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QUADRUPOLE DESIGN FOR HIGH ACCEPTANCE

E.J.N, WILSON

Introduction

When more than one beam emerges from an internal or external target,
the width of the first quadrupole in the'beam,often'limits'acceptance. Special
high power magnets, their parameters specifically chosen to improve acceptance,

may either provide an increase in the particle flux available in a given beam,

")

or allow more beams of useful intensity to be exploited from the same target.
A :

The relation betﬁeed the optical parametefs of a doublet and its
acéeptance have been an=zlysed dsing thin lens theory‘by Geibel and Auberson (1),
and, using thick lens theory by King (2). A new kind of quadrupole,.small in
the horizontal dimension, (the "Figure of Eiéht" quadrupole) has been described
by the author (3>. In this report the relative merits of this and other types
of design are compared using King's theory. As a basis for comparison the situ-

ation is considered where the quadrupolcs are used in a doublet arrangement,

turning the beam parallel,

In addition to this comparison the more general problem of the choice
of aperture, length and current density of quadrupoles and its.effect on the
acceptance of doublets is discussed. The choice of quadrupole parameters for
maxirum acceptance depends on the momentum of the beam and the angie subtended.
at the target by the space available for transport maénets. While'it is im-
practical to provide special magnets for each beam, a‘compromise design is
possible which leads to an improvement over the present sténdard elements in

most cases,
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It is found that a "Figure of Eight" design (Fig. 1) is capable of
larger acceptances than other designs. This is true even though, because the
"Figure of Bight" design.is-not capable of as high a field gradient as other

designs, it must be..longer to achieve the same focussing power.

Parameters of a "Figure of Eight" quadrupole of high power consumption
and apnropriate to the present needs of CERN are mentioned (they are set out in
detail in another note)(4). It is suggested that such a quadrupole might allow
acceptances to be increased by factors 2 - 3 and at the same time allow 60 o/~

more beams to be taken from the same target.

Doublet Design for Maximum Acceptance

The calculations of acceptance in the following sections are based

. on the curves calculated by King for a quadrupole doublet in which each magnet

‘is treated as a thick lens. Only doublets will be considered which turn a beam,

diverging from a target, into a parallel beam. The most relevent of these curves
are reproduced in this report (Figs. 2, 3, 4). It should be noted that accep-
tance £2 is defined as Ay ,the product of the semi-angles in the horizqntal

and vertical plane at the target. It can be seen from Fig. 4 that acceptance

may be gained by reducing z , the distance of the fifst quadrupole from the target,

Acceptance may finally be limited in one of two ways :

a) Space Limited Case

The physical width of the magnet may restrict z/d to a minimum vaiue. This
situation is shown in Fig. 5. Two adjacent beams coming from the same target
are shown. There may of course be other beams adjacent to these, as for
instance in the South Hall. 2z is limited by the condition tﬁat the outer
edge of the magnets must not cross the lines of distinction, AB, AB', with
the adjacent beams., In certain practical cases z may be limited by other
physical obstacles. For instance if the target is an internal one its
virtual position as seen through the fringe field of the PS may be a long
way inside the machine and z may then be limited by/phys1cal obstacle

of the machine itself., Alternatively if a bending magnet 11es between the
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doublet and either external or internal target,this may limit z . However,

these limitations are peculiar to specific beams and not within the scope

of the present study,

From Fig. 5 it can be seen that :

z/d

/24 ten Y (1)

- — o

where
d = magnetic effective dength of quadrupole,

width of quadrupole,

=
Il

= angle betweecn axis of beam and the line of
symmetry with adjacent beam. (Noté that ¥ is
not the production angle which may be chosen
independently of¥),
The maximum acceptance is then achieved at the point A in Fig. 6(aj. The
two magngts are placed as close together as possible (x = Xmin where
X in is the distance betwecn the hard edged equivalents of the two quadru-

poles when the magncts are physically touching).

Strength Limited Case

e, _a (ke/p) 2 - (@)
where

k = field gradient of the magnet,

P = momentum of the beam.

If the lenses are weak the value of Gl'given by (2) may be'insufficient,

even when the first magnet is at its maximum gradient, to allow the

“doublet to be placed as close to the target as the limit defined by (a).

In this case the maximum acceptance is achieved at point B in Figure 6(b),

X is'now greater than its minimum value.
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It is possible that both limitations may operate simultaneously (point C in

Flgo6 (C)o

Given complete freedom of choice in the length d, the situation to
be sought after for optimisation of acceptance is that el should be just
sufficient at maximum field for the doublet to be both strength and space
limited and that x/d should equal zero, Such a doublet will be referred to

as the optimum doublet and corresponds to point D in Figure 6(d).

The variation ef acceptance L2 on either side of an optimum situ-

ation is shown in Figure 7,

Quadrupoles of High Current Density and Small Overall Width

The overall width, volume and cost of a quadrupole magnet depends,
not only on its length and aperture, but also on the current density in its
coil. In principle it is pessible tc design a quadrupole of given length and
aperture with any desired overall width., However, increasing the current den-
sity, although reducing the overall width and cost of the magnet, implies a

higher power consumption.

Almost all existing quadruvoles at various laboratories have been
designed with modest power consumption and a variety of current densities,
often determined by the available power supplies. In comparing the acceptance
of different tyves of design, it is useful to consider magnets of the same power
consumption, operating in equally favourable situations, Accordingly some simple
scaling relations (Aprendix I) huve been applied to the three basic quadrupole
designs studied in & prc%ious report <3>and 2l1so to the Asner Design (5). The
overall width w, maximum strength 8, and minimum x/d feor a wide range of lengths
and apertures of yuadruvole of each design type are considered. All the quadru-
poles have the s&me‘power consumption and current rating, 330 kW, 860 Amps, i
(fhat of the most powerful gencrator used at CERN). They all have 10 water

circuits per pole and a cooling water pressure drop of 10 atmospheres.

The maximum temperature in their windings is 500 C above ambient.
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These parameters would not normally be chosen for a large number of
general purpose magnets but they could be justified, on the grounds of reduction

of overall width, for a few magncts available for particular applications.

A large number of cooling circuits, high water pressurc and tempe-

rature rise, contribute to a rcductioa in overall width without affecting power

consumption.

It is rcalised that the choice of these particular parameters must
necessarily limit the generality of the study, but the qualitative conclusions

may be widely ap»licable.

The Optimum Quadrupole

The three quadrupole decsigns, "Figure of Eight", "Conventional" and
"DESY", described in reference 3 and the Asner design described in reference 5
can be scaled using the rclations deduced in Appendix I. It is possible to

calculate the following functions :

w = w (L9 2y J) (
= (Ly‘ cy J) ) (3)
Xmin = bid (L, 1, J) (

where

W = width of quadrupole,

d = effcctive magnetic length,

L = ohysical length of quédrupole poles,

a = aperture radius, .

Xin = distance of closest approach of the hard edged
cquivalent quadrupole to its nearest neighbour,

J = current density
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However, by making the restriction that the quadrupole should have
a particuler power consumption we remove one of the degrees of frecdoms. In fact
it is convenient to remove the variable J from the expressions above. The next
step is simply to transform the physical parsmeters given by these oxpressions

into the optical parameters of the doublet.

The optical »arameters rcquired are :

z/d = z/d (L, a)u, )
8 =. o (1, a)p ( (4)
x/d = x/d (L, a) )
(2/a)° = (s/0)° (1, ) (

where

P = particle momentum

4 = angle defined in section Z(a)

z/d is calculated for various values of Yusing cxpression (1) and
81 , for differcnt momenta using expression (2)., (x/d) and (a/d)2 are indepen-
dent of p and¥ . These quantities have been computed for each type of quadru-
pol: and examples are plotted in Figs. 8 to 11 for a 10 cm aperture radius

"Pigure oi Eight 'quadrupole,

Looking 2t ~ narticul~r combination of ¥, a, p, and quadrupole type
ahd verying L, thc quantities z/d, 6, and x/d all vary. By a process of iteration
a valuc of L whosc combinnution of z/d, 6, and z/d corresponds to an optimum
doublot may be found. The acceptance £2may then be read from King's curves
(Fig. 2 - 4). So, for ~ given aperturc and quadrupole type it is possible to
find ~ unique lcngth of guadrupolc which gives maximum acceptance in a given
beam situation defined by p and ¥ This has been done for many different

valuecs of p and ¥ and the results arc plotted in figures 12 - 19.
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It is appropriate at this point to give a qualitative interpretation
of these results. Suppose the optimum length of gquadrupole is known for a given~
angle V¥ and momentum p, and also for a given type of quadrupole of aperture a.
If this magnet were to be uscd at a higher p, its strength 6 would be insuffici-
cient to allow the design of an optimum acceptance doublet with its members in
contact, - To do so the length L would have to be incrcased and, in order to pre-
serve the same power consumption, so would w. The r=tio z/d changes to a new,
and in practice lower value according to expression (l). This new value of
z/d requires a larger 6, requiring a further increase in L, and hence a higher
w and d. However, the process is convergent and eventually a value of L is
found where z/d, 61 , and x/d arv that of an optimum acceptance design. This
is in fact the process of iteration used to compute the optimum value of L as
a fuhction of ¥ and p and it expleins qualitatively why longer magnets are

required to give maximum ncceptance at higher momenta.

During this iteration thc acceptance of the doublet changes. Since,
at the higher momentum z/d is smaller,a higher point on Figure 4 is reached,
i.e0 £2/(5/d)? is larger. But it turns out that this is more than offset by
the reduction in the valuc (a/d)2 and acceptance decreases with iﬂcreasing-
momentum (Fig. 12). This is to be expected because doublets if they are to be
longer at high momentum must be wider and therefore cannot be placed as close

to the target.

Similarly, a reduction in V¥ causes an increase in z/d, and if the
optimum condition is to be preserved L, d, and hence ® must be reduced. This
too leads to a convergent iteration and it is found that the acceptances of
doublets which are optimum for smaller values of ¥ is smaller. The length of
magnet required is also smaller. It is interesting to note that the value of
£/ is roughly constant for a given type of quadrupole and so the acceptance
is roughly proportional to the angle occupied by the beam. (Figs. 16 to 19).

It is important to note that the optimum value of L depends strongly

on the values of 4 and p.
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Comparison BetWeen Different Kinds of Quadrupole

The comparison is made on the basis that the limiéing aperture of
all types is simply the circle which passes through the pole tips. In the case
of the "Conventional" and "Figure of Eight" designs the region of good field
(AB/B < 0.001) extends to less than this radius, usually to r = 0.8a. It is

claimed that the "DESY" and "Asner" designs have good field regions extending

tor = 1l.%a in the region between adjacent‘poles. However, the following

points should be borne in mind :

a) If significant use is to be made of that part of the good field which lies
outside the regionr = a , the ratio of beam width to height must be
large (:z 2 to 3) at its point of maximum excursion from'the‘origin. This
is not the case in a maximum acceptance doublet where the elements are

touching (Fig. 20).

b) In estimating the region of good field in the "Asner" quadrupole the cri-
terion applied was A B/B < 0.0l , which is insufficient for accurate

optics.

c) Until prototypes of the "DESY" and "Asner" designs have been made and

measured the inhomogeneities in the end field are still unknown.

By assuming that all the quadrupcles have the same néminal aperture,
the errors introduced should be less than the differences in acceptance which
are found to occur. The calculated acceptance need only be scaled according

to r2 if different regions of good field are assumed.

Compzrison between the optimum acceptance of the four kinds of
quadrunole is prescnted grorvhically in Figs. i2, 13, 17 and 19 for two values
of Y , (Nﬂ = 50 and 150 mr) over a range of momgnta; and again for p = 4
and 10 GeV/c over avrangﬁ of W . It can be seen that if p< 10 and / or
W <100 mr the value of L2 for the "Figurc of Eight" design is about twice
that for the "Conventional" design which in turn is iarger than that for the

"Asner" and "DESY" designs.
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The voints marked "CERN 1 m" on Figs. 14 and 15 are the acceptance
values for this magnet working at optimum combinztions of 3 2nd p. This
indicates that the new quadrupoles gain a factor 2 in L2 by using 330 kW in-
stead of 100 kW.

It will be argued below that for quite independent reasons a high
acceptance quadrupole would be most useful at™W = S0 mr. and p = 4 GeV/c
and under these conditions the "Figure of Eight" quadrupole gives considerably

larger acceptances than the other designs considered.

The Choice of Aperture

In examining the variation of acceptance with aperture, gqualitative
arguments similar to those of section 4 are inconclusive. As a is increased for
fixed'@” and p the length L must be extended since the field gradient k varies
as 1/a. This forces a reduction in z/d on account of the increase in d but the
associated increase in w may cause the optimum value of z/d at the new apertre
to be cither less or more than before. It is not clear therefore whether
J:l/(a/d)z is improved. However, the effects may be examined quantitativelyw,

and typical results are presentcd in Figures 14 and 15.

The ovptimum 2cceptances of 15 cm and 10 cm aperture magnets appear to
be not significantly different, and it would seem that acceptance varies only
slowly with apcrture. At CERN, the large quantity of existing beam handling
components tzilored to the 10 cm aperture 1 m and 2 m quadrupoles suggests that
new nagnets should be also of this eperture. However, in planning cquipment for
o completely new laboratory the negligable v-riation of acceptance with aperture
rnight lead one to small aperture systems. Limitations would be the widths of
beams emcrging from the machinc, the tolorances on the construction of components
which reduction of size implies and th~ difficulties of cooling small magncts of
high power dissipation. Advantages would be much cheaper components and shorter

paths for decay when unstable varticles are being used.

A complcte beam handling system based on say 5 cm aperture magnets

ray be an attractive future proposition.
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The Choice of Optimum Length

| As has been mentioned above, this must devend on the values of ¥
and p considered. At present at CERN values of ¥ for beams in the South Hall
vary from 30 to 120 mr, with an average of 80 mr, If presenﬁ beam intensities
are acceptable it may be argued that the value of ¥ should be chosen to give
the same acceptances with new megnets, In this way a ¥ of less than 30 mr.

could be used and 3 times the number of beams might be accommodated.

However, the prospect of 3 times as many experiments sharing the
same target may be impractical; moreover, bending magnets and other existing

components would limit ¥ sericusly in this situation.

It has already been mentioned that the ratio.fZ/@V is roughly
constant for a given type of quadrupole and so a more modest reduction in ¥
would afford propo tionaly higher beam intensities. It would seem that a
reasonable compromise would be to assume ¥ = 50 mr. as a representative
requirement, This would allow room for about 60 o/o more beams ; each with
an acceptance 2 or ? times that at present possible with 1 m magnets operating

-

under optimum conditions.

The momentum requirements are less easy to define. It might be
thought reasonable to choose 10 GeV/c as the representative momentum., With
Y = 50 rr. this would require a "Figure of Eight" design of length,

I = 1.5m The existing 1 m and 2 m magnets provide optimum doublet con-
ditions a2t 10 GeV/c and =bove, slthough, because of their low power consumption,
the accextances achieved are lower than could be provided by 330 kW "Figure of
Eight" mamets., The need secems to be more for a magnet which can give high
acceptances in the region O to 8 GeV/e. (The wide 50 em quadrupoles now on
order cannot be said to cover this requirement). A "Figure of Eight" quadru-
pole, optimised in length to%¥ = 50 mr. and p = 4 GeV/c is therefore con-
sidered. It would 2l1so have the advantage that two such units could be

placed one behind the other to form the first element of a doublet if a higher

momentum, high acceptance beam channel was urgently required.
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Summarising, the narameters listed in Table 1 would seem a reason-
able choice for a new quadrupole. In Fig. 21 the variation of acceptance of
such a magnet is compsred with the CERN 1 m and 2 m magnets over a wide momen-

tum range.
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TABLE 1

PARAMETERS OF RECOMMENDED FIGURE OF EIGHT QUADRUPOLE

Aperture (a)

Pole length (L)
Power Consumption (W)
Max Current (I)
Weight (approximate)
Field Gradient (k)
Magnetic length (d)

Conductor dimensions (

Overall width (w)
Current Density (J);E

Distance of aprroach in
doublet (hard edged) (x)

Optimum momentum (p)
Optinum 1#

J = I/D

PS/3588

10 cm Radius
T3 cn

330 kW

860 Amps

2 tons

10 web/m3 (1010 gauss/cm)
83 cm

Te4 mm

372 mm

215 mm2
41.8 cn
15.8 A/mm2

12.6 cm
4 GeV/e

50 mradians
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TABLE 2

PARAMETERS OF SOQURCE DESIGNS

PARAMETER FIGURE OF 8 CONVENTIONAL ASNER DESY
a (cm) 15 15 15 15

L (cm) 122.7 105.7 - 9C.0 91.9

K (w/m) 0.675 0.810 0.900 0.950
Ap (n) 10 10 10 10

AT (°c) 50 50 50 50

W (kW) 330 %30 330 330

I (a) 860 860 860 860

R &9 0.435 0.4%5 0.435 0.4%5

n 10 10 10 10

o (mn®) 45.3 49.65 5.4 60.25

Do (om) 5.03 4.57 4.6 4.58

D (mm) 9.84 9.84 10.14 10.46

N 84 101 105 120

n 12 15 11 12

R (cm) 15.9 16.6 22.0 23.1(8ro)
Rt (cm) 20,6 22.6 33.0 -

w(a) (em) 40.0 64.6 68.0 574

w(c) (cm) 25.0 30.4 67.0 91.7
w(c) + w(a) 65.0 104.0 135.0 149.1
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APPENDIX T

The Scaling Functions for Quadrupoles

It is necessary to compute the properties of four families of quadru-
pole. Bach family is of a different design type and all the quadrupoles have

certain fixed vparameters in common, namely :

AD = water prcssure (atmospheres) = 10

AT = temperature rise (OC) = 50

W = power consumption (kW) = 330

I = meximum current (amps) = 860

R = resistance at 20°C (ohms) = 04435

n =  number of water circuits/pole = 10 “

The family is generated by varying the parameter « (cross section of
copper in a single turn of conductor (mmz) )o As o is increased the length and
overall width of the magnet increase ; the quadrupole becomes magnetically

stronger but, in order to have the same power consumption, must be more bulky.

The paraneters of each family are calculated by scaling four designs,
one of each type, whose parameters arc given in Table II. These will be referred
to as the "Source Designs" and their parameters will be distinguished by the

suffix "o".

The source desiins are not identical with those given in Reference 3.
Snall modifications have been nade so that all four source designs have the same
water pressure, number of vater circuits, pcak current and resistance. Also,
since the publication of Reference 3, more exact estimates of the maximum field
gradient of each design have become available as a result of Asner's measurements

with a conducting sheet analogue.

PS/3588



ext

wla) =

W(C) =

Ps/3588

- 16 -

The notation used is summarised below and in Fig. 22 3

aperture radius (cm)

length of the poles of the magnet defined in a particular way for
the DESY design (cm) (Fig. 22)

maximum field gradient (Webers/ mg)

cross section of copper in a single turn of conductor (mmz)
hydraulic dismetcr of the cooling hole (mm)

4 x ~rca/perineter

side of square occupied by a single conductor with 1nsulctlon and
an allow-nee for wincing build up (mm)

number of turns/pole
nunber cf turns in longest water circuit

nean radius of bend of the conductor at the end of the quadrupcle
(cm) (Pig. 22)

equivalent of R for"DESY"

radius of bend of outermost conductor at the end of the quadru-
pole (em) (Fig. 22)

length of that vortion of the horizontal width which scales
linearly with aperture (cm)

(total horizontel width) - w(a)
flow of cooling water in the longest water circuit (f/min)

mean length of one turn of conductor (m)
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In deriving the scaling functions (3) which describe the family

the first step is to find the relation between D, Dm and «.
‘We use the empirical relations 3
°nfe = 0.007ATCa (5)

6= 0153 (Ap/m )02 ot T (6)

where

o = conductivity of copper = 1°9uQcm.

(it is assumed that the mean temperature of the copper is 2500 above ambient)

Also
R = f==—-Z % ohms (7)

Conbining (5), (6) and (7) by eliminating G and{fwe have, when the

aporopriate fixed parameters arc inserted
02 .
Dn = 606 o0 2t (n/m)0 78 (8)
it is convenient to write

N/n = W. This would be the number of water circuits
por coil if e2ll were 2s long as the longest. W should be constant for a par-

ticular design. So :

D = 606 «0"2Y (0 )0 (9)

Dn is a simplc function of « for each type of design.
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Having fixed o 2nd determined Dm, D may be calculated. Moking
an allowance of 2 o/o for build-up of the coil during winding and adding a

further 1¢25 mm to the width of each conductor for insulation ¢
2
D = 127 + 1.02 (a + Do ) (10)
And the current density
2
J = I/D (11)

It is intercsting to note that Dm, D, and J are independent of

averture for =~ given «a.

The ncxt stev in deriving the sceling relotions is to calculate
from the v~lues of D determined by a the length, megnetic length and overall
width of the quadrupole, The w-y in whiph this is done depends on the type

of quadrupole.

Conventional, Figcure of Eisht, Asncr

o]
~

We assune an idenlized model for the quadrupole coil (Fig. 22). The
length of the streight portion of the coil is assumed to be extended by
0«5 2 ~t ¢-ch end to nccomnodnte cylindrical end shims. The ends of the
coil are semi-circul r sc thit

4

21k + 22 + 2L

1l

But 4

I

aR/400 Np

0-5 (aR/400 Np - 22 + 2nR) (12)

=
i
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Now, since the field gradient (k) varies as l/a and ¢

Il

NI kaZ/O-Bn

T = NO (a/c ) (13)

=

The mean radius of bend at the end of the magnet increases with the

number of turns and the width of the conductor. In fact :

~

R o1?)Y

So from (13) :

=e]

~ & (/D )(a/a )2 (14)

Substituting (13) and (14) in (12) we have :

L = (ar/800 pN )(a /a) = a - nR_(D/D_)(a/a )1/2 (15)
o’ 7o o 0 o)
Within the rcquired 2ccuracy the magnetic lenzth is given by
i = L+a (16)
The outer coil radius R, sccles in the same way as R (espression 14)
X . = L+ 21+R -d
min cxt
- Rext
D a \1/2
- e, (22 (17)
0 Do a

(0]
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In scaling the overall width of the magnet one assumes that the linear
dimensions of the coil scale 2s DVN i.e.

ale) = (YD TT,) wle), = (/2)(a/a))™ 2ule)

(o]

With the coil must be included a portion of the yoke, shaded in Fig. 23,

whose dimensions are dependent on those of the ¢oil,

The rest of the horizontal width (w(a)) scales linearly with aperture.

Therefore :

1/2

w o= w(a) (a/ao) + w(c) (D/DO)(a/ao) (18)

0 o]

b) DESY Design
L is defined as the length of the pole including the rounded ends.

(see Fig. 22)

Assuming that the ficld falls linearly between the edge of the straight
pairt of the poles and the end plate

d = L - 028 (16a)

The principal difference between the DESY and other designs is that the
width of the coil space and also the 2ddition to the length of the

nagnet due to coils and rounded vole ends scale linearly with aperture.
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Without going into too much detail, the changes to expressions (15)

(17) =nad (18) are :

L = (aR/800pN) (ao/a) - 2:2%a - (n/4)gxro(D/Do)2 (15a)
X i, = 1322 (17a)
W= w(a>0 (a/ao> + W(C>O (DZ/DOQ) (18a)

Z&ro is the difference between the imnner and outer radii of bend of the

flattened end of the coil which lies against the mirror plate.

A Mercury Computer program has been written to generate the physical
parameters(3)and optical parameters(4)of each family of quadrupoles

using the ebove expressions. The close agreement between the parameters
predicted by the dove theory (Table 1) and the nractical design developed
from them (4>demonstrates the reliability of the theory.

Distribution:(open)

Scientific Staff of Experimental Teams
Beam Study Group
Scientific Staff of MPS Division
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SIDE SUPPORT PLATES
TAPERED TOWARDS ENDS.

#,

NON-MAGNETIC COIL
CLAMPS AND PACKING.

DIAGRAM OF FIGURE OF EIGHT DESIGN.

Fig. 1.
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