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Abstract

The elastic and inelastic high-energy small-angle electron—positron scattering is con-
sidered. All radiative corrections to the cross-section with the relative accuracy éo /o =
0.1% are explicitly taken into account. According to the generalized eikonal representa-
tion for the elastic amplitude, only diagrams with one exchanged photon are considered.
Single photon emission with radiative corrections as well as next-to-leading two-photon
and pair production diagrams are evaluated, together with leading three-loop correc-
tions. All contributions have been calculated analytically. We define an experimentally
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vals of angles and energies. To the leading approximation, the results are shown to be
described in terms of kernels of electron structure functions. Some numerical results are
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1 Introduction

An accurate verification of the Standard Model is one of the primary aims of LEP [1]. While
electroweak radiative corrections to the s-channel annihilation process and to large-angle
Bhabha scattering allow a direct extraction of the Standard Model parameters, small an-
gle Bhabha cross-section affects, as an overall normalization condition, all observable cross-
sections and represents an equally unavoidable condition towards a precise determination of
the Standard Model parameters. The small-angle Bhabha scattering process is used to mea-
sure the luminosity of electron—positron colliders. At LEP an experimental accuracy on the
luminosity of

5
|§| < 0.001 (1)

has been reached [2]. However, to obtain the total accuracy, a systematic theoretical error
must also be added. This precision calls for an equally accurate theoretical expression for the
Bhabha scattering cross-section in order to extract the Standard Model parameters from the
observed distributions. An accurate determination of the small-angle Bhabha cross-section
and of the luminosity directly affects the determination of absolute cross-sections such as, for
example, the determination of the invisible width and of the number of massless neutrino
species N, [3].

In recent years a considerable attention has been devoted to the Bhabha process [4, 5].
The reached accuracy, is, however, still inadequate [2]. According to these evaluations the
theoretical estimates are still incomplete; moreover, they are far from the required theoretical
and experimental accuracy [2].

The process that will be considered in this work is that of Bhabha scattering when electrons
and positrons are emitted at small angles with respect to the initial electron and positron
directions. We have examined the radiative processes inclusively accompanying the main
ete”— eTe™ reaction at high energies, when both the scattered electron and positron are
tagged within the counter aperture.

We assume that the centre-of-mass energies are within the range of the LEP collider 2¢ =
/8 = 90 — 200 GeV and the scattering angles are within the range # ~ 10 — 150 mrad. We

assume that the charged-particle detectors have the following polar angle cuts:

6, <6_=pq, =6<6bs, 0y < 0y = pog, < 04, 0.01 £6;, <0.1rad, (2)

where p;, q; (p,, q,) are the momenta of the initial and of the scattered electron (positron)
in the centre-of-mass frame.

In this paper we present the results of our calculations of the electron—positron scatter-
ing cross-section with an accuracy of 0(0.1%). The squared matrix elements of the various
exclusive processes inclusively contributing to the ete™ — ete™ reaction are integrated in or-
der to define an experimentally measurable cross-section according to suitable restrictions on
the angles and energies of the detected particles. The different contributions to the electron
and positron distributions, needed for the required accuracy, are presented using analytical
expressions.

In order to define the angular range of interest and the implications on the required ac-
curacy, let us first briefly discuss, in a general way, the angle-dependent corrections to the
cross-section.



We consider ete™ scattering at angles as defined in Eq. (2). Within this region, if one
expresses the cross-section by means of a series expansion in terms of angles, the main con-
tribution to the cross-section do/d#? comes from the diagrams for the scattering amplitudes
containing one exchanged photon in the ¢-channel. These diagrams, as is well known, show a
singularity of the type = for § — 0, e.g.

do
d6?

Let us now estimate the correction of order #? to this contribution. If

do

0z "~ 0741+ 6% (3)

then, after integration over 6% in the angular range of Eq. (2), we obtain:

02

yalt 62
d—; d‘92 ~ ‘9;1211(1 + cle?ﬂin In ﬁ) (4)
62 min

min

We see that, for 6,;,, = 50 mrad and 6,,,, = 150 mrad (we have taken the case where the
6? corrections are maximal), the relative contribution of the 6? terms is about 5 x 1073¢;.
Therefore, the terms of relative order #* must only be kept in the Born cross-section where
the coeflicient ¢; is not small. In higher orders of the perturbative expansion the coefficient
c; contains at least one factor a/7 and therefore these terms can safely be omitted. This
implies that, within our accuracy, only radiative corrections from the scattering-type diagrams
contribute. Furthermore only diagrams with one photon exchanged in the ¢-channel should
be taken into account, since, according to the generalized eikonal representation, the large
logarithmic terms from the diagrams with the multi photon exchange are cancelled.

Having as a final goal for the experimental cross-section the relative accuracy of Eq. (1),
and taking into account that the minimal value of the squared momentum transfer Q? =
2¢%(1 — cos §) in the region defined in Eq. (2) is of the order of 1 GeV?, we may omit in the
following also the terms appearing in the radiative corrections of the type m?/Q?, with m
equal to the electron (m.) or the muon (m,) mass.

The contents of this paper can be outlined as follows. In Section 2 we discuss the Born cross-
section doP by taking the Z° boson exchange into account and we compute the corrections to it
due to the virtual and real soft-photon emission. We define also an ezperimentally measurable
cross-section o, with the experimental cuts on angles and energies taken into account and
we discuss how to obtain it from the differential distributions. We present the results, as
discussed above, in the form of an expansion in terms of the scattering angle §. We introduce
the ratio ¥ = &.,,/00 by normalizing o.,, with respect to the cross-section oo = 4wa?/e?62.
In Section 3, by using a simplified version of the differential cross-section for the small-angle
scattering, we discuss the contribution to o,,, from the single bremsstrahlung process. The



details of the Sudakov technique we use to calculate the hard-photon emission are given in
Appendix A. In Section 4 we find all corrections of O(a?) to o.,, caused by two virtual and
real photons as well as pair emission. In Section 5 we consider the virtual and soft-photon
emission accompanyng the single photon bremsstrahlung process. The details of this derivation
are given in Appendices B and C. In Section 6 we consider the double hard-photon emission
process in both the same-side and opposite-side cases. Details are given in Appendix D. In
Section 7 we consider the hard pair production process in both the collinear and semi-collinear
kinematical region. The details of this calculation are given in Appendix F. In Appendices D
and E are given the expressions for the leading logarithmic approximation in terms of structure
functions factorization and the details of the cancellation of the A-dependence respectively.
In Section 8 the expressions to leading logarithmic O(a?) for the ete™ and ete ™y radiative
processes are obtained. In Section 9, finally, estimates of the neglected terms together with
numerical results are presented.
A less detailed derivation of these results has been reported elsewhere [6].

2 Born cross-section and
one-loop virtual and soft corrections

The Born cross-section for Bhabha scattering within the Standard Model is well known [4]:

doB a?

20 = g 4B+ (1= 0By + (14 ¢)"Bs}, (5)

where

2 2

?

S
By = ([1+(d—ade],  Ba=[1+(s) gl

1 s 5, S | s 5, S 2
By = 5‘1+Z+(gv+ga)(zé+x) +§‘1+Z+(gv—ga) (z€+x)|

As At
X = ¢

s—m2+iMzTy’ T t- M2’
Gr M} 1 1
A = 2\1;%2 = (sin20,)7%, ga = —5 = _5(1 — 45in’4,,),

1
s = (;m -|-p2)2 = 4¢?, t= —Q2:(P1—Q1)2: —53(1_0)7
¢ = cosb, 0 =piq,.

Here 6, is the Weinberg angle. In the small-angle limit (¢ = 1—6%/2+6*/24+...), expanding
formula (5) leads to

doB B 8ral 0? 9

co _ 1T T
6d0 — c26r L g T gp? T wen); (6)
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where ¢ = \/s/2 is the electron or positron initial energy and the weak correction term ..y,
connected with diagrams with Z%boson exchange, is given by the expression:

2 4

9 9
Sweak = 2926 — Z(gi + g2)Re x + 3—2(93 + g2 +69292) x| (7)

From Eq. (7) it can be seen that the contribution ¢}’ of the weak correction é,.,, into the
coeflicient ¢; introduced in Eq. (3)
(92 +g2) Mz |, (95 +9ga+693g2) MG

w L oglp ety JalT 2 g ~ 1. 8
cl ~ g’v —I_ 4 ].-‘Z —I_ max 32 1-\2Z ( )

According to our discussion after Eq. (4) this means that the contribution connected with Z°-
boson exchange diagrams does not exceed 0.3%. We will therefore neglect such diagrams in
the calculation of radiative corrections since they could contribute at most with terms < 107,

In the pure QED case one-loop radiative corrections to Bhabha cross-section were calcu-
lated a long time ago [8]. Taking into account a contribution from soft-photon emission with
energy less than a given finite threshold Ae, we have in this case for the cross-section daS};D,
in the one-loop approximation:

daS}gD dagED

P — de (1 + 6vin + 6soﬂ)7 (9)

where dagED is the Born cross-section in the pure QED case (it is equal to do? with
9o = g» = 0) and

o 4¢? 6 € Sin2(0/2)dw
Soive + 8000k = 2— [2 <1 —In— + 2ln(ctg—)> In — + / —In(1 — )
T m>2 2 Ae 9/2) T
cos2 2

23 n 11 1 462] n a 1 [71'2
2 h 2_ - |
T (34+c2)2 13

) (2¢* — 3¢ — 15¢)

+ 2 (2¢* —3¢® +9¢® + 3¢+ 21) In*(sin g)

— 1 (c4 4+ — 2¢) In? cos g —4 (03 + 4% + e + 6) ln2(tgg)

+ g (11¢® + 33¢® + 21c + 111) In(sin g) +2(c® = 3¢> + Tc — 5) In(cos g)
+ 2(03—|-3c2—|-3c—|-9)5t—2(03—|-3c)(1—c)53].

The value §; (8,) is defined by contributions to the photon vacuum polarization function II(¢)

(II(s)) as follows:

T0(t) = % <5t + %L - g) + i (%)2L, (10)



where

2
L:an—

’
m2

Q% = —t =2¢*(1 — o), (11)

and we took into account the leading part of the two-loop contribution in the polarization
operator. In the Standard Model, é; contains contributions of muons, tau-leptons, W-bosons
and hadrons:

by = 6 4+ 67 + 67 + 6F, 5, =6 (Q* — —s), (12)

the first three contributions are theoretically calculable and can be given as:

1 2 5
5fz—an—2——,

3 m2 9
1 1, w4+l 1, 8 4m?
6t:51}7(1—5’1)7_)].an_1—|‘§1)7_—§, Vr = ]_—I— Q2, (13)

ow + 1 1, 11 4M‘2,V
= 4+ = w =1+ .
vw —1 2 Y 6’ Y \ Q?

The contribution of hadrons cannot be calculated theoretically; instead, it can be given as
integration of the experimentally measurable cross-section:

1
5:’V:va(v%v_4) In

2 TX _ete——p
57— @ / id (2) 4. 14
t 4:71'0(24 w‘I‘Q2 z ( )

™

For numerical calculations we will use for II(¢) the results of Ref. [9].
In the small scattering angle limit we can present (9) in the following form:

daS}gD _ dagED

= 1-—T)2(1+6 1
22 = = (1-T0(1) 7 (146), (15)
e’ 1 3 a ., a .,
6_27r 2(1—L)1nA+2L—2 +7r9 A9+7r9 In A,

3 719 1
Apg=—124+ 1212 (5 -6,
"= 16" T 12 18+4(t ),
2 2
N S
€ S 4

A

This representation gives us a possibility to verify explicitly that the terms of relative order
6? in the radiative corrections are small. Taking into account that the large contribution
proportional to In A disappears when we add the cross-section for the hard emission, we can
verify once more that such terms can be neglected. Therefore we will omit in higher orders the
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annihilation diagrams as well as multiple-photon exchange diagrams in the scattering channel.
The second simplification is justified by the generalized eikonal representation for small-angle
scattering amplitudes. In particular, for the case of elastic processes we have [10]:

As,t) = Ag(s, t) F2(t) (1 — TI(2))"* e l1 + o<7r QZ)] s> QP> m?  (16)

where Ag(s,t) is the Born amplitude, Fy(t) is the Dirac form factor and ¢(t) = —a In(Q?*/)?)
is the Coulomb phase, A is the photon mass auxiliary parameter. The eikonal representation is
violated at a three-loop level, but, fortunately, the corresponding contribution to the Bhabha
cross-section is small enough (~ a®) and can be neglected for our purposes. We may consider
the eikonal representation as correct within the required accuracy?.

Let us now introduce the dimensionless quantity ¥ = @Q? o.,,/(47a?), with QF = £262,
where o.,, represents the experimentally observable cross-section:

dz d — d2 @c d2 c 5+e__>5+ (G5 .m2)e (g =1)+X
1 zs © w1w2 T, , (17)

%= 2
dwld qi d$2d q2

471'042

where z1 o, qt2 are the energy fractions and the transverse components of the momenta of the
electron and positron in the final state, sz, is the experimental cutoff on their invariant mass
squared and the functions ©f do take into account the angular cuts (2):

0% = 0(6; — |‘I1 |) (|‘I1 | —8,), Q% = O(8; — |‘I2 |) (|‘I2 | — 6y). (18)

1€ 1€ Lol Lol

In the case of a symmetrical angular acceptance (we restrict ourselves further to this case
only) we have:

92 = 91, 94 = 93, p = > 1. (19)

We will present ¥ as the sum of various contributions:

E = E() ‘I’ E’Y _I_ EZ’Y _I_ Ee+e_ _I_ 237 _I_ Ee+e—,y (20)
— Too(1+ o+ 87+ 877 + 857 485 4 577,
2]00 =1- p_2

where Y, stands for a modified Born contribution, ¥” for a contribution of one-photon emission
(real and virtual) and so on. The values of the &§* as function of z. are given in table 1 (see

“In a recent paper by Fildt and Osland [8] the authors claimed that the generalized eikonal representation
is violated at the two-loop level. We do not agree with their results. In particular, in QED with a massive
photon as actually considered in [8], contributions of individual diagrams in the Feynman gauge should have
four powers of logarithms at this level, contrary to the Faldt—Osland three-power result.



in Section 9). Being stimulated by the representation in Eq. (16), we shall slightly modify
the perturbation theory, using the full propagator for the ¢-channel photon, which takes into
account the growth of the electric charge at small distances. By integrating Eq. (6) with this
convention, we obtain:

d6?
S = 93/ o (1= TI(£)) + S + T, (21)
o

where Y is the correction due to the weak interaction:

d92
Yw = 63 Py —— 8 eak 5 (22)
o7
and the term Y4 comes from the expansion of the Born cross-section in powers of 6%,

0= [ S0 nC gt (L ). (23)

The remaining contributions to ¥ in (20) are considered below.

3 Single hard-photon emission

In order to calculate the contribution to ¥ due to the hard-photon emission we start from the
corresponding differential cross-section written in terms of energy fractions z; » and transverse
components gi, of the final particle momenta [12]:

dog ™" 24 {R(wl;q%,q%) 8(1 — z,) (24)
dz,d’qidz,d’qs 72 | (g3)* (1 —1(—(g7)?))?
R(wZaq27q1)6( )} 2
+ 14+ 0O(67)),
(@)t (1 - 1(—(gpy)) T
where
1+ 22 (q§)2(1 —z)? B 2m*(1 — z)*z (dy — ds)?

R( ’ql 7q2) 1— g |: d1d2 1 _I_ QBZ d%d% ’ (25)

di=m*(1—2) +(qr —ay)",  da=m*(1—2)"+ (g —2q7)’,
and we use the full photon propagator for the ¢-channel photon. Performing a simple azimuthal
angle integration of Eq. (24) we obtain for the hard-photon emission the contribution %#:

1-A
a

1 2
27 =2 [ do " F(z, Dy, Dy; Dy, Da), (26)

T 11—z

Tc



with

e d 1-— L L 4 _3 _3
F= /dm/ 21 - M(-2@d) o (at —ea ) - e et (20)

Z1 — T2y 14 z2
where
m2
ay = (21 — 29)° + 42z0%, ay = (21 — 2°25)° + 42’ 290%, o’ = —(1— z)?, (28)
1
and the integration limits in (27) in the symmetrical case are:
D1 = €B2, D2 = ]_, D3 == €B2p2, D4 == p2. (29)
From Egs. (26)-(29) we have that:
1
sE o= @ / PR / 2(1 - TI(—2Q2))?
1—2
X{H+Wwp—@HL—D+M%d} (30)

1 _ 2
k(z,z) = (1 - g 1+ @(w2p2 —2)+ L+ @(w2p2 —2z) Ly +0(z — w2p2)L3,

where L = In(2Q?/m?) and
(= — 2)(e%? — 2)

S T el P P [Py ey
|G o)
b = e =)

It is seen from Eq. (30) that ¥ contains the auxiliary parameter A. This parameter disap-
pears, as it should, in the sum X7 = ¥ 4+ ¥V+5 where ¥V+5 is the contribution of virtual
and soft real photons which can be obtained using Eq. (15):

o= gfééfwu—noam»*{@—lww> (32)

<0 - A+ L ke a1 2,
where
P(z) = <11+_"; >+ - Jim {11+_"; 61—z —A)+ (g +2In A) §(1 — w)} (33)

is the non-singlet splitting kernel (see Appendix A for details).
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4 Radiative corrections to O(a?)

We consider first virtual two-loop corrections da%), to the elastic scattering cross-section.
Using the representation (16) and the loop expansion for the Dirac form factor Fy

Fi=1+ F(l) +(- 2y F® (34)

one obtains

dag‘), doy

7 %0 G ey 6(E0Y 4 4F )] (35)
The one-loop contribution to the form factor is well known:
A3 1 1
Fl(l):(L—1)1HE+ZL—ZL2—1+§<2. (36)

The two-loop correction can be obtained from the results of Ref. [13]. Let us present it in the
form

F® = F)Y 4 Fe'e™, (37)

where the contribution Ff+e— is related to the vacuum polarization by ete™ pairs:

_ 1 19 265
Fete — 3 —L2—<— >L
1 36 72 516 1§ ¢ )L+ o), (38)
1 3 17 1 21 3 3
Y o= It 23 <——— >L2 <———— 2 >L 39
1 32 16 T \32 862 T 862+2<3 (39)
1 iy m [ 1., 3 1 ] A
+ 2(L 1)*In 3 +(L-1) 4L +4L 1+2§2 lnm+(’)(1),
2 o0

=1 1
-y %~ 1.202.
CZ 21: 7’1,2 6 ? <.3 21: n3
The photon mass A entering Eqgs. (36)—(39) is cancelled in the expression do(?/dc for the
sum of the virtual and soft-photon corrections of the second order da%),/dc (see Eq. (35)),
dagg/dc and dag&/dc.
The cross-section dagg/dc for the emission of two soft photons, each of energy smaller
than Ae =eA,is (A < 1):
mA 1

dofd = doy (5)(1-T(1)) 8[(L — 1) B2 1 - %@]2, (40)

and the virtual correction dag?&/dc to the cross-section of the single soft-photon emission is:

A1 1
doZ = doo (X1 — TI(¢)) 216 FY [(L — ) B2 41 - 542]. (41)
™



The contribution to ¥ of this sum, with the exception of the part coming from Ff+e— connected
with the vacuum polarization, contains no more than a second power of L. It has the following
form:

02

P [ 02 ATy (12)

1

Yy =Zyv + Zvs + Xss = (

AR

It is convenient to separate the Ry in the following way:
Rgly = 78y +7s4vyy + 787y, (43)
AR & <2 In?A +3In A + g)
+ L<—41H2A —7ln A + 3¢, — 242 _ %)
riv, = 4(L—-1)InA+ ZL — 1%

The contribution to ¥ coming from Ff+e— contains an L® term, which is also cancelled
when we take into account the soft pair production contribution

o' = (DPden(1-MOPRS = (3Pdao (1 M@ 2m ) (4
~ maamay 4 (3 - 26) (T 2lna) + o).

Thus for the contribution of the virtual and soft et e~ pairs to ¥ we have

2

(=W

ete™ a < — ete™
p5 = O [ S0 -m—Q) Ry (45)
1
_ _ _ 2 1 17 4
RS = Ry 4 4Fse = L2<§IHA + 5) + L<—€7 +oInPA
20 4
- A §<2> +O(L).

In expressions (43)—(45), A = ée/c is the energy fraction carried by the soft pair, and it is
assumed that 2m < é¢ < e. Here we have taken into account only e™ e~ pair production.
An order of magnitude of the pair production radiative correction is less than 0.5%. A rough
estimate of the muon pair contribution gives less than 0.05% since In(Q?/m?) ~ 31In(Q?*/m2).
Contributions of pion and tau lepton pairs give corrections that are still smaller. Therefore,
within the 0.1% accuracy, we may omit any pair production contribution except the e* e~
one.
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5 Virtual and soft corrections
to the hard-photon emission

By evaluating the corrections arising from the emission of virtual and real soft photons which
accompayn a single hard-photon we will consider two cases. The first case corresponds to the
emission of the photons by the same fermion. The second one occurs when the hard-photon
is emitted by another fermion:

do 557 = doH+Y) 4 dogsivy + dU{.{sq-V) + dag—l_v). (46)

In the case when both fermions emit, one finds that:

sS4V ", 3
SEon+8y) =28 (D)L -DmA+ L1}, (47)
where Y. is given in Eq. (30). A more complex expression arises when the radiative corrections
are applied to the same fermion line. In this case the cross-section may be expressed in terms
of the Compton tensor with a heavy photon [14], which describes the process

7(q) + e (p1) — € (1) +7(k) + (Yeore)- (48)

In the limit of small-angle photon emission we have:

atded®qidiqs
do#EH) = do(1 = C:)I(qu_;lfﬂ_3 [(Bui(s1,t1) + &* Bus(t1,51))p + T, (49)
2

T = Tu(si,t1) + 2°Thi(t, 81) + 2(Tia(s1,t1) + Tia(ts, 81)),
_ (92)° , 9
p = 2(L-1In>~—-1)2lnA—-Ilnz)+3L—In w—§,

where A = (Ae/e) < 1, Ac is the maximal energy of the soft photon, escaping the detectors,
and By1(s1,t1) = (—4(g3)?)/(s1t1) — 8m?/s? is the Born Compton tensor component, and the
invariants are: s; = 2q1k, t; = —2pik, w1 = (p1 — @1)%, s1+t1 +u1 = ¢%

The final result (see Appendix C for details) has the form:

2/d—2] l—w {<2lnA—lnw—|—g> (50)

x [(L—=1)(1+40)+k(z,2)]+ §1n2w—|—(1 +0)-2+Inz —2In A]

TH(S+V) _

=I|Q

L\Dl»—\

YH(s+v) =

1
+ (1- @)[§Llnw—|—2lnA1nw —Inzln(l — =)
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\ - z(l—z)+4zlne (1-=)°
In®z — Liy(1 — z) — 2(1 + 22) ]_ 2(1—|—w2)},
—/—lnl—t

where k(z, z) is given in Eq. (30) and © = O(z?p? — 2).

Liy(z)

6 Double hard-photon bremsstrahlung

We now consider the contribution given by the process of emission of two hard photons. We
will distinguish two cases: a) the double simultaneous bremsstrahlung in opposite directions
along electron and positron momenta, and b) the double bremsstrahlung in the same direction
along electron or positron momentum. The differential cross-section in the first case can be
obtained by using the factorization property of cross-sections within the impact parameter
representation [15]. It takes the following form [12] (see Appendix A):

da.e+e_—>(e+'y)(e_'y) Oé4 deJ_

de,d’qide,d’qr 70 ) w(k)s

(1 - H(—(kL)2))_2R(w1;qi‘, kL)R(wZ;qé_a _kL)a (51)

where R(z;q*, k") is given by Eq. (25). The calculation of the corresponding contribution
Y to ¥ is analogous to the case of the single hard-photon emission and the result has the

form:
M= 1 [ S0 / oo [ an L e e, o
0 @ /@1
where (see Eq. (31)):
B(e,2) = (L— 16— 1O — =) + O(= — )6 — )] (5)
b L0 =)+ 0 - 2%+ (L U e sty - 1)
+ <L1—|—(1_|_ )>®(z—1) (o — 2

+ (O(1—2)—0O(z — p*))In
(zp* — 2)(z — 1)

Let us now turn to the double hard-photon emission in the same direction and the hard
et e~ pair production. Here we use the method developed by one of us [16, 17]. We will
distinguish the collinear and semi-collinear kinematics of final particles. In the first case all

)
(z —z)(p* — 2) ‘

produced particles move in the cones within the polar angles 6, < 6y < 1 centred along

12



the charged-particle momenta (final or initial). In the semi-collinear region only one of the
produced particles moves inside those cones, while the other moves outside them. In the totally
inclusive cross-section, such a distinction no longer has physical meaning and the dependence
on the auxiliary parameter 6y disappears.

The contribution of both collinear and semi-collinear regions (we consider for definiteness
the emission of both hard photons along the electron, since the contribution of the emission
along the positron is the same) has the form (see Appendix B for details):

oL ? [ L0 n(-=q2)” (54)

(

AR

] =

1-2A l-z—A

HH
X /dw / dz; L =5
4 r1(l—z—21)(1 —2)

Tc

) gk A; @(w2p2 —2)+B+CO((1- w1)2p2 — z),

where
- L pr —z)2 2 4 (1—w1)2(1—w—w1)
A = 9p(5+In pwl_wl)_z)2)+(w +(1—e)f)h — a5
_ _ N (1 \2\2( 2 _ a2
B = (o[ ST I e s ) )
2 I Gt o)~ (L ) (A — o) — 2 — ol o))
1— =)’z
24 (1— (—1 5
+ (22 +(1—21)")n (1_w_w1)+ Bs
o(p?(1— 2 — 27 )
Cc = L+2]
28 (120 i oA
— 21 —z1)B —22(1 — 1)y,
where
yo= 1+(1—2)? B=z>+(1—=z)?
Ya = zey(l—z—21)—zi(l —z—=21)> - 2(1 — 21)8,
g = zzy(l—z—21)—22(1 — 2 —2)* — 22(1 — z1)7.
One may see that the combinations
P+ BEET) L g HE e S+ 3+ 2E (55)

with 777 and 7} normalized (see Eqgs. (42,43)) to

02

a dz
P (57 [ S0 T(-2QD) riLy,

1
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and

02
a dz _
17— (O [ S - I(-2QY) s
1

respectively, do not depend on A for A — 0 (see Appendix E).

The total expression %7, which describes the contribution to (20) from the two-photon
(real and virtual) emission processes is determined by expressions (43), (47), (49), (51) , (53)
and (55). Furthermore it does not depend on the auxiliary parameter A and has the form:

B = By 4 2nHVES) pond L w8 4 onHE (56)
a., e26?
= I+ 52+ (=)L¢",  L=Iln—}
™ m

The leading contributions %77,%7 have the following forms (see Appendix D):

= %(%)?i—fﬂ( - TI(-Q3) / de {3PP(2) [0 =) + 1
+ / L) Sy 0 - =), (57)
POz) = / Lrw P = pim{ [(2mat D) —ac] s -) (58)
e o[ ot~y me - 2) 4 L epne -1 42] 0012 ),
2= (O 7 Cra-n-gi)” / des // de; P(21)P(e) (59)

[0(z — 1)O(p* - 2) + O(z — #2)0(a2p” — 2)]
(0(z — 1)O(p* — 2) + O(z — #3)0(a3p” — 2.

We see that the leading contributions to £2” may be expressed in terms of kernels for the
evolution equation for structure functions.

The function ¢7” in expression Eq. (56) collects the next-to-leading contributions which
cannot be obtained by the structure functions method [18]. It has a form that can be obtained
from comparison of the results in the leading logarithmic approximation and the logarithmic
one given above.
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7 Pair production

Pair production process in high-energy et e~ collisions was considerd about 60 years ago (see
[12] and references therein). In particular it was found that the total cross-section contains
cubic terms in large logarithm L. These terms come from the kinematics when the scattered
electron and positron move in narrow (with opening angles ~ m/¢) cones and the created
pair have the invariant mass of the order of m and moves preferably along either the electron
beam direction or the positron one. According to the conditions of the LEP detectors, such a
kinematics can be excluded. In the relevant kinematical region a parton-like description could
be used giving L? and L-enhanced terms.

We accept the LEP 1 conventions whereby an event of the Bhabha process is defined as
one in which the angles of the simultaneously registered particles hitting opposite detectors
(see Eq. (91)).

The method, developed by one of us (N.P.M.) [16, 17], of calculating the real hard pair
production cross-section within logarithmic accuracy consists in separating the contributions
of the collinear and semi-collinear kinematical regions. In the first one (CK) we suggest that
both electron and positron from the created pair go in the narrow cone around the direction
of one of the charged particles [the projectile (scattered) electron p; (g;) or the projectile
(scattered) positron p, (g,)]:

PiP_~DP_P;~Pip; <bo <1, ebo/m>1,  p;=p1, Py 91, 9> - (60)

The contribution of the CK contains terms of order (aL/7)?, (a/7)*L1n(6/8) and (a/7)%L,
where § = p_gq, is the scattering angle. In the semi—collinear region only one of conditions

(60) on the angles is fulfilled:

piP_ <00, Pip;>00; or p_p;<bo, P P;>bo; (61)
or p_p; >0, PiP; <.

The contribution of the SCK contains terms of the form:

a2 0o a2
Vb ()2 .
<7r> ar vy (62)
The auxiliary parameter 8y drops out in the total sum of the CK and SCK contributions.
All possible mechanisms for pair creation (singlet and non-singlet) as well as the identity
of the particles in the final state are taken into account [22]. In the case of small-angle
Bhabha scattering only a part of the total 36 tree-type Feynman diagrams are relevant, i.e.

the scattering diagrams®.

®We have verified that the interference between the amplitudes describing the production of pairs moving
in the electron direction and the positron one cancels. This is known as up-down (interference) cancellation
[22].
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The sum of the contributions due to virtual pair emission (due to the vacuum polarization
insertions in the virtual photon Green’s function) and of those due to the real soft pair emission
does not contain cubic (~ L*) terms but depends on the auxiliary parameter A = é¢/¢
(me < 8¢ < ¢, where é¢ is the sum of the energies of the soft pair components). The A-
dependence disappears in the total sum after the contributions due to real hard pair production
are added. Before summing one has to integrate the hard pair contributions over the energy
fractions of the pair components, as well as over those of the scattered electron and positron:

de
A = — <+ s, zo<z=1—23—2y <1-—A, (63)
€
e e N
L1 = — Ly = —, = —,
€ € €

where ¢4 are the energies of the positron and electron from the created pair. We consider for
definiteness the case when the created hard pair moves close to the direction of the initial (or
scattered) electron.

Consider first the collinear kinematics. There are four different CK regions, when the
created pair goes in the direction of the incident (scattered) electron or positron. We will
consider only two of them, corresponding to the initial and the final electron directions. For
the case of pair emission parallel to the initial electron, it is useful to decompose the particle
momenta into longitudinal and transverse components:

P+ = Tp1+Ppy,  p-=Tp +p5, @ =zpitai, (64)
z = l—zi—2, @~p, pytpitg =0,

where p;- are the two-dimensional momenta of the final particles, which are transverse with
respect to the initial electron beam direction. It is convenient to introduce dimensionless
quantities for the relevant kinematical invariants:

E:ei ? 690 ?
% = . 0<z< [2) >0, (65)
m

m

A = (p+ +p-)° = (z122) (1 — 2)% + 2222(21 + 23 — 2\/21232 cos @),

2

m
A0 D 2
A, = P1€ :w2—1[1_|_w§_|_w§z2], Ay = plf-l—:;cl_l[l—l—w%—l-wfzﬂ,
m m
¢ - wpl o4, p-BBly 44,
m m

where ¢ is the azimuthal angle between the (p,p7) and (p;pt) planes.

Keeping only the terms from the sum over spin states of the square of the absolute value of
the matrix element, which give non-zero contributions to the cross-section in the limit 6, — 0,
we find that only 8 from the total 36 Feynman diagrams are essential [22].
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The result has the factorized form:

I
Z |M|2‘p+,p—llp1 - Z Mo |227 (66)

spins spins

where one of the multipliers corresponds to the matrix element in the Born approximation
(without pair production):

sttt + ut
Z | M| = 27n%a’ (T J (67)

spins

s = 2p1p2, t=—Q%, u=—s—t,

and the quantity I, which stands for the collinear factor, coincides with the expression for I,
obtained in [17]. We write it here in terms of our kinematical variables:

2
_ _ 2 (1 —25)+ Dz, -2 C(l—z)— Dz,
I = (1—=5)” ( DO ) +(1—=2) ( 1D (68)
201 —z3)? — (1 —2)*  =zz — 2y
+ 2wAD [ 1—= + 11—z, +3(z2 — 2)
(1—z2)*—2(1—2)* z— a2y ]
+ 2wCD[ 1— =z, 1—= +3(z2 — 2)
N zo(z? + ) N 3z N 20 N 24 N 2(1 — z2)

2¢(1 —z2)(1 —2)AC  D?  AD? (CD? zA2D
4C 44 1 l(wl —z)(1+ z2) l—wl

_ _9
zA2D? D2C? + D(C? z(l — z,) T

We rewrite the phase volume of the final particles as

d3‘11 d3Q2

dr i Gl L
(27)6247243

(27)*6*(prz + p2 — @1 — @2) (69)
d¢

x m*2 81 e zode deadz dz, o

Using the table of integrals given in Appendix F we further integrate over the variables of the
created pair. Following a similar procedure in the case when the pair moves in the direction
of the scattered electron, integrating the resulting sum over the energy fractions of the pair
components, and finally adding the contribution of the two remaining CK regions (when the
pair goes in the positron directions), we obtain®:

8Some misprints, which occur in the expressions for f(z) and f;(z) in [17, 22], are corrected here.
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2
P 2

Qo — otdr / d_j L {Ro(w) (L +2In )\?) (1+09) (70)

ﬁQ%l z
0
+ 430(;3)111;@+2@f(w)+2f1(w)}, A=
— 2.2 _ 17 w2p2>z,
© = Oz z)_{(), 22p? < 2,
21 2 1-—
Ro(z) = 3 1—52 —I—( 3ww)(4—|—7w—|—4w2)—|—2(1—|—w)lnw,
107 136 2, 4 20 2.,
S AT PO g I ) SRS B P
/=) o t 9T T3 ai_g Tt oet
4 1 13 2
—— ]In(1 — 822 +b5x — 7 — lnz — In?
+ w(l—w)]n( w)—l—3[m—|—w 1_w]nw 1_wnw
2 2_1
+ 414+ z)lnzln(l —z) — %Lb(l — ),
—r
1 116 127 4, 2 20 2 9
= — —_ )= —— —_— — _ ——4
fil=) @ Ree f(7)) T L il T sl
4 1 5%
— 1+ ——]ln(1 — “[8z% — 10z — 1 1
he + +w(1—w)] n( w)—|—3[8w 0z O—I—l_w]nw
2x? —
— (1+w)ln2w—|—4(1—|—w)lnwln(1—w)—MLiZ(l—w),
—x
z 2
Lo@) = — [Y(-y),  Q=ch, L=h’Z
o Y m

Consider now semi-collinear kinematical regions. We will restrict ourselves again to the
case in which the created pair goes close to the electron momentum (initial or final). A
similar treatment applies in the CM system in the case in which the pair follows the positron
momentum. There are three different semi-collinear regions, which contribute to the cross-
section within the required accuracy. The first region includes the events for which the created
pair has very small invariant mass:

Am® < (py +p-) < |,

and the pair escapes the narrow cones (defined by 6,) in both the incident and scattered
electron momentum directions. We will refer to this SCK region as p, || p_. The reason
is the smallness (in comparison with s) of the square of the four-momentum of the virtual
photon converting to the pair [22].

The second SCK region includes the events for which the invariant mass of the created
positron and the scattered electron is small, 4m? < (py + q1)® < |¢?|, with the restriction
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that the positron should escape the narrow cone in the initial electron momentum direction.
We refer to it as p__ || q, [22].

The third SCK region includes the events in which the created electron goes inside the
narrow cone in the initial electron momentum direction, but the created positron does not.
We refer to it as p_ || p; [22].

The differential cross-section takes the following form:

a* |M|? dzydz.de

4

do d2pid2pfd2qfd2q§5(1 — 21— 2y — ) (71)

8ris? ¢
x 89(py+pl +af +a3),

L1L2 X

where z; (z3), = and py (pt), gi are the energy fractions and the perpendicular momenta of
the created positron (electron) and the scattered electron (positron) respectively; s = (py+p2)?
and ¢> = —Q* = (p2 — q2)* = —c?6? are the centre-of-mass energy squared and the momentum
transferred squared; the matrix element squared |M|? takes different forms according to the
different SCK regions.

For the differential cross-section in the p_, || p_ region we have (see, for details, [20]):

ot d(gz)* d(qi)’
do = —Ldzd=x 2 L 72
Pap- = g (of + a3 )
do 1 9 , 4zriz,
- - (1— 1 etk hek
X o7 (qF 1 oqh)? (1—z1)" + (1 —z3) d—o))’

where ¢ is the angle between the two-dimensional vectors qi and g3, qlL’2 are the transverse
momentum components of the final electrons, z; 5 are their energy fractions (z = 1 —z; — @3).
At this stage it is necessary to use the restrictions on the two-dimensional momenta g; and
gy. They appear when the contribution of the CK region (which in this case represents the
narrow cones with opening angle 6y in the momentum directions of both incident and scattered
electrons) is excluded:

L L L
Pelsby, ot =B -2 > 6, (73)
€4 €4 €9

where ¢, and ¢ are the energies of the created positron and the scattered electron respectively.
In order to exclude pi from the above equation we use the conservation of the perpendicular
momentum, in this case:

l1—=z
¢I1L‘|'¢I2L‘|'TPJLF:0-

In the semi-collinear region p, || g, we obtain:

o d(qz)* d(q; )’
dUP+||¢11 = ?L dz de, (g2)? (q7)? (74)
d 1 2 4
. 49 (1 - (1 —my)? - oA

27 (qf + zq7)? (1 — @2)’ (1—=p)?]’
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with the restrictions

pt  qf

E_ €9

1—=z
>0, pt4ar+ w2qf=& (75)

Finally for the p_ || p; semi—collinear region we get:

o d(qy)* d(qr)”
y % 1 (1—2z)*+(1—a)? drxizs
27 (g1 + g2)? (1— )2 (1 —2z)t)

The restriction due to the exclusion of the collinear region when the created pair moves
inside a narrow cone in the direction of the initial electron has the form

lpzl

5 >0, pytaita =0 (77)
1

In order to obtain the finite expression for the cross-section we have to add d0p+||p_ +
daerHq1 —I—dap_le to the contribution of the collinear kinematics region (70) and those due to
the production of virtual and soft pairs. Taking into account the leading and next-to-leading
terms we can write the full hard pair contribution including also the pair emission along the
positron direction, after the integration over z, as

4

o>
[
a-hard —
Q3
1

| Q—a

] { 1+ O)R(z) + LIOF(z) + FZ(;C)]}, (78)

Tc

no

—~ N

Fi(z) = d(z)+ Ci(z), Fy(z) = d(z) + Ca(z),
1 (8 20
d - (SO -
(z) T <3 (1—z)— 9>
113 142 2, 4 4
Ci(z) = —5 t 5T 3® 2_3_w_§(1+;c)1n(1_w)
2142 (z?p” — 2)° : ] 2 8
+ 31—w[ln(wp2_z)2_3L12(1—w) ‘|‘(8€C _|_3w_9_w
2 — 2.2 2
- 7 )lnw—l—Manw—l-ﬂ(w)lnM,
1z T f
_ 122 133 4, 2 4
Co(z) = 9 + 9 w—|—3w +3w 3(1-|-w)1n(1 z)
21‘|‘CC2 (z_w2)(P2—Z)(z—]_) ‘
+ 31—=z [ (22p? — 2)(z — z)? -|-3L12(1—;c)]

13

—

1
+ g(—8w2—32w—20—|—1 —|—§)lnw—|—3(1—|—w)ln2w
x
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(z — 2?)(p? — 2)(z — 1) 21 + 22

1 —9 _Zz

—I_ /B(w) n w2p2_z ? /8 R(w) 3 ]__:B ?
11+ x2 1—=

§I—w+ 6z

R(z) =

(4—|—7w—|—4w2)—|—(1—|—w)1nw. (79)

Eq. (78) describes the small-angle high-energy cross-section for the pair production pro-
cess, provided that the created hard pair moves in the direction of the initial electron three-
momentum. The factor 2 takes into account the production of a hard pair moving in the
direction of the initial positron beam.

The contribution to the cross-section of the small-angle Bhabha scattering connected with
the real soft (with energy lower than Ae¢) and virtual pair production can be defined [22] by
the formula:

2

40t 7 dz 1 17 4
soft4 virt = L2< ]- A _> <__ _]. ZA
Teotss wa/ z2{ gty ) tLl~g Tgh (80)

s ko))

Using eqgs. (78) and (80) it is easy to verify that the auxiliary parameter A is cancelled in the
SUI O pair = Ohara T Teonqvine- We can, therefore, write the total contribution o,,;, as

2

24 7 d 1 92}
A a/ Z{L2(1—|——ln (1—=.) ——/
2 3 3

22

-0) +,c[—— (81)

_242 - 49_01“(1 ze) + o In*(1 — x.) +m/ 1(1_585,;@ (% - gln(l - :c))]
1 - 2
+ [ @I+ ©)R() + £(OCk(x) + Co@)]}, Rlx) = Rlx) ~ 37—,

The right-hand side of Eq. (81) gives the contribution to the small-angle Bhabha scattering
cross-section for pair production. It is finite and can be used for numerical estimations. The
leading term can be described by the electron structure function D¢(z) [19].

8 Terms of O(aL)’

In order to evaluate the leading logarithmic contribution represented by terms of the type
(aL)?, we use the iteration up to 3 of the master equation obtained in Ref. [18]. To simplify
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the analytical expressions we adopt here a realistic assumption about the smallness of the
threshold for the detection of the hard subprocess energy and neglect terms of the order of:

(4

et (2L ~107%,  n=1,2,3. (82)
™

We may, therefore, limit ourselves to consider the emission by the initial electron and positron.
Three photons (virtual and real) contribution to ¥ have the form:

1 “de b 1
2 = 5 (Cey 1/ S [ da [ des 012 —.) [6‘5(1 ~ 23) P®(ay) (83)

< O(elp? — 2) + L P(e1) P(22)103] (1+0(a)),

where P(z) and P(®)(z) are given by eqgs. (33) and (57) correspondingly:
2 2

0.0, = 6(2—2—? ®(P2z—§—z),
PO(z) = §(1—2)A+0(1—z—A) 0Oy,
A, = 48[%43—%@(111A+§>+%<1HA+3>3], (84)
0, - 48{%11%%:[39—2—%@—I—Zln(l—w)—glnw—l—%hﬁ(l—w)
+ %ln2w—%lnwln(1—w)]—I-%(l—l-w)lnwln(l—w)—i(l—w)ln(l—w)
+ 3%(5 —32)lnz— %(1 _2)— 3%(1 + )l + %(1 +2)Lis(1 — w)}.

The contribution to X of the process of pair production accompanied by photon emission when
both, pair and photons, may be real and virtual has the form (with respect to Ref. [16] we
include also the non-singlet mechanism of pair production):

2

1 1
- 1
yete™r — Z(%£)3/ dz z_2/ dwl/ dzy 0(z12y — )

1

(IR (en) — R (@0)] 6(1 — 22)6(a30" — 2) + 5 Pa)R(aa) 616s),
where
R(z) = B*(z) + gP(w), R'(z) = 1;—ww(4 + 724422+ 21 +o)lnz, (85

RP(w) = RS(m)(g +2In(l —z))+ (1 + w)(—ln2 o4 / dyw)

1 2 3
—|—§(—9 — 3z +8z%)Inz + g(—— — 84 8z + 3z%).
T
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The total expression for ¥ in Eq. (20) is the sum of the contributions in egs. (21), (32), (56),
(60), (66) and (68). The quantity ¥ is a function of the parameters z.,p and Q3.

9 Estimates of neglected terms and numerical results

Let us now estimate the terms that were not taken into account here according to the required
accuracy:

a) Weak radiative corrections:

2
Q1 o5 (86)

Ew.r.c. ~
9 ~
mM?

b) Electromagnetic corrections to weak contributions, including interference terms :

She L8 e IL< 1074 . 87
w 1 -

Here é,... is given by Eq. (7).

¢) Radiative corrections to the annihilation mechanism, including its interference with the
scattering mechanism

Sre 9250 <1074 (88)
™

Our explicit expressions for %7, without annihilation terms, coincide numerically with the
results obtained at the same order in Ref. [19] by using exact matrix elements.

d) The interference between photon emissions by electron and positron

S ~ 025 <1075 (89)
™

This contribution is connected with terms violating the eikonal form [10] in the expression:

ot

A(s,t) = Ao(s,t)e*® + O(=) . (90)

Ts

e) Creation of heavy pairs (pp, 77,77, ...) is at least one order of magnitude smaller than the
corresponding contribution due to the light particle production and is therefore not essential.
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f) Higher-order corrections, including soft and collinear multi photon contributions, can
be neglected since they only give contributions of the type (a £L/7)" for n > 4.

Let us define X to be equal to Yo|n—o (see Eq. (21)), which corresponds to the Born
cross-section obtained by switching off the vacuum polarization contribution II(¢). For the
experimentally observable cross-section we obtain:

Ao’

o =
Qi

N0 (1460 + 87+ 827+ 687 4+ 87 4677, (91)

where
39 = Yoln=o = 1 — p % + Bw + Zo|n=o (92)
and
5_20_28.57_27.527_227. (93)
0 — 28 ’ - 28 ) - 28 ) .

The numerical results are presented below in table 1.

Table 1: The values of §* in per cent for /s = 91.161 GeV, ©; = 1.61°, O, = 2.8°,
sin? Oy = 0.2283, T'y = 2.4857 GeV.

z. | & 87 | B Tping | Oorenaing | 65 | 8| 8 | T
0.1 |4.120 | -8.918 | 0.657 0.162 -0.016 | 0.012 | -0.067 | -4.050
0.2 4.120 | -9.226 | 0.636 0.156 -0.027 | 0.009 | -0.056 | -4.386
0.3 ]4.120 | -9.626 | 0.615 0.148 -0.033 | 0.008 | -0.051 | -4.820
0.4 | 4.120 | -10.147 | 0.586 0.139 -0.039 | 0.007 | -0.048 | -5.382
0.51]4.120 | -10.850 | 0.539 0.129 -0.044 | 0.006 | -0.045 | -6.145
0.6 | 4.120 | -11.866 | 0.437 0.132 -0.049 | 0.005 | -0.041 | -7.262
0.7 | 4.120 | -13.770 | 0.379 0.130 -0.057 | 0.005 | -0.035 | -9.228
0.8 | 4.120 | -17.423 | 0.608 0.089 -0.069 | 0.004 | -0.025 | -12.694
0.9 | 4.120 | -25.269 | 1.952 -0.085 -0.085 | 0.007 | -0.014 | -19.374

Each of these contributions to o has a sign that can change as a result of the interplay
between real and virtual corrections. The cross-section corresponding to the Born diagrams
for producing a real particle is always positive, whereas the sign of the radiative corrections
depends on the order of perturbation theory. For the virtual corrections at odd orders it is
negative, and at even orders it is positive. When the aperture of the counters is small the
compensation between real and virtual corrections is not complete. In the limiting case of
zero aperture only the virtual contributions remain, giving a negative result.
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Appendix A

Infinite momentum frame kinematics

In this appendix we will consider the kinematics we use to obtain the electron—positron
and photon distributions. Due to the peculiar range of momenta and angles of the reaction,
it is particularly convenient to use the Sudakov parametrization or infinite momentum frame
kinematics. For the reaction

et (p2) + e (p1) = e¥(q2) + e (qu) + (k) (A.1)

let us introduce the Sudakov decomposition:

¢ = a1z + Bipr + Q1L7 gs = Q2Pa + P2p1 + q;

k = aps+Bp+ kT, (A.2)
where p; » are almost light-like four-vectors:
gpm=¢p=0, g¢=—(g;7)<0, (A.3)
m? m?
P1 = p1— —p2, P2=Dp2— —DPa
s s
6
. . m
o= BEa=a=m, ¥=0, ==,
s = 2pip2 = 2p1P2 = 2P1pa = 2Pap1 > M, (A.4)

where q;- are Euclidean two-dimensional vectors in the centre-of-mass reference frame.
We consider the kinematical configuration when the photon is emitted in the direction
close to the initial electron. We have the mass-shell conditions:
1)2 2
qy) +m
g = sauf—(g7) =m’ a = %’ (A.5)
1
(g2)" +m’

(q;)Z = 30(2/82 - (q;_)Z = m27 /82 =
183}

L1y2
K2 = saB— (k5?2 =0 sa:—(k)
/8 ( ) ? /8 ?

ay = 1, B ~eu[~[af <1, Bi~B~1
The components along p; of the jets containing e~ (g;) and (k) have a value of O(1). The
phase volume decomposition with d*¢; = 3 daydB,d*qy is:
d3‘11d3‘I2d3k (4)
2¢92¢22w

1
mdﬂdﬂﬁ(l - B 51)(12""L(12¢11Ld2‘12L‘5(2)(‘11L +q; + k).

do (P +p—a—q—k) (A.6)
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The conservation law reads (we introduce a new four-momentum ¢ of the exchanged pho-
ton):

pta=qa+k p=g¢+q (A.7)

The inverse propagators are (here and further we use 8; = z):

-1 1
—k2— 2: d 2 2:7
(pr— k)" —m 1% (1 +q) —m 2(1—2)

¢ =—(q;) d=m’1-2)"+(qy +q'2)’, di=m’(1—-2)’+(qf +q7).

d, (A.8)

The matrix element reads

g _
M = ?v(M)’)’uv(%)u(%)Ovu(Pl)
p—ktm . pitdtm
0¥ = 4¥ e+ e v, A9
ok —m T (e g —m?) (89)
The following decomposition of the metric tensor g, is used:
oy v, M oo v 12
L, PPy PPy 2P < q >
L, = ~ 14+0(—)). A.10
g# gy,u —I_ P1P2 s —I_ ( s ) ( )
We use also the identity
P3u(q1)Ovu(p1) = u(q1)0,u(pr)en(k)- (A.11)
The generalized vertex v, has the form [12]:
11\ %kp paky
v, = sv,2(l — ) <3 — d_1> — pd z(l—=z)— Tp(l —z). (A.12)
The evaluation of the spin sum of the squared matrix element gives
E 9(g2)pr10(p2)|* = Tr BoprPapn = 257, (A.13)
The squared matrix element for the single photon radiation is given by
1 ) N A
R = ——Tr(p1 +m)ou(p1 +k— G+ m)o, (A.14)

452
1
= z[—2zm?(d —dy)* + (g7)*(1 + wZ)ddl]deZ :
1
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Finally we obtain that

etem—et(e7v) _ 3d qidgy dz(1l —z) —9em?(d — di)? "
do 2 (g )2)2(ddy )? [—22m*(d — d1)* + (g3)*(1 + 2”)dd1].  (A.15)

In the same way we may obtain the cross-section for the process of the double bremsstrahlung
in the opposite directions:

ot T atieaiesd) ¢ g (A.16)
d2q1Ld2q2de1dw2 71 —2)(1 —z2) J ((g1)?)? )
% [(‘IL) (1 - $1)2 _ 2z, m2(1 — $1)2(d1 — d2)2]
% [(‘IL)2(1 - $2)2 _ 2z, m2(1 — $2)2(CZ2 — Cz1)2]
dydy 1+ z} J%ng ’

where z,, gi and z,, g5 are the energy fractions and the components transverse to the beam
axis of the scattered electron and positron, respectively; g is the transverse two-dimensional
momentum of the exchanged photon;

d = (I—zm)l’m’+ (g7 —q @)’ do=(1—2)m’ + (g1 —q")’, (A1)

di = (1—xz)’m?+ (g5 +q*22), do = (1 —22)’m® + (g5 +q*)%

Let us now discuss the restrictions on the d’q;-, d°qy integration imposed by experimental
conditions of the electron and positron tagging. We consider the emission of a hard photon
along the electron direction. We will consider the symmetric case:

&<9_J%|<%, 6. = pla,, (A.18)
&<9-|f|<%, 8: = ;.

Here 6; and 6, are the minimal and maximal angles of aperture for the counters. It is
convenient to introduce dimensionless quantities p = 05/61, 212 = (q1,2)2/Q% (@1 = ebh).

The region in the z;,z, plane that gives the largest contribution to ¥ is made by two
narrow strips along the lines z; = z; and z; = z%z,. Therefore the leading logarithmic
contribution will appear only in the cases where these lines cross the rectangle defined by
z? < 21 < p’x? , 1 < z; < p?. Note that the line z; = z?2,, which corresponds to the
emission of one hard photon along the momentum of the scattered electron, is the diagonal of
the rectangle defined above. As for the line z; = z,, which corresponds to the emission along
the initial electron momentum, it crosses the rectangle only if z2p? > z, , zp > 1. This last

condition defines the appearance of leading contributions to L.
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For the contribution from the photon emission by the initial electron we have:

Fo— l—pw/dZZ/ dzp 2z l—w)
(21

—z22)(22 — 21)

+ @(mp_l)/%/( dz z(1 — 2)

z21 — x22)(22 — 21)

2 2 _ 2 2

L O(p—1) 7p ﬁ{ Z2/n dz; z5(1 — ) N 7p dz; z5(1 — )
/ 22 4 (21 — @22)(22 — 21) o (21 — 22)(21 — 22)
z2+m z2+m
dz; 2zo? 2dz; 29 2 2
+ / — 5 = }, R = (29 — z1)* + 40°2,, (A.19)
vR 1+=z L VR

where we introduced the auxiliary parameter 5, 0? < n < 1. Neglecting the terms of order
7 we obtain:

F o= jg{@(pw _1)0(a?p? — z)<L - i‘“x2> (A.20)

+ @(w2p2 —2)Ly 4+ O(z — w2p2)L3},
where L; are given in eq. (31) and we used the identity O(1 — pz) + O(pz — 1)0(z — z?p?) =

O(z — z?p?).

In the same way we obtain for the final electron emission:

F, = 7%{L 2z L} A.21
2_1z2 _1—|—w2+1' (A.21)

The total contribution due to one hard photon emission in small-angle Bhabha scattering
therefore reads:

o 1+ x2
vt = & / dz ———(F: + By) (A.22)
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Appendix B

The contribution to ¥ from the semi-collinear region of emission
of two hard photons in the same direction

An alternative way to use the quasi-real electron approximation is to compute the cross-
section directly. To logarithmic accuracy we may restrict ourselves to considering only two
regions i) the one with photon with momentum k; emitted along the momentum direction of
the initial electron inside a narrow cone with opening angle 6y < 1, and ii) the region with
the photon emitted along the scattered electron. Taking into account the identity of photons

with the statistical factor % we obtain the cross-section:

4 Lal d2q+ 1-24
S (o Rl B -
1-z—A
dz,d d?kt
X / o w25(1—w1—w2—w)/R L
L1LoX ™

where

d’ky Lz [Pk f (L4 (1= 20)’][2® + (1 — 21)°]
/R ™ 2(q2) Ql/ ™ {wl(l — $1)2(2p1k1)(2p1k2)(2qlk2)
z[1+ (1 —2)*[z* + (1 — @5)]
$1(1 - $2)2(2Q1k1)(2P1k2)(2Q1k2)

It is convenient to specify the kinematics: in the case of the emission of the collinear photon
with momentum k; parallel to p; we have

(B.2)
k.p,

_|_

klnql}'

2 2
ks = L 0% 2pike = (5P (8.3)
2
2q1ky = &[w’qé —(1—=z1)qi)’, ky =-—qy —ai;
Lol

in the case when the photon is emitted along q, we have

2 2
gy = (%02 + okt — gtV 2piks = D(kD), (B.4)
L1 Lo
Q? l1—=z
2q1ky = —1(111L - WIzL)Z, "12L = "12L - ‘11L 2 ;
Lok T

where Q? = €262, 02 = m?/Q?, and we introduced two-dimensional vectors k5, g+ and g5 so
that (g7)* = 21, (¢7)* = 22 and qiq3 = 4.
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The integration over d’k; can be done with single logarithmic accuracy:

0’ / d’kf d’kf
Y w(2piky) Ry, T(2q1k1)

It is also necessary, here, to consider the kinematical restrictions on the integration variables

Ty
Ly (B.5)
k.q, =

:wllﬁ Q%/

¢ and z;. When the photon is emitted within an angle 6, along the direction of the momentum
of the initial electron, 6y represents the angular range to be filled by collinear kinematics events.
We assign to the semi-collinear kinematics the events characterized by

kJ_

T2

’L) > 90, ’L’L) _— = | > 90, (B6)

where the region ¢) the photon with four-momentum k, escapes the narrow cone with opening
angle 6y along the momentum direction of the initial electron. In the region i¢) the same
happens for the final electron.

We can rewrite the conditions above in terms of the variables z; and ¢ as follows:

. A2 — (/21 — \/29)?
i) l>cos¢p>—-1+ (2\/_;1;;2\/_2) : |71 — V72| < A,
i)  1>cos¢p>—1, |z1—z2|>2\/_)\
(1 171)2 (\/_
2w/21221 -
T\/z T
Va - D 2
—

]_—éBl

\/_)

%) 1>cosgp>—1+

?

2 2

x x
- - 1) W2 —
(1—w1)2Z2| ” Z2(1—€C1)2,

where A = z3600/6;. In our calculation we take the parameter A < 1. Indeed, the resctrictions

w) 1>cosd>—1, |21 —

on 6, for collinear kinematics calculations are €6y > m or 6y > 10~° at LEP energies. On the
other hand the experimental conditions on #; are ; > 1072. Therefore we can take X < 1
within our accuracy.

Analogous considerations can be made for the case when a photon with momentum k&,
is emitted along the direction of the final electron. In regions ¢7) and i¢v) we may do the
integration over the azimuthal angle:

/ _ 2@t [ 1 B z(l — zq) ] (B.7)
27( 2p1k2 (2q1k2) ke, | q, (1 —21)21 —z2a L]z — 21| 2222 — (1 — 21 )22 |17
2w d¢ _ zaz®(1 — z2)2Q7* [ 1 - ](B )
o 2m(2p1k2)(2q1k2) Ky, =22t /(1-2) Lo — zgf5|  [a—2?n|l
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The integration of regions 7), ¢1¢) has the form

T = /dz / ‘
! 27(z1 + 22 + 21/z1z2 cos @) ||,z -z l<r

- ;/|z1—z2|MCtg{Mtg7}’

|21 —Z2|

where

$o = arccos <—1 + X - (2\/\5_;_;2\/5)2) (B.10)

The result reads
7 =21n2. (B.11)

We give here the complete contribution of the semi-collinear region:

1-2A l-z—A

dzidzyé(l —z — 2 —
ol = / w [y 2211 (1 P? + (1 1))

-coll
£ee €B1€B2 ]_ — $1)2

z92

x /dz@ngf[+®@%¥—@+a®@%y—mf—zn

222 — 2)In (2 — 2%)(p*2® — 2)
+ O(p M oG = e (el — o) — 2)

[ (z —p’(1 —z1)z)(2 — (1 — 21)%)
( )(z — z(1—z1))
—z) )] e

2= pa(l = m)(z - 22)
z— P T ) (p2w2 _ z)(z _ w(l — wl))
2 2 )(p*(1 —21)* — 2)
+ 00 (1 —2) - z>[1“ (PZw(l — 1) — 2)(z —2(1— 21))(1 — 21)?
(2= 1)(* — 2)
(P21 —z) —2)(z— (1 —zq))(1 — w1)2] i (z = (1 —z1))(p*(1 — z1) — z)}

To see the cancellation of the auxiliary parameter 6,/60; we give here the relevant part of the

+ In

contribution for the collinear region :

1-2A l-z—A

dz; dzsé(l —z — 21 —
- /dw [ Ty 214 (1= )l 4 (1 - o)

€B1€B2 ]_ — $1)2

X /dz<L—|—2Llnﬁ>[ + @(pw —2)+0(p (1—w1)2—z) + ...

22 9?
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We see from the above expression that the dependence on 6,/6; disappears in the sum of the
contributions for the collinear and semi-collinear regions. The total sum is given by Eq. (54).
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Appendix C

Virtual corrections to single photon emission cross-section

The cross-section for single hard photon bremsstrahlung containing virtual and real soft
photon corrections may be written as follows:

1 H V) _ a*dxd’qs d®qf R R  lm 4p2pp20'kpo'- (C.1)
2r2z(1 — z)(gy )t (2p1p2)—oc (2p1p2)?

The tensor k,, entering in R is connected with a matrix element ¢,M, of the Compton
scattering process (see the definition of invariants in Section 5). Taking €, as the polarization
of the heavy photon, this reads

kpo' = Z MpM: = gpo'kg + ﬁlpﬁla’kll + élpq-la'k22 + élpﬁlo’kﬂ + ﬁlpélo’k12 (02)

spin

(84
= Bpa' + ;Tpow
where
~ Qo9 - g - q19
Gpo = Gpo — ;—27 Pip = P1p — ?QP7 91p — q1p — ?QP (03)

are explicitly gauge-invariant combinations of momenta k,;q, = k,r¢» = 0.
In the case under consideration, R has the form:

a a
R = (]_ + %p)(Bll('Sl)tl) + €B2Bll(t1,31)) + %T, (04:)
T = Tu+zTy+ z(T1y + To1).

The exact expressions for T;; are given in [14]. We need only limited values of Ty in the
cases of s; < |t;] and [t1] < s; at fixed ¢* and u; = —2p1q;.

In the case of small s; we have s; = s = [m%(1 — z)? + (g5 = + q7 )?]/[z(1 — z)] (we omit
in the remaining part of this Appendix the subscript 1 in the notation of invariants of the
Compton subprocess).

Taking into account that, at small s, ¢> = —(gy )%, t = —(1 — z)(gy)? and u = —(q5 )’z,
we derive the following expressions for p and T in this limit:

9
ps<it) = 20(L—1+Inz)2InA —Inz)+3L — In®z — 3 (C.5)
9 1\2 ‘
Ts<<|t| m{é‘:(l —|— €B2) |:111€B 111 (q2 ) — L12(]_ — :B)
1 2
— 1—|—2w—|—w2} — 67;1 InzL.
8
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In the case of small |¢| we have:

Plti<cs = 2(L — 1—lnw)(?lnA—lnw)—l—3L—ln2w— g, (C.6)
2z )2 1 .
T|t|<<s = m{‘l(l + 582) [11158 In (qjt) — 51112 T — L12(1 — ;c)
2
— 1—2w—|—w2}—|—16mw Inz L.

The further integration is straightforward. We show here the most important moments.
The contribution of the p containing terms gives (in close analogy with the Born contribution):

g/ff(s+V) _ %%2/dz /dwl—l—w{ + 0(p2a? — 2)) (C.7)

1 1
X [L 2111A—1nw—|—g)—l—(2lnA—lnw)(lnw—2)— §ln2w— —5]

+ 2lhA—-Inz+ g) k(z,z) —2Inz(2In A — lnw)®(p2w2 — z)}

To obtain the contributions from T we consider at first new types of integrals:

_ d’qy 1 d’qi . (g3)°
Ly = Ql/ (q3 ) /m{t}l s{—t}’ (C8)

: d’qy [ dqi . [ d’qy [ dPqym?
Lsft) = Ql/ (q 2) /m{t}’ ms{t}_Ql/w(q;)‘l/m{ﬁ}'

Denoting ¢%(1 — z)? + (g5 = — g1 )?/Q? as a + bcos ¢ and using the expressions

2m
1 d¢ 1
%/a—l—bcosgﬁ Ve (9)
/ ¢ln a+ bcos @) B 1 1 2(a? — b?)
o a+bcos¢p a? — b2 na+\/a2—b2

with a? — 8% = (21 — 2%23)% + 40%(1 — z)%z%2,, 0? = m?/Q? and 2, = (qlL2)2/Q% we derive
that

I, = (1—w)w7—2 / dz; (C.10)

In(22(1 — z)z®) — In[(z; — 222%)* + 4022?(1 — z)%2,] -
\/(zl — 222)2 + 4022%(1 — z)%2
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Since we are evaluating with logarithmic accuracy, we may consider the contribution of the
region |z; — z%25| < 7, 02 < 7 < 1 when integrating over z;. The result reads

02

l—w/ z2 [L—I—ln

Z
1

- w] (C.11)

The rest of the integrals can be calculated in the same way, and we have:

2

d 1 d
L = —(1-2) / z2L[2L+1n ] i = —(1—2) / Z2L (C.12)
1 - 1
o P2z JE
d d d
iy = (l—w)/ Z;L, my = /%, m, = x? %
Z3 Z3 T %2

Using (C.11) and (C.12) we may represent the final result for the contribution to ZH(5+V) due
to the T' term as

1 1
mr ot = 2:2/ L /dw1t2{< Ly

>lnw (C.13)

1
>lnw
l1—=z

1—=2
22
+22—1 2zlnz 1
_ — 0t — [(—L 1
ten 1ga2 Olr —A|gl 4
14 22 — 22 2wlnw]}
4(1 4 z2) 14 x2

+ (o — Lis(z) +

1
— §ln2w—Li2(1—w)—

The total contribution to S#(5+V) (one-side hard photon emission with virtual and soft
photon corrections) is the sum of (C.7) and (C.13):

BHSHY) = pHEY) 4 pREHY), (C.14)

This quantity is given in Eq. (51).

38



Appendix D

Leading logarithmic contribution to ¥

Here we show that the main logarithmic terms can be summed according to the renormal-
ization group. The sum, as given in the text, may be written as:

d
s = 2(%)2/ ZLZ{/dw(Sl—w)(ln A+§1nA+196> (D.1)
1 ri-41
< (e )+ [ 1” (2111A—111w—|—g)(1+®(w2p2—z))
— &
1-2A
1 1 2 1—-z—A 1
+ 1 / dw[21—|;ww In wA —|—§(l—l—w)lnw—1—|—w][1—|—3®(w2p2—z)]

o (R ) e

1 PP VE zp
- S+e)nZ + YE 2o - a7t}
s+ 4 2ol )
One can see that the dependence on the parameter A disappears in the expression above.
We will now show that eq. (D.1) is equivalent to eq. (57). Let us transform eq. (57) using
the substitution

O(t2p? — z) = %(1 + 0’ — 7)) + %@(z _22p?) — Oz — £2p?), (D.2)

and changing the order of integration in the last term:

o’ Vz/p o’ Vz[p

/dt/dz - / /dt:/de(z—p2w2) / dt. (D.3)

2t2 T 1 x

By evaluating the integral over ¢, and using the explicit expressions for the splitting func-
tions one can verify the coincidence of egs. (D.1) and (57). In an analogous way one can prove
the validity of the representation (59) for X7.

Using the representation in Eq. (58) for the function P(®) one can see that the above
expression is equivalent to Eq. (D.1). In an analogous way one can prove the validity of
representation in Eq. (59) for 2.
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Appendix E

Cancellation of the A dependence in the non-leading contributions to %7

Let us consider the singular non-leading terms in %27 in the limiting case A — 0. Dropping
the common factor (a/7)2L [ dz/2%, we give below the various contributions separately.

Let us consider first ¥77. The contributions from the soft photon radiation and virtual
corrections are:

(SVVHVSHSS) — In A(=7 — 4ln A)(1, p?), (E.1)

where we denote by (a,b) the limits of the integration over z: (a,b) = O(z — a)O(b — z2).
The contribution due to the virtual corrections to the single hard photon emission gives

tf [(1,0%) — (1,p%2%)] (E.2)

1
1 1
(SHSH)), = 5111A{(1,,)2)(16111A+14)+4/dac :

+ 4[—2111(1—wc)—2ln(1—£c)—|—/dw (l—l—w)—l—/dw (1+2)]

2

1
+ 2/(1581—|_7:B ,pZ)—(l,prZ)]lnw+2/dCB 11+

k

o (2, z)},

where &, = max(z.,1/p) and the quantity k(z, z) is defined in Eq. (30). The singular part in
the contribution in Eq. (54) due to double hard photon bremsstrahlung reads:

2

(2 = mA{ [de TN (1AL - (1,2~ (1,6) - (1,2 ] (B3)

/dw (3—|—w)—/dw (3+ ) —4ln A +4ln(1 — z.) + 4ln(1 — &)

/ do L2, ) - (1,7

It is possible to verify the cancellation:
(EVV-l—VS-l—SS)A + (EH(S+V))A + (EHH)A —0. (E4)

The corresponding contributions to X7 are:
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(Egig) = In A(_14 —8ln A)(17P2)7 (E5)

1
1 2
Ly +25 A = 111A{2/dw 1“" k(z,z) + (1,0")[161ln A + 14 — 81n(1 — =)

—

1

1
- 81n(1—:;;c)+4/d;c(1+w)+4/dw(1+m

+oafae T, - (et
(SH)y — 1nA{—8(1,p2)[lnA “In(1 — z.) — In(1 — )]

1 2y 2.2 1 2
_ 8/dw (Lp )1 (1’pw)—2/dwk(w,z)11+w
p —x

— &

~ 4 / de (1+2)[(L,0%) + (1, 5%)] .

Rearranging the last term in (2)A as

—4 [ dz (1+2)[(1, %) + (1, 5%0%)] = —4 / de ( o) (E.6)

4 / dz (1+2)(1,p) + 4 / dz (1+2)[(1,7") ~ (1,5°2°))

we can see again the cancellation of the A-dependence in the sum:

(B + (BEy + 25 V)a + (A = 0. (E.7)
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Appendix F

Relevant integrals for collinear pair production

We give here a list of the relevant integrals, calculated within the logarithmic accuracy, for
the collinear kinematical region of hard pair production.

We use the definitions in Eq. (65) and we imply, in the left-hand side of the expressions
below, the general operation:

(..) = 7dz1 7dz2 27% (..)), (F.1)

with the conditions 2o = (e6o/m)? > 1, Lo = Inzp > 1. The details of the calculations can
be found in the Appendix of Ref. [16]. The results are:

€B2D + (]_ — €B2)A ? LO { L1L2
= Lo+ 21 — F.2
<( DC ) (1 — z)? ot 2n T 8 (F-2)
(]_ — :B)2(]_ — €B2)2} 1 LO 1 L1L2
= —Lo+1
+ TT1To ’ <DC> w1w2(1—w2)[2 otin T I

€B2A1 — €B1A2>2 LO { L1L2 (]_ — :B)Z 4:(]_ — :B)}

_— = —— 3 Ly+21 -8 —
<< AD ) (1—2)? ot2n T + TT1To x ’
<€B1A2 — €B2A1 B (iBl — €B2)L0 < 1 > B _LO

AD? Czzyzy(l —z)’ A2D" (1 — )’

]_ _LO ]_ L1L2 ]. _LO
<AD> w1w2(1—w)[2 otin T l <02D> z1(1 —z3)3’

1 —LO T1Lo LTy 1 LO
—) = Lo +2ln —= 421 —) =
<AC> wlwg[ otsin T + n(l—w)(l—w2)]’ <D2> TT1Ts
< A > . €B2L0 < O > . —€B2L0
C2D?" zy(1 — zy)?’ A2D?" (1 —z)*’

A _LO ]_ T1L2 Lol — L1

= —Lo+In—=]+ L

<CD2> wl(l—w2)2[2 otin T I+ Oww1w2(1—w2)2 ’

O _LO 1 L1 L1 — L2 1

= —Lo+1 — L .

<AD2> z1(l — z)? [2 otin x ] 0 (m1w2(1 —z)? + zry(l — w))
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