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ABSTRACT

The influence of world-sheet boundary condensates on the toroidal compactification
of bosonic string theories is considered. At the special points in the moduli space at
which the closed-string theory possesses an enhanced unbroken G×G symmetry (where
G is a semi-simple product of simply laced groups) a scalar boundary condensate param-
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generalization of the corresponding chiral nonlinear sigma model. Tree-level scattering
amplitudes of on-shell massless states (‘pions’) reduce to the amplitudes of the principal
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vanishing of the renormalization group beta function at one loop results in the familiar
equation of motion for that model. The quantum corrections to the open-string theory
generate a mixing of open and closed strings so that the coset-space pions mix with the
closed-string G×G gauge fields, resulting in a Higgs-like breakdown of the symmetry to
the diagonal G group. The case of non-oriented strings is also discussed.
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1 Introduction

The study of conformal field theory on two-dimensional manifolds with boundaries has
several interesting applications. The one that has most relevance to this paper is the
description of the perturbation theory of interacting open and closed bosonic strings, in
which the two-dimensional manifold describes the world-sheet embedded inD-dimensional
space-time.

We will be concerned with the rôle of extra massless open-string states that arise by
compactification of open-string theories. A generic toroidal compactification of closed-
string theory on a d-dimensional torus possesses 2d massless U(1) gauge potentials, re-
sulting in a U(1)d×U(1)d gauge symmetry. These gauge fields are excitations around the
condensates of background metric and antisymmetric tensor fields, Gµi and Bµi (where i
labels the compactified directions and µ labels the space-time dimensions). There are also
d2 massless scalar closed-string states associated with the O(d, d)/(O(d)× O(d)) moduli
space of toroidal compactifications. In addition, a theory with open strings has d extra
massless scalar states arising from compactification of the massless open-string vector
state – the excitation of the boundary condensate of the background open-string vector
potential.

The symmetry of the closed-string theory is well-known to be enhanced on special
sub-manifolds of the background moduli space so it is of interest to study the spectrum of
the open-string sector in the same backgrounds in a theory with world-sheet boundaries.
For the purposes of this paper we shall consider the special isolated enhanced symmetry
points at which the symmetry is ‘maximal’ which means that it has the form G × G,
where G is a semi-simple product of simply-laced groups (A,D,E) of rank d, although
many considerations also generalize to non-maximally enhanced symmetry points.

The spectrum of the open-string sector of a conformal field theory is related to the
spectrum of the closed-string sector by the modular properties of the theory [1]. Thus,
the partition function for a theory defined on an annular world-sheet with boundary
conditions A at σ = 0 and B at σ = π can be expressed as the trace over open-string
states,

ZAB(w) = tr(wHAB) =
∑

i

N i
ABχi(w), (1)

(where HAB is the open-string hamiltonian and w = e2iπτ ′
, where 2πτ ′ is the imagi-

nary proper time around the annulus). The χi(w) are the conformal characters of the
representation labelled by i of the Virasoro algebra and N i

AB are integers counting how
often one representation appears in the partition function. A modular transformation
τ ′ → τ = −1/τ ′ maps the annulus to a cylinder and the partition function can be ex-
pressed as a transition matrix element between the two boundary end-states states,

Z(q) = 〈A | qHcl | B〉, (2)
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where q = eiπτ and Hcl is the closed-string hamiltonian. This demonstrates that the
boundary conditions A,B, .. are in one to one correspondence to the boundary states
| A〉, | B〉, ...

This relation between the annulus and cylinder will be used in section 2 to show
that the presence of enhanced affine symmetry at special points in the moduli space of
toroidal compactifications of closed-string theory implies the presence of extra massless
scalar states in the open-string sector. Vertex operators for the extra massless open-
string and closed-string states are given in terms of the affine algebra associated with the
enhanced symmetry.

Open-string vertex operators arise from fluctuations in background boundary con-
densates. The study of conformal field theories in the presence of non-trivial boundary
condensates (boundary conformal field theory) has been motivated by several physical
applications including monopole-catalysed baryon decay [2],[3], the Kondo effect [4], tun-
neling in quantum wires [5], dissipative quantum mechanics [6],[7] and the fractional
quantum Hall effect [8]. In these applications the boundary condensate is defined by a
marginal boundary term added to the bulk action,

S = S0 + hb

∫

∂Σ
dσψb(σ), (3)

where ψb is a boundary operator (and σ is the coordinate tangential to the boundary).
If the boundary term is a truly marginal perturbation to the bulk theory (so that ψb has
scaling dimension one) the resulting theory will still be conformally invariant. The moduli
space of the theory will generally include parameters that enter into this boundary term.
Several different cases have been studied in the literature. One example [9],[10], is that
of a single free compactified boson on the half line with an action,

S =
1

8π

∫

dσdτ(∂αX)2 −
∫

dσ
1

2
(ge

i√
2
X(0,σ)

+ ḡe
−i√

2
X(0,σ)

), (4)

where g is a (complex) constant parameter. Another example is the coupling of a constant
antisymmetric tensor field to the boundary in open string theory [11]

S =
1

8π

∫

dσdτ(∂σX
µ)2 +

∫

dσFµν∂τX
µ(0, σ)Xν(0, σ), (5)

which is also an exact deformation of the bulk theory. The case of two free bosons in the
presence of both (4) and (5) has been discussed in [12] and the case of n free bosons in [13].
In all cases the exact solution is given by a modified boundary state | B〉g which generally
depends on the parameters of the perturbation. However, at points in the moduli space of
the bulk theory at which there is enhanced symmetry the boundary conformal field theory
may become independent of some (or all) of these parameters. This was used as important
tool in solving the boundary scattering problem in [10] and [14] where the boundary
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interaction was fermionized and the theory at the self-dual point was mapped into a theory
of free fermions with twisted boundary conditions. In all these cases the condensates were
taken to be constant, i.e.,the parameters are independent of the position on the boundary,
σ. [Alternatively, the bulk degrees of freedom can be integrated out and the boundary
conformal field theory is then expressed as a 1-dimensional reparameterization invariant
field theory [15] (an approach that makes contact with dissipative quantum mechanics [7]
and has also been used to discuss perturbations like (4) and (5) [16]),[17].]

The more general situation in which the boundary term is not marginal is of impor-
tance in defining off-shell string field theory in a background independent manner and is
the subject of several interesting papers [18],[19],[20].

In section 3 we will argue that, at the enhanced symmetry points of the toroidally
compactified theory constant scalar boundary condensates (such as that in (4) and gener-
alizations) define coset spaces G×G/G and open-string vertex operators attached to the
boundary describe excitations around these backgrounds. The tree-level S-matrix of the
open-string sector will be described and the nonlinear symmetries associated with this
coset space model (which is equivalent to the principal chiral model for the group G) will
be demonstrated.

The connection between the open-string tree amplitudes and the nonlinear sigma
model is made precise in section 4, where the low-energy limit of the string theory is
considered. Firstly, the limit of some elementary S-matrix elements is discussed and
shown to correspond to low-order terms in the expansion of the S-matrix of the sigma
model. The one-loop beta function for the theory with an arbitrary scalar boundary
condensate is then considered. The lowest-order condition for conformal invariance (the
vanishing of the one-loop beta function) is shown to coincide with the equation of motion
for the sigma model. Higher-order corrections correspond to higher derivative nonlinear
sigma models (which also couple to the field strength of the massless open-string ‘photon’).

The interaction between open and closed strings will be considered in section 5. This
interaction arises naturally from string perturbation theory and it results in a significant
mixing between the open and closed sectors. In the uncompactified theory this leads to
a Higgs-like mechanism in which the antisymmetric tensor potential in the closed-string
sector gains a mass by absorbing the neutral massless vector potential (the ‘photon’) of
the open-string sector. This was pointed out a long time ago [21] and was investigated in
more detail in [22],[23]. In the generalization to generic d-dimensional toroidal compacti-
fications d linear combinations of the 2d U(1) gauge fields gain mass by absorbing the d
extra massless open-string scalar states. The generic U(1)d × U(1)d gauge symmetry is
thereby reduced to a diagonal U(1)d. This is a stringy generalization of the abelian Higgs
effect. We shall demonstrate that the non-abelian generalization of this effect at enhanced
symmetry points. The extra massless scalar open-string states in the coset space G×G/G
are eaten by dim(G) of the generators of the G×G enhanced symmetry, giving a non-zero
mass to half of the gauge bosons and leaving the diagonal G symmetry unbroken. This
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should be contrasted with the effect in purely closed-string theories where the enhanced
gauge symmetries are broken by marginal perturbations away from the enhanced symme-
try point, in which case a subset of the gauge particles become massive by mixing with
the massless closed-string moduli fields.

The generalization to theories with non-orientable world-sheets is considered in sec-
tion 6. In this case the closed-string sector only has the diagonal G symmetry to begin
with. At enhanced symmetry points there are two distinct definitions of the projection
onto the non-orientable open-string sector. In one of these (which is the same projection
as the one used at generic points in moduli space) the massless open-string scalars lie in
the coset the coset G/U(1)d (where d is the rank of G). There is no mixing between the
massless states of the open and closed sectors so the diagonal G symmetry again remains
as the unbroken gauge symmetry. At the enhanced symmetry points a generalization of
this projection is more natural in the fermionic formulation of the theory, which eliminates
all the massless open-string scalar states, again leaving an unbroken diagonal G gauge
symmetry.

2 Enhanced symmetry points

A striking feature of toroidal compactifications of closed-string theory is the occurrence
of enhanced gauge symmetry for special values of the moduli of the target-space torus.
This section will highlight a corresponding enhancement of symmetry at the same values
of the moduli in the open-string sector of the theory in which there are both open and
closed strings.

2.1 Review of closed-string sector

The U(1)d ×U(1)d world-sheet affine algebra associated with generic compactifications of
d free bosons gives rise, in closed-string theory, to target-space gauge fields which are the
Kaluza-Klein modes of the antisymmetric tensor and metric fields. The d-dimensional
toroidal compactification of the target space on the lattice Λ = 2πZd is encoded in the
background fields G,B which parameterize the moduli space of toroidal compactifications
O(d, d;R)/(O(d,R)×O(d,R)) [25]. Each modulus is a massless scalar closed-string state
so the generic number of massless scalars in the closed-string sector is the dimensionality
of the moduli space, d2. The action containing the constant background fields is given by,

Sd =
1

4πα′

∫

d2z∂αX
i∂βX

j(ηαβGij + ǫαβBij) (6)

(reparametrization ghosts are incorporated in the standard manner and will not be dis-
cussed explicitly here). The term in the action containing the B field is a total world-sheet
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derivative and shifts the left and right moving momenta p, p̄ in the compactified dimen-
sions,

pi = (Πi + (G− B)ijL
j) p̄i = (Πi − (G+B)ijL

j). (7)

Here Li is in the lattice Λ while Πi denotes the canonical momentum which takes values
on the dual lattice, Λ∗ = Zd (and the choice α′ = 1 has been made for convenience). The
physical state conditions are,

(L0 − 1)|Φ〉 = 0 = (L̃0 − 1)|Φ〉, (8)

where the zero Virasoro modes are defined by,

L0 =
1

4
k2 +

1

4
p2 +N, L̃0 =

1

4
k2 +

1

4
p̄2 + Ñ , (9)

(kµ denotes the uncompactified momentum in the 26 − d dimensions and N , Ñ are the
level numbers in the left-moving and right-moving sectors). The closed string hamiltonian
L0 + L̃0 is given by inserting (7) into (9),

L0 + L̃0 =
1

2
k2 +N + Ñ +

1

2
ΠiG

ijΠj +
1

2
Li(G− BG−1B)ijL

j + LiBijG
jkΠk. (10)

The ocurrence of extra massless vector states at special values of the internal mo-
menta signals the enhanced gauge symmetry, which is associated with an enhanced world-
sheet affine algebra. If one dimension is compactified to the self-dual radius that is
the fixed point of the T-duality transformation, R → 1/R, the enhanced symmetry is
SU(2)×SU(2). Higher-dimensional toroidal compactifications are best described in terms
of constant non-trivial background fields, Gij and Bij, and the maximally enhanced sym-
metry points are generalized fixed points of the T -duality group, O(d, d;Z). If B = 0
the enhanced symmetry SU(2)d × SU(2)d arises but more generally semi-simple prod-
ucts of simply-laced Lie algebras (i.e., of type A,D,E) of total rank d can be obtained.
The maximal symmetry G × G (where G is a simply-laced Lie algebra of rank d) is
achieved by choosing the background fields in the following way [26]. Let Cij denote
the Cartan matrix of the simply-laced Lie algebra G and define the background fields as
Gij = 1/2Cij and Bij = Gij for i > j , Bij = −Gij for i < j and Bii = 0. With these
choices E ≡ G + B ∈ SL(d, Z). The points in the compactification moduli space with
maximal enhanced gauge symmetry are generalized fixed points under the duality trans-
formation O(d, d;Z) generated by a combination of SL(d, Z) conjugation by a matrix M
and a shift of Bij by an antisymmetric integer-valued matrix, Θ. This transforms E to
E ′ = M t(E + Θ)M . For example, in the special case with M = E−1 and θ = Et − E,
duality reduces to E → E ′ = E−1. The extra gauge potentials that arise at points of
enhanced symmetry are labelled by roots in the Lie algebra lattice of G.
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The condition that there is an enhancement of the gauge symmetry (i.e., extra mass-
less closed-string vector states) requires either p = 0, p̄2 = 4, N = 1 and Ñ = 0 or p̄ = 0,
p2 = 4, N = 0 and Ñ = 1. In either case it follows from (9) and (7) that the condition
for enhanced symmetry in the closed-string sector is

LiGijL
j = 1. (11)

In addition to the enhancement of the number of massless gauge particles there are
(dimG)2 extra massless closed-string scalar states at a maximally enhanced symmetry
point with symmetry G×G. As is well understood, if the theory is deformed away from
such an enhanced symmetry point 4d2−4d of these scalars are eaten by the extra massless
vectors which then become massive and the rest of the scalars also gain mass apart from
the d2 that remain massless at generic compactifications. In other words, the enhanced
symmetry is spontaneously broken by deformations away from the enhanced symmetry
point. The main focus in this paper is on a mechanism that operates in the presence of
boundaries that breaks the enhanced symmetry without this deformation.

2.2 Boundary states in the absence of a boundary condensate

Since the constant Bij term in the action is a total derivative it gives a boundary term in
theories with world-sheet boundaries,

SB =
1

4π

∫

Σ
d2σǫαβ∂αX

i∂βX
jBij =

1

4π

∮

∂Σ
dσ∂σX

iBijX
j, (12)

where ∂σ denotes the tangential derivative on the boundary. The term (12) is equivalent to
coupling a constant background magnetic field to the boundaries of a neutral open string
(a string with charges of equal magnitude and opposite sign at each end). The string
coordinate X i now satisfies the free boundary conditions, (Gij∂τX

j + Bij∂σX
j)|∂Σ

= 0,
which guarantee the conservation of the world-sheet energy-momentum (T (z) = T̄ (z̄)
when the world-sheet is the upper-half plane). If the world-sheet with a boundary is pa-
rameterized as a semi-infinite cylinder these boundary conditions are operator conditions
on the boundary state at the end of the cylinder, i.e.,

(Gij∂τX
i +Bij∂σX

j) | B〉 = 0, (13)

and the modes of the energy-momentum tensor satisfy

(Ln − L̃−n) | B〉 = 0, (14)

where Ln and L̃n are the Virasoro modes.

6



The boundary state in the cylinder frame that satisfies (13) can be constructed in
terms of the modes of the closed-string coordinates, αi

n and α̃i
n. The state is given by

[27],[28],[11],

| B〉 = C exp(−
∑

n>0

1

n
αi
−nMijα̃

j
−n)

∑

L∈Zd

| pi, p̄i〉 (15)

(again ignoring the terms containing the reparametrization ghosts) where,

pi = (G− B)ijL
j, p̄i = −(G+B)ijL

j , (16)

and
M i

j = [(G+B)(G− B)−1]i j (17)

is an element of SO(d,R). The effect of the boundary term is a rotation in the compactified
space of the left-movers with respect to the right-movers,

(X i(σ) −M i
jX̄

j(−σ)) | B〉 = 0. (18)

The sum over the lattice vectors ensures that the total canonical momentum entering
or leaving the boundary vanishes, i.e. Πi = 0. The normalization constant C of the
boundary state can be determined by exploiting the modular properties of the one-loop
open-string partition function as will be seen below.

In the case of non-orientable open-string theories a general world-sheet is a Riemann
surface with an arbitrary number of cross-caps in addition to boundaries and handles.
A cross-cap can be represented by a state, |C〉, at the end of a cylinder on which the
coordinates satisfy (X(σ) −X(π + σ)) |C〉 = 0 and (∂τX(σ) + ∂τX(π + σ)) |C〉 = 0.

2.3 Massless open-string states and modular transformations

We shall now turn to consider the spectrum of open strings. The internal non-abelian
symmetry will come from compactification rather than from Chan–Paton factors at the
string end-points and since we are dealing with the bosonic theory the spectrum will
inevitably contain a tachyon and a massless gauge particle – a ‘photon’. For most of the
paper we shall be considering the orientable open-string theory in which non-orientable
world-sheets (such as Möbius strips and Klein bottles) are eliminated by including a rather
trivial U(1) Chan–Paton factor. Although the photon is present in this case all states are
neutral under its U(1) and it will decouple in the low energy limit. In the absence of any
Chan–Paton factors the theory is non-orientable and the photon is absent.

At particular points in moduli space, the space of B and G, extra massless open-
string scalar states arise at precisely the same points as the enhanced symmetry points of
the closed-string sector. This can be seen in a particularly direct manner by considering
modular transformations of the annulus diagram. On the one hand this diagram may
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be viewed as a loop of open string while it may also be viewed as a cylindrical world-
sheet which describes a closed string propagating between an initial and a final boundary
state. As described in the introduction these two descriptions are related by a modular
transformation that thereby relates the spectrum of the open-string sector to that of the
closed string.

The annulus diagram (the one-loop partition function for an open string) with back-
ground B and G fields and is given by the trace over open-string states,

Z(B,G) =
∫

dt

t
Zop(w) =

∫

dt′

t′
tr(wLop

o −1) =
∫

dt′

t′

∫

dDp
∞
∑

k=0

Nkw
k+p2−1 (19)

where D = 26−d, Lopen
0 is the open-string hamiltonian, t′ = −iτ ′ is the proper (euclidean)

time in the open-string channel and w = e2iπt′ . Nk is the number of open-string states
with mass m2 = k−1. This function Z can also be calculated by expressing the partition
function as the matrix element of a closed string propagating between two boundary
states,

Z(B,G) =
∫

dtZcl(q) =
∫

dt〈B | qL0+L̃0−2 | B〉

= C2
∫

dtq−2
∞
∏

n=1

(1 − q2n)−24
∑

m∈Zd

q
1

2
mi(G−BG−1B)ijmj

, (20)

where t = −iτ is the proper (euclidean) time in the cylinder channel and q = exp(iπt).
The equality of the two expressions for Z is made manifest by the change of variables in
(20) from τ to τ ′ = −1/τ which maps the cylinder into the annulus. After this change of
variables and a Poisson resummation of the sum over the winding modes (20) becomes,

Z(B,G) =
∫

dτ ′Z ′

cl(w)

= C2
∫

dτ ′2d/2

(iτ ′)14− d
2

det(G− BG−1B)−
1

2w−1
∞
∏

n=1

(1 − wn)−24
∑

n∈Zd

wni(G−BG−1B)−1

ij nj

.(21)

Comparison of (19) and (21) determines the mass spectrum of the open-string states
in terms of the bulk background fields, G and B, of the closed-string sector. Explicitly, the
spectrum of massless open-string states is given by the w0 terms in (20). The expansion
of (1 − wn)−24 leads to the usual states of the massless photon and the d scalars that
come from its compactified components. Additionally, the condition that there is an
enhancement in the spectrum of massless scalar open strings is seen from the last factor
to be,

ni[(G− BG−1B)−1]ijnj = 1. (22)
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This should be compared with the condition (11) for an enhancement in the closed-string
massless spectrum. Using (G−BG−1B)−1 = (E−1)tGE−1, where E = G+B it is evident
that the solutions of equations (22) and (11) are proportional,

ni = (G+B)ijL
j. (23)

This shows that the condition on B and G for an enhancement of the spectrum of massless
open-string scalar states is precisely the same as the condition for the enhancement of
the spectrum of closed-string massless vector states. This argument is valid whenever the
symmetry is enhanced (not just at the self-dual points of maximal symmetry).

The open-string spectrum can also be determined directly as the spectrum of the
open-string hamiltonian,

Lopen
0 = Πi

[

(G− BG−1B)−1
]ij

Πj + k2 +N, (24)

where the canonical momentum, Πi ∈ Zd, again demonstrating the extra open-string
states satisfying Lopen

0 when (22) is satisfied.

2.4 Vertex operators for the massless states

(a) The bosonic construction
The level-one Kac–Moody algebra can be represented in terms of bosons by the Frenkel–
Kac–Segal construction of the group GL ×GR. The left-moving currents are given (in the
cylinder channel with z = ei(τ+σ)) by,

H i(z) = ∂X i, Eλ(z) = c(λ) : eiλiXi(z) :, (25)

while the right-moving currents are,

H̃ i(z̄) = M i
j∂̄X

j , Ẽλ(z̄) = −c̃(λ) : eiλjMijX̄i(z̄) : . (26)

Here H i, H̃ i denote the currents in the Cartan subalgebra of GL and GR respectively.
The Eλ are constructed with winding number states and λ are roots of the Lie algebra
of G. The cocycles c(λ) are constructed in terms of the zero modes of X and X̄. The
root lattice for the right-moving algebra has been rotated with the orthogonal matrix
M i

j , which leaves the operator product expansions unaltered. The currents, Ja
L(σ), that

satisfy the algebra,

[Ja
L(σ), J b

L(σ′)] = fabcJc
L(σ)δ(σ − σ′) + δabδ′(σ − σ′), (27)

are linear combinations of the left-moving currents H,E, where fabc are the structure
constants for the Lie algebra GL. The same construction also applies to the right-moving
currents that are functions of z̄.
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In situations in which there are affine symmetries the left-moving and right-moving
currents the boundary conditions on the bosonic fields translate into conditions on the
currents, Ja

L(z)−Ja
R(z̄) = 0, at z = z̄ on the half-plane. Transforming to the semi-infinite

cylinder this translates into the condition on the boundary state,

(Ja
Ln + Ja

R−n) | B〉 = 0 (28)

(where the modes are defined by, Ja(σ) =
∑

n J
a
ne

inσ). The plus sign in this equation
arises from the rotation of the weight-one currents through π/2 in transforming from the
half plane to the cylinder frame.

The vertex operators for the massless closed-string vector states are given by,

V a,µ
k (z) = Ja

R(z̄)∂Xµ(z)eik·(X(z)+X̄(z̄)), Ṽ a,µ
k (z) = Ja

L(z)∂̄X̄µ(z̄)eik·(X(z)+X̄(z̄)). (29)

The vertex operators for the massless open-string scalar states are attached to the bound-
ary (at, say, τ = 0). They can be written in the closed-string channel as,

Sa
k(σ) = Ja

L(σ)eik·X(σ) ≡ 1
2
(Ja

L(σ) − Ja
R(σ)) eik·X(σ), (30)

where the second expression follows from the fact that the open-string vertices are attached
to the boundary and using (Ja

L(σ) + Ja
R(σ)) |B〉 = 0. The massless vector vertex is given

by,
V µ

k (σ) = ∂σX
µ(σ)eik·X(σ) (31)

(where σ is again the parameter tangential to the boundary).

(b) The fermionic construction
Level-one affine algebras also have well-known representations in terms of free fermions
[29]. For simplicity we will here consider the special case of SO(2d) × SO(2d) which is
implemented by 2d left-moving and 2d right-moving Majorana fermions, ψi

L and ψi
R (i =

1, · · · , 2d). These fermions are described by the bulk world-sheet action,
∫

d2z(ψi
L∂̄ψ

i
L +

ψi
R∂ψ

i
R) and the currents satisfying (27) can be written as bilinears in real left-moving

and right-moving fermions, ψi
L, ψ

i
R {i = 1, .., 2d},

Ja
L(z) = ψi

L(z)T a
ijψ

j
L(z), Ja

R(z) = ψi
R(z)T a

ijψ
j
R(z), (32)

where T a
ij are the antisymmetric generators of SO(2d). Quantizing in the cylinder chan-

nel the massless states of the adjoint representation lie in the sector with antiperiodic
boundary conditions on both fermions (the NS/NS sector). The closed-string boundary
state in this sector is given by,

| B〉 = PGSO exp



i
∑

n∈Z+1/2

ψi
L−nψ

i
R−n



 | B〉0 (33)
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(where |B〉0 is the boundary state involving the space-time bosons). The GSO projector

is given by (1 + (−1)F )(1 + (−1)F̃ )/4, where F and F̃ are the fermion number operators
in the left-moving and right-moving sectors. This projection eliminates states with odd
numbers of ψ or ψ̃ excitations, resulting in a theory that is equivalent to that given by
the bosonic description. The state (33) implements the boundary condition,

(ψi
Ln ± iψi

R−n) | B〉 = 0, (34)

which is the boundary condition on the closed-string states that corresponds to the con-
dition at an end-point of an open string, ψi

L = ±ψi
R. The relative factor of i appears in

(33) from the conformal transformation that rotates the coordinate frame through π/2
in transforming conformal spin-1/2 fields from the open-string to the closed-string frame.
The boundary condition on the currents, (28) also follows from this definition of the
boundary state.

The different fermionic spin structures give rise to different SO(2d) conjugacy classes
of SO(2d). The complete set of states includes the GSO-projected R/R and N/R sectors
which lead to spinor and bi-spinor representations (which do not have massless excita-
tions).

The vertex operators of (29)-(31) have obvious descriptions in terms of the fermion
representation of the currents.

3 Boundary condensates

3.1 Constant condensates

The occurrence of extra massless open-string states at the points in moduli space at which
the gauge symmetry of the closed-string sector is enhanced indicates the presence of new
marginal boundary operators. Such operators come from states located on the boundary
associated with terms in the action of the form (in the bosonic formalism),

SB =
∫

dσ(
∑

λ

gλe
iλiX

i

+
∑

i

gi∂σX
i) |τ=0 (35)

(where gλ, gi are constants), which gives rise to the enhanced symmetry when λi takes

special values. In [13] it was shown these values arise when λ̂i are roots of the Lie algebra

G, where λ̂i = (δi
j + M i

j)λ
j (and M i

j was defined in (17)) This leads to a modified
boundary state in the cylinder channel, | B〉g = exp(SB) | B〉 as can be seen by turning
the X i modes into left-movers using the boundary condition (18). The effect of the
boundary state is then simply a rotation with respect to the left-moving zero modes of
the currents,

| B〉g = exp(gλ̂E
λ̂
0 + gjH

j
0) | B〉. (36)
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In terms of the currents Ja
L this condition can be written as

| B〉g = exp
∑

a

gaJ
a
L0 | B〉. (37)

It follows that a non-zero condensate changes the boundary condition (28) into,

(egaJa
L0Ja

Lne
−gaJa

L0 + Ja
R−n) | B〉g = 0. (38)

In the fermionic formulation of the current algebra the action of boundary condensate
(37) is described by a change in the boundary conditions on the fermions,

(

(e−gaT a

)ijψ
j
Ln + iψi

R−n

)

| B〉g. (39)

These boundary conditions also follow directly from the fermionic version of the boundary
action on the half plane, z = τ + iσ (σ ≥ 0),

SB =
∫

dσ
∑

a

ga

2
(ψi

LT
a
ijψ

j
L + ψi

RT
a
ijψ

j
R), (40)

as the following argument shows. Together with the bulk action this may be written in
terms of left-moving fermions only on the whole complex plane by making the standard
identification, ψR(z) = ψL(z̄). The boundary is thereby replaced by an interaction located
at σ = 0. The equation of motion for the left-moving ψi

L is then given by,

(∂τ − ∂σ)ψi
L + gaT

a
ijψ

j
Lδ(σ) = 0. (41)

The delta function may be regularized by replacing it with 1/2a[Θ(σ−a)Θ(a−σ)], which
is nonzero in the small interval σ ∈ [−a,+a] with a→ 0 so that for σ < a and σ > a, ψL

satisfies the free equation of motion. In the interval σ ∈ [−a,+a] the perturbation is just
a constant matrix. Fourier transforming ψL(τ, σ),

ψi
L(σ, τ) =

∫

dνψi
Lν(σ)e−iντ , (42)

leads to a differential equation,

d

dσ
ψi

Lν(σ) = (−iνδij +
gb

2a
T b

ij)ψ
j
Lν(σ), (43)

in the interval σ ∈ [−a,+a]. Integrating this between σ = −a and σ = a gives

ψi
L(a) = exp(iνa+ gT )ijψ

j
L(−a). (44)

In the limit a→ 0,

ψi
L(0+, τ) = (egaT a

)ijψ
j
L(0−, τ) = (egaT a

)ijψ
j
R(0+, τ), (45)

where σ = 0± indicates that the line σ = 0 is approached from positive and negative
values, respectively. This leads to the relation between left-moving and right-moving
fermions in (39) (the factor of i was explained earlier) so that the boundary interaction
can be expressed as a change of the fermionic boundary condition.
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3.2 Coset space interpretation of boundary condensate

As can be seen from (28) or (38) (for the cases of zero and nonzero boundary condensates
respectively) only a particular linear combination of the world-sheet currents is conserved
by the boundary. The combinations of the boundary values of the left-moving and right-
moving world-sheet currents ,

Ka(σ) = 1
2
(Ja

L(σ) − Ja
R(σ)), (46)

Ja(σ) = 1
2
(Ja

L(σ) + Ja
R(σ)), (47)

satisfy the commutation relations,

[Ja(σ), J b(σ′)] = fabcJc(σ)δ(σ − σ′) + δabδ′(σ − σ′),

[Ja(σ), Kb(σ′)] = fabcKc(σ)δ(σ − σ′),

[Ka(σ), Kb(σ′)] = fabcJc(σ)δ(σ − σ′) + δabδ′(σ − σ′). (48)

It follows from (28) that J vanishes on the boundary state while K generates an
infinitesimal shift of the boundary condensate. Therefore these transformations define a
symmetric space, where J parameterizes the unbroken group H while K parameterizes
the coset G/H. In the case of interest here G = GL×GR and H = Gdiagonal. The manifold
of possible boundary states (parameterized by the couplings ga) define equivalent vacua of
the theory, transformed into each other by K. The massless scalar open-string states are
fluctuations around a given vacuum and are the Goldstone bosons of the spontaneously
broken symmetry. We will see later that the presence of a boundary causes a breaking of
the local G×G symmetry of the closed-string sector of the theory.

3.3 The S-matrix of the Goldstone bosons

The Goldstone bosons describing the fluctuations around a given vacuum state (a state
with a given constant condensate) are the massless scalar states of the open string sector
described by the scalar vertex operators, Sa

k , (30). Open-string tree amplitudes are ob-
tained by functional integration on a world-sheet that has the topology of a disk, while
higher-order diagrams have extra boundaries as well as handles. The on-shell amplitude
for n massless scalar open-string states with momenta ki satisfying k2

i = 0 is given by,

An(Φ1(k1), · · · ,Φn(kn)) = Φa1

1 · · ·Φan
n 〈a1, k1 | S

a2

k2
∆ · · ·∆S

an−1

kn−1
| an, kn〉 + perms. (49)

where ∆ denotes the open string propagator (L0−1)−1 and Φar
r are the momentum-space

wave functions of the massless scalar states. Each vertex operator, Sa
k , is proportional

to the current Ja at one endpoint or the other of the open string (σ = 0, π). The vertex
operator in (30) was expressed in the cylinder channel while those in (49) are in the open-
string frame, which leads to a sign change in the combination of currents in the second
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expression in (30), which becomes Ja(σ) = 1
2
(Ja

L(σ) + Ja
R(σ)). There are no Chan–Paton

factors so the expression includes a sum over all non-cyclic permutations of the external
states – this sums over all orderings of the vertex operators with equal weight.

Now consider the four-point function in more detail. It is given by

A4(s, t, u) =
∑

perms

∫ 1

0
dx〈0|Sa1

k1
(0)Sa2

k2
(1)Sa3

k3
(x)Sa4

k4
(∞)|0〉 =

∑

perms

∫ 1

0
dx I(x) J (x), (50)

where a sum over inequivalent permutations of the order of the external particles is indi-
cated by

∑

perms and

I ≡ 〈0|eik1·X(∞)eik2·X(1)eik3·X(x)eik4·X(0)|0〉 = (1 − x)−t/2x−s/2 (51)

(the Mandelstam invariants are defined by s = −(k1 + k2)
2, t = −(k2 + k3)

2 and u =
−(k1 + k3)

2) and
J ≡ 〈0|Ja(∞)Jb(1)Jc(x)Jd(0)|0〉. (52)

The evaluation of I in (51) involves standard algebra. The current algebra part of the
matrix element, J , can be evaluated using,

[Ja
n, J

b
m] = fab

c Jc
n+m +

k

2
nδn+mδ

ab (53)

(where the modes of the currents are defined by Ja(x) =
∑

n Ja
nx

−n−1). The current matrix
element is given by,

J (x) =
∑

n,m

x−m−1〈0|Ja
1J

b
nJc

mJd
−1|0〉

=
k

2
{f ab

e f ecdx−1(1 − x)−1 + fac
e f

edb(1 − x)−1}

+
k2

4
{δabδcdx−2 + δacδbd + δadδbc(1 − x)−2} (54)

(the vacuum |0〉 is annihilated by Ja
n for n ≥ 0 and the expectation value of a single

current vanishes). From hereon the level k is to be set equal to 1. The relations,

δab = tr(T aT b), f ab
e f ecd = tr([T a, T b][T c, T d]), (55)

will be used to to write the expressions in terms of traces of products of two and four
generators of the Lie algebra, G.

The full amplitude is given by combining (51) and (54) and summing over permu-
tations with cyclically inequivalent orderings of the vertex operators. The x integrals are
simple combinations of Euler beta functions and the result may be expressed as the sum,

A4(s, t, u) = A(1) + A(2) + perms, (56)
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where,

A(1) =
π2

2
tr(T a1T a2T a3T a4)

u(sinπ s
2

+ sin π t
2

+ sin π u
2
)

Γ( s
2

+ 1)Γ( t
2

+ 1)Γ(u
2

+ 1) sin(π s
2
) sin(π t

2
) sin(π u

2
)

(57)

and

A(2) = tr(T a1T a2)tr(T a3T a4)
Γ(− t

2
+ 1)Γ(−u

2
+ 1)

4Γ( s
2

+ 2) sin π s
2

(sin π
s

2
+ sin π

t

2
+ sin π

u

2
). (58)

A sum over cyclic permutations of the external states is indicated. The presence of the
tachyon ground state is seen from the ocurrence of the poles in A(2) at s, t, u = −2. There
are no massless intermediate poles in the amplitude, reflecting the fact that there is no
trilinear coupling between the massless scalar states and the photon decouples.

Another way of calculating the amplitudes is by transforming to the cylinder frame
and writing the open-string vertex operators in terms of the closed-string variables as
in (30), Sa

k(σ) = Ka(σ)eik·X(σ). The amplitudes may be packaged into the generating
functional,

Z[Φ] = 〈0 | exp(
∫

dσ
∫

ddkΦa(k)Ka(σ)eik·X) | B〉. (59)

This gives the same expression for the amplitudes as (49) as can be seen by expanding the
exponential in (59) and using Ka(σ)|B〉 ≡ Ja

L(σ)|B〉 together with the current algebra of
JL(σ). Once all theKa’s have been replaced by Ja

L’s the boundary state can be replaced by
the vacuum state (the bosonic coordinates work in the standard manner). More generally,
the closed-string bra state in (59) may be replaced by an arbitrary physical closed-string
state, 〈P |, to describe the coupling between closed and open strings.

The S-matrix elements for on-shell momenta k1, · · · , kn (k2
i = 0) are given by

An =
δnZ[Φ]

δΦa1(k1) · · · δΦan(kn)
, (60)

giving,

An = Φa1

1 · · ·Φan

n 〈0 |
∫

dσ1K
a1(σ1)e

ik1·X(σ1) · · ·
∫

dσnK
an(σn)eikn·X(σn) | B〉. (61)

This expression can be written with a particular ordering of the operators along the axis
of the cylinder even though the open-string vertices are all attached to the boundary.
In other words, the σ contours have been displaced by infinitesimal amounts along the
cylinder axis to avoid the collision of vertex operators. A precise connection with the
previous calculation in the open-string frame involves averaging over the ordering of these
operators along the axis of the cylinder. This is equivalent to the principal part prescrip-
tion implicitly used in evaluating (50). Actually, the result does not generally depend
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on this ordering since the difference between two orderings is a contact term, in which
two vertex operators are evaluated at coincident points, that gives vanishing contribution
for suitably defined generic external momenta. This method of displacing the integration
contours infinitesimally away from the boundary is useful not only because it facilitates
the operator algebra but it also acts as an ultraviolet regulator.

3.4 G×G symmetry of the S-matrix

We shall now investigate the global symmetries of the S-matrix elements using the for-
malism based on the cylinder channel operators in which the vertices are proportional to
Ka. The first symmetry is a linear symmetry under G transformations generated by Ja

0 .
This follows from the identity,

An = Φa1

1 · · ·Φan

n 〈0 |
∫

dσ1K
a1(σ1)e

ik1·X(σ1) · · ·
∫

dσnK
an(σn)eikn·X(σn)(1 + ǫaJa

0 ) | B〉,

(62)
which is a simple consequence of the fact that J0|B〉 = 0. Commuting the factor Ja

0 to
the left until it annihilates the closed-string ground state and making use of (48) gives an
n-particle amplitude with vertex operators transformed so that they have the form (to
lowest order in ǫa),

∫

dσi(Φ
a + fabcǫbΦc)Ka(σi)e

ik·X(σi). (63)

This means that the n-point function is invariant under transformations of the wave
functions,

Φa → Φa′ = Φa + fabcǫbΦc, (64)

which shows that J acts linearly on the wave functions and is a rotation in the unbroken
group H = G.

The S-matrix is also invariant under an infinitesimal modification of the boundary
state, | B〉η = (1 + ηaKa

0 ) | B〉, which corresponds to an insertion of a zero momentum
open string scalar state with wave function ηa. The change in the n-particle amplitude is
given by,

δAn = Φa1

1 · · ·Φan

n 〈0 |
∫

dσ1K
a1(σ1)e

ik1·X(σ1) · · ·
∫

dσnK
an(σn)eikn·X(σn)ηaKa

0 | B〉. (65)

Commuting K0 to the left until it annihilates the closed string vacuum (which is a singlet
under JL0 and JR0 separately) and using the commutation relations for K0 that follow
from (48) leaves terms containing the product of vertices with one vertex replaced by,

∫

dσif
abcηbΦcJa(σi)e

ik·X(σi). (66)
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Each of these factors can then be commuted to the right until the current density Ja(σ)
annihilates the boundary state. This leaves terms containing commutators of the form,
[∫

dσif
abcηbΦcJa(σi),

∫

dσjΦ
dKd(σj)

]

=
∫

dσi

∫

dσjη
bΦcΦdfabcfadeKe(σj)δ(σi − σj)

(67)
(the Schwinger term vanishes because of the antisymmetry of the structure constants
fabc). The contribution from the right-hand side vanishes for amplitudes in which the
external states have generic momenta. This follows by the usual reasoning that the eik·X

terms in I give rise to factors of |eiσi − eiσj |kikj which multiplies the δ(σ1 − σ2) from (67),
thereby vanishing (for suitably defined ki · kj). This means that all the commutators of
the form (67) vanish by analytic continuation to physical momenta.

Thus, the scattering amplitude with one zero-momentum Goldstone boson vanishes,
which demonstrates the shift symmetry,

Φa(x) → Φa′(x) = Φa(x) + ηa, (68)

(where ηa is a constant) characteristic of the nonlinearly realized G/H symmetry of coset-
space models.

Although (68) is the symmetry of the S matrix for generic external momenta, the set
of nonlinear field transformations seen in the sigma model lagrangian field theory have
their counterparts in the S-matrix in processes with non-generic external momenta such
that ki ·kj = 0. Here extra contributions arise from the possibility of on-shell intermediate
states with (ki+kj)

2 = 0. In the presence of such momentum configurations the δ(σi−σj)
factor in (67) gives non-vanishing contact terms. In this case the insertion of a zero-
momentum boundary scalar state in an n-particle amplitude is related to an n−1-particle
amplitude with a nonlinear transformation on a wave-function, δΦe = ηbΦcΦdfabcfade. A
more general discussion of the nonlinear symmetries of the model will be given at the end
of the next section.

3.5 Amplitudes with massless photons

The massless vector open-string state does not arise as an intermediate state in the four-
particle amplitude since all states are neutral under its (Chan-Paton) U(1) charge. Actu-
ally, all open-string amplitudes with a single external photon vanish so that none of the
massless scalar tree diagrams have intermediate photon poles. However, amplitudes with
two or more external photons are nonvanishing. For example, the amplitude with two
photons with polarizations ξµr

r (kr) and two massless scalar states is given by,

Aγγ(s, t, u) =
∫ 4
∏

r=1

dxrµ(x)ξ1µ(k1)ξ2ν(k2)Φ
a
3Φ

b
4〈0 | V µ

k1
(x1)V

ν
k2

(x2)S
a
k3

(x3)S
b
k4

(x4) | 0〉,

(69)
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where the vertex operator for a transverse photon was defined in (31) and µ denotes the
Moebius-invariant measure that can be used to fix three of the xr. The amplitude can be
written as

Aγγ(s, t, u) =
∫ 4
∏

i=1

dxiµ(x)
ξ1 · ξ2

(x1 − x2)2

Φa
3Φ

a
4

(x3 − x4)2

∏

i<j

(xi − xj)
kikj + · · · . (70)

Only the ξ1 · ξ2 term is displayed and the + · · · refers to other contractions, ξ1 · k3 ξ2 · k4

etc. (which are determined by gauge invariance). Evaluating the integral and summing
over all orderings on the disk gives,

Aγγ = ξ1 · ξ2Φ
a
3Φ

a
4

Γ(−u/2 + 1)Γ(−t/2 + 1)

Γ(s/2 + 2) sin(πs/2)
{sin(πs/2) + sin(πt/2) + sin(πu/2)} + · · · .

(71)

4 Low energy limit and principal chiral models

Since the tree-level S matrix for the massless scalars has the symmetries associated with
coset space nonlinear sigma models its low-energy limit should simply be such a model. In
order to make this explicit we shall now consider the low energy properties of the theory
with boundary condensates. This is a description in terms of the massless degrees of
freedom at energies such that all the massive string states are effectively integrated out.

Recall that the coset model with G = G×G and H = G is equivalent to the principal
chiral sigma model in which the scalar fields parameterize the group manifold of G. The
Goldstone boson (‘pion’) fields that arise in principal chiral models parameterize the group
manifold G, so that a group element is given by g(X) = exp(Φa(X)T a). The action of
the principal chiral model,

∫

dDx1
2
tr(g−1∂µgg

−1∂µg), (72)

has global invariance under left and right multiplication with group elements ρL and ρR.
We will first indicate how the low-energy effective action can be deduced by compar-

ing the low-energy behaviour of the n-particle S-matrix elements to terms in the expansion
in powers of Φ of conventional principal chiral nonlinear sigma models. Since g has an
infinite expansion in powers of Φ it is complicated to carry this out systematically beyond
the lowest orders. We will instead consider condition for the vanishing of the one loop
beta function that is the lowest-order requirement of conformal invariance will be seen to
be the familiar equations of motion for the principal chiral models based on the group G.
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4.1 Low energy limit of S-matrix elements

The low energy limit of the four point amplitude can be obtained from (56), (57) and (58)
by expanding the expressions in powers of s, t and u. This corresponds to an expansion
in powers of α′. The leading terms come from (57), using s+ t+ u = 0 and

sin
πα′s

2
+ sin

πα′t

2
+ sin

πα′u

2
= −

π3

16
α′3stu+ o(α′5), (73)

the contribution from (57) is,

A(1) = −
π2

2
tr(T a1T a2T a3T a4) u+ perms + o(α′2), (74)

while the contribution from (58) is

A(2) = −
π2

32
tr(T a1T a2)tr(T a3T a4)α′tu+ perms + o(α′3). (75)

Therefore, in the low-energy limit the dominant contribution to the four-particle ampli-
tude comes from A(1). This is just the form of the amplitude expected for a nonlinear
sigma model since it is linear in the Mandelstam invariants which means that it comes
from a lagrangian with two space-time derivatives. More precisely, the amplitude is re-
produced by an action of the form,

∫

dDx
(

1
2
tr(∂µΦ∂µΦ) + tr(Φ∂µΦΦ∂µΦ) − tr(ΦΦ∂µΦ∂µΦ)

)

, (76)

(where Φ ≡ ΦaT a
ij) which are the lowest-order terms in the expansion of the action (72)

of the principal chiral model. In order to verify that the leading α′ terms in the low-
energy limit are identical to those of the principal chiral model it is necessary to compare
amplitudes with arbitrary numbers of external Goldstone bosons with the amplitudes
derived from the Φ expansion of the field theory lagrangian. There are generally inter-
mediate massless poles in multi-particle amplitudes (a feature that does not arise in the
four-particle amplitude) which must be subtracted explicitly before taking the low-energy
limit, which complicates the procedure.

If the open-string photon is ignored the higher-order terms in the α′ expansion of the
massless scalar amplitudes give higher-derivative generalizations of the nonlinear sigma
model. For example, the terms of order α′ relative to the leading terms correspond to
a model with four derivatives. However, the presence of the photon affects the terms
beyond lowest-order in α′.

The observation that a single photon does not couple to any number of massless
Goldstone bosons is in accord with the fact that there is no action linear in the abelian
field strength F[µν] coupling to a function of the group element, g = eΦ·T . The simplest
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candidate for a covariant coupling betwen photons and the massless scalars is the linear
combination of two terms,

C
(

F[µν]F
[νρ] tr(g−1∂ρg g

−1∂µg) + αF[µν]F
[νµ] tr(g−1∂ρg g

−1∂ρg)
)

, (77)

which gives amplitudes with two photons. The constant α is undetermined in the low-
energy field theory but may be determined by comparison with the low-energy limit of
the string theory amplitudes. The low energy limit of the string amplitude is obtained by
expanding (71) in the Mandelstam invariants,

Aγγ = ξ1 · ξ2Φ
a
3Φ

a
4α

′
π2

8
ut+ · · ·+ o(α′3). (78)

On the other hand the contribution of the two terms in (77) to the four-particle amplitude,

Aγγ = ξ1 · ξ2Φ
a
3Φ

a
4C

(

u2 + t2 − 2αs2
)

+ · · · . (79)

Comparison of this expression with (78) uniquely determines α = 1
2

(and C is an irrelevant
overall normalization).

4.2 Equation of motion for principal chiral models

Before discussing the condition for the vanishing of the one-loop beta function we shall
review the form of the equations of motion of the principal chiral models in terms of the
field definitions that arise in the boundary condensate. The variation of the lagrangian
(72) under the infinitesimal variation δg = gκ is,

δL = tr(∂µ(g−1∂µg)κ) (80)

so that the equation of motion has the form

∂µA
µ = ∂µ(g−1∂µg) = 0, (81)

where Aµ = g−1∂µg is a flat non-abelian gauge potential. The equation of motion (81)
can be written as an equation for Φa by making use of the identity,

Aµ =
∞
∑

n=0

(−1)n

(n+ 1)!
(AdΦ)n∂µΦ, (82)

where AdCD = [C,D] (and C,D are matrices) so that,

(AdC)nD = [C, [C, [C, · · · , [C,D] · · ·]]] (83)
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(· · · indicates that there are n C’s in the expression). Applying another derivative gives
the equation of motion,

∂µA
µ =

∞
∑

n=0

(−1)n

(n + 1)!

{

(AdΦ)n∂2Φ +
n−1
∑

k=0

(AdΦ)k(Ad∂µΦ)(AdΦ)n−k−1∂µΦ

}

= 0. (84)

These expressions are more familiar when written in terms of the metric on the group
manifold, γab(Φ

c), with the action density (72) given by 1
2
γab∂µΦa∂µΦb, in which case the

equation of motion becomes,

γab∂
2Φb +

∂γab

∂Φc
∂µΦc∂µΦb − 1

2

∂γcb

∂Φa
∂µΦc∂µΦb = 0. (85)

4.3 The one-loop beta function and the Φ equations of motion

The total action for a space-time dependent boundary condensate is,

S = S0 + SB, (86)

where S0 is the bulk term and the boundary term is given by,

SB = 1
2

∫

dσΦa(X(σ)) (Ja
L(σ) + Ja

R(σ)) , (87)

where Ja
L(σ) = ψi

L(σ)T a
ijψ

j
L(σ) and Ja

R(σ) = ψi
R(σ)T a

ijψ
j
R(σ). We shall use a background

field method in which the space-time coordinates Xµ are written as the sum of a constant
classical part (X̃µ) and a quantum fluctuation (ξµ),

X(σ) = X̃ + ξ(σ). (88)

The background-dependent coupling Φ(X(σ)) is expanded in powers of ξ,

Φa(X) = Φa(X̃) + ∂µΦa(X̃)ξµ +
1

2
∂µ∂νΦ

a(X̃)ξµξν + o(ξ3). (89)

Since each ξ comes with a space-time derivative on the background field Φ and we are
interested in the low energy or ‘small curvature’ limit of the theory only a small number
of derivatives need to be considered to extract the leading α′ dependence. We shall keep
only terms with up to two derivatives. Using the expansion (89) in the boundary action,
SB, gives vertices with two fermion lines and arbitrary number of ξ lines. The fermions
and ξ propagators evaluated between points on the boundary are derived from the bulk
part of the action and satisfy the usual boundary conditions (i.e., Neumann boundary
conditions on ξ).
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We will calculate the one-loop counterterm bilinear in the fermion fields that renor-
malizes the value of Φ in SB. This has the form,

∫

dσψi(σ)Γij(Φ)ψj(σ). If the quantum
corrections preserve the property that the theory is conformally invariant the overall co-
efficient of the logarithmically divergent contributions (which signal a breakdown of scale
invariance) must vanish which means that the renormalization group beta function of the
scalar field must vanish for the background condensate to define a conformal quantum
field theory. This is equivalent to ensuring that the theory is BRST invariant by imposing
the condition,

QBRST e
∫

dσΦa(X(σ))Ja
L

(σ)|B〉 = 0, (90)

where QBRST is the bulk BRST charge. In the Siegel gauge this is equivalent to imposing
the energy–momentum tensor conditions, (14). However, the fact that the boundary
state satisfies this condition is not by itself sufficient to guarantee BRST invariance due
to possibility of an anomaly that generates a cosmological constant as argued by Fischler
and Susskind [30],[28],[27] (see section 5).

A priori, infinitely many diagrams contribute to this divergence (even to lowest non-
trivial order in α′, which involves a contraction of two ξ’s) because of the presence of the
constant term, Φa(X̃)ψi(σ)T a

ijψ
j(σ) which is quadratic in the fermion fields. It is sensible

to eliminate this term in order to reduce the one-loop problem to the evaluation of a single
diagram.

It is convenient to use the operator realization of the string path integral by quan-
tizing on equal τ slices on the semi-infinite cylinder (where τ is the axis of the cylinder).
The currents K = (JL − JR)/2 may be replaced by the left-movers JL using the fact that
the boundary state, | B〉, relates right-movers to left-movers and the partition function is
given by,

Z[Φ] = 〈P | exp
∫

dσΦa(X(σ))Ka(σ) | B〉

= 〈P | exp(
∫

dσ{Φa(X̃) + ∂µΦa(X̃)ξµ + 1
2
∂µ∂νΦ

a(X̃)ξµξν + o(ξ3)}Ja
L(σ)) | B〉,(91)

where the presence of the state 〈P | again allows for the coupling of the boundary to an
arbitrary closed-string state.

In order to evaluate this expression in perturbation theory the exponent is written
as a sum of two pieces, C and D, where

C =
∫

dσΦa(X̃)Ja
L(σ) = Φa(X̃)Ja

L0, (92)

is independent of ξ, while the second involves all powers of ξ,

D =
∫

dσ
{

∂µΦa(X̃)ξµ +
1

2
∂µ∂νΦ

a(X̃)ξµξν + o(ξ3)
}

Ja
L(σ). (93)
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The term C is the constant piece of the exponent (91) and can be moved to the left with
the help of Baker-Campbell-Hausdorf formula,

eC+D = eCe
∑∞

r=0,s=1
Hr,s(C,D). (94)

Here the Hr,s(C,D) are homogeneous polynomials of degree r in C and s in D which are
made out of multiple commutators of C and D The partition function may be written in
terms of the Hn,m’s,

Z[Φ] = 〈P | eCe
∑∞

r=0,s=1
Hr,s(C,D) | B〉. (95)

The factor of eC = eΦ
a(X̃)Ja

L0 simply transforms the closed-string bra state and can be
ignored. We will see that the one-loop logarithmic divergences come only from terms in
Hn,1 and Hn,2. These terms can be obtained by a power series expansion of (94) and are
given (after some algebra) by,

Hn,1 =
(−1)n

(n+ 1)!
(AdC)nD (96)

and

Hn,2 =
1

2

(−1)n

(n+ 2)!

n−1
∑

k=0

(AdC)kAdD(AdC)n−kD. (97)

As noted above we are interested in terms with up to two space-time derivatives
or equivalently two powers of the quantum fluctuations, ξ. There are two contributions
that we need to consider. Firstly, Hn,1 with arbitrary n contains terms of the form

∂µ∂νΦ(X̃)ξµξν coming from D. The expression in (96) can be simplified by using the fact
that C is proportional to the zero mode of the current so its commutation relations simply
reduce to group theoretic commutators, as can be seen from the general expression,

AdCχ =
[

Φa(X̂)Ja
L0,
∫

dσχb(σ)J b
L(σ)

]

=
∫

dσfabcΦa(X̂)χb(σ)Jc
L(σ)

=
∫

dσJa
L(σ)AdΦχ

a(σ), (98)

where χa(σ) is an arbitrary matrix-valued function and the second line makes use of the
definition of AdCD

a,
AdCD

a = (AdCD)ijT
a
ij . (99)

Denoting the terms in the sum in (96) (with C defined by (92) and D defined by (93))
that can lead to logarithmic one-loop divergences by H ′

n,1 we find by iterating (98),

H ′

n,1 =
(−1)n

(n+ 1)!

∫

dσJa
L(σ)(AdΦ)n

{

1

2
∂µ∂νΦ

a(X̃)ξµ(σ)ξν(σ) + ∂µΦa(X̃)ξµ(σ)
}

. (100)
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The terms Hn,2 defined by (97) are quadratic in D so they give rise to new terms that
are quadratic in ξ that arise as bilinears in D′ =

∫

dσ∂µΦaJa
Lξ

µ. As before, terms of the
form (AdC)kχ in (97) are given by the group theory that follows from (98). However, the
factors of the form AdD(AdC)n−kD involve a commutator of two terms which are linear
in both ξ and in the current densities. This commutator is given by,

[∫

dσ1J
a
L(σ1)∂µΦaξµ(σ1),

∫

dσ2J
b
L(σ2)(AdΦ)k2∂νΦ

bξν(σ2)
]

=
∫

dσ1∂µΦaξµ(σ1)
∫

dσ2(AdΦ)k2∂νΦ
bξν(σ2)

{

fabcJc
L(σ1)δ(σ1 − σ2) + δabδ′(σ1 − σ2)

}

. (101)

The terms on the right-hand side come from the equal time commutators of the current
densities, JL. The first term is,

∫

dσJa
L(σ)Ad∂µΦ(AdΦ)k2∂νΦ

aξµ(σ)ξν(σ). (102)

while the δ′ term in (101) gives
∫

dσ∂µΦ
a(AdΦ)k2∂νΦ

bδabξ[µ(σ)∂σξ
ν](σ), which will not

lead to a logarithmic divergence. As a result, the terms in Hn,2 that can lead to one-loop
divergences (denoted by H ′

n,2) are given by,

H ′

n,2 =
(−1)n+1

2(n+ 2)!

∫

dσJa
L(σ)

n−1
∑

k=0

(AdΦ)kAd∂µΦ(AdΦ)n−k∂νΦ
aξµ(σ)ξν(σ). (103)

The modified action given byHn,1+Hn,2 may now be used to calculate the logarithmic
divergent graphs, given by the following diagram,

i j
The vertex is the ξξ term in H ′

n,1 or H ′
n,2 in (100) and (103), respectively (the dashed line

indicates the ξ propagator and the full lines ψ propagators). In evaluating the matrix ele-
ment (91) the logarithmically divergent self-contraction of ξµ(σ)ξν(σ) at coincident points
requires regularization by a cut-off Λ defined by 〈ξµ(σ)ξν(σ)〉 = Gµν(σ, σ) = δµν ln Λ. The
contributions from (100) and (103) are,

a1 = Ja
L0

∑

n

(−1)n

2(n+ 1)!
(AdΦ)n∂µ∂

µΦa ln Λ. (104)
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and

a2 = Ja
L0

∑

n

(−1)n+1

2(n + 2)!

n−1
∑

k=0

∫

dσ(AdΦ)kAd∂µΦ(AdΦ)n−k∂νΦa ln Λ. (105)

In this discussion the presence of the term linear in ξ in H ′
n,1 (100) has so far been

ignored. This is a vertex with a single ξ that leads to the following one-loop diagram,
which is easily seen to vanish,

i j

The final result for the logarithmically divergent one-loop counterterm, Γ, is given
by a1 + a2. The vanishing of the beta function, βa = Λ−1dΓa/dΛ = 0, gives the equation
of motion,

∑

n

{

(−1)n

2(n+ 1)!
(AdΦ)n∂2Φa +

(−1)n+1

2(n+ 2)!

n−1
∑

k=0

(AdΦ)kAd∂µΦ(AdΦ)n−k∂νΦa

}

= 0, (106)

which is just the equation of motion of the principal chiral model given in (84), which is
equivalent to (85).

As a corollary we can now return to the discussion of the nonlinear transforma-
tions described in the last section. These nonlinear transformations can be deduced
from the partition function, (91), by considering the effect of shifting the Φ field (now
taken to satisfy the beta function equation) in the exponent of the partition function
to Φ′(X(σ)) = Φa(X(σ)) + ηa (with constant η) and using (94) with C = ηaJa

Lo and
D =

∫

Φa(X(σ))Ja
L(σ). For purely open-string processes, in which 〈P | = 〈0| in (91), the

factor of eC = eηaJa
L0 is equivalent to unity on the external closed-string bra state giving,

Z[Φ′] = 〈0 | exp
∫

dσ
∞
∑

r=0,s=1

Hr,s(C,D) | B〉 (107)

(more generally, the closed-string bra state transforms from 〈P | to 〈P |eηaJa
L0). We are

interested in the terms up to linear order in η in the remaining exponent. The term
independent of η is H0,1 = D (all H0,n with n > 1 vanish) while H1,n are the terms
linear in η involving n powers of Φ. It is easy to verify that H1,1 = 1

2
[C,D] and H1,2 =

−[D, [D,C]]/12 so that the exponent of (107) can be written as
∫

dσΦ′′aJa
L(σ) where,

Φ′′(σ) =
1

2
fabcηbΦc(X(σ)) +

1

12
fabef ecdηcΦb(X(σ))Φd(X(σ)) + o(Φ3). (108)

Thus, the theory is invariant under the nonlinear transformation Φ → Φ′ = Φ + η − Φ′′.
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5 Mixing of open and closed strings

The quantum loop corrections to the tree-level theory generate the coupling between
open and closed strings. It has long been appreciated [21] that the mixing of open and
closed-string states in the Minkowski space theory gives rise to a mechanism whereby
the closed-string antisymmetric tensor potential (B[µν]) gains a mass by absorbing the
massless neutral open-string vector state (with potential Aµ). The effective action for the
massive state can be written as

∫

dDx
(

1

6
dB2 +

1

2
(gB − F )2

)

, (109)

where F = dA and g is the open-string coupling constant. The modified gauge symmetry
of this action is δB = dξ, δA = dΛ + gξ, where Λ is a scalar and ξ is a one-form.
This can be used to define a gauge in which A is eliminated, resulting in the lagrangian
for a massive antisymmetric potential. In four dimensions the antisymmetric tensor is
equivalent to a scalar state defined by dφ = ∗dB and (109) displays the usual abelian
Higgs mechanism (in the nonlinear limit in which the mass of the Higgs particles are
infinite). The terms involving non-zero powers of g arise from a world-sheet with the
topology of a disk. There is an interaction between the closed-string state, B, on the
interior of the disk and the open-string state, A, on the boundary. The O(g2) mass term
for B comes from the coupling of two B states on the interior of the disk. In addition, the
dilaton has a non-zero coupling to the vacuum via its coupling to the boundary of the disk.
This generates a non-zero cosmological constant by the Fischler–Susskind mechanism [30].
This phenomenon may be associated with anomaly that comes from contact terms that
arise in proving the BRST invariance of amplitudes ([28][27]). These contact terms can
be ascribed to the presence of a zero-momentum dilaton and trace of the graviton in the
closed-string channel that couples to the disk boundary.

Since the closed-string sector carrying the gauge symmetry G × G at the enhanced
symmetry points couples linearly to the coset-space open-string states it is to be expected
that (109) should generalize to a non-abelian Higgs mechanism. The coset-space currents,
Ka, correspond to a linear combination of gauge bosons that should gain a mass by
swallowing the massless open-string scalar states.

The mixing of the coset-space pions with massless closed-string gauge fields is seen
from the non-vanishing of g〈phys|

∮

dσKa(σ)eik·X(σ)|B〉 (where 〈phys| is a physical closed-
string gauge particle state and we have explicitly included a factor of the open-string
coupling to illustrate that the pion fields are of order g). Furthermore, the fact that
the theory contains the requisite gauge invariance can be seen directly from the bulk
world-sheet action, in which the target-space gauge fields occur in the terms,

∫

d2z
(

ψL(∂ + ALµ · ∂Xµ)ψL + ψR(∂̄ + ARµ · ∂̄Xµ)ψR

)

, (110)
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where ALµ = Aa
LµT

a
ij and ARµ = Aa

RµT
a
ij are the background gauge potentials. In the

absence of boundaries conformal invariance requires these potentials to satisfy the Yang–
Mills field equations [31],[32],[33]. The target-space theory is invariant under the gauge
transformations,

AL → A′

L = ρ−1
L ALρL − ρ−1

L dρL, AR → A′

R = ρ−1
R ARρR − ρ−1

R dρR, (111)

where ρL = ρa
LT

a
ij = eΛL and ρR = ρa

RT
a
ij = eΛR are the gauge parameters for G×G. This

can be seen by substituting (111) in (110) and noting that the ρL and ρR dependence can
be eliminated by redefining the world-sheet fermion fields by

ψL → ψ′

L = ρLψL, ψR → ψ′

R = ρRψR. (112)

In the presence of boundaries this redefinition of the fermion fields affects the boundary
condensate because it changes the relation between the left-moving and right-moving
fermions at the boundary. The new boundary state must satisfy (dropping the primes),

(

ψR − iρRρ
−1
L ψL

)

|B〉ρ = 0, (113)

where ρL and ρR are here functions of the boundary values ofX(σ, τ). The boundary state
satisfying these conditions can be expressed in terms of the Lie-algebra valued functions,
ΛL and ΛR, by

|B〉ρ = exp
∫

dσ
(

ψi
L(σ)ΛLij(X(σ))ψj

L(σ) − ψi
R(σ)ΛRij(X(σ))ψj

R(σ)
)

|B〉. (114)

For infinitesimal Λ = ΛL − ΛR it is clear that the dependence on the gauge parameters
can be eliminated by shifting the scalar field in the boundary action,

Φ · T → Φ · T + ΛL − ΛR, (115)

which is a shift of the scalar fields in the coset (GL ×GR)/Gdiag.
This shift of the scalar fields is characteristic of the non-abelian Higgs phenomenon.

The low-energy action for the massive gauge fields embodying this gauge symmetry is,

∫

dDx

(

1

4
trF 2 +

g2

2
tr(AK +

1

g2
g−1dg)2

)

, (116)

where F is the non-abelian field strength for the dim(G)+dim(G) gauge bosons in G ×
G and AK = (AL − AR)/2 are the components in the coset directions in the algebra.
The dependence on the open-string coupling constant is consistent with the conventional
normalization in which Φ (where g = eΦ) is of order g. These scalar fields can be eliminated
by a suitable gauge choice in the usual manner. The equations of motion that follow from
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this action should be derived directly as the condition for conformal invariance of the
coupled bulk and boundary system.

The presence of the gauge field mass term in (116) originates from the coupling of two
massless vector states to the disk, g2

∫

dzdz′〈V aµ
± (z)V bν

± (z′)〉 (where V aµ
± = V aµ± Ṽ aµ). In

the frame in which the disk is represented by a semi-infinite cylinder this can be expressed
as the matrix element,

Aµνab
± = g2〈k | (αµ

1J
a
R1±α̃

µ
1J

a
L1)

∫ 2π

0
dσ
∑

n,m

(αν
nJ

b
Rm±α̃

ν
−nJ

a
L−m)e−ikX(σ)ei(n−m)σ

∫

dq

q3−N
| B〉,

(117)
where the length of the cylinder (the radius of the disk) is the one real modular parameter
for this process. This expression is divergent due to the tachyon in the cylinder channel.
Regulating this in a gauge-invariant manner leads to mass terms for the antisymmetric
combinations of gauge fields (with vertex operators V aµ

− ) while the gauge fields in the
unbroken diagonal group (V aµ

+ ) remain massless.
Thus, at the enhanced symmetry point half the gauge fields get masses of order g2

by absorbing the massless open-string scalars lying in the G × G/G coset space, leaving
dim(G) massless gauge fields in the diagonal subgroup.

However, the complete analysis is complicated by the fact that the massless closed-
string scalars (the moduli) also couple to the disk and may gain mass. Their masses are
determined by the two-point functions,

〈ΦabΦcd〉 =
∫

〈Ja
L(z1)J

b
R(z̄1)J

c
L(z2)J

d
R(z̄)〉disk, (118)

where Φab denotes the closed-string scalars with vertex operators Ja
LJ

b
Re

ikX . Among sev-
eral non-zero contributions this expression possesses a divergence due to the coupling of
a massless state to the boundary of the disk which has the form,

〈ΦabΦcdΦef〉sphere∆〈Φef 〉disk, (119)

where ∆ ∼
∫

dq/q ∼ ln Λ. The three-point function on the sphere has the form facef bdf

and the one-point function on the disk is proportional to δef so the divergence is due to the
exchange of the trace Φee. This is similar to the divergence associated with the massless
dilaton [30],[28],[27] and can be cancelled by adding a cut-off dependent condensate to
the classical theory which modifies the action by the addition of a term,

S = S0 + g
∫

d2zJe
LJ

e
R ln Λ, (120)

which corresponds to a non-conformal perturbation of the classical theory. There are ad-
ditional mass terms in (118) which give finite masses to Φee as well as to the antisymmetric
scalar fields, Φ[ab].
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6 Nonorientable world-sheets

We now turn to a brief discussion of theories defined on non-orientable world-sheets.
In such theories the closed-string sector space of states is projected onto the subspace in
which the ‘twist’ operator, Ω (that interchanges the left-moving and right-moving spaces),
has eigenvalue +1. This means that (1−Ω)|phys〉 = 0, where |phys〉 is a physical closed-
string state. This projection eliminates the antisymmetric tensor field and half the G×G
gauge fields, leaving those in the diagonal G subgroup. Similarly dim(G) massless scalar
moduli fields survive the projection. The presence of the operator (1+Ω) in a closed-string
one-loop amplitude generates the Klein bottle in addition to the usual toroidal world-
sheet. The open-string sector is restricted by the requirement that X(σ) = X(π − σ). In
the absence of Chan–Paton factors this kills the states at every odd level, which eliminates
the massless photon state as well as the open-string scalar states in the Cartan subalgebra
of the group G for generic compactifications. Loops of open string include a factor of
(1+(−1)N), which generates non-orientable surfaces such as the Möbius strip, in addition
to the orientable ones.

At enhanced symmetry points there is an ambiguity in how the open-string projection
is defined. If the generic projection is applied at these special points there are dimG− d
massless open-string scalars, parameterizing the space G/U(1)d. The coupling of n of
these coset-space open-string scalar states to a closed string is given by,

〈phys|Ka1(σ1)e
ik1·X(σ1) · · ·Kan(σn)eikn·X(σn)|B〉, (121)

where both the bra and ket are states on which Ω = 1. Since (1 + Ω)Ka(1 + Ω) = 0 the
coupling vanishes unless n is even so there is no coupling between a single open-string
scalar and a single closed string. Therefore, pion states do not mix with closed-string
states and the G gauge bosons remain massless as do the G/U(1)d open-string scalars.

Alternatively, at the enhanced symmetry points the non-orientability projection in
the open-string sector is naturally generalized to (1 + (−1)N+p2/2), where pI lies in the
(even) root lattice of G. In the fermionic formulation this corresponds to treating all
the fermions equivalently (whereas the projection of the previous paragraph distinguishes
pairs of fermions that form the generators of the Cartan subalgebra). This projection
is equivalent to allowing the center of mass, x, to wind around the around the compact
dimensions only an even number of times. It eliminates all of the massless open-string
scalar states. In this case the only massless staes in the theory are in the closed-string
sector, namely, the graviton, dim(G) massless vectors, dim(G) massless scalars and the
dilaton.

The considerations of this paper can be generalized to include non-trivial Chan–
Paton symmetry factors. Interesting work on the compactification of anomaly-free open
superstrings ([34] and references cited therein) shows a rich breaking of the Chan–Paton
symmetry that is dependent on the background fields of the bulk theory. These theories
are naturally non-orientable.
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