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Abstract

Certain type II string non-threshold BPS bound states are shown to be
related to non-static backgrounds in 11-dimensional theory. The 11-d coun-
terpart of the bound state of NS-NS and R-R type IIB strings wound around
a circle is a pure gravitational wave propagating along a generic cycle of
2-torus. The extremal (¢1,¢q2) string with non-vanishing momentum along
the circle (or infinitely boosted black string) corresponds in D = 11 to a 2-
brane wrapped around 2-torus with momentum flow along the (q1, ¢2) cycle.
Applying duality transformations to the string-string solution we find the
background representing the type ITA bound state of 2-brane and 0-brane.
Its lift to 11 dimensions is simply a 2-brane finitely boosted in transverse
direction. This 11-d solution interpolates between a static 2-brane (zero
boost) and a gravitational wave in 11-th dimension (infinite boost). Sim-
ilar interpretations are given for various bound states involving 5-branes.
Relations between transversely boosted M-branes and 1/2 supersymmetric
non-threshold bound states 240 and 5+0 complement those between M-
branes with momentum in longitudinal direction and 1/4 supersymmetric
threshold bound states 140 and 4+0. In the second part of the paper we
establish the correspondence between the BPS states of type IIB strings on
a circle and oscillating states of a fundamental supermembrane wrapped
around a 2-torus. We show that the (g1, ¢g2) string spectrum is reproduced
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by the membrane BPS spectrum, determined using a certain limit. This
supports the picture suggested by Schwarz.
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1. Introduction

In view of recent suggestions that D = 11 supergravity may be a low-energy effective
field theory of a more fundamental ‘M-theory’, it is important to clarify further how dif-
ferent p-branes and their BPS bound state configurations in D = 10 string theories can be
understood from eleven-dimensional perspective (for recent reviews and refs. see [1,2,3]).
At the level of effective field theory classical configurations, the threshold (i.e. zero binding
energy) BPS bound states of p-branes (corresponding, in particular, to superpositions of
D-branes with p — p’ = 4,8 [4,5,6,7]) originate from combinations of intersecting 2-branes
and 5-branes in 11 dimensions [8,9,10,11,12,13].

As for non-threshold BPS bound states with non-zero binding energy (typically, with
Mo = /M2 + M2) which cannot be viewed as n weakly coupled p-branes at equilibrium
(and are not described by n independent harmonic functions), their 11-dimensional origin
was not much discussed in the past. The basic example of such D = 10 configuration is
the (q1,g2) bound state of the NS-NS and R-R strings in type IIB theory [14,15,1,16], from
which various other similar bound states (corresponding, in particular, to superpositions
of D-branes with p — p’ = 2,6 [4,6,17]) may be constructed by applying 7" and SL(2, Z)
dualities.

It was suggested in [14,1] from consideration of the nine-dimensional 0-brane spectra
that the (g1, g2) string-string type IIB bound states should be related to the states of 2-
brane wrapped around a 2-torus in D = 11. One of the aims of the present paper is to
extend and complete what was done in [14,1] at two different levels. At the ‘macroscopic’
classical-solution level, we shall explicitly identify the D = 11 background which has the
(q1,gq2) string solution of [14] as T-dual of its dimensional reduction. We shall also deter-
mine the D = 11 counterparts of several type ITA non-threshold bound state backgrounds
related to the string one by T and SL(2, Z) dualities. At the microscopic quantum state
level, we shall demonstrate that the mass spectrum of BPS states of (qi,¢2) string in-
deed matches the spectrum of the corresponding oscillating states of wrapped membrane
not only for the zero-mode parts of the masses, as was already shown in [14,1], but also
including the oscillator parts.

Section 2 will be devoted to a discussion of classical type II D = 10 solutions corre-
sponding to various non-threshold BPS bound states of branes and their D = 11 coun-
terparts. We shall first determine (in Section 2.1) which D = 11 solution is related,
by dimensional reduction and T-duality, to the (qi,¢2) string type IIB background con-
structed in [14] by applying SL(2, R) duality transformation to the fundamental (1,0)
string solution of [18]. In the general case of the (qi,¢2) string with momentum (which
is a straightforward generalization of the solution of [14] and preserves 1/4 of maximal
supersymmetry) the corresponding D = 11 solution is the extremal limit of a 2-brane [19]
wrapped around a 2-torus and infinitely ‘boosted’ [9,20] along generic (q1,q2) cycle of the
torus. In agreement with the interpretation in [14], the momentum (or the charge of the
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‘boost’ harmonic function) of the (¢1,¢2) string is the winding number (charge) of the
2-brane, while the winding number of the (g1, g2) string is the momentum of the 2-brane
boosted along the (q1,¢2) cycle. The counterpart of the zero-momentum string is thus
a zero-charge limit of boosted 2-brane, or simply a gravitational wave along the cycle of
2-torus.

For generic values of the charges, this 1/4 supersymmetric D = 11 solution can be
thought of as a bound state of a 2-brane and a gravitational wave (or 2+ 7, where the
‘diagonal’ direction of the arrow indicates a generic direction of the momentum flow on
2-torus). In analogy with the fundamental string case [18,21,22], it should represent, at
macroscopic level, an excited BPS state of the membrane with the momentum being carried
by oscillations propagating along the (q1,¢2) cycle of the torus. Its dimensional reduction
is type ITA solution representing a bound state of a fundamental string, 0-brane and a
wave, carrying momentum along the string, 1 + 0+ 1. The T-duality along the string
direction relates this to our starting point, type IIB bound state of the wave, R-R string
and fundamental string, T +1gr + 1ns.

In general, bound states of type IIB branes, constructed by applying SL(2, Z) duality
transformations, can be also obtained from the 11-dimensional theory by starting with
appropriate M-brane configurations and boosting them along a non-trivial (g1, ¢2) cycle
of the 2-torus. This is in agreement with the observation [14,23] that SL(2, Z) duality of
type IIB theory has its origin in the toroidal SL(2,Z7) in D = 11 (in the case of D = 11
backgrounds with at least two isometries which we shall be considering here this was
originally understood in [24]). We shall illustrate this further in Section 2.2 on several
examples, starting with the (q1,¢2) bound state of NS-NS and R-R 5-branes [14,16]. The
1/4 supersymmetric 1xs + 1g+ 1T and 5ys + br+ T configurations are the special cases
of the non-threshold 1/8 supersymmetric configuration (1 + 5)ys + (1 + 5)g+ T which
is an SL(2, Z) rotation of the threshold bound state of the NS-NS string and solitonic
5-brane [25] or of its SL(2,Z)-dual R-R version [26]. Its D = 11 counterpart is shown
to be the intersection of the 2-brane and 5-brane over a string [9] with a momentum flow
along generic ‘diagonal’ direction of 2-brane torus, i.e. 5124+ .

In Section 2.3 we shall address the question of D = 11 interpretation of other non-
threshold type IT BPS bound states related to the (g, g2) string by the duality transfor-
mations. We shall demonstrate that the type ITA bound state of 2-brane and 0-brane is
just a dimensional reduction of the standard extremal D = 11 2-brane solution finitely (i.e.
v < 1) boosted along the isometric 11-th dimension which is transverse to the brane, or
2 —. Analogous surprisingly simple interpretation (which is by no means obvious at the
level of the type ITA backgrounds) applies also to 5 + 0 (and 6 4+ 0) bound states. The
relations between boosted branes in D = 11 and D = 10 ‘p-brane + 0-brane’ bound states
can be summarized as follows (cf. [13,7,27]): (a) 1/4 supersymmetric threshold bound
states: 24+ T— 1+ 0, 5+ T— 4+ 0; (b) 1/2 supersymmetric non-threshold bound
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states: 2 —— 240, 5+——> 5+0. We shall discuss two natural generalizations, 212 —
and 512 . In particular, 211 4 0 solution (7-dual to 15 + 1g+ 1) is the reduction of
the D = 11 configuration 212 +— in which one of the 2-branes intersecting over a point
[8] is finitely boosted in a direction of the other 2-brane orthogonal to it. We shall also
comment on the existence of several different 11-dimensional solutions which reduce to
D =10 solutions related by T" and SL(2, Z) dualities.

In Section 3 we shall address the relation between the type IIB strings and D = 11
membrane at the ‘microscopic’ level, by explicitly identifying the quantum supermembrane
states which correspond to the BPS spectrum of the bound states of type IIB strings.
These excited membrane states have oscillations only along one (momentum) direction,
in agreement with what is also implied by the macroscopic effective field theory picture.
As was shown in [14,1], the zero-mode part of the mass of BPS states of type IIB (q1, ¢2)
string on a circle is in perfect agreement with the zero-mode part of the mass of the
fundamental supermembrane states wrapped around a 2-torus with a momentum along
the (q1,¢2) cycle of the torus. Our aim will be to check that the oscillator parts in the
masses also agree. We shall argue that in order to determine the relevant BPS spectrum
of the supermembrane it appears to be sufficient to omit the interaction term in the light-
cone Hamiltonian of the wrapped membrane. Solving the resulting gaussian theory, we
shall find that its oscillating membrane BPS states do, indeed, have the same masses as
the BPS states of type IIB strings.

2. Boosted branes and non-threshold BPS bound states: classical solutions

Gravitational waves seem to play an important role in D=11 theory as 2-brane and
5-brane solutions. This may not be unexpected since pp-waves are known to preserve
supersymmetry [28,29]; they are related, in D = 10 theory, to the fundamental string
background by T-duality [30,31]; and a single pp-wave (Schwarzschild background boosted
to the speed of light) is the D = 11 image of the 0-brane of D = 10 type ITA theory
[32]. Nevertheless, it is a bit surprising (though, in fact, implicit in [14]) that the D =11
solution that corresponds to a rather complicated-looking (g1, ¢2) string background of type
IIB theory is just a dimensional reduction of the pure gravitational wave propagating along
the (g1, q2) cycle of 2-torus in M1? = T? x M?. Wrapping a 2-brane around T’ corresponds
to adding a wave (momentum) to the type IIB (q1,¢2) string [14]. As in the case of
the D = 10 fundamental string [22,21], here the wave may be represented by transverse
oscillations of the 2-brane propagating along the cycle (i.e. in one circular direction) and
carrying the corresponding momentum. This suggests that, as in the string-theory case,
there should exists the corresponding BPS states of the quantum supermembrane. This
issue will be addressed in Section 3, while below we will discuss only the classical effective
field theory solutions.



2.1. Wave along generic cycle of 2-torus in D = 11 and SL(2,Z) family of type
IIB strings

In what follows we shall consider the 11-dimensional space M ! = T? x M® with the
isometric rectangular 2-torus coordinates (y1, y2) having periods (2w Ry, 2w R3) (the case of

more general T2 is treated similarly). The gravitational wave propagating in y; direction
(i=1,...,8)

ds?, = dudv + W (u, z)du® + dy3 + dxide; , W =0, wv=y £t1, (2.1)

solves the D = 11 Einstein equations for any harmonic function W. The case of W = %
is special as this pp-wave can be represented [28] as the extremal (infinite boost, zero mass)
limit of the boosted Schwarzschild solution, or, more precisely, since y1, ys are isometries,
of a black 2-brane of zero charge,

ds}) = —f(r)dt"? + dy? + dy3 + f~"(r)dr® 4+ r2dQ3 (2.2)

il
r6

= —dt® + dy? + dy3 + ~-(cosh B dt — sinh 3 dy;)* + £~ (r)dr® 4 r2dQ2

= —K_l(r)f(r)dt2 + K(r)[dyl + A(r)dt]* + dy2 + =1 (r)dr? + r2dQ$ ,

where
t' =coshfB t—sinhf y; , y; = —sinh 3 ¢t + cosh B y1 ,
_ L > Q o Q"_l
f=1-% . E=1+—%., A=—<Kk7, (2.3)
Q = psinh® G, Q = psinh Bcosh 3 .

The boost parameter (3 is related to the Kaluza-Klein electric charge O, i.e. the momentum
along the boost direction y;. In the extremal limit p — 0, § — oo, Q =fixed, the metric
(2.2) takes the form (2.1) (@ =Q, K = K) with W =K —1 = 2.

The 1/2 supersymmetric extremal wave can be superposed with 1/2 supersymmetric
extremal 2-brane (this can be shown, e.g., by boosting the black 2-brane [33] and taking
the extremal limit). The resulting 1/4 supersymmetric background is [9,20]

ds?, = Hy*(r) <H2_1(r) [—dt? + dyi + dy3 + W (r)(dt — dy1)*] + da;,-dx,) , (2.4)
C3 = Hy'dt Ady, Adys , H2:1+96, W:%.
' '

More generally, W (r) in (2.4) can be replaced by any solution W (u,z) of the Laplace
equation 02W = 0. In particular, as in the string case [22,21], choosing W = f;(u)z*
corresponds to adding a wave of membrane oscillations propagating along y; (f; is related
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to the profile of oscillations). The macroscopic properties of such solution are the same
as of the solution with W = r% with Q being proportional to the asymptotic value of
momentum carried by the wave (~ ([[ duf;(u)]?)).

It is important to stress that one is able to construct a supersymmetric BPS back-
ground by making an infinite boost in one isometric direction only (boosting in y; and yo
directions with two independent parameters 3, and taking the limit 4 — 0,83, — o0
does not give a new solution). Similar observation applies in the general p-brane case and
suggests that the BPS states of p-branes are always ‘string-like’, i.e. have non-vanishing
momentum flow in one direction only. This should also follow directly from the BPS
requirement and supersymmetry algebra (cf. [34]).

Dimensionally reducing the ‘2-brane plus wave’ (or 2+ 1) solution (2.4) to D = 10
along the ‘spectator’ direction yo we get the ‘fundamental string plus wave’ (or 14+ 1)
background. Under the 7T-duality in yq, it transforms into the same type of solution of
type IIB theory 1y o)+ T (with Hy «+» K =1+ W, ie. Q + Q). If instead we reduce
along the boost direction y;, we get the type ITA solution, which can be interpreted as a
bound state of the fundamental string and the 0-brane, 1+ 0. The T-dual solution of type
IIB theory is the boosted R-R string, or 1(g,1)+ 1 . This suggests that reducing to D = 10
along some ‘mixed’ direction we should get a more general class of solutions which will
interpolate between the two special cases 1+ 1 and 1+ 0, or, when T-duality transformed
into type IIB theory, between 1(1 )+ T and 1(g,1)+ 1. This is equivalent to putting the
wave (i.e. momentum) along some generic cycle of the 2-torus while reducing to D = 10
along the orthogonal cycle.

For the simple rectangular torus ds? = R%|doi+71dos|?, 04 € (0,27), yo = Rog, T = i,
the direction of the (g1, q2) cycle! is specified by

N sinf = %

NCEY VE+&

The background corresponding to the 2-brane boosted along the (¢q1, g2) cycle is then found

cosf = (2.5)

from (2.4) by a rotation
yp =cosf y; +sinf ys,  ys = —sinf y; +cosf ys , (2.6)
i.e.

ds?, = H;/:s (HZ_I[—dt2 + dy? + dy3 + W (dt — cos 0 dy, — sin 6 dys)?] + dxidxi) ,

L The integers ¢1, g2 can be taken to be relatively prime since rescaling them by common factor
does not change the direction of the cycle.

2 This background has, of course, a straightforward non-extremal generalization, cf. [20].
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Cs = Hy'dt Adyy Adys . (2.7)

The quantized momentum has components (ng, ngz) and the modulus n\/q? + ¢35, imply-
ing the change in the quantization condition for the Kaluza-Klein charge Q

n n
Q:COE — Qq:coR—q:Q\/q%%—q%, (2.8)

where ¢y = %/ﬁ;g/aﬁ and n is an integer.

Putting the boost along the (g1, g2) cycle of the torus restores the symmetry between
y1 and yy directions: the background (2.7) is invariant under y; <> y2, ¢1 <> g2, so that
reductions along y; or ys give, for generic (qi1,¢2), similar D = 10 type ITA backgrounds
related simply by g1 <> ¢o.

Let us now show that the D = 11 counterpart of the original zero-momentum (g1, g2)
string solution of type IIB theory [14] is the limit of (2.7) in which the 2-brane charge is

set equal to zero,?

Q =0, H = 1, i.e. a boosted ‘membrane without a membrane’, or
simply a gravitational wave travelling along a cycle of T°2.

Rewriting the resulting metric as
ds?| = —dt* + dy? + dy5 + W (dt — cos 0 dy; — sin@ dy»)?] + dz;dz;

= —K'dt> + KK~ Y[dy; — cos§ WK~ dt]? (2.9)
+ k[dyz —sinf WK~ dt + sin cos 6 WIE'_ldyl]2 ,

where

K=1+W, K=1+sin?20W, W:Q—g, (2.10)
T

one can easily read off the type ITA solution which follows upon the dimensional reduction
along yo = y11 direction.

The resulting 1/2 supersymmetric type ITA background can be interpreted as a non-
threshold BPS bound state of a gravitational wave (carrying momentum in a compact
yp-direction) and a 0-brane. When g2 = 0 there is no 0-brane and when ¢; = 0 there is no
momentum, i.e. we just get a 0-brane in the space with one compact isometric direction
or 0;. The R-R vector field originating from off-diagonal (11, ) components of the metric
has both time-like and internal spatial parts, which transform under 7T-duality into the ty;
component of the R-R 2-tensor B;(f,,) and the R-R scalar x of type IIB theory. Using the
T-duality transformation rules or directly the relation between a D = 11 background with
two isometries and the corresponding type IIB background given in [24] we find exactly the

3 The non-extremal limit of this solution is a finitely boosted black (Schwarzschild) 2-brane of

zero charge.



type IIB (g1, g2) string solution obtained in [14] by applying the SL(2, Z) transformation
to the fundamental string of [18]*

ds?,p = KY2[K~Y(—dt? + dy?) + daida;] (2.11)
e?* = K~ 'K? | x =sinfcosd WK™,
By = —cos§ WK™, B2 = _—sing WK~!.

Note that dBM™ + idB®) = e¢®®dK—' Adt A dy;. The special cases are the NS-NS string
(g1 =1,q2=0,i.e. 9 =0, K = 1), and the R-R string (¢ = 0,¢> = 1,ie. 0 = I, K = K).
This is the background corresponding to the the simplest 2-torus 7 = ¢ or to the trivial
vacuum pg = o +ie~% =i [14]. Generalization of the correspondence between (2.9) and
(2.11) to the case of an arbitrary 2-torus is straightforward. In particular, in the case of
the rectangular torus with different radii of y; and ys, i.e. 79 = R;/Rs9, one can change

ga — %QQ in the above expressions and thus replace the (g1, g2) string tension factor (in

the string frame) \/q? + ¢% by \/¢} + e~2%¢2 =

All works in a similar way if we add back the 2-brane, i.e. start with (2.7) with
Hs # 1 and reduce down to D = 10 along y3. The very simple D = 11 solution (2.7) then
leads to a rather complicated D = 10 type IIA background which can be interpreted as an
effective field theory representation of a 1/4 supersymmetric non-threshold bound state of
a fundamental string, O0-brane and a wave, i.e. 1 4+ 0+ 1. T-duality along y; transforms it
into the boosted version of the type IIB (g1, g2) string which differs from (2.11) only by an

extra wave term in the metric

dsiyp = K'Y/2 (K71 [—dt* + dy} + (Hy — 1)(dt — dy1)?] + dwidz;) . (2.12)

The 2-brane charge ) (= co“2E) thus becomes the momentum of the (g1, ¢2) string. The
total momentum of the wave is just the tension of the (g1, ¢2) string.

This provides an explicit classical-solution realization of the observations in [14] based
on the expected form of the D = 9 0-brane spectrum. As in the case of the fundamental
NS-NS string [22,21], the momentum flow has also a microscopic representation in terms
of right-moving string oscillations, i.e. there exists a similar solution which is supported

by an oscillating string source and has the same asymptotic value of momentum.

4 We shall always use string-frame metric in D = 10. Here y; is the coordinate dual to y; in
(2.9).



2.2. Type 1IB bound states of 1-branes and 5-branes from 215 in D =11

Analogous considerations apply in general to type IIB solutions obtained by making
an SL(2,Z) transformation on a ‘generating’ background with at least one or more com-
pact isometries. Since according to [24,14] the action of SL(2,Z) should correspond to a
modular transformation of the compactification 2-torus in D = 11, such SL(2, Z) families
of solutions should originate from the D = 11 counterpart of the generating solution which
is boosted and reduced down to D = 10 along generic cycle of the 2-torus.

Let us consider the SL(2,Z7) bound states of NS-NS and R-R 5-branes in type I1IB
theory [14,16] and explain their 11-dimensional origin. To get an idea of what kind of
D = 11 backgrounds we should expect to find, it is useful to consider the special cases,
describing a type IIB solution, its possible T-dual images in type IIA theory and D = 11
solutions from which the latter follow upon dimensional reduction:

(1) solitonic NS-NS 5-brane of IIB theory with a momentum flow along one of its
directions 5ys+ 1 is T-dual to: (a) bound state of 5-brane and a wave 5+ 1 in type
ITA theory (if duality is performed along one of 4 ‘unboosted’ directions), which is the
type IIA image of boosted 11-dimensional 5-brane reduced along an isometric coordinate
orthogonal to it,> (54 1)1; (b) bound state of 5-brane and fundamental string, 5+ 1 (if
duality is performed along the boosted direction), which is a reduction of the D =11 512
solution describing an orthogonal intersection of 5-brane and 2-brane over a line [9].

(2) R-R 5-brane of IIB theory with a momentum flow along one of its directions,
5p+ T, is T-dual to: (a) (4+ 1); which is the reduction of (5+ 1); in D = 11; (b) 4.L1
which is another reduction of 512 in D = 11.

Let us first ignore the momentum flow and consider the (g, g2) bound state 5ys+5r
obtained by applying the SL(2, R) rotation to 5xyg of [2,35]. Its T-dual can be interpreted
as a 1/2 supersymmetric non-threshold bound state of the solitonic 5-brane and R-R 4-
brane in type ITA theory, i.e. 5+ 4. The image of the latter in D = 11 is 5, i.e. the
5-brane in M = S} x M*°, reduced down to D = 10 along the mixture of the isometric
direction y, transverse to the 5-brane, and a 5-brane direction y; (which will be orthogonal
to the 4-brane within the type ITA 5-brane). These two directions form the 2-torus related
to type IIB SL(2, Z) duality which is the analogue of T in the previous section.

The D = 11 5; background can be viewed as the limiting case of the 512 solution when
the charge of 2-brane is set equal to zero (with y, being the 2-brane direction orthogonal
to 5-brane). The reduction is done along the (qi1,g2) cycle of the 2-torus around which
the 2-brane is wrapped. When ¢; = 0,9, = 1 we get simply 4; (the reduction goes along
a b-brane direction y; common to 5 and 2). When ¢; = 1,¢2 = 0 we get the type ITA
5-brane (the reduction goes along the 2-brane direction ys transverse to the 5-brane).

5 We shall use subscript to indicate the existence of a number of periodic isometric directions

orthogonal to p-brane, on which harmonic functions in the solution do not depend.
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Next, we can add momentum along some special direction on 5-branes, i.e. start with
type IIB background 5xs + 5r+ 1. It is natural to add also a string lying along the same
direction, i.e. to consider the SL(2,Z) rotation of the 1/8 supersymmetric background
(14+5)ns+ 1T [25], representing the threshold bound state of a boosted fundamental string
and solitonic 5-brane. The resulting (g1, ¢2) configuration (1 +5)ys + (1 +5)g+ 1T (n =
3,4,5,6; ys is reserved for eleventh coordinate)

ds?,p = HY?H!? <H1_1H5_1 [—dt?+dy?+V (dt —dy;)?] +H5_1dyndyn+dxidxi> , (2.13)

e?* = H7'H 'HZ, | x =sinfcost (Hy — Hs)Hyy', V= 7% ’

dB®M + idB® = (cos0 + isin0)(dH* A dt A dyy + xdHs)
_ 2 .92 Qq(l 5) . 2 2
Hi5 =cos®0 Hs +sin"0 Hy, Hys=1+ , Qqus) = Qis0\/q1 + 43,

is parametrized by 5 charges and includes as spec1al cases 1ys + 1+ 1 (i.e., in particular,
reduces to (2. 11) when Hs =1, K = Hy, K = Hy5, V = 0) and 5ys+5r+ 1 (Hy = 1). Its
mass is M = \/m (Q1+ Q5). T-duality along y; converts this into a complicated
type ITA solut105n which can be interpreted as a 1/8 supersymmetric non-threshold bound
state of a 5-brane, 4-brane, 0-brane and boosted string, i.e. 5+ 4+ 0+ 1+ 1.

Lifting the latter to D = 11 along y11 = y2 and setting first the momentum to zero
(i.e. V =0) we find the following metric

ds?, = H/? ( — H7YHYdt? + HyH [dyy — cos® (Hy — 1) H ' dt)? (2.14)

+ H5H15[dy11 —sinf (Hl — 1)H1_51dt + sin @ cos 0 (Hl — H5)H1_51dy1]2
+ Hgldyndyn + dwidxi> ,

which reduces to (2.9) when there are no 5-branes Hs = 1, H; = K. This can be re-written

simply as the ‘rotated’ 5;-brane
ds?, = H® [H Y (—dt® + dyl? + dyndy,) + dy? + dwidz;] (2.15)

where y},y5 are the rotated coordinates as in (2.6). As expected, the same turns out to
be true for non-vanishing momentum: the background one finds can be put into the form

(cf. (2.7); y2 = y11)
ds?, = H*H)/® <H5_1H2_ [—dt? + dyi® + W (dt — dy})?] (2.16)
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+ Hgldyndyn + H;ldyé2 + dwidxi> ,

dC3 = dHy " Adt Adyy Adys + +dHs Ndyly, Hy=1+V , W=H, -1, (2.17)

i.e. is just the ‘rotated’ version of 512+ 1, i.e. of the intersection of the 2-brane and
5-brane boosted along the common string [9,10] where the momentum now flows along the
(q1,q2) cycle of the (y1,y2)-torus around which the 2-brane is wrapped.

Special cases of the corresponding type ITA and type IIB solutions include (depending
on direction of reduction): 215 — 214 in ITA, related by T-duality to (1 + 5)g in IIB;
215 — 114 in IIA, related by T-duality to 5g+ 1 in IIB; 215 — 1 + 5 in ITA | related
by T-duality to 5ys+ 1 or (1 + 5)ng in IIB. Reduction down to D = 5 gives a family
of regular extremal black hole solutions related to the simplest NS-NS [25] and R-R [26]
ones by U-duality. Reduction along the four 5-brane directions gives a family of solitonic
strings in D = 6.

We conclude that the 512+ 7 background (2.16) provides a unified D = 11 descrip-
tion of various 1-brane and 5-brane bound state configurations of type IIB theory.®

2.3. 240 and 5+ 0 bound states as M-branes boosted in transverse direction

The type ITA 1/4 supersymmetric threshold bound states of a string and 0-brane 140
and of 4-brane and 0-brane 4+0 have a simple origin in D = 11: the corresponding solutions
are readily obtained by dimensional reduction from extremal M-brane configurations with
momentum along the brane 24+ 1 and 5+ 1, or black M-branes infinitely boosted in one
parallel direction [9,36] (for a discussion of alternative D = 11 embeddings of 1 + 0 and
4 4+ 0 and also the embedding of 8 4 0 see [13]).

The existence of 1ys + 1 type IIB bound state suggests by 7" and SL(2, Z) duality
the existence of other 1/2 supersymmetric non-threshold type IIA bound states that can
be interpreted as 2 4+ 0, 5 + 0, etc.” In view of the above identification of the D = 11
counterpart of the string-string bound state background it is of interest (in particular,
in connection with [27]) to enquire about the D = 11 origin of such bound states. As
we shall demonstrate below, the corresponding classical solutions are indeed very simple:
they are just a coordinate (Lorentz) transformation of the extremal M-brane background

6 In addition to the special cases of (1+5)nxs+ (14 5)r+ T there are also 1/2 supersymmetric
non-threshold bound state of the type 1xs + 5r, i.e. the fundamental string lying on R-R 5-brane
(and its S-dual 1g +5ns). Such solution can be constructed by T-duality in 4 transverse directions
from (1ns+1r)a. Its T-dual (along string direction) counterpart in ITA theory is 4-brane finitely
boosted in transverse dimension, 4 — (see below).

" The existence of related D-brane bound states was noted in [4,6]. For a discussion of 2 4+ 0

bound state in D-brane representation see [17].
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and describe an M-brane finitely boosted in the direction transverse to its internal space.
Dimensional reduction along this direction gives 2+ 0 and 5+ 0 type IIA solutions. These
solutions interpolate between the standard static M-brane (zero boost) and plane wave
(infinite boost). As will follow from the relation to the 15+ 1g solution, the coefficient in
the harmonic function of the transversely boosted brane depends on the boost parameter
and goes to zero in the limit of the infinite boost when the D = 11 solution becomes just
a plane wave (and the corresponding type ITA solution becomes a 0-brane).

We shall start with the explicit construction of 2 + 0 solution by duality transforma-
tions® from 1y + 1 background of [14] and then lift the result to D = 11. Assuming that
the harmonic function W in (2.11) does not depend on two of the transverse coordinates
(to be denoted as y2, y3), i.e. starting with [14] with two extra isometries, (1ys+ 1g)2, we
may apply the T-duality in these two isometric directions to obtain the type IIB solution
which has the interpretation of a bound state of a fundamental string and 3-brane, 1nyg+3,

ds2yp = KY?[K Y (=dt? + dy?) + K~ (dy? + dy?) + dxydz,) (2.18)

62¢ = K_l_[% , X = 0 s Dty1y2y3 - SiIlg WK_l )
BY = —cos WK™ , B —ginfcos§ WK™! |

Y293

where K and K have the same form as in (2.10), and we do not list other nonvanishing
components of the 4-tensor determined by self-duality of its field strength. This background
interpolates between the fundamental string 15 (g1 = 1,¢2 =0, i.e. 8 = 0, K= 1) and the
3-brane (q1 = 0,2 = 1, ie. 0 =5, K = f() The simple SL(2, Z) transformation which
interchanges the NS-NS and R-R strings and leaves 3-brane invariant then gives similar
1r + 3 background

ds?op = KY2[K Y (=dt* + dy?) + K~ Y(dy? + dy3) + daedz,] , **=KK~', (2.19)

with the same values of Dy, x and interchanged values of B(Y) and B(®). The final step is
to apply the T-duality in y; direction

ds?, 4 = KY?[—K~dt? + K=Y (dy2 + dy?) + dy? + dxgdz,] | (2.20)
e = K32K=1 | Ciypyy = —sind WK1,

Ay=—cos WK~  B,,,, =sinf cos§ WK~ .

This background can be interpreted as (2 + 0); since it interpolates between the 0-brane
(g2 =0, K = 1) and the 2-brane wrapped around y2,y3 (¢ = 0, K = K) in the space

8 When reduced to D = 7 these are U-duality transformations between the corresponding

0-brane charges.

12



with one extra isometry (y1). As y; does not play any special role, the restriction of the
extra isometry can be relaxed (i.e. y; can be added to z) obtaining the 2+ 0 background
which is spherically-symmetric in all 7 transverse coordinates.

This type ITA solution can now be lifted to D = 11 (cf. (2.7),(2.9))

ds?, = KY3[— K~ Ydt?+ KK Y (dy11 —cos 0 WK ~Ydt)?>+ K~ (dy2 +dy?) +dz;dx;] , (2.21)

Cs = —sin® WK~ dt A dys A dys + sinf cos @ WK~ dyy1 A dys A dys .

This can be re-written simply as

ds?, = Hy® |Hy Y (—df® + dy? + dy2) + dii?, + dagda; | (2.22)
~ 1 ~ ~ 5 .9 Qq
dCs = dH; ~ ANdt Ndys A dys , Hy=K =1+sin"0 — ,
,
t= 1 (t —cosb yi11) J11 = —1 (y11 — cos B t) —12 + gj%l = 2+ y%l .
sin 6 ’ sin 6 ’

This is just the 2-brane (2.4) with harmonic function Hy = Hs boosted to a velocity
v = cosf < 1 in the isometric transverse direction y;; (this background will be denoted as
2 ). This matches perfectly with the 2 4+ 0 interpretation of the corresponding type ITA
solution!

The background (2.22) interpolates between the standard extremal 2-brane and a
plane wave: for ¢ = 1,go = 0 (i.e. infinite boost v = 1, sinf = 0, Hy = K = 1)
we get the gravitational wave along yi; direction which reduces to 0-brane in D = 10,
while for ¢ = 0,qo = 1 (i.e. zero boost sinf = 1, Hy = K =1+ 7%, Q = Q) we
find just the static 2; which reduces to type IIA 2-brane. In that sense (2.22) can be
interpreted also as a 1/2 supersymmetric non-threshold bound state of a 2-brane and
a wave in transverse direction. The energy is given by the usual relativistic expression
E? = M? 4 p? ~ sin®f Q2 + cos?0 Q2 = Q2, with the first (second) term being zero in
the infinite (zero) boost limit. This gives a ‘kinematic’ interpretation to the non-threshold
BPS bound state mass formula. This is not surprising, given the explanation in terms of
a D-brane (Born-Infeld) action for the tension of the bound state of IIB strings [37].

The above discussion admits the following generalization. If we start with the boosted
version (2.12) of the type IIB (g1, g2) string we find the following sequence of 1/4 super-
symmetric non-threshold bound states: (1ys + 1g+ 1)2 — Ins+ T +3 — 1g+ T +3
— 211+ 0. The last one is a generalization of the 1/4 supersymmetric threshold con-
figuration 211 of 2-brane orthogonally intersected by a fundamental string over a point
where an extra 0-brane is now placed. Recalling that 211 is the dimensional reduction of
212 in D = 11 [8,9] it is clear that 211 + 0 should be a dimensional reduction of 212 —

13



where one 2-brane is finitely boosted in the transverse direction which is the longitudinal
direction of the other 2-brane, i.e.

rrl/3 1/3 — — rr— — ~
dsty = Hy/ Hyly [ = Hyty Hydy d? + Hy ) (dyd + dy3) + Hy ) (i + dy?) + daeda),

Cs = ﬁfg(})df/\ dys A dys + Hypdi A dijia A dys (2.23)

where ¢, 1, and ﬁg(l) are defined as above. ys,y3 and 1, y11 are the coordinates of the
two 2-branes, and the first brane is boosted along y;1 direction of the second.

Another chain of duality transformations (1xs + 1gr)s — Ins +5r — 1r + 5ns
— (0+5); — 54 0 leads to the type ITA bound state of a solitonic 5-brane and a
O-brane. Its image in D = 11 is simply the 5-brane finitely boosted in the transverse
isometric direction, i.e. 5 +. The corresponding background is the obvious analog of
(2.22). Similarly, the 6 + 0 bound state is dimensional reduction of the D = 11 KK
monopole [32] boosted in 11-th direction to a velocity v = cos 6.

Starting with (1ys + 1gr+ 1)4 we arrive at 1/4 supersymmetric type IIA solution
541+ 0 describing the bound state of a 5-brane with a fundamental string and a 0-brane.
This is a non-threshold bound state, except for the special cases 1 + 0 and 5 + 1 which
are at threshold. Its D = 11 image is 215 +, i.e. the orthogonal intersection of 5-brane
and 2-brane over a string with 5-brane finitely boosted along the direction of 2-brane
orthogonal to it. In the limit of the infinite boost the 5-brane charge goes to zero and
this configuration becomes just the longitudinally boosted 2-brane, 2+ 1 (which reduces
to 14+0). The corresponding solution is the direct analog of the above expressions (cf. also
(2.16))

ds?, = H2PHYP |\ HVHY Y (—dE? + dy?) + H Mdyndy, + Hy M2, + daidz; |, (2.24)

ng = dH2_1 A dt A dyl A d?jll + *dﬁ[{, VAN dﬂll s f{5 =1+ sin29 Q—(éB . (225)
r

where the 2-brane coordinates are y; and yq1.

Although the D = 10 solutions 1xs + 1g, 2+ 0 and 5+ 0 (or their generalizations
Ins+1r+ 1,211+ 0 and 5+ 1+0) are related by T and SL(2, Z) dualities, their D = 11
counterparts — the wave along generic cycle of 2-torus, 2 — and 5 — (or 2-brane boosted
in (q1, q2) longitudinal direction 24+ 7, 212 +— and 215 ) do not seem to be related in
any obvious way.

There is one more example of this dichotomy: 2 4+ 0 is T-dual to 4 4+ 2 which in
turn results upon dimensional reduction [38] from another D = 11 solution which inter-

polates between the 2-brane and 5-brane backgrounds. It can be interpreted as a 2-brane
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lying within a 5-brane [39] (see also [40,38]). In the notation used here it is given by, cf.
(2.16),(2.21)°

ds?, = KY3KY3 | K=Y (—dt? + dy? + dy?) + K~ Y(dy? + dy? + dy?) + dzid; |, (2.26)

K=1+W, K=1+sin?0W , W:Q—:,?,
T

dCs = cosO dK~ P Adt Adyy Adys +sinf = dK — 6cot dK ' A dys A dys A dys .

Since for # = 0 this background reduces to the 2-brane (K = 1, K = Hs) and for § = x/2
to the 5-brane (K = K = Hj), and in view of the close analogy with similar solutions
discussed above, it can be interpreted as describing their 1/2 supersymmetric non-threshold
bound state 2+5. Reducing to D = 10 along a 5-brane coordinate one finds the +2 solution,
while the reduction along 2-brane coordinate gives a similar bound state of a 4-brane and
a fundamental string 4 + 1. The latter ((4+ 1)) is T-dual to a non-threshold bound state
of a R-R 5-brane and a fundamental string, 5g + 1nxg, in type IIB theory, which thus has
5 4+ 2 bound state as its D = 11 counterpart.

It remains an interesting question whether the above D = 11 solutions with boosts
are somehow connected to this static solution. This may give a hint about a relation
between branes and waves, similar to the T-duality relation between fundamental strings
and waves.

The D = 11 solutions discussed above have many generalizations. One may combine
the threshold intersecting solutions with longitudinal momentum along common string di-
rection [8,9,10,11,12] with boosts of branes in transverse directions. One may also combine
intersection solutions with static non-threshold 2 + 5 bound states of [39] (some of such
solutions were discussed in [41]).1°

3. Correspondence between microscopic BPS states of type IIB strings and
quantum supermembrane

It was suggested in [14,1] that the spectrum of BPS states of type IIB (g1, g2) string
on a circle should be in correspondence with the BPS spectrum of the fundamental su-
permembrane wrapped around a 2-torus with a momentum along the (g1, g2) cycle of the
torus. What was shown in [14] is that the zero-mode parts of the spectra do match. Since

9 This form of the 2 + 5 solution is found if one first obtains 4 4+ 2 by dualities from our basic
starting point 1xs + 1g (2.11) and then lifts 4 + 2 to D = 11.

10 we expect that one of such solutions reduces to 4+ 21240 bound state discussed in D-brane
approach in [17].
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the states in question are, in general, oscillating states it is important to check that the
oscillator parts in the masses (and the constraints) also agree.

As was argued in [14], the BPS spectrum of (¢, ¢2) string should be the same as
that of perturbative (1,0) string provided the tension is rescaled by \/m. The
problem which we address below is how to determine the oscillator part of the quan-
tum supermembrane BPS spectrum, given that this is a complicated interacting theory
(assuming it is well-defined as a quantum theory in the first place).

For a membrane wrapped around the torus, the light-cone gauge Hamiltonian H turns
out to contain a ‘free’ (quadratic) Hy part and an interaction part Hj,. The theory can
be solved in a special limit of large torus area in which the interacting term Hj,; drops out.
Our main assumption will be that the masses of the BPS states of the wrapped supermem-
brane do not receive corrections in decreasing the torus area while keeping fixed the torus
modular parameters and the D = 10 string tension 7o = 1/2mwa’ (in this supersymmetric
problem one expects that the masses of the BPS states with given charges should not
receive quantum corrections depending on continuous parameters like radii of the 2-torus,
i.e. masses should remain the same as for Hj,; = 0). Solving the gaussian theory with
H = H, we find that the resulting oscillating membrane BPS states do, indeed, have the
same masses as the BPS states of type IIB strings. This provides strong support for the
suggestion of [14].

It should be emphasized that this correspondence between the BPS states of (g1, ¢2)
string and wrapped membrane with ‘quadratic’ Hamiltonian is quite non-trivial, as the
‘quadratic’ approximation reproduces not only the perturbative NS-NS (1, 0) part of string
spectrum but also the R-R (0,1) and the general (g1, g2) parts as well. It is remarkable
that these (non-perturbative) bound states of type IIB superstring theory admit an inter-
pretation in terms of excitations of a fundamental supermembrane with certain values of
Kaluza-Klein momentum and winding number.

This complements the relation between the (g1, ¢2) string and D = 11 membrane with
momentum flow along the (g1, g2) cycle of 2-torus established at the macroscopic effective
field theory level in Section 2. In the case of the fundamental type II strings the classical
‘string+wave’ solutions are in correspondence with microscopic BPS states [18,21,22], with
momentum being carried by chiral (right-moving) string oscillations. This suggests that the
‘membrane+wave’ solution (2.7) (more precisely, its oscillating generalization mentioned in
Section 2) should also correspond to microscopic membrane BPS states with longitudinal
momentum carried by membrane oscillations propagating along one direction — the (q1, g2)
cycle of the torus. Indeed, as shown below, these are the membrane states whose masses

coincide with the masses of the BPS states of (g1, ¢2) string.
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3.1. Supermembrane theory on R? x S! x §!

The membrane states investigated here are excitations of a membrane with non-trivial
winding number around the target-space torus. The spectrum of the light-cone membrane
Hamiltonian in this case is discrete (an earlier study of the spectrum on R? x S x St is
in ref. [42]).

Let X! and X2 represent the compact coordinates, with periods 27 R; and 2rRy. X2
will be viewed as an extra ‘eleventh’ coordinate absent in superstring theory. Let o,p €
[0, 27) be the world-volume spatial dimensions. The transverse, single-valued coordinates
Xt 4 = 3,...,10, and the canonical momenta P’ can be expanded in a complete set of

functions on the torus!!
XZ(O', p) — \/J sz . ezka—i—zmp : Pz(O', p) — sz . 61,ko'~|—1,mp 7 (31)
; (k,m) (QTF)Z\/Jk,Zm (k,ym)
where
o = (4n’RyTs) 71, (T3] = em™2 . (3.2)

The canonical commutation relations imply
(X osmys Pl my) = 00O 67 (3.3)
For a membrane wrapped around the rectangular target-space torus so that

X'(o+2m,p) = XYo,p) + 21w Ry,  X%(o,p+27) = X?(0,p) + 2nwaRy ,  (3.4)

one has
Xl(av P) = wlRIU + X1(0-7 p) ’ X1(0-7 p) = \/JZ X(lk,m)eiko-+imp ) (35)
k.m
X2(0_7 p) = w2R2P + X2(0_7 p) ’ XZ(O_, p) = \/JZ X(Zk,m)eika+imp ' (36)
k.m

The winding number that counts how many times the toroidal membrane is wrapped
around the target-space torus is

1
W= e R /dadp (X1, X?} =wwy, {X,Y}=0,X0,Y —0,X0,Y . (3.7

A membrane with wy # 0 is topologically protected against usual supermembrane insta-
bilities [43]. It is convenient to choose the light-cone gauge to remove the single-valued

11 We shall use the indices k, for the Fourier components in o, and indices m, n,p for Fourier

components in p.
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part X of X', ie. XT =zt +o/pt, X+ = (X°+ X1)/v/2 . The standard light-cone
Hamiltonian of the supermembrane is given by [44,45]

H = HB + HF y
Hp = 22 /do—dp (P2 + iT7({x* Xx"})?] , (3.8)
Hp = —Tsp* /dadp Or.{X* 0}, (3.9)

where a = 1,2,...,10 and X! = 0. Here 0, (o = 1,...,16) is a real SO(9) spinor. The
(mass)? operator M? = 2pTp~ — p2 is given by 2H — p2, where p, is the center-of-mass
momentum of the membrane, p, = [dodpP,. For simplicity of presentation, in what
follows we will omit the fermionic terms in the formulas (their inclusion is straightforward,
see, e.g., [42,46]).

The Hamiltonian has a residual symmetry associated with area-preserving diffeomor-
phims, which can be fixed by setting

XZ(Ua p) = XZC(p) = \/JZXZ(O,m)eimp . (310)

One can split Py(o, p) = PS + P,, where PS = PZ(p) belongs to the (Cartan) subspace
generated by €™, and Ps to the complement. The local constraints can be solved for Py
in terms of X5 and the transverse coordinates and momenta X;, P ]32 can be ignored
in the problem of BPS masses we are interested here (in the large radius limit considered
below P, gives subleading contributions of order O(R%)v see ref. [46]).

Separating the winding contributions, we can put the Hamiltonian in the form

Hp = Ho + Hint (3.11)
Hy = 20°T3 Aw? + 27 / dodp[P? + TiR2w? (0, X,)° + T2 R3w?(9,X,)°] ,  (3.12)

Hyy = w215 / dodp({X*, X"})*,  A=4n’R2R2, (3.13)

where i = 3,...,10 and a,b = 2,...,10, and X, = X§. As discussed in [46], the spectrum
of this Hamiltonian is discrete provided wg = wyws # 0 (for wy = 0 one or both terms in
the quadratic part of the potential vanish, flat directions remain, leading to a continuous
spectrum). Inserting the expansions (3.1), (3.5) and (3.6), we obtain

2,92
Riwg

T‘{/ ) (3-14)

1 . pa o e
o Ho = 53 [Pl P -m) DX oy X (-] +

k,m
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1 a a
o Hing = g S wE —m'k)(nl —ml') X8 3 X6 Xl Xm) (3.15)

m,n,p k7l7l’
where m' = —m —n—p, k' =—k—1—-1" and
R? R
g’ = ?/2 = 41’ R3T5 | Wk = \/wgkz +wim?7? | Ty = R—l . (3.16)
2

g has the interpretation of type ITA string coupling. The operator o/ Hy is the generator

of translations in the world-volume time 7. For the center-of-mass coordinate X?

(0,0) O1®

obtains the simple time dependence XEJJO,O)(T) =z% 4+ o'pT .

The system described by (3.14),(3.15) can be represented as a direct product of the
classical zero-mode system (which is known explicitly for all values of Ry, R2) and a compli-
cated interacting system of oscillation modes, which determines quantum corrections to the
masses of states. The latter can be solved exactly in the special limit Ry, Ry — 00,15 — 0
with o’ and 7 fixed since then the interaction term drops out.'? In this limit g2 — oo, and
the Hamiltonian becomes that of an infinite set of harmonic oscillators labelled by (k,m).
In this supersymmetric model, one may argue that since the quantum corrections to the
masses of BPS states should not depend on continuous parameters, their values should
thus be the same as in this limiting case, i.e. in the case when the interaction term drops
out. This is what we shall assume below.

Let us introduce the standard creation and annihilation operators

Xiim) = %(wkm)_l/z(azkym)jtib%k,m)+aa,m)+iba,m)) Xy = (X)L (3.17)
Pi =t VY2 (@l oy DGy —alt b )P = (P ) (3.18)
(k,m) g \Whkm (k,m) (ksm) — Z(k,m) (kym)/ > (=k,—m) (k,m) :
for k=0,1,2,...., m=1,2,..., and,

i _ - i -1 it it
i ot 1/2( i 2 it it
Pl —m) = =5 @) (clm) + il m) = hem) = em)) - (3.20)
for £k = 1,2,..., m = 0,1,2,.... Similar operators are introduced for XQ(O,m), PZ(O,m)7

understanding that asx m) = bak,m) = Ca(k,m) = d2(k,m) = 0 if & # 0. Then the quadratic
part of the Hamiltonian becomes'?

R2w?

o'Ho = 30/ (0 + 07 +103) + 5> + M, (3.21)

12 Note that if, instead, we take the limit Ry — oo with R; fixed (or vice versa), then flat
directions remain for the constant modes in o (or for the constant modes in p). The system is
then equivalent to the one discussed in ref. [46], with an infinite number of zero modes.

13 We are ignoring normal ordering constants since they will cancel out once fermionic contri-

butions are incorporated; see below.
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oo oo

H= Z Zwkm (k m) @ (k,m) T b(k m) Pk, m)] Z Zwkm Ck, m)C(k m) T d(k m) (k,m)]'

m=1k=0 m=0 k=1

Using eq. (3.3) one can check the standard commutation rules of the form [a,a'] = 1. The
time dependence of the mode operators is a%k my(T) =¢ “”””Ta(k my(0), etc.
It is convenient to define also another set («, @) of mode operators

a?, —a? af, + a?,

Q _ (kam) (kvm) a _ (kvm) (kam)
a’(k,m) =1 \/m ) (k,m) — \/m ) (322)

s al 0% 4 ao

a - (k7_m) (kv_m) a (k7_m) (k7_m)
_ - : 3.23
o) = g 0 L) oo (3.23)
satisfying (k,m =1,2,...)

[a%k,m)ﬂ{kf,mf)] = W(lem) Ok4k Omam 07, Wit my = €(k) Wim (3.24)

where €(k) is the sign function, and similar relations for the d%k my- Then the oscillator
part of the Hamiltonian becomes

H=13 (00 O + )] - (3.25)
m.k

’

Explicitly, the time dependence of X* is as follows

XO=a"+ap T+ Y W [0y T Gl e T et
(.m)#(0,0)

The requirement that X~ is single-valued leads to the following global constraints for
the physical states (see e.g. [45,42,46])

1 27 . 1 27 .
Pl = — do 9,X°X*=0, PW=_"_ dp 9,X°X*=0 . (3.26)
2o/ 2
The operators P(?) P(?) generate translations in ¢ and p. These conditions were discussed
in ref. [46] for the space R!° x S!. It is easy to generalize the expressions for the present
case. Let the momenta in the directions X! and X2 be given by
[y l2

— = = l1,lo € Z .
R17 D2 sz 1,062

P =
Inserting the expansions for X in terms of the mode operators we find'*

Nf — Ny =wly , Nf — Ny =wsly , (3.27)

14 There are changes in the notation relative to ref. [46]. Now Nj,N;,N;,N; stand for
N,N,NT, N7, and @, _m) — Q(k,m)- Also, in [46], w1 =0, we =1, Q = lo.
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where

[ee] 0o k ) ) o s k . s
N = 2 2o hem®@em  No = D D oGl om » (3:28)

m=—oo k=1 m=—oo k=1

oo 00 m . . . .

N;— - Z Z Wk [a(_kv_m)a(kvm) _'_ a(—k,m)a(k,—m)] Y (3-29)
m=1 k=0 m

NP_ - Z Z wTkn [a((l—k,m)a((lk,—m) + d/((l—k,—m)&((lk,m)] - (3.30)
m=1 k=0 m

As usual, the Fock vacuum |0) is defined as the state annihilated by the aék m)> b%k m)>
c%k,m), d’(',%m), and p,|0) = 0, and the Fock space is generated by the states constructed
by successive applications of the creation operators to the vacuum. The physical Hilbert
space thus consists of all states in the Fock space obeying the conditions (3.27).

3.2. Matching the membrane and type IIB string BPS spectra

The ‘nine-dimensional’ membrane mass operator is given by

13 I3  wiR? 2
2 __ +,,— 2 _ 2 _ "1 2 0°*1
M —2p P _pi_ZHU_pi_R_%+R_%+ 0/2 ‘|‘ng, (331)

where H is given by (3.25). Our aim is now to compare the BPS part of this membrane
spectrum with the type IIB (g1, ¢2) string BPS spectrum given in [14], where the corre-
spondence between the spectra was established at the zero-mode level. We shall show that
it extends to the oscillator level as well.

From the ten-dimensional string-theory point of view, the Kaluza-Klein momentum
p2 = l2/ Ry corresponds to the Ramond-Ramond charge. Let us first consider the per-
turbative or (1,0) string states with I = 0, the winding number [y, the Kaluza-Klein
momentum wy/R) and the mass (note that under T-duality relating ITA and IIB spectra
Ry —» Ry =d'/Ry)

2
—|——/(NR—|—NL), NR—NL:lle, (332)
(0%

and compare general BPS states (having N, = 0 or Np = 0) with the corresponding
(I = 0) oscillating states in the membrane spectrum (3.31). For a BPS saturated state,
the mass should take the minimal possible value compatible with the charges. For the
membrane, these are the states with N, = N = 0. The constraint equations (3.27)
become

N} =lw , N;r =0. (3.33)
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The condition N ;F = 0 implies that such states are constructed by applications of a%_k 0)
to the vacuum. For these states, wio = wak, and (cf. (3.25), (3.28)) H = wa N} = wiwsly,
and so that

ll w0R1 2
=mt e — + ) . (3.34)

2
+ Jl1w1w2 =\ & o

This coincides with the masses of perturbative string BPS states obtained upon setting
Ny =0 in (3.32).

The mass formula for perturbative states of a type IIB string with charges (q1,¢2)
given in [14] is

2 s 2 2 2
BR> w1

2 2
Mg = ? R,lz + R_g + 47rT(q1,qz)(NL + NR) ) (3-35)
NR—NL = nwoy , (336)

where [y = nqq, lo = ngq, with g1, g2 being co-prime, and

T [5 22 R
T(Qlﬂlz) = Fz l% + T22l% ) Ty = (271'01/)_1 , T2 = R—; = €_¢0 . (337)

Eq. (3.35) should be exact for BPS states [14]. The case of NS-NS string (3.35) corresponds
toly =0,q1 = 1,92 = 0. In the case of the R-R string [; =0, g1 = 0,¢2 = 1 one finds that
for BPS states with N;, =0

12 ’LU2R2
72t 4T (NL + Ne) = <
2

2
MIIB -

I 2
2 4 woRl) . (3.38)

Rz o

In the supermembrane spectrum (3.31) the minimal mass for given charges is obtained
for states with N© = N~ = 0. For the counterpart of the R-R states with I; = 0, the
constraints (3.27) are similar to (3.33) N = 0, N = lywz. N, is a sum of positive
definite terms, so it is equal to zero only if each term in it vanishes. The most general
physical state satisfying N, = N, = 0 is thus obtained by acting by al('o,_m) on the
vacuum. On these states, Nt and H take the form (see (3.25))

1 o0
Nlj— - W1T2 Z a((ZO,—m)a((ZO,m) , M= wszNlj— = lawoTy , (3.39)
m=1
so that )
12 w2R? 2 l woR,
s 13 SR [ e ofty
M~ = R—% -+ a/2 + aTzle)o = <R—2 + o ) ) (340)

in agreement with the type IIB string expression (3.38).
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The previous two examples of comparison with the (1,0) and (0,1) string spectra
illuminate the fact that the BPS states in the supermembrane spectrum have excitations
only in one direction — along the momentum vector. This is also what is suggested by
correspondence between the (¢, g2) string and wrapped membrane with momentum along
(q1,q2) cycle at the level of the classical solutions discussed in Section 2. Let us now
identify the relevant oscillation states in the supermembrane spectrum for generic (¢, g2).
Performing the rotation as in (2.6) y; = cos@ X; +sinf Xo, ys = —sinf Xy + cosf Xo
(with g2 — %qz in (2.5), i.e. tanf = g2 R1/q1R2, for generic Ry, R2) we may align the
momentum with the direction ;. The map between the target-space torus and the toroidal
membrane surface is given by the zero-mode part

) R
y) = wiRycosh o +wyRysinf p = ﬁ(wlqla + waq1p) , (3.41)
Va4l T 43T
0 . R,
Yy = —wi1Rysinf o + wyRscosh p = ﬁ(—wlqza + waq1p) -
qi T 4375

For an oscillation mode a%k m)ei(k‘”'mp) the factor in the exponent can be written as

cos 6 + sin G)y? + ( — sin 0 + coS Q)yg ,

k =
o+ mp (w1R1 wWa v w1 Ry waLrg

so that the the condition that there are no oscillations along y» becomes a%k m) = 0 if
woRoksinf # wiRymcos@, i.e. if wokqy # wimgqy. Thus the relevant states are con-
structed using a%_k,_mo) with

wa(2

wiq1
For such states,
o kw
. , )
H= Zaz—ky—mo)aék,mo) ’ Wkmo = q% + q%7—22 ]
k=1 41
and the constraints become (understanding that aék,mo) =0if mo € Z)

N} = g Y ey = l1W1 (3.43)
Ws /q%—l-q%Tg kZ::l (=k,—mo) ™" (k,mo)
N = Ok YO ey = l2Wa . (3.44)
P w1 /q%+q%7_22 kz::l (=k,—mo)~"(k,mo)
The membrane BPS mass formula is then
M2 = l% l% @ 2H (3.45)

RTR T o
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with
H= %,/qﬂqgfg NF = wo\/B2 + 1372 . (3.46)
1

Using (3.43), (3.45) and (3.46), we thus obtain

12 12 woRy\?
M? = 1,2 07 ) 3.47
( R%+R§+ o (3.47)

Remarkably, this agrees with the Schwarz string mass formula (3.35), (3.36) for BPS states
with NL = 0.
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