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Abstract

In this note we prove an identity that equates the elliptic genus partition function of a

supersymmetric sigma model on the N -fold symmetric product MN=SN of a manifold M

to the partition function of a second quantized string theory on the space M � S1. The

generating function of these elliptic genera is shown to be (almost) an automorphic form

for O(3; 2;Z). In the context of D-brane dynamics, this result gives a precise computation

of the free energy of a gas of D-strings inside a higher-dimensional brane.
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1. The Identity

Let M be a K�ahler manifold. In this note we will consider the partition function of

the supersymmetric sigma model de�ned on the N -fold symmetric product SNM of M ,

which is the orbifold space

SNM =MN=SN (1.1)

with SN the symmetric group of N elements. The genus one partition function depends on

the boundary conditions imposed on the fermionic �elds. For de�niteness, we will choose

the boundary conditions such that the partition function �(SNM ; q; y) coincides with the

elliptic genus [1, 2], which is de�ned as the trace over the Ramond-Ramond sector of the

sigma model of the evolution operator qH times (�1)FyFL. Here q and y are complex

numbers and F = FL+FR is the sum of the left- and right-moving fermion number. (See

the Appendix for background.) In particular,

�(M ; q; y) = Tr
H(M)

(�1)FyFLqH (1.2)

with H = L0 �
c
24
. Of the right-moving sector only the R-ground states contribute to the

trace.

We will prove here an identity, conjectured in [3], that expresses the orbifold elliptic

genera of the symmetric product manifolds in terms of that of M as follows �

1X
N=0

pN�(SNM ; q; y) =
Y

n>0;m�0;`

1

(1� pnqmy`)
c(nm;`) (1.3)

where the coe�cients c(m; `) on the right-hand side are de�ned via the expansion

�(M ; q; y) =
X

m�0;`

c(m; `)qmy`: (1.4)

The proof of this identity follows quite directly from borrowing standard results about

orbifold conformal �eld theory [6], and generalizes the orbifold Euler number computation

of [7] (see also [8]). Before presenting the proof, however, we will comment on the physical

interpretation of this identity in terms of second quantized string theory.

�In case we have more than one conserved quantum number such as FL, the index ` becomes a multi-

index and the denominator on the RHS of (1.3) becomes a general product formula as appears in the

work of Borcherds [4], see also [5].

2



1.1. String Theory Interpretation

Each term on the left-hand side with given N can be thought of as the left-moving

partition sum of a single (non-critical) supersymmetric string with space-time SNM �

S1 �R. This string is wound once around the S1 direction, and in the light-cone gauge

its transversal uctuations are described by the supersymmetric sigma-model on SNM .

The right-hand side, on the other hand, can be recognized as a partition function of a

large Fock space, made up from bosonic and fermionic (depending on whether c(nm; `)

is positive or negative) creation operators �I
n;m;` with I = 1; 2; : : : ; jc(nm; `)j. This Fock

space is identical to the one obtained by second quantization of the left-moving sector of

the string theory on the spaceM�S1. In this correspondence, the oscillators �I
n;m;` create

string states with winding number n and momentum m around the S1. The number of

such states is easily read o� from the single string partition function (1.4). In the light-

cone gauge we have the level matching condition

L0 � L0 = mn; (1.5)

and since L0 = 0, this condition implies that the left-moving conformal dimension is

equal to h = mn. Therefore, according to (1.4) the number of single string states with

winding n, momentum m and FL = ` is indeed given by jc(nm; `)j. (Strictly speaking, the

elliptic genus counts the number of bosonic minus fermionic states at each oscillator level.

Because of the anti-periodic boundary condition in the time direction for the fermions,

only the net number contributes in the space-time partition function (1.3). )

The central idea behind the proof of the above identity is that the partition function of

a single string on the symmetric product SNM decomposes into several distinct topological

sectors, corresponding to the various ways in which a once wound string on SNM � S1

can be disentangled into separate strings that wind one or more times around M � S1.

To visualize this correspondence, it is useful to think of the string on SNM � S1 as a

map that associates to each point on the S1 a collection of N points in M . By following

the path of these N points as we go around the S1, we obtain a collection of strings on

M�S1 with total winding number N , that reconnect the N points with themselves. Since

all permutations of the N points on M correspond to the same point in the symmetric

product space, the strings can reconnect in di�erent ways labeled by conjugacy classes [g]

of the permutation group SN . The factorization of [g] into a product of irreducible cyclic

permutations (n) determines the decomposition into several strings of winding number

n. (See �g. 1. ) The combinatorical description of the conjugacy classes, as well as

the appropriate symmetrization of the wavefunctions, are both naturally accounted for in

terms of a second quantized string theory.
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Fig. 1: The string con�guration corresponding to a twisted sec-

tor by a given permutation g 2 SN . The string disentangles into

seperate strings according to the factorization of g into cyclic per-

mutations.

2. The Proof

The Hilbert space of an orbifold �eld theory [6] is decomposed into twisted sectors

Hg, that are labelled by the conjugacy classes [g] of the orbifold group, in our case the

symmetric group SN . Within each twisted sector, one only keeps the states invariant

under the centralizer subgroup Cg of g. We will denote this Cg invariant subspace by

HCg
g . Thus the total orbifold Hilbert space takes the form

H(SNM) =
M
[g]

HCg

g : (2.1)

For the symmetric group, the conjugacy classes [g] are characterized by partitions fNng

of N X
n

nNn = N; (2.2)

where Nn denotes the multiplicity of the cyclic permutation (n) of n elements in the

decomposition of g

[g] = (1)N1(2)N2 : : : (s)Ns: (2.3)
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The centralizer subgroup of a permutation g in this conjugacy class takes the form

Cg = SN1
� (SN2

�j ZN2

2 )� : : : (SNs
�j ZNs

s ): (2.4)

Here each subfactor SNn
permutes the Nn cycles (n), while each subfactor Zn acts within

one particular cycle (n).

Corresponding to the above decomposition of [g] into irreducible cyclic permutations,

we can decompose each twisted sector HCg
g into the product over the subfactors (n) of

Nn-fold symmetric tensor products of appropriate smaller Hilbert spaces HZn

(n)

H
Cg

g =
O
n>0

SNnH
Zn

(n); (2.5)

where we used the following notation for (graded) symmetric tensor products

SNH =

0
@H
 : : :
H| {z }

N times

1
A
SN

: (2.6)

Here the symmetrization is assumed to be compatible with the grading ofH. In particular

for pure odd states SN corresponds to the exterior product
VN

.

The Hilbert spaces HZn

(n) in (2.5) denote the Zn invariant subsector of the Hilbert

space H(n) of a single string on M � S1 with winding number n. We can represent H(n)

as the Hilbert space of the sigma model of n coordinate �elds Xi(�) 2M with the cyclic

boundary condition

Xi(� + 2�) = Xi+1(�); i 2 (1; : : : ; n): (2.7)

The group Zn, acting on the Hilbert space H(n), is generated by the cyclic permutation

! : Xi ! Xi+1: (2.8)

We can glue the n coordinate �elds Xi(�) together into one single �eld X(�) de�ned on

the interval 0 � � � 2�n. Hence, relative to the string with winding number one, the

oscillators of the long string that generate H(n) have a fractional 1

n
moding. The Zn-

invariant subspace HZn

(n) consists of those states in H(n) for which the fractional oscillator

numbers combined add up to an integer. We will make use of this observation in the next

subsection.
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2.1. Partition Function of a Single String

The elliptic genus of SNM can now be computed by taking the trace over the Hilbert

space in the various twisted sectors. We introduce the following notation:

�(H; q; y) = Tr
H
(�1)FyFLqH (2.9)

for every (sub)Hilbert space H of a supersymmetric sigma-model. Note that

�(H�H
0; q; y) = �(H; q; y) + �(H0; q; y);

�(H
H0; q; y) = �(H; q; y) � �(H0; q; y): (2.10)

These identities will be used repeatedly in the following.

As the �rst step we will now compute the elliptic genus of the twisted sector H(n).

This is the left-moving partition sum of a single string with winding n on M �S1. As we

have explained, its elliptic genus can be simply related to that of a string with winding

number one via a rescaling q ! q
1
n

�(H(n); q; y) = �(H; q
1
n ; y) =

X
m�0;`

c(m; `)q
m
n y` (2.11)

This rescaling accounts for the fractional 1

n
moding of the string oscillation numbers.

The projection on the Zn invariant sector is implemented by insertion of the projection

operator P = 1

n

P
k !

k, with ! as de�ned in (2.8).

�(HZn

(n); q; y) =
1

n

n�1X
k=0

Tr
H(n)

!k(�1)FyFLqH : (2.12)

Since the boundary condition (2.7) on the Hilbert space H(n) represents a Zn-twist by !

along the � direction, the operator insertion of ! in the genus one partition sum can in

fact be absorbed by performing a modular transformation � ! � + 1, which amounts to

a rede�nition q
1
n ! q

1
n e

2�i
n .� Thus we can write

�(HZn

(n); q; y) =
1

n

n�1X
k=0

�(H; q
1
n e

2�ik
n ; y)

=
X

m�0;`

c(mn; `)qmy`: (2.13)

�The rede�nition � ! � + 1 means that the periodic boundary condition in the time direction is

composed with a space-like translation � ! � + 2�. According to (2.7) and (2.8) this indeed results in

an extra insertion of the operator ! into the trace.
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2.2. Symmetrized products

The next step is to consider the partition function for the symmetrized tensor products

of the Hilbert spaces HZn
(n). We need the following result: If �(H; q; y) has the expansion

�(H; q; y) =
X
m;`

d(m; `)qmy`; (2.14)

then we want to show that the partition function of the symmetrized tensor products of

H is given by the generating function

X
N�0

pN�(SNH; q; y) =
Y
m;`

1

(1� pqmy`)
d(m;`) (2.15)

This identity is most easily understood in terms of second quantization. The sum over

symmetrized products of H is described by a Fock space with a generator for every state

in H, where states with negative \multiplicities" d(m; `) are identi�ed as fermions. The

usual evaluation of the partition function in a Fock space then results in the RHS of

equation (2.15).

In more detail, we can interpret the elliptic genus as computing the (super)dimensiony

of vector spaces Vm;`

d(m; `) = dimVm;`: (2.16)

We then evaluateX
N�0

pN�(SNH; q; y) =
X
N�0

pN
X

m1 :::;mN
`1;:::;`N

dim
�
Vm1;`1 
 � � � 
 Vm

N
;
Ǹ

�SN
qm1+:::+mN y`1+:::+ Ǹ

=
X
N�0

pN
X
Nm;`P
Nm;`=N

Y
m;`

�
qmy`

�Nm;`

dim
�
SNm;`Vm;`

�

=
Y
m;`

X
N�0

pN
�
qmy`

�N
dim

�
SNVm;`

�
: (2.17)

Using the identity

dim
�
SNVm;`

�
=

 
d(m; `) +N � 1

N

!
; (2.18)

where the RHS is de�ned as (�1)N
�
jd(m;`)j

N

�
for negative d(m; `), gives the desired result.

yWe de�ne dimV = TrV (�1)
F = d+�d�, where d� are the dimensions of the even and odd subspaces

V � in the decomposition V = V + � V �.
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2.3. Combining the ingredients

The proof of our main identity follows from combining the results of the previous two

subsections. Our starting point has been the fact that the Hilbert space of the orbifold

�eld theory has a decomposition in terms of twisted sectors as

H(SNM) =
M

P
nNn=N

O
n>0

SNnH
Zn

(n): (2.19)

Physically speaking, the right-hand side describes the Hilbert space of a second quantized

string theory with Nn the number of strings with winding number n.

With this form of the Hilbert space H(SNM), we �nd for the partition function

X
N�0

pN�(SNM ; q; y) =
X
N�0

pN
X
NnP
nNn=N

Y
n>0

�(SNnH
Zn

(n); q; y)

=
Y
n>0

X
N�0

pnN�(SNH
Zn

(n); q; y): (2.20)

Here we used repeatedly the identities (2.10). In order to evaluate the elliptic genera

of the symmetric products, we apply the result (2.15) of the previous subsection to the

Hilbert space HZn

(n), which gives

X
N�0

pN�(SNH
Zn

(n); q; y) =
Y

m�0;`

1

(1� pqmy`)
c(mn;`) (2.21)

If we insert this into (2.20) we get our �nal identity

X
N�0

pN�(SNM ; q; y) =
Y

n>0;m�0;`

1

(1� pnqmy`)
c(mn;`) (2.22)

which concludes the proof.

3. One-Loop Free Energy

In this section we will discuss some properties of our identity. For convenience we will

assume here that the space M is a Calabi-Yau manifold, so that the sigma-model de�nes

a N = 2 superconformal �eld theory. For the elliptic genus this implies that it transforms

as a modular form.
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We have argued that the quantity on the right-hand side of (2.22)

Z(p; q; y) =
Y

n>0;m;`

1

(1� pnqmy`)
c(mn;`) (3.1)

has an interpretation as the partition function of a second quantized string theory with

target space M �S1. This identi�cation was based on the fact that Z has the form of the

trace over a free �eld Fock space generators by oscillators �I
n;m;l with I = 1; : : : ; jc(nm; `)j,

i.e. one oscillator for each �rst quantized string state. We will now comment on the path

integral derivation of this expression.

Since we are dealing with a free string theory, we should be able to take the logarithm

of the partition sum

F(p; q; y) = logZ(p; q; y) (3.2)

and obtain an interpretation of F as the one-loop free energy of a single string. From a

path-integral perspective, this free energy is obtained by summing over irreducible one-

loop string amplitudes. The time coordinate of the target space is taken to be compacti�ed

(since the partition function is de�ned as a trace) and thus the irreducible one loop string

amplitudes are described in terms of all possible maps of T 2 into the Euclidean target

space-timeM�T 2. From this point of view the parameters p; q; y obtain the interpretation

as moduli of the target space two-torus. We can introduce parameters �; �; � via

p = e2�i�; q = e2�i�; y = e2�i�: (3.3)

Here � and � determine the complexi�ed K�ahler form and complex structure modulus of

T 2 respectively, whereas � parametrizes the U(1) bundle on T 2 corresponding to FL.

3.1. Instanton sums and Hecke operators

We will now show that the logarithm F of the partition function (3.1) indeed has the

interpretation of a one-loop free energy for a string on M � T 2. First we compute

F(p; q; y) = �
X

n>0;m;`

c(nm; `) log
�
1� pnqmy`

�

=
X

n>0;m;`;k>0

1

k
c(nm; `)pknqkmyk`

=
X
N>0

pN
X

kn=N

1

k

X
m;`

c(nm; `)qkmyk`: (3.4)
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To write this expression in a more convenient form, it is useful to recall the de�nition of

the Hecke operators TN . (For more details on Hecke operators see e.g. [9].) In general,

the Hecke operator TN acting on a weak Jacobi form� �(�; z) of weight zero and index r

produces a weak Jacobi form TN� of weight zero and index Nr, de�ned as follows

TN�(�; z) =
X
ad=N

b mod d

1

N
�

 
a� + b

d
; az

!
: (3.5)

Hence if �(�; z) has a Fourier expansion

�(�; z) =
X

m�0;`

c(m; `)qmy`; (3.6)

then TN�(�; z) takes the form

TN�(�; z) =
X
ad=N

1

a

X
m�0;`

c(md; `)qamya`: (3.7)

Comparing with the expression (3.4) for the free energy F , we thus observe that it can

be rewritten as a sum of Hecke operators acting on the elliptic genus of M

F(p; q; y) =
X
N>0

pN TN�(M ; q; y): (3.8)

(See also [4, 10] for similar expressions.)

This representation has a natural interpretation that arises from the geometric mean-

ing of the Hecke operators TN . The expression on the right-hand side of (3.7) that de�ned

TN� can be reformulated as the sum of pullbacks for all holomorphic maps f : T 2 ! T 2

of degree N

TN� =
1

N

X
f

f ��: (3.9)

These maps f act as linear transformations on the two-torus and can be represented by

the matrices

f =

0
@ a b

0 d

1
A: (3.10)

where ad = N and 0 � b � d � 1. The factor 1=N in (3.9) is natural because of the

automorphisms of the torus.

�See the Appendix for the de�nition of a Jacobi form.
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With this interpretation, the free energy is represented as a sum over holomorphic

maps

F(p; q; y) =
X

f :T 2!T 2

1

Nf

pNff ��(M ; q; y) (3.11)

with Nf the degree of the map f . The right-hand side can be recognized as a summation

over instanton sectors.

3.2. Automorphic properties

As suggested by its form, the above expression can indeed be reproduced from a

standard string one-loop computation. To make this correspondence precise, we notice

that the partition function Z is in fact almost equal to an automorphic form for the group

SO(3; 2;Z) of the type discussed in [4].

The precise form of this automorphic function has been worked out in detail in [12].

It is de�ned by the product

�(p; q; y) = paqbyc
Y

(n;m;`)>0

(1� pnqmy`)c(nm;`) (3.12)

where the positivity condition means: n;m � 0 with ` > 0 in the case n = m = 0. The

`Weyl vector' (a; b; c) is de�ned by

a = b =
1

24
�(M); c =

X
`

�
j`j

4
c(0; `): (3.13)

One can then show that the expression � is an automorphic form of weight c(0; 0)=2 for

the group O(3; 2;Z) for a suitable quadratic form of signature (3; 2), see [12].

The form � follows naturally from a standard one-loop string amplitude de�ned as

an integral over the fundamental domain [5, 13]. The integrand consists of the genus

one partition function of the string on M � T 2 and has a manifest O(3; 2;Z) T-duality

invariance. We will not write down the explicit form of this partition function, but refer

to [12] for the speci�c details. For our purpose it is su�cient to mention the �nal result

of the integration

I = � log
�
Y c(0;0)=2j�(p; q; y)j2

�
(3.14)

with Y = �2�2 �
1

2
d �2

2, d = dimM , in the notation (3.3). Since the integral I is by con-

struction invariant under the T-duality group O(3; 2;Z), this determines the automorphic

properties of �. The factor Y transforms with weight �1, which �xes the weight of the

form � to be c(0; 0)=2.
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The holomorphic contribution in I is recovered by taking the limit p ! 0. In the

sigma model this corresponds to the localization of the path-integral on holomorphic

instantons and in this way one makes contact with the description of the free energy F

in the previous subsection. We note however that log� contains extra terms that do

not appear in F . Apart from a log p contribution that arises from degree zero mapsy

these terms are independent of p and have no straightforward interpretation in terms of

instantons.

4. Concluding Remarks

Our computation of the elliptic genus of the symmetric product space SNM can be

seen as a re�nement of the calculations in [7, 8] of the orbifold Euler number. In fact, if

we restrict to y = 1, the elliptic genus reduces to the Euler number and our identity takes

the simple form X
N�0

pN�(SNM) =
Y
n>0

1

(1� pn)
�(M): (4.1)

Here the K�ahler condition is not necessary. If M is an algebraic surface, it can be shown

that this formula also computes the topological Euler characteristic of the Hilbert scheme

M [N ] of dimension zero subschemes of length n [15]. This space is a smooth resolution

of the symmetric product SNM . (In complex dimension greater than two the Hilbert

scheme is unfortunately not smooth.) It is natural to conjecture that in the case of a

two-dimensional Calabi-Yau space, i.e. a K3 or an abelian surface, the orbifold elliptic

genus of the symmetric product also coincides with elliptic genus of the Hilbert scheme.

The left-hand side of our identity (1.3) can be seen to compute the superdimension of

the in�nite, graded vector space

M
N;m;`

Vm;`(S
NM); (4.2)

where Vm;` are the index bundles (A.12). Our result suggests that this space forms a

natural representation of the oscillator algebra generated by string �eld theory creation

operators �I
n;m;`. This statement is analogous to the assertion of Nakajima [16] (see

also [17]) that the space �NH
�(M [N ]) forms a representation of the Heisenberg algebra

generated by �I
n, where I runs over a basis of H�(M).

yFor degree zero the two-torus gets mapped to a point in M , and the moduli space of such maps is

the product M �M1, with M1 the moduli space of elliptic curves. Weighting this contribution by the

appropriate characteristic class [11], we obtain �
�(M)

24
log p; in accordance with (3.13).
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It would be interesting to explore possible applications to gauge theories along the lines

of [8]. On a K3 manifold the moduli space of Yang-Mills instantons takes (for certain

instanton numbers) the form of a symmetric product of K3. This fact was used in [8] to

relate the partition function of N = 4 Yang-Mills theory on K3 to the generating function

of Euler numbers (4.1). Our formula gives an explicit expression for the elliptic genus of

these instanton moduli spaces. It seems a natural conjecture that the analysis of [8] can

be generalized to show that the generating function of the elliptic genera is the partition

function of an appropriately twisted version of N = 2 Yang-Mills theory on K3�T 2. For

some interesting recent work in this direction, see [18].

Finally, our calculation is likely to be relevant for understanding the quantum statis-

tical properties of D-branes [19] and their bound states [20]. Particularly useful examples

of such possible bound states are those between D-strings with one (or more) higher di-

mensional D-branes. In type II string compacti�cations on manifolds of the form M�S1,

we can consider the con�guration of a D-string wound N times around the S1 bound to a

(dimM+1)-brane. (For the case where M is a K3 manifold, this situation was �rst con-

sidered by Vafa and Strominger [21] in their D-brane computation of the 5-dimensional

black hole entropy.) As argued in [22, 21], the quantum mechanical degrees of freedom

of this D-brane con�guration are naturally encoded in terms of a two-dimensional sigma

model on the N -fold symmetric tensor product of M , that describes the transversal uc-

tuations of the D-string. As was also pointed out in [23], this description implies that a

multiply wound D-string can carry fractional oscillation numbers. Our result shows that

the resulting quantum statistical description of these �rst quantized \fractional" D-strings

is in fact equivalent to a description in terms of second quantized \ordinary" strings. In

this correspondence the extra degrees of freedom that arise from the fractional moding

are used to assign to each individual string a momentum along the S1 direction. This re-

sult may be a useful clue in explaining some of the miraculous non-perturbative dualities

between strings and D-branes.
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Appendix: Elliptic Genus

We summarize some facts about the elliptic genus for a K�ahler manifoldM of complex

dimension d [1, 2]. We start with an elliptic curve E with modulus � and a line bundle

labeled by z 2 Jac(E) �= E. We de�ne q = e2�i� ; y = e2�iz. The elliptic genus is de�ned

as

�(M ; q; y) = Tr
H(M)

(�1)FyFLqL0�
d
8 qL0�

d
8 ; (A.1)

where F = FL + FR and H(M) is the Hilbert space of the N = 2 supersymmetric �eld

theory with target space M .

For a Calabi-Yau space the elliptic genus is a weak Jacobi form of weight zero and

index d=2. Recall that a Jacobi form �(�; z) of weight k and index r (possibly half-integer)

transforms as [24]

�

 
a� + b

c� + d
;

z

c� + d

!
= (c� + d)ke�i

rcz2

c�+d�(�; z);

�(�; z +m� + n) = e��ir(m
2�+2mz)�(�; z); (A.2)

and is called weak if it has a Fourier expansion of the form

�(�; z) =
X

m�0;`

c(m; `)qmy`: (A.3)

The coe�cients of such a form depend only on 4rm� `2 and on ` mod 2r.

The elliptic genus has the following properties: First of all, it is a genus; that is, it

satis�es the relations

�(M tM 0; q; y) = �(M ; q; y) + �(M 0; q; y);

�(M �M 0; q; y) = �(M ; q; y) � �(M 0; q; y) (A.4)

�(M ; q; y) = 0; if M = @N ,

where the last relation is in the sense of complex bordism. Furthermore, for q = 0 it

reduces to a weighted sum over the Hodge numbers, which is essentially the Hirzebruch

�y-genus,

�(M ; 0; y) =
X
p;q

(�1)p+qyp�
d
2hp;q(M); (A.5)

and for y = 1 its equals the Euler number of M

�(M ; q; 1) = �(M): (A.6)
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For smooth manifolds, the elliptic genus has an alternative de�nition in terms of

characteristic classes, as follows. For any vector bundle V one de�nes the formal sums

V
qV =

M
k�0

qk
Vk
V; SqV =

M
k�0

qkSkV; (A.7)

where
Vk

and Sk denote the kth exterior and symmetric product respectively. One then

has an equivalent de�nition of the elliptic genus as

�(M ; q; y) =
Z
M
ch(Eq;y)td(M) (A.8)

with

Eq;y = y�
d
2

O
n�1

�V
�yqn�1TM 


V
�y�1qnTM 
 SqnTM 
 SqnTM

�
(A.9)

where TM denotes the holomorphic tangent bundle of M . Expanding the bundle Eq;y as

Eq;y =
M
m;`

qmy`Em;` (A.10)

one can de�ne the coe�cients c(m; `) as

c(m; `) = indexD=Em;`
(A.11)

with D=E the Dirac operator twisted with the vector bundle E. So c(m; `) computes the

dimension of the virtual vector space

Vm;`(M) = kerD=Em;`
	 cokD=Em;`

(A.12)
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