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1 Introduction and conclusions

Recently there has been great progress in understanding the dynamics of
supersymmetric gauge theories in four dimensions. For N = 1 theories ex-
act results have been obtained [] using the holomorphy properties of the
superpotential and the gauge kinetic function, culminating in Seiberg’s non-
abelian duality conjecture [J]. In two remarkable papers [B, [, Seiberg and
Witten obtained exact information on N = 2 Yang-Mills theories with gauge
group SU(2) and Ny < 4 flavour multiplets. Their work was extended to
other groups in [B, B, [1, §]. One of the crucial advantages of using N = 2
supersymmetry is that the low-energy effective action in the Coulomb phase
up to two derivatives (i.e. the K&hler potential, the superpotential and the
gauge kinetic function in N = 1 superspace language) are determined in
terms of a single holomorphic function called the prepotential [[], which was
exactly determined in [B, ] using some plausible assumptions and many con-
sistency conditions. For SU(2) the solution is neatly presented by associating
to each case an elliptic curve together with a meromorphic differential of the
second kind whose periods completely determine the prepotential. For other
gauge groups [[, B] the solution is again presented in terms of the period
integrals of a meromorphic differential on a Riemann surface whose genus is
the rank of the group considered. It was also shown in [, f] that by soft
breaking N = 2 down to N = 1 (by adding a mass term for the adjoint
N =1 chiral multiplet in the N = 2 vector multiplet) confinement follows
due to monopole condensation [L0].

With all this new information it is also tempting to analyze the dynamics
of non-supersymmetric gauge theories in order to determine to what extent
these results depend on the supersymmetry structure, and perhaps to obtain
exact information about ordinary QCD. A useful avenue to explore is soft
supersymmetry breaking. The structure of soft supersymmetry breaking in
N =1 theories has been known for some time [II]. In [[3, [J] soft breaking
terms are used to explore N = 1 supersymmetric QCD (SQCD) with gauge
group SU(N,) and Ny flavours of quarks, and to extrapolate the exact results
in [[l] concerning the superpotential and the phase structure of these theories
in the absence of supersymmetry. This leads to expected and unexpected
predictions for non-supersymmetric theories which may eventually be acces-
sible to lattice computations. Since the methods of [B, f]] provide us with the
effective action up to two derivatives, the possibility was explored in [I4] of



breaking N = 2 SQCD directly to N = 0 preserving the analyticity proper-
ties of the Seiberg-Witten solution. It has been shown in [I4] that a natural
way to accomplish this task is, essentially, to make the dynamical scale A of
the N = 2 theory a function of an N = 2 vector multiplet. This multiplet
is then frozen to become a spurion whose F' and D-components break softly
N = 2 down to N = 0, in a way compatible with the Seiberg-Witten mon-
odromies. The spurion can be interpreted in terms of the string derivation
of the Seiberg-Witten solution in [[[5, [[f], based on type II-heterotic duality.
In this spirit, the soft breaking terms were rederived in [[4] starting from the
theory coupled to N = 2 supergravity with a simple superpotential which
breaks spontaneously supersymmetry. The resulting theory at N = 0 has
a more restricted structure than those used in [[3, [J], and it is possible
to compute the exact effective potential. The SU(2) case with Ny = 0 and
Ny = 2 massless quark hypermultiplets were analyzed in detail, and it turned
out that these softly broken theories have a unique ground state (near the
massless monopole points of [B, f]]) and confinement occurs through monopole
condensation.

In this paper we extend the results of [[4] in three different directions.
First of all, we present the general formalism for the breaking of super-
symmetry due to a dilaton spurion for a general gauge group with massless
hypermultiplets, and we study the symplectic transformations of the various
quantities involved. The results agree with the general structure derived in
[[3] concerning the modification of the symplectic transformations of special
geometry in the presence of background N = 2 vector superfields. We also
obtain the exact effective potential for the Coulomb phase in this general
setting, and we derive some general features of the vacuum structure in the
SU(N) case studying the theory around the N = 1 points described in [ff].
Another important issue addressed in this paper is the mass spectrum of the
softly broken theories. We prove a general mass formula for this class of
theories, stating that the graded trace of the squared mass matrix is zero,
as it happens in supersymmetric theories and also in some restricted models
of N =1 soft supersymmetry breaking [[§]. We also obtain explicit results
for the mass spectrum in the case of SU(2) theories. Finally, we consider
the softly broken SU(2) theory with one massless hypermultiplet. The vac-
uum structure of this model is very interesting, as it presents two degenerate
ground states with dyon condensation. The corresponding BPS states are
not mutually local and as the supersymmetry breaking parameter is turned



on the regions where these states get a VEV begin to overlap. The possibility
of this kind of behaviour was pointed out in [[[4], and here we find an explicit
realization. We argue that the effective potential description of this situa-
tion is still reliable as long as the condensates do not attain the singularities
associated to the other states, and this allows us to obtain some hints of the
dynamics involving non-local objects. Within this range of validity we find
a first order phase transition to a new ground state located in the region
where the two condensates overlap. Although the interpretation of this new
vacuum is not clear to us, it may correspond to a new kind of phase similar to
the Argyres-Douglas phase [[J]. The dynamics of this phase transition looks
very much like the phase transitions in the theta angle leading to an oblique
confinemente phase. Other possible interpretation would be the formation of
a bound state condensing in the new vacuum.

We see that the study of N = 2 soft supersymmetry breaking gives a
rich variety of dynamical structures. We believe that the introduction of
bare masses for the quark hypermultiplets will also lead to interesting field
theoretic phenomena that may shed some light on the exact dependence on
the quark masses of the effective Goldstone boson lagrangian describing chiral
symmetry breaking. This situation is presently under study.

The organization of this paper is as follows: In section two we extend the
formalism of [[[4] to arbitrary gauge groups with massless hypermultiplets.
In section three we derive the exact effective potential in the Coulomb phase
and the basic tools to analyze the vacuum structure. In section four we
analyze in some detail the case of the SU(N) Yang-Mills theory without
hypermultiplets. In section five we present a general mass sum rule, and also
obtain explicit results for the masses in the SU(2) case. In section six, we
consider the SU(2) theory with one massless hypermultiplet.

2 Breaking N = 2 with a dilaton spurion:
general gauge group

In this section we present the generalization of the procedure introduced in
[[4] to N = 2 Yang-Mills theories with a general gauge group G of rank r
and massless matter hypermultiplets.

The low energy theory description of the Coulomb phase [] involves r



abelian N = 2 vector superfields A%, ¢ = 1,---,r corresponding to the un-
broken gauge group U(1)". The holomorphic prepotential F(A*, A) depends
on the r superfields A* and the dynamically generated scale of the theory, A.
The low energy effective lagrangian takes the form (in N = 1 notation) [B]:

8f
— 4 2 % aj
L= 1 /d /d 8A28AJWW 1, (2.1)
We define the dual Varlables, as in the SU(2) case, by
o0F
= . 2.2
ap,i aaz ( )

The Kéhler potential and effective couplings associated to (B.1)) are:

K(a,a) = 4—ImaD,idi,

T
PF
9 2.
T Bgida’ (23)
and the metric of the moduli space is given accordingly by:
2
(ds)? = 86 g da'd’ (2.4)

We introduce now a complex space C?" with elements of the form
_ [ @Dy
v = < 4 ) . (2.5)
The metric (2.4) can then be written as

(d5)2 = —% Z(damdai — daD,idai)

B 1 ; 0 1 dap,;
=~ (dap, da)<_1 O)( o ) (2.6)

which shows that the transformations of v preserving the form of the metric
are matrices I' € Sp(2r, Z). They verify TTOI' = Q, where Q is the 2r x 2r
matrix appearing in (B.g), and can be written as:

(é g) (2.7)
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where the r x r matrices A, B, C, D satisfy:
ATD-ct'B=1,, ATCc=c'4, B'D=D"B. (2.8)
The vector v transforms then as:
o) =r ()= (min) 29
From this we can obtain the modular transformation properties of the pre-
potential F(a') (see [BI]). Since

oF _ onioF:
da*  Oa* Oak

= (Cip’Tpk + Dz) (AfaDJ + Bijaj)

; - OF 8CLD’ :
= (DTB)a’ + (DTA)i—aaj + (CTB)f;?—&ak”aﬂ
T pjaaD,p
+ (CA) Dk ap.;, (2.10)

using the properties (B.§) of the symplectic matrices we can integrate (.10)
to obtain:

1 | ,
fr = F+ §ak(DTB)ijLJ + §CLD,;€(CTA)MCLDJ

+ a*(B"C)lap,. (2.11)

Starting with (EI1) we can prove that the quantity F — 1/2Y;d'ap,; is
a monodromy invariant, and evaluating it asymptotically, one obtains the

relation [P0, BT}, R3]

1 )
F — 5 ZCLZCLDZ' = —47Tib1u, (212)

where b; is the coefficient of the one-loop f-function (for SU(N.) with Ny
hypermultiplets in the fundamental representation, b; = (2N, — N;)/167?)
and u = (Tr¢?). With the normalization for the electric charge used in [
and [, the r.h.s. of (B:19) is —2mibju.



As in the SU(2) case, presented in [[4], we break N = 2 supersymmetry
down to N = 0 by making the dynamical scale A a function of a background
vector superfield S, A = . This must be done in such a way that s,
sp = 0F /0s be monodromy invariant. To see this, we will derive a series of
relations analogous to the ones in the SU(2) case, starting with the following
expression for the prepotential in terms of local coordinates:

F = Z aiajfij(al//\), (2.13)

where we take f;; = f;;. We define now a (r+1) x (r+1) matrix of couplings

including the dilaton spurion a® = s:

PF

Greek indices o, # go from 0 to r, and latin indices i, 7 from 1 to r. We
obtain:

apr =2 a fix+ A > d'd fij,
2 k Loy
Tij = 2fi; + A Za (fiky + fina) + Azt Triigs

Za] 2f2jk+fjkz - 2Za]aaf]klw

Jkl

Z aa’a kf” v Z a'a’atal fijkls (2.15)

Uk ijkl
and the dual spurion field is given by:

oOF
Sp = ————Zaa fijk (2.16)
zyk

The equations (.19) and (B.16) give the useful relations:

87’0i : i

_ ; J

To; = i(ap,; — ECLT], —k——zga =
Oa 7 oa

000 _ i — S aial Y (2.17)

Oak



Using now (2:I3) one can prove that sp is a monodromy invariant,

oF . ;
55 2(2.7: — ZZ: a aDJ) = 8mhiu (2.18)

and from (B.17) and (R.18) we get

Toi = 877b1%>
0
oo = Smiby (2u — Zala—;) (2.19)

Now we will present the transformation rules of the gauge couplings 7;; under
a monodromyy matrix I' in Sp(2r,Z). In terms of the local coordinates
ap = C%apy(al, s) + Dja? we have the couplings

T,og=——7. 2.20
o dagday (2:20)
The change of coordinates is given by the matrix:
dak  dak
oa’l o ip- i ip
a s :<C Tp6+D] C170p>’ (2.91)
o o
da?  0s
with inverse
da'  da’
aaj Os 1\ 1\ Ak
T _ ( ((CT+D) )j —((CT+D) )kC P00 ) (222)
o5 0s 0 !
dal.  Os

Therefore we have:

9 N
(ﬁ)F_baSis B ((CT +D) l)j dat’



0 0 147 0
(&)F—basis - & N [(CT + D) 617-}0861}'7 (223)
which lead to the transformation rules for the couplings:
7'}; = (A’T—I-B) (CT+D)ij , TOI;- :TOj((CT+D) 1)@’
Too = Too — Toi [(CT + D)_lCT];. (2.24)

3 Effective potential and vacuum structure

In this section we will obtain, starting from the formalism developed in the
previous section, the effective potential in the Coulomb phase of the softly
broken N = 2 theory, for a general group of rank r.

To break N = 2 down to N = 0 we freeze the spurion superfield to a
constant. The lowest component is fixed by the scale A, and we only turn
on the auxiliary F° (i.e. we take D° = (). We must include in the effective
lagrangian r + 1 vector multiplets, where r is the rank of the gauge group:

A* = (A% AN, T=1,---,r (3.1)

There are submanifolds in the moduli space where extra states become mass-
less and we must include them in the effective lagrangian. They are BPS
states corresponding to monopoles or dyons, so we introduce ny hypermul-
tiplets near these submanifolds in the low energy description:

(M;, M;), i=1,---,ng (3.2)

We suppose that these BPS states are mutually local, hence we can find a
symplectic transformation such that they have U(1)" charges (¢!, —q!) with
respect to the [-th U(1) (we follow the N = 1 notation). The full N = 2
effective lagrangian contains two terms:

L= £VM + EHM; (33)
where Ly is given in (2.])), and

‘CHM — Z / d49(Mi*e2quV(I)M,- + Mi*e—Zq{V(I)Mi)

+ Z(/ d*0v2A gl M M, + h.c.) (3.4)
1



The terms in (B-3) contributing to the effective potential are

V = by F'F 4 bop(FF + F'F) + by | F°|?
1
501 D' D7+ Dl (|mil” = [l*) + [ Fon,

+ g
+ \/§(qui[m[7ﬁi + alq{miFﬁbi + a gl Fy, + h.c.), (3.5)

where all repeated indices are summed and b,g = Im7,5/47. We eliminate
the auxiliary fields and obtain:

D' ==~ g (jmal* — ),

FI — _(b—l)IJbOJFO _ \/§<b—1>Iqulmiﬁi7

Fy, = —V2a'gm;, F; =—V2a'qm, (3.6)
We denote (gi,q;) = Y776/ (07" ql, (g,00) = X176/ (07) " bos, a- ¢ =
Sy alql. Substituting in (B-5) we obtain:

1 ~ N SR
V=3 > (g q5) (Imul® = [l ) (Imy P = [ms1%) 4+ 2> (a5, g5)mamimmy

+ 22 |a : q,~|2(|m,~|2 + |ﬂl|2) + \/EZ((]Z', bo) (Fomlm, +Fom,~ﬁ,~)

deth ’ (37>

where detb,s/detbr; = by — bor(b=1)! /by is the cosmological term. This
term in the potential is a monodromy invariant. To prove this it is sufficient
to prove invariance under the generators of the symplectic group Sp(2r, Z):

(ﬁ M%*>’ AcGlr2),

1 4 0 1
T9—<0 1), 9,~j€Z, Q—(_l 0) (38)

Invariance under Ty and the matrix involving only A is obvious, and for §2
one can check it easily.



The vacuum structure is determined by the minima of (7). As in [[4],
we first minimize with respect to m;, m;:

oV
= > (@ ) (Imy]> = [my[*)ym; + 2]a - g:|*m;
om; r
+ 2Z(q,,q])m]ﬁ]ﬁl+\/§Fo(q,,bo)ﬁ, :0, (39)
i
oV o
F > (i a5) (=l * + |7 )i + 2]a - g;*m;

J
+ 2 Z(qi, qj)mjﬁjmi + \/§F0(qi, bo)ml = 0. (310)
J
Multiplying (B-9) by m;, (B-10) by m; and substracting, we get
> (ai, q5) (fmy ] = [ ) (fmal* + []*) + 2|a - @il (Jmil* = i [?) = 0. (3.11)
J
Suppose now that, for some indices i € I, |m;|* + |m;|? > 0. Multiplying
(B-I0) by |m;|> — |m;|* and summing over i we obtain

_ 2la - g;|? _
> (g, ap) (fmal® = [ ) (|my|* = [y ?) = =Y ——r=— (Imal* = [mil*)*.

7 =7 lmal® + [m|?
(3.12)

The matrix (b=1)!7 is positive definite, and if the charge vectors ¢! are linearly
independent it follows that the matrix (¢;, g;) is positive definite too. Then
the Lh.s. of (B:I3) is > 0 while the r.h.s. is < 0. The only way for this
equation to be consistent is if
In this case we can write the equation (B.9), after absorbing the phase of
FO = fye" in m;, as:

J
Multiplying by m; and summing over ¢, we obtain

2 Z la - Qi|2\mi|2 + \/§f0 Z(qiv bo)miﬁi = —2 Z(Qia Qj)mjmimjﬁia (3.15)

ij

10



hence v/2fo 3°;(qi, bo ), is real. We can insert in (B-7) and get the following
expression for the effective potential:

detbag _

_ £
V= fO deth

2 Z(Qia q;)mmmm;. (3.16)

ij
If (B-I3) holds, we can fix the gauge in the U(1)" factors and write

and (B.I4) reads:

i(pi—; f qlvb —id;
(o~ al” + D (ai, q)pfe’ =) + %e #) =0, (3.18)
J

Apart form the trivial solution p; = 0, we have:

(D —; f q27b —id:
la - ail* + D (ai, q5)p5e" %) + 70(\@ ) g-its _ (3.19)
J

and we can have a monopole (or dyon) VEV in some regions of the moduli
space. Notice that for groups of rank r > 1 there is a coupling between the
different U(1) factors and one needs a numerical study of the equation above
once the values of the charges ¢! are known. In addition, the moduli space
is in that case very complicated and explicit solutions for the prepotential
and gauge couplings of the N = 2 theory are difficult to find. However we
still can have some qualitative information in many cases under some mild
assumptions, as we will see.

4 Vacuum structure of the SU(NN) Yang-Mills
theory

The moduli space of vacua of the N = 2 SU(N) Yang-Mills can be parametrized
in a gauge-invariant way by the elementary symmetric polynomials s;, [ =
2,-+-, N in the eigenvalues of (¢), ¢;. The vacuum structure of the theory is
associated to the hyperelliptic curve [j]:

¥ = Pla) — A2V,

11



Pla) = ydet(e — () = 5 [T — ). (@)

)

where A is the dynamical scale of the SU(N) theory and P(z) can be written
in terms of the variables s; as P(x) = 1/23,(—1)!s;2V L. Once the hyperel-
liptic curve is known, one can compute in principle the metric on the moduli
space and the exact quantum prepotential, but explicit solutions are difficult
to find (they have been obtained in [f] for the SU(3) case). However, as in the
SU(2) case [[4], one expects that the minima of the effective potential for the
SU(N) theory are near the N = 1 points (at least for a small supersymmetry
breaking parameter). The physics of the N = 1 points in SU(N) theories
has a much simpler description because it involves only small regions of the
moduli space, and has been studied in [[J. The N = 1 points correspond
to points in the moduli space where N — 1 monopoles or dyons coupling to
each U(1) become massless simultaneously. From the point of view of the
hyperelliptic curve, the N = 1 point where N —1 monopoles become massless
(ap,; = 0) corresponds to a simultaneous degeneration of the NV —1 a-cycles,
associated to magnetic monopoles. This means in turn that the polynomial
P(x)? — A*N must have N — 1 double zeros and two single zeros. If we set
A =1, this can be achieved with the Chebyshev polynomials

P(z) = cos (Narccosg), (4.2)

and the corresponding eigenvalues are ¢; = 2cosm(i — 3)/N. The other N —1
points, corresponding to the simultaneous condensation of N —1 mutually lo-
cal dyons, are obtained with the action of the anomaly-free discrete subgroup
Z,n C U(1)g. One can perturb slightly the curve (L) to obtain the effective
lagrangian (or equivalently, the prepotential) at lowest order. What is found
is that, in terms of the dual monopole variables ap r, the U(1) factors are
decoupled and 75, ~ 0;;77. Near the N = 1 point where N — 1 monopoles
become massless one can then simplify the equation (BI9) for the monopole
VEVs, because ¢/ = 67, (b71)!/ = §!/b;'. The equation reduces then to
r = N — 1 SU(2)-like equations, and in particular the phase factors e~%r
must be real. We then set e™*’ = ¢;, ¢, = 1. The VEVs are determined
by:

2 2 fobOIEI
:—b a —_ 5 [:]_""”r. 43
It rlap. 1| 7 (4.3)
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The effective potential (B-1q) reads:
2 b1 Ly
J JRe!

The quantities that control, at least qualitatively, the vacuum structure of
the theory, are by; and byy. If bg; # 0 at the N = 1 points, we have a
monopole VEV for p; around this point. If by; = 0, we still can have a VEV,
as it happens in the SU(2) case in the dyon region, but we expect that it
will be too tiny to produce a local minimum [[4]. When one has monopole
or dyon condensation at one of these N = 1 points in all the U(1) factors,
the value of the potential at this point is given by

V = —fiboo, (4.5)

and if the local minimum is very near to the N = 1 point, we can compare
the energy of the different N = 1 points according to () and determine the
true vacuum of the theory. Hence, to have a qualitative picture of the vacuum
structure, and if we suppose that the minima of the effective potential will
be located near the N = 1 points, we only need to evaluate by, byy at these
points. This can be done using the explicit solution in [[f] and the expressions
B.I19).

To obtain the correct normalization of the constant appearing in (R.1§)
we can evaluate Y ;(ap da/du — adap /du) in the N = 1 points, obtaining
the constant value 47ib;. The value of the quadratic Casimir at the N =1
point described by ([£2) is

N .
u = (Tr¢?) = 4ZCOS2W

i=1

— 2N, (4.6)

and the values at the other N = 1 points are given by the action of Zy (u
has charge 4 under U(1)g): u®) = 2w* N, w = e™/?N with k =0,---, N — 1.
To compute 75; we must also compute du/dap ;. Using the results of [[]], we

have: 5 I
U T
= —44sin— 4.
isin—, (4.7)

8aD71
and using b; = 2N /1672, we obtain
ou 2Nv . wl

= 47b = — in—. 4.
Tor T 13&1)1 - smN (4.8)

13



At the N =1 point where N — 1 monopoles condense, ap ; = 0, therefore

Too = 8miu = %Nz. (4.9)
(E-]) indicates that monopoles condense at this point in all the U(1) factors,
but with different VEVs. This is a consequence of the spontaneous breaking
of the Sy symmetry permuting the U(1) factors [[].

To study the other N = 1 points we must implement the Zy symmetry
in the u-plane. The local coordinates agk) vanishing at these points are given
by a Sp(2r,Z) transformation acting on the coordinates ay, ap ; around the
monopole point. The Zy symmetry implies that

ou ou
(k)Y — 2k (0)
u) = wt——(u""), 4.10
(1) =g ) (4.10)
and then we get
k 1 K N wk . wl
b(()l) = EII’HTS[) = _—27T2COSW81HN’
k 1 k 1,N\2 21k

b((]O) = EImTSO) = 5(?) COST. (411)

The first equation tells us that generically we will have dyon condensation
at all the NV = 1 points, and the second equation together with () implies
that the condensate of N —1 monopoles at u = 2N is energetically favoured,
and then it will be the true vacuum of the theory. Notice that the Zy
symmetry works in such a way that the size of the condensate, given by
|cos%’“|, corresponds to an energy given by —cos%: as one should expect,
the bigger the condensate the smaller its energy. In fact, for N even the
N =1 point corresponding to & = N/2 has no condensation. In this case the
energy is still given by (f.]), as the effective potential equals the cosmological

term with by; = 0, and is the biggest one.

5 Mass formula in softly broken N = 2 theo-
ries

14



5.1 A general mass formula

In some cases the mass spectrum of a softly broken supersymmetric theory
is such that the graded trace of the square of the mass matrix is zero as it
happens in supersymmetric theories [[[§]. We will see in this section that this
is also the case when we softly break N = 2 supersymmetry with a dilaton
spurion.

We will then compute the trace of the squared mass matrix which arises
from the effective lagrangian (B3), once the supersymmetry breaking pa-
rameter is turned on. The fermionic content of the theory is as follows: we
have fermions ¢!, A coming from the N = 2 vector multiplet A’ (in N =1
language, ¢! comes from the N = 1 chiral multiplet and A\? from the N =1
vector multiplet). We also have “monopolinos” v, ¥5; from the ny matter
hypermultiplets. To obtain the fermion mass matrix, we just look for fermion
bilinears in (B.3). From the gauge kinetic part and the Kéahler potential in
Ly we obtain:

PO NN+ ——F a0 (5.12)
167 167

where F* = f, and the auxiliary fields F*! are given in (B.6). From the kinetic
term and the superpotential in Ly we get:

Z\/EZ Gi - NTithm, — Mty

If we order the fermions as (X, 9, ¥m,,, 5 ) and denote pt! = iF*0, 1y /4T,
~1J

! = iF“0,1r; /47, the “bare” fermionic mass matrix reads:
/2 0 iV2qm;  —iv2qim;
0 a/2  —V2qfmi  —v2q/m;
W2qfm;  —v2q]m; 0 —V2a-q |’
—iv2¢im; —V2¢im; —v2a-g; 0

but we must take into account the wave function renormalization for the
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fermions A, ¢! and consider

Y2 0 00
0 Y2 00
0 0 0 1

The trace of the squared fermionic matrix can be easily computed:

1 IR 1
Tl"Ml/gMJ{m = ZTT[N(? bt pb b
Al gl + 8 (g a) (il + ). (5.16)
The scalars in the model are the monopole fields m;, m; and the lowest

components of the N = 1 chiral superfields in the A’, a’. To compute the
trace of the scalar mass matrix we need

O*V
S (g, @) (ul? — [l + (5, @) (mal? + 2070%) + 2la - gl
0m,8m, 7
82V_ == (g q)(Imul* = [mul?) + (@, @) 2lmal* + [ms]?) + 2la - ¢
om;0m; ;
PV (b07bo Qk,éﬂ — =
Jdloa’ =7 Do’ 22 Salggl TR
+ 2quqk \mk\2+|mk| )
. bo) _ —
- \[Z i 3 fo(mgmmy, + mymy). (5.17)

dal0a

In the last expression we used that, due to the holomorphy of the couplings
Tap, 0770ap = 0. If we assume that we are in the conditions of section 2, at
the minimum we have |m;| = |m;|, and the trace of the squared scalar matrix
is

0*V
daloa’’

TeMG = 63 (i, ) (Imil* + [mif*) +8 3 la - aif* +2(67H)" (5.18)
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where we have included the wave function renormalization for the scalars a’.

The mass of the dual photon is given by the monopole VEV through the
magnetic Higgs mechanism:

TeM3 =23 (g, i) (Jmil* + [mif?). (5.19)

Taking into account all these contributions, the graded trace of the squared
matrix is:

) 1 _
D (=1)¥(2j +1)Te M3 = —§Tr[ub_1ﬁb_l + b~ b~
J
—|—2f02T1"b_185(b0, bo) + 4 Z Trb_lag(qk, ql)mkﬁikmlﬁl

k.l

—|—2\/§ Z Trb_lag(qk, bo)fo (mkﬂk + mkﬁk) (520)
k

To see that this is zero, we write the bilinears in the monopole fields in terms
of the auxiliary fields F!, F', using (B.9):

— 1
> gimim; = _%(b,JFJ + bor fo)- (5.21)
Then we can group the terms in (f-2() depending on the number of F7, FI,

and check that they cancel separately. For instance, for the terms with two
auxiliaries, we have from the first term in (p.20):

— 2F'F + F'F)0bayrn (b )N O5bpg (b)OM (5.22)
and from the third term
2F T Oy byn (07N b (b~1)OM
+ 2FTF 0ybpr (b~ ogb i (b71)OM. (5.23)

Taking into account the holomorphy of the couplings and the Kahler geome-
tl"y, we have 8Mbp[ = a[bpM, %bJN = 8ijN, SO (@) and (@) add up to
zero. With a little more algebra one can verify that the terms with one F!

(and their conjugates with FI) and without any auxiliaries add up to zero
too. The result is then:

Y (=1)¥(2j +1)TeM? = 0. (5.24)

J
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5.2 Mass spectrum in the SU(2) case

In the SU(2) case we can obtain much more information about the mass
matrix and also determine its eigenvalues. First we consider the fermion
mass matrix. Taking into account that at the minimum of the effective
potential m = m = p, m = em, we can introduce the linear combination:

1
= ﬁ(wm + ety). (5.25)

With respect to the new fermion fields (A, 74,1, 7_), the bare fermion mass
matrix reads:

om0
| —2¢p —V2ea O 0

0 0 2ip —/2ea

Notice that, in the SU(2) case, the auxiliary field F' is real and p = f.
My /2./\/1{ /o can be easily diagonalized. From (B.26)) it is easy to see that the
squared fermion mass matrix is block-diagonal with the same 2 x 2 matrix
in both entries:

( b uﬂ/4+4bﬁp —ebi?’/zup+2f6p>' (5.27)
—ebyy*Tip + 2/ 2ap 4byi p* + 2]al?

Hence there are two different doubly degenerate eigenvalues. In terms of the
determinant and trace of (5.27),

1 8
a = (m{)?+(my)* = —-pp+2a*+ —
4b bll
B = (m{)P(mb)’ = =) |4p +\[6LM2 (5.28)

the eigenvalues are:

(mly)? = % + %\/oﬂ —48. (5.29)

The computation of the scalar mass matrix is more lengthy. First we must
compute the second derivatives of the effective potential, evaluated at the
minimum. To obtain more simple expressions, we can use the identities
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(BI9) to express all the derivatives of the couplings in terms only of 0by,/0a,
0?b11/0a®. The results are:

o*V 3, 9 9 2 82V 1,
0?V € \/_bo1f OV _ € 9
8m8ﬁ N bnp b11 0 8m8ﬁ N bllp
0*V 01 , €
e = 2[i= )l - <5ah)
o*V 0 ,
9z —bi(&——)fo(afo +2v/2ie|al?)
) /s
bll(a@Q b )(a'.fo + ZE|a| )
?V _ . o*V o*V B Vv ?V B o*V
omda  Omda’ Omda  Omda’  Omda Omoa’
o*V 1

and the rest of the derivatives are obtained through complex conjugation. In
the last line we used the result of the previous section. To obtain the bosonic
mass matrix we must take into account the wave-function renormalization
of the a, @ variables, as in (f.18). Its eigenvalues are as follows: we have a
zero eigenvalue corresponding to the Goldstone boson of the spontaneously
broken U(1) symmetry. There is also an eigenvalue with degeneracy two
given by:

0?V v, 21/2¢
omom 8%2) n bll

Notice that this is always positive if we have a non-zero VEV for p. The other
three eigenvalues are best obtained numerically, as they are the solutions to
a third-degree algebraic equation.

As an application of these general results, we can plot the mass spectrum
as a function of the supersymmetry breaking parameter fy in the SU(2)
Yang-Mills case, where the minimum corresponds to the monopole region
and € = —1. We have only to compute the derivatives of the magnetic
coupling. Using the elliptic function representation of the Seiberg-Witten

2(

Jobor. (5.31)
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Figure 1: Fermion masses (p.29)

(top and bottom) and photon mass
(B-19) (middle) in softly broken
SU(2) Yang-Mills, as a function of
0< fo <1

solution [[[4] we obtain:

87’1(?) B 2k 827'1(;{”)

dam 8

8 k/zK/s )

where we set A = 1.

oam? 32 kMAKM

0.2 0.4 0.6 0.8 1

Figure 2: Masses of the scalars in
softly broken SU(2) Yang-Mills, as
a function of 0 < fy < 1.

o k2

BEd, (5.32)

(/{5/2 k24 o

These derivatives diverge at the monopole singularity © = 1, and we may
think that this can give some kind of singular behaviour for the masses near
this point. In fact this is not so. The position of the minimum, uy, behaves
almost linearly with respect to fy, ug — 1 ~ fo, and this guarantees that the
behaviour very near to u = 1 (corresponding to a very small fy) is perfectly
smooth, as one can see in the figures. In fig. 1 we plot the fermion masses
(B:29) (top and bottom) and the photon mass given in (5.19) (middle). In
fig. 2 we plot the masses of the scalars, where the second one from the top
corresponds to the doubly degenerate eigenvalue (b.31]).
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6 SU(2) theory with one massless hypermul-
tiplet

The low energy effective action of N = 2 supersymmetric QCD with one
massless hypermultiplet is described by the elliptic curve [H]:

1
y?* =1 —ur® — 6—4/\? (6.1)
with discriminant It -

and there are three singularities in the u-plane corresponding to the roots
of the equation u® = —27A$/256. These singularities are related by a Zs
symmetry coming from the anomaly-free discrete subgroup Zi; C U(1)g. In
what follows we will normalize the dynamical scale of the theory as A =
256/27, so the three singularities of the u-plane are located at the three
roots u; = e /3 uy = /3 and u3 = —1. These singularities correspond
to massless BPS states with quantum numbers (n.,n,,) = (0,1), (1,1) and
(2,1). The periods of the curve (B.1) a(u), ap(u) satisfy the Picard-Fuchs
equation [29:

dPw 1 u 0

du? +Zu3—|—1w_ ’
and as in the Ny = 0 case the wronskian adap/du — apda/du is a constant
(this is in fact the case for all the SU(2) theories with Ny < 3). This constant
appears in the r.h.s. of (B-I8) and depends on the normalization chosen for
the periods. The normalization of [[]] is such that the electric charges are
integers, and then the periods behave near infinity as

(6.3)

1

a(u) ~ 5\/%
ap(u) ~ 2'4 _ Nfa U lni. 6.4
W) ~ g e (6.4)

This gives for the wronskian the constant value i(4 — Ny)/4m, hence in the
r.hes. of (R.I§) and with this normalization we must use 47b;, where b; =
(4 — N;)/167% is the coefficient of the one-loop S-function.
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The solution to (p.3) has been obtained in [P4] and further ellaborated in
[BT], where the global issues are carefully analyzed. It is expressed in terms
of hypergeometric functions and the branch cuts must be taken into account.
For a(u) we have:

1 11 1
a(u) = 2\/%17( 5 6,2, u3)’ (6.5)
with one branch cut along the negative real axis corresponding to the square
root, and three branch cuts going from the three singularities to the origin and
corresponding to the branch cut of the hypergeometric function. To obtain
the solution for ap(u) we must choose at what singularity the monopole
(0, 1) becomes massless, and then the asymptotic behaviour fixes the solution.
Following [BH], we choose u; = e™/3 as the monopole singularity. If we now

define the function

59
6'6
the other period ap(u) will be given by the analytic continuation of fp(u)
through the branch cuts of the hypergeometric function in (6.6). Explicitly:

V12

fo(u) = ?(u?’ +1)F( 2; 1+ u?), (6.6)

2 .
- % <Argu<0 : ap(u)=e ™3 f(u),

0 < Argu < 2 ap(u) = e B fp(u) — a(u),

3
2% <Argu<7 : ap(u)= fp(u) — 2a(u),
—m < Argu < —2% . ap(u) = —fp(u) + a(u). (6.7)

As fp(u) = 0 vanishes at the three singularities, we see that the good variable
around wus is ap(u) + a(u), and thus corresponds to the dyon (1,1). For
the dyon becoming massless at u3 = —1 there is a branch cut and two
different descriptions, one with quantum numbers (2,1) in the upper half of
the complex u-plane (and the corresponding coordinate is ap(u)+2a(u)), and
another one with quantum numbers (—1,1) in the lower half, corresponding
to the coordinate ap(u) —a(u). We then see that ap(u) has two branch cuts,
one along the negative real axis, and another one going from us to the origin.
If we recall that ap(u) is the good coordinate to describe the (0, 1) monopole,
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we can see that these cuts are due to the singularities associated with BPS
states which are non-local with respect to the monopole. Another interesting
feature of (B.7) is the explicit realization of the Z3 symmetry acting on the
u-plane.

In the softly broken theory N; =1 with a dilaton spurion we must com-
pute the couplings (P.14) using (P.19) with the right normalization. All we
need are the explicit expressions for da/du, dfp/du. Using the properties of
hypergeometric functions, one obtains:

da 1 5 1 1

R X G P——

du 24/ 2u (6’67’ u3)

dfp V2 , 1 55 s Db 115 5

Op _ N2t 299 CR(=. 2. 2:1 . (6.8
du 7 GF (G Bt w) P (G5 a1 +uw)) (68)

With (B.9)-(6-§) we can compute the gauge couplings for the Higgs variables
h = a, a(Dh) = ap and then use the monodromy transformations (B.24) to
obtain the couplings for the variables associated to the BPS states becoming
massless. We then have:

i) (0,1) monopole:

a%”) _ 0 1 a(Dh)
a(m 10 )\ g )

al

h
m = 1 7 = _ﬁ
)’ n)’
7'1(1) 7'1(1)
o _ ()’
7_00 == 7_00 - (h) . (69)
1
ii) (1,1) dyon:
ag) (0 -1 a%)
a@ 1 1 am |
h
S
mi 1 mi 1
(h)\2
(d) (h) (701 )
Too, = Top, — ————. 6.10
00 00 7_1(?) + 1 ( )



iii) (2,1) dyon:

agl) _ (0 -1 a%)
a(dl) 1 2 a(h) !

1 T(h)
7—1([1i1) = " ) 7—(gtlil) = hOl ’
7'1(1) +2 7'1(1) +2
(R)\2
d h (701")
75" =10 — —gp—— (6.11)
T +2

For the other description of the (2,1) dyon we have similar expressions.

Before studying numerically the effective potential, we can extract some
qualitative information about the vacuum structure and the condensates as in
sect. 4. Asin the Ny =0, SU(2) case [[4], we expect that the minima of the
effective potential will be located near the singularities (the N = 1 points).
The monopole condensate at u; is given essentially by ImTé;n) (u1), and we
can evaluate the (1,1) and (2, 1) condensates at the other singularities using

the Z3 symmetry in the moduli space, as in (.10). From (6.7) we obtain

m du —2me
) ~ T = —2vEe (6.12)

with a non-zero imaginary part, hence we have monopole condensation at
uy = e~ ™/3. The Zs symmetry gives

60 (ug) = =B (wy), 7 (ug) = =¥ (wy), (6.13)

and we get a condensate at u; = €™/ with the same size than the one at
u1, and no condensate at uz = —1. Therefore we expect two minima for the
effective potential, located near u; and u,. This is consistent with the value
of the effective potential at the singularities, given by (E.3). As bgy ~ —Reu,
the singularity at wug is energetically less favourable than the singularities
at uy, us, which have moreover the same energy. Again we find a precise
correlation between the size of the condensate and the corresponding value
of the effective potential.

Now we proceed to the precise numerical analysis of the vacuum struc-
ture. In the Higgs region the effective potential is given by the cosmological
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Figure 3: Effective potential V) (519).

constant, X
pn _ _det(g_g 2 (6.14)
b1y
which is a monodromy invariant. and we plot it in fig. 3. Its shape is very
similar to the Ny = 0 case studied in [[4]. It has two cusp singularities located
at uy, us, where we expect an important contribution from the condensates.
In fact, one should include the monopole and dyon contribution in order to
smooth out the behavior of the effective potential near these singularities,
and consider deth 5 5
2 2 2

Ve = _b—ufo - @P(m) - @P(d)- (6.15)
This is precisely the expected behaviour from the Wilsonian point of view:
near the points where extra states become massless one should include the

relevant degrees of freedom to have a non-singular effective potential.
Therefore, we must analyze the condensates around the three singulari-
ties. For the (2,1) (or (—1,1)) dyon state we find, according to our previous
estimates in (.13), a very tiny condensate, with the same pattern obtained
for the (—1,1) dyon in the pure Yang-Mills case analyzed in [I4]. In par-
ticular it does not produce a minimum in the effective potential once its
contribution is included. For the (0, 1) monopole and (1, 1) dyon associated
to the singularities at uq, us, respectively, we find condensates in symmetric
regions with respect to the Reu axis, as one can see in fig. 4. As long as
fo < 0.25 the two regions don’t overlap. Once these contributions are in-
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Figure 4: Monopole and dyon VEVs for f; = 0.1 on the u-plane.
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Figure 5: Effective potential (6.14) (top), and (B.13) (bottom) for u = 1/2+iy
(left) and for u = 2 —i/3/2 (right). Both are plotted for fo = 0.1.

cluded in the effective potential, for this range of fy, we get two degenerate
minima at complex conjugate points ug, uj. The minimum associated to
the monopole condensate has Imug < 0, and the one associated to the dyon
condensate has Imug > 0.

Of course, once the contribution of the condensates is taken into account,
the singularities are smoothed out, as one can see in fig. 5. The position
of the minimum moves away from the singularities as the supersymmentry
breaking parameter f; is turned on.

There are two features which are worth noticing. The symmetry between
the monopole and dyon condensates, as well as the degeneracy of the poten-
tial, are due to the following symmetry properties of the monopole and dyon
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variables and couplings:

m — * m —(d *
™ (u) =@V, T () = T (),
o (w) = 7Y (), T (w) = —Tog (w0). (6.16)
With our choice of the monopole and dyon coordinates, €™ = —1, @ = 1.

From (6.16), (5.28) and (5.30) one can check that the mass spectrum is the
same for the monopole and dyon minima.

The other interesting property of these minima is the following. As it
was shown in [BJ], magnetic monopoles labeled by the quantum numbers
(Ne, Ny ) have anomalous electric charge given by ¢ = n. + (6o /7 )0y (in the
normalization of [[]). The theta parameter we must take into account in this
case is the low-energy one, and as we have been labeling the BPS states with
quantum numbers referred to the Higgs variables a, ap, it will be given by

A

dCLD
Og = TRe——. 6.17
¢ = TRe T ( )

In the Ny = 0 case analyzed in [[4], the minimum of the effective potential
was associated to the (0,1) state and occurred along the real u-axis with
u > 1. In this region 6.4 = 0, ¢ = 0, and we have stricitly speaking monopole
condensation and confinement of colour electric charge, as it happens when
the theory is broken down to N = 1 theory and the minima are locked at the
singularities [R@]. In the softly broken Ny = 1 theory the situation is different:
for the minimum associated to the (0,1) BPS state one has f.(ug) < 0 as
soon as the supersymmetry breaking parameter is different from zero (at the
singularity Oeg(ui) = 0), and for the minimum located at uf, associated to
the (1,1) BPS state, one has og(uf) = —1 — (1) (which in fact is a
consequence of the symmetry (B.18)). In this way the monopole and dyon
have anomalous electric charges given by

g = derm0) oy Genlo) (6.18)

™ s

As the supersymmetry breaking parameter is turned on, the minimum moves
in such a way that [feg(ug)| increases starting from zero : the condensing
states have greater electric charges with opposite sign. Hence we have dyon
condensation properly speaking in both minima. This must produce some
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Figure 6: Effective potential ((.17) for fo = 0.3 along u = 1/2 + iy.

screening of the electric sources and correspondingly a smaller string tension,
although on general grounds we still expect confinement of colour electric
charge.

As fo ~ 0.25, the regions where monopole and dyon condensation occur
begin to overlap on the real u-axis. This kind of behaviour for the softly bro-
ken N = 2 theories was already noticed in [[4]. At this point it is clear that
in the overlapping region there are non-mutually local degrees of freedom
which must be taken into account simultaneously, and as it is well known it
is difficult to find an effective lagrangian description of this situation. Never-
theless it is interesting to notice that we are studying the vacuum structure
with the effective potential (6.17), and in fact we still have a smooth de-
scription of the low-energy physics when we add the cosmological constant
and the condensates contribution, even in the overlapping region. In fig. 6
Ve is plotted along the Imu direction, for Reu = 1/2, and we can see that
the overlapping of monopole and dyon condensates lowers the energy on the
real u-axis. A reliable description in terms of (B.I7) is possible because of
the monodromy invariance of the cosmological constant, which takes into ac-
count the gauge-field degrees of freedom independently of the description we
choose. In the contributions coming from the BPS states we are not consid-
ering the monopole and dyon variables as independent variables, as the only
independent parameter in (f.17) is the gauge-invariant order parameter w.
Hence we can try to extrapolate our analysis to a wider range of the super-
symmetry breaking parameter using the effective potential description. This
could give a hint of the dynamics induced by the interaction of non-mutually
local objects in field theory. The situation we find here is similar to the one
considered by Argyres and Douglas in [{], concerning certain points in the
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moduli space of the N = 2, SU(3) Yang-Mills theory where non-local BPS
states become simultaneously massless. They also showed that, even if it is
not possible to write a well-defined lagrangian describing these objects, one
can make sense of other quantities such as the [-function. We think that
(6.15) should be considered on the same footing.

However, the monopole and dyon condensates appearing in (6.17) are
defined in terms of functions which have branch cuts connecting the origin
of the moduli space with the other singularities. In other words, the terms
associated to the BPS states in (.15) are not monodromy invariant. The
monopole (dyon) condensate attains these branch cuts precisely when the
overlapping occurs, and one could think that this invalidates the effective
potential description as soon as fy ~ 0.25. But actually one can solve this
problem performing an analytic continuation through the cuts. This is closely
related to the fact that inside the curve of marginal stability the BPS states
are described by different quantum numbers, depending on the region under
consideration RJ|. Finally, this also indicates what is the breakdown of our
approximation: as soon as the monopole (dyon) condensate attains the other
singularities, the analytic continuation cannot be done in a consistent way.
Moreover, the condensates have a non-smooth behaviour at the singularities
associated to the other, non-mutually local BPS states. This is an indication
that we are not taking into account the relevant degrees of freedom in the
description provided by (B.15). This breakdown occurs for fu ~ 0.8, there-
fore we can study the dynamics induced by the supersymmetry breaking
parameter before it reaches this critical value.

For 0.25 < fy < 0.6 the vacuum structure remains qualitatively the same,
with the only difference that the minima of the effective potential move away
from the singularities and correspondingly |6es(ug)| increases its value. For
fo ~ 0.6, a new minimum develops on the real u-axis, due to the overlapping
of the monopole and dyon VEVs. If we increae f, we find a first order phase
transition for fy ~ 0.68: the new minimum becomes the absolute minimum
and therefore the true vacuum of the theory, and the vacuum degeneracy is
lifted. In fig. 7 Ve is plotted for f; = 0.68 along the Imu direction with
Reu = 0.95, and for fy = 0.7 on the u-plane. The possibility of this kind
of behaviour due to the presence in the effective potential of non-mutually
local states was pointed out in [[4]. This minimum persists until the region
where the monopole (dyon) develops a VEV attains the other singularities.
At this point our description breaks down and we can not longer trust the
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Figure 7: Effective potential (f-17) for v = 0.95 + iy, fo = 0.68 (left), and
for fo = 0.7 on the u-plane (right).

effective potential.

What can be the interpretation of this phase transition? A possible ex-
planation may be the fact that the BPS states which are condensing have an
anomalous electric charge due to the effective theta parameter. One should
expect that the additional electric charge makes the condensation less and
less favourable energetically, as it happens in many models. The dynam-
ics looks very much like the phase transition in the theta angle leading to
an oblique confinement phase. In these cases the anomalous electric charge
makes more favourable enegetically the condensation of a bound state of
dyons with opposite electric charges P7]. In our model, the theta angle
transition is induced by the supersymmetry breaking parameter fj, and the
new minimum seems to correspond to a simultaneous condensation of dyons
which also have opposite electric charges: the theta parameter along the real
u-axis is Gy = /2, and the monopole and dyon have anomalous electric
charge ¢™ = —¢¥) = —1/2.

It is clear that a thorough understanding of this kind of vacua, with
non-mutually local states, is still lacking. But we think that the analysis
presented here can give some hints about the possibility of these new phases
and the rich dynamics associated to them. Perhaps the transition to this new
vacuum can be understood in more traditional terms as the condenstion of a
bound state with zero electric charge, but the ubiquity of these phenomena
in supersymmetric theories [I9, B raises the possibility of new phases of
gauge theories that may be relevant to the description of the QCD vacuum.
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