
ar
X

iv
:a

st
ro

-p
h/

97
01

17
3v

1 
 2

2 
Ja

n 
19

97

Open Hybrid Inflation
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We propose an open hybrid inflation scenario that produces an open universe with a ‘tilted’ n > 1
spectrum of metric perturbations. The model contains a symmetry breaking field that tunnels to its
true vacuum, producing a single bubble inside which hybrid inflation drives the universe to almost
flatness. In order to obtain density perturbations with n > 1 we analyse a recently proposed new
version of hybrid inflation scenario called tilted hybrid inflation. In this scenario, unlike in the
previously known versions of hybrid inflation, a considerable tilt of the spectrum can be obtained
without fine-tuning. The stage of inflation in this model is rather short, which allows us to obtain
an inflationary universe with Ω < 1 in a more natural way. We study the separate contribution of
scalar perturbations coming from the continuum subcurvature modes, the discrete supercurvature
mode and the bubble wall mode to the angular power spectrum of temperature fluctuations in open
inflation. We derive bounds on the parameters of the model so that the predicted spectrum is
compatible with the observed anisotropy of the microwave background.

PACS numbers: 98.80.Cq Preprint CERN-TH/97-08, SU-ITP-97-04, astro-ph/9701173

I. INTRODUCTION

Until recently, inflation was associated unequivocally
with a flat universe, due to its tendency to drive the
spatial curvature so effectively to zero. However, it is
now understood that inflation comprises a wider class of
models, some of which may give rise to an open universe
at present [1–3]. Such models generically contain a field
trapped in a false vacuum, which tunnels to its true vac-
uum via the nucleation of a single bubble inside which a
second period of inflation drives the universe to almost
flatness. These models recently became rather popular
because in an open universe it is possible to reconcile
a large value of the Hubble constant [4] with the large
estimated age of globular clusters [5]. But even indepen-
dently of this issue, open inflation models have several
interesting features that single them out from other cos-
mological models.

For a long time it seemed impossible to make any phys-
ical sense of the (mathematically consistent) open uni-
verse model because it presumed that an infinite universe
appeared from nowhere at a single moment of time, be-
ing perfectly synchronized over an infinitely large length
scale. This leads to the horizon problem in its strongest
form. Also, whereas it seemed possible that a small
closed universe could be created by ‘tunneling from noth-
ing’ and then experience a period of inflation, a similar
event for an infinite open universe seemed impossible. In-
deed, one may argue that such processes should be sup-
pressed by e−|S|, where S is the action of the instanton
describing the universe creation [6]. Therefore one could
expect that quantum creation of an infinitely large open
universe should be forbidden because this would involve

tunneling with infinite action. The models of Refs. [1–3]
show for the first time that a consistent physical model
of an infinite homogeneous universe is possible, and that
such a universe can appear as a result of quantum tun-
neling. The bubble containing an open universe looks
finite from the point of view of an outside observer, and
the probability of its creation is finite. Meanwhile an ob-
server inside the bubble would see an infinite open uni-
verse.

Another distinct feature of such models is that the ho-
mogeneity problem is solved not through the exponen-
tial expansion, as in the usual inflationary models, but
through the exponential suppression of the probability of
production of spherically asymmetric bubbles [3]. This
way one solves the homogeneity problem independently
from the flatness problem. The origin of structure is
still related to amplified quantum fluctuations of the field
that drives inflation inside the bubble [7,2]. However, in
the spectrum of temperature fluctuations there appears a
new set of discrete supercurvature modes [8,9], associated
with the open de Sitter vacuum [7,10] and the bubble wall
fluctuations at tunneling [3,11–13], which could be made
small in some of the models [14].

There is some evidence that the observations made in
a wide range of scales, from horizon size to large clusters
of galaxies, constrain open inflation models (with small
Ω0 ∼ 0.3–0.4) to have a ‘tilted’ spectrum of density per-
turbations with the spectral index n > 1 [15], and es-
sentially no other contribution, either from gravitational
waves or supercurvature modes. The open inflation mod-
els considered so far predict a tilted n < 1 spectrum, see
e.g. Ref. [16], which may contradict observational data
for models with very small Ω0 [15].
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In this paper, we consider a model of open inflation
in which the second stage inside the bubble is driven
by hybrid inflation [17]. Models of hybrid inflation are
known to provide a blue tilted spectrum of metric per-
turbations, with negligible contribution of gravitational
waves [18–21]. However, in most of the hybrid inflation
models developed so far the tilt is extremely small; in
order to achieve a considerable tilt of the spectrum in
hybrid inflation one needs to fine tune the parameters of
the model [20]. In what follows we will consider a new
class of hybrid inflation models where a significant tilt
can be achieved in a natural way, which we call tilted
hybrid inflation, see Ref. [22]. We will make tilted hy-
brid inflation a part of an open inflation scenario. To
make sure that supercurvature and bubble wall modes
do not distort the CMB too much, we compute the angu-
lar power spectrum of temperature anisotropies for both
the continuum modes and the supercurvature modes and
find that there are models in which all constraints are
satisfied.

Apart from scalar metric perturbations, open infla-
tion also produces a primordial spectrum of gravitational
waves, whose amplitude and scale dependence in single-
bubble open inflation models has only recently been
known [23]. In order to compare with observations there
still remains to be computed the corresponding angular
power spectrum of CMB temperature fluctuations. We
will consider the constraints on the parameters of tilted
hybrid models from such a tensor component of the CMB
anisotropies in a future publication.

II. TILTED HYBRID INFLATION

The simplest realization of hybrid inflation in the con-
text of the chaotic inflation scenario is provided by the
potential [17]

V (φ, ψ) =
1

4λ

(

M2 − λψ2
)2

+
1

2
m2φ2 +

1

2
g2φ2ψ2 . (1)

The bare massesm and M of the scalar fields φ and ψ are
‘dressed’ by their mutual interaction. At large values of
the fields, their effective masses squared are both positive
and the potential has the symmetry ψ ↔ −ψ. At small
values of the field φ, the potential has a maximum at φ =
ψ = 0 and a global minimum at φ = 0, ψ = ψ0 ≡M/

√
λ,

where the above symmetry is broken.
Equations of motion for the homogeneous fields at the

stage of their slow rolling during inflation are

3Hφ̇ = −(m2 + g2ψ2)φ , (2)

3Hψ̇ = (M2 − g2φ2 − λψ2)ψ , (3)

where the Hubble constant is given by H2 = 8πV/3M2
P.

Motion starts at large φ, where the effective mass squared
of the ψ field is positive and the field is sitting at the
minimum of the potential at ψ = 0. As the field φ de-
creases, its quantum fluctuations produce an almost scale

invariant but slightly tilted spectrum of density pertur-
bations [17–21].

During the slow-roll of the field φ, the effective mass of
the triggering field is m2

ψ = g2φ2 −M2. When the field

φ acquires the critical value φc ≡ M/g, fluctuations of
the massless ψ field trigger the symmetry-breaking phase
transition that ends inflation. If the bare mass M of the
σ field is large compared with the rate of expansion H
of the universe, the transition will be instantaneous and
inflation will end abruptly, as in the original hybrid infla-
tion model [17]. If on the contrary the bare mass M is of
the order of H , then the transition will be very slow and
there is the possibility of having yet a few more e-folds
of inflation after the phase transition, see Refs. [24,25].

When ψ = 0 the inflaton potential becomes V (φ) =
M4/4λ+m2φ2/2. Since the scalar field φ takes relatively
small values, for m2 ≪ g2M2/λ the energy density is
dominated by the vacuum energy,

H2
0 =

2πM4

3λM2
P

, (4)

to very good accuracy [20]. It is then possible to integrate
exactly the evolution equation of φ,

φ(N) = φc exp(rN) , (5)

r =
3

2
−

√

9

4
− m2

H2
0

≃ m2

3H2
0

, (6)

where N = H0(te− t) is the number of e-folds to the end
of inflation at φ = φc, and we have used the approxima-
tion m <∼ H0.

An important feature of the perturbation spectrum of
the hybrid inflation model is its growth at large k; for
example, at the end of inflation in this theory one has
[17,18]:

δρ

ρ
(k) =

2
√

6πgM5

5λ
√
λm2M3

P

·
(

k

H0

)
m

2

3H2

0

, (7)

which corresponds to a spectral index

n ≃ 1 +
2m2

3H2
0

= 1 +
λm2M2

P

πM4
. (8)

One should note that even though the spectral index n
in this model is greater than 1, for typical values of the
parameters, n = 1 with great accuracy. For example,
one may consider the numerical values of parameters for
the version of the hybrid inflation model discussed in
Ref. [17]: g2 ∼ λ ∼ 10−1, m ∼ 102 GeV (electroweak
scale), M ∼ 1011 GeV. In this case n − 1 = O(10−4).
Thus it is not very easy to use hybrid inflation in order
to obtain a blue spectrum without fine-tuning; in fact one
could even argue that hybrid inflation has a very stable
prediction that the spectrum must be almost exactly flat;
see, however, Ref. [20].
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This conclusion could be somewhat premature. In-
deed, one can follow the lines of Ref. [26] and consider
models where the field φ during inflation acquires an ef-
fective mass squared

m2
eff = m2 + αH2 , (9)

with α = O(1). This is a very natural assumption, which
is true in a large class of supersymmetric models [27]. It is
also true for models where the field φ has a non-minimal
coupling with gravity described by the additional term
−ξRφ2/2 in the Lagrangian. During hybrid inflation
R = 12H2

0 , and the field φ acquires an effective mass
(9) with α = 12ξ. In such models one should consider
those parts of the universe where φ ≪ MP/

√
α, because

at much larger values of φ the effective gravitational con-
stant G−1 = M2

P/16π − ξφ2/2 becomes singular. For
φ ≪ MP/

√
α the Hubble constant can be approximated

by Eq. (4). In such a case one has

δρ

ρ
(k) =

9
√

2H

5παφ
=

3
√

6 gM

5
√
λπ αMP

(

k

H0

)
α

3

. (10)

Here φ is the value of the scalar field at the moment
when the perturbations are produced which at the end
of inflation have momentum k. These perturbations have
spectral index n − 1 ≃ 2α/3 > 0 for α <∼ 1. We call
such models tilted hybrid inflation [22]: they provide a
spectrum of density perturbations with a positive tilt,
which may be large and may not require any fine tuning
of parameters.

We will concentrate here, for definiteness, on a par-
ticular version of the tilted hybrid model proposed in
Ref. [22]. This model has a potential for the field φ (while
ψ = 0, i.e. during the stage of inflation in our scenario),
which is given by

V (φ) = V0 exp
(4παφ2

3M2
P

)

, (11)

where V0 = M4/4λ is the vacuum energy, and we are
assuming 4παφ2/3 ≪ M2

P. The effective mass of φ be-
comes

m2 = V ′′(φ) = αH2
(

1 +
8παφ2

3M2
P

)

≃ αH2 . (12)

The field evolves according to Eq. (5) with r ≃ α/3, and

φ̇2 + m2φ2 ≪ V0 is satisfied during inflation. In this
model, the condition for inflation to occur, −Ḣ < H2, is

φ < φinf ≡
3

2
√
π α

MP . (13)

As a consequence, the number of e-folds has a maximum
value

Nmax ≡ 3

α
ln

(φinf

φc

)

=
3

α
ln

( 3gMP

2
√
π αM

)

. (14)

n

20 40 60 80 100
0.9

1

1.1

1.2

1.3

N

FIG. 1. The tilt of the spectrum (18) as a function of the
number of e-folds to the end of inflation, for Nhor = 55 and
parameters α = 0.3, 0.25, 0.2, from top to bottom. The black,
dashed, dotted-dashed and dotted lines for each α correspond
to the ratio g4/λ = 0.1, 1.0, 10, 100, respectively. Note that
the tilt rises very quickly to its asymptotic value.

In this model, the spectrum of curvature perturbations
for a flat universe is expressed by [22]

PR(k) =
9H2(φ)

4π2α2φ2
. (15)

In a flat universe, the COBE normalization imposes a
constraint on the amplitude (15), see Ref. [22],

3g2M2 e−2αN/3

2λα2M2
P

≃ 10−8 . (16)

where N corresponds to the scale of the horizon today,

Nhor ≃ 55 +
2

3
ln

( V 1/4

1016GeV

)

+
1

3
ln

( Trh

109GeV

)

. (17)

As we will see in Section IV, the constraint in an open
model is not very different. For g2 ∼ λ ∼ 0.1 and α ≃
0.25 we have M ≃ 2 × 10−3MP ≃ 2 × 1016 GeV, i.e. the
GUT scale.

The spectrum (15) has a tilt given by

n− 1 =
d lnPR
d ln k

=
2α

3

(

1 − 4παφ2

3M2
P

)

, (18)

which vanishes at

φ = φmin ≡
√

3

4πα
MP , (19)

where the spectrum has a minimum. Later on, the tilt
will acquire the asymptotic value nas = 1+2α/3. This is
reflected in Fig. 1, where it is seen how the tilt grows as a
function of the number of e-folds to the end of inflation,
for various values of α. As we increase the ratio g4/λ,
the asymptotic tilt is more quickly approached.

Using the constraint (16) it is possible to find an ex-
pression for Nmax, as a function of Nhor,
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FIG. 2. The asymptotic tilt of the spectrum as a function
of the maximum number of e-folds, Nmax, for Nhor = 55. The
five lines correspond to the ratio g4/λ = 100, 10, 1, 0.1, 0.01,
from top to bottom.

Nmax ≃ 12

α
ln 10 −Nhor +

3

2α
ln

( 27

8πα4

g4

λ

)

. (20)

In Fig. 2 we have plotted the asymptotic value of the
tilt nas = 1 + 2α/3 as a function of Nmax, for various
values of g4/λ. As we increase this ratio, larger asymp-
totic tilts can be obtained for smaller values of Nmax.
Thus strongly tilted hybrid models generically predict a
small number of e-folds of inflation. This is another fea-
ture of the model that could be useful for open inflation.
For example, depending on the parameters of the the-
ory and the efficiency of reheating, the minimum of the
spectrum of curvature perturbations (19) for α ∼ 0.25
could lie on scales comparable to the scale of our present
horizon. If the minimum corresponds to the horizon
scale, the spectrum on this scale will be practically flat.
For M ≃ 2 × 10−3MP ≃ 2 × 1016 GeV, α = 0.25 and
g2 ≃ λ ≃ 0.1, we find Nmax ∼ 60, which is of the or-
der of the number of e-folds corresponding to the scale of
the horizon. In this case, the scalar spectrum is nearly
scale invariant, see Eq. (18), on those scales, but soon
rises to an asymptotic value nas ≃ 1.17 on smaller scales.
This choice of parameters [22] is not unique; e.g. one can
have a larger α = 0.3, for g = 1 and λ = 0.01, which
gives M = 6× 1015 GeV and n = 1.2 on all scales within
the horizon, as you can see from Fig. 1. In this case,
Nmax = 85, which is much larger than Nhor = 55.

III. OPEN HYBRID INFLATION

The new ingredient here is a period of false vacuum
inflation prior to the stage of hybrid inflation. This could
be accounted for by a symmetry breaking field σ which is
trapped in a false vacuum and eventually tunnels through
to the true vacuum via the nucleation of a bubble. One
of the possible models describing this process has the
following effective potential [3]:

V (σ, φ) =
M ′2σ2

2
−
√
λ′M ′σ3 +

λ′σ4

4
+
h2φ2σ2

2
+ Ṽ ,

(21)

where we have included a coupling between σ and φ to
ensure the synchronization of the two fields after tunnel-
ing, in order to prevent large temperature fluctuations in
the CMB [3]. The constant Ṽ ∼M ′4/λ′ is added to make
the effective potential vanish in its global minimum.

The combined effective potential for all fields in our
model looks as follows:

V (σ, φ, ψ) = −M
2ψ2

2
+
λψ4

4
+
M4

4λ
exp

(4παφ2

3M2
P

)

+

+
M ′2σ2

2
−
√
λ′M ′σ3 +

λ′σ4

4

+
φ2

2
(g2ψ2 + h2σ2) + Ṽ . (22)

Even though this model may look complicated, it is ba-
sically very simple: V (σ, φ, ψ) is the sum of the effective
potential for the tilted hybrid inflation and the potential
(21) for open inflation. The global minimum of this po-

tential is at φ = 0, ψ = M/
√
λ, σ = 1

2 (3 +
√

5)M ′/
√
λ′;

the effective potential vanishes there. We suppose that
M√
λ
, M

′

√
λ′
, Mg ,

M ′

h ≪MP.

Now let us study the combined evolution of all three
fields. Suppose that initially the scalar field φ is very
large, φ ≫ M/g,M ′/h. At that time the minimum
of the effective potential is at ψ = σ = 0, and the
fields roll there. The minimum at σ 6= 0 appears and
becomes deeper than the minimum at σ = 0 only for
φ < φ∗ ≡ M ′/h, and the phase transition to ψ 6= 0 oc-
curs at φ < φc ≡ M/g. Let us consider the model with
M ′/h > M/g, i.e. φ∗ > φc. In this case the first phase
transition occurs when the field φ rolls down to φ∗, and
the bubbles of the field σ containing open universes in-
side each of them are formed. Inside each bubble, the
scalar field φ continues rolling down, driving the second
stage of inflation which eventually ends when the field
φ reaches φc. If the tunneling event is very improbable,
then other bubbles will not collide with ours in our past
light cone and we could be living inside such a bubble.

The second stage of inflation inside each of the bub-
bles, which occurs when the field φ rolls down from φc to
φ∗, can be approximately described by the tilted hybrid
inflation model described in the previous section. The
number of e-folds of hybrid inflation inside the bubble is
then given by

N ≈ 3

α
ln
φ∗
φc

=
3

α
ln
gM ′

hM
. (23)

For an open universe we require N = 55 ± 5.
However, one should take into account also an addi-

tional contribution of the term h2φ2σ2/2 ∼ h2φ2M ′2/2λ′

to the effective mass of the scalar field φ, as well as the
contribution of the false vacuum energy density of the
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field σ to the Hubble constant. Fortunately, under the
following conditions these corrections are small and can
be neglected:

h2M ′2

λ′
≪ 2παM4

3λM2
P

,

M ′4

λ′
≪ M4

λ
. (24)

Using Eqs. (16) and (23), the first condition can be writ-
ten as

h4

λ′
≪ 8πα3

9
10−8 . (25)

All conditions will be satisfied if, for instance, one takes
the values α = 0.25, g2 = λ = 0.1 and M = 2 × 1016

GeV, as in the previous Section, and λ′ >∼ 0.1, h ∼ 10−3,

and M ′ ∼ 1016 GeV. In such a case all the results of
the previous section remain valid for our model. Thus
we have found a working model of open universe that
produces metric perturbations with a blue spectrum, as
described in Sect. II.

IV. TEMPERATURE ANISOTROPIES

Until recently, observations of the CMB anisotropies
provided just a few constraints on the parameters of infla-
tionary models, mainly from the amplitude and the tilt of
both scalar and tensor perturbations’ spectrum. Nowa-
days, with several experiments looking at different angu-
lar scales, we have much more information about both
spectra as well as other cosmological parameters such as
Ω0, H0, ΩB, etc. In the near future, most of these param-
eters will be known with better than a few % accuracy,
thanks to the new generation of microwave anisotropy
satellites, MAP [28] and COBRAS/SAMBA [29].

Quantum fluctuations of the inflaton field φ during in-
flation produce long-wavelength scalar curvature pertur-
bations and tensor (gravitational wave) perturbations,
which leave their imprint in the CMB anisotropies. We
will only consider here the scalar component and leave
the tensor for a future publication. We will use R
to denote the scalar metric perturbation on comoving
hypersurfaces. Open inflation generates three different
types of scalar modes: those that cross outside during
the second stage of inflation and constitute a continuum
of subcurvature modes [7,2]; a discrete supercurvature
mode [8], associated with the open de Sitter vacuum [10],
and a mode associated with the bubble wall fluctuations
at tunneling [12,13,30], all of which induce temperature
anisotropies in the microwave background.

In order to compare with observations we have to com-
pute the effect that such a scalar metric perturbation has
on the temperature anisotropies of the CMB (expanded
in spherical harmonics),

δT

T
(θ, φ) =

∑

lm

alm Ylm(θ, φ) . (26)

In the context of an open universe, the main effect on
large scales comes from the integrated Sachs-Wolfe ef-
fect [31]. The angular power spectrum Cl ≡ 〈|alm|2〉
has contributions coming from the continuum of scalar
subcurvature modes, the supercurvature mode and the
bubble wall mode,

Cl = C
(C)
l + C

(S)
l + C

(W )
l . (27)

The contribution of each mode to the Cl’s is measured
by a window function Wql, given by [31]

5Wql = Πql(η0) + 6

∫ η0

0

dr F ′(η0 − r)Πql(r) , (28)

for the subcurvature modes, where

F (η) = 5
sinh2 η − 3η sinh η + 4(cosh η − 1)

(cosh η − 1)3
, (29)

and η0 = cosh−1(2/Ω0 − 1) is the distance to the last
scattering surface. Here Πql(r) are the radial eigenfunc-
tions of the Laplacian, with eigenvalue −k2 = −(1 + q2),
see Ref. [32]. The curvature scale corresponds to k = 1.
For subcurvature modes, q2 > 0, while for supercurva-
ture modes, q2 < 0. There is an analogous expression
to (28) for the supercurvature modes’ window functions
W̄|q|l in terms of the eigenfunctions Π̄|q|l(r). The corre-
sponding expressions can be found in the Appendix of
Ref. [16], where a similar analysis was performed for the
induced gravity open inflation model.

Subcurvature modes

Those fluctuations that cross the Hubble scale during
the second stage of inflation give rise to a continuum spec-
trum of subcurvature scalar metric perturbations [1,10]
which can be computed in the case of hybrid inflation

PR = A2
C coth(πq) (30)

A2
C =

3g2M2 e−2αN/3

2πλα2M2
P

. (31)

The extra coth factor is due to the spatial curvature im-
mediately after tunneling [7,10]. As inflation progresses
inside the bubble, and the corresponding scales acquire
values q ≫ 1, the spectrum recovers the usual power law
behavior of flat inflation. The spectral tilt can then be
evaluated as in Eq. (18), n = 1 + 2α/3. Note that the
tilt is always greater than 1 in this model.

The angular power spectrum for the continuum modes
can be written as [7]

C
(C)
l = 2π2

∫ ∞

0

dq

q(1 + q2)
PR(q)W 2

ql , (32)
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FIG. 3. The first 12 multipoles of the angular power spec-
trum associated with the continuum modes, D

(C)
l

, normalized
to the tenth multipole, for Ω0 = 0.2 to 0.6 from top to bottom
at low l. The thick lines correspond to a scale invariant n = 1
spectrum, while the thin dashed lines correspond to a tilted
n = 1.15 spectrum.

where PR(q) is the primordial curvature perturbations’
spectrum (30) and the window function Wql can be
computed from Eq. (28) with eigenfunctions given in
Ref. [32,16].

We can compute the large angle power spectrum for
different values of Ω0 in the low density range, 0.2 ≤
Ω0 ≤ 0.6, for a scale invariant n = 1 spectrum, as
well as for a tilted, n = 1.15, spectrum. In Fig. 3 we
show the first twelve multipoles, adopting the notation
Dl = l(l + 1)Cl. Note that the quadrupoles of the two
spectra actually differ by a factor as large as 1.25, for
any value of Ω0. Clearly, a tilted n > 1 density pertur-
bation spectrum produces a flatter power spectrum in an
open universe. We have computed the large scale power
spectrum including only the Sachs-Wolfe effect, as appro-
priate to the lowest multipoles, while ignoring the effect
of oscillations in the photon-baryon fluid, which is known
to induce and effective extra tilt of about 0.15, as it rises
to the first acoustic peak at [33]

lpeak ≃ 220 Ω
−1/2
0 . (33)

A future precise determination of lpeak will allow us to
conclude whether the universe is indeed open [34].

In order to compare our predictions with observa-
tions we have to know the amplitude and shape of the
power spectrum of temperature fluctuations in the mi-
crowave background. The normalization to COBE [35]
for tilted open models has recently been given by Bunn
and White [36], under the assumption that only the con-
tinuum modes are important. They specify a quantity
δH, which measures the normalization of the present mat-
ter power spectrum in an open universe. The preferred
value depends on n and Ω0, [36]

δH(n,Ω0) = 1.95 × 10−5 Ω
−0.35−0.19 ln Ω0−0.17(n−1)
0 ×

exp[−(n− 1) − 0.14(n− 1)2] . (34)

We will consider values of the tilt away from 1, as well as
low density universes, so both dependencies in principle
need to be taken into account. However, the dependen-
cies are not that strong for the values we are considering,
so it is enough to take δH ≃ 2 × 10−5, in order to de-
termine the model’s parameters. In the future, a precise
knowledge of both Ω0 and n will allow a better deter-
mination of the parameters. In an open universe δH is
related to PR as [36]

δH =
2

5
P1/2
R

g(Ω0)

Ω0
, (35)

where g(Ω0) is a function measuring the suppression in
the growth of perturbations relative to a critical-density
universe,

g(Ω)

Ω
=

5

2

[ 1

70
+

209Ω

140
− Ω2

140
+ Ω4/7

]−1

, (36)

which tends to 1 as Ω0 → 1, and PR is evaluated at
around the 10th multipole, where cosmic variance is small
and cothπq ≃ 1. The Ω0 dependence can give a factor
of up to 1.5 in the region of interest, but we can ignore
it as we do not require such accuracy. Reproducing the
amplitude of temperature anisotropies gives the most im-
portant constraint on the parameters of the model,

3gM e−αN/3

2α
√
λMP

≃ 10−4 . (37)

For N ≃ 55 on the scale of the horizon, and very natural
values of the couplings, g2 ∼ λ ∼ 0.1, we have

M ≃ 2 × 10−3MP ≃ 2 × 1016 GeV , (38)

the GUT scale. If the scalar field φ has a bare mass m,
it should be smaller than

√
αH0 ≃ 10−5MP . (39)

As long as m is smaller than
√
αH0, nothing depends

on this parameter, so we do not need to fine-tune m in
order to obtain adiabatic scalar perturbations with a blue
spectrum. Since H0 ≪M , hybrid inflation will end with
a sudden transition to the symmetry breaking phase of
the triggering field, without a second stage of inflation
like the one discussed in Refs. [24,25].

Supercurvature mode

Apart from the continuum of subcurvature modes, in
open inflation we also have a contribution to the mi-
crowave background anisotropies coming from a discrete
supercurvature mode,

k2 = 1 −
[(9

4
− m2

F

H2
F

)1/2

− 1

2

]2

, (40)
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FIG. 4. The first 12 multipoles of the angular power spec-
trum associated with the supercurvature modes, D

(S)
l

, nor-
malized to the curvature perturbation amplitude, 〈R2

S〉, for
Ω0 = 0.2 to 0.9 from top right to bottom left. The quadrupole
does not necessarily dominate the power spectrum for small
Ω0.

which appears in the spectrum of the inflaton field in
open de Sitter when m2

F < 2H2
F in the false vacuum [7].

The metric perturbation for this mode is given by [14]

〈R2
S〉 ≃ A2

C

H2
F

H2
T

. (41)

The angular power spectrum of temperature aniso-
tropies induced by this supercurvature mode can be writ-
ten as

D
(S)
l = l(l+ 1)C

(S)
l = 4π 〈R2

S〉 W̄ 2
1l , (42)

where W̄1l is the window function for this |q| = 1 mode,
see Ref. [16], where the correctly normalized eigenfunc-
tions were given.

We have computed the angular power spectrum D
(S)
l

for different values of Ω0 in the range 0.2 ≤ Ω0 ≤ 0.9,
as shown in Fig. 4 for the first twelve multipoles. We

have found D
(S)
l /〈R2

S〉 to be two orders of magnitude
smaller than the continuum spectrum, see Fig. 6. Since
we want the supercurvature mode contribution to the
power spectrum to be smaller than that of the continuum
modes, we need

〈R2
S〉 < 100A2

C . (43)

This imposes only a very mild constraint on the param-
eters of the model,

H2
F

H2
T

< 100 , (44)

which is easy to satisfy for reasonable values of the pa-
rameters. Since we are considering that the tunneling
occurs at φ ≃ φ∗, where the two minima of the tunneling
potential are degenerate, we have HF ≃ HT and there-
fore the bound is easily satisfied.

Bubble wall mode

Apart from the continuum of subcurvature modes and
the discrete supercurvature mode, we expect also a con-
tribution from the bubble wall fluctuations [12,13,30].
These fluctuations contribute as a transverse traceless
curvature perturbation k2 = −3 mode, which never-
theless behaves as a homogeneous random field, see
Refs. [11,37].

The curvature perturbation amplitude for this bubble
wall mode can be computed from [12,10]

〈R2
W 〉 =

3κ2H2
T

16π2 α2β

[

α2 + (1 + α2β)2
]1/2

, (45)

where κ2 = 8πG and

α =
κ2 S1HT

H2
F −H2

T

, β =
H2
F −H2

T

4H2
T

. (46)

Here S1 is the contribution to the bounce action coming
from the bubble wall. At tunneling, φ = φ∗, the potential
(21) becomes,

U(σ) =
λ′

4
σ2(σ − σ0)

2 , (47)

where σ0 = 2M ′/
√
λ′. Thus S1 can be computed as [12]

S1 =

∫ σ0

0

dσ [2(U(σ) − UF )]1/2 =
2
√

2M ′3

3λ′
. (48)

Note that in the limit α2β ≪ 1 of small gravitational
effects at tunneling, we recover the result of Ref. [3],

〈R2
W 〉 =

3H2
T (H2

F −H2
T )

4π2κ2S2
1

. (49)

However, in the opposite limit of strong gravitational ef-
fects, α2β ≫ 1, we have [12]

〈R2
W 〉 =

3κ2H2
T

16π2
. (50)

The contribution of the bubble wall mode to the an-
gular power spectrum can be written as

D
(W )
l = l(l + 1)C

(W )
l =

4π 〈R2
W 〉

(l + 2)(l − 1)
W̄ 2

2l , (51)

where W̄2l is the window function for this |q| = 2 mode,
see Ref. [16] for the correctly normalized eigenfunctions.

We have computed the angular power spectrum C
(W )
l

for different values of Ω0 in the range 0.2 ≤ Ω0 ≤ 0.9,
as shown in Fig. 5 for the first twelve multipoles. We

have found l(l+1)C
(W )
l /〈R2

W 〉 to be of the same order of
magnitude or smaller than the continuum spectrum, see
Fig. 6. Since we want the bubble wall mode contribution

7
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FIG. 5. The first 12 multipoles of the angular power
spectrum associated with the bubble wall modes, D

(W )
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, nor-
malized to the curvature perturbation amplitude, 〈R2

W 〉, for
Ω0 = 0.2 to 0.9 from top to bottom. The quadrupole domi-
nates the C

(W )
l

power spectrum for all Ω0.

to the power spectrum to be smaller than that of the
continuum modes, we need

〈R2
W 〉 < A2

C . (52)

This imposes only a very mild constraint on the param-
eters of the model. For α2β ≪ 1, we would have

α eαN/3 <
3g S1

M(UF − UT )1/2
, (53)

which is easy to satisfy for sufficiently large M ′, see
Ref. [3]. However, since we are considering the tunneling
when HF ≃ HT , we have α2β ≫ 1 and the amplitude of
the metric perturbation (50) becomes

〈R2
W 〉 =

1

λ

M4

M4
P

, (54)

which could indeed be smaller than A2
C for the pa-

rameters of tilted hybrid models, λ ≃ 0.1 and M ≃
2 × 10−3MP, discussed in Section II.

V. CONCLUSIONS

In this paper we have studied an open inflation model
in which the second period of expansion inside the bubble
is driven by tilted hybrid inflation [22]. This model has a
characteristic signature of a tilted n > 1 spectrum. Such
a spectrum is nowadays the best candidate for explaining
the CMB anisotropies in case the universe is wide open,
with Ω0 < 0.4 [15].

We have computed the angular power spectrum of tem-
perature fluctuations in the CMB induced by the con-
tinuum of scalar subcurvature modes, as well as the de
Sitter supercurvature mode and the bubble wall mode.
We have found a set of constraints that the parameters

maxD

l

hR

2

i




0

continuum

0.2 0.4 0.6 0.8 1
0.001

0.01

0.1

1

10.

bubble wall

supercurvature

FIG. 6. The largest multipole of the angular power spec-
trum, normalized to the corresponding metric perturbation,
for the continuum, supercurvature and bubble wall modes, as
a function of Ω0. While the continuum modes do not change
much as we approach Ω0 = 1, the supercurvature and bubble
wall modes decrease exponentially.

of such a model should satisfy in order to agree with ob-
servations. The parameters of our model satisfy all the
constraints in a natural way. The contribution of a pri-
mordial spectrum of gravitational waves to the complete
angular power spectrum of temperature anisotropies and
the associated constraints on the parameters of the open
hybrid model will be discussed in a separate publication.

Note that our model requires the existence of three
scalar fields, which is a long shot from the simplest in-
flationary models describing only one scalar field. On
the other hand, our model represents a simple combina-
tion of the hybrid inflation scenario and the theory of
a scalar field σ with a metastable vacuum state σ = 0.
The hybrid inflation scenario recently became very popu-
lar. It allows inflation to occur at sub-Planckian values of
scalar fields, which makes it easier to realize it in the con-
text of supersymmetric models. The scalar field σ with a
metastable vacuum state is necessary for open inflation
anyway. Thus our model consists of only two building
blocks, each of which is rather natural in the context of
inflationary cosmology. There are many ways to com-
bine these two models together, so the model described
in this paper is not unique, and it is quite possible that
a simpler and more elegant model can be proposed. Our
main purpose here was simply to show that open inflation
models with blue spectra do exist. On the other hand,
the tilted hybrid inflation which we used in our scenario
has a naturally short duration of inflation after the tun-
neling with the open universe formation. This is exactly
what we need in order to have an inflationary universe
with Ω < 1.

In principle, one can obtain a tilted spectrum of per-
turbations in an entirely different way, by combining the
open inflation model with the recently proposed model of
Ref. [26], in which one may have strongly tilted isocurva-
ture or adiabatic non-Gaussian perturbations. It might

8



be possible to obtain a model with all desirable properties
that will require only two scalar fields.

To avoid misunderstandings, we should emphasize that
we sincerely hope that at the end of the day observa-
tional data will show that the universe is flat, and that
perturbations of the metric are scale-invariant, as sug-
gested by the simplest inflationary models. However,
when the universe was built we have not been consulted.
Our final goal is to propose an internally consistent the-
ory that will correctly describe observational data. We
are very encouraged that a consistent theory of an open
universe does exist. So far this theory has been formu-
lated only in the context of inflationary cosmology. This
means that the consistent cosmological models describ-
ing large nearly homogeneous universe with Ω < 1 do not
contradict inflation, and, moreover, they have so far been
constructed only within the context of inflation. In this
paper we have shown that it is not difficult to modify the
spectrum of perturbations of the metric in such models,
which may be necessary to make them consistent with
observations.
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