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Abstract

The general form of N = 2 supergravity coupled to an arbitrary number of vector multiplets

and hypermultiplets, with a generic gauging of the scalar manifold isometries is given. This ex-

tends the results already available in the literature in that we use a coordinate independent and

manifestly symplectic covariant formalism which allows to cover theories di�cult to formulate

within superspace or tensor calculus approach. We provide the complete lagrangian and super-

symmetry variations with all fermionic terms, and the form of the scalar potential for arbitrary

quaternionic manifolds and special geometry, not necessarily in special coordinates. Our results

can be used to explore properties of theories admittingN = 2 supergravity as low energy limit.
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1 Introduction

Impressive results over the last year on non perturbative properties of N = 2 supersym-

metric Yang-Mills theories[1, 2] and their extension to string theory[3, 4, 5, 6] through the

notion of string-string duality[7], have used the deep underlying mathematical structure

of these theories and its relation to algebraic geometry.

In the case of N = 2 vector multiplets, describing the e�ective interactions in the

Abelian (Coulomb) phase of a spontaneously broken gauge theory, Seiberg and Witten

[1] have shown that positivity of the metric on the underlying moduli space identi�es the

geometrical data of the e�ective N = 2 rigid theory with the periods of a particular torus.

In the coupling to gravity it was conjectured by some of the present authors [3, 4] and

later con�rmed by heterotic-Type II duality [8, 9, 10, 11], that the very same argument

based on positivity of the vector multiplet kinetic metric identi�es the corresponding

geometrical data of the e�ective N = 2 supergravity with the periods of Calabi-Yau

threefolds.

On the other hand, when matter is added, the underlying geometrical structure

is much richer, since N = 2 matter hypermultiplets are associated with quaternionic

geometry[12, 13, 14], and charged hypermultiplets are naturally associated with the gaug-
ing of triholomorphic isometries of these quaternionic manifolds [15].

It is the aim of this paper to complete the general form of the N = 2 supergravity
lagrangian coupled to an arbitrary number of vector multiplets and hypermultiplets in

presence of a general gauging of the isometries of both the vector multiplets and hyper-
multiplets scalar manifolds. Actually this extends results already obtained years ago by
some of us [15], that in turn extended previous work by Bagger and Witten on ungauged
general quaternionic manifolds coupled to N = 2 supergravity[12], by de Wit, Lauwers
and Van Proeyen on gauged special geometry and gauged quaternionic manifolds obtained

by quaternionic quotient in the tensor calculus framework [16], and by Castellani, D'Auria
and Ferrara on covariant formulation of special geometry for matter coupled supergravity
[17].

This paper �rstly provides in a geometrical setting the full lagrangian with all the
fermionic terms and the supersymmetry variations. Secondly, it uses a coordinate in-

dependent and manifestly symplectic covariant formalism which in particular does not
require the use of a prepotential function F (X). Whether a prepotential F (X) exists or
not depends on the choice of a symplectic gauge[4]. Moreover, some physically interesting
cases are precisely instances where F (X) does not exist[4].

Of particular relevance is the fact that we exhibit a scalar potential for arbitrary

quaternionic geometries and for special geometry not necessarily in special coordiantes.

This allows us to go beyond what is obtainable with the tensor calculus (or superspace)

approach. Among many applications, our results allow the study of general conditions for
spontaneous supersymmetry breaking in a manner analogous to what was done for N = 1

matter coupled supergravity [18]. Many examples of supersymmetry breaking studied in
the past are then reproduced in a uni�ed framework.

Recently the power of using simple geometrical formulae for the scalar potential was
exploited while studying the breaking of half supersymmetries in a particular simple

model, using a symplectic basis where F (X) is not de�ned[19]. The method has poten-

tial applications in string theory to study non perturbative phenomena such as conifold
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transitions [20], p-forms condensation [21] and Fayet-Iliopoulos terms [19, 22].

Although the supersymmetric Lagrangian and the transformation rules look quite

involved, all the couplings, the mass matrices and the vacuum energy are completely

�xed and organized in terms of few geometrical data, such as the choice of a gauge group

G, and of a special K�ahler SK(nV ) and of a Quaternionic manifold Q(nH) describing
the self-interactions of the nV vector and nH hypermultiplets respectively, whose direct

product yields the full scalar manifold of the theory

M� SK(nV )
Q(nH) : (1.1)

If G is non-abelian, it must be a subgroup of the isometry group of the scalar manifold

SK(nV ) with a block diagonal immersion in the symplectic group Sp(2nV + 2; IR) of

electric-magnetic duality rotations.

An expanded version of this paper, with particular attention to the geometrical prop-

erties of the scalar manifolds, the rigidly supersymmetric version and further related issues

is given in [23].

2 Resum�e and Glossary of Special and Quaternionic

Geometry

Here we collect some useful formulae for special and quaternionic geometry, following
closely the conventions of [24]. The nV complex scalar �elds zi of N = 2 vector multiplets

are coordinates of a special K�ahler manifold, that is a K�ahler-Hodge manifold SK(nV )
with the additional constraint on the curvature

Rij?kl? = gij?gkl? + gil?gkj? � CikpCj?l?p?g
pp?

; (2.1)

where gij? = @i@j?K is the K�ahler metric, K is the K�ahler potential and Cikp is a com-
pletely symmetric covariantly holomorphic tensor. We remind that the Levi-Civita con-
nection one form and the Riemann tensor are given by

�ij = �ikjdz
k
; �ikj = g

il?
@jgkl? ; R

i
jk?l = @k?�

i
jl : (2.2)

A K�ahler-Hodge manifold has the property that there is a U(1) bundle L whose �rst
Chern class coincides with the K�ahler class. This means that locally the U(1) connection
Q can be written as

Q = � i
2
(@iKdz

i � @i?Kdzi?) : (2.3)

The covariant derivative of a generic �eld  i, that under a K�ahler transformation K !
K + f + f transforms as  i ! exp[�1

2
(pf + pf)] i is given by

Di 
j = @i 

j + �jik 
k +

p

2
@iK 

j
;

Di? 
j = @i? 

j +
p

2
@i?K 

j
: (2.4)

(In the following we always have p = �p). Note that  j?

has weight (�p;�p). Since
Cikp is covariantly holomorphic and has weight p = 2, it satis�es Dq?Cikp = (@q? �
@q?K)Cikp = 0.

2



A more intrinsic and useful de�nition of a special K�ahler manifold can be given by

constructing a 
at 2nV+2-dimensional symplectic bundle over the K�ahler -Hodge manifold

whose generic sections (with weight p = 1)

V = (L�
;M�) � = 0; : : : ; nV ; (2.5)

are covariantly holomorphic

Di?V = (@i? � 1

2
@i?K)V = 0 (2.6)

and satisfy the further condition

i < V; V >= i(L
�
M� �M�L

�) = 1 ; (2.7)

where < ; > denotes a symplectic inner product with metric chosen to be

�
0 �11
11 0

�
.

De�ning Ui = DiV = (f�i ; hi�), and introducing a symmetric three-tensor Cijk by

DiUj = iCijkg
kk?
Uk? ; (2.8)

one can show that the symplectic connection

DiV = Ui

DiUj = iCijkg
kk?
U k?

DiUj? = gij?V

DiV = 0 (2.9)

is 
at, provided the constraint (2.1) is veri�ed. Furthermore, the K�ahler potential can
be computed as a symplectic invariant from eq. (2.7). Indeed, introducing also the
holomorphic sections


 = e
�K=2

V = e
�K=2(L�

;M�) = (X�
; F�)

@i?
 = 0 (2.10)

eq. (2.7) gives

K = � ln i < 
;
 >= � ln i(X
�
F� �X

�
F�) : (2.11)

From eqs. (2.9), (2.7) we have

< V;Ui > = 0 ! X
�
@iF� � @iX

�
F� = 0 ; (2.12)

< V ;Ui > = 0 ;

Im N��L
�
L
�

= �1

2
! K = � ln�2(X�

Im N��X
�) ; (2.13)

where the complex symmetric (nV + 1) � (nV + 1) matrix N�� is de�ned through the
relations

M� = N��L
�
; hi?� = N��f

�
i? : (2.14)
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The K�ahler metric and Yukawa couplings Cijk can be written in a manifestly symplectic

invariant form as

gij? = �i < Ui; Uj? >= �2f�i Im N��f
�
j? ; (2.15)

Cijk = < DiUj ; Uk > : (2.16)

It is also useful to de�ne

U
�� � f

�
i g

ij?
f
�
j? = �

1

2
(Im N )�1�� � L

�
L
�
; (2.17)

which is the inverse relation of eq. (2.15). Under coordinate transformations, the sections


 transform as e
 = e
�fS(z)S
 ; (2.18)

where S =

�
A B

C D

�
is an element of Sp(2nV + 2; IR),

A
T
D � C

T
B = 11 ; A

T
C � C

T
A = B

T
D �D

T
B = 0 ; (2.19)

and the factor e�fS(z) is a U(1) K�ahler transformation. We also note that

fN (fX; eF ) = (C +DN (X;F ))(A +BN (X;F ))�1 ; (2.20)

a relation that simply derives from its de�nition, eq. (2.14) .
Note that under K�ahler transformations K ! K + f + f and 
 ! 
e�f . Since

X
� ! X

�
e
�f , this means that we can regard, at least locally, the X� as homogeneous

coordinates on SK(nV)[25], provided the matrix

e
a
i (z) = @i(X

a
=X

0) a = 1; : : : ; nV (2.21)

is invertible[4]. In this case, we may set

F� = F�(X) (2.22)

and then eq. (2.12) implies the integrability condition

@F�

@X�
� @F�

@X�
= 0 ! F� =

@F (X)

@X�
(2.23)

with
X

�
@�F = 2F : (2.24)

F (X(z)) is the prepotential of N = 2 supergravity vector multiplet couplings [25] and

\special coordinates" correspond to a coordinate choice for which

e
a
i = @i(X

�
=X

0) = �
a
i : (2.25)

This means X0 = 1, X i = z
i. Since F = 1

2
X

�
F�, under symplectic transformations the

prepotential transforms as

eF (fX) = F (X) +X
�(CT

B)��F� +
1

2
X

�(CT
A)��X

� +
1

2
F�(D

T
B)��F� ; (2.26)
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where

fX = (A+BF)X ; F = F�� =
@
2
F

@X�@X�
: (2.27)

In terms of the special coordinates ta = Xa

X0 , one has F (X�) = (X0)2f(ta), and the

K�ahler potential and the metric are expressed by

K(t; t) = � ln i

h
2f � 2f + (t

a � t
a)(fa + fa)

i

Gab = @a@bK(t; t) : (2.28)

Eq. (2.27) shows that the tranformation X ! fX can be actually singular, thus im-

plying the non existence of the prepotential F (X), depending on the choice of sym-

plectic gauge[4]. On the other hand, some physically interesting cases, such as the

N = 2 ! N = 1 supersymmetry breaking [19], are precisely instances where F (X)

does not exist. On the contrary the prepotential F (X) seems to be a necessary ingredient

in the tensor calculus constructions of N = 2 theories that for this reason are not com-

pletely general. This happens because tensor calculus uses special coordinates from the

very start.
Next we turn to the hypermultiplet sector of an N = 2 theory. N = 2 hypermultiplets

are �eld representations of N = 2 supersymmetry which contain a pair of left-handed
fermions and a quadruple of real scalars. N = 2 supergravity requires that the 4nH
scalars qu of nH hypermultiplets be the coordinates of a quaternionic manifold[12].

Supersymmetry requires the existence of a principal SU(2){bundle SU that plays
for hypermultiplets the same role played by the the line{bundle L in the case of vector
multiplets.

A quaternionic manifold is a 4nH -dimensional real manifold endowed with a metric h:

ds
2 = huv(q)dq

u 
 dq
v ; u; v = 1; : : : ; 4nH (2.29)

and three complex structures Jx; (x = 1; 2; 3) that satisfy the quaternionic algebra

J
x
J
y = ��xy 11 + �

xyz
J
z (2.30)

and such that the metric is hermitian with respect to the three complex structures:

h (JxX; JxY) = h (X;Y) (x = 1; 2; 3) (2.31)

where X;Y are generic tangent vectors. The triplet of two-forms Kx

K
x = K

x
uvdq

u ^ dqv ; K
x
uv = huw(J

x)wv (2.32)

that provides the generalization of the concept of K�ahler form occurring in the complex

case, is covariantly closed with respect to an SU(2) ' Sp(2) connection !x

rKx � dK
x + �

xyz
!
y ^Kz = 0 (2.33)

with curvature given by


x � d!
x +

1

2
�
xyz
!
y ^ !z = �K

x (2.34)
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where � is a real parameter related to the scale of the quaternionic manifold. Supersym-

metry, together with appropriate normalizations for the kinetic terms in the lagrangian

�xes it to the value � = �1. Introducing a physical normalization one can set � =M
�2
P
b
�,

MP being the Planck mass, so that the limit of rigid supersymmetry MP ! +1 can be

identi�ed with �! 0[23]. In that case eq. (2.34) de�nes a 
at SU(2) connection relevant

to the hyperK�ahler manifolds of rigid supersymmetry, treated extensively in [23]).

The holonomy group of a generic quaternionic manifold is in Sp(2) � Sp(2nH). In-

troducing 
at indices fA;B;C = 1; 2g ; f�; �; 
 = 1; ::; 2nHg that run, respectively, in

the fundamental representations of SU(2) and Sp(2nH ; IR), we can introduce a vielbein

1-form

UA� = UA�
u (q)dqu (2.35)

such that

huv = UA�
u UB�

v C���AB (2.36)

where C�� = �C��, C
2 = �11, �AB = ��BA, �2 = �11 are, respectively, the 
at Sp(2nH)

and Sp(2) � SU(2) invariant metrics.

The vielbein UA� satis�es the metric postulate, i.e. it is covariantly closed with respect

to the SU(2)-connection !z and to some Sp(2nH ; IR)-Lie Algebra valued connection �
�� =

��� of the holonomy group:

rUA� � dUA� +
i

2
!
x(��x�

�1)AB ^ UB� +��� ^ UA
C�
 = 0 (2.37)

where (�x) B
A are the standard Pauli matrices. Furthermore, because of the reality of h,

UA� satis�es the reality condition:

UA� � (UA�)� = �ABC��UB� (2.38)

A stronger version of eq. (2.36) is

(UA�
u UB�

v + UA�
v UB�

u )C�� = huv�
AB

(UA�
u UB�

v + UA�
v UB�

u )�AB = huv
1

nH
C��

: (2.39)

We have also the inverse vielbein Uu
A� de�ned by the equation

Uu
A�UA�

v = �
u
v : (2.40)

Let us consider the Riemann tensor

RA� B�
uv = 
x

uv

i

2
(��1�x)

ABC�� + IR��
uv �

AB (2.41)

where IR��
uv is the �eld strength of the Sp(2nH ) connection:

d��� +��
 ^���C
� � IR�� = IR��
uv dq

u ^ dqv : (2.42)

The 
x and IR�� curvature satisfy the following relations


x
A�;B� = 
x

uvUu
A�Uv

B� = �i�C��(�
x
�)AB

IR��
uv =

�

2
�AB(UA�

u UB�
v � UA�

v UB�
u ) + UA


u UB�
v �ABC

��C��

��� ; (2.43)

where 

��� is a completely symmetric tensor. The previous equations imply that the
quaternionic manifold is an Einstein space with Ricci tensor given by

Ruv = �(2 + nH)huv : (2.44)
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3 The Gauging

The problem of gauging matter coupled N = 2 supergravity theories consists in identifying

the gauge group G as a subgroup, at most of dimension nV + 1 of the isometries of the

product space

M = SK(nV )
Q(nH) : (3.1)

Here we shall mainly consider two cases even if more general situations are possible. The

�rst is when the gauge group G is non abelian, the second is when it is the abelian group

G = U(1)nV +1. In the �rst case supersymmetry requires that G be a subgroup of the

isometries of M, since the scalars (more precisely, the sections L�) must belong to the

adjoint representation of G. In such case the hypermultiplet space will generically split

into[26]

nH =
X
i

niRi +
1

2

X
l

n
P
l R

P
l (3.2)

where Ri and R
P
l are a set of irreducible representations of G and RP

l denote pseudoreal

representations.

In the abelian case, the special manifold is not required to have any isometry and if

the hypermultiplets are charged with respect to the nV + 1 U(1)'s, then the Q manifold
should at least have nV + 1 abelian isometries.

The gauging proceeds by introducing nV + 1 Killing vectors generically acting on M
z
i ! z

i + �
�
k
i
�(z)

q
u ! q

u + �
�
k
u
�(q) : (3.3)

The K�ahler and quaternionic structures of the factors of M imply that ki�; k
u
� can be

determined in terms of \Killing prepotentials" which generalize the so called \D-terms"
of N = 1 supersymmetric gauge theories. The analysis of such prepotentials was carried

out in ref. [15], and we now brie
y summarize the main results.
For the SK manifold, the Killing prepotential is a real function P� satisfying

k
i
� = i g

ij?
@j?P� ; (3.4)

with inverse formula

iP� =
1

2
(ki�@iK � k

i?

� @i?K) = k
i
�@iK = �ki?� @i?K : (3.5)

Formulae (3.4), (3.5) are the results of N = 1 supergravity. For special geometry we have

the stronger constraint that the gauge group, in the non abelian case, should be imbedded

in the symplectic group Sp(2nV + 2; IR), and thus one must have

L�V � k
i
�@iV + k

i?

� @i?V = T�V + f�V (3.6)

for some T� 2 Sp(2nV + 2; IR) Lie algebra, and f�(z) corresponding to an in�nitesimal

K�ahler transformation ( L� is the Lie derivative acting on the symplectic section V ). We

consider here the case where f� = 0 and G is a subgroup of the classical isometries of SK
which have a diagonal embedding in the symplectic group. Since f� = 0, this means that
L�K = 0 and P� satis�es eq. (3.5). Moreover we have

k
i
�Ui = T�V + iP�V (3.7)
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and taking the symplectic scalar product with V we get

P� = � < V ; T�V >= �eK < 
; T�
 > : (3.8)

By using the property

T� =

�
f
�
�� 0

0 �f���

�
; (3.9)

we �nally get the explicit expression

P� = e
K(F�f

�
��X

�
+ F�f

�
��X

�) (3.10)

in terms of the holomorphic sections 
 = (X�
; F�).

For quaternionic manifolds, eq. (3.4) is replaced by

k
u
�


x
uv = �rvPx

� = �(@vPx
� + �

xyz
!
y
vPz

�) ; (3.11)

where Px
� is a triplet of real zero-form prepotentials. Eq. (3.11) can be solved for the

Killing vectors in terms of the prepotentials as follows

k
u
� =

1

6�2

3X
x=1

h
vw(rvPx
x

wt)h
tu
; (3.12)

where huv is the inverse quaternionic metric. If the gauge group G has structure constants
f
�
�� the Killing vectors ki�; k

u
� satisfy the following relations

igij?(k
i
�k

j?

� � k
i
�k

j?

� ) = f
�
��P� ;

K
x
uvk

u
�k

v
� �

�

2
�
xyzPy

�Pz
� =

1

2
f
�
��Px

� : (3.13)

Eq. (3.13) can be derived from the group relations of the Killing vectors

[k�; k�] = f
�
��k� (3.14)

together with their relation to the prepotential functions.
An important observation comes from the possible existence of Fayet- Iliopoulos terms

in N = 2 supergravity. This corresponds to a constant shift in the prepotential functions

P� ! P� + C�
Px
� ! Px

� + �
x
� : (3.15)

It is important to observe that in N = 2 special geometry the Killing vectors and prepo-

tentials satisfy the relation

k
i
�L

� = k
i?

� L
�
= P�L

� = P�L
�
= 0 (3.16)

This implies that C� = 0. However, a similar relation does not exist for the quaternionic

Killing vectors so that a F-I term in that case is possible, subject to the constraint (3.13).
This implies that in a pure abelian theory with only neutral hypermultiplets we can still

have �x� 6= 0 provided

�
xyz
�
x
��

y
� = 0 (3.17)
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holds. Models of this sort, breaking N = 2 ! N = 0 with vanishing cosmological

constant, were constructed in ref. [27] and will be discussed in the last section.

The gauging procedure can now be performed through the following steps [28]. One

�rst de�nes gauge covariant di�erentials

rzi = dz
i + gA

�
k
i
�(z)

rzi? = dz
i? + gA

�
k
i?

� (z)

rqu = dq
u + gA

�
k
u
�(q) : (3.18)

Secondly, one gauges the composite connections by modifying them by means of killing

vectors and prepotential functions.

�ij � �i jkdz
k ! b�ij = �ijkrzk + g A

�
@jk

i
�

Q � � i

2
(@iKdz

i � @i?Kdz
i?) ! bQ = � i

2
(@iKrzi � @i?Krzi?) + g A

� P0
�

!
x � !

x
udq

u ! b!x = !
x
urqu + g A

�Px
�

��� � ���
u dq

u ! b��� = ���
u rqu + g A

�
@uk

v
� Uu�A U�

vA ; (3.19)

where for simplicity we have assumed a single coupling constant. If there are many
coupling constants corresponding to various factors of the gauge group the formulas are
obviously modi�ed. Correspondingly, the gauged curvatures are:

b
R
i
j = R

i
j`?krz`

? ^rzk + g F
�
@jk

i
�

bK � d bQ = igij? rzi ^rzj? + g F
�P0

�b
x = 
x
uvrqu ^rqv + g F

� Px
�

cIR��
= IR��

uv rqu ^ rqv + g A
�
@uk

v
� Uuj�A U�

vjA : (3.20)

4 The Complete N=2 Supergravity Theory

We are �nally ready to write the supersymmetric invariant action and supersymmetry
transformation rules for a completely general N = 2 supergravity.

Such a theory includes

1. the gravitational multiplet

(V a
� ;  

A
;  A; A

0) (4.1)

described by the vielbein one-form V
a, (a = 0; 1; 2; 3) (together with the spin con-

nection one-form !
ab), the SU(2) doublet of gravitino one-forms  A

;  A (A = 1; 2

and the upper or lower position of the index denotes right, respectively left chirality,
namely 
5 A = �
5 A = 1), and the graviphoton one-form A

0

2. nV vector multiplets

(AI
; �

iA
; �

i?

A ; z
i) (4.2)

containing a gauge boson one-form A
I (I = 1; : : : ; nV ), a doublet of gauginos (zero-

form spinors) �iA, �i
?

A of left and right chirality respectively, and a complex scalar
�eld (zero-form) zi (i =; 1; : : : ; nV ). The scalar �elds z

i can be regarded as arbitrary

coordinates on the special manifold SK of complex dimension nV .
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3. nH hypermultiplets

(��; �
�
; q

u) (4.3)

formed by a doublet of zero-form spinors, that is the hyperinos �� �
� (� = 1; : : : ; 2nH

and here the lower or upper position of the index denotes left, respectively right

chirality), and four real scalar �elds qu (u = 1; : : : ; 4nH), that can be regarded as

arbitrary coordinates of the quaternionic manifold Q, of real dimension 4nH . As

already mentioned, any quaternionic manifold has a holonomy group:

Hol (Q) � SU(2) 
 Sp(2nH ; IR) (4.4)

and the index � of the hyperinos transforms in the fundamental representation of

Sp(2nH ; IR).

The de�nition of curvatures in the gravitational sector is given by:

T
a � dV

a � !
a
b ^ V b � i A ^ 
a A

�A � d A � 1

4

ab !

ab ^  A + i

2
bQ ^  A + b! B

A ^  B � r A

�
A � d 

A � 1

4

ab !

ab ^  A � i

2
bQ ^  A + b!AB ^  B � r A

R
ab � d!

ab � !
a
c ^ !cb ; (4.5)

where ! B
A = i

2
!
x(�x)

B
A and !AB = �

AC
�DB!

D
C . In all the above formulae the pull{back

on space{time through the maps

z
i : M4 �! SK ; q

u : M4 �! Q (4.6)

is obviously understood. In this way the composite connections become one-forms on

space-time.
In the vector multiplet sector the curvatures and covariant derivatives are:

rzi � dz
i + g A

�
k
i
�(z)

rzi? � dz
i? + g A

�
k
i?

� (z)

r�iA � d�
iA � 1

4

ab !

ab
�
iA � i

2
bQ�iA + b�ij�jA + b!AB ^ �iB

r�i?A � d�
i?

A �
1

4

ab !

ab
�
i?

A +
i

2
bQ�i?A + b�i?j?�j?A + b! B

A ^ �i?B

F
� � dA

� +
1

2
g f

�
��A

� ^ A
� + L

�
 A ^  B�AB + L

�
 
A ^  B

�AB (4.7)

where L� = e
K

2 X
� is the �rst half (electric) of the symplectic section introduced in

equation (2.5). (The second part M� of such symplectic sections would appear in the

magnetic �eld strengths if we did introduce them.)
Finally, in the hypermultiplet sector the covariant derivatives are:

UA� � UA�
v rqv � UA�

v

�
d q

v + g A
�
k
v
�(q)

�

r�� � d�� � 1

4
!
ab

ab �� � i

2
b
Q�� + b� �

� ��

r�� � d�
� � 1

4
!
ab

ab �

� +
i

2
bQ�� + b��

��
� (4.8)
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with b� �
� � b�
�C
� ; b��

� � C�

b��
 (4.9)

Note that the K�ahler weights of all spinor �elds are given by the coe�cients of i bQ in

the de�nition of their curvatures and covariant derivatives.

Our next task is to write down the N = 2 space-time lagrangian and the supersymme-

try transformation laws of the �elds. The method employed for this construction is based

on the geometrical approach, review in [29], and a more detailed derivation is given in the

appendices A and B of [23]. Actually, one solves the Bianchi identities in N = 2 super-

space and then constructs the rheonomic superspace Lagrangian in such a way that the

superspace curvatures and covariant derivatives given by the solution of the Bianchi iden-

tities are reproduced by the variational equations of motion derived from the lagrangian.

After this procedure is completed the space-time lagrangian is immediately retrieved by

restricting the superspace p-forms to space-time. The resulting action can be split in the

following way:

S =
Z p�g d4 x hLk + L4f + L0

g

i
;

Lk = Linvkin + LPauli ;
L4f = Linv4f + Lnon inv4f ;

L0
g = Lmass � V (z; z; q) ; (4.10)

where Linvkin consists of the true kinetic terms as well as Pauli-like terms containing the
derivatives of the scalar �elds. The modi�cations due to the gauging are contained not

only in L0
g but also in the gauged covariant derivatives in the rest of the lagrangian. We

collect the various terms of (4.10) in the table below.

N=2 Supergravity lagrangian

Linvkin = �1

2
R + gij?r�

z
ir�z

j? + huvr�q
ur�

q
v +

�
����

p�g
�
	
A

� 
��A�� �	A�
��
A
��

�

� i

2
gij?

�
�
iA


�r��

j?

A + �
j?

A 

�r��

iA
�
� i

�
�
�


�r��� + ��


�r��
�
�

+ i
�
N��F��

�� F���� �N��F+�
�� F+���

�
+
n
� gij?r�z

j?	
�

A�
iA

� 2UA�
u r�q

u	
�

A�� + gij?r�z
j?
�
iA


��	A� + 2U�A

u r�q
u
��


��	A� + h:c:
o

(4.11)

LPauli =
n
F��
�� (Im N )�� [4L

�	
A�
	B�

�AB � 4if
�

i?�
i?

A

�	�

B�
AB +

+
1

2
rif

�
j �

iA


��
�
jB
�AB � L

�
��


��
��C

��] + h:c:
o

(4.12)

Linv4f =
i

2

�
gij?�

iA

��

j?

B � 2�AB�
�

���

�
	A�
�	

B
�

�
����

p�g
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� 1

6

�
Cijk�

iA


�	B

� �
jC
�
kD
�AC�BD + h:c:

�

� 2	
A

�	
B
� 	

�

A	
�
B + 2gij? �

iA

�	

B
� �

i?

A

�	�

B

+
1

4

�
Rij?lk? + gik? glj? � 3

2
gij? glk?

�
�
iA
�
lB
�
j?

A �
k?

B

+
1

4
gij? �

�

��� �

iA


�
�
j?

A +
1

2
R�

�ts U t
A
 U s

B��
AB
C
��
�� �� �

�
�



�
�
i

12
rmCjkl�

jA
�
mB
�
kC
�
lD
�AC�BD + h: c:

�

+ gij? 	
A

��
j?

A 	
�

B�
iB + 2	

A

� �
�	

�

A�� +

�
�ABC��	

A

� �
�	

Bj�
�
� + h:c:

�
(4.13)

Lnon inv4f =
n
(Im N )��

h
2L�

L
�
�
	
A

�	
B
�

�� �
	
C

�	
D
�

��
�AB �CD

� 8iL�
f
�

i?

�
	
A

�	
B
�

�� �
�
i?

A

�	�

B

��

� 2f
�

i?f
�

j?

�
�
i?

A

�	

�
B

�� �
�
j?

C 
�	Dj�

��
�
AB
�
CD

+
i

2
L
�
f
�

`? g
k`?
Cijk

�
	
A

�	
B
�

��
�
iC


��
�
jD
�AB �CD

+ f
�

m?f
�

`? g
k`?
Cijk

�
�
m?

A 
�	B�

��
�
iA


��
�
jB

� L
�
L
�
�
	
A

�	
B
�

��
��


��
�� �ABC

��

+ iL�
f
�

i?

�
�
i?

A

�	�

B

��
��
���� �

ABC��

� 1

32
Cijk Clmng

kr
g
ns
f
�

r f
�

s �
iA

�� �

jB
�
kC


��
�
lD
�AB�CD

� 1

8
L
�rif

�
j ��
���� �

iA


��
�
jB
�ABC

��

+
1

8
L
�
L
�
��
���� �



��
��C

��C
�
i
+ h:c:

o
(4.14)

Lmass = g

h
2SAB	

A

� 

��	B

� + igij?W
iAB

�
j?

A 
�	
�
B + 2iNA

� �
�

�	

�
A

+ M��
���� +M�

iB���
iB +MiA`B�

iA
�
`B
i
+ h.c. (4.15)

V(z; z; q) = g
2
h�
gij?k

i
�k

j?

� + 4huvk
u
�k

v
�

�
L
�
L
� + g

ij?
f
�
i f

�
j?Px

�Px
� � 3L

�
L
�Px

�Px
�

i
:(4.16)

where F��
�� = 1

2
(F�

�� � i
2
�
����F�

��) and (:::)� denotes the self dual part of the fermion

bilinears. The mass{matrices are given by:

SAB =
i

2
(�x)

C
A �BCPx

�L
�

W
iAB = �

AB
k
i
�L

�
+ i(�x)

B
C �

CAPx
�g

ij?
f
�

j?

N
A
� = 2UA

�u k
u
� L

�

M�� = �U�A
u U�B

v "ABr[u
k
v]
� L

�

M�
iB = �4U�

Bu k
u
� f

�
i
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MiAj`B =
1

3

�
"AB gij?k

j?

� f
�
` + i(�x�

�1)AB Px
�r`f

�
i

�
(4.17)

The coupling constant g in L0
g is just a symbolic notation to remind that these terms

are entirely due to the gauging and vanish in the ungauged theory, where also all gauged

covariant derivatives reduce to ordinary ones. Note that in general there is not a single

coupling constant, but rather there are as many independent coupling constants as the

number of factors in the gauge group. The normalization of the kinetic term for the

quaternions depends on the scale � of the quaternionic manifold, appearing in eq. (2.34),

for which we have chosen the value � = �1.
Furthermore, using the geometric approach, the form of the supersymmetry transfor-

mation laws is also easily deduced from the solution of the Bianchi identities in superspace

[23]by interpreting the supersymmetry variations as superspace lie derivatives. One gets

Supergravity transformation rules of the Fermi �elds

�	A� = D� �A � 1

4

�
@iK�

iB
�B � @i?K�

i?

B�
B
�
	A�

�! B
Av Uv

C�

�
�
CDC��

�� �D + �
�
�
C
�
	B�

+
�
A

�B
A ��� +A

0 �B
A 
��

�
�B

+
h
i g SAB��� + �AB(T

�
�� + U

+
��)

i


�
�
B (4.18)

� �
iA =

1

4

�
@jK�

jB
�B � @j?K�

j?

B �
B
�
�
iA

�!ABv Uv
C�

�
�
CDC��

�� �D + �
�
�
C
�
�
iB

��ijk�
kB
�B �

jA + i
�
r� z

i � �
iA
 A�

�


�
�
A

+G�i
��


��
�B�

AB + D
iAB

�B (4.19)

� �� = �� �
�v Uv


A

�
�
ABC
�

�� �B + �


�
A
�
��

+
1

4

�
@iK�

iB
�B � @i?K�

i?

B�
B
�
��

+ i
�
UB�
u r� q

u � �BCC�

�
  C � �

�
 
B
�


�
�
A
�ABC�� + g N

A
� �A(4.20)

Supergravity transformation rules of the Bose �elds

� V
a
� = �i 	A� 


a
�
A � i 	

A

� 

a
�A (4.21)

� A
�
� = 2L

�
 A��B�

AB + 2L�
 
A

� �
B
�AB
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+
�
i f�i �

iA

��

B
�AB + i f

�

i? �
i?

A
��B �
AB
�

(4.22)

� z
i = �

iA
�A (4.23)

� z
i? = �

i?

A�
A (4.24)

� q
u = Uu

�A

�
�
�
�
A +C��

�
AB
���B

�
(4.25)

where we have:

Supergravity values of the auxiliary �elds

A
�B

A = � i

4
gk?`

�
�
k?

A 

�
�
`B � �

B
A �

k?

C 

�
�
`C
�

(4.26)

A
0 �B
A =

i

4
gk?`

�
�
k?

A 

�
�
`B � 1

2
�
B
A �

k?

C 

�
�
C`

�
� i

4
�
B
A ��


�
�
� (4.27)

T
�
�� = 2i (Im N )�� L

�

� eF��
�� +

1

8
ri f

�
j �

iA

�� �

jB
�AB � 1

4
C��

��
�� �� L
�

�
(4.28)

T
+
�� = 2i (Im N )�� L

�
� e
F

�+
�� +

1

8
ri? f

�

j? �
i?

A
�� �
j?

B �
AB � 1

4
C�� �

�

�� �

�
L
�
�
(4.29)

U
�
�� = � i

4
C��

��
�� �� (4.30)

U
+
�� = � i

4
C�� �

�

�� �

� (4.31)

G
i�
�� = �gij?f�j? (Im N )��

� eF��
�� +

1

8
rkf

�
` �

kA

�� �

`B
�AB

�1

4
C��

��
�� �� L
�
�

(4.32)

G
i?+
�� = �gi?jf�j (Im N )��

� eF�+
�� +

1

8
rk?f

�

`?�
k?

A 
�� �
`?

B �
AB

�1

4
C�� �

�

�� �

�
L
�
�

(4.33)

D
iAB =

i

2
g
ij?
Cj?k?`?�

k?

C �
`?

D�
AC
�
BD + W

iAB (4.34)

In eqs. (4.28), (4.29), (4.32), (4.33) we have denoted by eF�� the supercovariant �eld

strength de�ned by:

eF�
�� = F�

�� + L
�
 
A

� 
B
� �AB + L

�
 A� B��

AB � i f�i �
iA

[� 

B
�] �AB � i f

�

i? �
i?

A
[� B�] �
AB

:

(4.35)
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Let us make some observation about the structure of the Lagrangian and of the transfor-

mation laws.

i) We note that all the terms of the lagrangian are given in terms of purely geo-

metric objects pertaining to the special and quaternionic geometries. Furthermore the

Lagrangian does not rely on the existence of a prepotential function F = F (X) and it is

valid for any choice of the quaternionic manifold.

ii) The lagrangian is not invariant under symplectic duality transformations. However,

in absence of gauging (g = 0), if we restrict the lagrangian to con�gurations where the

vectors are on shell, it becomes symplectic invariant[30, 4]. This allows us to �x the terms

appearing in Lnon inv4f in a way independent from supersymmetry arguments.

iii) We note that the �eld strengths F��
�� originally introduced in the Lagrangian are

the free gauge �eld strengths. The interacting �eld strengths which are supersymmetry

eigenstates are de�ned as the objects appearing in the transformation laws of the graviti-

nos and gauginos �elds, respectively, namely the bosonic part of T�
�� and G

� i
�� de�ned in

eq.s (4.28), (4.32).

5 Comments on the scalar potential

A general Ward identity[31] of N -extended supergravity establishes the following formulae
for the scalar potential V (�) of the theory (in appropriate normalizations for the generic
fermionic shifts ��a)

Zab�A�
a
�
B
�
b � 3MACMCB

= �
A
BV (�) A;B = 1; : : : ; N (5.36)

where �A�
a is the extra contribution, due to the gauging, to the spin 1

2
supersymmetry

variations of the scalar vev's, Zab is the (scalar dependent) kinetic term normalization
and MAC is the (scalar dependent) gravitino mass matrix. Since in the case at hand
(N = 2) all terms in question are expressed in terms of Killing vectors and prepotentials,

contracted with the symplectic sections, we will be able to derive a completely geometrical
formula for V (z; z; q). The relevant terms in the fermionic transformation rules are

� A� = igSAB
��
B
;

��
iA = gW

iAB
�B ;

��� = gN
A
� �A : (5.37)

In our normalization the previous Ward identity gives

V = (gij?k
i
�k

j?

� + 4huvk
u
�k

v
�)L

�
L
� + (U�� � 3L

�
L
�)Px

�Px
� : (5.38)

with U
�� is de�ned in (2.17). Above, the �rst two terms are related to the gauging of

isometries of SK 
Q. For an abelian group, the �rst term is absent. The negative term
is the gravitino mass contribution, while the one in U�� is the gaugino shift contribution
due to the quaternionic prepotential.

Eq. (5.38) can be rewritten in a suggestive form as

V = (k�; k�)L
�
L
� + (U�� � 3L

�
L
�)(Px

�Px
� �P�P�) ; (5.39)
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where

(k�; k�) = ( ki�; k
i?

� ; k
u
� )

0
B@

0 gij? 0

gi?j 0 0

0 0 2huv

1
CA
0
B@
k
j
�

k
j?

�

k
v
�

1
CA (5.40)

is the scalar product of the Killing vector and we have used eqs. (3.4),(3.16) . Px
� are the

quaternionic (triplet) prepotentials and U��
; L

� are special geometry data.

In a theory with only abelian vectors, the potential may still be non-zero due to

Fayet-Iliopoulos terms:

Px
� = �

x
� (constant); �

xyz
�
y
��

z
� = 0 : (5.41)

In this case

V (z; z) = (U�� � 3L
�
L
�)�x��

x
� : (5.42)

Examples with V (z; z) = 0 but non-vanishing gravitino mass (with N = 2 supersymmetry

broken to N = 0) were given in [27], then generalizing to N = 2 the no scale models of

N = 1 supergravity [34]. These models were obtained by taking a �x� = (�0; 0; 0) . In this

case the expression

V = U
00 � 3L

0
L
0 (5.43)

reduces to
V = (@iKg

ij?
@j?K � 3)eK (5.44)

which is the N = 1 supergravity potential, with solution ( V = 0) the cubic holomorphic
prepotential

F (X) = dABC
X

A
X

B
X

C

X0
A = 1; : : : ; n : (5.45)

Another solution is obtained by taking the SU(1;1)
U(1)


 SO(2;n)
SO(n)

coset in the SO(2; n)

symmetric parametrization of the symplectic sections (X�
; F� = ���SX

� ; X�
X

�
��� =

0 ; ��� = (1; 1;�1; : : : ;�1)) where a prepotential F does not exist. In this case

U
�� � 3L

�
L
� = � 1

i(S � S)
��� (5.46)

where we have used the fact that

N�� = (S � S)(���� + ����) + S��� ; �� =
X

�

(X�X�)1=2
: (5.47)

The identity (5.46) allows one to prove that the tree level potential of an arbitrary heterotic

string compacti�cation (including orbifolds with twisted hypermultiplets) is semi-positive
de�nite provided we don't gauge the graviphoton and the gravidilaton vectors (i:e: Px

� = 0
for � = 0; 1, Px

� 6= 0 for � = 2; : : : ; nV ). On the other hand, it also proves that tree level

supergravity breaking may only occurr if Px
� 6= 0 for � = 0; 1. This instance is related to

models with Scherk-Schwarz mechanism studied in the literature [32, 33].
A vanishing potential can be obtained if �x� = (��; 0; 0) with

�����
�� = 0 : (5.48)
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In this case we may also consider the gauge group to be U(1)p+2
G(nV �p) and introduce
�� = (�0; : : : ; �p+1; 0; : : : ; 0) such that �����

�� = 0 where ��� is the SO(2; p) Lorentzian

metric. The potential is now:

V = k
i
�gij?k

j?

� L
�
L
� ; (U�� � 3L

�
L
�)Px

�Px
� = 0 (5.49)

where ki�L
� = 0 for � � p+ 1. The gravitino have equal mass

j m3=2 j' e
K=2 j ��X� j (5.50)

with �����
�� = 0 , � = 0; : : : ; p + 1.

It is amusing to note that the gravitino mass, as a function of the O(2; p)=O(2)
O(p)
moduli and of the F-I terms, just coincides with the central charge formula for the level

NL = 1 in heterotic string (H-monopoles), if the F-I terms are identi�ed with the O(2; p)

lattice electric charges.

Note that, because of the special form of the gauged bQ, b!x, we see that whenever

P� 6= 0 the gravitino is charged with respect to the U(1) factor and whenever Px
� 6= 0 the

gravitino is charged with respect to the SU(2) factor of the U(1)
SU(2) automorphism
group of the supersymmetry algebra. In the case of U(1)p gauge �elds with non-vanishing

F-I terms �xp = (0; 0; �p) the gauge �eld A
�
��� = A� gauge a U(1) subgroup of SU(2)L

susy algebra.

Models with breaking of N = 2 to N = 1 [19] necessarily require ku� not to be zero.
The minimal model where this happens with V = 0 is the one based on

SK 
Q =
SU(1; 1)

U(1)

 SO(4; 1)

SO(4)
; (5.51)

where a U(1) 
 U(1) isometry of Q is gauged. In this case the vanishing of V requires a
compensation of the ��; �� variations with the gravitino contribution

4ku�k
v
�huv + U

��Px
�Px

� = 3L
�
L
�Px

�Px
� : (5.52)

The moduli space of vacua satisfying (5.52) is a four dimensional subspace of (5.51).
One may wonder where are the explicit mass terms for hypermultiplets. In N = 2

supergravity, since the hypermultiplet mass is a central charge, which is gauged, such
term corresponds to the gauging of a U(1) charge. This is best seen if we consider the
case where no vector multiplets (and then gauginos) are present. In this case L� = L

0 = 1
and the potential becomes

V = 4huvk
u
k
v � 3PxPx (5.53)

where ku is the Killing vector of a U(1) symmetry of Q, gauged by the graviphoton and

Px is the associated prepotential. For SO(4;1)

SO(4)
this reproduces the Zachos model [35]. The

gauged U(1) in this model is contained in SUR(2) which commutes with the symmetry
SUL(2) in the decomposition of SO(4) = SUL(2) 
 SUR(2). This model has a local

minimum at vanishing hypermultiplet vev at which U(1) is unbroken, and the extrema
(at u = 1) (maxima) which break U(1). The extremal model is when both nH = nV = 0.

Still we may have a pure F-I term

V = �3�2 � = (�; 0; 0) (5.54)

This corresponds to the gauging of a U(1) � SU(2)L and gravitinos have charged coupling.

This model corresponds to anti-De Sitter N = 2 supergravity [36].
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