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Abstract

We generalize previous work on inhomogeneous pre-big bang cosmology by in-

cluding the effect of non-trivial moduli and antisymmetric-tensor/axion fields.

The general quasi-homogeneous asymptotic solution—as one approaches the

big bang singularity from perturbative initial data—is given and its range of

validity is discussed, allowing us to give a general quantitative estimate of the

amount of inflation obtained during the perturbative pre-big bang era. The

question of determining early-time “attractors” for generic pre-big bang cos-

mologies is also addressed, and a motivated conjecture is advanced. We also

discuss S-duality-related features of the solutions, and speculate on the way an

asymptotic T-duality symmetry may act on moduli space as one approaches

the big bang.
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I. INTRODUCTION

After some pioneering work [1], string cosmology took a new turn with the realization

that, as a result of its duality symmetries [2,3], it naturally provides, even in the absence of

potential energy, standard (FRW) as well as inflationary cosmologies. The crucial role of a

dynamical dilaton in providing inflation then became clear.

This observation led to the idea of the so-called pre-big bang (PBB) scenario [4,5] ac-

cording to which the Universe started its evolution from a very perturbative initial state,

i.e. from very weak coupling and very small curvatures. It then inflated towards larger

(space-time) curvatures and coupling during the pre-big bang phase and, possibly after a

stringy epoch, eventually made a transition (exit) to the standard radiation-dominated era.

While early work concentrated mostly on homogeneous, Bianchi I-type cosmologies, and

on small perturbations around them, a number of extensions of the original scenario have

been considered more recently, including some [6] trying to incorporate the latest theoretical

developments in string theory. Within a more traditional string theory framework, a more

general setting was recently considered [7]. In that approach, given some initial data deeply

inside the perturbative region, but otherwise arbitrary, their evolution is followed towards

the big bang singularity in the future. It turns out that the evolution of fairly homogeneous

initial patches can be described analytically and that a large fraction of those patches in-

flates, becoming increasingly flat, homogeneous and isotropic. In the special case of exactly

homogeneous and isotropic—but non spatially flat—cosmologies, explicit solutions can be

found [8] [9]. Also, some scepticism on the naturalness of the PBB picture arose [9].

If the above results are coupled to the assumption that a “graceful exit” does indeed take

place (see [10] for recent progress on this issue), the usually assumed Big Bang conditions (a

hot, dense and highly-curved state) will be the outcome—rather than the starting point—

of inflation. Several interesting phenomenological consequences of the whole scenario have

been worked out, particularly on the possibility of generating an interesting spectrum of

gravitational waves [11] and of cosmic magnetic fields [12]. Of particular relevance could

be the recent observation [13] that pre-big bang cosmology can lead to a scale-invariant

spectrum of axionic perturbations.

The purpose of this work is to improve on the results of [7] in various respects, as explained

in the following outline: in Sec. II, we formulate the problem directly in the string frame
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while adding extra dimensions as well as the antisymmetric-tensor field Bµν . We thus recover

the results of [7] and are able to extend them to the case of quasi-homogeneous Bµν , gµν and φ

fields. In Sec. III we re-express the four-dimensional case with torsion and a single internal-

space modulus in terms of the axion field and construct the general asymptotic solution for a

quasi-homogeneous axion background. We also look at the solutions in the Einstein frame in

order to expose, as simply as possible, their S-duality properties. In Sec. IV we discuss the

limits of validity of our asymptotic solutions, from the point of view of both the breakdown

of the tree-level low-energy effective action and of that of the gradient expansion. We are

thus able to estimate the duration of the PBB era and the number of e-folds it generates, and

to conjecture that the far-past “attractor” of generic (negative-curvature) PBB cosmologies

coincides with the Milne Universe appearing in the explicit solution of [8], [9]. Section V

contains some concluding remarks, while we discuss in the Appendix the structure of the

“momentum” constraints, as well as their solutions, in the particular case of 2+1 dimensions.

II. PRE-BIG BANG COSMOLOGIES WITH QUASI-HOMOGENEOUS TORSION

A. General lowest-order pre-big bang equations

In this section we write down the classical equations of motion of string gravity at lowest

order both in the α′ and in the string-loop expansion. Such an approximation should be valid

at early enough times since, in the pre-big bang scenario, the initial state of the Universe is

taken to be deeply inside the perturbative region. Unlike in [7], we work directly in the string

frame, where the physical interpretation of the solutions is most immediate, and we consider

the effect of internal dimensions as well as that of a non-trivial antisymmetric-tensor field.

The low-energy effective string action in D = d+ 1 space-time dimensions is 1

SSeff =
1

2λD−2
s

∫
dDx
√
−g e−φ

[
R+ gµν∂µφ ∂νφ−

1

12
HµνρH

µνρ
]
, (2.1)

where

1We will use the signature (−,+,+, . . . ,+) and the following conventions Rµνρσ = Γµνσ,ρ −

. . . , Rµν = Rρµρν . We indicate with Dµ the covariant derivative compatible with the metric gµν ,

while ∇i, R stand for the covariant derivative and curvature obtained from the (spatial) metric gij .
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Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν . (2.2)

The equations of motion derived from the action (2.1) are well known:

R+ 2gµν DµDνφ− g
µν ∂µφ ∂νφ−

1

12
HµνρH

µνρ = 0 , (2.3)

Rµν +DµDνφ−
1

4
HµαβH

αβ
ν = 0 , (2.4)

∂ν(
√
−g e−φHνρµ) = 0 . (2.5)

Invariance under general coordinate transformations and Bµν → Bµν + ∂µΛν − ∂νΛµ allows

us to bring the components g0µ and B0µ to the form

g00 = −1 , g0i = 0 , B0i = 0 . (2.6)

In this (synchronous) gauge we rewrite the above equations, explicitly distinguishing time

and space derivatives. To this end we introduce

χij = gik ∂0gkj, φ = φ− log(
√
−g) , (2.7)

and then rewrite Eqs. (2.3)–(2.5) in the form

φ̈ =
1

4
Tr(χ2) +

1

4
gik gjl Ḃij Ḃkl , (2.8)

Ri
j +

1

2
χ̇ij +∇i∇jφ−

1

2
χij φ̇−

1

4
H iklHjkl +

1

2
gimgkl Ḃmk Ḃjl = 0 , (2.9)

R+
1

4
Tr(χ2) + φ̇

2
− 2φ̈+ 2∇i∇iφ− g

ij ∂iφ ∂jφ−
1

12
HiklH

ikl +
1

4
gik gjl Ḃij Ḃkl = 0 ,

(2.10)

∂l
(
e−φ glk gij Ḃjk

)
= 0 , (2.11)

∂0

(
e−φ gik gjl Ḃkl

)
− ∂l

(
e−φH lij

)
= 0 , (2.12)

1

2
∂kχ

k
i −

1

4
(∂igkl)χ

kl + ∂iφ̇−
1

2
χ j
i ∂jφ−

1

4
ḂjkH

jk
i = 0 . (2.13)
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Equation (2.13) represents the so-called “momentum” constraints which, as such, do not

contain second-order time derivatives. The remaining (so-called “Hamiltonian”) constraint

is easily obtained by combining Eqs. (2.8) and (2.10) and reads

R −
1

4
Tr(χ2) + φ̇

2
+ 2 gij∇i∇jφ− g

ij ∂iφ ∂jφ−
1

12
HiklH

ikl −
1

4
gik gjl Ḃij Ḃkl = 0 . (2.14)

Both (2.13) and (2.14) need only be imposed at a given time: the evolution equations then

ensure their validity at all times.

Equation (2.8) is independent of spatial gradients and gives the important general result

φ̈ ≥ 0 .

Following [7], our approach will consist in first solving Eqs. (2.8)–(2.12) neglecting spatial

derivatives. As a result, the integration “constants” in the time-dependent solutions are

actually functions of the spatial coordinates. The “momentum” constraints (2.13) imply d

relations among those arbitrary functions, reducing their actual number to the physically

correct value. The “momentum” constraints are notoriously difficult to solve: in this paper,

we will just assume that they are somehow implemented. In the Appendix we will discuss

their explicit form in the case Bµν = 0 and D = 3, where solutions can be formally given in

terms of quadratures after a convenient choice of the spatial coordinates has been made.

In the following two sections we proceed to find quasi-homogeneous solutions, by neglect-

ing gradients in the equations. We first discuss the case Bµν = 0, recovering, in D = 4, the

results of [7], and then consider the general case.

B. Quasi-homogeneous solutions with Bµν = 0

Neglecting spatial gradients and comparing Eq. (2.8) with Eq. (2.14) we obtain

φ(t, ~x) = φ0(~x)− log
(

1−
t

t0

)
, (2.15)

while Eq. (2.9) gives

χ̇ k
i − χ

k
i φ̇ = 0 . (2.16)

Hence the solution for gij reads
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gij(t, ~x) =
∑
a

eai (~x) eaj (~x)
(

1−
t

t0

)2αa(~x)

,
∑
a

α2
a(~x) = 1 , (2.17)

where eai are arbitrary “dreibein” matrices and the constraint on αa implements Eq. (2.14).

For the dilaton φ we get

φ(t, ~x) = φ0(~x)− γ(~x) log
(

1−
t

t0

)
, γ(~x) = 1−

∑
a

αa(~x) . (2.18)

The solutions for gij and φ are the most general ones; indeed they depend on d(d − 1)

arbitrary functions of space (after imposing the “momentum” constraints and after gauge-

fixing the spatial coordinates). In d = 3 these solutions reproduce those found in [7] by

transforming to the string frame the solutions found in the Einstein frame.

Using ∂iφ̇ = 0 the “momentum ” constraints, Eq. (2.13), can be written in the form

∂k(χ
k
i e
−φ)−

1

2
e−φ Tr[(G−1 ∂iG)(G−1 Ġ)] = 0 . (2.19)

Introducing the solutions (2.15) and (2.17) in Eq. (2.19) we find

∑
a

∂k(e
−φ eka e

a
i αa)− e

−φ
∑
a

αa (∂ie
a
k) e

k
a = 0 , (2.20)

where we recall that it is sufficient to impose such constraints at any given time.

We are now able to discuss whether the asymptotic solutions show some remnant of

T-duality, which, in the case Bµν = 0, reduces to scale-factor-duality (SFD) and to its Zd
2

generalization. It is quite obvious from the form of the solution that the transformation

αa → −αa, eai → eai , φ0(~x)→ φ0(~x) (2.21)

generates, from any given solution, a dual one. It is less obvious to see how a more general

Zd
2 transformation (i.e. αa → −αa for some a) can be implemented, since the “momentum”

constraint changes in a complicated way. Nevertheless, the case of d = 2 discussed in the

Appendix suggests that even the full Zd
2 duality group can be represented in the asymptotic

solutions. Understanding how that works in detail is beyond the scope of this paper. Such

an understanding could shed new light on some still outstanding problems [14] connected

with the “non-Abelian” generalization of T-duality [15].
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C. Quasi-homogeneous solutions in the presence of Bµν

In the homogeneous case it is possible [3] to recast the equations of motion in a form that

is manifestly covariant under the global O(d, d) group. This certainly suggests that some

trace of this symmetry should also be present asymptotically in the inhomogeneous case.

We first write down the equations of motion in the form

φ̈ = −
1

4
Tr(G−1 Ḃ G−1 Ḃ) +

1

4
Tr(G−1 ĠG−1 Ġ) , (2.22)

φ̇
2

+
1

4
Tr(G−1 Ḃ G−1 Ḃ)−

1

4
Tr(G−1 ĠG−1 Ġ) = −2∇2φ+ (∇φ)2 −R+

1

12
HiklH

ikl ,

(2.23)

[
Ḃ G−1 Ḃ + φ̇ Ġ−G∂0(G−1 Ġ)

]
ij

= 2Rij + 2∇i∇jφ−
1

2
HiklH

kl
j , (2.24)

[
G−1 φ̇ Ḃ −G−1 B̈ +G−1 ĠG−1 Ḃ +G−1 Ḃ G−1 Ġ

]i
j

= −eφ ∂l(e
−φH lik) gkj , (2.25)

where G ≡ gij and B ≡ Bij are matrix representations of the d×d spatial part of the metric

and of the antisymmetric tensor. We then introduce the usual 2d× 2d matrices

M =

 G−1, −G−1B

BG−1, G− BG−1B

 , η =

 0 11

11 0

 , (2.26)

define

U ≡ gin gjk ∂l(e
−φH lnk) , (2.27)

V ≡ −e−φ
(

2Rij + 2∇i∇jφ−
1

2
HiklH

kl
j

)
, (2.28)

and a new 2d× 2d matrix

M̃ =

 −G−1V G−1, G−1V G−1B −G−1U

UG−1 −BG−1V G−1, V − UG−1B +BG−1V G−1B −BG−1U

 . (2.29)

The equations of motion, (2.22)–(2.25), then become

∂t
[
e−φ (M η Ṁ)

]
= M η M̃ , (2.30)

φ̈+
1

8
Tr(Ṁ η Ṁη) = 0 , (2.31)

φ̇
2

+
1

8
Tr(Ṁ η Ṁη) = −R − 2∇i∇

iφ+ gij ∂iφ ∂jφ+
1

12
HiklH

ikl . (2.32)
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If we neglect gradients we obtain

e−φ (M η Ṁ) = C(~x) , (2.33)

CT (~x) = −C(~x), M η C(~x) = −C(~x) ηM , (2.34)

φ̈ = φ̇
2
. (2.35)

Defining the “dilaton time” τ

τ =
∫ t

0
eφ dt′ = −t0 e

φ0 log
(

1−
t

t0

)
, (2.36)

the general solution of the equations of motion is

M(t, ~x) = exp [−C(~x) η τ ] M0(~x) , (2.37)

φ(t, ~x) = φ0(~x)− log
(

1−
t

t0

)
, (2.38)

with

Tr(C η)2 = 8 e−2φ0/t20 . (2.39)

These solutions represent an obvious generalization of the homogeneous Bianchi I solutions

given in [3]. Disregarding gradients, equations of motion and their solutions given above

are manifestly covariant under O(d, d) transformations. On the contrary, the “momentum”

constraints, which become trivial in the absence of gradients, cannot be expressed just in

terms of the matrix M and thus appear to “break” T-duality. More explicitly, they read

∂k(χ
k
i e
−φ) + 2e−φ∂iφ̇−

1

2
e−φ Tr[(G−1 ∂iG)(G−1 Ġ)]−

1

2
ḂjkH

jk
i e−φ = 0 , (2.40)

i.e. in terms of M

∂k(χ
k
i e
−φ) + 2e−φ∂iφ̇+

1

4
e−φ Tr[η Ṁ η ∂iM ]− e−φ gjl gnk (∂lBin) Ḃkj = 0 . (2.41)

Using Eq. (2.11) we get the final result

∂k
{
e−φ

[
(G−1 Ġ)ki − (G−1 Ḃ G−1B)ki

]}
+

1

4
e−φ Tr[η Ṁ η ∂iM ] + 2e−φ∂iφ̇ = 0 . (2.42)

In both Eq. (2.11) and Eq. (2.42) spatial derivatives of upper entries of the matrix e−φMηṀ

are present. They point to some remnants of O(d, d) symmetry also in the inhomogeneous

case.
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Hopefully, it is always possible to choose freely the matrix C, provided it satisfies

(2.34),(2.39), and then solve the momentum constraints with respect to M0(~x). The ex-

ample of D = 3 given in the Appendix supports this conjecture. In this case the action of

O(d, d) on the (moduli)-space of asymptotic solutions is in principle well defined even though

it is difficult, in practice, to give it in an explicit form.

III. SOLUTIONS WITH A QUASI-HOMOGENEOUS AXION

In this section we limit our attention to the case in which all fields are independent of

n = D − 4 internal compact coordinates. In this case the components of the antisymmetric

tensor Hµνρ with µ, ν, ρ = 0, 1, 2, 3 can be written in terms of the pseudo-scalar axion A as

Hµνρ ≡ Eµνρσ eϕ ∂σA , (3.1)

where Eµνρσ is the covariant, fully antisymmetric Levi-Civita tensor, satisfying DαEµνρσ = 0.

We can then discuss, as an alternative to what we considered in the previous section, the

case of a quasi-homogeneous axion field. Because of the duality relation between A and

Bµν , a quasi-homogeneous axion does not correspond to a quasi-homogeneous B-field. We

shall carry out the analysis first in the string frame and then, in order to expose better

S-duality-related features, in the Einstein frame.

A. String-frame description

We consider the possibility of a varying size (in ordinary space-time) of the internal space

by introducing a single modulus field β. The reduced action following from Eq. (2.1) becomes

SSeff =
1

2λ2
s

∫
d4x
√
−g e−ϕ

[
R+ gµν∂µϕ∂νϕ−

1

2
e2ϕ gµν ∂µA∂νA− n g

µν ∂µβ ∂νβ
]
, (3.2)

where ϕ stands for the effective four-dimensional dilaton field

ϕ = φ− nβ .

The equations of motion become

R+ 2gµν DµDνϕ− g
µν ∂µϕ∂νϕ+

1

2
e2ϕ gµν ∂µA∂νA− n g

µν ∂µβ ∂νβ = 0 , (3.3)

Rµν +DµDνϕ−
1

2
e2ϕ ∂µA∂νA+

1

2
gµν e

2ϕ gρσ ∂ρA∂σA− n ∂µβ ∂νβ = 0 , (3.4)

9



∂µ(
√
−g eϕ gµν ∂νA) = 0 , (3.5)

∂µ(
√
−g e−ϕ gµν ∂νβ) = 0 . (3.6)

Using χij = ∂0gij, we can rewrite these equations in the synchronous gauge in the form

−ϕ̈+
1

4
Tr(χ2) +

1

2
χ̇+

1

2
gij e2ϕ ∂iA∂jA+ n β̇2 = 0 , (3.7)

Rij +
1

2
χ̇ij +

1

4
(χχij − 2χ k

i χkj) +∇i∇jϕ−
1

2
χij ϕ̇−

1

2
e2ϕ ∂iA∂jA−

1

2
e2ϕ gij Ȧ

2 +
1

2
gij g

kl ∂kA∂lA− n ∂iβ ∂jβ = 0 , (3.8)

R+
1

4
χ2 +

1

4
Tr(χ2) + ϕ̇2 − 2ϕ̈− χ ϕ̇+ χ̇+ 2 gij∇i∇jϕ− g

ij ∂iϕ∂jϕ−

1

2
e2ϕ Ȧ2 +

1

2
e2ϕ gij ∂iA∂jA+ n β̇2 − n gij ∂iβ ∂jβ = 0 , (3.9)

1

2
(∇jχ

j
i − ∂iχ) + ∂iϕ̇−

1

2
χ j
i ∂jϕ−

1

2
e2ϕ Ȧ ∂iA− n β̇ ∂iβ = 0 , (3.10)

Ä+ ϕ̇ Ȧ+
1

2
χ Ȧ = gij ∂iϕ∂jA+ gij∇i∇jA , (3.11)

β̈ − ϕ̇ β̇ +
1

2
χ β̇ = −gij ∂iϕ∂jβ + gij∇i∇jβ . (3.12)

Neglecting gradients, the general solution of these equations is

gij(τ, ~x) = eϕ
∑
a

e ai (~x) e aj (~x) exp(2γa(~x) τ) , (3.13)

eϕ(τ,~x) =
C1(~x)

K(~x)
cosh[K(~x) (τ − τ0)] , (3.14)

A(τ, ~x) = A0(~x)±
K(~x)

C1(~x)
tanh[K(~x) (τ − τ0)] , (3.15)

β̇(τ, ~x) =
C2(~x) eϕ
√
−g

, (3.16)

K(~x) =

√√√√2

[
(
∑
a

γa(~x))2 −
∑
a

γ2
a(~x)− nC2

2(~x)

]
, (3.17)

where τ is the “dilaton” time

dτ

dt
= eϕ , ϕ = ϕ− log(

√
−g) , (3.18)
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and A0(~x), C1(~x), C2(~x), γa(~x) and eia(~x) are arbitrary constants.

The above solutions, as well as the corresponding ones in the Einstein frame presented

in the following subsection, generalize to the quasi-homogeneous case the results of Ref. [8].

For backgrounds with special symmetries similar solutions have been found in [16]. Since the

time dependence is implicit in the above solutions (through Eq. (3.18)), and their behaviour

is similar to the one in the Einstein-frame, we defer the discussion of both to Sec. IV. We

only note here that the dilaton field has a singularity at both ends of the time evolution,

even for a very small axion field. However, before jumping to the conclusion that we must

face a strong-coupling regime in the far past, we have to see what the actual range of validity

of our approximations is. This discussion too is postponed to Sec. IV.

In order to expose the existence of an S-duality symmetry connecting pairs of different

solutions, we first consider the same equations/solutions in the Einstein frame.

B. Einstein-frame description

The Einstein-frame metric is obtained by the conformal transformation

g̃µν = e−ϕ gµν . (3.19)

The low-energy effective action with an axion and a modulus field, Eq. (3.2), becomes

SEeff =
∫
d4x

√
−g̃

[
R̃−

1

2
g̃µν ∂µϕ∂νϕ−

1

2
e2ϕ g̃µν ∂µA∂νA− n g

µν ∂µβ ∂νβ

]
, (3.20)

with equations of motion

R̃µν −
1

2
g̃µνR̃ =

1

2
∂µϕ∂νϕ−

1

4
g̃µν(∂ϕ)2 +

1

2
e2ϕ ∂µA∂νA−

1

4
g̃µν e

2ϕ (∂A)2 +

n ∂µβ ∂νβ − n
1

2
g̃µν(∂β)2 , (3.21)

∂µ(
√
−g̃ g̃µν ∂νϕ) =

√
−g̃ e2ϕ g̃µν ∂µA∂νA , (3.22)

∂µ(
√
−g̃ e2ϕ g̃µν ∂νA) = 0 , (3.23)

∂µ(
√
−g̃ g̃µν ∂νβ) = 0 . (3.24)

In the synchronous gauge g̃00 = −1, g̃0i = 0 we obtain

2ϕ̇2 + 4n β̇2 + 2e2ϕ Ȧ2 + Tr(χ̃2)− χ̃2 = 4R̃−

2g̃ij ∂iϕ∂jϕ− 4n g̃ij ∂iβ ∂jβ − 2g̃ij e2ϕ ∂iA∂jA , (3.25)
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ϕ̈+
1

2
χ̃ ϕ̇− e2ϕ Ȧ2 = g̃ij∇i∇jϕ− e

2ϕ g̃ij ∂iA∂jA , (3.26)

˙(χ̃ij) +
1

2
χ̃ χ̃ij = −2 R̃i

j + g̃ik ∂kϕ∂jϕ + 2n g̃ik ∂kβ ∂jβ + e2ϕ g̃ik ∂kA∂jA , (3.27)

χ̃,i − χ̃
j
i; j = −ϕ̇ ∂iϕ− 2n β̇ ∂iβ − e

2ϕ Ȧ ∂iA , (3.28)

Ä+ 2ϕ̇ Ȧ+
1

2
χ̃ Ȧ = 2g̃ij ∂iϕ∂jA+ g̃ij∇i∇jA , (3.29)

β̈ +
1

2
χ̃ β̇ = g̃ij∇i∇jβ . (3.30)

Disregarding spatial gradients, Eq. (3.27) can easily be solved, and we get

χ̃ =
2

t̃− t̃0
, (3.31)

while the general solution can be written in the form

g̃ij(t̃, ~x) =
∑
a

ẽai (~x) ẽaj (~x)

(
1−

t̃

t̃0

)2λa(~x)

,
∑
a

λa(~x) = 1 , (3.32)

eϕ(t̃,~x) =
eΦ0(~x)

2

F (~x)

(
1−

t̃

t̃0

)q̃(~x)

+
1

F (~x)

(
1−

t̃

t̃0

)−q̃(~x)
 , (3.33)

A(t̃, ~x) = A0(~x)± 2e−Φ0(~x)
F (~x)

(
1− t̃

t̃0

)q̃(~x)[
F (~x)

(
1− t̃

t̃0

)q̃(~x)
+ 1

F (~x)

(
1− t̃

t̃0

)−q̃(~x)
] , (3.34)

β(t̃, ~x) = β0(~x)−D(~x) log

(
1−

t̃

t̃0

)
, (3.35)

where Φ0(~x), F (~x), D(~x), A0(~x) are arbitrary functions of space and

q̃(~x) =
√

2

√
1−

∑
a

λ2
a(~x)− nD2(~x) . (3.36)

Some remarks on these solutions are in order. First of all, we still have to impose the

“momentum constraints” (3.28) (at any given time) on these solutions. The axion field, in

the limit t̃ → t̃0, goes to the arbitrary function A0(~x). Since the dilaton field is increasing

towards the singularity, terms like e2ϕ∇iA∇iA in the equations of motion may become

important and can no longer be disregarded. However, as we will see more accurately in

Sec. IV, we are not allowed to extrapolate the solutions (3.32)–(3.34) into the string phase,
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when the coupling constant and/or the curvature (in string units) are of order 1. Imposing

these limitations, it is possible to estimate the following behaviour for the terms involving

the axion field

e2ϕ∇iA∇iA

ϕ̇2
<∼O

(
k2

ph

M2
s

)
, (3.37)

where Ms is the string mass scale. Therefore, if we limit ourselves to energies much smaller

than the string scale, it seems to be well justified to neglect spatial gradients in comparison

with time derivatives.

Another important feature of the solution (3.33) is that it hits a strong coupling singu-

larity in the far past, as in the string frame. As already mentioned, the discussion of this

point is postponed to Sec. IV.

C. S-duality

Let us introduce the matrices N ∈ SL(2, R):

N =

 eϕ, eϕA

eϕA, e−ϕ + eϕA2

 , (3.38)

and J :

J =

 0 1

−1 0

 . (3.39)

Neglecting the modulus field, the effective action (3.20) becomes

SEeff =
∫
d4x

√
−g̃

[
R̃ −

1

4
g̃µν Tr(J ∂µN J ∂νN)

]
; (3.40)

in particular, the “momentum” constraint, Eq. (3.28), transform to

χ̃,i − χ̃
j
i; j = −

1

2
Tr(J ∂0N J ∂iN) . (3.41)

We note that the “momentum” constraint is manifestly invariant under a generic transfor-

mation Θ of the group SL(2, R)

Θ =

 δ γ

β α

 , (3.42)
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(δα− βγ = 1) acting on the backgrounds as follows

N → ΘTNΘ , (3.43)

as is easily checked using the property ΘT J Θ = J . The S-duality transformation (3.43) can

be written equivalently as

S = (A+ ie−ϕ)→ S ′ =
αS + β

γ S + δ
. (3.44)

In the same way as in the homogeneous case [13], we can relate, with an S-duality trans-

formation of eϕ and A, the dilaton–vacuum solutions with a constant axion to particular

axion–dilaton solutions with a time-dependent axion. Indeed, applying an S-duality trans-

formation to the dilaton–vacuum solutions with zero axion

g̃ij(t̃, ~x) =
∑
a

ẽai (~x) ẽaj (~x)

(
1−

t̃

t̃0

)2λa(~x)

,
∑
a

λa(~x) = 1 , (3.45)

eϕ(t̃,~x) = eϕ0(~x)

(
1−

t̃

t̃0

)−q̃(~x)

, A(t̃, ~x) = 0 , (3.46)

we get the particular axion-dilaton solutions, with time dependent axion

eϕ
′(t̃,~x) = γ2 e−ϕ0(~x)

(
1−

t̃

t̃0

)q̃(~x)

+ δ2 eϕ0(~x)

(
1−

t̃

t̃0

)−q̃(~x)

, (3.47)

A′(t̃, ~x) =
β

δ
+
γ

δ

e−ϕ0(~x)
(
1− t̃

t̃0

)q̃(~x)[
γ2 e−ϕ0(~x)

(
1− t̃

t̃0

)q̃(~x)
+ δ2 eϕ0(~x)

(
1− t̃

t̃0

)−q̃(~x)
] . (3.48)

Unlike in the general case, in these particular S-duality generated solutions the axion field

approaches a constant value as one goes towards the singularity and we do not face the

problem of a possible failure of the small-gradient expansion. Also note that we can obtain

Eqs. (3.47),(3.48) directly from the general solutions Eqs. (3.33),(3.34) with the choice

eΦ0(~x) = 2γ δ , F (~x) =
γ

δ
e−ϕ0(~x) , A0(~x) =

β

δ
. (3.49)

IV. LIMITS OF VALIDITY OF THE APPROACH

The classical equations of motion considered in this paper and their solution in the

quasi-homogeneous case are valid only in a rather restricted domain for the fields and their
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derivatives. Generally, there are two restrictions concerning the use of the effective action

coming from string theory. The first one is that the coupling constant should not be too

large since otherwise the higher loop corrections and non-perturbative effects (such as the

dilaton potential) start to be important. The second limitation concerns the energy density

(or if we prefer the curvature) which should be smaller than the string scale. At higher

energies/curvatures massive modes of the string are excited and the whole picture based on

the massless background fields breaks down.

To these two very general restrictions we have to add, in our context, that of neglect-

ing spatial derivatives. We have to check, a posteriori, the range of validity of this third

approximation. The situation can be described qualitatively as follows.

As one moves forward in time from fairly homogeneous initial conditions towards the

singularity, the approximation of neglecting spatial gradients becomes better and better.

We should thus trust our asymptotic solutions near the singularity as long as the other

two general limitations (on coupling and curvature) are fulfilled. Unless we want to make

assumptions about what happens at strong coupling and/or curvature, these considerations

limit the duration of the PBB era through an upper bound on its end. However, in order to

make a reliable estimate of the total duration and of the number of e-folds, we also have to

estimate the time, in the past, at which the small-gradient approximation breaks down, i.e.

we have to find the relevant constraint on the beginning of PBB inflation. These questions

will be studied in Sec. IV A.

The other important issue concerns the very early-time behaviour of our solutions, much

before PBB inflation started. Here we enter a regime in which spatial and time derivatives

are of comparable importance. Singularities or other features appearing in our asymptotic

solutions in these regions cannot be trusted a priori. New techniques have to be used in order

to find out what the early-time behaviour of our solutions actually is. A first attempt to

answer this question was made in Ref. [7]. In Sec. IV B we will present some more results on

this topic and even motivate a conjecture on the nature of a generic early-time “attractor”

(going backwards in time) in the case of PBB solutions with negative spatial curvature.
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A. Limits on perturbative PBB inflation

In order to estimate the duration and number of e-folds of the PBB phase, we will compute

the next-to-leading-order corrections to our asymptotic formulae in the string frame and thus

estimate the time at which the small-gradient approximation breaks down. This instant will

be taken as the beginning of the PBB phase. Defining the variable

W (t, ~x) = e−ϕ(t,~x) , (4.1)

Eqs. (3.7)–(3.9) with A = 0 = β can be rewritten as

Ẅ (t, ~x) = W (t, ~x) Γ(t, ~x) , (4.2)

(χ ji W (t, ~x))
.
= −2W (t, ~x) Π j

i (t, ~x) , (4.3)(
Ẇ (t, ~x)

W (t, ~x)

)2

=
1

4
Tr(χ2) + Γ(t, ~x) , (4.4)

where

Γ(t, ~x) = −R + (∇ϕ)2 − 2gij∇i∇jϕ , (4.5)

Π j
i (t, ~x) = R j

i +∇i∇
jϕ . (4.6)

Since in sufficiently isotropic regions the three-curvature R goes like (1−t/t0)−2Maxαa towards

the singularity, we are allowed to consider, in those regions, an expansion in (1 − t/t0) for

the solutions of the above equations. We obtain

W (t, ~x) = W0(~x)

[(
1−

t

t0

)
+
∫ t

t0

dt′
∫ t′

t0

dt′′
(

1−
t′′

t0

)
Γ(t′′, ~x)

]
, (4.7)

χji (t, ~x) =
2W0(~x)

W (t, ~x)

[
−

1

t0

∑
a

αa e
a
i e

j
a +

∫ t

t0
dt′
(

1−
t′

t0

)
Π j
i (t′, ~x)

]
, (4.8)

where all the terms in the integrals must be evaluated on the leading solutions (2.17),(2.18).

It is easy to conclude that the small-gradients approximation breaks down at a time tb such

that ∣∣∣∣1− tb

t0

∣∣∣∣ ∼ (Lt0
)1/(1−Maxαa)

, (4.9)

where L is the typical wavelength associated with the inhomogeneities of the metric. We

observe that Eq. (4.9) can also be written in the form
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R(tb)

χ2(tb)
∼ O(1) , (4.10)

and then choosing the initial time ti > tb such that

R(ti)

χ2(ti)
<∼O(1) , (4.11)

we obtain a very natural condition to impose at the beginning of the PBB inflationary phase.

We are now able to estimate the number of e-folds available in the PBB cosmological

model with axion field, described in Sec. III B. The amount of inflation is commonly

expressed in terms of the ratio of the comoving Hubble lengths at the beginning and at the

end of the inflationary phase

Z =
a(tf )H(tf)

a(ti)H(ti)
. (4.12)

Since we have explicit solutions only in the Einstein frame, we carry out the analysis using

Eqs. (3.32) and (3.33), with β = 0, and then apply the transformation (3.19) in order to get

Z in the string frame. We obtain

Z =
˙̃a(t̃f ) + ϕ̇(t̃f)/2
˙̃a(t̃i) + ϕ̇(t̃i)/2

, (4.13)

where ã = (
√
g̃)1/3. We suppose that inflation starts at the time t̃i at which the small-gradient

expansion is still valid, Eq. (4.11), and the dilaton field is near its minimum, Eq. (3.33), with

ϕ̇i > 0, in order to have an expansion phase in the string frame. We then get(
1−

t̃i

t̃0

)
<∼F

−1/q̃ . (4.14)

Let us address the question of setting a bound on the end of the perturbative PBB phase.

Dilaton-driven inflation ends when either the string coupling constant is of order 1 or the

(four-dimensional) curvature reaches the string scale λ−2
s . Imposing that eϕf<∼ 1, we obtain

(neglecting numerical factors of O(1))

Z<∼ exp

(
−

2

3q̃
Φ0

)
. (4.15)

From Rf
<∼λ

−2
s we get instead:

Z<∼
(
λ2
sRi

)−2/3(2−q̃)
. (4.16)
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Note that in Eqs. (4.15) and (4.16) the dependence on the arbitrary constant F drops out.

Combining the various results of this section and expressing q̃ in terms of the αa, we

finally estimate the upper limit of the number of e-folds during the PBB era as

Z<∼Min

{
exp

[
−Φ0

(−1 + 1/3
∑
a αa)

(−1 +
∑
a αa)

]
,
(
λ2
sRi

)(
∑

a
αa−3)/6

}
. (4.17)

This result generalizes to the inhomogeneous case that of [9] and shows that, in order to

solve the standard-cosmology problems through dilaton-driven PBB inflation, the beginning

of the PBB era must indeed lie at very tiny coupling and curvature (in string units), a point

already made in [7].

We may ask at this point whether such initial data represent an unreasonable amount

of fine-tuning or, in any case, a larger amount than what is needed in usual inflation. Such

questions are hard to formulate in precise physical terms. Rather than answering semi-

philosophical questions, we wish to underline a crucial difference between our framework

and the conventional one.

In conventional inflation the pre-inflationary era is supposed to lie in the high-curvature

quantum-gravity regime and one is thus facing the problem of whether and how such a phase

can prepare an “initial” state that is fit to inflate (see [17,18] for a recent discussion). By

contrast, our pre-inflationary Universe is very classical and described by the tree-level low-

energy string effective action. As a consequence classical solutions must contain (at least)

two free parameters (moduli) corresponding to as many transformations, which alter the

action just by a multiplicative constant. These are:

• a constant shift of the dilaton,

• a constant rescaling of the space-time coordinates.

The two moduli can be given the meaning of the value of the string coupling and of the

curvature (in string units) at the onset of the inflationary epoch (here the transition from

quasi-Milne to quasi-pre-big bang behaviour). But these are exactly the two parameters that

have to be very small in order to ensure a long PBB era!

Thus the fine-tuning of string cosmology alluded to in [9] just consists in choosing these

two moduli in a convenient region. Such a region has finite/infinite extension, depending on

the measure one adopts, but its boudaries are certainly only one-sided for both moduli.
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Another point to be recalled is that the scenario of [9] is exactly homogeneous and thus

the same alleged fine-tuning has to happen everywhere in space. In our inhomogeneous

Universe, like in the chaotic scenario [19], it is sufficient that a convenient patch develops

initial conditions in the right range of parameters in order that it undergoes sufficient infla-

tion. Other regions may not be as “lucky” and will not experience a long inflationary era.

Unfortunately, we may not live long enough to check whether this was the case, since those

regions will end up being much beyond our present horizon.

B. Early- and late-time “attractors” of PBB cosmologies

As explained at the end of the previous section, if we look at earlier and earlier times, the

approximation of neglecting spatial gradients, rather than the effective action itself, appears

to become inadequate. While it looks impossible to obtain analytic solutions in this regime,

one can go a long way towards understanding qualitatively how PBB-type solutions behave

towards very early times. For simplicity we shall restrict most of our analysis to the case of

D = 4 and vanishing antisymmetric-tensor/axion.

1. Early-time fixed points

Generalizing the results of [7] we shall now claim that, at least in D = 4, the only non-

singular early-time fixed point is the trivial Minkowski vacuum with a constant dilaton. The

argument takes its simplest form in the E-frame where we refer to the case discussed in Sec.

III B. A linear combination of Eqs. (3.25) to (3.27) gives

˙̃χ = −
1

2

[
Tr(χ̃2) + 2ϕ̇2 + 4nβ̇2 + 2e2ϕ Ȧ2

]
. (4.18)

At a regular fixed point the l.h.s. of (4.18) vanishes and thus, since there cannot be cancel-

lations, each term on the r.h.s. has to vanish as well.

At this point we use Eq. (3.29) to argue that, modulo surface terms, ∂iA = 0, and

Eq. (3.30) to conclude that also ∂iβ = 0. Equation (3.27) will finally give R̃ j
i = 0, which, in

three dimensions, implies flat space-time.

We conclude that initial data that do not come from a singularity in the past must

originate from the trivial vacuum of string theory. The next question is whether the set of

such initial data has finite measure.
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2. Heuristic criteria for a trivial early-time attractor

Consider generic initial data subject to the constraint (satisfied, in particular, for R̃ < 0)

∆E ≡ −2R̃+∇iϕ∇
iϕ+ 2n∇iβ∇

iβ + e2ϕ∇iA∇
iA > 0 , (4.19)

The obvious inequality (recall Tr(χ̃2)/χ̃2 ≥ 1/3):

˙(χ̃−1) =
1

2χ̃2

[
Tr(χ̃2) + 2ϕ̇2 + 4nβ̇2 + 2e2ϕ Ȧ2

]
≥

1

6
, (4.20)

holds at all times, while the inequality

˙(χ̃−1) =
1

2
−

∆E

χ̃2
≤

1

2
(4.21)

holds at least initially. The ratio ∆E/χ̃
2 tends to decrease as we move forward in time and

to increase as we move backwards. It thus looks reasonable to assume that, at least for a

sufficiently isotropic situation, ∆E/χ̃
2 does not change sign as we go towards the far past.

At the same time, the general constraint ∆E/χ̃
2 ≤ 1/3 is always valid (see Eq. (3.25)).

Under these assumptions we get:

χ̃ ji ∼
c ji (t̃, ~x)

t̃
, 2 ≤ c ii ≤ 6 , 4 ≤ Tr(c2) ≤ 36 , t̃→ −∞ . (4.22)

We are now able to estimate the asymptotic behaviour of the metric by first writing the

formal solution

g̃ij(t̃, ~x) =

[
T exp

(∫ t̃

0
dt̃′ χ̃(t̃′, ~x)

)] k
i

g̃kj(0, ~x) (4.23)

and by estimating the time-ordered integrals in (4.23) under the restrictions given in (4.22).

This gives:

g̃ij ∼ ẽai (~x) ẽaj (~x) (−t̃)c̄
a(~x) , (4.24)

where c̄a(~x) is defined by:

c̄ ji (~x) = ẽai (~x) ẽja(~x) c̄a(~x) , c̄ ji (~x) = lim
t̃→−∞

1

t̃

∫ t̃

0
dt̃′ t̃′ χ̃ ji (t̃′, ~x) . (4.25)

Computing the asymptotic behaviour of R̃ from (4.24) we find a contradiction, unless c̄a = 2

for all a. In all other generic cases, i.e. barring special cancellations, it is impossible to
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keep −R̃/χ̃2 (and a fortiori the ratio ∆E/χ̃
2) bounded from above as t̃ → −∞. The only

consistent solution is thus

χ̃ji =
2δji
t̃
, ϕ̇ = β̇ = Ȧ = 0 , (4.26)

which is the Milne Universe [20]. Using previously given arguments, this leads straight into

the trivial vacuum as t̃→ −∞.

For the homogeneous, constant-curvature cosmologies considered in [8], [9], the fixed

point just discussed is actually reached in the case of negative curvature (i.e. of positive

∆E), while, for positive curvature, the early-time “attractor” is singular. We have checked

that, instead, the Kantowski-Sachs cosmologies discussed in Ref. [16], being very particular

and highly anisotropic, are able to evade our general result. The argument given above leads

us to conjecture that the Milne Universe is the Universal regular “attractor” for sufficiently

isotropic generic initial data having ∆E > 0 everywhere. This conjecture will be further

supported by performing a perturbative expansion of the general solution around Milne

space-time to show that it is a stable early-time fixed point. We will also use the expansion

near the singularity given in Sec. IV A in order to understand the flow of the solutions near

the singularity.

3. Perturbative expansion around the early-time fixed point

In this subsection we prove that the Milne metric with a constant dilaton is indeed an

early-time “attractor”, i.e. that it is stable against small perturbations as we go backwards

in time.

We recall that Milne’s Universe [20] is actually isomorphic to a wedge of flat Minkowski

space-time where constant-Milne-time hypersurfaces are constant-3-curvature hyperboloids.

In formulae the background

ds2 = −dt̃2 + t̃2
(

dr2

1 + r2
+ r2dΩ2

)
, (4.27)

ϕ = const. , χ̃ij =
2δij
t̃
, R̃i

j = −
2δij
t̃2

, (4.28)

can be brought to Minkowski’s form by the transformation:

−t̃ =
√
τ2 − ρ2 , r =

ρ
√
τ2 − ρ2

, τ ≤ 0 , ρ2 ≤ τ2 , (4.29)
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where ρ and τ are the Minkowskian coordinates. Given the basic triviality of Milne’s Universe

it is not surprising that the exact field equation for ϕ in Einstein’s frame, Eq. (3.26), can be

completely solved in such a background. The result (see for instance [21]) reads:

ϕ = ϕ0 +
T0

t̃

∑
l,m

Ylm(Ω)Clm(r, t̃) ,

Clm(r, t̃) =
∫ ∞
−∞

dp bplm exp(−ip log(−t̃/T0)) Ppl(r) , (4.30)

Ppl =
P
−1/2−l
ip−1/2 (

√
1 + r2)

√
r

, (4.31)

where Ylm(Ω) and P ν
µ are the usual spherical harmonics and associated Legendre functions

respectively. The two classical moduli discussed earlier show up in the general solutions

as ϕ0, an arbitrary constant, and T0, an arbitrary overall normalization parameter with the

dimensions of time (recall that ϕ and r are dimensionless). In particular the “s-wave” (l = 0)

contribution takes the form (with a slightly redefined coefficient b̄p00):

ϕ = ϕ0 +
T0

r(−t̃)

∫ ∞
−∞

dp
b̄p00

ip

{
e−ip[log(−t̃ (

√
1+r2+r)/T0)] − e−ip[log(−t̃ (

√
1+r2−r)/T0)]

}
. (4.32)

The qualitative study of the general solution is greatly helped by recalling the large and

small r limit of the function Ppl appearing in (4.30), i.e.

Ppl(r) ∼ rl r → 0 , Ppl(r) ∼
1

r
<e

(
eip log 2r Γ(ip)

Γ(1 + l + ip)

)
r→∞ . (4.33)

Clearly, ϕ → ϕ0 as t̃ = −∞, and the background goes, as expected, to the trivial vacuum.

Given a properly normalized distribution of the Fourier coefficients b̄p00, (ϕ̇/χ)2<∼ (T0/t̃)
2

remains very small for t̃ � −T0. The same is true for the spatial derivatives of ϕ and it is

also expected to be the case for the fluctuations of the metric itself, since they are similarly

behaved [21]. This confirms that Milne’s Universe is an increasingly accurate solution to

Eq. (3.25) as t̃→ −∞.

However, the back-reaction from the fluctuations of the dilaton and the metric becomes

O(1) at t̃ ∼ −T0 and r <∼ 1. As a result, we expect the Milne background to turn quickly

into a pre-big bang behaviour at least in regions where the spatial curvature is still negative.

For t̃ >∼ − T0 the approximate solutions will be those given in Sec. III up to a redefinition

of the time at which the singularity occurs. Typically, a whole region of proper size O(T0)

(the Hubble horizon at t̃ = −T0) is expected to undergo inflationary behaviour. We plan to

investigate this phenomenon numerically in a future publication.
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Let us now study the perturbative expansion around Milne’s Universe. The perturbed

Eqs. (3.25)–(3.27) read

( ˙δϕ)2 +
2

t̃
δχ̃+ ˙(δχ̃) +

1

2
δχ̃ji δχ̃

i
j = 0 , (4.34)

˙(δχ̃ij) +
3

t̃
δχ̃ij +

1

t̃
δijδχ̃+ 2δR̃i

j + g̃ik ∂kδϕ ∂jδϕ = 0 , (4.35)

¨(δϕ) +
1

2
δχ̃ ˙(δϕ) +

3

t̃
˙(δϕ)−

1

t̃2
δ(∆ϕ) = 0 , (4.36)

where ∆ denotes the three-dimensional Laplacian built up from the three-dimensional metric

appearing in (4.27). We will see below that it is consistent to disregard the second term in

Eq. (4.36) and the term that comes out from the variation of the Laplacian. Therefore

Eq. (4.36) is decoupled from the rest and can be easily solved.

For simplicity, we will restrict ourselves to the “s-wave” case and we set T0 = 1. Using

Eq. (4.32) we get

δϕ =
1

r(−t̃)

[
G
(
−t̃(r +

√
1 + r2)

)
− G

(
−t̃(−r +

√
1 + r2)

)]
, (4.37)

where G is a priori an arbitrary function. However, for a sufficiently well behaved distribu-

tions of Fourier coefficients b̄p00, the function G is bounded by a constant at large t (and

fixed r) and we can write, up to oscillatory factors,

δϕ =
F(r)

(−t̃)σ
, σ > 1 , t̃→ −∞ . (4.38)

Eqs. (4.34) and (4.35) are solved by the ansatz

δχ̃ij =
Aij
t̃2

+
Bij

(−t̃)1+2σ
+
Cij
t̃3

+ . . . , (4.39)

and using Eq. (4.36) we get

TrB =
σ2F2

2σ − 1
, Tr C =

1

2
Tr(A2) . (4.40)

We now come to a qualitative analysis of the phase space of the trajectories in the range of

validity of our solutions, either near the early-time “attractor” or towards the singularity.

a. Behaviour near the early-time “attractor”. In the Einstein frame the “Hamil-

tonian” constraint reads

Σ1 + Σ2 + Σ3 = 1 , (4.41)

23



where

Σ1 ≡
3 ϕ̇2

χ̃2
, Σ2 ≡

3 Tr(χ̃2
T )

2 χ̃2
, Σ3 ≡ 3

[
1

2
− ˙(χ̃−1)

]
=

3∆E

χ2
, (4.42)

and for any matrix we have defined

(ST )ij = Sij −
1

3
δij TrS . (4.43)

This allows us to draw a “flow diagram” in the plane shown in Fig. 1, where to simplify the

presentation we constrain σ to be in the region 1 < σ < 3/2. The result for larger values

of σ is similar. The individual contributions from the perturbed solutions, Eqs. (4.38) and

(4.39), are (we neglect terms with power 1/t̃ higher than 2):

Σ1 '
σ2F2

12 t̃2σ
, (4.44)

Σ2 '
Tr(A2

T )

24 t̃2
, (4.45)

Σ3 ' 1−
σ2F2

12 t̃2σ
−

Tr(A2
T )

24 t̃2
. (4.46)

As can be seen from this result, there are two different behaviours of these contributions

when t̃→ −∞: for σ = 1, Σ1,Σ2 and (1−Σ3) are of the same order, while for 1 < σ < 3/2,

Σ2 and (1− Σ3) are dominant. In Fig. 1 the first case, σ = 1, is represented by trajectories

that can have any angle (less than π/2) with respect to the Σ3 axis, in the second case the

trajectories are tangent to the straight line ϕ̇ = 0.

For σ > 3/2 the behaviour of the contributions is the same as in the 1 < σ < 3/2 region,

but there are higher-order terms to all of them.

b. Approaching the singularity. In Sec. IV A we have derived in the string frame

the next-to-leading solutions in the small-gradient expansion. These solutions must satisfy

the “Hamiltonian” constraint (2.14), which can be put in the form

Υ1 + Υ2 + Υ3 = 1 , (4.47)

where

Υ1 ≡
χ2

12ϕ̇
2 , Υ2 ≡

Tr(χ2
T )

4ϕ̇
2 , Υ3 ≡

Γ

ϕ̇
2 . (4.48)

To evaluate the slope of the trajectories in the “flow diagram”, we will use Eqs. (4.7) and
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FIG. 1. Approximate flow diagram from the early-time attractor to the singularity.

(4.8). Hence we get

Υ1 '
1

3
(
∑
a

αa)
2 +

2

3
I , (4.49)

Υ2 ' 1−
1

3
(
∑
a

αa)
2 −

2

3
I − Γ (t0 − t)

2 , (4.50)

Υ3 ' Γ (t0 − t)
2 , (4.51)

where

I(t, ~x) =
∫ t

t0

dt′ (t0 − t
′)

{[
(
∑
a

αa)
2 −

∑
a

αa

]
(−R)+[

(
∑
a

αa)
2 +

∑
a

αa

]
(∇ϕ)2 − 2(

∑
a

αa)
2gij∇i∇jϕ

}
. (4.52)

Using the relations

χ̃ij = eϕ/2 (χij − δ
i
j ϕ̇) , (4.53)

R̃ = eϕ
[
R+ 2gij∇i∇jϕ−

1

2
gij ∂iϕ∂jϕ

]
, (4.54)

we can express the Einstein-frame quantities Σ1, Σ2 and Σ3 in terms of the string frame’s

Υ1, Υ2 and Υ3. We get, in the super-inflationary PBB case,
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Σ1 =
3(1 +

√
3Υ1)2

(3 +
√

3Υ1)2
'

3(1−
∑
a αa)

2

(3−
∑
a αa)2

−
12(1−

∑
a αa)

(
∑
a αa)(3−

∑
a αa)3

I , (4.55)

Σ2 =
6Υ2

(3 +
√

3Υ1)2
'

2(3− (
∑
a αa)

2)

(3−
∑
a αa)2

+
12(1−

∑
a αa)

(
∑
a αa)(3−

∑
a αa)3

I −
6Γ (t0 − t)2

(3−
∑
a αa)2

, (4.56)

Σ3 =
6Υ3

(3 +
√

3Υ1)2
'

6Γ (t0 − t)2

(3−
∑
a αa)2

. (4.57)

Note that in a super-inflationary cosmological model (
∑
a αa < 0) with negative three-

curvature, if we are in a sufficiently isotropic region where
∑
a αa < −1 we have globally

I < 0 and then the behaviour in time is

Σ1 '
3(1−

∑
a αa)

2

(3−
∑
a αa)2

− Ξ2 log2
(

1−
t

t0

) (
1−

t

t0

)2−2Maxαa

, (4.58)

Σ2 '
2(3− (

∑
a αa)

2)

(3−
∑
a αa)2

+ (Ξ2 −Θ2) log2
(

1−
t

t0

) (
1−

t

t0

)2−2Maxαa

, (4.59)

Σ3 ' Θ2 log2
(

1−
t

t0

) (
1−

t

t0

)2−2Maxαa

. (4.60)

Hence, we can conclude that δΣ1, δΣ2 and Σ3 are all of the same order in the limit

t → t0, and the trajectories of the solutions in the flow diagram (see Fig. 1) can have any

slope relative to the Σ2 axis, depending on the values of Ξ and Θ.

V. SUMMARY AND DISCUSSION

We have been able to extend previous work by showing that, even in the presence of

an antisymmetric-tensor/axion background, or of internal-dimension moduli, pre-big bang

type inflation emerges naturally in string theory from generic initial perturbative data. Rea-

sonably smooth initial patches inflate and keep becoming increasingly homogeneous and

(spatially) flat, at least as long as the low-energy tree-level effective action description is

valid.

We were able to estimate the duration of the perturbative pre-big bang phase and to

show that it depends on two (arbitrary) classical moduli. A sufficient amount of inflation

requires these moduli to be both bounded from above, something we do not believe has much

to do with the concept of fine-tuning. The question remains open of whether higher-order

(α′ or loop) corrections might deform the classical moduli space and allow a prediction for

the duration of perturbative pre-big bang inflation.
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We have also analysed the behaviour of our solutions towards the far past and argued in

favour of the existence of a rather large basin of attraction towards a Milne-type Universe

with trivial dilaton, axion and moduli. Since Milne’s Universe is equivalent to (a wedge of)

Minkowski space-time, such a state is nothing but a disguised form of the exact perturbative

vacuum of string theory. This result (which should be established on more rigorous grounds)

leads to a striking confirmation of the viability of the basic pre-big bang postulate, stating

that the Universe started its evolution from the trivial vacuum of string theory.

As we have shown in Section 4, such a state, being an early-time attractor, actually

becomes a repulsor as we move forward in time, i.e. is classically unstable with respect to

small fluctuations of the metric and of the dilaton–axion system. The generic cosmologies

that spring out of the trivial vacuum consist of a quasi-Milne era, followed by an inflationary

quasi-homogeneous pre-big bang era. The value of the string coupling and of the spatial

curvature at the transition between the two phases are the two above-mentioned classical

moduli.

Quite possibly, the most generic kind of string cosmology will be quite inhomogeneous in

a global sense, since, a priori, the two moduli may take different values in different regions

of space. As in chaotic inflation [19], homogeneity is a local property valid up to some scale

determined by the size of the original patch, which gave rise to our observable Universe, and

by the amount of inflation it suffered.

We finally recall that, once pre-big bang behaviour sets in, primordial vacuum fluctuations

are parametrically amplified. Equivalently, in a particle-physics language, massless quanta

are copiously produced by the time-dependent backgrounds. By the time the string coupling

has grown to about its present value, these quanta are able to dominate the energy and to

lead the Universe straight into the hot big bang era [22], [23].

Many points are still unclear throughout the picture, and much work is still needed, both

on the topics discussed in this paper and on the issue of the transition from the pre-big

bang to the FRW phase (the exit problem). However, the possibility that the hot big bang

conditions—which we know to have prevailed some 15 billion years ago—simply emerged

from the basic instability of the trivial (i.e. cold, empty, flat, free) vacuum of string theory

appears to be gaining further credibility from the results reported here.
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APPENDIX A

We will restrict ourselves to the case without axion and modulus fields.

Momentum constraints for d = 2: Einstein frame

In the 2 + 1 dimensional case we can choose the spatial coordinates in such a way as to

make the “zweibeins” diagonal. Equations (3.32) and (3.33) then become

g̃(t̃, x, y) = eβ̃i(x,y) δij

(
1−

t̃

t̃0

)2λi(x,y)

, λ1(x, y) + λ2(x, y) = 1 , (A1)

ϕ(t̃, x, y) = ϕ0(x, y)−
√

2
√

1− λ2
1 − λ

2
2 log

(
1−

t̃

t̃0

)
, (A2)

and for the “momentum” constraint, Eq. (3.27), we get (redefining λ ≡ λ1 for simplicity)

∂xλ− (1− 2λ) ∂xβ̃2 = (∂xϕ0)
√
λ− λ2 , (A3)

−∂yλ+ (1− 2λ) ∂yβ̃1 = (∂yϕ0)
√
λ− λ2 . (A4)

Note that the two equations are decoupled and that they can be solved for β1 and β2 by

quadratures once λ and ϕ0 are given.

Momentum constraints for d = 2: string frame

We now re-express the results of the previous section in the string frame in order to be

able to discuss T-duality. The solutions (2.17) and (2.18) for the two-metric and the shifted

dilaton are
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gij(t, x, y) = e2βi(x,y) δij

(
1−

t

t0

)2αi(x,y)

, α2
1(x, y) + α2

2(x, y) = 1 , (A5)

ϕ(t, x, y) = ϕ0(x, y)− log
(

1−
t

t0

)
. (A6)

In the “momentum” constraints, Eq. (2.20), the leading terms as t→ t0 automatically cancel

and we get:

∂x(α1 e
−ϕ0)− e−ϕ0 (α1 ∂xβ1 + α2 ∂xβ2) = 0 , (A7)

∂y(α2 e
−ϕ0)− e−ϕ0 (α1 ∂yβ1 + α2 ∂yβ2) = 0 . (A8)

Introducing the function

ϕ0(x, y) = ϕ0(x, y) + β1(x, y) + β2(x, y) (A9)

Eqs. (A7) and (A8) become

∂xβ2 =
∂xα1 − α1∂xϕ0

α2 − α1
, (A10)

∂yβ1 =
∂yα2 − α2∂yϕ0

α1 − α2
. (A11)

Hence, also in the string frame, the “momentum” constraints are solved by quadratures

provided ϕ0(x, y) and, say, α1 are used as inputs. Barring pathologies, we can always change

the input α1 by a duality transformation (e.g. α1 → −α1) while keeping ϕ0(x, y) unchanged,

and solve again in β1, β2, thus reconstructing the new ϕ0(x, y). In this way we will arrive

at a rather odd generalization of T-duality transformations in the asymptotic limit of the

quasi-homogeneous case. It would be more natural to keep ϕ0(x, y) rather than ϕ0(x, y)

unchanged under duality, since this is what happens for the time-dependent parts, but then

it is not clear how a solution can be explicitly constructed.
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