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1 Introduction

The study of three-dimensional gravity theories is interesting in several respects. For
instance, general relativity in three space—time dimensions has been a useful laboratory
for studying conceptual issues in classical and quantum gravity (see [1, 2| for a review
on work on 2 4 1 dimensional gravity). More recently, the study of duality symmetries
of compactified string theories down to three dimensions has provided some information
about the large internal symmetries of this sector [3, 4, 5]. These symmetries are of

interest, as they can yield non-perturbative information about the full string theory.

Another interesting aspect that has been recently pointed out by Witten [6, 7] is that
the vanishing of the cosmological constant and the absence of a massless dilaton in four
space—time dimensions could be explained by duality between a supersymmetric string
vacuum in three dimensions and a non-supersymmetric string vacuum in four dimensions.
The observation that in 2 + 1 dimensions the usual connection between supersymmetry
of the vacuum and the bose—fermi degeneracy of the excited states does not hold [6, 7],
has been subsequently explored in certain three-dimensional models [8, 9]. Other models
that have been studied are supersymmetric spacetimes in 2+ 1 anti-de Sitter supergravity
[10], and some new 2+ 1 dimensional Poincaré supergravity theories with central charges
and Killing spinors [11]. All these considerations add renewed interest to the study of

three-dimensional supergravity theories.

In this paper, we will consider the low-energy effective theory of heterotic string theory
compactified on a seven-torus [3], and we will construct various static soliton solutions.
Rather than using the criteria of the saturation of the Bogomol’nyi bound to characterise
these solutions, we will use the criteria of unbroken supersymmetry [3]. The construction
of these supersymmetric solutions will thus be achieved by solving the associated Killing
spinor equations. The associated space-time metric does not approach flat space—time
at infinity, as is the case in four dimensions, and this renders the existence of covariantly
constant spinors uncertain at first sight, due to the phase acquired by a spinor when
parallel transported around a closed curve at infinity. We show, however, that it is
possible to construct such Killing spinors due to the cancellation of the holonomies.
The existence of non-trivial supercovariantly constant Killing spinors in asymptotically
conical spacetimes [12] due to the cancellation of phases has already been noticed in
various other three-dimensional models [10, 8, 11, 13, 14, 15, 16, 9].

This paper is organised as follows. In section 2 we review some properties of the low-
energy effective action of heterotic string theory compactified on a seven dimensional

torus [3]. In section 3 we present the Killing spinor equations associated to the three-



dimensional heterotic low-energy effective Lagrangian. Consistency with the Clifford
algebra in ten dimensions forces us to introduce a chirality operator in three dimensions
[17] (see appendix). In order to be able to do so, we promote the three-dimensional
Killing spinors to four-component spinors (no two-dimensional representation for the
three-dimensional Dirac matrices exists admitting a gamma matrix anticommuting with
all of them).

In section 4 we present static soliton solutions, which we obtain by solving the Killing
spinor equations along the lines of [18]. We find that the space-time line element differs
from the line element associated with conical geometries [12]. We proceed in several
steps. First, we construct electrically charged solutions. We take the associated gauge
fields to be the ones arising from the compactification of the heterotic string from ten
dimensions down to three. We further restrict the internal metric G,,, to be diagonal.
This restriction has the consequence that the electrically charged solution can, at most,
carry two electric charges associated with two different U(1) factors. In subsection 4.1
we construct electrically charged solutions carrying both charges, and we show that they
preserve 1/2 of N = 8 D = 3 supersymmetry. The associated internal metric G, is
constant, whereas the internal antisymmetric tensor field B,,, is zero. Next, since the
low-energy effective theory is invariant under O(8,24) transformations of the background
fields, we apply a particular O(8,24) transformation on the background fields of the
electrically charged solution, and we obtain two types of solitonic solutions which also
preserve 1/2 of N = 8, D = 3 supersymmetry. In particular, the type of solitonic solutions
given in subsection 4.2.1 has an off-diagonal non-constant internal metric G,,,, as well as a
non-vanishing internal antisymmetric tensor field B,,,. In addition, the associated gauge
field strengths vanish. Then, we proceed to construct solitonic solutions preserving 1/4 of
N = 8, D = 3 supersymmetry, by combining features of the electrically charged solutions
and of the solitonic solutions of subsection 4.2.1. That is, they have non-vanishing gauge
field strengths as well as a non-diagonal non-constant internal metric and a non-vanishing
internal antisymmetric tensor field. Finally, this procedure can be generalised to yield
solitonic solutions preserving 1/8 of N = 8, D = 3 supersymmetry. This is achieved by

increasing the number of non-vanishing entries (blocks) in the B,,,-field.

In section 5 we repeat the analysis given in section 4, starting from electrically charged
solutions carrying only one electric charge. These electrically charged solutions have a
non-constant internal metric G,,,, as opposed to the ones discussed in section 4. We
proceed to construct solitonic solutions preserving 1/2, 1/4 and 1/8 of N = 8,D = 3
supersymmetry along the line of section 4. Here we find in all cases that the internal

metric GG,,,, is non-constant, but diagonal.



The space—time curvature of each of the solutions constructed in sections 4 and 5 vanishes
at spatial infinity, but the associated space—time metric does not asymptotically approach
either a flat metric or an anti-de Sitter metric. Thus, these solutions do not describe black
hole solutions in the usual sense [19, 20]. Our supersymmetric solutions do not appear to
interpolate spatially between two vacuum-type supersymmetric configurations, as is the
case for the extreme Reissner—Nordstrom metric in four dimensions, for example. This
latter solution interpolates between flat space—time at spatial infinity and a Bertotti—
Robinson metric near the horizon [21]. We nevertheless refer to our supersymmetric

solutions as solitonic solutions.

In [3], Sen constructed a particular three-dimensional solution by first considering the
fundamental string solution of the four dimensional theory [22] and then winding the
direction along which the string extends once in the third direction. In section 6, we
construct the associated Killing spinor in three dimensions, as an application of our

formalism.

All solutions discussed in sections 4, 5 and 6 have H,,, = 0. In section 7, we consider
solutions to the Killing spinor equations with H,,, # 0, which preserve 1/2of N =8, D =
3 supersymmetry. We show that all such solutions, with the exception of one, do not
solve the equations of motion. This should be compared with the common expectation
23, 13, 14] that (under some suitable general assumptions) every solution to the Killing

spinor equations also solves the equations of motion.

Finally, in section 8, we present our conclusions. Our conventions are summarised in the

appendix.

2 The three-dimensional effective action

The effective low-energy field theory of the ten-dimensional heterotic string compacti-
fied on a seven-dimensional torus is obtained from reducing the ten-dimensional N =1
supergravity theory coupled to U(1)'% super Yang-Mills multiplets (at a generic point
in the moduli space) [24, 25, 3]. The massless ten-dimensional bosonic fields are the
metric GE&;})V, the anti-symmetric tensor field Bj(\}?\),, the U(1) gauge fields AE&IO)I and
the scalar dilaton ®1% with (0 < M,N <9, 1 < I < 16). The field strengths are
FJS?\;I = 8MA§\1,0)I - 8NA§\140)I and H](\}(J)\),P = (8MB](\}§)3) - %A%O)IFJ(VIIQ)I)—F cyclic permuta-

tions of M, N, P.

The bosonic part of the ten dimensional action is



S /d1o ’q)(m)[R(lo)+G(1O)MN8MCD(1O)8N(I>(1O)

1 o0 MNP _ EFE?\;IF(N)IMN]‘ (2.1)
4

_E MNP

The reduction to three dimensions [26, 25, 3| introduces the graviton g,,, the dilaton
¢ = ®19 —In+/det Gy, , with Gy, the internal 7D metric, 30 U(1) gauge fields A =
(ADm AR ABTY (o =1,...,30, m =1,...,7, I =1,...,16) , where A{™ are
the 7 Kaluza—Klein gauge fields coming from the reduction of Gg\lﬁv, Aff,?l = Bym +

mnA,(} + %a{nAu are the 7 gauge fields coming from the reduction of B ]\), and
AT = AL — q AU™ are the 16 gauge fields from AUOT

The field strengths F lE“ are given by F(@ = §,A@ — 9, A(“). Finally, B](\}[% induces
the two form field B, with field strength H,, = 0,B, — —A(“ LapFY O+ cyclic

permutations.

The 161 scalars G, afn and B,,, can be arranged into a 30 x 30 matrix M (we use here

the conventions of [25])

Gt -G C —Gta”
M=| -CTG™' G+C'G'C+a"a CTG'a"+a” | , (2.2)
—aG™! aG1C +a Iig + aGta”

where G = [Gynn), C = [3al,al + By,) and a = [al)].

We have MLMT =L, MT =M, L'= L, where

0 I; 0
L=|1 0 0 | . (2.3)
0 0 Iy

We use the following ansatz for the Kaluza-Klein 10D vielbein E%; and inverse vielbein

EA in the string frame

P A)ma —bph Pk A(D)m
77 S I o/ e (2.4)
0 ey 0 e’

where e;, is the internal and e, the space—time vielbein in the Einstein frame (the relation

between string metric G, and Einstein metric g, in three dimensions is G, = €*®g,,).

The three-dimensional action in the Einstein frame is then [25, 3],
1 v 1 — Y74
S = 1 /d?’x\/—g{R — 9"0,90,¢ — Ee 40 g’ g gpp HoHyyy

: 1
—5¢ g g E) (LML) Fyy + 2¢"Tr (9,MLO, ML)}, (2.5)



where a =1, ..., 30.

This action is invariant under the O(7,23) transformations

M —QMQO", AW — QuAY g4 = gu, Buw — Bu, ¢—9¢, QTLO=1L,

(2.6)
where Q is a 30 x 30 O(7,23) matrix.
The equations of motion for A!(f), ¢, H*? and g are, respectively,
— v 1 — v
0u(e72\/=g(LML) o, FO") + %€ /=g Ly FVH"™ =0, (2.7)
1 — a 4 1 — 14
D,D"¢+ Ze 2F@ (LML) F*® + 5° YHr H,,, =0, (2.8)
Bu(y/=ge 0 HI) =0, (2.9)
1 26 () oty _ 1
R = 0,00,¢ + ¢ F (LML) F7™ — gTr (0,MLO,ML) (2.10)

1 1 1
—Ze*%gw,Fg:)(LML)abFPT<b> + Ze*4¢H;"H,,m - égwje"l‘z’Hm’)Hmp :

We note that after dimensional reduction on a seven torus, the only massless bosonic fields
remaining are the spin two (non-propagating) graviton g,, and a set of scalar fields, since
in three dimensions vector fields are dual to scalar fields. In three dimensions the field

B, has no physical degrees of freedom. We will therefore consider backgrounds where
either H,,, =0, or H,,, = \/—gew,pAe‘l‘f’.

Let us now consider the case where H,,, = 0. From the equations of motion for the
gauge fields A!(f) (2.7) one can define a set of scalar fields V% a =1, ..., 30, through [3]

\/—_ge_%g““/g””/ (ML)abF!Eb), = "9, 0,

'v

a)uv 1 17
Flmw — \/__ge2¢(ML)abe” P9, Wb . (2.11)

Then, from the Bianchi identity e“””c‘?“FV(g) =0,
DH(e**(M L) 440,9°) = 0. (2.12)

Following (3], the charge quantum numbers of elementary string excitations are charac-
terized by a 30 dimensional vector @ € Azg. The asymptotic value of the field strength

F;Ez(f) associated with such an elementary particle can be calculated to be [3]

1
V—gF@r ~ —2—62¢Mabab. (2.13)
i
The asymptotic form of U* is then
0
U ~ —2—Labab + constant. (2.14)
7r



Arranging now the U’s into a 30 dimensional column vector, one can define a new 32 x 32
matrix M [3]

M + 20w uT —e2 MLV + 22U (VT L)
M = —e2yT e2? —3e2 0T LY
UTLM + Le20T(WTLU) —LeXWTLU e 2 + OTLMLV + 162 (UT L)
(2.15)
where MT = M, MTLM =L, and L is a 32 x 32 matrix
L 00
£=1]0 01 (2.16)
0 10
Then the action in the Einstein frame can be written as [3]
1 1
S= / ay=g |R + 59" Tr (9, MLI,ML)| | (2.17)
and is invariant under the O(8,24) transformation
M = QMAT, g = G, (2.18)

with the 32 x 32 matrix ) satisfying Q7 £LQ = L. The low energy effective three dimen-

sional field theory becomes then invariant under O(8,24) transformations.

As explained in [3], this O(8,24) symmetry may be understood as a combination of the
O(7,23) symmetry (2.6) and the SL(2,R) symmetry of the four dimensional effective
action. The three dimensional theory may be regarded as arising from compactification
of the four dimensional theory on a circle, i.e. consider the four dimensional theory to
be obtained by compactifying the directions 4-9. The three-dimensional theory is then
obtained by compactifying the direction 3 on a circle. Then the SL(2,R) transformation
of the four dimensional axion-dilaton complex scalar field A — (aX + b)/(cA + d)

c d
transformation on the three dimensional fields M — QMQT [3] :

b
[27] generated by the matrix ( ¢ ) with ad — bec = 1, corresponds to the following

a 0 0 0 b
0 0 0 0 0
00 d 0 0 0 —c
Q=00 0 Iy 0 0 0 , ad—bc=1 (2.19)
00 0 0 Lig 0 0
c 0 0 0 0 d 0
00 b0 0 0 a




with Q being a O(8,24) transformation. The full O(8,24) group of transformations is
then generated from the O(7,23) transformations (2.6) and the SL(2,R) transformation
written above. In fact, a O(8,24;Z) subgroup of this group is a symmetry of the full
string theory [3].

3 The Killing spinor equations

In ten dimensions, the supersymmetry transformation rules for the gaugini x?, dilatino

A and gravitino 1y, are, in the string frame, given by [28, 29, 30, 31, 32]

1
5! = S Fln Ve

1 1
oA = —§FM8M<D5 + EHMNPFMNPg ,

1

1
—\WnAB — —HMAB)FABzS . (31)

5¢M=8M€+4( 5

These equations become, when reduced to three dimensions in the Einstein frame,

1
o = 56’2¢’(Fﬁ)] + F!Ell,)mafn)fy“"e + e %9 al Yyt @ XM
5 1 - a n 1 -3¢ prp
A= —5e 0 {¢+1Indete;, W @Ise + 13¢ H,,,y""*e
1
+16_2¢[_Cm"F‘£’1’) +FQ —al FOTyyt @ Sme
1
—I—Ze"z’[auan + 5(&,{18,1&,11 — ald,al)7" ® X""e

1 1 1
0, = 0Oue+ Zwuag’y“ﬁs + Z(euaez_eﬂﬁe ) u¢7aﬁ€ + = ( wOyeny—ep0yeny) s ® nabe

1 1

— v 1 m m v a
—g¢ Huy o= e el E gl — enaF )Y © 8 e—g[auan+§(aiﬁuai
mn 1 — v m
0t |8 e et Bl E |yt e 5
1 a 1 2¢ m (3)1 uv
577Z)d = _Ze ( ma ema—i—e o Gmd)’)/ ’)/ ® X% — 8 [ CmnF mF;w ]’Y €
e L ora I I \\ o 4 a
+46 ege (@Lan + §(am8uan - anauam))7 v ® Xl
1
Lt e P 4 e EE, e (2)

where 019y = €]]'01,, denotes the variation of the internal gravitini, and where we have
suppressed the label ¢ indicating the supersymmetries (i = 1,...,8) as well as the index

A for the space—time dimensionality of the spinors (A =1,...,4) (see appendix).

7



We would now like to construct static solutions to the Killing spinor equations by taking
the supersymmetry variations of the fermionic fields to zero. This will insure that the

bosonic configuration so obtained will be supersymmetric.

We will take the space-time metric to be diagonal. In all cases, with the exception of

the one discussed in section 6, the space—time metric will be given by

ds* = =V (r)dt* + V(r)"'dr* + R*(r)df> , (3.3)
for which

ap ™ = 2VV ONV A, gy =0, wiapr™’ = —2VV Ry,

(Epa €5 — €up er)op gy = 2V 0,6, for u=t,
= 0, for p=rn,
= —2RVV8.¢4? for p=290. (3.4)

Then, the Ricci tensor has the following non-zero components

_ 14 " /RI
Rtt - 2 (V + V R) ’
" 1 D/ 1/
R, V_VR R
2V 2VR R
Ry = —VRR'—V'RR | (3.5)
and the curvature scalar is given by
2V'R’ 2VR
M _ " _ .
R=9"Ru =-V R TR (3.6)
where V' =0,V, R = 0,R.
In all cases, we will make the following ansatz for the Killing spinors
E=€RX , (3.7)

where €I = (e, €9, €3, €4) is a SO(1,2) spinor and  is a SO(7) spinor of the internal
space. In all cases, with the exception of the ones discussed in sections 6 and 7, we will
be able to solve the Killing spinor equations by imposing the following two conditions on
€
e = ipyie, (3-8)
e = pJIyyte, (3.9)

8



where p==+, p==+.

It follows that

, (3.10)

—pp
and, hence, € contains only two real independent degrees of freedom. Yy, on the other
hand, contains eight real degrees of freedom; thus there are a priori a total of 16 real
degrees of freedom. These will be further reduced by conditions on y specific to each case
considered. Up to three such independent conditions (m = 1,2, 3) can be imposed on Y,
thereby allowing for the construction of solutions preserving 1/2™ of the N =8, D = 3

supersymmetry.
In all cases where H,,, = 0, we find that

¢
2

Y o) (3.11)

E=¢e

up to a multiplicative constant.

4 Supersymmetric solutions with % # 0

In this section, we will consider a particular class of solutions to the Killing spinor
equations, namely solutions for which @ = a’La # 0. We will construct solutions
which preserve 1/2™ of N = 8, D = 3 supersymmetry, where m = 1,2 3. The solutions

are obtained with H,,, = 0 and a/, = 0.

We will find that the space-time metric (3.3) is given in terms of
V=1, R=ar"7 | (4.1)

and that the dilaton is given by

where

a=‘r— . (4.3)

2 2
By the coordinate transformation 7 = (3)7 (aln7)7, 1 <7 < oo, the associated space-

time metric can be put into the form

2(2—7)
4 2(2—y In7 R
ds? = —dt® + av (%) e (:;T) (di* + 72d6?). (4.4)




This differs from the line element associated with conical geometries [12].

The curvature scalar, R = g*"'R,,,, is computed to be

e AN S e
R = (1 Qr2_(n+mzﬂ' (4.5)

4.1 Electrically charged solutions

We will first consider the case where the internal vielbein ef, is diagonal and given by
et = 0men(r). We will also take ¢ = ¢(r) and B,,,, = 0.

m

The Killing equations (3.2) reduce to
7 1

oxT = 56_2¢F;513,)I’Y“V€ )

| a L o op mp@) w4 o sd
0N = —se 0, {¢+Indete]}y'e + e el FD 4y @ Be

1 o 1 r T af

0, = 0Oue+ Zwyaﬁ’V e+ Z(euaeﬁ B euﬁea)ar¢7 €

1

_Z€_¢[€TF;EIQJ)(m) - emaFﬁgzlx)m]'yy/74 ® X% , (4'6)

1 _ m ]- — m m 174

Opa = —5e 0 Quemay! @ Te — e P FD, + emall) Ve

Using (3.3), as well as (3.4), we get
I 1

_ —2¢ (3)1  pv

oxw = 3¢ FIEV) e |

1 —¢ a T 1 —2¢_m (2) tr_4 a
oA = —5e 0,{¢ + Indet el } €+§e N Fmy v @ X% |

1 1 .
b = —5VVONV +VOdl"e — Je el Filh — ema "7 @ B0

1

6y = O — ze el Flip — emaF "'y @ B0 (4.7)

Sy = @e—%wV&R+R¢Va@¢%,

1 m 1
Wd:‘qfw%ﬂ%+%M$W¢%_f”@m%¢¢®ﬂk d

In the following, we will set Fﬁ)l =0, I=1,...,16.

I
\‘b—\
EN|

We take the Killing spinor ¢ to be given by (3.7).

Let us now determine how many electric charges can be non-zero. Let us assume that
Yax =nx. Since (X%)?2 =1, 5 = +1. Suppose now that we also have ¥°x = nx with
a # b. Then, %%y = y. Since however (£°¥%)?2 = —1 (for a # b), we must have

10



»e%b y = +iM x, where M? = I. Therefore the above assumption a # b is not valid. So,
out of the 14 remaining electric charges, only two are non-zero, one of them arising from

the Kaluza-Klein sector and the other from the two-form gauge fields.

For concreteness, we choose a = 2, and hence, the two non-vanishing charges are oy and
g (see equation 2.13). Note that a? # 0.

We now set Y2y = x. Then
N = ——e"z’@ {¢+ Indet e?, 1 VA'e — e VG2 F) :
Sy = §[Wa,ﬁ + VO] T2 — Ze—d’\/V[\/@ F? - \/GTQ FV?) 1t
S = Bt 3o VTV Y — G FE) e
Sy = Ope — %[\/V&R + RVV,¢] J 7% | (4.8)
dpy = iew[@ Ft%) + \/G>22F}(,})2] Jye — %MW@T In \/Gas v'7%e,
g = —%e‘¢\/Vc9r In \/G>dd’71’}’45 .

In order for the equations to be compatible, we will impose conditions (3.8) and (3.9) on

the four-dimensional spinor €.

Setting the variations of the supersymmetry equations to zero, we have

8.{¢+Indete2 WV = —pe?VG2EY (4.9)
. _
W0 mV +0,6] = Se?[JOnF - V@ ER) (4.10)

VV O, In\/Gay = —g VG2 FE2) + /Gy FV? | (4.11)
o = \/GggFt”2 VG2FY) e (4.12)

Bpe = —% VVO,R + RVVO, )¢ (4.13)

G4q = constant, d#2 . (4.14)
From (4.10), (4.12) and (4.13), one has
.11 .
ﬁre——[—ﬁTan—l—ﬁTqb]e:O ) (4.15)

Dpé+ip [faRJerarqs]e_o (4.16)

11



In order for these equations to be compatible with respect to the mixed derivative 9%,
we need to impose Z[VV8,R+ RVV9,¢] = 0. In the following, we will set [v'V9, R +
RVV9,$] = 0, and hence 05 = 0. Then it follows that

RI
0, = -5 — R =ae™. (4.17)
We note here, however, that if the spinor were to have a phase of the form e, n would
have to be (2n +1)/2 (with n integer), such that ¢"®=2m = _¢n(=0) 33 10], so we

would need to have [v'VO,R + RVV0,¢] = —(2n + 1)p.

We take the two electric fields to be given by

F(l)m ii G22 o m = 2
tr o1 R 2 )
1 e*
F), = or R Gaay (4.18)

which is consistent with the asymptotic behavior given in (2.13).

We now look for solutions with the internal metric G5 constant, noting here that a more
general internal metric could be generated by O(7,23) rotations from this one. Then

equation (4.11) can be solved by
VG2 FR) = /Gy FV? s Gy = — 2 (4.19)

It follows that as and ag have opposite signs. We will in the following denote the signs
of Qo, Qg by Nass Mag-
It further follows by inspection of (4.10), (4.11) and (4.9) that 8,v/V = 0, thus V is a

constant which we set equal to 1.

One can now solve straightforwardly for ¢ from (4.9) and (4.10). By doing so, we find

that p = —n,, as well as

2

c a a 1
ey Boolonh G =il (4:20)

where 1y and ¢ are integration constants which will be set to zero and one, respectively,

from now on.
Note that the coupling constant g% = 2 — 0 as r — oo.

The space—time metric is then of the form

ds* = —dt* + dr® + a*r db? (4.21)
or, equivalently,
4 Mni)\2
ds? = —dt* + = <£> (7 + 7d6%) , (4.22)
T

12



a?
4

The behavior of the spinor € can also be determined. We have from (4.15) and (4.16)

where r =

(In7)2.

&g—%&¢g=0,
Oy E=0 (4.23)

which can easily be solved by
2

=t/ (4.24)

€E=¢e€

up to a multiplicative constant. The existence of such a Killing spinor is made possible
due to the cancellation of holonomies, that is due to a cancellation between the spin

connection and a term involving the dilaton (see equation (4.16)).
This solution preserves 1/2 of the N = 8, D = 3 supersymmetry.

Computing the curvature R = g"R,,, we have R = # which blows up at » = 0 but

goes to zero at r — oo.

Let us now consider the equations of motion (2.10):

1 1
Ry = 56—2¢Ft(ra)Ftr(a) _ Ze—2¢gttF£%)Faﬁ(a) —0 .

1 1
Rw::6@&¢+§€%ﬂ?@MLMJWW—f”%nﬂgwMLMEW@

_ %ﬁ(&ML&ML)Z(&@Q’

1
Rop = —z¢ RF (LML) "
1
= @62¢[VG22 (a2)? + 1/Gaz (a9)?] . (4.25)

Using now (3.5), it can be checked that our solution (4.20) solves the equations of motion.

4.2 Soliton solutions preserving N = 4 supersymmetry
4.2.1 Case as # 0,9 #0

Here, we will discuss the soliton solution which is obtained by dualizing the charged
solution discussed in subsection 4.1. That is, we will utilize the O(8,24) transformation
Q given in (2.19) to generate the dual background M — M = QMQT. We will, for

simplicity, set the transformation parameter d to d = 0 in the following, so that bc = —1.

Recall that the bosonic background fields of the charged solution discussed in subsection
4.1 are given by Qb, (Gmn) = diagonal (Gu, GQQ, ey G77) y G22 = |052/Oég|, an = 0, (I{n =

13



0 and U7 = (0,75,0,...,0,9,0,...,0) = (0, — £ ay,0,...,0, —£ as,0,...,0). The
dual background fields are then given by

Gt G2 o ... 0 b2e2é —be2 0, 0 - 0
G G2 0 ... 0 —be2W, G2 4e202 0 ... 0
G'=10 0 G® o0 i |= 0 0 G*® 0. i |,
0 0 G 0 0 G
0 By 0 --- 0 0 —cly 0 --- 0
By 0 c¥y 0
B = Buw)=| 0 0 =1 o 0 : (4.26)
0 0 0 0
as well as
0, —a/c
U, 0
e = 2t U= | = ,al =0 (4.27)
T, 0

Note that the associated gauge field strengths F!Sfﬁ) are all zero for this solitonic solution.

The internal inverse vielbein €7 associated to (4.26) is given by
be? —e®W, 0

0 VG2 o0 .. 0
e =1 0o 0 G% 0. : (4.28)

0 o0 VGT

Note that the space—time metric is duality invariant and hence given as before (see (4.21)).

Next, we would like to determine the Killing spinor associated with the soliton back-

ground (4.26). The Killing spinor equations (3.2) now take the form

ox' = 0,
1 - ~a 1 - >, mn
N = —5¢ @Llogdetemv“s—i—ze 0Byt @ XM | (4.29)
1 1 1 -
§b, = aug+wamaﬁwg(égauénb—égauém)zabs—gauanzm% . (4.30)
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1 3 1 - -
u = € Olna T Duna)y" Y @B + Je 0, By O .
(4.31)

The Killing spinor € = ¢ ® x will be taken to satisfy (3.8) and (3.9). For the solitonic
background under consideration, the vanishing of the Killing spinor equation (4.29) then

yields

22

—0,logdet & v'e + b e?0yB1y? X e =0 (4.32)

which can be solved by demanding that the Killing spinor € = € ® x should also satisfy
Sy =qixy , g==% . (4.33)

Then, equation (4.32) turns into

22

—pd, logdet &%, +bq e? By =0 | (4.34)

which is indeed satisfied, provided one takes ¢ = —pn,,, where n,, denotes the sign of

the charge aw, 1., = sign as.

Next, consider solving the Killing spinor equations (4.30). We will again make the ansatz
that the Killing spinor is static, that is ¢ = ¢(r,6). Then, the equation dy, = 0 is
automatically satisfied. The condition 1, = 0, on the other hand, yields

Oe=0 . (4.35)
Finally, the condition d19 = 0 results in
1 1 1
Dpe — 5@37125 + Z\/ngeqﬁag%z”g — Z\/G%e%@\ygzl% =0 . (4.36)
Inserting the conditions (3.8) and (4.33) into (4.36) yields that
Ope =0 . (4.37)

Thus, it follows that the Killing spinor ¢ is constant.

Finally, it can be checked that the Killing spinor equations (4.31) for d¢; and Ji, are

also satisfied.

The solitonic background under consideration preserves 1/2 of N = 8 supersymmetry.
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4.2.2 Case ay #0,a3 #0

Next, we will discuss a different soliton solution, which will be obtained by
dualizing a charged solution with bosonic background fields ¢, (Gpn)
diagonal (G11,...,G7), Gu = lai/agl, Bmn = 0, al, = 0 and ¥T =

(¥4,0,...,0,¥9g,0,...,0) = (—%ag,O,...,O, —%al,o,...,O). This charged solution

is similar to the one discussed in subsection 4.1.

The dual background fields can be read off from M = QMQOT, where § is again given
by (2.19). We will, for simplicity, set the transformation parameter d to d = 0 in the

following, so that bc = —1. For this choice, the dual background fields are given by
B = (Bn) =0, @, =0,

Gi 0 0 - 0 A(e®+Gu¥?) 0 0 - 0
0 Gp 0 -+ 0 0 Gy 0 -+ 0
G = 0 0 Gy 0--- 1 |= 0 0 Gs3 0---
0 0 677 0 0 G77
(4.38)
as well as
0, —<%+c2(cﬂ%wg>)
0, 0
20 — (2 (GM+e>uy) U= 0y | = 0 (4.39)
\ijg \IIS

Note that ¢ now depends on both 7 and 6.

Next, we would like to determine the Killing spinor associated with the soliton back-

ground (4.38). The Killing spinor equations (3.2) now take the form

ox' =0,
1 - ~ 1 -
oA = —5e?0{d+Indetey o + e PETED A @ Bl (4.40)
1 af 1 v 1.a8
0, = 8”5+Zwﬂa57 5—|—§eweﬁ&,¢7 €
_ Ledemp® g pmva g s (4.41)
4 a = pv(m) ma+ py v € .
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1 5 L 25im 7 ;
Sy = —§e’¢ég”8uémd7”74®2ds—gefw[éZl”F(Q) +émdF,Ei)m]7W5 . (4.42)

purm

Note that in (4.42) there is no summation over d.

We will again take the Killing spinor € = € ® x to satisfy (3.8) and (3.9). Hence, € is
given by (3.10).

Using that
o auooL . G N - - N
e 2P FW ~ ol e P = _?jla(,qfl , e 2PEC) = Gy, RO, , (4.43)

it can be checked that the Killing spinor equation d\ = 0 is satisfied provided that

X=X D= e (4.44)
where 7,, = as/|ag| denotes the sign of the charge ag. Similarly, it can be checked that
the Killing spinor equation d; = 0 (eq. (4.42)) is satisfied.

Next, consider solving the Killing spinor equations (4.41). We will again make the ansatz
that the Killing spinor is static, that is € = €(r, 8). Then, the equation §7; = 0 is satisfied.
The condition d1, = 0, on the other hand, results in

p 1 209,70, NasVG11 1 U100,

O, logé =1—— , 4.45
8=, VT GU 2002 20 r? GU + 2003 (4.45)
whereas the condition d1y = 0 results in
. paGH 1 Nag@V G111 22,
Oyl = —i= — = . 4.46
POBET T T G 1 e 4 Gy 0 (4.46)

Clearly, the solution to both (4.45) and (4.46) will be of the form logé = X + 7Y with
real X and Y, namely

- 0
=2V | Y = —% arctan (na_an W) : (4.47)

up to a multiplicative constant. Comparison with (4.24) shows that, whereas the form
of X was to be expected on the grounds of the replacement ¢ — ¢ under duality, the

duality transformation M — M = QMQOT actually also produces a complicated phase
Y.

Note that when r — oo, the Killing spinor approaches a constant value given by
§— (PG e, (4.48)

This solitonic solution preserves 1/2 of N = 8 supersymmetry.
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4.3 Soliton solutions preserving N = 2 supersymmetry

In this subsection, we will consider soliton solutions preserving 1/4 of N = 8, D = 3

supersymmetry.

A particular class of such solutions can be obtained by combining certain features of
the electrically charged solutions, discussed in subsection 4.1, and of the solitonic solu-

tion discussed in subsection 4.2.1. Namely, we will make the following ansatz for the
background fields G~! and B,

Gt G2 0o 0 --- 0 f2(r) —f2(r)Yy 0O 0 --- 0
G'G? 0 0 --- 0 =)y |2+ )3 0 0 - 0
o 0 G¥ 0 -- 0 0 GB 0
0 0 0 G* 0 || o 0 0o a4 o |
0 0 QT 0 0 qm
0 By 0 -0 0 Yy O 0
By 0 —T9 0
B=(Bm)=| 0 0 =1 o 0 | (4.49)
0 0 0 0
where
ol 9 9 (6%
fr)=Drz , Ty=—c-ag , Ty=—-ar , G44:]a—1:\. (4.50)

We will also take

v, 0
v, 0
Wy 0
v, —%0411
v 0
e = 8 w=| " |= .l =0 . (451
Uy —%044
2P 0
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For the space—time metric we will make the ansatz
ds® = —dt* +dr* + R*(r)d6® , R(r)=ar" . (4.52)

The constants D, (3, v and p will be fixed below.

The internal inverse vielbein e associated to (4.49) is given by

0 %2 0
0 0 VG33 0

el = (4.53)
0 0 0 /=] o0

Next, we would like to determine the Killing spinor associated with the soliton back-

ground (4.49). The Killing spinor equations (3.2) now take the form

ox' =0,
1 —¢ a VB 1 20 ;p(2) A pva4 m
oA = —5e 0,{¢ +Indete; }vy 5+4e Foon " @XM
1
+Ze*¢8uBmw“ ® X" (4.54)
1 af 1 v v af 1 n n ab
o, = Oue+ qWnas e + Z(euaeﬁ—eugea)&,qbv £+ g(eaﬁuenb—eb 0pna)X%e
1 1
—Ze le mF;EV)(m) — e,,m]igll,)m]’y”’y4 ® X% — gé’uanEm"s , (4.55)
1 -/ .m m JTN! a 1 n a
577Z)d = _Ze (ed 8Hema—|—ea 8uemd)7 Y ® X% + Ze Gd €. 0, an7 ’Y ® Xl
1
—§€_2¢[€mdF( +637Fl£,2/)m] e . (4.56)

As before, the Killing spinor € = € ® x will be taken to satisfy (3.8) and (3.9) and, hence,
also (3.10). The Killing spinor equation 6\ = 0 can be solved by demanding that

¥Px=qix , Sx=x, ¢g==% . (4.57)

Note that the condition (4.57) reduces the degrees of freedom of € to 4 real degrees of
freedom, and thus the solitonic background under consideration preserves 1/4 of N =8

supersymmetry. Then, the Killing spinor equation dA = 0 is solved provided that

Ta 1
B=7v , ,0:1—z , D=~ , Ta = —1/|ogon | (4.58)
2 |zl s




as well as ¢ = —pn,, and p = 1,,,, where 7n,, and 7,,, denote the signs of the charges as
and a1, respectively (Mo, = —Nags Moy = —Nany)-

Next, consider solving the Killing spinor equations (4.55). We will again make the ansatz
that the Killing spinor is static. Then, the equation §i¢; = 0 is automatically satisfied.
The condition dv, = 0, on the other hand, yields

1
O logé = 3 NI (4.59)
Finally, the condition d1y = 0 can be solved by setting
B=21-7~) . (4.60)

Then 61y = Oge = 0 and, hence,

e

, (4.61)

™
I
o

up to a multiplicative constant. Comparison of (4.58) and (4.60), on the other hand,
yields that § =~ = p = 2/3. Thus, it follows that
f*(r) = D? r3 , R(r)= ars . e = r=3 ,
logory1 3
D = +—— , a= % |O,/40411| . (462)

|

Then, finally, it can be checked that the Killing spinor equations d¢y;, = 0, dys = 0 and
dthy = 0 (egs. (4.56)) are also satisfied.

Other solitonic solutions preserving 1/4 of N = 8 supersymmetry can be obtained by

applying the O(8,24) duality transformation

I 0 00 0 0 0
0 a 00 0 0 0 b 0
000 0 0 0 0 0
000 1L 0 0 0 0 0

Q=000 0 d 0 0 0 — | , ad—bc=1 (4.63)
0000 0 I3 00 0
000 0 0 0 Iig 0 0
0 c 00 0 0 0 d 0
0000 b0 0 0 a

to (4.49). We will, for concreteness, set a = d = 0,b = —c = 1 in the following. The
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resulting dual background fields G~! and B are then given by

éll

@12

~ g 0 0 0 Gll G12 0 0
G* G*? 0 0 0 G G* 0 0 0
0 0 G G4 0 0 e2¢ —e200,
0 0 G® G% o0 0 0 —e¥¥, G+ 0 |
0 0o G 0 0 G
0 By 0 0 0 Ty O 0
By 0O ) Ty 0
. 0 0 Biy 0 0 0 ¥y 0
B: - =
0 By 0 0 -y 0 ’
0 0
0 0 0 0
as well as
2 =G» | U=0, a =0 (4.64)

Note that the dual dilaton field ¢ is constant.

It can be checked that the associated Killing spinor equations are satisfied by a constant

Killing spinor € = € ® x provided that

%2x SMX = —ipnax (4.65)

—iPNas X

where, again, 7,, and 7,, denote the sign of the charges o, and a4, respectively.

4.4 Soliton solutions preserving N = 1 supersymmetry

It is now straightforward to construct solutions which preserve 1/8 of D = 3N = 8

supersymmetry.

One class of solitonic solutions preserving 1/8 of D = 3, N = 8 supersymmetry is given

as follows. The background fields are given by

fa(r) —fo(r)Ly 0 0 0 0 0
0 |g—;’| 0 0 0 0 0
0 0 f4(’f‘) —f4(T)T4 0 0 0
ey = 0 0 0 |°;—141| 0 0 0 , (4.66)
0 0 0 0 VG55 0 0
0 0 0 0 0 vV G6 0
0 0 0 0 0 0 VGTT
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0 By 0 0O 000 0 Yy
Byy O 0 0O 00O -T9 0
0 0 0 B3y 000 0 0
B = 0 0 Bs 0 000 )| = 0 0
0 0 0 0O 000 0 0
0 0 0 0O 00O 0 0
0 0 0 0O 00O 0 0
as well as
v, 0
e 0
vy %0414
N 0
e = v VU= .8 =
Wis 0
Uiy —%047
\1’15 0
Here
0 0 0
T, = —%049 ) T42—%0411 ) ng—%az
o
G = |—
50
as well as
5 \/|0470414|
fo = Dyr 2 | Dy= e
\/|042049|
_2a \/|0470414|
f4 — D47" 2 , D4:—
|Oé40411|
The space-time metric is given by
ds® = —dt* +dr* + R*d0* , R=ar'"
where
1 1
a=—/lazons| , y=73
vy 2

0 0 O
0 0 0
0 Ty O
T; 0 0
0 0 O
0 0 0
0 0 0

al =0

0

T = —%044

The associated Killing spinor € = € ® x satisfies (3.8) and (3.9) with

e

€E=e2

22
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(e Nevlelleie N

(4.67)

(4.69)

(4.70)

(4.71)

(4.72)



as well as
SPx=idgx , S*x=igx , Sx=x , ¢=% , =+, (4.73)
where ﬁ = Nayss 4 = —PNay and (j = —PNay (77&2 = TNag) Ny = ~Nagys Nar = _nam)'

Another class of solitonic solutions preserving 1/8 of D = 3, N = 8 supersymmetry is

given as follows. The background fields are given by

fg(’f‘) —fQ(T‘)Tg 0 0 O 0 0
0 |g—z 0 0 0 0 0
0 0 f4(’f‘) —f4(T)T4 0 0 0
62” = 0 0 0 |°;—141| 0 0 0 ,
O O 0 0 fG(T) _fG(T)Tﬁ 0
0 0 0 0 0 ]z—f’] 0
0 0 0 0 0 0 VG
0 B 0 0 0 0 O 0 Ty 0 0 0 0 O
Byy 0 0 0 0 0 O Ty 0 0 0 0 0 0
0 0 0 By O 0 O 0 0 0 Ti 0 0 0
B = 0 0 Bsg O 0 0 0 |= 0 0 -T4 O 0 0 O
0 0 0 0 0 Bsx O 0 0 0 0 0 Tz O
0 0 0 0 Bgs 0 0 0 0 0 0 —-YT4 0 O
0 0 0 0 0 0 O 0 0 0 0 0 0 0
(4.74)
as well as
U, 0
e 0
Uy —%0414
4 0
e = 7 w=| ° |= _ . al =0 . (4.75)
\1’13 0
Uiy —%047
U5 0
Here
0 0 0
T, = —%049 , Ty= —%0411 , Te= —%0413 )
0 0 0
Ty = —%042 , T = —%044 , Ti3= _%QG )
a7
G = |== 4.76
mo= It (476)
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as well as

. aro
fo = Dyr2 | Dz:M ;
|
N \/ ]z
Ji = Dyr2 | D4:M ;
’0440411’
. \/]ara
fe = Der 2 , Dg= 7| rond : (4.77)
|0460413|
The space—time metric is given by
ds? = —dt* + dr’ + R?d#*> , R=ar'"7 | (4.78)
where
1 2
a= o larag] , v = i (4.79)

The associated Killing spinor € = € ® x satisfies (3.8) and (3.9) with

e

E=e? | (4.80)

as well as
NPx =gy, BMx =idgx, S =igx, Ex=x,q=%, =%, =%, (4.81)
where p = 7ay,,q = —Plass§ = —Pag a0d § = —Pllag (Maz = —Tags Nas = ~Manrs Nag =

“Naigy Nar = _770414)'

5 Supersymmetric solutions with a? = 0

In this section, we will consider a particular class of solutions to the Killing spinor
equations, namely solutions for which &> = a’La = 0. We will construct solutions
which preserve 1/2™ of N = 8, D = 3 supersymmetry, where m = 1,2, 3. The solutions

are obtained with H,,, = 0 and a! = 0.

We will find that the space-time metric (3.3) is given in terms of
V=1, R=ar™" |, (5.1)
and that the dilaton is given by

, (5.2)



where

2 |042|
a=
2y

(5.3)

By the coordinate transformation r = (’y)% (aln f)% , 1 <7 < o0, the associated space—

time metric can be put into the form

2(1—v)
L ()
d32 = —dt2 -+ a% (/y) 2(1"7 : m (de -+ f2d92) (54)

f2

The curvature scalar, R = g"*"'R,,,, is computed to be

1 4n 1

5.1 Electrically charged solutions

We will be solving the same Killing spinor equations subject to the same assumptions as

in subsection 4.1, where in addition we take ag = 0.

Looking back at (4.9), with ag = 0, i.e. F!EIQ,)Q = 0, we have 0,¢ = —0, In/G9. From
(4.16) we still have 0,¢ = —0, In R.

These relations can be satisfied with the following ansatz
Goy = de™?, R=ae?, (5.6)

where d is an integration constant that is set to one in the following.

We can now solve equations (4.10), (4.11) and find, (with again V' = 1),

1
3

Gy = 73,
a 1 a 3P ay
R — — 3 _— = —
¢ c 4
e = i, (5.7)
where pas = —|as| and where the integration constant ¢ will be set to one.
The space-time metric is now of the form
ds® = —dt® + dr® + a3 do?. (5.8)
or, equivalently,
2a® (In7
ds* = —dt* + % (n—‘;> (di* + 72d6?), (5.9)
T
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where 7 = (23—“)3/2(11177)3/2.
The dependence of the spinor in terms of ¢ is the same as before
1
8r€—§8T¢€:0 ,
0p €=0 , (5.10)

or

-

=r

o=

(5.11)

E=c¢e
These electric solutions preserve again 1/2 of the N = 8 supersymmetry.
5.2  Soliton solutions preserving N = 4 supersymmetry

Now we discuss the soliton solution which is obtained by dualizing the charged

solution discussed in subsection 5.1, with one electric charge only (ay =

0). The bosonic background fields of the charged solution are given by
Qb, (Gmn) = diagonal (GH, G227 ceey G77) 3 G22 = T%, an = O, CE?ITL = O and ‘I’T =
(0,0,0,...,0,%,0,...,0) = (0,0,0,...,0, =% ,0,...,0). We will utilize the

O(8,24) transformation 2 given in (2.19) to generate the dual background M — QMQOT.
We will for simplicity set the transformation parameter d to d = 0 in the following so

that bc = —1. The dual background fields are then given by

GY 0o 0 - 0 e 0 0 .- 0
0o G2 0 --- 0 0o G2 0 -~ 0
G ' = 0o 0 G 0... = 0 0 G 0... ,
0 0 G 0 0 G
0 By 0 0 0 —c¥y 0 0
By 0 cWy 0
B = (Bp)=| 0 0 =1 o0 0 o (5.12)
0 0 0 0
as well as
0, —a/c
U, 0
e = 2t U= | = ,al, =0 (5.13)
T, 0
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The associated gauge field strengths FIE‘;) are again all zero for this solitonic solution.

The internal inverse vielbein €7 associated to (5.12) is given by

be? 0 0
0 G2 0

& = 0 0 VG330 . (5.14)

0 o0 V/GT

Note that the space-time metric is duality invariant and hence given as in (5.8).

The Killing spinor equations in the new background (5.12) are of the same form as in
equations (4.29), (4.30) and (4.31). It is easy to check that the Killing spinor will be of
the same form as before with the same conditions (3.8), (3.9) and (4.33) to be satisfied.

For the solitonic background under consideration, the Killing spinor equation (4.29) then
yields

22

—p 0, logdet &%, +bq e?09B12 =0 (5.15)

which is satisfied, provided one takes ¢ = pp.

Next, consider solving the Killing spinor equations (4.30). The Killing spinor being static,
the equation d1); = 0 is again automatically satisfied. The condition d1), = 0 yields again

Oe=0 . (5.16)
Finally, the condition d1y = 0 results in
1 12 1 ¢ 12
Ope — §8TR7 € — 1 G220y e =0 (5.17)
from which it follows again, if pp = ¢, that
Ope =0 . (5.18)

Hence the Killing spinor € is constant.

Finally, it can be checked that the Killing spinor equations (4.31) for d¢; and Ji, are

automatically satisfied.

The solitonic background preserves 1/2 of N = 8 supersymmetry.
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5.3 Soliton solutions preserving N = 2 supersymmetry

We take the following ansatz for the background fields G~! and B

Gt 0 0 o --- 0 fé(r)y 0 0 0 0
0 G*2 0 o - 0 0 fir) O 0 0
0 0 G¥ 0 0 0 G*¥ 0
0 0 0 G% 0 “l 0o 0 0 fir) O ’
0 0 G 0 0 G
0 By, 0 --- 0 0 YTy 0 --- 0
21 0 Ty 0
B = (Bun) = 0 0 = 0 0 f, (5.19)
0 0 0 0
where
D? 0
2 _ i _ -
filr) = o Dy=1, Ty= 92 (5.20)
We will also take
U, 0
2 0
Us 0
Uy 0
Uy 0
e =7 U= , = ., al =0 . (521)
Ui 0
Uy —%044
\1’12 0
For the space-time metric we will make the ansatz
ds® = —dt* + dr* + R*(r) d§* , R(r)=ar™" . (5.22)
The constants D; and ~ will be fixed by the Killing spinor equations.
The Killing spinor equations (3.2) now take the form
&' =0,
1 1
oA = —§e’¢6u{¢ + Indet e}y e + Ze"z’auan’y” ® X" (5.23)
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1 1
Y, = 0O+ ~Wuasy*Pe + —(euaeg—euﬁe@@ygﬂaﬁs

4 4
et e, mOm g yee Ly B s (5.24)
46 Emal’ A € g Ynomn € , :
1 —p( _m m 4 a 1 —p_m_n 4 a
0y = —Ze (€' Opematey Opema) YY" ® X% + Ze eq enO0uBuny!'y" ® X%
1
—ge’%’ emdF!Ell,)m e . (5.25)
The Killing spinor ¢ = e® x will be taken to satisfy (3.8) and (3.9) as well as 312 y = ig x
and ¥y = x.
The condition dA = 0 (5.23) then implies
2
D\D, = PO (5.26)
%)
while d1y = 0 in (5.24) gives the condition
3 qoig
1—= —D1Dy =0 . 5.27
pa( 27) T e Pl (5.27)
These last two equations yield v = %, whereas 094 = 0 (5.25) gives the relation
Qy
= — ) 5.28
= T3 (5.28)
Since this last quantity is positive, this implies p = —7,,, where 7,, denotes the sign of
Qy.
The above shows that we can then take
2 2
D, =Dy = \/_qu e _ /e (5.29)
(6] |052|

with —pg = 1a,.

This solution preserves 1/4 of N = 8 supersymmetry.

5.4 Soliton solutions preserving N = 1 supersymmetry

It is now straightforward to construct solutions which preserve 1/8 of D = 3N = 8

supersymmetry.

One class of solitonic solutions preserving 1/8 of D = 3, N = 8 supersymmetry is given

as follows. The background fields G~! and B are given by

G" 0 0 0 0 0 0 féry 0 0 0 0 0 0
0 G2 0 0 0 0 0 0 fir) 0 0 0 0 0
0 0 G3 0 0 0 0 0 0 G% 0 0 0 0
0o 0 0 G 0 0 0= o0 0 0 fir) O 0 0
0O 0 0 0 G® 0 0 0 o 0 0 f(r) O 0
O 0 0 0 0 G o0 0 0 0 0 0  fi(r) 0
o 0 0 0 0 0 G7 0 0 0 0 0 0 G7
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0 Bz, 00 O 0 0 0 Y9 00 0 0
Byy 0 00 O 0 0 -T9 0 0 O 0 0
0 0 00 O 0 0 0 0 00 0 0
0 0 00 O 0 0 |= 0 0 00 0 0
0 0 00 0 Bs 0 0 0 00 0 Y13
0 0 0 0 Bgs 0 O 0 0 00 =Ty O
0 0 00 O 0 0 0 0 00 0 0
where
D? 0 0
2 _ _ - —_
fi (7”)— o Dy=1, Tg= 27T042 , Tig= 27T066-
Again, we have
v, 0
Uy 0
Vs 0
Uy 0
e = r7 , U= \1{5 = ; , al =0
Wi 0
Uy —%044
Wi 0

As before, we will make the following ansatz for the space-time metric
ds®> = —dt* + dr* + R*(r)d9* , R(r)=ar"

Now, the Killing spinor equations give the following constraints

Qg g

—2yp — —D1Dy — —D5sDg = 0,
2ma 2ra
3 qcr qo
1—= —DD Z2D:De =0
pa( 27) + i D1 + 1 5 ;
as well as
2 92 5
DDy = —pg 7ra7’ DsDg = —pq ey and a= _Qap ]
a2 Qg 27y
Here we have used the conditions
> o= x,
SPx = gy, 4= Py
256X = ZqX: (j = —PMNag >

30

[N e el N

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)



which shows that the background preserves 1/8 of the N = 8 supersymmetry.

Note that equation (5.33) yields that ~ here is 2.

Looking back at B,,, we notice now that we can add one more block with B3; = —Br3 =
Ty = —% ay. The Killing equations will imply a further condition on Yy,
X =igx, §=—PNar - (5.36)

Furthermore v = 1/3 and D3D7; = —pg 2%1 We note that the condition (5.36) does not
break any additional supersymmetry, and hence this solution also preserves 1/8 of the

N = 8 supersymmetry.

6 The compactified cosmic string solution

In [3], Sen constructed a particular three-dimensional solution by considering the funda-
mental string solution of the four-dimensional theory [22] and by winding the direction
along which the string extends once in the third direction. As shown in [3], this solution is
related to the cosmic string solution of [34] by a O(8,24;Z) transformation. Other three-
dimensional solutions with internal winding can be obtained from the four-dimensional

string solutions given in [35].

The fundamental string solution in four space—time dimensions is known to have partial
space-time supersymmetry [36]. Here, we will presently construct the Killing spinor

associated with the particular three-dimensional solution mentioned above.

The field configuration representing a fundamental string solution winding once in the

third direction is described below, following [3].

The three-dimensional space-time metric is now of the form

ds® = —dt® + Xy (dr* + r* d6?)

= —dt* + Ay dzdz | (6.1)

where z = re? is the complex coordinate labelling the two-dimensional space. The scalar
fields are e72¢ = Xy, ¥ = ¥! = —); and G1; = €**. From (2.11), the only non-vanishing
field strength is

Fﬁ)l = etPeB Cua € €50,V . (6.2)

It will turn out to be convenient to combine A\; and Ay into a complex scalar field S =
A1 + iXo. Here, as opposed to the previous cases, we take ¥ and ¢ to depend on both r
and 6.
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With these assignments the Killing spinor equations take the form (where now X'y = ),

1 1 1
oA = —@4w1+;%¢7%6+§3W@W7”+;%Wf)J¢€,
1 1 1 1
0y = —§€¢(—8r¢72 + ;8905 Y Je+ 163‘1’(—(9& v+ ;89‘1’ Yye
1e2?
61/)7“ - arg - _6—80\1170745 )
4 r

1 r
0pg = Ope— 5712 €+ 1 20,0~y |

1 1 1 1
M = —5(87#5 v+ ;89¢’Y2) e — 162‘1’(&«\1} '+ ;60‘1’ ) Je . (6.3)

Compatibility of the form of € for 6\, 61/, and 61/, can be achieved by imposing Jy*e =

1a €, which yields

€1 €1
€2 €2
= . , (6.4)
€3 —10€1
€4 —10€y

where o« = +.

Equations 0\, d1; and 0, are actually equivalent to each other and can be written in
the form
N x 0,5 € (6.5)

with S = —U + 4e~??, provided that o = +1.

The equation A = 0 can be solved by assuming that S is a holomorphic function of
z, therefore  9;S = 0. Note that a holomorphic function S(z) solves the equation of
motion (2.8).

Then, 0\ xx 0,5 7% € = 0, which can be solved by setting ~*¢e = 0.

By using that ~v* o< y'(1 +4) —v2(1 —4), one finds

€1 1

Y (6.6)
€3 —1

€4 1

The remaining equations to be solved are then 41, = 0 and dyy = 0. We find

1626
Bt - 9Ue=0
4 r

_ t_T .
Op € — 56~ Zew&«\ll € =0. (6.7)
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The holomorphicity of S implies the relations

2
8T\If = —6_2¢89¢,
T

%89\11 = 20,07 | (6.8)

which we use to solve for the spinors completely:

WS-

e’ (6.9)

€E=c¢€

The above solution breaks 1/2 of N = 8, D = 3 supersymmetry.

7 String solutions with H,,, # 0

Here we show how the Killing spinor equations (3.2) determine a three-dimensional solu-

tion with a non-vanishing H,,, and a non-constant dilaton (other solutions with non-zero

H,,, have been considered in [37, 38]).

We consider a solution without gauge fields and with constant internal metric G,,,. We
will take H,,,, = \/—g€.,AeP?, where p is an integer, in the Einstein frame. We will take
the space-time metric to be of the form (3.3), and we will also take ¢ = ¢(r).

The Killing spinor equations reduce to

sxf = 0,

1 1
o\ = —§€_¢a#(¢ + Indetel )y e+ E6_3¢H’“’p AP e

1 1 L v
O = O+ JwuapY™e + 7 (Cpach — eugel) 0y ™’e — ce* Hupy"e

1
5¢d - _Z€7¢(egnéuema'f'egna#emd)/yu/fl®2a€ : (71)

By using identity (A.11) of the appendix, these equations become
o' =0,

1 1
N = —§e’¢8r(¢+lndetezl)\/V’yl€~l—§e(p’3)¢AJ€,

1 1
Sy = 5[\/V8T\/V +VO,¢) Jyte + Ze@’*”’\/VA JYe |

1 A
_ _ 2.2 " 7.1
5¢r 87«5 46 /—V J7 €,
1 1
Sy = Ope — 5[\/V8TR + RVVO,p) T e — Ze(p‘Q)‘f’RA Jye . (7.2)
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Compeatibility of the spinor € = € ® x within these equations is obtained by demanding

Ve = ade, a==,
e = —ar’e. (7.3)
Then, one has
N = —%ae‘z’&«(qﬁ +Indete?)VVJe+ %e(p?’)‘b/\ Je |
Ny = —%a[\/V&\/V + V8¢ T e + ie(pQ)d’\/VA JYe
0P, = Ope— iae(”_z)‘ﬁ%s ,
Sy = Ope — %[\/Varzz +RVVO,¢] JA e + %e(p‘2)¢RA Iy’ . (7.4)

For ae = +1 the spinor € is of the form

€1 €1 1
0 0
2 = — ¢ , (7.5)
€3 €3 1
€4 0 0

(where we have imposed €; = €3 in order to reduce the degrees of freedom contained in €

to the degrees of freedom contained in a two component spinor, see appendix), whereas

for o = —1 it is
€1 0 0
1
2l = | 2| =« (7.6)
€3 0 0
€4 €4 1

Demanding the vanishing of the Killing spinor equations (7.4) and imposing the condition

Ope =0, as well as aA = |A|, leaves us with the following constraints

VVO,p = P 2?94 |

1
VVONY + Vo9 = 5\/Ve<p—2>¢|A| ,

. LAl (96
0, & = — =P
i

1

VVO.R+ RVVd,¢ = 5e<p—2>¢|A| . (7.7)

34



These equations can be solved to give

V = d*e?
R = be®?
€ = eteq, (78)

where a, b, € are integration constants.

For p # %, the dilaton is given by

3 A3
c3-Po _ ’E(§ —p)(r — o), (7.9)
whereas for p = 3,
A A
Orp = % — ¢ = %(T—TO). (7.10)

Note that € is real and hence the background preserves 1/2 of N = 8, D = 3 supersym-

metry.

We notice here that whatever the value of p, there is a solution to the Killing spinor
equations. On the other hand, the equations of motion are satisfied provided H** =
eHvp

e A €%, that is p = 4. Thus, contrary to common experience (23, 13, 14], not every

solution to the Killing spinor equations solves the equations of motion.

For p = 4, the curvature scalar is computed to be R = 2A2%¢*, which is always positive.

8 Conclusions

We have considered in the present work the low-energy effective Lagrangian of heterotic
string theory compactified on a seven-torus, and we have constructed a variety of electri-
cally charged and solitonic backgrounds preserving 1/2™ of N = 8, D = 3 supersymmetry
(m =1,2,3). The construction of the solutions is done by using the criteria of unbroken
supersymmetries and solving for the associated Killing spinor equations. The space—time
line elements of the solutions constructed here have the form (4.4), which differ from the
usual line element associated with conical geometries [12]. These line elements do not
seem to correspond to small deformations of flat space—time. Thus they seem to contain

some interesting structure which deserves further study.

Further solitonic solutions with diagonal space—time line elements can be obtained by
applying more general O(8,24) transformations to the electrically charged solutions of
section 4 and 5. It would also be interesting to consider a non-diagonal ansatz for the

space—time metric.
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We have also found a solution to the Killing spinor equations with H,,, # 0 which
preserves 1/2 of the N = 8 supersymmetry. Furthermore, we have shown that the
compactified cosmic string solution constructed by Sen [3] satisfies our Killing spinor

equations.

Most of the solutions presented here are charged with the associated gauge field strengths
given everywhere by (2.13). We note, however, that one should generally expect these
solitonic solutions to get modified by quantum corrections, at least in the strong coupling
regime [3]. Recall the fundamental string solution discussed by Sen [3] that we have
considered in section 6. There we showed that a holomorphic solution S(z) satisfies our
Killing spinor equations. As Sen points out, the holomorphic function S(z) = A\; + i)s
has the behavior Ay = €¢7?* ~ —Inr for r — 0, whereas at r — oo, this behavior
needs to be modified in order to make sense. This is achieved by replacing S by the
SL(2,7) invariant function j(S), such that j(S(z)) ~ 1/z for r — oco. Therefore the
solution S(z) should be considered only as an approximate solution that gets modified
as the theory enters the strong coupling regime. In analogy with the above, we would,
for example, expect our electrically charged solutions in subsections 4.1 and 5.1 to get
modified at short distances, where the coupling becomes strong. Similar phenomena
have been shown to occur in N = 4, D = 3 supersymmetric gauge theories [39], where
the classical moduli space receives perturbative as well as non-perturbative quantum

corrections. An extension of these ideas to string theory remains to be explored.
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A Appendix

In ten dimensions, the I'* matrices satisfy
{r4, %) =29 (A1)

where A, B are D=10 tangent space indices and where nap = (—,+,...,+). The decom-
position of the gamma matrices that is appropriate to the 10=3+7 split is

M= T = "0k e%) , (A.2)
where

(v*4°} = 2%, P =(—+,+) ,
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{2a7 Eb} = 2nab7 nab - (+7 +7 ct +) )

"} =0 (V) =L . (A3)
v* and X% are the 3D space—time and 7D internal Dirac matrices respectively, and ~*
plays the role of a chirality operator [17] by enhancing the three-dimensional space-time
spinor to a four component spinor (instead of the usual two component spinor). Note
that in order to have {T'*, T} = 0 we are forced to introduce the chirality operator v*.

A A

We decompose the 10D spinor into the form 4 = ¢4 ® x?, where €4 is a four component

spinor of SO(1,2) (A =1,...,4) and X' is a SO(7) spinor, with 7 = 1,...,8 indicating

the NV = 8 supersymmetries.
We have
0 =P @I, T =~"®%% TI?=Lgs?,
[ =4*@%®, I =y¥yg5, (A.4)

with T48-¢ = Tler? . T thus I'*? = L(TAT® — T2T'4). The 10D chirality operator
' is given by I'' = 40414244 @ iIg.

As a representation of the « matrices, we take

0 io? 0 o3 0 ot I, O
’YO - . 9 ) ’yl - 3 ) 72 = 1 ) 74 - )
10 0 c° 0 o 0 0 -1,

with
(1) () -BL) e
10 i 0 0 —1
Then
W=—Jy, =0y, R=Jy, (A.6)
where

0 I
(on). "

We have y# = ety XM = e'X?, where e/ and e]' are the space-time and internal

inverse vielbeins respectively.

The conventions for the Christoffel symbols and the Ricci tensor are the following:

1 aagw 09us  O9uw
FZV:§ZP{ £ — ll}’

800” o0x°

[

14 8 14 8 14 (6% 14 (6% 14
wp — ZRMVP = Z oxV Fup - @(Z Fup) + Z Fuprazx Fl/pra,u,) ;

v 1 uaag'/a
XV:FW:§§ = &WI ny/lgl - (A.8)
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Our convention for the spin connection is

1 1 1
WMAB = §E,14>7(8MENB_8NEMB)+§EJ§7(8NEMA_8MENA)_§E5Eg(8PE8_8QEg)EMC’
(A.9)
and
GMN = Eﬁ NaB Eﬁ, EMB = E]?} NeB- (AlO)
Other useful identities are
€1 7WP — _1 €0 Waﬁn
wep dete 7"
6 .
= dete ez 7 with €% = —e =1,
v 1 (e}
el“’/’ Y p= E Gu 601577 ’Yﬁn . (Al].)
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