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Abstract

The general form of N = 2 supergravity coupled to an arbitrary number of vector multiplets

and hypermultiplets, with a generic gauging of the scalar manifold isometries is given. This ex-

tends the results already available in the literature in that we use a coordinate independent and

manifestly symplectic covariant formalism which allows to cover theories difficult to formulate

within superspace or tensor calculus approach. We provide the complete lagrangian and super-

symmetry variations with all fermionic terms, and the form of the scalar potential for arbitrary

quaternionic manifolds and special geometry, not necessarily in special coordinates. Lagrangians

for rigid theories are also written in this general setting and the connection with local theories

elucidated. The derivation of these results using geometrical techniques is briefly summarized.
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1 Introduction

Impressive results over the last year on non perturbative properties of N = 2 supersym-
metric Yang-Mills theories[1, 2] and their extension to string theory[3]-[6] through the
notion of string-string duality[7, 8], have used the deep underlying mathematical struc-
ture of these theories and its relation to algebraic geometry [9]- [18].

In the case of N = 2 vector multiplets, describing the effective interactions in the
Abelian (Coulomb) phase of a spontaneously broken gauge theory, Seiberg and Witten
[1] have shown that positivity of the metric on the underlying moduli space identifies the
geometrical data of the effective N = 2 rigid theory with the periods of a particular torus.

In the coupling to gravity it was conjectured by some of the present authors [3, 4] and
later confirmed by heterotic-Type II duality [11, 12, 18, 19], that the very same argument
based on positivity of the vector multiplet kinetic metric identifies the corresponding
geometrical data of the effective N = 2 supergravity with the periods of Calabi-Yau
threefolds.

On the other hand, when matter is added, the underlying geometrical structure
is much richer, since N = 2 matter hypermultiplets are associated with quaternionic
geometry[21, 22, 23], and charged hypermultiplets are naturally associated with the gaug-
ing of triholomorphic isometries of these quaternionic manifolds [24, 25].

It is the aim of this paper to complete the general form of the N = 2 supergravity
lagrangian coupled to an arbitrary number of vector multiplets and hypermultiplets in
presence of a general gauging of the isometries of both the vector multiplets and hyper-
multiplets scalar manifolds. Actually this extends results already obtained years ago by
some of us [24], that in turn extended previous work by Bagger and Witten on ungauged
general quaternionic manifolds coupled to N = 2 supergravity[21], by de Wit, Lauwers
and Van Proeyen on gauged special geometry and gauged quaternionic manifolds obtained
by quaternionic quotient in the tensor calculus framework [26], and by Castellani, D’Auria
and Ferrara on covariant formulation of special geometry for matter coupled supergravity
[27].

This paper firstly provides in a geometrical setting the full lagrangian with all the
fermionic terms and the supersymmetry variations. Secondly, it uses a coordinate in-
dependent and manifestly symplectic covariant formalism which in particular does not
require the use of a prepotential function F (X). Whether a prepotential F (X) exists or
not depends on the choice of a symplectic gauge[4]. Moreover, some physically interesting
cases are precisely instances where F (X) does not exist[4].

Of particular relevance is the fact that we exhibit a scalar potential for arbitrary
quaternionic geometries and for special geometry not necessarily in special coordiantes.
This allows us to go beyond what is obtainable with the tensor calculus (or superspace)
approach. Among many applications, our results allow the study of general conditions for
spontaneous supersymmetry breaking in a manner analogous to what was done for N = 1
matter coupled supergravity [28]. Many examples of supersymmetry breaking studied in
the past are then reproduced in a unified framework.

Recently the power of using simple geometrical formulae for the scalar potential was
exploited while studying the breaking of half supersymmetries in a particular simple
model, using a symplectic basis where F (X) is not defined[29]. The method has poten-
tial applications in string theory to study non perturbative phenomena such as conifold
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transitions [10], p-forms condensation [30] and Fayet-Iliopoulos terms [29, 32].
N = 2 supergravity displays a high degree of complexity in its structure, based however

on the simplicity of few principles. The supersymmetric Lagrangian and the transforma-
tion rules are indeed quite involved but all the couplings, the mass matrices and the
vacuum energy are completely fixed and organized in terms of three geometrical data:

1. The choice of a special Kähler manifold SM describing the self-interactions of the
vector multiplets

2. The choice of a quaternionic manifold HM describing the self-interaction of the
hypermultiplets

3. The choice of a gauge group G, that in the non abelian case must be a subgroup of
the isometry group of the scalar manifold Mscalar ≡ SM⊗HM with a block diag-
onal immersion in the symplectic group Sp(2n + 2, IR) of electric–magnetic duality
rotations (see eq. 6.4).

For this reason we devote the first and largest part of the paper (sections 2-7) to review
and discuss, in a way independent from supersymmetric Lagrangians and supersymmetry
algebras, the geometrical ingredients of the construction that we listed above. This part
of the paper can be read as an independent essay and should be quite accessible to math-
ematicians as well as to readers who have no background or interest in supersymmetry.

The second part of the paper (sections 8-9) presents instead the Lagrangian and super-
symmetry transformation rules for both N = 2 supergravity and N = 2 matter coupled
rigid Yang–Mills theory that is retrieved from supergravity in the infinite Planck mass
limit µ → ∞. The theory is presented in a completely explicit component formalism,
and no formulae employ or require the use of superfields, superspace or conformal tensor
calculus. All items entering such formulae are rather geometrical objects whose nature
and properties were described and explained in previous sections.

The reader interested in applications of N = 2 supergravity or Yang–Mills theory can
directly jump to sections 8-9, that are self–contained, and insert, in the ready-to-use for-
mulae the specific geometrical data corresponding to the problem considered. References
to formulae in previous sections are given to fix normalizations.

The derivation of the results presented in sections 8-9 was obtained by means of the
geometric (“rheonomic”) approach (for a general review see the book by some of us [31]).
The details of the derivation are given in the Appendices for the interested reader, while
the results are presented in the main text. It is indeed one of the main advantages of
the geometrical approach to supersymmetry that the final outcome of the construction is
directly written in space–time component formalism.

As emphasized our results are general and apply to generic choice of the scalar mani-
fold. As an illustration of our formulae in the appendix we specialize them to the case of
the manifolds 1.1. More specifically, our paper is organized as follows:

1. Section 2 reviews duality rotations and symplectic covariance in field theory.

2. Section 3 describes the symplectic embedding of the homogeneous spaces,in par-
ticular the special symmetric spaces which appear at tree level in heterotic string
theory.
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3. Section 4 reviews Special Kähler geometry, both for rigid and local supersymmetry.

4. Section 5 describes the geometry of hypermultiplets, their associated quaternionic
and hyperKähler manifolds in local and rigid supersymmetry.

5. Section 6 faces the gauging of special and quaternionic manifolds.

6. Section 7 deals with the so called momentum map on Special Kähler and quater-
nionic manifolds giving rise to the introduction of prepotential functions which enter
in the construction of the scalar potential.

7. Section 8 reports the full N = 2 Lagrangian in a symplectic covariant form

8. Section 9 contains the rigid limit and reports the general form of a matter coupled
N = 2 super Yang–Mills theory on a generic rigid special manifold and a generic
rigid hyperKähler manifold.

9. Appendices A, B give a detailed derivation of the Lagrangian and transformation
rules using the geometrical approach.

10. Appendix C deals with the relevant formulas for N = 2 supergravity based on the
manifolds

special manifold = ST [2, n] ≡ SU(1, 1)

U(1)
⊗ SO(2, n)

SO(2) × SO(n)

quaternionic manifold = HQ[m] ≡ SO(4, m)

SO(4) × SO(m)
(1.1)

This is done as an exemplification of the general formulae for the potential, mass
matrices and kinetic period matrices and for its intrinsic interest in applications to
tree level string theory

11. Appendix D contains a list of conventions and normalizations that we have em-
ployed.

An expanded version of this paper, with particular attention to the geometrical prop-
erties of the scalar manifolds, the rigidly supersymmetric version and further related issues
is given in [33].

2 Duality Rotations and Symplectic Covariance

In this section, both for completeness and in order to fix our conventions and notations,
we review the general structure of an abelian theory of vectors and scalars displaying
covariance under a group of duality rotations. The basic reference is the 1981 paper by
Gaillard and Zumino [46]. A general presentation in D = 2p dimensions was recently
given in [47]. Here we fix D = 4.

We consider a theory of n gauge fields AΛ
µ , in a D = 4 space–time with Lorentz

signature. They correspond to a set of n differential 1–forms

AΛ ≡ AΛ
µ dx

µ (Λ = 1, . . . , n) (2.1)

3



The corresponding field strengths and their Hodge duals are defined by

FΛ ≡ dAΛ ≡ FΛ
µν dx

µ ∧ dxν

FΛ
µν ≡ 1

2

(
∂µA

Λ
ν − ∂νA

Λ
µ

)

⋆FΛ ≡ F̃Λ
µν dx

µ ∧ dxν

F̃Λ
µν ≡ 1

2
εµνρσ FΛ|ρσ (2.2)

Defining the space–time integration volume as

d4x ≡ − 1

4!
εµ1...µ4 dx

µ1 ∧ . . . ∧ dxµ4 , (2.3)

we obtain

FΛ ∧ FΣ = εµνρσ FΛ
µν FΣ

ρσ d
4x ; FΛ ∧ ⋆FΣ = −2FΛ

µν FΣ|µνd4x . (2.4)

In addition to the gauge fields let us also introduce a set of real scalar fields φI ( I =
1, . . . , m) spanning an m–dimensional manifold Mscalar

1 endowed with a metric gIJ(φ).
Utilizing the above field content we can write the following action functional:

S =
1

2

∫ {[
γΛΣ(φ)FΛ ∧ ⋆FΣ + θΛΣ(φ)FΛ ∧ FΣ

]
+ gIJ(φ) ∂µφ

I ∂µφJ d4x
}
, (2.5)

where the scalar fields dependent n × n matrix γΛΣ(φ) generalizes the inverse of the
squared coupling constant 1

g2 appearing in ordinary gauge theories. The field dependent

matrix θΛΣ(φ) is instead a generalization of the theta–angle of quantum chromodynamics.
Both γ and θ are symmetric matrices. Introducing a formal operator j that maps a field
strength into its Hodge dual

(
j FΛ

)
µν

≡ 1

2
ǫµνρσ FΛ|ρσ (2.6)

and a formal scalar product

(G , K) ≡ GTK ≡
n∑

Λ=1

GΛ
µνK

Λ|µν (2.7)

the total Lagrangian of eq. 2.5 can be rewritten as

L(tot) = FT (−γ ⊗ 11 + θ ⊗ j)F +
1

2
gIJ(φ) ∂µφ

I ∂µφJ (2.8)

The operator j satisfies j2 = − 11 so that its eigenvalues are ±i. Introducing self–dual
and antiself–dual combinations

F± =
1

2
(F ± i jF)

j F± = ∓iF± (2.9)

1Whether the φI can be arranged into complex fields is not relevant at this level of the discussion.
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and the field–dependent symmetric matrices

N = θ − iγ

N = θ + iγ , (2.10)

the vector part of the Lagrangian 2.8 can be rewritten as

Lvec = i
[
F−TNF− − F+TNF+

]
(2.11)

Introducing the new tensors

G̃Λ
µν ≡ 1

2

∂L
∂FΛ

µν

↔ G∓Λ
µν ≡ ∓ i

2

∂L
∂F∓Λ

µν

(2.12)

which, in matrix notation, corresponds to

j G ≡ 1

2

∂L
∂FT

= − (γ ⊗ 11 − θ ⊗ j) F (2.13)

the Bianchi identities and field equations associated with the Lagrangian 2.5 can be
written as

∂µF̃Λ
µν = 0 (2.14)

∂µG̃Λ
µν = 0 (2.15)

or equivalently

∂µImF±Λ
µν = 0 (2.16)

∂µImG±Λ
µν = 0 . (2.17)

This suggests that we introduce the 2n column vector

V ≡
(
j F
j G

)
(2.18)

and that we consider general linear transformations on such a vector

(
j F
j G

)′
=
(
A B
C D

)(
j F
j G

)
(2.19)

For any matrix
(
A B
C D

)
∈ GL(2n, IR) the new vector V′ of magnetic and electric field–

strengths satisfies the same equations 2.15 as the old one. In a condensed notation we
can write

∂V = 0 ⇐⇒ ∂V′ = 0 (2.20)

Separating the self–dual and anti–self–dual parts

F =
(
F+ + F−

)
; G =

(
G+ + G−

)
(2.21)

and taking into account that we have

G+ = NF+ G− = NF− (2.22)

5



the duality rotation of eq. 2.19 can be rewritten as

(F+

G+

)′
=
(
A B
C D

)( F+

NF+

)
;

(F−

G−

)′
=
(
A B
C D

)( F−

NF−

)
(2.23)

The problem is that the transformation rule 2.23 of G± must be consistent with the
definition of the latter as variation of the Lagrangian with respect to F± (see eq. 2.12).

This request restricts the form of the matrix Λ =
(
A B
C D

)
. As we are going to show, Λ

must belong to the symplectic subgroup of the general linear group

Λ ≡
(
A B
C D

)
∈ Sp(2n, IR) ⊂ GL(2n, IR) (2.24)

the subgroup Sp(2n, IR) being defined as the set of 2n × 2n matrices that satisfy the
condition

Λ ∈ Sp(2n, IR) −→ ΛT
(

0 11
−11 0

)
Λ =

(
0 11
−11 0

)
(2.25)

that is, using n⊗ n block components

ATC − CTA = BTD −DTB = 0 ATD − CTB = 1 (2.26)

To prove the statement we just made, we calculate the transformed Lagrangian L′ and
then we compare its variation ∂L′

∂F ′T with G±′ as it follows from the postulated transforma-
tion rule 2.23. To perform such a calculation we rely on the following basic idea. While
the duality rotation 2.23 is performed on the field strengths and on their duals, also the
scalar fields are transformed by the action of some diffeomorphism ξ ∈ Diff (Mscalar) of
the scalar manifold and, as a consequence of that, also the matrix N changes. In other
words given the scalar manifold Mscalar we assume that there exists a homomorphism of
the form

ιδ : Diff (Mscalar) −→ GL(2n, IR) (2.27)

so that

∀ ξ ∈ Diff (Mscalar) : φI ξ−→ φI′

∃ ιδ(ξ) =
(
Aξ Bξ

Cξ Dξ

)
∈ GL(2n, IR) (2.28)

(In the sequel the subfix ξ will be omitted when no confusion can arise and be reinstalled
when necessary for clarity. )

Using such a homomorphism we can define the simultaneous action of ξ on all the
fields of our theory by setting

ξ :





φ −→ ξ(φ)
V −→ ιδ(ξ)V
N (φ) −→ N ′(ξ(φ))

(2.29)

where the notation 2.18 has been utilized. In the gauge sector the transformed Lagrangian
is

L′
vec = i

[
F−T (A+BN )TN ′

(A+BN )F− − F+T (A+BN )TN ′(A+BN )F+
]

(2.30)
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Consistency with the definition of G+ requires that

N ′ ≡ N ′(ξ(φ)) = (C +DN (φ)) (A+BN (φ))−1 (2.31)

while consistency with the definition of G− imposes the transformation rule

N ′ ≡ N ′
(ξ(φ)) =

(
C +DN (φ)

) (
A +BN (φ)

)−1
(2.32)

It is from the transformation rules 2.31 and 2.32 that we derive a restriction on the form
of the duality rotation matrix Λ ≡ ιδ(ξ). Indeed by requiring that the transformed matrix
N ′ be again symmetric one easily finds that Λ must obey eq. 2.25, namely Λ ∈ Sp(2n, IR).
Consequently the homomorphism of eq. 2.27 specializes as

ιδ : Diff (Mscalar) −→ Sp(2n, IR) (2.33)

Clearly, since Sp(2n, IR) is a finite dimensional Lie group, while Diff (Mscalar) is infinite–
dimensional, the homomorphism ιδ can never be an isomorphism. Defining the Torelli
group of the scalar manifold as

Diff (Mscalar) ⊃ Tor (Mscalar) ≡ ker ιδ (2.34)

we always have
dim Tor (Mscalar) = ∞ (2.35)

The reason why we have given the name of Torelli to the group defined by eq. 2.34 is
because of its similarity with the Torelli group that occurs in algebraic geometry.

What should be clear from the above discussion is that a family of Lagrangians as in
eq. 2.5 will admit a group of duality–rotations/field–redefinitions that will map elements
of the family into each other, as long as a kinetic matrix NΛΣ can be constructed that
transforms as in eq. 2.31. A way to obtain such an object is to identify it with the period
matrix occurring in problems of algebraic geometry. At the level of the present discussion,
however, this identification is by no means essential: any construction of NΛΣ with the
appropriate transformation properties is acceptable. Note also that so far we have used the
words duality–rotations/field–redefinitions and not the word duality symmetry. Indeed the
diffeomorphisms of the scalar manifold we have considered were quite general and, as such
had no pretension to be symmetries of the action, or of the theory. Indeed the question
we have answered is the following: what are the appropriate transformation properties of
the tensor gauge fields and of the generalized coupling constants under diffeomorphisms
of the scalar manifold? The next question is obviously that of duality symmetries.

As it is the case with the difference between general covariance and isometries in
the context of general relativity, duality symmetries correspond to the subset of duality
transformations for which we obtain an invariance in form of the theory. In this respect,
however, we have to stress that what is invariant in form cannot be the Lagrangian but
only the set of field equations plus Bianchi identities. Indeed, while any Λ ∈ Sp(2n, IR)
can, in principle, be an invariance in form of eqs. 2.17, the same is not true for the
Lagrangian. One can easily find that the vector kinetic part of this latter transforms as
follows:

ImF−ΛNΛΣF−Σ → ImF̃−Λ G̃−
Σ

= Im
(
F−ΛG−

Λ + 2F−Λ (CTB) Σ
Λ G−

Σ

+F−Λ (CTA)ΛΣF−Σ + G−
Λ (DTB)ΛΣ G−

Σ

)
(2.36)
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whence we conclude that proper symmetries of the Lagrangian are to be looked for only
among matrices with C = B = 0. If C 6= 0 and B = 0, the Lagrangian varies through the
addition of a topological density (see below eq. 6.7). Elements of Sp(2n, IR) with B 6= 0,
cannot be symmetries of the classical action under any circumstance.

The scalar part of the Lagrangian, on the other hand, is invariant under all those dif-
feomorphisms of the scalar manifolds that are isometries of the scalar metric gIJ . Naming
ξ⋆ : TMscalar → TMscalar the push–forward of ξ, this means that

∀X, Y ∈ TMscalar

g (X, Y ) = g (ξ⋆X, ξ⋆Y ) (2.37)

and ξ is an exact global symmetry of the scalar part of the Lagrangian in eq. 2.5. In
view of our previous discussion these symmetries of the scalar sector are not guaranteed
to admit an extension to symmetries of the complete action. Yet we can insist that they
extend to symmetries of the field equations plus Bianchi identities, namely to duality
symmetries in the sense defined above. This requires that the group of isometries of the
scalar metric I(Mscalar) be suitably embedded into the duality group Sp(2n, IR) and that
the kinetic matrix NΛΣ satisfies the covariance law:

N (ξ(φ)) = (Cξ +DξN (φ)) (Aξ +BξN (φ))−1 . (2.38)

3 Symplectic embeddings of homogenous spaces

A general construction of the kinetic coupling matrix N can be derived in the case where
the scalar manifold is taken to be a homogeneous space G/H. This is what happens in
all extended supergravities for N ≥ 3 and also in specific instances of N=2 theories. For
this reason we shortly review the construction of the kinetic period matrix N in the case
of homogeneous spaces. Although the basic construction was introduced in the literature
by Gaillard and Zumino in 1981 [46] and was reviewed by some of us in [31], a derivation
of the basic formulae that matches completely with the modern notations of N=2 and
N=4 theories, such as they emerge in string compactifications and in the discussion of
S–duality, is not available, to our knowledge, in the existing literature. To make the
present paper self contained we consider therefore essential to review such a construction
in modern gear.

The relevant homomorphism ιδ (see eq. 2.33) becomes:

ιδ : Diff
( G
H
)

−→ Sp(2n, IR) (3.1)

In particular, focusing on the isometry group of the canonical metric defined on G
H

2:

I
(

G
H

)
= G we must consider the embedding:

ιδ : G −→ Sp(2n, IR) (3.2)

That in eq. 3.1 is a homomorphism of finite dimensional Lie groups and as such it con-
stitutes a problem that can be solved in explicit form. What we just need to know is

2Actually, in order to be true, the equation I( G
H

) = G requires that that the normaliser of H in G be
the identity group, a condition that is verified in all the relevant examples
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the dimension of the symplectic group, namely the number n of gauge fields appearing in
the theory. Without supersymmetry the dimension m of the scalar manifold (namely the
possible choices of G

H) and the number of vectors n are unrelated so that the possibilities
covered by eq. 3.2 are infinitely many. In supersymmetric theories, instead, the two num-
bers m and n are related, so that there are finitely many cases to be studied corresponding
to the possible embeddings of given groups G into a symplectic group Sp(2n, IR) of fixed
dimension n. Actually taking into account further conditions on the holonomy of the
scalar manifold that are also imposed by supersymmetry, the solution for the symplec-
tic embedding problem is unique for all extended supergravities with N ≥ 3 as we have
already remarked (see for instance [31]).

Apart from the details of the specific case considered once a symplectic embedding
is given there is a general formula one can write down for the period matrix N that
guarantees symmetry (N T = N ) and the required transformation property 2.38. This
is the result we want to review. It will be useful in the sequel for comparison with the
formulae of special geometry in the case the considered special manifold is homogeneous
(see appendix C, in particular).

The real symplectic group Sp(2n, IR) is defined as the set of all real 2n× 2n matrices

Λ =
(
A B
C D

)
satisfying equation 2.25, namely

ΛT CΛ = C (3.3)

where C ≡
(

0 11
−11 0

)
If we relax the condition that the matrix should be real but we

still impose eq. 3.3 we obtain the definition of the complex symplectic group Sp(2n,C).
It is a well known fact that the following isomorphism is true:

Sp(2n, IR) ∼ Usp(n, n) ≡ Sp(2n,C) ∩ U(n, n) (3.4)

By definition an element S ∈ Usp(n, n) is a complex matrix that satisfies simultaneously
eq. 3.3 and a pseudo–unitarity condition, that is:

ST CS = C ; S† IHS = IH (3.5)

where IH ≡
(

11 0
0 −11

)
. The general block form of the matrix S is:

S =
(
T V ⋆

V T ⋆

)
(3.6)

and eq.s 3.5 are equivalent to:

T † T − V † V = 11 ; T † V ⋆ − V † T ⋆ = 0 (3.7)

The isomorphism of eq. 3.4 is explicitly realized by the so called Cayley matrix:

C ≡ 1√
2

(
11 i11
11 −i11

)
(3.8)

via the relation:
S = C Λ C−1 (3.9)
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which yields:

T =
1

2
(A+D) − i

2
(B − C) ; V =

1

2
(A−D) − i

2
(B + C) (3.10)

When we set V = 0 we obtain the subgroup U(n) ⊂ Usp(n, n), that in the real basis is

given by the subset of symplectic matrices of the form
(
A B
−B A

)
. The basic idea, to

obtain the general formula for the period matrix, is that the symplectic embedding of the
isometry group G will be such that the isotropy subgroup H ⊂ G gets embedded into the
maximal compact subgroup U(n), namely:

G ιδ−→Usp(n, n) ; G ⊃ H ιδ−→U(n) ⊂ Usp(n, n) (3.11)

If this condition is realized let L(φ) be a parametrization of the coset G/H by means of
coset representatives. Relying on the symplectic embedding of eq. 3.11 we obtain a map:

L(φ) −→ O(φ) =
(
U0(φ) U⋆

1 (φ)
U1(φ) U⋆

0 (φ)

)
∈ Usp(n, n) (3.12)

that associates to L(φ) a coset representative of Usp(n, n)/U(n). By construction if φ′ 6= φ
no unitary n× n matrix W can exist such that:

O(φ′) = O(φ)
(
W 0
0 W ⋆

)
(3.13)

On the other hand let ξ ∈ G be an element of the isometry group of G/H. Via the
symplectic embedding of eq. 3.11 we obtain a Usp(n, n) matrix

Sξ =
(
Tξ V ⋆

ξ

Vξ T ⋆
ξ

)
(3.14)

such that

Sξ O(φ) = O(ξ(φ))
(
W (ξ, φ) 0

0 W ⋆(ξ, φ)

)
(3.15)

where ξ(φ) denotes the image of the point φ ∈ G/H through ξ and W (ξ, φ) is a suitable
U(n) compensator depending both on ξ and φ. Combining eq.s 3.15, 3.12, with eq.s 3.10
we immediately obtain:

U †
0 (ξ(φ)) + U †

1 (ξ(φ)) = W
[
U †

0 (φ)
(
AT + iBT

)
+ U †

1 (φ)
(
AT − iBT

)]

U †
0 (ξ(φ)) − U †

1 (ξ(φ)) = W
[
U †

0 (φ)
(
DT − iCT

)
− U †

1 (φ)
(
DT + iCT

)]
(3.16)

Setting:

N ≡ i
[
U †

0 + U †
1

]−1 [
U †

0 − U †
1

]
(3.17)

and using the result of eq. 3.16 one checks that the transformation rule 2.38 is verified. It
is also an immediate consequence of the analogue of eq.s 3.7 satisfied by U0 and U1 that
the matrix in eq. 3.17 is symmetric

N T = N (3.18)

Eq. 3.17 is the master formula derived in 1981 by Gaillard and Zumino [46]. It explains
the structure of the gauge field kinetic terms in all N ≥ 3 extended supergravity theories
and also in those N = 2 theories where the Special Kähler manifold SM is a homogeneous
manifold G/H.
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3.1 Symplectic embedding of the ST [m,n] homogeneous mani-
folds

Because of their relevance in superstring compactifications let us illustrate the general
procedure with the following class of homogeneous manifolds:

ST [m,n] ≡ SU(1, 1)

U(1)
⊗ SO(m,n)

SO(m) ⊗ SO(n)
(3.19)

The isometry group of the ST [m,n] manifolds defined in eq. 3.19 contains a factor
(SU(1, 1)) whose transformations act as non–perturbative S–dualities and another factor
(SO(m,n)) whose transformations act as T–dualities, holding true at each order in string
perturbation theory. The field S is obtained by combining together the dilaton D and the
axion A:

S = A− iexp[D]

∂µA ≡ εµνρσ ∂ν Bρσ (3.20)

while ti is the name usually given to the moduli–fields of the compactified target space.
Now in string and supergravity applications S will be identified with the complex coordi-
nate on the manifold SU(1,1)

U(1)
, while ti will be the coordinates of the coset space SO(m,n)

SO(m)⊗SO(n)
.

The case ST [6, n] is the scalar manifold in N = 4 supergravity, while the case ST [2, n] is
a very interesting instance of special Kähler manifold appearing in superstring compact-
ifications. Although as differentiable and metric manifolds the spaces ST [m,n] are just
direct products of two factors (corresponding to the above mentioned different physical
interpretation of the coordinates S and ti), from the point of view of the symplectic em-
bedding and duality rotations they have to be regarded as a single entity. This is even
more evident in the case m = 2, n = arbitrary, where the following theorem has been
proven by Ferrara and Van Proeyen [48]: ST [2, n] are the only special Kähler manifolds
with a direct product structure. The definition of special Kähler manifolds is given in
the next section, yet the anticipation of this result should make clear that the special
Kähler structure (encoding the duality rotations in the N = 2 case) is not a property of
the individual factors but of the product as a whole. Neither factor is by itself a special
manifold although the product is.

At this point comes the question of the correct symplectic embedding. Such a question
has two aspects:

1. Intrinsically inequivalent embeddings

2. Symplectically equivalent embeddings that become inequivalent after gauging

The first issue in the above list is group–theoretical in nature. When we say that the group
G is embedded into Sp(2n, IR) we must specify how this is done from the point of view of
irreducible representations. Group–theoretically the matter is settled by specifying how
the fundamental representation of Sp(2n) splits into irreducible representations of G:

2n
G−→⊕ℓ

i=1 Di (3.21)

Once eq. 3.21 is given (in supersymmetric theories such information is provided by su-
persymmetry ) the only arbitrariness which is left is that of conjugation by arbitrary
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Sp(2n, IR) matrices. Suppose we have determined an embedding ιδ that obeys the law in
eq. 3.21, then:

∀S ∈ Sp(2n, IR) : ι′δ ≡ S ◦ ιδ ◦ S−1 (3.22)

will obey the same law. That in eq. 3.22 is a symplectic transformation that corresponds
to an allowed duality–rotation/field–redefinition in the abelian theory of type in eq. 2.5
discussed in the previous subsection. Therefore all abelian Lagrangians related by such
transformations are physically equivalent.

The matter changes in presence of gauging. When we switch on the gauge coupling
constant and the electric charges, symplectic transformations cease to yield physically
equivalent theories. This is the second issue in the above list. The choice of a symplectic
gauge becomes physically significant. The construction of supergravity theories proceeds
in two steps. In the first step, one constructs the abelian theory: at that level the
only relevant constraint is that encoded in eq. 3.21 and the choice of a symplectic gauge
is immaterial. Actually one can write the entire theory in such a way that symplectic
covariance is manifest. In the second step one gauges the theory. This breaks symplectic
covariance and the choice of the correct symplectic gauge becomes a physical issue. This
issue has been recently emphasized by the results in [29] where it has been shown that
whether N=2 supersymmetry can be spontaneously broken to N=1 or not depends on the
symplectic gauge.

These facts being cleared we proceed to discuss the symplectic embedding of the
ST [m,n] manifolds.

Let η be the symmetric flat metric with signature (m,n) that defines the SO(m,n)
group, via the relation

L ∈ SO(m,n) ⇐⇒ LT ηL = η (3.23)

Both in the N = 4 and in the N = 2 theory, the number of gauge fields in the theory is
given by:

#vector fields = m⊕ n (3.24)

m being the number of graviphotons and n the number of vector multiplets. Hence we
have to embed SO(m,n) into Sp(2m+2n, IR) and the explicit form of the decomposition
in eq. 3.21 required by supersymmetry is:

2m + 2n
SO(m,n)−→ m + n⊕ m + n (3.25)

where m + n denotes the fundamental representation of SO(m,n). Eq. 3.25 is easily un-
derstood in physical terms. SO(m,n) must be a T–duality group, namely a symmetry
holding true order by order in perturbation theory. As such it must rotate electric field
strengths into electric field strengths and magnetic field strengths into magnetic field field
strengths. The two irreducible representations into which the the fundamental representa-
tion of the symplectic group decomposes when reduced to SO(m,n) correspond precisely
to electric and magnetic sectors, respectively. In the simplest gauge the symplectic em-
bedding satisfying eq. 3.25 is block–diagonal and takes the form:

∀L ∈ SO(m,n)
ιδ→֒

(
L 0
0 (LT )−1

)
∈ Sp(2m+ 2n, IR) (3.26)

Consider instead the group SU(1, 1) ∼ SL(2, IR). This is the factor in the isometry
group of ST [m,n] that is going to act by means of S–duality non perturbative rotations.
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Typically it will rotate each electric field strength into its homologous magnetic one.
Correspondingly supersymmetry implies that its embedding into the symplectic group
must satisfy the following condition:

2m + 2n
SL(2,IR)−→ ⊕m+n

i=1 2 (3.27)

where 2 denotes the fundamental representation of SL(2, IR). In addition it must commute
with the embedding of SO(m,n) in eq. 3.26 . Both conditions are fulfilled by setting:

∀
(
a b
c d

)
∈ SL(2, IR)

ιδ→֒
(
a 11 b η
c η d 11

)
∈ Sp(2m+ 2n, IR) (3.28)

Utilizing eq.s 3.9 the corresponding embeddings into the group Usp(m + n,m + n) are
immediately derived:

∀L ∈ SO(m,n)
ιδ→֒

( 1
2
(L+ ηLη) 1

2
(L− ηLη)

1
2
(L− ηLη) 1

2
(L+ ηLη)

)
∈ Usp(m+ n,m+ n)

∀
(
t v⋆

v t⋆

)
∈ SU(1, 1)

ιδ→֒
(

Ret11 + iImtη Rev11 − iImvη
Rev11 + iImvη Ret11 − iImtη

)
∈ Usp(m+ n,m+ n)

(3.29)

where the relation between the entries of the SU(1, 1) matrix and those of the correspond-
ing SL(2, IR) matrix are provided by the relation in eq. 3.10.

Equipped with these relations we can proceed to derive the explicit form of the period
matrix N .

The homogeneous manifold SU(1, 1)/U(1) can be conveniently parametrized in terms
of a single complex coordinate S, whose physical interpretation will be that of axion–
dilaton, according to eq. 3.20. The coset parametrization appropriate for comparison
with other constructions (special geometry or N = 4 supergravity) is given by the family
of matrices:

M(S) ≡ 1

n(S)

(
11 i−S

i+S
i+S
i−S

11

)
: n(S) ≡

√
4ImS

1 + |S|2 + 2ImS
(3.30)

To parametrize the coset SO(m,n)/SO(m)× SO(n) we can instead take the usual coset
representatives (see for instance [31]):

L(X) ≡


(
11 +XXT

)1/2
X

XT
(
11 +XTX

)1/2


 (3.31)

where the m×n real matrix X provides a set of independent coordinates. Inserting these
matrices into the embedding formulae of eq.s 3.29 we obtain a matrix:

ιδ (M(S)) ◦ ιδ (L(X)) =
(
U0(S,X) U⋆

1 (S,X)
U1(S,X) U⋆

0 (S,X)

)
∈ Usp(n +m,n+m) (3.32)

that inserted into the master formula of eq. 3.17 yields the following result:

N = iImS ηL(X)LT (X)η + ReS η (3.33)

Alternatively, remarking that if L(X) is an SO(m,n) matrix also L(X)′ = ηL(X)η is such
a matrix and represents the same equivalence class, we can rewrite 3.33 in the simpler
form:

N = iImS L(X)′LT ′(X) + ReS η (3.34)
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4 Special Kähler Geometry

The first discovery that the self-interaction of Wess–Zumino multiplets is governed by
Kähler geometry is due to Zumino [49] (1979). Independently, the parametrization of
the coupling of Wess–Zumino multiplets to supergravity in terms of a real function, later
identified with the Kähler potential, was obtained in [50, 51] (1978), shortly after that su-
pergravity had been discovered by Freedman, Ferrara and van Nieuwenhuizen [52] (1976)
and recast in first order formalism by Deser and Zumino [53] (1976).

The complete form of standard N=1 supergravity, determined by means of the super-
conformal calculus, was obtained in [54] (1983), while the geometric interpretation of the
coupling structure is due to Bagger and Witten [55, 56] (1983).

Special Kähler geometry in special coordinates was introduced in 1984–85 by B. de
Wit et al. in [57, 34] and E. Cremmer et al. in [58], where the coupling of N=2 vector
multiplets to N=2 supergravity was fully determined. The more intrinsic definition of
special Kähler geometry in terms of symplectic bundles is due to Strominger [59] (1990),
who obtained it in connection with the moduli spaces of Calabi–Yau compactifications.
The coordinate-independent description and derivation of special Kähler geometry in the
context of N=2 supergravity is due to Castellani, D’Auria, Ferrara [27] and to D’Auria,
Ferrara, Fre’ [24] (1991). Recently Ceresole, D’Auria, Ferrara and Van Proeyen [4] have
shown how one can and in important instances must dispense of the notion of holomorphic
prepotential F (X). Let us begin by reviewing the notions of Kähler and Hodge–Kähler
manifolds that are the prerequisites to introduce the notion of Special Kähler manifolds.
Once again we do this in order to fix our notations.

4.1 Hodge–Kähler manifolds

Consider a line bundle L π−→M over a Kähler manifold. By definition this is a holomorphic
vector bundle of rank r = 1. For such bundles the only available Chern class is the first:

c1(L) =
i

2π
∂
(
h−1 ∂ h

)
=

i

2π
∂ ∂ log h (4.1)

where the 1-component real function h(z, z) is some hermitian fibre metric on L. Let
f(z) be a holomorphic section of the line bundle L: noting that under the action of the

operator ∂ ∂ the term log
(
ξ(z) ξ(z)

)
yields a vanishing contribution, we conclude that

the formula in eq. 4.1 for the first Chern class can be re-expressed as follows:

c1(L) =
i

2π
∂ ∂ log ‖ ξ(z) ‖2 (4.2)

where ‖ ξ(z) ‖2 = h(z, z) ξ(z) ξ(z) denotes the norm of the holomorphic section ξ(z).
Eq. 4.2 is the starting point for the definition of Hodge Kähler manifolds, an essential

notion in supergravity theory.
A Kähler manifold M is a Hodge manifold if and only if there exists a line bundle

L −→ M such that its first Chern class equals the cohomology class of the Kähler 2-form
K:

c1(L) = [K ] (4.3)
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In local terms this means that there is a holomorphic section W (z) such that we can
write

K =
i

2π
gij⋆ dzi ∧ dzj⋆

=
i

2π
∂ ∂ log ‖ W (z) ‖2 (4.4)

Recalling the local expression of the Kähler metric in terms of the Kähler potential
gij⋆ = ∂i ∂j⋆K(z, z), it follows from eq. 4.4 that if the manifold M is a Hodge man-
ifold, then the exponential of the Kähler potential can be interpreted as the metric
h(z, z) = exp (K(z, z)) on an appropriate line bundle L.

This structure is precisely that advocated by the Lagrangian of N = 1 matter coupled
supergravity: the holomorphic section W (z) of the line bundle L is what, in N=1 super-
gravity theory, is named the superpotential and the logarithm of its norm log ‖ W (z) ‖2

= K(z, z) + log |W (z) |2 = G(z, z) is precisely the invariant function in terms of which
one writes the potential and Yukawa coupling terms of the supergravity action (see [54]
and for a review [31]).

4.2 Special Kähler Manifolds: general discussion

There are in fact two kinds of special Kähler geometry: the local and the rigid one.
The former describes the scalar field sector of vector multiplets in N = 2 supergravity
while the latter describes the same sector in rigid N = 2 Yang–Mills theories. Since
N = 2 includes N = 1 supersymmetry, local and rigid special Kähler manifolds must be
compatible with the geometric structures that are respectively enforced by local and rigid
N = 1 supersymmetry in the scalar sector. The distinction between the two cases deals
with the first Chern–class of the line–bundle L π−→M, whose sections are the possible
superpotentials. In the local theory c1(L) = [K] and this restricts M to be a Hodge–
Kähler manifold. In the rigid theory, instead, we have c1(L) = 0. At the level of the
Lagrangian this reflects into a different behaviour of the fermion fields. These latter are
sections of L1/2 and couple to the canonical hermitian connection defined on L:

θ ≡ h−1 ∂ h = 1
h
∂ih dz

i ; θ ≡ h−1 ∂ h = 1
h
∂i⋆h dz

i⋆ (4.5)

In the local case where [
∂ θ

]
= c1(L) = [K] (4.6)

the fibre metric h can be identified with the exponential of the Kähler potential and we
obtain:

θ = ∂K = ∂iKdzi ; θ = ∂K = ∂i⋆Kdzi⋆ (4.7)

In the rigid case, L is instead a flat bundle and its metric is unrelated to the Kähler
potential. Actually one can choose a vanishing connection:

θ = θ = 0 (4.8)

The distinction between rigid and local special manifolds is the N = 2 generalization
of this difference occurring at the N = 1 level. In the N = 2 case, in addition to the
line–bundle L we need a flat holomorphic vector bundle SV −→ M whose sections can
be identified with the superspace fermi–fermi components of electric and magnetic field–
strengths (see appendix B). In this way, according to the discussion of previous sections the
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diffeomorphisms of the scalar manifolds will be lifted to produce an action on the gauge–
field strengths as well. In a supersymmetric theory where scalars and gauge fields belong
to the same multiplet this is a mandatory condition. However this symplectic bundle
structure must be made compatible with the line–bundle structure already requested by
N = 1 supersymmetry. This leads to the existence of two kinds of special geometry.
Another essential distinction between the two kind of geometries arises from the different
number of vector fields in the theory. In the rigid case this number equals that of the
vector multiplets so that

# vector fields ≡ n = n

# vector multiplets ≡ n = dimC M
rankSV ≡ 2n = 2n (4.9)

On the other hand, in the local case, in addition to the vector fields arising from the vector
multiplets we have also the graviphoton coming from the graviton multiplet. Hence we
conclude:

# vector fields ≡ n = n + 1

# vector multiplets ≡ n = dimC M
rankSV ≡ 2n = 2n+ 2 (4.10)

In the sequel we make extensive use of covariant derivatives with respect to the canonical
connection of the line–bundle L. Let us review its normalization. As it is well known
there exists a correspondence between line–bundles and U(1)–bundles. If exp[fαβ(z)] is
the transition function between two local trivializations of the line–bundle L −→ M,
the transition function in the corresponding principal U(1)–bundle U −→ M is just
exp[iImfαβ(z)] and the Káhler potentials in two different charts are related by:

Kβ = Kα + fαβ + fαβ (4.11)

. At the level of connections this correspondence is formulated by setting:

U(1)–connection ≡ Q = Imθ = − i

2

(
θ − θ

)
(4.12)

If we apply the above formula to the case of the U(1)–bundle U −→ M associated with
the line–bundle L whose first Chern class equals the Kähler class, we get:

Q = − i

2

(
∂iKdzi − ∂i⋆Kdzi⋆

)
(4.13)

Let now Φ(z, z) be a section of Up. By definition its covariant derivative is

∇Φ = (d+ ipQ)Φ (4.14)

or, in components,

∇iΦ = (∂i + 1
2
p∂iK)Φ ; ∇i∗Φ = (∂i∗ − 1

2
p∂i∗K)Φ (4.15)
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A covariantly holomorphic section of U is defined by the equation: ∇i∗Φ = 0. We can
easily map each section Φ(z, z) of Up into a section of the line–bundle L by setting:

Φ̃ = e−pK/2Φ . (4.16)

With this position we obtain:

∇iΦ̃ = (∂i + p∂iK)Φ̃ ; ∇i∗Φ̃ = ∂i∗Φ̃ (4.17)

Under the map of eq. 4.16 covariantly holomorphic sections of U flow into holomorphic
sections of L and viceversa.

4.3 Special Kähler manifolds: the local case

We are now ready to give the definition of local special Kähler manifolds and illustrate
their properties. A first definition that does not make direct reference to the symplectic
bundle is the following:

Definition 4.1 A Hodge Kähler manifold is Special Kähler (of the local type) if
there exists a completely symmetric holomorphic 3-index section Wijk of (T ⋆M)3 ⊗ L2

(and its antiholomorphic conjugate Wi∗j∗k∗) such that the following identity is satisfied by
the Riemann tensor of the Levi–Civita connection:

∂m∗Wijk = 0 ∂mWi∗j∗k∗ = 0

∇[mWi]jk = 0 ∇[mWi∗]j∗k∗ = 0

Ri∗jℓ∗k = gℓ∗jgki∗ + gℓ∗kgji∗ − e2KWi∗ℓ∗s∗Wtkjg
s∗t (4.18)

In the above equations ∇ denotes the covariant derivative with respect to both the Levi–
Civita and the U(1) holomorphic connection of eq. 4.13. In the case of Wijk, the U(1)
weight is p = 2.

The holomorphic sections Wijk have two different physical interpretations in the case
that the special manifold is utilized as scalar manifold in an N=1 or N=2 theory. In the
first case they correspond to the Yukawa couplings of Fermi families [60]. In the second
case they provide the coefficients for the anomalous magnetic moments of the gauginos,
since they appear in the Pauli–terms of the N = 2 effective action. Out of the Wijk we
can construct covariantly holomorphic sections of weight 2 and - 2 by setting:

Cijk = Wijk e
K ; Ci⋆j⋆k⋆ = Wi⋆j⋆k⋆ eK (4.19)

Next we can give the second more intrinsic definition that relies on the notion of the
flat symplectic bundle. Let L −→ M denote the complex line bundle whose first Chern
class equals the Kähler form K of an n-dimensional Hodge–Kähler manifold M. Let
SV −→ M denote a holomorphic flat vector bundle of rank 2n+2 with structural group
Sp(2n+ 2, IR). Consider tensor bundles of the type H = SV ⊗L. A typical holomorphic
section of such a bundle will be denoted by Ω and will have the following structure:

Ω =

(
XΛ

FΣ

)
Λ,Σ = 0, 1, . . . , n (4.20)
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By definition the transition functions between two local trivializations Ui ⊂ M and
Uj ⊂ M of the bundle H have the following form:

(
X
F

)

i

= efijMij

(
X
F

)

j

(4.21)

where fij are holomorphic maps Ui ∩ Uj → C while Mij is a constant Sp(2n + 2, IR)
matrix. For a consistent definition of the bundle the transition functions are obviously
subject to the cocycle condition on a triple overlap:

efij+fjk+fki = 1

MijMjkMki = 1 (4.22)

Let i〈 | 〉 be the compatible hermitian metric on H

i〈Ω |Ω〉 ≡ −iΩT

(
0 11
−11 0

)
Ω (4.23)

Definition 4.2 We say that a Hodge–Kähler manifold M is special Kähler of the
local type if there exists a bundle H of the type described above such that for some
section Ω ∈ Γ(H,M) the Kähler two form is given by:

K =
i

2π
∂∂ log

(
i〈Ω |Ω〉

)
. (4.24)

From the point of view of local properties, eq. 4.24 implies that we have an expression for
the Kähler potential in terms of the holomorphic section Ω:

K = −log
(
i〈Ω |Ω〉

)
= −log

[
i
(
X

Λ
FΛ − FΣX

Σ
)]

(4.25)

The relation between the two definitions of special manifolds is obtained by introducing
a non–holomorphic section of the bundle H according to:

V =

(
LΛ

MΣ

)
≡ eK/2Ω = eK/2

(
XΛ

FΣ

)
(4.26)

so that eq. 4.25 becomes:

1 = i〈V | V 〉 = i
(
L

Λ
MΛ −MΣL

Σ
)

(4.27)

Since V is related to a holomorphic section by eq. 4.26 it immediately follows that:

∇i⋆V =
(
∂i⋆ −

1

2
∂i⋆K

)
V = 0 (4.28)

On the other hand, from eq. 4.27, defining:

Ui = ∇iV =
(
∂i +

1

2
∂iK

)
V ≡

(
fΛ

i

hΣ|i

)
(4.29)
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it follows that:
∇iUj = iCijk g

kℓ⋆

U ℓ⋆ (4.30)

where ∇i denotes the covariant derivative containing both the Levi–Civita connection
on the bundle TM and the canonical connection θ on the line bundle L. In eq. 4.30
the symbol Cijk denotes a covariantly holomorphic ( ∇ℓ⋆Cijk = 0) section of the bundle
TM3 ⊗L2 that is totally symmetric in its indices. This tensor can be identified with the
tensor of eq. 4.19 appearing in eq. 4.18. Alternatively, the set of differential equations:

∇iV = Ui (4.31)

∇iUj = iCijkg
kℓ⋆

Uℓ⋆ (4.32)

∇i⋆Uj = gi⋆jV (4.33)

∇i⋆V = 0 (4.34)

with V satisfying eq.s 4.26, 4.27 give yet another definition of special geometry. This is
actually what one obtains from the N = 2 solution of Bianchi identities (see appendix
A). In particular it is easy to find eq. 4.18 as integrability conditions of 4.34 The period
matrix is now introduced via the relations:

MΛ = N ΛΣL
Σ

; hΣ|i = N ΛΣf
Σ
i (4.35)

which can be solved introducing the two (n+ 1) × (n+ 1) vectors

fΛ
I =

(
fΛ

i

L
Λ

)
; hΛ|I =

(
hΛ|i
MΛ

)
(4.36)

and setting:

N ΛΣ = hΛ|I ◦
(
f−1

)I

Σ
(4.37)

As a consequence of its definition the matrix N transforms, under diffeomorphisms of the
base Kähler manifold exactly as it is requested by the rule in eq. 2.38. Indeed this is the
very reason why the structure of special geometry has been introduced. The existence of
the symplectic bundle H −→ M is required in order to be able to pull–back the action
of the diffeomorphisms on the field strengths and to construct the kinetic matrix N .

From the previous formulae it is easy to derive a set of useful relations among which
we quote the following [20]:

ImNΛΣL
ΛL

Σ
= −1

2
(4.38)

〈V, Ui〉 = 〈V, Ui⋆〉 = 0 (4.39)

UΛΣ ≡ fΛ
i f

Σ
j⋆ gij⋆

= −1

2
(ImN )−1|ΛΣ − L

Λ
LΣ (4.40)

gij⋆ = −i〈Ui |U j⋆ 〉 = −2fΛ
i Im NΛΣf

Σ
j⋆ ; (4.41)

Cijk = 〈∇iUj |Uk 〉 = fΛ
i ∂jNΛΣf

Σ
k = (N −N )ΛΣf

Λ
i ∂jf

Σ
k (4.42)

In particular eq.s 4.42 express the Kähler metric and the anomalous magnetic moments
in terms of symplectic invariants. It is clear from our discussion that nowhere we have
assumed the base Kähler manifold to be a homogeneous space. So, in general, special
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manifolds are not homogeneous spaces. Yet there is a subclass of homogenous special man-
ifolds. The homogeneous symmetric ones were classified by Cremmer and Van Proeyen
in [61] and are displayed in table 1. It goes without saying that for homogeneous special
manifolds the two constructions of the period matrix, that provided by the master formula
in eq. 3.17 and that given by eq. 4.37 must agree.In Appendix C we shall shortly verify
it in the case of the manifolds ST [2, n] that correspond to the second infinite family of
homogeneous special manifolds displayed in table 1.

Anyhow, since special geometry guarantees the existence of a kinetic period matrix
with the correct covariance property it is evident that to each special manifold we can
associate a duality covariant bosonic Lagrangian of the type considered in eq. 2.5. However
special geometry contains more structures than just the period matrix N and the scalar
metric gij⋆. All the other items of the construction do have a place and play an essential
role in the supergravity Lagrangian and the supersymmetry transformation rules.

4.4 Special Kähler manifolds: the rigid case

Let M be a Kähler manifold with dimC M = n and let L −→ M be a flat line bundle
c1(L) = 03. Let SV −→ M denote a holomorphic flat vector bundle of rank 2n with
structural group ISp(2n, IR). Consider tensor bundles of the type H = SV⊗L. A typical
holomorphic section of such a bundle will be denoted by Ω and will have the following
structure:

Ω =

(
Y I

FJ

)
I, J = 1, . . . , n (4.43)

By definition the transition functions between two local trivializations Ui ⊂ M and
Uj ⊂ M of the bundle H have the following form:

(
Y
F

)

i

= ef̂ijM̂ij

(
Y
F

)

j

(4.44)

where f̂ij ∈C are purely imaginary complex numbers while M̂ij denotes the action of an

element (M̂, c) ∈ ISp(2n, IR) on Ω. M̂ is a symplectic matrix M̂ ∈ Sp(2n, IR) and c is a
n-vector:

( M̂ c )
(
Y
F

)
= M̂

(
V
F

)
+
(

0
c

)
. (4.45)

For a consistent definition of the bundle the transition functions are obviously subject to
the cocycle condition on a triple overlap:

ef̂ij+f̂jk+f̂ki = 1

M̂ijM̂jkM̂ki = 11 (4.46)

Let i〈 | 〉 be the compatible hermitian metric on H

i〈Ω |Ω〉 ≡ −iΩT

(
0 11
−11 0

)
Ω (4.47)

3the holomorphic sections of L would be the possible superpotentials if M were used as scalar manifold
in an N = 1 globally supersymmetric theory.
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Definition 4.3 We say that a Hodge–Kähler manifold M is special Kähler of the
rigid type if there exists a bundle H of the type described above such that for some
section Ω̂ ∈ Γ(H,M) the Kähler two form is given by:

K = − i

2π
∂∂
(
i〈Ω̂ | Ω̂〉

)
. (4.48)

Just as in the local case eq. 4.48 yields an expression for the Kähler potential in terms of
the holomorphic section Ω̂:

K =
(
i〈Ω̂ | Ω̂〉

)
=

[
i
(
Y

I
FI − F JY

J
)]

(4.49)

Similarly defining

Ûi = ∂iΩ̂ ≡
(

f I
i

hJ |i

)
(4.50)

one finds:
DiÛj = iCijk g

kℓ⋆

Û ℓ⋆ (4.51)

where Di is the covariant derivative with respect to the Levi–Civita connection on TM
and where Cijk is a totally symmetric holomorphic section of the bundle TM3 ⊗ L2:
∂ℓ⋆Cijk = 0. Just as in the local case we may alternatively define the rigid special geometry
by the following set of differential equations:

∂i⋆Ω̂ = 0 (4.52)

Ûi = ∂iΩ̂ (4.53)

DiÛj = iCijk g
kℓ⋆

Û ℓ⋆ (4.54)

. The integrability condition of eq. 4.54 is similar but different from eq. 4.18 due to the
replacement of the covariant derivative on T M×L by that on TM, due to the flatness
of L. We get

∂m∗Cijk = 0 ∂mCi∗j∗k∗ = 0

∇[mCi]jk = 0 ∇[mCi∗]j∗k∗ = 0

Ri∗jℓ∗k = −Ci∗ℓ∗s∗Ctkjg
s∗t (4.55)

which are the rigid counterpart of 4.18. The definition of the period matrix is obtained in
full analogy to eq. 4.35:

hI|i = N IJf
J
i (4.56)

that yields:

N IJ = hI|i ◦
(
f−1

)i

J
(4.57)

Finally we observe that, exactly as in the local case, the metric and the magnetic moments
can be expressed in terms of the symplectic sections:

gij⋆ = −i〈 Ûi | Û j⋆ 〉 ; Cijk = 〈 ∂iÛj | Ûk 〉 (4.58)
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4.5 Special Kähler manifolds: the issue of special coordinates

So far no privileged coordinate system has been chosen on the base Kähler manifold M
and no mention has been made of the holomorphic prepotential F (X) that is ubiquitous
in the N = 2 literature. The simultaneous avoidance of privileged coordinates and of the
prepotential is not accidental. Indeed, when the definition of special Kähler manifolds is
given in intrinsic terms, as we did in the previous subsection, the holomorphic prepotential
F (X) can be dispensed of. Whether a prepotential F (X) exists or not depends on the
choice of a symplectic gauge which is immaterial in the abelian theory but not in the
gauged one. Actually, in the local case, it appears that some physically interesting cases
are precisely instances where F (X) does not exist. On the contrary the prepotential F (X)
seems to be a necessary ingredient in the tensor calculus constructions of N = 2 theories
that for this reason are not completely general. This happens because tensor calculus uses
special coordinates from the very start. Let us then see how the notion of F (X) emerges
if we resort to special coordinate systems.

Note that under a Kähler transformation K → K + f(z) + f(z) the holomorphic
section transforms, in the local case, as Ω → Ω e−f , so that we have XΛ → XΛ e−f .
This means that, at least locally, the upper half of Ω (associated with the electric field
strengths) can be regarded as a set XΛ of homogeneous coordinates on M, provided that
the jacobian matrix

eI
i (z) = ∂i

(
XI

X0

)
; a = 1, . . . , n (4.59)

is invertible. In this case, for the lower part of the symplectic section Ω we obtain
FΛ = FΛ(X). Recalling eq.s 4.39, in particular:

0 = 〈 V |Ui 〉 = XΛ ∂iFΛ − ∂iX
Λ FΛ (4.60)

we obtain:
XΣ ∂ΣFΛ(x) = FΛ(X) (4.61)

so that we can conclude:

FΛ(X) =
∂

∂XΛ
F (X) (4.62)

where F (X) is a homogeneous function of degree 2 of the homogeneous coordinates XΛ.
Therefore,when the determinant of the Jacobian 4.59 is non vanishing, we can use the
special coordinates:

tI ≡ XI

X0
(4.63)

and the whole geometric structure can be derived by a single holomorphic prepotential:

F(t) ≡ (X0)−2F (X) (4.64)

In particular, eq. 4.25 for the Kähler potential becomes

K(t, t) = −log i
[
2
(
F − F

)
−
(
∂IF + ∂I⋆F

) (
tI − t

I⋆)]
(4.65)

while eq. 4.42 for the magnetic moments simplifies into

WIJK = ∂I∂J∂KF(t) (4.66)
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Finally we note that in the rigid case the Jacobian from a generic parametrisation to
special coordinates

eI
i (z) = ∂i

(
XI

X0

)
= A+BN (4.67)

cannot have zero eingenvalues, and therefore the function F always exist. In this case the
matrix N coincides with ∂2F

∂XI∂XJ .

5 Hypergeometry

Next we turn to the hypermultiplet sector of an N = 2 theory. Here there are 4 real
scalar fields for each hypermultiplet and, at least locally, they can be regarded as the
four components of a quaternion. The locality caveat is, in this case, very substantial
because global quaternionic coordinates can be constructed only occasionally even on
those manifolds that are denominated quaternionic in the mathematical literature [62],
[23]. Anyhow, what is important is that, in the hypermultiplet sector, the scalar manifold
HM has dimension multiple of four:

dimR HM = 4m ≡ 4 # of hypermultiplets (5.1)

and, in some appropriate sense, it has a quaternionic structure.
As Special Kähler is the collective name given to the vector multiplet geometry both in

the rigid and in the local case, in the same way we name Hypergeometry that pertaining
to the hypermultiplet sector, irrespectively whether we deal with global or local N=2
theories. Yet in the very same way as there are two kinds of special geometries, there are
also two kinds of hypergeometries and for a very similar reason. Supersymmetry requires
the existence of a principal SU(2)–bundle

SU −→ HM (5.2)

that plays for hypermultiplets the same role played by the the line–bundle L −→ SM
in the case of vector multiplets. As it happens there the bundle SU is flat in the rigid
case while its curvature is proportional to the Kähler forms in the local case.

The difference with the case of vector multiplets is that rigid and local hypergeometries
were already known in mathematics prior to their use [26], [63], [24], [64], [65] in the
context of N = 2 supersymmetry and had the following names:

rigid hypergeometry ≡ HyperKähler geom.

local hypergeometry ≡ Quaternionic geom. (5.3)

5.1 Quaternionic, versus HyperKähler manifolds

Both a quaternionic or a HyperKähler manifold HM is a 4m-dimensional real manifold
endowed with a metric h:

ds2 = huv(q)dq
u ⊗ dqv ; u, v = 1, . . . , 4m (5.4)

and three complex structures

(Jx) : T (HM) −→ T (HM) (x = 1, 2, 3) (5.5)
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that satisfy the quaternionic algebra

JxJy = −δxy 11 + ǫxyzJz (5.6)

and respect to which the metric is hermitian:

∀X,Y ∈ THM : h (JxX, JxY) = h (X,Y) (x = 1, 2, 3) (5.7)

From eq. 5.7 it follows that one can introduce a triplet of 2-forms

Kx = Kx
uvdq

u ∧ dqv ; Kx
uv = huw(Jx)w

v (5.8)

that provides the generalization of the concept of Kähler form occurring in the complex
case. The triplet Kx is named the HyperKähler form. It is an SU(2) Lie–algebra valued
2–form in the same way as the Kähler form is a U(1) Lie–algebra valued 2–form. In the
complex case the definition of Kähler manifold involves the statement that the Kähler 2–
form is closed. At the same time in Hodge–Kähler manifolds (those appropriate to local
supersymmetry) the Kähler 2–form can be identified with the curvature of a line–bundle
which in the case of rigid supersymmetry is flat. Similar steps can be taken also here and
lead to two possibilities: either HyperKähler or Quaternionic manifolds.

Let us introduce a principal SU(2)–bundle SU as defined in eq. 5.2. Let ωx denote a
connection on such a bundle. To obtain either a HyperKähler or a quaternionic manifold
we must impose the condition that the HyperKähler 2–form is covariantly closed with
respect to the connection ωx:

∇Kx ≡ dKx + ǫxyzωy ∧Kz = 0 (5.9)

The only difference between the two kinds of geometries resides in the structure of the
SU–bundle.

Definition 5.1 A HyperKähler manifold is a 4m–dimensional manifold with the structure
described above and such that the SU–bundle is flat

Defining the SU–curvature by:

Ωx ≡ dωx +
1

2
ǫxyzωy ∧ ωz (5.10)

in the HyperKähler case we have:
Ωx = 0 (5.11)

Viceversa

Definition 5.2 A quaternionic manifold is a 4m–dimensional manifold with the struc-
ture described above and such that the curvature of the SU–bundle is proportional to the
HyperKähler 2–form

Hence, in the quaternionic case we can write:

Ωx = λKx (5.12)

where λ is a non vanishing real number.
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As a consequence of the above structure the manifold HM has a holonomy group of
the following type:

Hol(HM) = SU(2) ⊗H (quaternionic)

Hol(HM) = 11 ⊗H (HyperKähler)

H ⊂ Sp(2m, IR) (5.13)

In both cases, introducing flat indices {A,B,C = 1, 2}{α, β, γ = 1, .., 2m} that run,
respectively, in the fundamental representations of SU(2) and Sp(2m, IR), we can find a
vielbein 1-form

UAα = UAα
u (q)dqu (5.14)

such that
huv = UAα

u UBβ
v CαβǫAB (5.15)

where Cαβ = −Cβα and ǫAB = −ǫBA are, respectively, the flat Sp(2m) and Sp(2) ∼ SU(2)
invariant metrics. The vielbein UAα is covariantly closed with respect to the SU(2)-
connection ωz and to some Sp(2m, IR)-Lie Algebra valued connection ∆αβ = ∆βα:

∇UAα ≡ dUAα +
i

2
ωx(ǫσxǫ

−1)A
B ∧ UBα

+ ∆αβ ∧ UAγCβγ = 0 (5.16)

where (σx) B
A are the standard Pauli matrices. Furthermore UAα satisfies the reality

condition:
UAα ≡ (UAα)∗ = ǫABCαβUBβ (5.17)

Eq.5.17 defines the rule to lower the symplectic indices by means of the flat symplectic
metrics ǫAB and Cαβ. More specifically we can write a stronger version of eq. 5.15[56]:

(UAα
u UBβ

v + UAα
v UBβ

u )Cαβ = huvǫ
AB

(UAα
u UBβ

v + UAα
v UBβ

u )ǫAB = huv
1

m
Cαβ (5.18)

We have also the inverse vielbein Uu
Aα defined by the equation

Uu
AαUAα

v = δu
v (5.19)

Flattening a pair of indices of the Riemann tensor Ruv
ts we obtain

Ruv
tsUαA

u UβB
v = − i

2
Ωx

tsǫ
AC(σx)

B
C Cαβ + IRαβ

ts ǫ
AB (5.20)

where IRαβ
ts is the field strength of the Sp(2m) connection:

d∆αβ + ∆αγ ∧ ∆δβCγδ ≡ IRαβ = IRαβ
ts dq

t ∧ dqs (5.21)

Eq. 5.20 is the explicit statement that the Levi Civita connection associated with the
metric h has a holonomy group contained in SU(2)⊗Sp(2m). Consider now eq.s 5.6, 5.8
and 5.12. We easily deduce the following relation:

hstKx
usK

y
tw = −δxyhuw + ǫxyzKz

uw (5.22)
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that holds true both in the HyperKähler and in the Quaternionic case. In the latter case,
using eq. 5.12, eq. 5.22 can be rewritten as follows:

hstΩx
usΩ

y
tw = −λ2δxyhuw + λǫxyzΩz

uw (5.23)

Eq. 5.23 implies that the intrinsic components of the curvature 2-form Ωx yield a rep-
resentation of the quaternion algebra. In the HyperKähler case such a representation is
provided only by the HyperKähler form. In the quaternionic case we can write:

Ωx
Aα,Bβ ≡ Ωx

uvUu
AαUv

Bβ = −iλCαβ(σx)
C

A ǫCB (5.24)

Alternatively eq.5.24 can be rewritten in an intrinsic form as

Ωx = −iλCαβ(σx)
C

A ǫCBUαA ∧ UβB (5.25)

whence we also get:
i

2
Ωx(σx)

B
A = λUAα ∧ UBα (5.26)

Homogeneous symmetric quaternionic spaces are displayed in Table 2.

6 The Gauging

With the above discussion of HyperKähler and Quaternionic manifolds we have completed
the review of the geometric structures involved in the construction of an abelian, ungauged
N = 2 supergravity or of an abelian N = 2 rigid gauge theory. As we are going to see
in the next section, the bosonic Lagrangian of N = 2 supergravity coupled to n abelian
vector multiplets and m hypermultiplets is the following:

LSUGRA|Bose
ungauged =

√−g
[
R[g] + gij⋆(z, z) ∂µzi ∂µz

j⋆ − λ huv(q) ∂
µqu ∂µq

v

+ i
(
N ΛΣF−Λ

µν F−Σ|µν − NΛΣF+Λ
µν F+Σ|µν

) ]
(6.1)

where the n complex fields zi span some special Kähler manifold of the local type SM and
the 4m real fields qu span a quaternionic manifold HM. By gij⋆ and huv we have denoted
the metrics on these two manifolds. The proportionality constant between the SU(2)
curvature and the HyperKähler form appearing in the Lagrangian is fixed to the value
λ = −1 if we want canonical kinetic terms for the hypermultiplet scalars. The period
matrix NΛΣ depends only on the special manifold coordinates zi, zj⋆

and it is expressed
in terms of the symplectic sections of the flat symplectic bundle by eq. 4.37. On the other
hand the bosonic Lagrangian of a rigid N = 2 abelian gauge theory containing n vector
multiplets and coupled to m hypermultiplets is the following one:

LY M |Bose
ungauged = gij⋆(z, z) ∂µzi ∂µz

j⋆

+ huv(q) ∂
µqu ∂µq

v

+ i
(
N IJF−I

µν F−J |µν − NIJF+I
µν F+J |µν

)

(6.2)

where the n complex fields zi span some special Kähler manifold of the rigid type SM
and the 4m real fields qu span a HyperKähler manifold HM. By gij⋆ and huv we have
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denoted the metrics on these two manifolds. The period matrix NIJ depends only on
the special manifold coordinates zi, zj⋆

and it is expressed in terms of the symplectic
sections of the flat symplectic bundle by eq. 4.57. In both theories there are no electric
or magnetic currents and we have on shell symplectic covariance. By means of the first
homomorphism in eq. 2.33 any diffeomorphism of the scalar manifold can be lifted to
a symplectic transformation on the electric–magnetic field strengths, the period matrix
transforming, by construction, covariantly as required by eq. 2.38. Under this lifting any
isometry of the scalar manifold becomes a symmetry of the differential system made by
the equations of motions plus Bianchi identities. There are in fact three type of these
isometries:

1. The classical symmetries, namely those isometries ξ ∈ I (Mscalar) whose image in
the symplectic group is block–diagonal:

ιδ(ξ) =

(
Aξ 0
0 (AT

ξ )−1

)
(6.3)

These transformations are exact ordinary symmetries of the Lagrangian. They
clearly form a subgroup

Clas (Mscalar) ⊂ I (Mscalar) (6.4)

2. The perturbative symmetries, namely those isometries ξ ∈ I (Mscalar) whose image
in the symplectic group is lower triangular:

ιδ(ξ) =

(
Aξ 0
Cξ (AT

ξ )−1

)
(6.5)

These transformations map the electric field strengths into linear combinations of
the electric field strengths and can be reduced to linear transformations of the
gauge potentials. They are almost invariances of the action. Indeed the only non–
invariance comes from the transformation of the period matrix

N −→ (AT
ξ )−1 N (Aξ)

−1 + Cξ (AT
ξ )−1 (6.6)

Denoting collectively all the fields of the theory by Φ and utilizing eq.s 2.5, 2.8, 2.10,
2.11, 2.38, under a perturbative transformation the action changes as follows:

∫
L(Φ) d4x →

∫
L(Φ′) d4x+ ∆θΛΣ

∫
FΛ ∧ FΣ

∆θΛΣ =
1

2

[
Cξ (AT

ξ )−1
]
ΛΣ

(6.7)

The added term is a total derivative and does not affect the field equations. Quan-
tum mechanically, however, it is relevant. It corresponds to a redefinition of the
theta–angle. It yields a symmetry of the path–integral as long as the added term
is an integer multiple of 2πh̄. This consideration will restrict the possible perturba-
tive transformations to a discrete subgroup. In any case the group of perturbative
isometries defined by eq. 6.5 contains the group of classical isometries as a subgroup:
I (Mscalar) ⊃ Pert (Mscalar) ⊃ Clas (Mscalar).
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3. The non–perturbative symmetries namely those isometries ξ ∈ I (Mscalar) whose
image in the symplectic group is of the form:

ιδ(ξ) =

(
Aξ Bξ

Cξ Dξ

)
(6.8)

with Bξ 6= 0. These transformations are neither a symmetry of the classical action
nor of the perturbative path integral. Yet they are a symmetry of the quantum
theory. They exchange electric field strengths with magnetic ones, electric currents
with magnetic ones and hence elementary excitations with soliton states.

The above discussion of duality symmetries may be intriguing for the following reason.
How can we talk about non–perturbative symmetries that exchange electric charges with
magnetic charges if, so far, in the abelian theories described by eq.s 6.1 and 6.2 there
are neither electric nor magnetic couplings? The answer is that the same general form of
abelian theories encoded in these equations can be taken to represent two quite different
things:

1. The fundamental theory prior to the gauging. It is neutral and abelian since the
non–abelian interactions and the electric charges are introduced only by the gauging,
but it contains all the fundamental fields.

2. The effective theory of the massless modes of the non–abelian theory. It is abelian
and neutral because the only fields which remain massless are, apart from the gravi-
ton, the multiplets in the Cartan subalgebra H ⊂ G of the gauge group and the
neutral hypermultiplets corresponding to flat directions of the scalar potential.

What distinguishes the two cases is the type of scalar manifolds and their isometries.
In case 1) we have:

dimC SM = n ≡ dimG
1

4
dimR HM = m̂ ≡ # of all hypermul. (6.9)

while in case 2) we have instead:

dimC SM = r ≡ rankG
1

4
dimR HM = m ≡ # of moduli hypermul. (6.10)

As far as the gauging of the N = 2 theory is concerned, the problem consists in identifying
the gauge group G as a subgroup, at most of dimension n + 1 of the isometries of the
product space

SM×HM . (6.11)

Here we shall mainly consider two cases even if more general situations are possible.
The first is when the gauge group G is non abelian, the second is when it is the abelian
group G = U(1)nV +1. In the first case supersymmetry requires that G be a subgroup of
the isometries of M, since the scalars (more precisely, the sections LΛ) must belong to
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the adjoint representation of G. In such case the hypermultiplet space will generically
split into[35]

nH =
∑

i

niRi +
1

2

∑

l

nP
l R

P
l (6.12)

where Ri and RP
l are a set of irreducible representations of G and RP

l denote pseudoreal
representations.

In the abelian case, the special manifold is not required to have any isometry and if
the hypermultiplets are charged with respect to the nV + 1 U(1)’s, then the Q manifold
should at least have nV + 1 abelian isometries.

As a consequence of gauging the Lagrangians in eq.s 6.1 and 6.2 get modified by the
replacement of ordinary derivatives with covariant derivatives and by the introduction of
new terms that are of two types:

1. fermion–fermion bilinears with scalar field dependent coefficients

2. A scalar potential V

It is particularly nice and rewarding that all the modifications of the Lagrangian and
of the supersymmetry transformation rules can be described in terms of a very general
geometric construction associated with the action of Lie–Groups on manifolds that admit
a symplectic structure: the momentum map. In supersymmetry indeed, the geometric
notion of momentum map has an exact correspondence with the notion of gauge multiplet
auxiliary fields or D–fields. Next section is devoted to a review of the momentum map
and to its applications in N=2 theories.

7 The Momentum Map

The momentum map is a construction that applies to all manifolds with a symplectic
structure, in particular to Kähler, HyperKähler and Quaternionic manifolds.

Let us begin with the Kähler case, namely with the momentum map of holomorphic
isometries. The HyperKähler and quaternionic case correspond, instead, to the momen-
tum map of triholomorphic isometries.

7.1 Holomorphic momentum map on Kähler manifolds

Let gij⋆ be the Kähler metric of a Kähler manifold M: it appears in the kinetic term of
the scalar fields: the Wess–Zumino multiplet scalars in N=1 theories, the vector multiplet
scalars in N=2 theories. If the metric gij⋆ has a non trivial group of continuous isometries
G generated by Killing vectors ki

Λ (Λ = 1, . . . , dimG), then the kinetic Lagrangian admits
G as a group of global space–time symmetries. Indeed under an infinitesimal variation

zi → zi + ǫΛki
Λ(z) (7.1)

Lkin remains invariant. Furthermore if all the couplings of the scalar fields are performed
in a diffeomorphic invariant way, then any isometry of gij⋆ extends from a symmetry of
Lkin to a symmetry of the whole Lagrangian. Diffeomorphic invariance means that the
scalar fields can appear only through the metric, the Christoffel symbol in the covariant
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derivative and through the curvature. Alternatively they can appear through sections of
vector bundles constructed over M. Typical case is the dependence on the scalar fields
introduced by the period matrix N .

Let ki
Λ(z) be a basis of holomorphic Killing vectors for the metric gij⋆. Holomorphicity

means the following differential constraint:

∂j∗k
i
Λ(z) = 0 ↔ ∂jk

i∗

Λ (z) = 0 (7.2)

while the generic Killing equation (suppressing the gauge index Λ):

∇µkν + ∇µkν = 0 (7.3)

in holomorphic indices reads as follows:

∇ikj + ∇jki = 0 ; ∇i∗kj + ∇jki∗ = 0 (7.4)

where the covariant components are defined as kj = gji∗k
i∗ (and similarly for ki∗).

The vectors ki
Λ are generators of infinitesimal holomorphic coordinate transformations:

δzi = ǫΛki
Λ(z) (7.5)

which leave the metric invariant. In the same way as the metric is the derivative of a more
fundamental object, the Killing vectors in a Kähler manifold are the derivatives of suitable
prepotentials. Indeed the first of eq.s 7.4 is automatically satisfied by holomorphic vectors
and the second equation reduces to the following one:

ki
Λ = igij∗∂j∗PΛ, P∗

Λ = PΛ (7.6)

In other words if we can find a real function PΛ such that the expression igij∗∂j∗P(Λ) is
holomorphic, then eq. 7.6 defines a Killing vector.

The construction of the Killing prepotential can be stated in a more precise geometrical
formulation which involves the notion of momentum map. Let us review this construction
which reveals another deep connection between supersymmetry and geometry.

Consider a Kählerian manifold M of real dimension 2n. Consider a compact Lie group
G acting on M by means of Killing vector fields X which are holomorphic with respect
to the complex structure J of M; then these vector fields preserve also the Kähler 2-form

LXg = 0 ↔ ∇(µXν) = 0
LXJ = 0

}
⇒ 0 = LXK = iXdK + d(iXK) = d(iXK) (7.7)

Here LX and iX denote respectively the Lie derivative along the vector field X and the
contraction (of forms) with it.

If M is simply connected, d(iXK) = 0 implies the existence of a function PX such
that

− 1

2π
dPX = iXK (7.8)

The function PX is defined up to a constant, which can be arranged so as to make it
equivariant:

XPY = P[X,Y] (7.9)
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PX constitutes then a momentum map. This can be regarded as a map

P : M −→ IR ⊗G∗ (7.10)

where G∗ denotes the dual of the Lie algebra G of the group G. Indeed let x ∈ G be the
Lie algebra element corresponding to the Killing vector X; then, for a given m ∈ M

µ(m) : x −→ PX(m) ∈ IR (7.11)

is a linear functional on G. If we expand X = aΛkΛ in a basis of Killing vectors kΛ such
that

[kΛ, kΓ] = f ∆
ΛΓ k∆ (7.12)

we have also
PX = aΛPΛ (7.13)

In the following we use the shorthand notation LΛ, iΛ for the Lie derivative and the
contraction along the chosen basis of Killing vectors kΛ.

From a geometrical point of view the prepotential, or momentum map, PΛ is the
Hamiltonian function providing the Poissonian realization of the Lie algebra on the Kähler
manifold. This is just another way of stating the already mentioned equivariance. Indeed
the very existence of the closed 2-form K guarantees that every Kähler space is a sym-
plectic manifold and that we can define a Poisson bracket.

Consider Eqs. 7.6. To every generator of the abstract Lie algebra G we have associated
a function PΛ on M; the Poisson bracket of PΛ with PΣ is defined as follows:

{PΛ,PΣ} ≡ 4πK(Λ,Σ) (7.14)

where K(Λ,Σ) ≡ K(~kΛ, ~kΣ) is the value of K along the pair of Killing vectors.
In reference [24] we proved the following lemma.

Lemma 7.1 The following identity is true:

{PΛ,PΣ} = f Γ
ΛΣ PΓ + CΛΣ (7.15)

where CΛΣ is a constant fulfilling the cocycle condition

f Γ
ΛΠ CΓΣ + f Γ

ΠΣ CΓΛ + f Γ
ΣΛ CΓΠ = 0 (7.16)

If the Lie algebra G has a trivial second cohomology group H2(G) = 0, then the cocycle
CΛΣ is a coboundary; namely we have

CΛΣ = f Γ
ΛΣ CΓ (7.17)

where CΓ are suitable constants. Hence, assuming H2(G) = 0 we can reabsorb CΓ in the
definition of PΛ:

PΛ → PΛ + CΛ (7.18)

and we obtain the stronger equation

{PΛ,PΣ} = f Γ
ΛΣ PΓ (7.19)
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Note that H2(G) = 0 is true for all semi-simple Lie algebras. Using eq. 7.15, eq. 7.19 can
be rewritten in components as follows:

i

2
gij∗(k

i
Λk

j∗

Σ − ki
Σk

j∗

Λ ) =
1

2
f Γ

ΛΣ PΓ (7.20)

Equation 7.20 is identical with the equivariance condition in eq. 7.9.
Comparing the definition of the Kähler potential in eq. C.54 with the definition of the

momentum function in eq. 7.6, we obtain an expression for the momentum map function
in terms of derivatives of the Kähler potential:

iPΛ =
1

2

(
ki

Λ ∂iK − ki⋆

Λ ∂i⋆K
)

= ki
Λ ∂iK = −ki⋆

Λ ∂i⋆K (7.21)

Eq. 7.21 is true if the Kähler potential is exactly invariant under the transformations of
the isometry group G and not only up to a Kähler transformation as defined in eq. C.55.
In other words eq. 7.21 is true if

0 = LΛ K = ki
Λ ∂iK + ki⋆

Λ ∂i⋆K (7.22)

Not all the isometries of a general Kähler manifold have such a property, but those that
in a suitable coordinate frame display a linear action on the coordinates certainly do.
However, in Hodge Kähler manifolds, eq. 7.22 can be replaced by the following one which
is certainly true:

0 = LΛG = ki
Λ ∂iG+ ki⋆

Λ ∂i⋆G

G(z, z) ≡ log ‖ W (z) ‖2 = K(z, z) + ReW (z) (7.23)

where the superpotential W (z) is any holomorphic section of the Hodge line–bundle. In-
deed the transformation under the isometry of the Kähler potential is compensated by the
transformation of the superpotential. Consequently, in Hodge–Kähler manifolds eq. 7.21
can be rewritten as

iPΛ =
1

2

(
ki

Λ ∂iG− ki⋆

Λ ∂i⋆G
)

= ki
Λ ∂iG = −ki⋆

Λ ∂i⋆G (7.24)

and holds true for any isometry.
In N = 1 supersymmetry the Kählerian momentum maps PΓ appear as auxiliary fields

of the vector multiplets. For N = 1 supergravity the scalar manifold is of the Hodge type
and eq. 7.24 can always be employed.

On the other hand, in N = 2 supersymmetry the auxiliary fields of the vector mul-
tiplets, that form an SU(2) triplet, are given by the momentum map of triholomorphic
isometries on the hypermultiplet manifold (HyperKählerian or quaternionic depending
on the local or rigid nature of supersymmetry). The triholomorphic momentum map is
discussed in the subsection after the next. Yet, although not identified with the auxiliary
fields, the holomorphic momentum map plays a role also in N = 2 theories in the gauging
of the U(1) connection 4.13, as we show shortly from now.
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7.2 Holomorphic momentum map on Special Kähler manifolds

Here the Kähler manifold is not only Hodge but it is special. Correspondingly we can
write a formula for PΛ in terms of symplectic invariants. In this context, to distinguish
the holomorphic momentum map from the triholomorphic one Px

Λ that carries an SU(2)
index x = 1, 2, 3, we adopt the notation P0

Λ. The request that the isometry group should
be embedded into the symplectic group is formulated by writing:

LΛ V ≡ ki
Λ ∂iV + ki⋆

Λ ∂i⋆V = TΛ V + V fΛ(z) (7.25)

where V is the covariantly holomorphic section of the vector bundle H −→ M defined
in eq. 4.27,

TΛ =
(
aΛ bΛ
cΛ dΛ

)
∈ Sp(2n + 2, IR) (7.26)

is some element of the real symplectic Lie algebra and fΛ(z) corresponds to an infinitesimal
Kähler transformation.

The classical or perturbative isometries ( bΛ = 0) that are relevant to the gauging
procedure are normally characterized by

fΛ(z) = 0 (7.27)

Under condition 7.27, recalling eq.s 4.25 and 4.26, from eq. 7.25 we obtain:

LΛ K = ki
Λ ∂iK + ki⋆

Λ ∂i⋆K = 0 (7.28)

that is identical with eq. 7.22. Hence we can use eq. 7.21, that we rewrite as:

iP0
Λ = ki

Λ ∂iK = −ki⋆

Λ ∂i⋆K (7.29)

Utilizing the definition in eq. 4.29 we easily obtain:

ki
Λ U

i = TΛ V exp[fΛ(z)] + iP0
Λ V (7.30)

Taking the symplectic scalar product of eq. 7.30 with V and recalling eq. 4.27 we finally
4 get:

P0
Λ = 〈V | TΛ V 〉 = 〈V | TΛ V 〉 = exp [K] 〈Ω | TΛ Ω〉 (7.31)

In the gauging procedure we are interested in groups the symplectic image of whose
generators is block–diagonal and coincides with the adjoint representation in each block.
Namely

TΛ =
(
fΣ

Λ∆ 0
0 −fΣ

Λ∆

)
(7.32)

Then eq. 7.31 becomes

P0
Λ = eK

(
F∆ f

∆
ΛΣX

Σ
+ F∆ f

∆
ΛΣX

Σ
)

(7.33)

4The following and the next two formulae have been obtained in private discussions of one of us (P.Fré)
with A. Van Proeyen and B. de Wit
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7.3 The triholomorphic momentum map on HyperKähler and
Quaternionic manifolds

Next we turn to a discussion of isometries of the manifold HM associated with hypermul-
tiplets. As we know, it can be either HyperKählerian or quaternionic. For applications
to N = 2 theories we must assume that on HM we have an action by triholomorphic
isometries of the same Lie group G that acts on the Special Kähler manifold SM. This
means that on HM we have Killing vectors

~kΛ = ku
Λ

~∂

∂qu
(7.34)

satisfying the same Lie algebra as the corresponding Killing vectors on SM. In other
words

~̂kΛ = ki
Λ
~∂i + ki∗

Λ
~∂i∗ + ku

Λ
~∂u (7.35)

is a Killing vector of the block diagonal metric:

ĝ =
(

gij∗ 0
0 huv

)
(7.36)

defined on the product manifold SM⊗HM. Triholomorphicity means that the Killing
vector fields leave the HyperKähler structure invariant up to SU(2) rotations in the
SU(2)–bundle defined by eq. 5.2. Namely:

LΛK
x = ǫxyzKyW z

Λ ; LΛω
x = ∇W x

Λ (7.37)

where W x
Λ is an SU(2) compensator associated with the Killing vector ku

Λ. The compen-
sator W x

Λ necessarily fulfils the cocycle condition:

LΛW
x
Σ −LΣW

x
Λ + ǫxyzW y

ΛW
z
Σ = f ··Γ

ΛΣW
x
Γ (7.38)

In the HyperKähler case the SU(2)–bundle is flat and the compensator can be reabsorbed
into the definition of the HyperKähler forms. In other words we can always find a map

HM −→ Lx
y(q) ∈ SO(3) (7.39)

that trivializes the SU–bundle globally. Redefining:

Kx′ = Lx
y(q)K

y (7.40)

the new HyperKähler form obeys the stronger equation:

LΛK
x′ = 0 (7.41)

On the other hand, in the quaternionic case, the non–triviality of the SU–bundle forbids to
eliminate the W–compensator completely. Due to the identification between HyperKähler
forms and SU(2) curvatures eq. 7.37 is rewritten as:

LΛΩx = ǫxyzΩyW z
Λ ; LΛω

x = ∇W x
Λ (7.42)
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In both cases, anyhow, and in full analogy with the case of Kähler manifolds, to each
Killing vector we can associate a triplet Px

Λ(q) of 0-form prepotentials. Indeed we can set:

iΛK
x = −∇Px

Λ ≡ −(dPx
Λ + ǫxyzωyPz

Λ) (7.43)

where ∇ denotes the SU(2) covariant exterior derivative.
As in the Kähler case eq. 7.43 defines a momentum map:

P : M −→ IR3 ⊗G∗ (7.44)

where G∗ denotes the dual of the Lie algebra G of the group G. Indeed let x ∈ G be the
Lie algebra element corresponding to the Killing vector X; then, for a given m ∈ M

µ(m) : x −→ PX(m) ∈ IR3 (7.45)

is a linear functional on G. If we expand X = aΛkΛ on a basis of Killing vectors kΛ such
that

[kΛ, kΓ] = f ∆
ΛΓ k∆ (7.46)

and we also choose a basis ix (x = 1, 2, 3) for IR3 we get:

PX = aΛPx
Λ ix (7.47)

Furthermore we need a generalization of the equivariance defined by eq. 7.9

X ◦ PY = P[X,Y] (7.48)

In the HyperKähler case, the left–hand side of eq. 7.48 is defined as the usual action of a
vector field on a 0–form:

X ◦ PY = iX dPY = Xu ∂

∂qu
PY (7.49)

The equivariance condition implies that we can introduce a triholomorphic Poisson bracket
defined as follows:

{PΛ,PΣ}x ≡ 2Kx(Λ,Σ) (7.50)

leading to the triholomorphic Poissonian realization of the Lie algebra:

{PΛ,PΣ}x = f∆
ΛΣ Px

∆ (7.51)

which in components reads:

Kx
uv k

u
Λ k

v
Σ =

1

2
f∆

ΛΣ Px
∆ (7.52)

In the quaternionic case, instead, the left–hand side of eq. 7.48 is interpreted as follows:

X ◦ PY = iX ∇PY = Xu ∇u PY (7.53)

where ∇ is the SU(2)–covariant differential. Correspondingly, the triholomorphic Poisson
bracket is defined as follows:

{PΛ,PΣ}x ≡ 2Kx(Λ,Σ) − λ εxyz Py
Λ Pz

Σ (7.54)
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and leads to the Poissonian realization of the Lie algebra

{PΛ,PΣ}x = f∆
ΛΣ Px

∆ (7.55)

which in components reads:

Kx
uv k

u
Λ k

v
Σ − λ

2
εxyz Py

Λ Pz
Σ =

1

2
f∆

ΛΣ Px
∆ (7.56)

Eq. 7.56, which is the most convenient way of expressing equivariance in a coordinate
basis, plays a fundamental role in the construction of the supersymmetric action, super-
symmetry transformation rules and of the superpotential for N = 2 supergravity on a
general quaternionic manifold. It is also very convenient to retrieve the rigid supersym-

metry limit. Indeed, using physical units, we may set λ = λ̂
µ2 where µ is the Planck mass

(see section 9); letting µ → ∞ eq. 7.56 reduces to eq. 7.52. Eq. 7.56 was introduced in
the physical literature in [24] where the general form of N = 2 supergravity beyond the
limitations of tensor calculus was given.

7.4 Gauging of the composite connections

Using the concepts and the geometric structures introduced in the previous sections the
form of the Lagrangian and of the transformation rules for N = 2 supergravity can now
be given. The essential thing is that the fermions of the theory, behave as sections of the
bundles we have introduced so far. In particular he gravitino field ψA

µ apart from being
a spinor–valued 1–form on space–time, behaves as a section of the bundle L ⊗ SU . The
gaugino field λi|A apart from being a section of the spinor bundle, behaves as a section
of L ⊗ T SM ⊗ SU . Finally the hyperino field ζα is a section of the rank 2m vector
bundle with structural group Sp(2m, IR) that one obtains by deleting the SU(2) part of
the holonomy group on HM. In other words it is a section of the bundle T HM⊗SU−1.
Correspondingly the covariant derivatives of the fermions appearing in the action and in
the transformation rules involves the composite connections Q , Γi

j, ω
x and ∆αβ defined

on these bundles. Gauging just modifies these composite connections by means of Killing
vectors and momentum map functions. Explicitly we have:

T SM : tangent bundle Γi
j → Γ̂i

j = Γi
j + g AΛ ∂jk

i
Λ

L : line bundle Q → Q̂ = Q + g AΛ P0
Λ

SU : SU(2) bundle ωx → ω̂x = ωx + g AΛ Px
Λ

SU−1 ⊗ T HM : Sp(2m) bundle ∆αβ → ∆̂αβ = ∆αβ + g AΛ ∂uk
v
Λ Uu|αA Uβ

v|A
(7.57)

Correspondingly the gauged curvatures are:

R̂i
j = Ri

jℓ⋆k ∇zℓ⋆ ∧∇zk + g FΛ ∂jk
i
Λ

K̂ = Kij⋆ ∇zi ∧ ∇zj⋆

+ g FΛ P0
Λ

Ω̂x = Ωx
uv ∇qu ∧ ∇qv + g FΛ Px

Λ

ÎR
αβ

= IRαβ
uv ∇qu ∧∇qv + g AΛ ∂uk

v
Λ Uu|αA Uβ

v|A (7.58)
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8 The Complete N=2 Supergravity Theory

In this section we write the supersymmetric invariant action and supersymmetry trans-
formation rules for a completely general N = 2 supergravity.

Such a theory includes

1. the gravitational multiplet, described by the vielbein 1–form V a, (a = 0, 1, 2, 3),
the spin–connection 1–form ωab, the SU(2) doublet of gravitino 1-forms ψA, ψA

(A = 1, 2 and the upper or lower position of the index denotes left, respectively
right chirality), the graviphoton 1-form A0

2. n vector multiplets. Each vector multiplet contains a gauge boson 1–form AI (I =
1, . . . , n), a doublet of gauginos (0–form spinors) λiA, λi⋆

A , and a complex scalar field
(0–form) zi (i =, 1, . . . , n). The scalar fields zi can be regarded as coordinates on a
special manifold SM which can be chosen arbitrarily.

dimC SM = n (8.1)

3. m hypermultiplets. Each hypermultiplet contains a doublet of 0–form spinors, that
is the hyperinos ζα (α = 1, . . . , 2m and here the lower or upper position of the
index denotes left, respectively right chirality) and four real scalar fields qu (u =
1, . . . , 4m), that can be regarded as coordinates of a quaternionic manifold HM
which can be chosen arbitrarily.

dimQHMm = m dimIR HMm = 4m (8.2)

As explained in the previous sections any quaternionic manifold has a holonomy
group:

Hol (HMm) ⊂ SU(2) ⊗ Sp(2m, IR) (8.3)

and the index α of the hyperinos transforms in the fundamental representation of
Sp(2m, IR)

Using the information collected in the previous sections we can immediately write down
the definition of the curvatures and covariant derivatives for all the fields. The definition
of curvatures in the gravitational sector is given by:

T a ≡ DV a − iψA ∧ γaψA (8.4)

ρA ≡ dψA − 1

4
γab ω

ab ∧ ψA +
i

2
Q̂ ∧ ψA + ω̂ B

A ∧ ψB ≡ ∇ψA (8.5)

ρA ≡ dψA − 1

4
γab ω

ab ∧ ψA − i

2
Q̂ ∧ ψA + ω̂A

B ∧ ψB ≡ ∇ψA (8.6)

Rab ≡ dωab − ωa
c ∧ ωcb (8.7)

where ω B
A = i

2
ωx(σx)

B
A and ωA

B = ǫACǫDBω
D

C , and where the gauged connections for the
SU and L bundles were introduced in eq.s 7.57. In all the above formulae the pull–back
on space–time through the maps

zi : M4 −→ SM ; qu : M4 −→ HM (8.8)
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is obviously understood. In this way the composite connections become 1–forms on space–
time.

In the vector multiplet sector the curvatures and covariant derivatives are:

∇zi = dzi + g AΛ ki
Λ(z) (8.9)

∇zi⋆ = dzi⋆ + g AΛ ki⋆

Λ (z) (8.10)

∇λiA ≡ dλiA − 1

4
γab ω

abλiA − i

2
Q̂λiA + Γ̂i

jλ
jA + ω̂A

B ∧ λiB

∇λi⋆

A ≡ dλi⋆

A − 1

4
γab ω

abλi⋆

A +
i

2
Q̂λi⋆

A + Γ̂i⋆

j⋆λ
j⋆

A + ω̂ B
A ∧ λi⋆

B

FΛ ≡ dAΛ +
1

2
g fΛ

ΣΓA
Σ ∧ AΓ + L

Λ
ψA ∧ ψBǫ

AB + LΛψ
A ∧ ψBǫAB (8.11)

where the gauged Levi–Civita connection Γ̂i
j on SM is also given by eq. 7.57 and where

LΛ = e
K
2 XΛ is the upper half (electric) of the symplectic section of H introduced in

equation 4.26. The lower part MΛ of such a symplectic section would appear in the
magnetic field strengths if we did introduce them.

Finally in the hypermultiplet sector the covariant derivatives are:

UAα ≡ UAα
v ∇qv ≡ UAα

v

(
d qv + g AΛ kv

Λ(q)
)

(8.12)

∇ζα ≡ dζα − 1

4
ωab γab ζα − i

2
Q̂ ζα + ∆̂ β

α ζβ (8.13)

∇ζα ≡ dζα − 1

4
ωab γab ζ

α +
i

2
Q̂ ζα + ∆̂α

βζ
β (8.14)

where ∆̂ β
α is the gauged Levi–Civita connection on HM defined in eq. 7.57, satisfying

the condition to be Sp(2m, IR) Lie–algebra valued and

∆̂ β
α ≡ ∆̂γβ Cγα ; ∆̂α

β ≡ Cβγ ∆̂αγ (8.15)

Let us note that the definition of the generalized curvatures as given in eq.s 8.4-
8.7 and 8.11 has been chosen in such a way that when all the p-forms are extended to
superforms in superspace they give the correct supercurvatures of the N = 2 superalgebra;
that means that if we set all supercurvatures to zero the corresponding equations represent
the N = 2 superalgebra in dual form. Given these definitions our next task is to write
down the space-time Lagrangian and the supersymmetry transformation laws of the fields.
The method employed for this construction is based on the geometrical approach: for a
review see [31]. The rheonomic derivation of the N=2 theory is explained in Appendix A.
Actually one solves the Bianchi identities in N = 2 superspace and then constructs the
rheonomic superspace Lagrangian in such a way that the superspace ”curvatures” given
by the solution of the Bianchi identities are reproduced by the variational equations of
motion derived from the Lagrangian. After this procedure is completed the space-time
Lagrangian is immediately retrieved by restricting the superspace p-forms to space-time.

Using the results of Appendix B one finds the space-time N = 2 supergravity action
that can be split in the following way:

S =
∫ √−g d4 x

[
Lk + L4f + L′

g

]
,
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Lk = Linv
kin + LPauli ,

L4f = Linv
4f + Lnon inv

4f ,

L′
g = Lmass − V (z, z, q) , (8.16)

where Linv
kin consists of the true kinetic terms as well as Pauli-like terms containing the

derivatives of the scalar fields. The modifications due to the gauging are contained not
only in L′

g but also in the gauged covariant derivatives in the rest of the lagrangian. We
collect the various terms of (8.16) in the table below.

N=2 Supergravity lagrangian

Linv
kin = −1

2
R + gij⋆∇µzi∇µz

j⋆

+ huv∇µq
u∇µqv +

ǫµνλσ

√−g
(
ψ

A

µγσρAνλ − ψAµγσρ
A
νλ

)

− i

2
gij⋆

(
λ

iA
γµ∇µλ

j⋆

A + λ
j⋆

A γ
µ∇µλ

iA
)
− i

(
ζ

α
γµ∇µζα + ζαγ

µ∇µζ
α
)

+ i
(
NΛΣF−Λ

µν F−Σµν −NΛΣF+Λ
µν F+Σµν

)
+
{
− gij⋆∇µz

j⋆

ψ
µ

Aλ
iA

− 2UAα
u ∇µq

uψ
µ

Aζα + gij⋆∇µz
j⋆

λ
iA
γµνψAν + 2UαA

u ∇µq
uζαγ

µνψAν + h.c.
}

(8.17)

LPauli =
{
F−Λ

µν (Im N )ΛΣ [4LΣψ
Aµ
ψBνǫAB − 4if

Σ

i⋆λ
i⋆

Aγ
νψµ

Bǫ
AB +

+
1

2
∇if

Σ
j λ

iA
γµνλjBǫAB − LΣζαγ

µνζβC
αβ] + h.c.

}
(8.18)

Linv
4f =

i

2

(
gij⋆λ

iA
γσλ

j⋆

B − 2δA
Bζ

α
γσζα

)
ψAµγλψ

B
ν

ǫµνλσ

√−g
− 1

6

(
Cijkλ

iA
γµψB

µ λ
jC
λkD ǫACǫBD + h.c.

)

− 2ψ
A

µψ
B
ν ψ

µ

Aψ
ν
B + 2gij⋆ λ

iA
γµψ

B
ν λ

i⋆

Aγ
µψν

B

+
1

4

(
Rij⋆lk⋆ + gik⋆ glj⋆ − 3

2
gij⋆ glk⋆

)
λ

iA
λlBλ

j⋆

A λ
k⋆

B

+
1

4
gij⋆ ζ

α
γµζα λ

iA
γµλj⋆

A +
1

2
Rα

βts U t
Aγ Us

Bδǫ
AB Cδηζα ζη ζ

β
ζγ

−
[

i

12
∇mCjklλ

jA
λmBλ

kC
λlDǫACǫBD + h. c.

]

+ gij⋆ ψ
A

µλ
j⋆

A ψ
µ

Bλ
iB + 2ψ

A

µ ζ
αψ

µ

Aζα +
(
ǫAB Cαβ ψ

A

µ ζ
α ψ

B|µ
ζβ + h.c.

)
(8.19)

Lnon inv
4f =

{
(Im N )ΛΣ

[
2LΛ LΣ

(
ψ

A

µψ
B
ν

)− (
ψ

C

µψ
D
ν

)−
ǫAB ǫCD

− 8iLΛf
Σ

i⋆

(
ψ

A

µψ
B
ν

)− (
λ

i⋆

Aγ
νψµ

B

)−

− 2f
Λ

i⋆f
Σ

j⋆

(
λ

i⋆

Aγ
νψµ

B

)− (
λ

j⋆

C γνψD|µ
)−
ǫAB ǫCD

+
i

2
LΛf

Σ

ℓ⋆ gkℓ⋆

Cijk

(
ψ

A

µψ
B
ν

)−
λ

iC
γµνλjD ǫAB ǫCD
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+ f
Λ

m⋆f
Σ

ℓ⋆ gkℓ⋆

Cijk

(
λ

m⋆

A γνψBµ

)−
λ

iA
γµνλjB

− LΛLΣ
(
ψ

A

µψ
B
ν

)−
ζαγ

µνζβ ǫAB Cαβ

+ iLΛf
Σ

i⋆

(
λ

i⋆

Aγ
νψµ

B

)−
ζαγµνζβ ǫ

ABCαβ

− 1

32
Cijk Clmng

kr⋆

gns⋆

f
Λ

r⋆ f
Σ

s⋆ λ
iA
γµν λ

jB λ
kC
γµν λlD ǫABǫCD

− 1

8
LΛ∇if

Σ
j ζαγµνζβ λ

iA
γµνλjB ǫAB Cαβ

+
1

8
LΛ LΣζαγµνζβ ζγγ

µνζδ C
αβ Cγδ

]
+ h.c.

}
(8.20)

Lmass = g
[
2SABψ

A

µγ
µνψB

ν + igij⋆W iABλ
j⋆

A γµψ
µ
B + 2iNA

α ζ
α
γµψ

µ
A

+ Mαβζαζβ + Mα
iBζαλ

iB + MiAℓBλ
iA
λℓB

]
+ h.c. (8.21)

V(z, z, q) = g2
[(
gij⋆ki

Λk
j⋆

Σ + 4huvk
u
Λk

v
Σ

)
L

Λ
LΣ + gij⋆

fΛ
i f

Σ
j⋆Px

ΛPx
Σ − 3L

Λ
LΣPx

ΛPx
Σ

]
.(8.22)

where F±Λ
µν = 1

2
(FΛ

µν ± i
2
ǫµνρσFΛ

ρσ) and (...)− denotes the self dual part of the fermion
bilinears. The mass–matrices are given by:

SAB =
i

2
(σx)

C
A ǫBCPx

ΛL
Λ

W iAB = ǫAB ki
ΛL

Λ
+ i(σx)

B
C ǫCAPx

Λg
ij⋆

f
Λ

j⋆

NA
α = 2UA

αu k
u
Λ L

Λ

Mαβ = −UαA
u UβB

v εAB ∇[uk
v]
Λ L

Λ

Mα
iB = −4Uα

Bu k
u
Λ f

Λ
i

MiA|ℓB =
1

3

(
εAB gij⋆kj⋆

Λ f
Λ
ℓ + i(σxǫ

−1)AB Px
Λ ∇ℓf

Λ
i

)
(8.23)

The coupling constant g in L′
g is just a symbolic notation to remind that these terms

are entirely due to the gauging and vanish in the ungauged theory, where also all gauged
covariant derivatives reduce to ordinary ones. Note that in general there is not a single
coupling constant, but rather there are as many independent coupling constants as the
number of factors in the gauge group. The normalization of the kinetic term for the
quaternions depends on the scale λ of the quaternionic manifold, appearing in eq. (5.10),
for which we have chosen the value λ = −1.

Furthermore, using the geometric approach, the form of the supersymmetry transfor-
mation laws is also easily deduced from the solution of the Bianchi identities in superspace
(see Appendix A). One gets

Supergravity transformation rules of the Fermi fields

δ ψAµ = Dµ ǫA − 1

4

(
∂iKλ

iB
ǫB − ∂i⋆ Kλ

i⋆

Bǫ
B
)
ψAµ
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−ω B
Av Uv

Cα

(
ǫCD Cαβ ζβ ǫD + ζ

α
ǫC
)
ψBµ

+
(
A νB

A ηµν + A′ νB
A γµν

)
ǫB

+
[
i g SABηµν + ǫAB(T−

µν + U+
µν)
]
γνǫB (8.24)

δ λiA =
1

4

(
∂j Kλ

jB
ǫB − ∂j⋆ Kλ

j⋆

B ǫ
B
)
λiA

−ωA
Bv Uv

Cα

(
ǫCD Cαβ ζβ ǫD + ζ

α
ǫC
)
λiB

−Γi
jkλ

kB
ǫB λ

jA + i
(
∇µ z

i − λ
iA
ψAµ

)
γµǫA

+G−i
µνγ

µνǫBǫ
AB + DiABǫB (8.25)

δ ζα = −∆ β
αv Uv

γA

(
ǫAB Cγδ ζδ ǫB + ζ

γ
ǫA
)
ζβ

+
1

4

(
∂iKλ

iB
ǫB − ∂i⋆ Kλ

i⋆

Bǫ
B
)
ζα

+ i
(
UBβ

u ∇µ q
u − ǫBC Cβγ ζγ ψC − ζ

β
ψB
)
γµǫAǫAB Cαβ + g NA

α ǫA(8.26)

Supergravity transformation rules of the Bose fields

δ V a
µ = −iψAµ γ

a ǫA − iψ
A

µ γ
a ǫA (8.27)

δ AΛ
µ = 2L

Λ
ψAµǫBǫ

AB + 2LΛψ
A

µ ǫ
BǫAB

+
(
i fΛ

i λ
iA
γµǫ

B ǫAB + i f
Λ

i⋆ λ
i⋆

AγµǫB ǫ
AB
)

(8.28)

δ zi = λ
iA
ǫA (8.29)

δ zi⋆ = λ
i⋆

Aǫ
A (8.30)

δ qu = Uu
αA

(
ζ

α
ǫA +CαβǫABζβǫB

)
(8.31)

where we have:

Supergravity values of the auxiliary fields

A µB
A = − i

4
gk⋆ℓ

(
λ

k⋆

A γ
µλℓB − δB

A λ
k⋆

C γ
µλℓC

)
(8.32)

A′ µB
A =

i

4
gk⋆ℓ

(
λ

k⋆

A γ
µλℓB − 1

2
δB
A λ

k⋆

C γ
µλCℓ

)
− i

4
δB
A ζαγ

µζα (8.33)

T−
µν = 2i (Im N )ΛΣ L

Σ
(
F̃Λ−

µν +
1

8
∇i f

Λ
j λ

iA
γµν λ

jB ǫAB − 1

4
Cαβ ζαγµν ζβ L

Λ
)

(8.34)

T+
µν = 2i (Im N )ΛΣ L

Σ
(
F̃Λ+

µν +
1

8
∇i⋆ f

Λ

j⋆ λ
i⋆

Aγµν λ
j⋆

B ǫ
AB − 1

4
Cαβ ζ

α
γµν ζ

β L
Λ
)

(8.35)
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U−
µν = − i

4
Cαβ ζαγµν ζβ (8.36)

U+
µν = − i

4
Cαβ ζ

α
γµν ζ

β (8.37)

Gi−
µν = −gij⋆

f
Γ

j⋆ (Im N )ΓΛ

(
F̃Λ−

µν +
1

8
∇kf

Λ
ℓ λ

kA
γµν λ

ℓBǫAB

−1

4
Cαβ ζαγµν ζβ L

Λ
)

(8.38)

Gi⋆+
µν = −gi⋆jfΓ

j (Im N )ΓΛ

(
F̃Λ+

µν +
1

8
∇k⋆f

Λ

ℓ⋆λ
k⋆

A γµν λ
ℓ⋆

B ǫ
AB

−1

4
Cαβ ζ

α
γµν ζ

β L
Λ
)

(8.39)

DiAB =
i

2
gij⋆

Cj⋆k⋆ℓ⋆λ
k⋆

C λ
ℓ⋆

Dǫ
ACǫBD + W iAB (8.40)

In eqs. (8.34), (8.35), (8.38), (8.39) we have denoted by F̃µν the supercovariant field
strength defined by:

F̃Λ
µν = FΛ

µν + LΛψ
A

µψ
B
ν ǫAB + L

Λ
ψAµψBνǫ

AB − i fΛ
i λ

iA
γ[νψ

B
µ] ǫAB − i f

Λ

i⋆ λ
i⋆

Aγ[νψBµ] ǫ
AB .

(8.41)
Let us make some observation about the structure of the Lagrangian and of the trans-

formation laws.
i) We note that all the terms of the Lagrangian are given in terms of purely geo-

metric objects pertaining to the Special and quaternionic geometries. Furthermore the
Lagrangian does not rely on the existence of a prepotential function F = F (X) and it is
valid for any choice of the quaternionic manifold.

ii) The Lagrangian is not invariant under symplectic duality transformations. However,
in absence of gauging (g = 0), if we restrict the Lagrangian to configurations where the
vectors are on shell, it becomes symplectic invariant (ref). This allows us to fix the terms
appearing in Lnon inv

4 ferm in a way independent from supersymmetry arguments.
Here we report only the results of the application of the method of [4],[67]in our case.

For a complete treatment see [4],[67]. The non-invariant part of the Lagrangian is:

L = Lvectors
Kin + Lnon inv

Pauli + Lnon inv
4f (8.42)

where: Lvectors
Kin = i

(
N ΛΣF−ΛF−Σ − h.c.

)
. The part Lnon inv

4f of the 4–fermi Lagrangian
is fixed by the requirement of on-shell vector invariance.Indeed, imposing the equation of
m motion for the gauge fields,with straightforward calculations one finds thatLnon inv can
be written as follows:

Lnon inv
on shell =

1

2

(
F−ΛH−

Λ + h.c.
)

+ Lnon inv
4 ferm (8.43)

where:
H−

Λ|µν =
(
N −N

)
ΛΣ
τ−Σ
µν (8.44)
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with:

τ−Σ
µν =

[
−2iLΣ

(
ψ

A|µ
ψB|ν

)−
ǫAB − 2f

Σ

i⋆

(
λ

i⋆

Aγ
νψµ

B

)−
ǫAB

− i

4
∇if

Σ
j λ

iA
γµνλjB ǫAB +

i

2
LΣζαγ

µνζβ C
αβ
]

(8.45)

From duality arguments it then follows ([4],[67]) that the non invariant 4 fermion terms
can be written as the following perfect square:

Lnoninv
4ferm = +

i

4
H−

Λ|µν τ
−Λ|µν + h.c. = +

i

4

(
N −N

)
ΛΣ
τ−Λ
µν τ

−Σ|µν + h.c. (8.46)

This result was in fact employed as a useful consistency check in the calculations to
construct the Lagrangian.

iii) We note that the field strengths FΛ−
µν originally introduced in the Lagrangian are

the free gauge field strengths.The interacting field strengths which are supersymmetry
eigenstates are defined as the objects appearing in the transformation laws of the grav-
itinos and gauginos fields,respectively,namely the bosonic part of T−

µν and G− i
µν defined in

eq.s 8.34, 8.38

9 Comments on the scalar potential

A general Ward identity[39] of N -extended supergravity establishes the following formulae
for the scalar potential V (φ) of the theory (in appropriate normalizations for the generic
fermionic shifts δχa)

ZabδAχ
aδBχb − 3MACMCB

= δA
BV (φ) A,B = 1, . . . , N (9.47)

where δAχ
a is the extra contribution, due to the gauging, to the spin 1

2
supersymmetry

variations of the scalar vev’s, Zab is the (scalar dependent) kinetic term normalization
and MAC is the (scalar dependent) gravitino mass matrix. Since in the case at hand
(N = 2) all terms in question are expressed in terms of Killing vectors and prepotentials,
contracted with the symplectic sections, we will be able to derive a completely geometrical
formula for V (z, z, q). The relevant terms in the fermionic transformation rules are

δψAµ = igSABγµǫ
B ,

δλiA = gW iABǫB ,

δζα = gNA
α ǫA . (9.48)

In our normalization the previous Ward identity gives

V = (gij⋆ki
Λk

j⋆

Σ + 4huvk
u
Λk

v
Σ)L

Λ
LΣ + (UΛΣ − 3L

Λ
LΣ)Px

ΛPx
Σ . (9.49)

with UΛΣ is defined in (4.40). Above, the first two terms are related to the gauging of
isometries of SK ⊗Q. For an abelian group, the first term is absent. The negative term
is the gravitino mass contribution, while the one in UΛΣ is the gaugino shift contribution
due to the quaternionic prepotential.
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Eq. (9.49) can be rewritten in a suggestive form as

V = (kΛ, kΣ)L
Λ
LΣ + (UΛΣ − 3L

Λ
LΣ)(Px

ΛPx
Σ −PΛPΣ) , (9.50)

where

(kΛ, kΣ) = ( ki
Λ, ki⋆

Λ , ku
Λ )




0 gij⋆ 0
gi⋆j 0 0
0 0 2huv






kj

Σ

kj⋆

Σ

kv
Σ


 (9.51)

is the scalar product of the Killing vector and we have used eq. (7.6) and the relation

ki
ΛL

Λ = ki⋆

ΛL
Λ

= PΛL
Λ = PΛL

Λ
= 0 . (9.52)

Px
Λ are the quaternionic (triplet) prepotentials and UΛΣ, LΛ are special geometry data.

In a theory with only abelian vectors, the potential may still be non-zero due to
Fayet-Iliopoulos terms:

Px
Λ = ξx

Λ (constant); ǫxyzξy
Λξ

z
Σ = 0 . (9.53)

In this case
V (z, z) = (UΛΣ − 3L

Λ
LΣ)ξx

Λξ
x
Σ . (9.54)

Examples with V (z, z) = 0 but non-vanishing gravitino mass (with N = 2 supersymmetry
broken to N = 0) were given in [36], then generalizing to N = 2 the no scale models of
N = 1 supergravity [42]. These models were obtained by taking a ξx

Λ = (ξ0, 0, 0) . In this
case the expression

V = U00 − 3L
0
L0 (9.55)

reduces to
V = (∂iKg

ij⋆

∂j⋆K − 3)eK (9.56)

which is the N = 1 supergravity potential, with solution ( V = 0) the cubic holomorphic
prepotential

F (X) = dABC
XAXBXC

X0
A = 1, . . . , n . (9.57)

Another solution is obtained by taking the SU(1,1)
U(1)

⊗ SO(2,n)
SO(n)

coset in the SO(2, n)

symmetric parametrization of the symplectic sections (XΛ, FΛ = ηΛΣSX
Σ ; XΛXΣηΛΣ =

0 , ηΛΣ = (1, 1,−1, . . . ,−1)) where a prepotential F does not exist. In this case

UΛΣ − 3L
Λ
LΣ = − 1

i(S − S)
ηΛΣ (9.58)

where we have used the fact that

NΛΣ = (S − S)(ΦΛΦΣ + ΦΛΦΣ) + SηΛΣ , ΦΛ =
XΛ

(XΛXΛ)1/2
. (9.59)

The identity (9.58) allows one to prove that the tree level potential of an arbitrary heterotic
string compactification (including orbifolds with twisted hypermultiplets) is semi-positive
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definite provided we don’t gauge the graviphoton and the gravidilaton vectors (i.e. Px
Λ = 0

for Λ = 0, 1, Px
Λ 6= 0 for Λ = 2, . . . , nV ). On the other hand, it also proves that tree level

supergravity breaking may only occurr if Px
Λ 6= 0 for Λ = 0, 1. This instance is related to

models with Scherk-Schwarz mechanism studied in the literature [40, 41].
A vanishing potential can be obtained if ξx

Λ = (ξΛ, 0, 0) with

ξΛξΣη
ΛΣ = 0 . (9.60)

In this case we may also consider the gauge group to be U(1)p+2⊗G(nV −p) and introduce
ξΛ = (ξ0, . . . , ξp+1, 0, . . . , 0) such that ξΛξΣη

ΛΣ = 0 where ηΛΣ is the SO(2, p) Lorentzian
metric. The potential is now:

V = ki
Λgij⋆kj⋆

Σ L
Λ
LΣ ; (UΛΣ − 3L

Λ
LΣ)Px

ΛPx
Σ = 0 (9.61)

where ki
ΛL

Λ = 0 for Λ ≤ p+ 1. The gravitino have equal mass

| m3/2 |≃ eK/2 | ξΛXΛ | (9.62)

with ξΛξΣη
ΛΣ = 0 , Λ = 0, . . . , p+ 1.

It is amusing to note that the gravitino mass, as a function of the O(2, p)/O(2)⊗O(p)
moduli and of the F-I terms, just coincides with the central charge formula for the level
NL = 1 in heterotic string (H-monopoles), if the F-I terms are identified with the O(2, p)
lattice electric charges.

Note that, because of the special form of the gauged Q̂, ω̂x, we see that whenever
PΛ 6= 0 the gravitino is charged with respect to the U(1) factor and whenever Px

Λ 6= 0 the
gravitino is charged with respect to the SU(2) factor of the U(1)⊗ SU(2) automorphism
group of the supersymmetry algebra. In the case of U(1)p gauge fields with non-vanishing
F-I terms ξx

p = (0, 0, ξp) the gauge field AΛ
µξΛ = Aµ gauge a U(1) subgroup of SU(2)L

susy algebra.
Models with breaking of N = 2 to N = 1 [29] necessarily require ku

Λ not to be zero.
The minimal model where this happens with V = 0 is the one based on

SK ⊗Q =
SU(1, 1)

U(1)
⊗ SO(4, 1)

SO(4)
, (9.63)

where a U(1) ⊗ U(1) isometry of Q is gauged. In this case the vanishing of V requires a
compensation of the δλ, δζ variations with the gravitino contribution

4ku
Λk

v
Σhuv + UΛΣPx

ΛPx
Σ = 3L

Λ
LΣPx

ΛPx
Σ . (9.64)

The moduli space of vacua satisfying (9.64) is a four dimensional subspace of (9.63).
One may wonder where are the explicit mass terms for hypermultiplets. In N = 2

supergravity, since the hypermultiplet mass is a central charge, which is gauged, such
term corresponds to the gauging of a U(1) charge. This is best seen if we consider the
case where no vector multiplets (and then gauginos) are present. In this case LΛ = L0 = 1
and the potential becomes

V = 4huvk
ukv − 3PxPx (9.65)

where ku is the Killing vector of a U(1) symmetry of Q, gauged by the graviphoton and

Px is the associated prepotential. For SO(4,1)
SO(4)

this reproduces the Zachos model [69]. The
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gauged U(1) in this model is contained in SUR(2) which commutes with the symmetry
SUL(2) in the decomposition of SO(4) = SUL(2) ⊗ SUR(2). This model has a local
minimum at vanishing hypermultiplet vev at which U(1) is unbroken, and the extrema
(at u = 1) (maxima) which break U(1). The extremal model is when both nH = nV = 0.
Still we may have a pure F-I term

V = −3ξ2 ξ = (ξ, 0, 0) (9.66)

This corresponds to the gauging of a U(1) ⊂ SU(2)L and gravitinos have charged coupling.
This model corresponds to anti-De Sitter N = 2 supergravity [44].

10 The rigid limit: N=2 matter coupled Yang–Mills

theory

In this section we consider the rigid limit of matter coupled N=2 supergravity. The aim is
that of obtaining the most general form of matter coupled N=2 super Yang–Mills theory.
By this we mean the rigid supersymmetric N=2 theory of n vector multiplets coupled
to m hypermultiplets interacting through a generic rigid special manifold and a generic
hyperKähler manifold. Such a theory, in general, is not renormalizable: renormalizability
obtains only in the case of a flat special manifold and a flat hyperKähler manifold. Yet
it is very interesting as an effective low energy lagrangian. Seiberg Witten lagrangian
[1], is just an instance in this general class. One could derive this type of theory by
direct methods solving Bianchi identities in flat superspace and then constructing the
corresponding rheonomic action. It is however much simpler to derive it through a suitable
scaling limit from the N=2 supergravity theory. The contraction parameter is obviously
the Planck mass µ and the limit must be performed in such a way that local special
geometry flows to rigid special geometry and quaternionic geometry flows to hyperKähler
geometry. We already know how this can happen: the curvature of the line and SU(2)
bundles must flow to zero in the limit. In the next subsection we describe the appropriate
rescalings. Then in a further subsection we report the final result written in space–time
component formalism for the benefit of the reader who does not want to be involved with
the rheonomy formalism.

10.1 Planck mass rescalings

We begin with the special geometry sector. Here we consider the covariantly holomorphic
symplectic section 4.26 and we write:

V ≡
(
LΛ

MΣ

)
≡ exp [K/2]

(
XΛ

FΣ

)
= exp

[
K̂/(2µ2)

] (
Ω0 +

1

µ
Ω̂ +

1

µ3
Ω3

)
(10.1)

where:

Ω0 =




1√
2

0
− i√

2
0


 Ω̂ =




0
Y I

0
FJ


 Ω3 =




Ŷ0

0
F̂0

0


 (10.2)
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The hatted objects are those that survive in the infinite Planck mass limit µ → ∞.
Recalling eq. 4.25 we obtain:

K̂ = − lim
µ→∞

µ2 log
[
i 〈Ω|Ω〉

]

= − lim
µ→∞

µ2 log

[
1 +

i

µ2

(
Y

I
FI − F JY

J
)

+

√
2

µ3

(
ReY 0 − ImF0

)

+
i

µ6

(
Y

0
F0 − F 0Y

0
)]

= − i
(
Y

I
FI − F JY

J
)

= − i 〈Ω̂|Ω̂〉 ≡ iΩ̂T
(

0 11
−11 0

)
Ω̂ (10.3)

which reproduces eq. 4.49 for the Kähler potential of rigid special geometry. An obser-
vation here is in order. The last line in eq. 10.3 still differs from eq. 4.49 in one respect:
the symplectic metric and the symplectic sections in 10.3 are (2n+2)–dimensional while
those in eq. 4.48 are 2n–dimensional. Yet the entries of the symplectic sections in the
two additional dimensions are always zero so that we can safely reduce the bundle and
its structural group from Sp(2n+ 2, IR) to Sp(2n, IR).

Let us next consider the symplectic vector Ui defined in eq. 4.29. Using the above
rescalings we obtain:

Ui =
1

µ
Ûi +

1

µ2




1
2
√

2
∂iK̂
0

−i
2
√

2
∂iK̂
0


+

1

µ3




. . .

. . .

. . .

. . .


 (10.4)

where

Ûi =




0
∂iY

I

0
∂iFJ


 = ∂i Ω̂ (10.5)

So we have retrieved eq. 4.50, apart from the identically zero extra entries. Hence we can
set:

gij⋆ =
1

µ2
ĝij⋆ (10.6)

which is consistent with
ĝij⋆ = − i 〈Ûi|Ûj⋆〉 (10.7)

that reproduces the first of eq.s 4.58: the second of such equations is retrieved by setting:

Cijk =
1

µ2
Ĉijk + O

(
1

µ3

)
=⇒ Ĉijk = 〈∂iÛ j |Ûk〉 (10.8)

Finally we observe that the Levi–Civita connection Γi
jk is not rescaled by any power of

the Planck mass since it contains a metric and an inverse metric (see eq. C.56). This
implies the following rescaling for the Riemann tensor of the special manifold:

Rij⋆kℓ⋆ = gip⋆ Rp⋆

j⋆kℓ⋆ =
1

µ2
R̂ij⋆kℓ⋆ (10.9)
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and the fundamental identity of local special geometry 4.18 becomes

R̂ij⋆kℓ⋆ =
1

µ2
(ĝij⋆ ĝkℓ⋆ + ĝkj⋆ĝiℓ⋆) + Ĉiks Ĉt⋆j⋆ℓ⋆ ĝst⋆ (10.10)

that in the limit µ → ∞ reproduces the fundamental identity of rigid special geometry
(eq. 4.55).

Summarizing we have:

Rescalings in the Special geometry sector

L0 → 1
2

+ O
(

1
µ2

)
LI → 1

µ
Y I + O

(
1
µ2

)

gij⋆ → 1
µ2 ĝij⋆ + O

(
1
µ3

)
Cijk → 1

µ2 Ĉijk + O
(

1
µ3

)

Rij⋆kℓ⋆ → 1
µ2 R̂ij⋆kℓ⋆ + O

(
1
µ3

)
zi → ẑi

f 0
i → 1

µ2 f̂
0
i + O

(
1
µ3

)
f I

i → 1
µ
f̂ I

i + O
(

1
µ3

)

Γi
jk → Γ̂i

jk Q → 1
µ2 Q̂

(10.11)

Next we consider the rescalings in the quaternionic manifold sector. Here we set

Rescalings in the quaternionic manifold sector

UαA → 1
µ
ÛαA huv → 1

µ2 ĥuv qu → q̂u

Kx → 1
µ2 K̂

x Ωx → Ω̂x Px
Λ → 1

µ2 P̂x
Λ

(10.12)

Using these rescalings the quaternionic algebra 5.22 is satisfied by the rescaled hy-
perKähler structures K̂x

uv as much as by the unrescaled ones Kx
uv: however the relation

5.12 between the SU(2) curvatures and the hyperKähler structures K̂x
uv becomes:

Ω̂x =
λ

µ2
K̂x (10.13)

and in the limit µ → ∞ we obtain Ω̂x = 0, as indeed we expect in the case of a
hyperKähler manifold. Indeed we can rephrase this result by saying that, upon restoration
of physical units, the SU(2)–curvature scale is

λ =
λ̂

µ2
(10.14)
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and in the infinite Planck mass limit goes to zero. Indeed when we fixed λ = −1 to obtain
canonical kinetic terms this value had to be interpreted in squared Planck mass units
(namely λ̂ = −1). Eq.s 10.12 are consistent with the definition

iΛK̂
xPx

Λ = ∇P̂x
Λ = dP̂x

Λ (10.15)

of the triholomorphic momentum map on hyperKähler manifolds. The last equality in
eq. 10.15 is justified by the vanishing of the SU(2) curvature that is obtained in the limit
µ → ∞. Finally the rescaled form of the quaternionic equivariance eq. 7.54 is

{PΛ,PΣ}x ≡ 2Kx(Λ,Σ) − λ

µ2
εxyz Py

Λ Pz
Σ (10.16)

and in the infinite Planck mass limit it flows into the equivariance condition of momentum
maps for hyperKähler manifolds, that is eq. 7.50.

To complete our rigid limit programme we have to prescribe the appropriate Planck
mass rescalings for the space–time fields and the fermions. These are as follows:

Rescalings of space–time fields and fermions

V a → 1
µ
V̂ a gµν → 1

µ2 ĝµν xµ → x̂µ

ωab → ω̂ab A0 → 1
µ
Â0 AI → 1

µ2 Â
I

ψA → 1√
µ
ψ̂A λiA → √

µ λ̂iA ζα → 1√
µ
ζ̂α

(10.17)

Utilizing the rescalings of eq.s 10.11, 10.12 and 10.17 in the curvature definitions 8.4, 8.5,
8.6, 8.7, 8.9, 8.10, 8.11, 8.11, 8.11, 8.12, 8.13, 8.14 and in the curvature rheonomic
parametrization given in Appendix B, by performing the limit µ → ∞ we obtain the
rheonomic parametrization and curvature definition of the rigid theory. Indeed the first
four equations A.23, A.24, A.25 become:

T a ≡ dV a − ωab ∧ V c ηbc = 0

ρA ≡ dψA − 1

4
ωab ∧ γab ψA = 0

ρA ≡ dψA − 1

4
ωab ∧ γab ψ

A = 0

Rab ≡ dωab − ωac ∧ ωcd ηcd = 0 (10.18)

that are the structural equations of N=2 rigid superspace if they are completed with

F 0 ≡ dA0 +
1√
2

[
ψA ∧ ψB ε

AB + ψ
A ∧ ψB εAB

]
= 0 (10.19)

Eq. 10.19 is precisely what we obtain in the µ → ∞ limit from the case Λ = 0 of eq.s A.27
and 8.11. Algebraically eq. 10.19 tells us that the graviphoton one–form is the dual of the
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central charge generator. The case Λ = I of the same equations provides the definition
and rheonomic parametrization of the Yang–Mills curvatures in rigid superspace:

F I ≡ dAI +
1

2
g f I

JK A
J ∧ AK ,+ Y

I
ψA ∧ ψBǫ

AB + Y Iψ
A ∧ ψBǫAB

= F I
abV

a ∧ V b +
(
i f I

i λ
iA
γaψ

B ǫAB + i f
I

i⋆ λ
i⋆

AγaψB ǫ
AB
)
∧ V a (10.20)

From the µ → ∞ limit of eq. A.28 and A.29 we obtain the gaugino curvature parametriza-
tions:

∇λiA = ∇aλ
iAV a + iZ i

aγ
aψA +G−i

ab γ
abψBǫ

AB +Di|ABψB

∇λi⋆

A = ∇aλ
i⋆

AV
a + iZ

i⋆

a γ
aψA +G+i⋆

ab γ
abψBǫAB +Di⋆

AB ψ
B (10.21)

where Z i
a and Z i⋆

a are defined by eq. A.30 and its complex conjugate that survive unmodi-
fied in the limit while G±i⋆

ab and the auxiliary fields Di|AB, Di⋆

AB are given in eq.s 10.35. As
usual the rheonomic parametrizations correspond to the supersymmetry transformation
rules that we have collected in the next subsection together with the space–time action
for the benefit of those readers who doe not want to get involved with the rheonomy for-
malism. Also the rheonomic parametrizations A.32, A.33, A.34 mantain the same form
in the rigid limit, but the hyperino shifts Nα

A, N
A
α are now given by eq.s 10.35. Using the

same scaling limit one obtains the rigid rheonomic action (which we do not report) from
which one retrieves the space–time action reported in the next subsection.

10.2 Summary of the rigid N=2 Yang–Mills theory

Let us then summarize our results by writing the final most general form of N=2 matter
coupled Yang–Mills theory. Such a theory arises from a generic choice of the rigid special
manifold SMrig, a generic choice of the Hyperkähler manifold HMrig and a generic choice
of the gauging.

Let:

F I ≡ dAI +
1

2
f I

JKA
J ∧AK =F I

µν dx
µ ∧ dxν (10.22)

be the field–strengths of the gauge group G. Let zi be the coordinates of the rigid special
manifold SMrig, whose complex dimension n equals the real dimension of the gauge
group and let qu be the 4m coordinates of the Hyperkähler manifold HMrig. In addition
let λiA, λi⋆

A be the two chiral projections of the gaugino field and ζα, ζα the two chiral
projections of the hyperino field. Let us moreover define :

the covariant derivatives of the Bose fields

∇µz
i = ∂µz

i + g AI
µ k

i
I

∇µz
i = ∂µz

i + g AI
µ k

i⋆

I

∇µq
u = ∂µq

u + g AI
µ k

u
I

and

the covariant derivatives of the Fermi fields

∇µλ
iA = ∂µλ

iA +
(
Γi

jk ∇µz
j + g AI

µ ∂jk
i
I

)
λjA

∇µλ
i⋆

A = ∂µλ
i⋆

A +
(
Γ

i⋆

j⋆k⋆ ∇µz
j⋆

+ g AI
µ ∂j⋆ki⋆

I

)
λj⋆

A
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∇µζ
α = ∂µζ

α +
(
∆αβ

u ∇µq
u + g AI

µ ∂uk
v
I Uu|αA UβB

v εAB

)
Cβγ ζ

γ

∇µζγ = ∂µζγ + Cγα

(
∆αβ

u ∇µq
u + g AI

µ ∂uk
v
I Uu|αA UβB

v εAB

)
ζβ (10.23)

In terms of these field strengths and derivatives and of all the geometric structures pertain-
ing to rigid special manifolds and to hyperKähler manifolds discussed in previous sections
the most general N=2 supersymmetric invariant lagrangian has the following form:

Matter coupled N=2 Yang Mills action

L = Lkin + LPauli + Lmassmatrix + Lpotential + L4fermi (10.24)

where

Lkin = i
(
N IJ F I−

µν FJ−|µν − NIJ F I+
µν FJ+|µν

)

+ gij⋆ ∇µzi ∇µz
j⋆

+ huv ∇µqu ∇µq
v

− i

2
gij⋆

(
λ

iA
γµ ∇µλ

j⋆

A + λ
j⋆

A γµ ∇µλ
iA
)

− i
(
ζ

α
γµ ∇µζα + ζα γ

µ ∇µζ
α
)

(10.25)

LPauli = i
1

2
Cijk

(
gkℓ⋆

f
J

ℓ⋆ ImNIJ F−I
µν

)
λ

iA
γµν λjB εAB

− i
1

2
Ci⋆j⋆k⋆

(
gk⋆ℓfJ

ℓ ImNIJ F+I
µν

)
λ

i⋆

A γ
µν λj⋆

B εAB (10.26)

Lmassmatrix = Mα|β ζα ζβ + Mα|β ζ
α
ζβ

+ Mα|
|iB ζα λ

iB + M | B
α|i⋆ ζ

α
λi⋆

B

+ MiA|ℓB λ
iA
λℓB + M A| B

i⋆ |ℓ⋆ λ
i⋆

Aλ
ℓ⋆

B (10.27)

Lpotential = −V(z, z, q) (10.28)

L4fermi =
1

4
Rij⋆ℓk⋆ λ

iA
λℓB λ

j⋆

A λk⋆

B

+
1

2
IRα

β|ts U t
Aγ Us

Bδ ε
AB Cδη ζα ζη ζ

β
ζγ

− 1

32
ImNIJ Cijk Cℓmn g

kr⋆

gns⋆

f
I

r⋆f
J

s⋆λ
iA
γµνλ

jB λ
ℓC
γµνλmD εABεCD

− 1

32
ImNIJ Ci⋆j⋆k⋆Cℓ⋆m⋆n⋆ gk⋆rgn⋆sf I

r f
J
s λ

i⋆

Aγµνλ
j⋆

B λ
k⋆

C γ
µνλℓ⋆

D εABεCD (10.29)

(10.30)

where the mass–matrices and the scalar potential are given by:

N=2 Yang Mills mass matrices and scalar potential
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Mα|β = − g UαA
u UβB

v εAB ∇[u k
v]
I Y

I

Mα|β = − g UαA|u UβB|v ε
AB ∇[u k

v]
I Y

I

Mα|
|iB = 4 g UαA

u ku
I f

I
i εAB

M | B
α|i⋆ = − 4 g UαA|u k

u
I f

I

i⋆ ε
AB

MiA|ℓB =
1

3
g
(
εAB gij⋆kj⋆

I f
I
ℓ + i(σx)

C
A ǫBC Px

I ∇ℓf
I
i

)

M A| B
i⋆ |ℓ⋆ =

1

3
g
(
εAB gi⋆jk

j
If

I

ℓ⋆ − iǫAC(σx)
B

C Px
I ∇ℓ⋆f

I

i⋆

)
(10.31)

V(z, z, q) = g2
(
gij⋆ki

I k
j⋆

J + 4 huv k
u
I k

v
J

)
Y

I
Y J

+ gij⋆

f I
i f

J

j⋆

3∑

x=1

Px
I Px

J (10.32)

The coupling constant in front of the mass–matrices and of the potential is just a symbolic
notation to remind the reader that these terms are entirely due to the gauging and vanish
in the ungauged theory. In general there is not a single coupling constant rather there are
as many independent coupling constants as mutually commuting subgroups in the gauge
group. For instance if G is a product or r U(1)–factors, there are r independent coupling
constants that can be reabsorbed into the definition of the killing vectors ki

I , k
u
I .

The supersymmetry transformation rules with respect to which the lagrangian 10.24
is invariant are the following ones:
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N=2 rigid transformation rules of Bose fields

δ AI
µ = + i

(
f I

i λ
iA
γµ ǫ

B εAB + f
I

i⋆λi
⋆

A γµ ǫB ε
AB
)

δzi = +λ
iA
ǫA

δzi⋆ = +λ
i⋆

A ǫ
A

UαA
u (q) δqu = εAB Cαβ ǫBζβ + ǫAζα (10.33)

N=2 rigid transformation rules of Fermi fields

δλiA = i∇µz
i γµ ǫA + G−i

µν γ
µν ǫB ε

AB + Di|AB ǫB

δλi⋆

A = i∇µz
i⋆ γµ ǫA + G+i⋆

µν γµν ǫB εAB + Di⋆

|AB ǫ
B

δζα = iUβB
u ∇µq

u γµǫA εAB Cαβ + NA
α ǫA

δζα = iUβB|u ∇µq
u γµǫA ε

AB Cαβ + Nα
A ǫ

A (10.34)

where:

N=2 rigid values of the auxiliary fields

G−i
µν = i gij⋆

f
I

j⋆ ImNIJ

(
F−J

µν +
1

8
∇kf

J
ℓ λ

kA
γµν λ

ℓB εAB

)

G+i⋆

µν = i gi⋆jf I
j ImNIJ

(
F+J

µν +
1

8
∇k⋆f

J

ℓ⋆ λ
k⋆

A γµν λ
ℓ⋆

B εAB
)

Di|AB = Y i|AB +W i|[AB] +W i|(AB)

Di⋆

|AB = Y i⋆

|AB +W i⋆

|[AB] +W i⋆

|(AB)

Y i|AB = i
1

2
gij⋆

Cj⋆k⋆ℓ⋆ λ
k⋆

C λℓ⋆

Dε
AC εBD

Y i⋆

|AB = −i
1

2
gi⋆j Cjkℓ λ

kC
λℓDεAC εBD

W i|[AB] = εAB ki
IY

I

W i⋆

|[AB] = εAB k
i⋆

I Y
I

W i|(AB) = −i ǫAC(σx)
B

C Px
I g

ij⋆

f
I

j⋆

W i⋆

|(AB) = i (σx)
C

A ǫBC Px
I g

i⋆jf I
j

NA
α = 2UA

α|u k
u
I Y

I

Nα
A = −2Uα

A|u k
u
I Y

I (10.35)
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10.3 The renormalizable microscopic theory

As an exemplification of the general formalism and for the sake of its intrinsic interest, in
this subsection we consider the case of the renormalizable microscopic N=2 (matter cou-
pled) Yang–Mills theory. The theory is specified by the choice of the following geometrical
data:

1. A flat rigid special manifold SMflat describing the vector multiplet couplings

2. A flat Hyperkähler manifold HMflat describing the hypermultiplet couplings

Let us briefly discuss these geometries and the corresponding form of the Lagrangian.

Flat rigid special geometry

In the vector multiplet sector the appropriate geometry is described as follows. Let θ
be the theta–angle, 1/g2 the inverse of the squared gauge coupling constant, and gIJ the
constant Killing metric on the gauge Lie algebra. Define the complex parameter:

τ = θ + i
1

g2
(10.36)

and choose as holomorphic section of the flat symplectic bundle the following one:

Ω̂ =
(

Y I

τ gIJ Y
J

)
I, J = 1, . . . , n = dimG (10.37)

In this case the upper half of the holomorphic section 10.37 can be taken as coordinates
on the manifold (the special coordinates):

zi ≡ Y I . (10.38)

The action of the gauge group on these coordinates is obviously the adjoint action:

δI Y
J = fJ

IK Y
K (10.39)

where fJ
IK are the structure constants of the gauge Lie algebra:

[tI , tJ ] = fK
IJ tK (10.40)

tI being a basis of generators. Hence using eq.s 4.58 and 4.57 we obtain

NIJ = τ gIJ gij⋆ = 2 Imτ gIJ

ImNIJ = − Imτ gIJ f I
i = δI

i

Cijk = 0 kj
I = fJ

IK Y K

(10.41)

Flat HyperKähler geometry

In the hypermultiplet sector we arrange the 4m coordinates qu of HMflat = IR4m

into a 4m column vector:

q ≡ qa|t
{
a = 0, 1, 2, 3
t = 1, 2, . . . m

(10.42)
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that is regarded as an element of the tensor product IR4 ⊗ IRm ∼ IR4m. Let

J+|1 =




0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


 J−|1 =




0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0




J+|2 =




0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0


 J−|2 =




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0




J+|3 =




0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0


 J−|3 =




0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0




(10.43)

be the two triplets of self–dual and antiself dual ’t Hooft matrices satisfying the quater-
nionic algebra:

J±|x J±|y = − δxy 114×4 + εxyz J±|z

J
±|x
ab = ± 1

2
εabcd J

±|x
cd

0 =
[
J+|x , J−|y

]
∀x, y (10.44)

Let, furthermore

ea =





e0 =
(

1 0
0 1

)

ex =





e1 =
(

0 −i
−i 0

)

e2 =
(

0 −1
1 0

)

e3 =
(−i 0

1 i

)

(10.45)

be a complete basis of two matrices for the expansion of a generic quaternion:

Q ≡ qa ea (10.46)

ex, being the three imaginary units. The flat HyperKähler metric and the corresponding
triplet of HyperKähler 2–forms are given by:

ds2 ≡ huv dq
u dqv = dqT (114×4 ⊗ 11m×m) dq

Kx = dqT ∧
(
J+|x ⊗ 11m×m

)
dq (10.47)

Alternatively in the above formula one can use the triplet of antiself dual t’Hooft matrices
to define the HyperKähler structure. Using the identities:

{
J

+|x
ab = 1

2
tr(eaebe

T
x )

J
−|x
ab = − 1

2
tr(eae

T
x eb)

(10.48)
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and rearranging the 4m coordinates qa|t into an m-vector of quaternions:

Q =




Q1 = qa|1 ea

Q2 = qa|2 ea

. . .
Qt = qa|t ea

. . .




(10.49)

eq.s 10.47 can be rewritten as follows:

ds2 =
1

2
tr
(
dQ† 11m×mdQ

)

K =
1

2
dQT ∧ 11m×mdQ =

1

2
Kx eT

x (10.50)

The action of the gauge group G on the hypermultiplets is assumed to be linear and be
generated by a set of 4m× 4m matrices TI . Namely we set:

δIq = TI q −→ ku
I = (TI)

u
v q

v (10.51)

In order for this action to be an isometry of the Euclidean diagonal metric 10.47 it is
necessary and sufficient that the matrices TI belong to the orthogonal Lie algebra SO(4m),
namely:

T T
I = −TI (10.52)

The action of G however is not only required to be isometrical but also to be triholomor-
phic. This means:

ℓI K
x ≡ iI dK

x + d iI K
x = d iI K

x = 0 (10.53)

A straightforward calculation yields:

d iI K
x = − dqT ∧

[
TI , J

+|x ⊗ 11m×m

]
dq (10.54)

so that the triholomorphicity condition is that the generators TI should commute with
the tensor product of the ’t Hooft matrices with the unit matrix in m–dimensions. When
this last condition is verified we can write the momentum maps as:

Px
I = qT J+|x ⊗ 11m×m TI q (10.55)

Alternatively using the quaternionic notation we have:

PI =
1

2
Px

I e
T
x =

1

2
QT 11m×m TI Q (10.56)

The lagrangian

Using these ingredients the lagrangian of the microscopic renormalizable theory is im-
mediately retrieved from the general formulae of the previous subsection. It is convenient
to set:

Y ≡ Y I tI Y ≡ Y
I
tI

Fµν ≡ F I
µν tI tr (tItJ) ≡ gIJ

(10.57)
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tI denoting a basis of generators of the gauge group and in this condensed notation we
obtain:

Lmicroscopic
N=2Y M = Lmicroscopic

bosonic + Lmicroscopic
fermionic (10.58)

where the bosonic lagrangian is:

Lmicroscopic
bosonic = − Imτ tr (Fµν Fµν) +

1

2
Reτ tr (Fµν Fρσ) εµνρσ

+2 Imτ tr
(
∇µY∇µY

)
+ ∇µq

T ∇µq − V (Y,q) (10.59)

V (Y,q) = 2 Imτ tr
([

Y , Y
])2 − 2qT

{
Y , Y

}
q

+
1

2Imτ

3∑

x=1

Px
I Px

J gIJ (10.60)

The formula for the scalar potential exhibits in a clear fashion the flat directions associated
with the moduli fields Y in the Cartan subalgebra H of the gauge algebra. Actually the
potential is just homogeneous of degree four in all the scalar fields as expected from
renormalizability.

The fermionic part of the lagrangian also simplifies very much since it just contains
the kinetic part and the mass terms induced by the gauging. The Pauli terms and the
4–fermi terms are all zero, since the tensor Cijk vanishes and the Riemann tensors of the
special and HyperKähler manifolds also vanish. The evaluation of the mass matrices is
straightforward by inserting the explicit form of the Killing vectors and of the momentum
maps into eq.s 10.31. The only item that is still missing in such a calculation is the explicit
form of the quaternionic vielbein. This is very easily given. We set:

UAα ≡ UAα
b|s dq

b|s = dQ = dqa|t (ea)
A

B (10.61)

and we identify the symplectic index α running on 2m values with the pair of indices B, t
( B = 1, 2; t = 1, . . . , m). In this way we obtain:

UA |t
B|b|s = δt

s (eb)
A

B (10.62)

Appendix A: The solution of the Bianchi identities and

the supersymmetry transformation laws

In this Appendix we describe the geometric approach for the derivation of the N =
2 supersymmetry transformation laws of the physical fields. As it will appear in the
following this requires the preliminary solution of Bianchi identities in superspace.

The first step to perform is to extend the physical fields to superfields in N = 2
superspace: that means that the space–time 1-forms ωa b, V a,ψA, ψA, AΛ and the space–
time 0–forms λiA, λi⋆

A , zi, zi⋆ , ζα, ζα, qu defined in section 8 are promoted to 1–superforms
and 0–superforms in N = 2 superspace, respectively.

The definition of the superspace curvatures actually coincides with that given in
eq.s 8.4–8.14 provided all the p–forms (p = 0, 1, 2) are thought as p–superforms (here
and in the following by ”curvatures” we mean not only 2–forms, but also the 1–forms
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defined as covariant differentials of the 0–form superfields).
We note that the definition of superspace curvatures in the gravitational sector, namely:

T a ≡ DV a − iψA ∧ γaψA (A.1)

ρA ≡ dψA − 1

4
γab ω

ab ∧ ψA +
i

2
Q̂ ∧ ψA + ω̂ B

A ∧ ψB ≡ ∇ψA (A.2)

ρA ≡ dψA − 1

4
γab ω

ab ∧ ψA − i

2
Q̂ ∧ ψA + ω̂A

B ∧ ψB ≡ ∇ψA (A.3)

Rab ≡ dωab − ωa
c ∧ ωcb (A.4)

F 0 ≡ dA0 + L
0
ψA ∧ ψBǫ

AB + L0ψ
A ∧ ψBǫAB (A.5)

where F 0 denotes the graviphoton, has been chosen in such a way that by setting Rab =
T a = ρA = ρA = F 0 = 0 , deleting the composite connections Q̂ , ω̂A

B and normalising
L0 (0, 0) = 1 we obtain the Maurer–Cartan equations of the N = 2 Poincaré superalgebra
where the one forms ωab, V a, ψA, ψA, A

0 are dual to the corresponding generators of the
group.

The next step is to write down the Bianchi identities for all the curvatures and to
solve them in superspace. Applying the d operator to eq.s A.1– A.4 and 8.9– 8.14 one
finds:

DT a + Rab ∧ V b − iψ
A ∧ γaρA + iρA ∧ γaψA = 0 (A.6)

∇ρA +
1

4
γabR

ab ∧ ψA − i

2
K̂ ∧ ψA − i

2
R̂ B

A ∧ ψB = 0 (A.7)

∇ρA +
1

4
γabR

ab ∧ ψA +
i

2
K̂ ∧ ψA − R̂A

B ∧ ψB = 0 (A.8)

DRab = 0 (A.9)

∇2zi − g
(
FΛ − L

Λ
ψA ∧ ψBǫ

AB − L
Λ
ψ

A ∧ ψBǫAB

)
ki

Λ(z) = 0 (A.10)

∇2zi⋆ − g
(
FΛ − L

Λ
ψA ∧ ψBǫ

AB − L
Λ
ψ

A ∧ ψBǫAB

)
ki⋆

Λ = 0 (A.11)

∇2λiA +
1

4
γabR

abλiA +
i

2
K̂λiA + R̂i

jλ
jA − i

2
R̂A

B ∧ λiB = 0 (A.12)

∇2λi⋆

A +
1

4
γabR

abλi⋆

A − i

2
K̂λi⋆

A + R̂i⋆

j⋆λ
j⋆

A − i

2
R̂B

A ∧ λi⋆

B = 0 (A.13)

∇FΛ − ∇LΛ ∧ ψA ∧ ψBǫ
AB −∇LΛ ∧ ψA ∧ ψBǫAB

+ 2L
Λ
ψA ∧ ρBǫ

AB + 2LΛψ
A ∧ ψBǫAB = 0 (A.14)

∇UAα − g
(
FΛ − L

Λ
ψA ∧ ψBǫ

AB − L
Λ
ψ

A ∧ ψBǫAB

)
ku

Λ(z)UAα
u = 0 (A.15)

∇2ζα +
1

4
Rab γab ζα +

i

2
K̂ ζα + R̂ β

α ζβ = 0 (A.16)

∇2ζα +
1

4
Rab γab ζ

α − i

2
K̂ ζα + R̂α

βζ
β = 0 (A.17)

(A.18)

The covariant derivatives ∇ and D have been defined in eq.s A.1– A.5 and include
the gauged connections defined in eq. 7.57. Furthermore the hat on the scalar manifolds
curvatures K̂, R̂i

j , R̂
α
β , R̂

A
B denotes the gauged curvatures defined in 7.58.
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The solution can be obtained as follows: first of all one requires that the expansion of
the curvatures along the intrinsic p–forms basis in superspace namely: V a, V a∧V b, ψ, ψ∧
V b, ψ ∧ ψ, is given in terms only of the physical fields (rheonomy). This insures that no
new degree of freedom is introduced in the theory.
Secondly one writes down such expansion in a form which is compatible with all the
symmetries of the theory, that is: covariance under U(1) Kähler and SU(2) ⊗ Sp(2, m),
Lorentz transformations and reparametrization of the scalar manifolds. Besides it is very
useful to take into account the invariance under the following rigid rescalings of the fields
(and their corresponding curvatures):

(ωab, AΛ, qu, zi, zi⋆) → (ωab, AΛ, qu, zi, zi⋆) (A.19)

V a → ℓV a (A.20)

(ψA, ψA) → ℓ
1
2 (ψA, ψA) (A.21)

(λiA, λi⋆

A , ζ
α, ζα) → ℓ−

1
2 (λiA, λi⋆

A , ζ
α, ζα) (A.22)

Indeed these rescalings and the corresponding ones for the curvatures leave invariant the
definitions of the curvatures and the Bianchi identities.
Finally we note that we are looking for a solution of the coupled system of Bianchi
identities of the gravitational sector with those of the matter sectors. The coupling is
obtained by setting the auxiliary fields of the N = 2 multiplets to definite expressions
in the physical fields compatible with all the previously mentioned requirements. This
fixes completely the ansatz for the curvatures at least if we exclude higher derivative
interactions.

Performing all the steps requires a lot of work. For a more detailed explanation the
interested reader is referred to the standard reference of the geometrical approach [31].
The final parametrizations of the superspace curvatures, are given by:

T a = 0 (A.23)

ρA = ρ̃A|abV
a ∧ V b +

(
A

B|b
A ηab + A

′ B|b
A γab

)
ψB ∧ V a

+
[
i g SABηab + ǫAB(T−

ab + U+
ab)
]
γbψB ∧ V a (A.24)

ρA = ρ̃A
|abV

a ∧ V b +
(
A

A| b
B ηab + A

′A| b
B γab

)
ψB ∧ V a

+
[
i g S

AB
ηab + ǫAB

(
T+

ab + U−
ab

)]
γbψB ∧ V a (A.25)

Rab = R̃ab
cdV

c ∧ V d − i (ψAθ
A|ab
c + ψ

A
θab

A|c) ∧ V c

+ ǫabcf ψ
A ∧ γfψB(A′B

A|c − A
′ B
A|c )

+ i ǫAB ψA ∧ ψB(T+ab + U−ab) − i ǫABψ
A ∧ ψB(T−ab + U+ab)

− gSAB ψ
A ∧ γab ψB − gS

AB
ψA ∧ γab ψB (A.26)

FΛ = F̃Λ
abV

a ∧ V b +
(
i fΛ

i λ
iA
γaψ

B ǫAB + i f
Λ

i⋆ λ
i⋆

AγaψB ǫ
AB
)
∧ V a (A.27)

∇λiA = ∇̃aλ
iA
V a + i Z̃ i

aγ
aψA +G−i

ab γ
abψBǫ

AB +
(
Y iAB + gW iAB

)
ψB (A.28)

∇λi⋆

A = ∇̃aλ
i⋆

AV
a + i Z̃

i⋆

a γ
aψA +G+i⋆

ab γ
abψBǫAB +

(
Y i⋆

AB + gW i⋆

AB

)
ψB (A.29)
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∇zi = Z̃ i
aV

a + λ
iA
ψA (A.30)

∇zi⋆ = Z̃ i⋆

a V
a + λ

i⋆

Aψ
A (A.31)

UAα = ŨAα
a V a + ǫAB Cαβ ψBζβ + ψ

A
ζα (A.32)

∇ζα = ∇̃aζαV
a + i ŨBβ

a γaψAǫAB Cαβ + g NA
α ψA (A.33)

∇ζα = ∇̃aζ
α
V a + i ŨAα

a γaψA + g Nα
A ψ

A (A.34)

where:

A
|aB

A = − i

4
gk⋆ℓ

(
λ

k⋆

A γ
aλℓB − δB

A λ
k⋆

C γ
aλℓC

)
(A.35)

A
′ |aB
A =

i

4
gk⋆ℓ

(
λ

k⋆

A γ
aλℓB − 1

2
δB
A λ

k⋆

C γ
aλCℓ

)
+

i

4
λ δB

A ζαγ
aζα (A.36)

θ
ab|c
A = 2γ[aρ

b]c
A + γcρab

A ; θab A
c = 2γ[aρb]c|A + γcρab|A (A.37)

T−
ab =

(
N −N

)
ΛΣ
LΣ

(
F̃Λ−

ab + 1
8
∇i f

Λ
j λ

iA
γab λ

jB ǫAB + 1
4
λCαβ ζαγab ζβ L

Λ
)

(A.38)

T+
ab =

(
N −N

)
ΛΣ
L

Σ
(
F̃Λ+

ab + 1
8
∇i⋆ f

Λ

j⋆ λ
i⋆

Aγab λ
j⋆

B ǫ
AB + 1

4
λCαβ ζ

α
γab ζ

β L
Λ
)

(A.39)

U−
ab =

i

4
λCαβ ζαγab ζβ (A.40)

U+
ab =

i

4
λCαβ ζ

α
γab ζ

β (A.41)

Gi−
ab =

i

2
gij⋆

f
Γ

j⋆

(
N −N

)
ΓΛ

(
F̃Λ−

ab +
1

8
∇kf

Λ
ℓ λ

kA
γab λ

ℓBǫAB

+
1

4
λCαβ ζαγab ζβ L

Λ
)

(A.42)

Gi⋆+
ab =

i

2
gi⋆jfΓ

j

(
N −N

)
ΓΛ

(
F̃Λ+

ab +
1

8
∇k⋆f

Λ

ℓ⋆λ
k⋆

A γab λ
ℓ⋆

B ǫ
AB

+
1

4
λCαβ ζ

α
γab ζ

β L
Λ
)

(A.43)

(A.44)

Y iAB =
i

2
gij⋆

Cj⋆k⋆ℓ⋆λ
k⋆

C λ
ℓ⋆

Dǫ
ACǫBD (A.45)

Y i⋆

AB = − i

2
gi⋆jCjkℓλ

kC
λℓDǫACǫBD (A.46)

SAB =
i

2
(σx)

C
A ǫBCPx

ΛL
Λ

S
AB

=
i

2
(σx)

B
C ǫCAPx

ΛL
Λ

(A.47)

60



NA
α = 2UA

α|u k
u
Λ L

Λ

Nα
A = − 2Uα

A|u k
u
Λ L

Λ (A.48)

W iAB = W i[AB] +W i(AB)

W i⋆

AB = W i⋆

[AB] +W i⋆

(AB)

where : (A.49)

W i[AB] = ǫAB ki
ΛL

Λ

W i⋆

[AB] = ǫAB k
i⋆

ΛL
Λ

W i(AB) = i(σx)
B

C ǫCAPx
Λg

ij⋆

f
Λ

j⋆

W i⋆

(AB) = i(σx)
C

A ǫBCPx
Λg

i⋆jfΛ
j (A.50)

As promised the solution for the curvatures is given as an expansion along the 2–form
basis (V ∧ V , V ∧ ψ , ψ ∧ ψ) or the 1–form basis (V , ψ) with coefficients given in terms
of the physical fields.

The ”on–shell” auxiliary fields are given in our case by the composite connections Q̂ , ω̂A
B

and by T∓
ab , W

iAB and SAB.

It is important to stress that the field strengths R̃ab
cd, ρ̃A|ab, F̃

Λ
ab , ŨAα

a ≡ UAα
u ∇̃aq

u
,

∇̃aλ
iA

, ∇̃aζα and their hermitian conjugates are not space–time field strengths since they
are components along the bosonic vielbeins V a = V a

µ dx
µ + V a

α dθ
α where (V a

µ , V
a
α ) is a

submatrix of the super–vielbein matrix EI ≡ (V a , ψ). The physical field strengths are
given by the expansion of the forms along the dxµ-differentials and by restricting the
superfields to space–time (θ = 0 component). For example, from the parametrization
(27), expanding along the dxµ–basis one finds:

FΛ
µν = F̃Λ

abV
a
[µV

b
ν] + i fΛ

i λ
iA
γaψ

B
[µV

a
ν] ǫAB + i f

Λ

i⋆ λ
i⋆

AγaψB[µV
a
ν] ǫ

AB (A.51)

where:
FΛ = FΛ + LΛψ

A ∧ ψB ǫAB + L
Λ
ψA ∧ ψB ǫ

AB (A.52)

according to equations 8.11, A.27. When all the superfields are restricted to space–time
we may treat the V a

µ vielbein as the usual 4–dimensional invertible matrix converting
intrinsic indices in coordinate indices and we obtain:

F̃Λ
µν = FΛ

µν + LΛψ
A

µψ
B
ν ǫAB + L

Λ
ψAµψBνǫ

AB − i fΛ
i λ

iA
γ[νψ

B
µ] ǫAB

−i f
Λ

i⋆ λ
i⋆

Aγ[νψBµ] ǫ
AB (A.53)

By the same token we also get:

∇̃µλ
iA

= ∇µλ
iA − i

(
∇µz

i − λ
iB
ψB|ν

)
γνψA

µ −G−i
νργ

νρψB|µǫ
AB

−
(
Y iAB + gW iAB

)
ψB|µ

∇̃µζα = ∇µζα − i
(
UBβ

u ∇νq
u − ǫBC Cβγ ψC|νζγ − ψ

B

ν ζ
β
)
γνψA

µ ǫAB Cαβ − g NA
α ψA|µ

Z̃ i
µ = ∇µz

i − λ
iA
ψA|µ

ŨAα
µ = UAα

u ∇µq
u − ǫAB Cαβ ψB|µζβ − ψ

A

µ ζ
α (A.54)
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We note that in the component approach the ”tilded” field strengths defined in the pre-
vious equations are usually referred to as the supercovariant field strengths.

The physical fields appearing in the parametrizations are actually further required to
satisfy extra–constraints which are essentially of two types:

1. The supercovariant field strengths satisfy a set of differential constraints which are
to be identified, when the fields are restricted to space–time only, with the equations
of motion of the theory. Indeed the analysis of the Bianchi identities for the fermion
fields give such equations (in the sector containing the 2–form basis ψAγ

aψA). Fur-

ther the superspace derivative along the ψA

(
ψA
)

directions, which amounts to a
supersymmetry transformation, yields the equations of motion of the bosonic fields.
This is not a surprise since the closure of the Bianchi identities is in fact equivalent
to the closure of the N = 2 supersymmetry algebra on the physical fields and we
know that in general such closure implies the equations of motion for the fermion
fields. Indeed in our case the usual auxiliary fields of N = 2 theory have been
determined as suitable expressions in the physical fields.

Finally we also note that since the expressions for the curvatures imply the equations
of motion it follows that in the ungauged case (g = 0) the formulae 8.24– 8.26 are
symplectic covariant since the ungauged theory is on-shell symplectic covariant.

2. The second type of constraints following from the closure of Bianchi identities is a

set of differential constraints on the upper part LΛ, L
Λ
, fΛ

i , f
Λ

i⋆ of the symplectic
sections V and Ui and of the TM3 ⊗ L2 sections Cijk ( together with its complex
conjugate Ci⋆j⋆k⋆).
One finds:

∇i⋆L
Λ = ∇iL

Λ
= 0 (A.55)

fΛ
i = ∇iL

Λ; f
Λ

i⋆ = ∇i⋆L
Λ

(A.56)

∇ℓ⋆Cijk = ∇ℓCi⋆j⋆k⋆ = 0 (A.57)

∇[ℓCi]jk = ∇[ℓCi⋆]j⋆k⋆ = 0 (A.58)

∇jf
Λ
k = igiℓf

Λ

ℓ⋆Cijk (A.59)

Using the identities of Special Geometry (4.18, 4.26, 4.30, 4.37), Cijk can be written
as:

Cijk =
(
N − N

)
ΛΣ
fΛ

i ∇jf
Σ
k (A.60)

In particular equation A.59 implies the constraint given in 4.18 for the Riemann
tensor of the Kähler-Hodge manifold while equations A.57–A.58 are actually equiv-
alent to the other equations 4.18, using 4.19. Therefore the constraints A.55–A.59
imply that the Kähler-Hodge manifold we started from is actually a special Kähler
manifold.
We may also verify that the same equations A.55–A.59 hold provided we replace
LΛ →MΛ and fΛ

i → hΛi (together with their c.c.). Hence we have a set of symplectic
covariant constraints, namely:

∇iV = Ui
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∇jUj = iCijkg
kℓ⋆

Uℓ⋆

∇iUj⋆ = gij⋆V

∇i⋆V = 0 (A.61)

which give an alternative definition of Special Geometry in terms of differential
constraints on a symplectic bundle of the Kähler-Hodge manifold. This definition
of Special Geometry was in fact first deduced in [27] from N = 2 Bianchi identities
(i.e. for the closure of N = 2 susy algebra). Furthermore there is a close connection,
exploited in ref. [70], between the differential constraints A.61 and the Picard–Fuchs
equations for the periods of a 3–dimensional Calabi–Yau manifold [71, 70] .

The determination of the superspace curvatures enables us to write down the N = 2
SUSY transformation laws. Indeed we recall that from the superspace point of view a
supersymmetry transformation is a Lie derivative along the tangent vector:

ǫ = ǫA ~DA + ǫA ~DA (A.62)

where the basis tangent vectors ~DA , ~D
A are dual to the gravitino 1–forms:

~DA

(
ψB
)

= ~DA (ψB) = 1 (A.63)

where 1 is the unit in spinor space.
Denoting by µI and RI the set of one–forms

(
V a, ψA, ψ

A, AΛ
)

and of two–forms(
Ra, ρa, ρ

A, F λ
)

respectively, one has:

ℓµI = (iǫd + diǫ)µ
I ≡ (Dǫ)I + iǫR

I (A.64)

where D is the derivative covariant with respect to the N = 2 Poincaré superalgebra and
iǫ is the contraction operator along the tangent vector ǫ.

In our case:

(Dǫ)a = i
(
ψAγ

aǫA + ψ
A
γaǫA

)
(A.65)

(Dǫ)α = ∇ǫα (A.66)

(Dǫ)Λ = 0 (A.67)

(here α is a spinor index)

For the 0–forms which we denote shortly as νI ≡
(
qu, zi, zi⋆ , λiA, λi⋆

A , ζα, ζ
α
)

we have
the simpler result:

ℓǫ = iǫdν
I = iǫ

(
∇νI − connection terms

)
(A.68)

Using the parametrizations given for RI and ∇νI and identifying δǫ with the restriction
of ℓǫ to space–time it is immediate to find the N = 2 susy laws for all the fields. The
explicit formulae are given in section 8.

Appendix B: Derivation of the space time Lagrangian

from the geometric approach

In Appendix A we have seen how to reconstruct the N = 2 susy transformation laws of
the physical fields from the solution of the Bianchi identities in superspace.
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In principle, since the Bianchi identities imply the equations of motion, the Lagrangian
could also be completely determined. However this would be a cumbersome procedure.

In this Appendix we give a short account of the construction of the Lagrangian on
space–time from a geometrical Lagrangian in superspace.
In the geometric (rheonomic) approach the superspace action is a 4–form in superspace
integrated on a 4–dimensional (bosonic) hypersurface M4 locally embedded in M4|8:

A =
∫

M4⊂M4|8
L (B.1)

Provided we do not introduce the Hodge duality operator in the construction of L the
equations of motions derived from the generalized variational principle δA = 0 are 3–form
or 4–form equations independent from the particular hypersurface M4 on which we inte-
grate.
These superspace equations of motion can be analyzed along the p–form basis. The com-
ponents of the equations obtained along bosonic vielbeins give the differential equations
for the fields which, identifying M4 with space–time, are the ordinary equations of mo-
tion of the theory. The components of the same equations along p–forms containing at
least one gravitino (”outer components”) give instead algebraic relations which identify
the components of the various ”supercurvatures” in superspace.

The Lagrangian must be constructed according to the principles of rheonomy: the
”outer components” computed from the variational equations must be all expressed in
terms of the supercovariant components (components along the vielbeins basis). Actually
if we have already solved the Bianchi identities this requirement is equivalent to identify
the outer components of the curvatures obtained from the variational principle with those
obtained from the Bianchi identities.

There are simple rules which can be used in order to write down the most general
Lagrangian compatible with this requirement.
The implementation of these rules is described in detail in the literature to which we
refer the interested reader. Actually one writes down the most general 4–form as a sum
of terms with indeterminate coefficients in such a way that L be a scalar with respect
to all the symmetry transformations of the theory (Lorentz invariance, SU (2)⊗ Sp (2m)
and U (1) Kähler invariance, invariance under the rescaling A.22). Varying the action and
comparing the outer equations of motion with the actual solution of the Bianchi identities
one then fixes all the undetermined coefficients.

Let us perform the steps previously indicated. The most general Lagrangian has the
following form:

L = Lgrav + Lkin + LPauli + Ltorsion + L4ferm + Lgauging (B.2)

Lgrav = ǫabcdR
ab ∧ V c ∧ V d − 4

(
ψ

A
γaρA − ψAγaρ

A
)
V a

Lkin = β1gij⋆

[
Z i

a

(
∇zj⋆ − ψ

A
λj⋆

A

)
+ Z

j⋆

a

(
∇zi − ψAλ

iA
)]

∧ V b ∧ V c ∧ V dǫabcd

+ b1ǫABCαβ UAα
a

(
UBβ − ψ

B
ζβ − ǫBCCβγ ψCζγ

)
∧ V b ∧ V c ∧ V dǫabcd

− 1

4

(
β1gij⋆Z i

lZ
j⋆

m +
1

2
b1ǫAB CαβUAα

l UBβ
m

)
ηlmǫabcd V

a ∧ V b ∧ V c ∧ V d

+ i β2gij⋆

(
λ

iA
γa∇λj⋆

A + λ
j⋆

A γ
a∇λiA

)
∧ V b ∧ V c ∧ V dǫabcd
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+i b2
(
ζ

α
γa∇ζα + ζαγ

a∇ζα
)
∧ V b ∧ V c ∧ V dǫabcd

+ i β3

(
NΛΣF

+Λ
ab + NΛΣF

−Λ
ab

) [
FΣ − i

(
fΣ

i λ
iA
γcψ

BǫAB

+ fΣ
i⋆ λ

i⋆

AγcψBǫ
AB
)
∧ V c

]
∧ V a ∧ V b

− 1

24
β3

(
N ΛΣF

−Λ
lm F−Σ|lm − NΛΣF

+Λ
lm F+Σ|lm

)
ǫabcdV

a ∧ V b ∧ V c ∧ V d

LPauli = β5F
Λ
(
NΛΣL

Σψ
A
ψBǫAB + NΛΣL

Σ
ψAψBǫ

AB
)

+ i β6F
Λ
(
NΛΣf

Σ
i λ

iA
γaψ

BǫAB + NΛΣf
Σ

i⋆λ
i⋆

AγaψBǫ
AB
)
∧ V a

+ β7F
Λ
(
N − N

)
ΛΣ

(
∇if

Σ
j λ

iA
γabλ

jBǫAB

−∇i⋆f
Σ
j⋆λ

i⋆

Aγabλ
j⋆

B ǫ
AB
)
∧ V a ∧ V b

+ b5F
Λ
(
N − N

)
ΛΣ

(
LΣζαγabζβC

αβ − L
Σ
ζ

α
γabζ

βCαβ

)
∧ V a ∧ V b

+ β8gij⋆

(
λ

iA
γabψA ∇zj⋆

+ λ
j⋆

A γabψ
A∇zi

)
∧ V c ∧ V dǫabcd

+ b3
(
ζαγ

abψA UαA + ζ
α
γabψA UαA

)
∧ V c ∧ V dǫabcd

Ltorsion =
(
β4gij⋆ λ

iA
γbλ

j⋆

A + b4 ζ
α
γbζα

)
Ta ∧ V a ∧ V b

L4ferm = α1

(
LΛψ

A
ψBǫAB + L

Λ
ψAψBǫ

AB
)
∧
(
NΛΣL

Σψ
C
ψDǫCD

+NΛΣL
Σ
ψCψDǫ

CD
)

+α2

(
fΛ

i λ
iA
γaψ

BǫAB + fΛ
i⋆λ

i⋆

AγaψBǫ
AB
)
∧
(
NΛΣf

Σ
j λ

jC
γbψ

DǫCD

+NΛΣf
Σ
j⋆λ

j⋆

C γbψDǫ
CD
)
∧ V a ∧ V b

+α3

(
N − N

)
ΛΣ

(
fΛ

i ∇k⋆fΣ
j⋆ λ

iA
γcψ

B λ
k⋆

C γabλ
j⋆

D ǫABǫ
CD

− f
Λ

i⋆∇kf
Σ
j λ

i⋆

AγcψB λ
kC
γabλ

jD ǫABǫCD

)
∧ V a ∧ V b ∧ V c

+ a1

(
N − N

)
ΛΣ

(
f

Λ

i⋆L
Σλ

i⋆

AγcψB ζαγabζβ ǫ
ABCαβ

− fΛ
i L

Σ
λ

iA
γcψ

B ζ
α
γabζ

β ǫABCαβ

)
∧ V a ∧ V b ∧ V c

+ a2

(
ψ

A
ψB ζ

α
γabζ

βǫABCαβ + ψAψB ζαγabζβ ǫ
ABCαβ

)
∧ V a ∧ V b

+
(
α4gij⋆ λ

iA
γbλ

j⋆

B + a3 δ
A
Bζ

α
γbζα

)
ψAγaψ

B ∧ V a ∧ V b

+α5

(
Cijkλ

iA
γaψB λ

jC
λkD ǫACǫBD

−Ci⋆j⋆k⋆λ
i⋆

Aγ
aψB λ

i⋆

Cλ
k⋆

D ǫ
ACǫBD

)
∧ V b ∧ V c ∧ V d ǫabcd

+
1
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[
γ1 (Rij⋆lk⋆ + p gik⋆ glj⋆ + q gij⋆ glk⋆)λ

iA
λlBλ

j⋆

A λ
k⋆

B

+ γ2

(
∇mCjklλ

jA
λmBλ

kC
λlDǫACǫBD − h.c.

)

+ γ3

(
N − N

)
ΛΣ

(
Cijk Clmng

kr gnsfΛ
r f

Σ
s λ

iA
γlmλ

jBλ
kC
γlmλlD ǫABǫCD

+h.c.
)

+γ4 gij⋆ ζ
α
γaζα λ

iA
γaλj⋆

A
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+ γ5 Rα
βts U t

Aγ Us
Bδǫ

AB Cδηζα ζη ζ
β
ζγ

+γ6

(
N − N

)
ΛΣ

(
LΛ∇if

Σ
j ζαγabζβ λ

iA
γabλjB ǫAB Cαβ + h.c.

)

+γ7

(
N − N

)
ΛΣ

(
LΛ LΣζαγabζβ ζγγ

abζδ C
αβ Cγδ

+h.c.
) ]
V a ∧ V b ∧ V c ∧ V d ǫabcd

Lgauging = − i g δ1
(
SABψ

A
γabψ

B + h.c.
)
V a ∧ V b

+i g δ2 gij⋆

(
W iABλ

j⋆

A γ
aψB + h.c.

)
∧ V b ∧ V c ∧ V d ǫabcd

+i g δ3
(
NA

α ζ
α
γaψA + h.c.

)
∧ V b ∧ V c ∧ V d ǫabcd

+g
[
δ4∇uN

α
A Uu

Bβǫ
ABCβγζαζγ + δ5∇iN

α
Aζαλ

iA

+δ6 gi∇kW

ABλ

iA
λkB + h.c.

]
V a ∧ V b ∧ V c ∧ V dǫabcd

+δ7 g
2 Vpotential V

a ∧ V b ∧ V c ∧ V d ǫabcd (B.3)

where:

Vpotential =
(
gij⋆ ki

Λ k
j⋆

Σ + 4 huvk
u
Λ k

v
Σ

)
L

Λ
LΣ

+ gij⋆

fΛ
i f

Σ
j⋆ Px

Λ Px
Σ − 3L

Λ
LΣ Px

Λ Px
Σ (B.4)

We note that the kinetic terms of the Lagrangian have been written in first–order form
to avoid the Hodge–operator which would destroy the independence of the variational
equations from the particular hypersurface of integration. Specifically one introduces

auxiliary 0–forms namely F±Λ
ab , Z i

a , Z
i⋆

a , UAα
a whose variational equations identify them

with F̃±Λ
ab , Z̃ i

a , Z̃
i⋆

a , ŨAα
a defined in Appendix A. Of course also the spin connection ωab

has to be treated as an independent field: indeed the term Ltorsion appearing in the
Lagrangian has been chosen in such a way that the equation of motion of ωab gives
T a = 0.

The analysis of the variational equations for the other p–forms containing at least a
fermionic vielbein ψA (ψA) then fixes completely all the coefficients, except the coefficients
of terms that are proportional to V aV bV cV dǫabcd, which, after variation, do not contain
any ψA (ψA) and therefore appear in the space–time equations of motion.
These undetermined coefficients, however, can be retrieved by comparing the space–time
equations of motion for the 0–form fermion fields λiA , λi⋆A , ζα , ζα as obtained from the
Bianchi identities with those obtained from the Lagrangian. In this way all the coefficients
have been fixed. The result is:

β1 =
2

3
; β2 = − 1

3
; β3 = 4 i ; β4 = − 1 ; β5 = 4 ; β6 = − 4 ; β7 =

1

2
; β8 = − 1 ;

b1 = − 4

3
λ ; b2 =

2

3
λ ; b3 = 2λ ; b4 = − 2λ ; b5 = λ ;

α1 = − 2 ; α2 = 2 ; α3 =
i

2
; α4 = − 2 i ; α5 = − 1

9
;

a1 = − iλ ; a2 = − iλ ; a3 = − 4 iλ ;

γ1 = 3 ; γ2 = − i ; γ3 =
3i

16
; γ4 = − 3 λ ; γ5 = − 6λ p = 1 ; q = − 2

3
;
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γ6 = − 3

4
iλ ; γ7 = − 3

4
iλ2 ;

δ1 = 4 ; δ2 =
2

3
; δ3 = − 4

3
λ ; δ4 = − 1

12
λ ; δ5 = − 1

3
λ ; δ6 =

1

18
; δ7 = − 1

6
(B.5)

In order to obtain the space–time Lagrangian the last step to perform is the restriction
of the 4–form Lagrangian from superspace to space–time. Namely we restrict all the
terms to the θ = 0 , dθ = 0 hypersurface M4. In practice one first goes to the second
order formalism by identifying the auxiliary 0–form fields as explained before. Then one
expands all the forms along the dxµ differentials and restricts the superfields to their
lowest (θ = 0) component. Finally the coefficients of:

dxµ ∧ dxν ∧ dxρ ∧ dxσ =
ǫµνρσ

√
g

(√
gd4x

)
(B.6)

give the Lagrangian density written in chapter 8. The overall normalisation of the space–
time action has been chosen such as to be the standard one for the Einstein term.

Appendix C: Supergravity theory on ST [2, n] ⊗HQ[m]

In this appendix, as an illustration of the general method and also for its interest in
applications to tree level effective lagrangians of heterotic string theory, we consider the
specialization of our formulae to the case where the scalar manifold of N=2 supergravity
is chosen as in eq. 1.1. This choice is by no means new in the literature, but the interesting
point is to utilize the symplectic gauge where the holomorphic prepotential F (X) does not
exist. This is the gauge chosen by string theory and also that where partial supersymmetry
breaking can be obtained.

The ST [2, n] special manifolds and the Calabi Visentini coordi-

nates

When we studied the symplectic embeddings of the ST [m,n] manifolds, defined by
eq. 3.19, a study that lead us to the general formula in eq. 3.34, we remarked that
the subclass ST [2, n] constitutes a family of special Kähler manifolds: actually a quite
relevant one. Here we survey the special geometry of this class.

Besides their applications in the large radius limit of superstring compactifications,
the ST [2, n] manifolds are interesting under another respect. They provide an example
where the holomorphic prepotential can be non–existing. Furthermore it is precisely in
the symplectic gauge where F (x) does not exist that the model n = 1, m = 1 of eq. 1.1
exhibits partial supersymmetry breaking N = 2 −→ N = 1 [29].

Consider a standard parametrization of the SO(2, n)/SO(2) × SO(n) manifold, like
for instance that in eq. 3.31. In the m = 2 case we can introduce a canonical complex
structure on the manifold by setting:

ΦΛ(X) ≡ 1√
2

(
LΛ

0 + iLΛ
1

)
; (Λ = 0, 1, a a = 2, . . . , n+ 1) (C.1)
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The relations satisfied by the upper two rows of the coset representative (consequence of
L(X) being pseudo–orthogonal with respect to metric ηΛΣ = diag(+,+,−, . . . ,−)):

LΛ
0 L

Σ
0 ηΛΣ = 1 ; LΛ

0 L
Σ

1 ηΛΣ = 0 ; LΛ
1 L

Σ
1 ηΛΣ = 1 (C.2)

can be summarized into the complex equations:

Φ
Λ

ΦΣηΛΣ = 1 ; ΦΣηΛΣ = 0 (C.3)

Eq.s C.3 are solved by posing:

ΦΛ =
XΛ

√
X

Λ
XΣ ηΛΣ

(C.4)

where XΛ denotes any set of complex parameters, determined up to an overall multiplica-
tive constant and satisfying the constraint:

XΛXΣηΛΣ = 0 (C.5)

In this way we have proved the identification, as differentiable manifolds, of the coset
space SO(2, n)/SO(2)×SO(n) with the vanishing locus of the quadric in eq. C.5. Taking
any holomorphic solution of eq. C.5, for instance:

XΛ(y) ≡




1/2 (1 + y2)
i/2 (1 − y2)

ya


 (C.6)

where ya is a set of n independent complex coordinates, inserting it into eq. C.4 and
comparing with eq. C.1 we obtain the relation between whatever coordinates we had
previously used to write the coset representative L(X) and the complex coordinates ya.
In other words we can regard the matrix L as a function of the ya that are named the
Calabi Visentini coordinates [68].

Consider in addition the axion–dilaton field S that parametrizes the SU(1, 1)/U(1)
coset according with eq. 3.30. The special geometry of the manifold ST [2, n] is completely
specified by writing the holomorphic symplectic section Ω as follows ([4]):

Ω(y, S) =
(
XΛ

FΛ

)
=
(

XΛ(y)
S ηΛΣX

Σ(y)

)
(C.7)

Notice that with the above choice, it is not possible to describe FΛ as derivatives of any
prepotential. Yet everything else can be calculated utilizing the formulae we presented in
the text. The Kähler potential is:

K = K1(S) + K2(y) = −logi(S − S) − logXTηX (C.8)

The Kähler metric is block diagonal:

gij⋆ =

(
gSS 0
0 gab

) {
gSS = ∂S∂SK1 = −1

(S−S)2

gab(y) = ∂a∂bK2

(C.9)
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as expected. The anomalous magnetic moments-Yukawa couplings Cijk (i = S, a) have a
very simple expression in the chosen coordinates:

CSab = −exp[K] δab, (C.10)

all the other components being zero.
Using the definition of the period matrix given in eq. 4.37 we obtain

NΛΣ = (S − S)
XΛXΣ +XΛXΣ

X
T
ηX

+ SηΛΣ. (C.11)

In order to see that eq. C.11 just coincides with eq. 3.34 it suffices to note that as a con-
sequence of its definition C.1 and of the pseudo–orthogonality of the coset representative
L(X), the vector ΦΛ satisfies the following identity:

ΦΛ Φ
Σ

+ ΦΣ Φ
Λ

=
1

2
LΛ

Γ L
Σ

∆

(
δΓ∆ + ηΓ∆

)
(C.12)

Inserting eq. C.12 into eq. C.11, formula 3.34 is retrieved.
This completes the proof that the choice C.7 of the special geometry holomorphic

section corresponds to the symplectic embedding 3.26 and 3.28 of the coset manifold
ST [2, n]. In this symplectic gauge the symplectic transformations of the isometry group
are the simplest possible ones and the entire group SO(2, n) is represented by means
of classical transformations that do not mix electric fields with magnetic fields. The
disadvantage of this basis, if any, is that there is no holomorphic prepotential. To find an
F (X) it suffices to make a symplectic rotation to a different basis.

If we set:

X1 =
1

2
(1 + y2) = −1

2
(1 − ηijt

itj)

X2 = i
1

2
(1 − y2) = t2

Xa = ya = t2+a a = 1, . . . , n− 1

Xa=n = yn =
1

2
(1 + ηijt

itj) (C.13)

where
ηij = diag (+,−, . . . ,−) i, j = 2, . . . , n+ 1 (C.14)

Then we can show that ∃ C ∈ Sp(2n+ 2, IR) such that:

C
(

XΛ

SηΛΣX
Λ

)
= exp[ϕ(t)]




1
S
ti

2F − ti ∂
∂ti

F − S ∂
S
F

S ∂
S
F

∂
∂ti

F




(C.15)

with

F(S, t) =
1

2
S ηijt

itj =
1

2
dIJKt

ItJtK

t1 = S

dIJK =
{
d1jk = ηij

0 otherwise
(C.16)
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and

WIJK = dIJK =
∂3F(S, ti)

∂tI∂tJ∂tK
(C.17)

This means that in the new basis the symplectic holomorphic section CΩ can be derived
from the following cubic prepotential:

F (X) =
1

3!

dIJK X
I XJ XK

X0
(C.18)

For instance in the case n = 1 the matrix which does such a job is:

C =




1 0 −1 0 0 0
0 0 0 1 0 1
0 −1 0 0 0 0
0 0 0 1

2
0 −1

2

−1
2

0 −1
2

0 0 0
0 0 0 0 −1 0




(C.19)

Comments on the ST [2, 2] case: S duality and R symmetry

To conclude let us focus on the case ST [2, 2]. This manifold has two coordinates that
we can either call S and t, in the parametrization of eq. C.16 or S and y in the Calabi
Visentini basis. The relation between t and y simplifies enormously in this case:

t = i
y + 1

y − 1
(C.20)

It is then a matter of choice to regard the holomorphic section in whatever basis as a
function of y or of t, in addition to S. Independently from this choice the manifold
ST [2, 2] emerges as moduli space (at tree–level) in a locally N=2 supersymmetric gauge
theory of a rank one gauge group, namely SU(2). The two fields spanning the manifold
have very different interpretations. The field y is the scalar partner of the gauge field that
remains massless after Higgs mechanism. Its vacuum expectation value is the modulus
of the gauge theory. It is the same field that occurs also in a globally supersymmetric
theory. On the other hand the field S is the dilaton–axion. It plays the role of generalized
coupling constant and generalized theta–angle. There are two SL(2, IR) groups embedded
in SP (6, IR), they act as standard fractional linear transformations on the dilaton–axion
S and on the special coordinate t for the gauge modulus. Using the Calabi–Visentini
section of eq. C.7 and the embedding eq.s 3.26 and 3.28, we have that

S–duality S −→ −1/S is generated by the symplectic matrix:

Sduality =




0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 −1
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 0 0




(C.21)
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while T–duality t −→ −1/t is generated by the symplectic matrix:

Rsymmetry =




−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1




(C.22)

If we think of the t–field as the modulus of some compact internal manifold then T–
duality is just the transformation from small to large compactification radius. Looking
at the same transformation in terms of the y variable its meaning becomes more clear.
It is R–symmetry y −→ −y, an exact global symmetry of the microscopic lagrangian.
The fact that the matrix generating T–duality or R–symmetry is block–diagonal agrees
with the fact that this is a perturbative symmetry, holding at each order in perturbation
theory and never exchanging electric with magnetic states. Very different is the nature of
S–duality. Since it inverts the coupling constant it is by definition non–perturbative. It
exchanges strong and weak coupling regimes and because of that it is supposed to exchange
elementary states with soliton states. For this reason it must mix electric with magnetic
field strengths and it is off–diagonal. These symmetries exist in the microscopic theory
which is derived by gauging the abelian theories possessing continuous duality symmetries
(in this case the two SL(2, IR) groups). After gauging the continuous duality symmetries
will be broken. The question is will the integer valued symplectic generators of S–duality
and R–symmetry survive given that they respect the Dirac quantization condition? The
answer is yes, but in the effective quantum theory they will be represented by new integer
valued elements of Sp(6, ZZ) not derivable from the classical embedding. Since the special
geometry in the effective theory is corrected by the instanton contributions and has a
new complicated transcendental structure, the duality generators must change basis to
adapt themselves to the new situation and be integer valued in the new non–perturbative
geometry. Alternatively one can turn matters around. If we know the new quantum
symplectic embedding of the discrete duality group we have essentially determined the
non perturbative geometry. It is this point of view that has proven very fruitful in the
very recent literature.

C.1 Momentum maps of HQ[m] and mass matrices

As we are just going to see the quaternionic manifold HQ[m] is the closest quaternionic
analogue of a flat HyperKähler manifold and the relevant formulae for the metric and the
momentum maps are almost identical, mutatis mutandis, with the equations surveyed in
subsection 9.3, when we discussed the renormalizable microscopic N=2 super Yang–Mills
lagrangian.

To describe the coset manifold SO(4, m)/SO(4) × SO(m) we use a family of coset
representatives L(q) ∈ SO(4, m). A typical choice is the (4 +m) × (4 +m) matrix:

L(q) =



√

11 + q qT q

qT
√

11 + qT q


 (C.23)
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function of an independent 4×m matrix q. By definition of the group SO(4, m) we have:

LT η L = η ; η = diag (+,+,+,+,−, . . . ,−) (C.24)

We can regard the index range in the fundamental representation of SO(4, m) as split in
the following way:

L = LI
J I, J =

{
a, b = 0, 1, 2, 3
t, s = 1, 2, . . . m

(C.25)

and introducing the left invariant one–form:

L−1 dL ≡ Θ (C.26)

we can split it into the vielbein and the connections on the coset manifold:

Θ =

(
θab Eat

(ET )ta ∆st

) 



θab SO(4) connection
Eat Vielbein on the coset
∆st SO(m) connection.

(C.27)

From the very definition of Θ one immediately obtains the Maurer-Cartan equations:





δEat + θab ∧ Ebt − ∆ts ∧ Eas = 0 Torsion equation
δθab + θac ∧ θcb = −Eas ∧ Ebs SO(4) curvature
δ∆ts − ∆tr ∧ ∆rs = Eat ∧Eas = 0 SO(m) curvature

(C.28)

Notice that the vielbein Eat = Eat
u dq

u carries a vector index a = 0, 1, 2, 3 of SO(4) and an
index t in the vector representation of SO(m) just as it does the coordinate q of the flat
HyperKähler manifold discussed in eq. 10.42. Accordingly the quaternionic generalization
of eq. 10.42 is obtained by setting:

l ≡ La|t

E ≡ Ea|t (C.29)

The quaternionic metric and the corresponding triplet of HyperKähler 2–forms are given
by:

ds2 ≡ huv dq
u dqv = ET (114×4 ⊗ 11m×m) E

Kx = ET ∧
(
J+|x ⊗ 11m×m

)
E , (C.30)

which is the quaternionic counterpart of eq. 10.47 Alternatively in the above formula one
can use the triplet of antiself dual t’Hooft matrices to define the HyperKähler structure.
Using the identities 10.48 and rearranging the 4m vielbein Ea|t into an m-vector of
quaternions:

QE =




QE1 = Ea|1 ea

QE2 = Ea|2 ea

. . .
QEt = Ea|t ea

. . .




(C.31)
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which is the quaternionic counterpart of eq. 10.49, eq.s C.30 can be rewritten in a form
completely analogous to eq.s 10.50:

ds2 =
1

2
tr
(
QE† 11m×mQE

)

K =
1

2
QET ∧ 11m×mQE =

1

2
Kx eT

x (C.32)

Just as in the flat Hyperkähler case the action of the gauge group G on the hypermultiplets
is assumed to be linear and be generated by a set of 4m× 4m matrices TI :

δI l = TI l −→ ku
I = (TI)

u
v q

v (C.33)

In order for this action to be an isometry of the Euclidean diagonal metric 10.47 it is
necessary and sufficient that the matrices TI belong to the linearly realized part of the
isometry algebra SO(4, m), namely SO(4) × SO(m). namely:

TI ∈ SO(4) × SO(m) ⊂ SO(4, m) (C.34)

The action of G however is not only required to be isometrical but also to be triholomor-
phic. This means:

ℓI K
x ≡ iI dK

x + d iI K
x = ∇W x

I (C.35)

where Wx is the infinitesimal parameter of some SU(2) transformation A straightforward
calculation shows that the triholomorphicity condition is that the generators TI should
commute with the tensor product of the ’t Hooft matrices with the unit matrix in m–
dimensions. When this last condition is verified we can write the momentum maps as:

Px
I = lT J+|x ⊗ 11m×m TI l (C.36)

Using these ingredients the mass matrices and the scalar potential can be written down
without any further difficulty. The quaternionic vielbein is given in full analogy to
eq.s 10.61, 10.62, by

UAα ≡ UAα
b|s dq

b|s = = Ea|t (ea)
A

B (C.37)

and, as before, we identify the symplectic index α running on 2m values with the pair of
indices B, t ( B = 1, 2; t = 1, . . . , m).

Appendix D: Normalizations and conventions

Minkowski metric:
ηab ≡ (1,−1,−1,−1) (C.38)

Definition of the Riemann tensor:

Rµ
ν = dΓµ

ν + Γµ
ρ ∧ Γρ

ν ≡ − 1

2
Rµ

νρσdx
ρ ∧ dxσ (C.39)

Decomposition of tensors in self–dual and antiself–dual parts (ǫ0123 ≡ 1):

T∓
µν =

1

2

(
Tµν ∓

i

2
ǫµνρσT

ρσ
)

(C.40)
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Clifford Algebra:

{γa, γb} = 2 ηab

[γa, γb] = 2 γab

γ5 ≡ − i γ0γ1γ2γ3

γ†0 = γ0; γ0γ
†
i γ0 = γi (i = 1, 2, 3); γ†5 = γ5

ǫabcdγ
cd = 2 i γabγ5 (C.41)

Decomposition of fermions in chiral and antichiral parts:
the indices of the spinors also fix their chirality according to the following conventions:

γ5



λiA

ζα
ψA


 =



λiA

ζα
ψA


 , (C.42)

γ5



λi⋆

A

ζα

ψA


 = −



λi⋆

A

ζα

ψA


 (C.43)

Majorana conventions:
For any fermion φ :

φ ≡ φ†γ0 = φTC (C.44)

Fierz rearrangements
Let us denote by a lower or upper dot right and left chirality respectively. Then: for
0–form spinors χ, ξ:

χ•ξ• = − 1

2
ξ•χ• +

1

8
γabξ•γ

abχ•

χ•ξ
•

= − 1

2
γaξ

•
γaχ• (C.45)

for 1–form spinors ψA, ψ
B:

ψAψB =
1

2
ψBψA − 1

8
γabψBγ

abψA

ψAψ
B

=
1

2
γaψ

B
γaψA (C.46)

Charge conjugation matrix properties:

C2 = −1; CT = −C; (Cγa)T = Cγa;
(
Cγab

)T
= Cγab (C.47)

Hermiticity of currents
for 0–form spinors:

(χ•ξ•)
† = ξ

•
χ• = χ•ξ• (C.48)

(χ•γ
aξ•)† = ξ•γ

aχ• = −χ•γaξ• (C.49)
(
χ•γ

abξ•
)†

= − ξ
•
γabχ• = χ•γabξ• (C.50)
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for 1–form spinors:

(
ψAψB

)†
= −ψ

B
ψA = ψ

A
ψB (C.51)

(
ψ

A
γaψB

)†
= −ψ

B
γaψA = −ψAγ

aψB (C.52)
(
ψ

A
γabψB

)†
= ψBγ

abψA = ψAγ
abψB (C.53)

Conventions on Kähler geometry: The hermitean metric is locally given by:

gij⋆ = ∂i∂j⋆K (C.54)

where the real function K = K⋆ = K(z, z∗) is named the Kähler potential. It is defined
up to the real part of a holomorphic function f(z). Indeed one sees that

K′(z, zi⋆) = K(z, zi⋆) + Ref(z) (C.55)

gives rise to the same metric gij⋆ as K. The transformation in eq. C.55 is named a Kähler
transformation.

To fix our notations we write the formulae for the Levi–Civita connection 1–form and
Riemann curvature 2–form on a Kähler manifold:

Γi
j = Γi

kjdz
k ; Γi

kj = giℓ∗(∂jgkℓ∗)
Γi∗

j∗ = Γi∗

k∗j∗dz
k∗

; Γi∗

k∗j∗ = gi∗ℓ(∂j∗gk∗ℓ)
Ri

j = Ri
jk∗ℓdz

k∗ ∧ dzℓ ; Ri
jk∗ℓ = ∂k∗Γi

jℓ

Ri∗

j∗ = Ri∗

j∗kℓ∗dz
k ∧ dzℓ∗ ; Ri∗

j∗kℓ∗ = ∂kΓ
i∗

j∗ℓ∗

(C.56)

SU(2) and Sp(2n) metrics:

ǫAB ǫBC = − δA
C ; ǫAB = − ǫBA (C.57)

Cαβ Cβγ = − δα
γ ; Cαβ = −Cβα; (C.58)

For any SU(2) vector PA we have:

ǫAB P
B = PA; ǫAB PB = −PA (C.59)

and equivalently for Sp(2n) vectors Pα:

Cαβ P
β = Pα; Cαβ Pβ = −P α (C.60)

Reality condition for SU(2) valued matrices HAB:

(HAB) = ǫAC ǫBDH⋆
CD (C.61)
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Table 1: Homogeneous Symmetric Special Manifolds

n G/H Sp(2n+ 2) symp rep of G

1 SU(1,1)
U(1)

Sp(4) 4

n SU(1,n)
SU(n)×U(1)

Sp(2n+ 2) n + 1 ⊕ n + 1

n + 1 SU(1,1)
U(1)

⊗ SO(2,n)
SO(2)×SO(n)

Sp(2n+ 4) 2 ⊗ (n + 2 ⊕ n + 2)

6 Sp(6,IR)
SU(3)×U(1)

Sp(14) 14

9 SU(3,3)
S(U(3)×U(3))

Sp(20) 20

15 SO⋆(12)
SU(6)×U(1)

Sp(32) 32

27
E7(−6)

E6×SO(2)
Sp(56) 56
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Table 2: Homogeneous symmetric quaternionic manifolds

m G/H

m Sp(2m+2)
Sp(2)×SP (2m)

m SU(m,2)
SU(m)×SU(2)×U(1)

m SO(4,m)
SO(4)×SO(m)

2 G2

S0(4)

7 F4

Sp(6)×Sp(2)

10 E6

SU(6)×U(1)

16 E7

S0(12)×SU(2)

28 E8

E7×SU(2)
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