduli space. On the mesonic
orbit, the action of SU(N,) can be complexified; nevertheless, the action of
U(Ns,Ny)xSU(N,)q is already transitive. Let us check this dimension from
the massless spectrum around the vacuum (10). As discussed in the previ-
ous section, starting from 4Ny N, scalars, one has to exclude 2(2N.r — r?)
scalars, corresponding to the Higgsed part of SU(N.)/SU(N. — r), and
4(Ny — r)(Ne — r) massless scalars (corresponding to Ny — r flavours of
quarks and antiquarks), which are charged under the unbroken gauge group
SU(N, — r). Hence the remaining 4N¢r — 2r%, i.e. dim (G./H,), ones are
gauge singlets.



The mesonic orbits are stratified by the index r. The stratum corre-
sponding to r = N, is such that the gauge group is completely broken. In
fact the mesonic orbits correspond to the “infinitely boosted” baryonic or-
bit. Indeed let us choose a point (8) on the baryonic orbit, i.e. with A # 0,
and apply r transformations in U(1, 1) of rapidities #; such that

& ( Ly A2) e (18)

where 6 goes to infinity. Then using the dilation invariance of the baryonic
orbit, one can rescale the vacuum solution by a common factor e=?. This
entails that the r chosen directions are taken to unity and the remaining
ones to zero. The vacuum solution eventually tends to the mesonic solution
(10). Hence the moduli space is the closure of the baryonic orbit, i.e. by
applying appropriate boosts and a global dilation to the baryonic orbit one
can converge to all the strata of the mesonic orbits. In the same way, by
applying infinite boosts, we can go from a mesonic orbit with a stratification
index r to a more singular one with lower index. Geometrically, these boosts
correspond to the shrinking of some circles in the moduli space. From a
physical point of view, the stratification index is related to the number of
massless singlets of the theory. As the stratification index goes from r to
r — 1, the corresponding orbits differ by a dimension 4(r — Ny) — 2.

We now turn to the analysis of the dual theory, or magnetic theory. It
possesses a gauge group SU(Ny — N.) and contains Ny chiral superfields,
denoted ¢, and c]g, in the fundamental and antifundamental representations,
together with a gauge-singlet matrix field M%. The superpotential of the
magnetic theory is [1]

W = tr (¢ M7g) (19)
and the Kahler potential is
K =tr(q'q) +tr (¢'9) + K(M'M) , (20)

corresponding to the assumption of a flat metric for the quarks. The Kéhler
manifold for the meson fields M should be deduced from the duality with
the electric theory, as discussed later.

The moduli space of the magnetic theory is defined as the set of possible



vacua; as such, it is identified with the solutions of the equations:

DY = (q0) Tapah — @5Tas(d5)" =0

F, = MG =0;

Fy = quM7=0;

Fyis = i@l =0. (21)

First of all, as one of the requirements of duality, the magnetic theory pos-
sesses the same anomaly-free global symmetries as the electric one SU(Ny) x
SU(Ny) x U(1)p x U(1)r , which transform the dual quark superfields
as (Nf, 1,N./(Ny — N.),N./Ny), the antiquark ones as (1, Ny, —N./(Ny —
N.), N./Ny) and the gauge-singlet superfields M as (N¢, N¢,0,2(Ng—N.)/Ny).
The equations of the moduli space are invariant under those symmetries; in
particular the invariance under U(Ny) x U(Ny) allows using the general form
of solutions (8), where N, is replaced by Ny — N.. Then, the last equation
in (21) implies that a; = 0, i.e. the moduli space of the magnetic theory
possesses a baryonic solution in the non-singular case, A # 0 3. Using the
dilation invariance of the equations one can get the canonical solution on
this orbit:

] 61 fOI' 1 = ]_ e N . ~
7 _ o ¢ ML o
(IO,a_{ 0 for i:Nf_NC...Nf; q0,a 0. (22)
We can now use this information to solve for M. It is easy to see that
M = (0 M), (23)

where My is an Ny x N. complex matrix. We have identified the regular part
of the magnetic moduli space as a set of SU(Ny)x SU(Ny)xU(1)pxU(1)rx
SU(Ny — N¢)g x D orbits. Indeed the magnetic vacua are obtained by the
transitive action of this symmetry group on the canonical solutions. The
action of U € U(Ny) on the solutions is given by ¢ — Uq and M — MUT.
The stabilizer of the canonical value of g is

H,, = SU(N.) x SU(Ny — N.)p x SU(Ny) x U(1)?, (24)

where SU(N,) is a subgroup of SU(Ny); SU(Ny — N.)p is the diagonal
combination of the gauge-group and the flavour transformations; and the

3As for the electric case, the baryonic branch consists of two baryonic orbits. We
explicitly describe one of them.



two U(1)’s are combinations of the U(1)g, the U(1)p and an element of the

Cartan subalgebra of SU(Ny). It is easy to see that the action of an element

h € H,, of the stabilizer on the canonical field M = (0 M) gives an element

(0 M{) in the canonical form. The magnetic moduli space has a structure

of a fibred space. After the extraction of the gauge degrees of freedom of

the completely broken gauge group, the regular part has a base manifold
SU(Ny) xU()r xU(1)p x D

G/t = SHNY X SUWN; = Nop x U (25)

whose real dimension is 2Ny N, — 2N, 242

The fibres are subspaces of CVs*Ne, More precisely the moduli space is
parametrized by pairs (U, M), where U is a representative of the G,,/H,,
and M = (0 My)U . The corresponding vacuum is given by ¢ = Uqp and
M. The action of the stabilizer H,, leaves the base G,,/H,, invariant but
acts as an automorphism on the fibres.

Let us describe the base manifold. As a homogeneous space it is charac-
terized by its tangent space at the origin. The tangent space is parametrized

by Ny x Ny matrices
0 u

where u is a (Nf — N.) x N, complex matrix such that U = et are the
elements of the coset G,,/H,,. This base manifold is a complex manifold.
As the fibres are complex, this proves that the regular orbit of the magnetic
moduli space is a complex manifold.

Finally, the real dimension of this fibred space is 4N.N; — 2N2 + 2 in
accordance with the expected dimension of the electric moduli space and also
with the number of massless states deduced from the scalar mass matrix.
Indeed, the magnetic theory has 6N]% — 4Ny N, scalars. Since the gauge
group SU(Ns— N,) is completely broken, one has to exclude 2(Ny—N.)*—2
states in the vector multiplets. Finally, the rank of the Hessian Fj; matrix
is 2Np(N ¢ — N¢), independently of the My matrix elements. This leave
precisely 4NyN. — 2N? + 2 massless states.

The singularities of the magnetic moduli space are obtained when the
values of ¢ and ¢ are ¢ = ¢ = 0. Hence any matrix M is a solution of
(21). The set of matrices {M} is stratified by their rank r. In this letter,
we concentrate on the baryonic orbits, and we shall discuss the singularities
corresponding to mesonic orbits in a forthcoming paper [10].
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It is appealing to try to understand the relation between the electric and
magnetic moduli spaces. We have seen that the magnetic moduli space is
parametrized by the coordinates u of the base manifold and the coordinates
along the fibres My. The following N, x (2Ny — N.) complex matrix can be
constructed:

zm = (ul M) . (27)

Consider the homographic action of the group U(Ny, Ny) on z,,, analogous
o0 (14). The magnetic moduli space is invariant under this non-linear action
of U(Ny, N¢). Indeed all the equations in (21) are invariant since U(Ny, Ny)
is an automorphism of the parameter space z,, of their solutions. Consider
the image of the origin z,, = (0,0). As the action on z,, is the same as (14)
on the electric baryonic orbit we know that the image of the origin is the
whole baryonic orbit. Therefore the baryonic branches of the electric and
magnetic moduli spaces are isomorphic as non-compact complex manifolds
if and only if the matrices (27) are restricted to the U(Nf, N) orbits. The
dualising map reads simply z > z,,. This identification is consistent with
the fact that the subspace of the u submatrices is given in both the electric
and magnetic theories by the coset (25). The corresponding restriction of
the matrices My must result from the Kéahler manifold for the meson fields
M associated to the K&hler potential (20). The Kahler manifold satisfying
these requirements is the homogeneous space U(Nyf, N¢)/U(Nyf) x U(Ny).
The mesonic branches of the moduli space close the baryonic one [10].

We therefore conclude that the differential geometric description of the
electric and magnetic moduli spaces shows an isomorphism provided that
the mesonic fields M manifold is suitably defined. This isomorphism can be
extended to the induced Kéahlerian structure that we now turn to discuss.

Let us adopt the prescription given in [8]. The induced Ké&hler potential
is deduced from the induced metric that one can calculate by restricting the
Kahler potential to the moduli space. Replacing the parametrization of the
baryonic moduli space

Q ) — et(z) ( 1Nc ) 28
(& - ) (28)

into (4), one obtains the induced Kéhler potential

Kepp = tr (QTQ + QTQ)‘DA:O = tr (et(z)fet(z)PNc) , (29)
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where Py, projects onto the first N. components. This expression gives an
explicit description of the low-energy theory.

Let us now deal with the dual theory, where the parametrization of the
baryonic solutions of (21) is

_ et(u)
= 0;
Myet®W7 (30)

q0

i@z@
|

The low-energy physics is entirely defined by the restriction of the Kéahler
potential (20) to these flat directions. This yields

Keps =tr (et(")Tet(")PNf,Nc) + K(et(")MgMoet(")T) ) (31)

where Py,_n. projects onto the first Ny — N. components. It is easily
checked from z,, = (uI' M) that (29) and (31), near the origin, exactly
coincide with a Euclidean metrics. It should be noticed that in spite of the
Minkowskian signature of the moduli manifold, the metrics defined by (29)
and (31) have Euclidean signature.

We have only obtained these results by looking at the scalar sector of
the theories. This approach to the low-energy effective theory is puzzling
because the parametrization of the solutions in terms of the moduli is not
holomorphic. The flatness condition D4 = 0 are not holomorphic (cf the
presence of the Kahler function in (2) ). The U(Ny, Ny) action is not analytic
either. Therfore we cannot directly extend our formalism onto a superfield
one, which would manifestly preserve supersymmetry. This unsatisfactory
aspect of our approach is now under investigation.

The extension of this analysis to SO(N¢) gauge supersymmetric theories
[11] with N flavours of quarks transforming as fundamental representations
is straightforward [10]. Basically, the non-compact symmetries U(Ny, Ny)
are replaced by their real subgroup Sp(2Ny,R) acting on (Re Q% Sm Q%).

In conclusion, we have shown the equivalence between the low-energy
description of the electric and magnetic SU(N,) supersymmetric gauge the-
ories from a more geometrical point of view. It would be of great interest to
analyse the actions in terms of conformal field theories.
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