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1 Introduction

It is the purpose of the present paper to extend our previous work on Abelian gauge
theories to the case of the SU(2) Yang-Mills non-Abelian gauge field [1]. This extension
is not at all straightforward.

It is well-known that, in local quantum field theories, one encounters divergences which
arise from taking products of field operators at the same space-time point. As a result,
these products do not have a well-defined meaning. More than sixty years ago, Dirac [2]
suggested point splitting as a remedy for this difficulty: instead of taking all the field
operators at the space-time point x, a fixed four-vector ¢ is introduced so that only field
operators with different arguments (z, v + ¢, ...) appear in their product. As long as € is
taken to be different from 0, the products of field operators is well-defined and the theory
can be expected to be free of divergences, i.e., the theory is regularized. At the end of
the calculation, the limit e — 0 is taken, in order to recover the original theory.

A priori, there are many ways in which such a point splitting procedure can be im-
plemented [3, 4]. For gauge theories, however, one must ensure that the introduction
of this new parameter ¢ does not spoil the invariance under gauge transformations. It
thus appears reasonable that one first attempts to construct gauge transformations in-
volving products of field operators taken at different space-time points, which we shall
call generalized gauge transformations.

In a previous paper [5], we considered the Abelian case along these lines. To preserve
the Abelian character of the generalized transformation, we required that the commuta-
tor of two such infinitesimal gauge transformations vanishes. This requirement imposed
strong restrictions on the form such a transformation can take. Nevertheless, it was found
that such infinitesimal transformations could be constructed and that, for gauge trans-
formations on the fermion fields, they take the form of an infinite series in the coupling
constant e. This is to be contrasted with the standard U(1) case without point splitting,
where the finite gauge transformations on the fermion field are of infinite order in the
coupling constant, the infinitesimal ones being only first order in e.

In the original paper of Dirac [2], point splitting is used to assign different arguments
for the field operators. This convention is followed in our generalized gauge transformation
for the Abelian case. The Yang-Mills non-Abelian gauge theory is far more interesting;
in particular, such a reassignment of the arguments for the field operators is not enough.
Instead, it has been found that it is necessary to average over such arguments. This is
discussed in Sec. 2.

In this paper, we show how to incorporate the point splitting ideas in the gauge trans-
formations for the Yang-Mills case. We basically follow the ideas of the original Yang-Mills
paper [1]: we concentrate on the gauge transformations themselves, leaving the derivation
of the corresponding Lagrangian for later. At least to third order in the coupling constant
g, infinitesimal gauge transformations can be constructed which satisfy the condition that
the commutator of two such infinitesimal generalized gauge transformations be itself an
infinitesimal generalized gauge transformation. To obtain the generalized gauge transfor-
mation, we proceed iteratively, i.e., order by order. We see no reason why the iteration
procedure could not be worked out to arbitrary order in g. Once the pure Yang-Mills case
is treated, it becomes relatively straightforward to work out the case of an SU(2) doublet
in interaction with the Yang-Mills fields.



This paper is organized as follows. In Sec. 2, we discuss the generalized Yang-Mills
gauge transformations and show how the higher order terms in the transformation are to
be found. We give the resulting gauge transformation up to order ¢*. In Sec. 3, we treat
the SU(2) doublet case, and construct the generalized gauge transformations also to order
¢°. Finally, in Sec. 4, we present our conclusions.

2 Pure Yang-Mills

2.1 Introduction

Yang-Mills theories are invariant under the infinitesimal gauge transformation

—

64, (x) = = 9,8(x) + g Rlx) x A,(2). (1)

where K(l‘) is the infinitesimal gauge parameter and ¢ the coupling constant.

As stated in the Introduction, the product of field operators at the same space-time
point does not have a well-defined meaning, and point splitting was introduced by Dirac [2]
to remedy this situation. Instead of having A and A both at the same point x, the
arguments of these field operators in a product are taken, for example, to be x + € and
x — ¢, where ¢ is a fixed four-vector. Eventually, the limit of ¢ — 0 is taken.

Because the field operators are at the same point, the infinitesimal gauge transforma-
tion (1) also does not have a well-defined meaning. It is therefore essential to be able to
find a generalization of (1) where point splitting is incorporated. In this section, we show
how how such a generalized gauge transformation can be obtained in the non-Abelian
case.

For that sake, it is convenient to introduce the notation we shall be using. Anticipating
the result, we expand the gauge transformation on 14_1)#(:1;) in powers of ¢, i.e.,

REED S LERE) 2)

(m)

Sometimes, we shall use a lower index A on 6, and ¢, to refer to gauge transforma-
tions with a gauge parameters A. This is necessary for distinguishing different gauge
transformations.

The group property which has to be satisfied then reads

[z 60, ] () = 6pAu(a), (3)

where [ is the combined gauge parameter. Also, for this quantity we shall consider a
series expansion in the coupling constant:

L(x) = ig L) (1)

Our goal is to find 5(”)141)#(:1;) and E(”)(x) which satisfy the group property (3) order
by order.



2.2 Order g

To construct the generalized gauge transformations, we start with the following quite
general Ansatz:

5(0)‘2(#(1’) = —du\z),

A () = [ dep() (e + 0 x A - €0). (5)

In Eq. (5), we introduced the weight function p(¢), whose properties will be established
by the requirement of the group property (3). To preserve the Hermitian character of the
fields %_X)M, we must take p(€) to be a real function. Also note that, in the limit ¢ — 0, our
Ansatz reduces to the standard Yang-Mills transformations, provided that

+oo
/ d¢ p(&) = finite and nonzero. (6)

Through a redefinition of ¢, we can take p(¢) to be normalized:

[ o) =1, ™

without loss of generality. We shall always use such a normalized p(§).
To first order in g, the group property requires

[63)85) — 688 1 Au(x) = — 9, LM (x). (8)

The 1.h.s. of this equation reads

_/_—:o d¢ p(¢) [Kl(l' + Le) % auxz(x —fe) — KQ(J} + €e) X au/_\)l(x —£6)]

=0, dep©Ria ) x Bafe -, (9)

provided we take p(¢) to be an even function of . In what follows, we shall repeatedly
make use of the evenness of p(£), which we consider to be an important feature of our
Ansatz (5). By comparison with Eq. (8), we are led to the identification

I0G) = [ dep(€) B+ €6) x Rale — ). (10)

Already at this order in ¢, one discovers the usefulness of the the Welght function p(§): it
enabled us to find the expression for L , although the arguments of A and A in the gauge
transformation (5) are taken at dlfferent points. The essential role of the Welght function
will become even clearer in the next subsection where we study the gauge transformation
to order ¢*.



2.3  Order ¢°

In this order, the formulae become somewhat more complicated. We therefore introduce
some more notation in order to limit the size of the formulae and to increase their read-
ability. The group property (3) always refers to commutators of two successive gauge
transformations. To avoid writing down commutators, we propose to write only the first
term of the commutator, the second term with the A = A, interchange being always
understood.

Moreover, we shall drop the explicit x-dependence in the arguments of A and ‘Z(u-

Thus, K(fe) really stands for K(l‘ + e), etc.

With these conventions, the expression for Z(l)(x), e.g., becomes

i) =5 [ dep(e) Big) x Ra—60). (11)
Rewritten without these conventions, Eq. (11) would read
i) =2 [ dep@) [Rale +60) x Ko — ) — Rafe 460 x Koz 9], (12)
To order ¢?, the group property (3) now reads
(80880 + 6062 3,(0) = —0,L0(0) + [ depl€) T0(Ee) x Au(—e). (13)
We thus have to find L®(0) and §A,,(0) such that Eq. (13) is satisfied. Let us rewrite

Eq. (13) in such a way that the terms which are known from the order ¢ calculation
appear on the l.h.s.:

060 A (0) = [ de pl&) LV(Ee) x Au(—0) = = 0,LH(0) = 06D A 0).  (14)
In Eq. (14), the Lh.s. is explicitly given by

S [ dn p(€) p(n) { Ku(6e) x [Ra(—Ee +me) x Ay (=e —16)]
—[Ki(&e +ne) x Aa(be—ne)] x Au(—€o)}

= [ de [ dn p(€) p(n) {—Ki(€e+ne) [Aa(—Ee) - Au(e — ne)]

—Aulée+ne) [Ai(=€e) - Ry(ée = e)]

+A1(Ec +16) [Au(—€€) - Kol —ne) ]} (15)

where the integration ranges extend from —oo to 400 as usual. Note that in rewriting
the expression (15), we again made use of the evenness of the weight function p.

We first want to find a suitable L. To this end, we take a zeroth order gauge
variation of expression (15) with respect to a third gauge parameter As. Adding together
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the three terms obtained by cyclically permuting the indices 1, 2, and 3, we find that the
integrand of the expression becomes a total derivative

D Aa(Ee+ne) [Rs(—Ee) - Aa(ée—ne) ]}, (16)

where antisymmetrization with respect to the three gauge parameters A; is understood.
This suggests that we should take L(?) to satisfy

SOLO0) = — [ de [ dn ple) pn) Ki(ee +n0) [Ra(—¢0) - Kaée —we)]. (T)
This Eq. (17) has a number of solutions, e.g.,

£00) = [ d [y p(e) ot Katee 4 n (Rat-g - [ ar Al 1s)
Similar lack of uniqueness has already been seen in the much simpler Abelian case [5].
Here, we choose to take the solution (18) to proceed with the calculation. In the future,
when the theory of generalized gauge transformations is further developed, other choices
may turn out to be more appropriate.
In this equation (18), we introduced the line integral over %_1), which has the important
property that

0) /b dr® Ay (1) = —K(a) + A(b). (19)

Throughout the entire paper, we shall take all line integrals along straight line paths going
through the point x in the direction of e.
In what follows, we shall use the simplified notation and write

/a dA for /x—l—a dr® /_(O[(T) ) (20)
b o+b
Also note that, following our conventions, we have suppressed the z-dependence in the
integration limits of the line integral in Eq. (18).

Now that we have obtained [_:(2)(0), we can proceed with finding 5(2)141)#(0), which is
the only remaining unknown quantity in Eq. (14). Using the result (18), we have

0) = [ de [ anpie {a Bufeet o) Raf-g - [ )
Rt DR~ [ 4R+ Kafeet 0 [Ta(—€0) (6 e

—ge

~Ki(6e+n6) [Ra(—6e) - Au(=€0)] + Ka(6e + ) [Ra(—¢0)- /Qﬁ)ﬁdﬁu]},

—ge

where we introduced the shorthand notation

a 5 r+a =
/ dF, for / dr® Fuuo (1), (22)
b z+b



with . . .
F.,=0,A—-0A,. (23)

The presence of the &LZ_\) terms in Eq. (21) suggests the following terms for 5(2)14)#(0):

(5_77)6 —

e [ anoter ot {Siee + 9 La-ge)- [

—ge

~Aecrnaliee- [ et e

_55

Indeed, letting §(® act on this expression yields, among other things, the same &LZ_\) terms
which are cancelled in Eq. (14). Some simple algebra, using Eq. (19) shows that only one
term remains to be cancelled by a second order gauge variation on A,, namely

(5_77)6 —

[ de [ dnp(©) pn) Si(ee+ w0y Ra(—¢0)- [ af). (25)

—ge

Consider the following additional contribution to 5(2)141)#(0):

[ [ anseyota {on( [ ad- [T ar

_[K(—ge)./(g_mﬁ dF,) /O(W)E M} . (26)

—ge

[ts zeroth order gauge variation cancels the remaining term of Eq. (25), but introduces a
new term (=)
" -ne
[ de [ dn p(&) pn) Ka(0) [Ro(0) - [ dF] (27)
This term, however can be made to vanish if we choose the weight function p to satisty
the convolution property

[ ote =) otn) = pl6). (28)

This can be seen as follows. Let f be an arbitrary function. Then,

[ de [ dnp(€) plm) 1€ =) = £(=€)
—/df/dnp€+n /dfp (29)

where for the first term, we shifted the integration variable ¢ to £ 41, while, in the second
term, we carried out the n-integral using the normalization condition (8). For the first
term, the n-integral can now be performed by changing  — —n, using the evenness of
p(n) and the convolution property (28). Finally, the evenness of p(&) has to be invoked to
show that the two terms in Eq. (29) cancel. No special property of the arbitrary function
f was used in this argument.

Because the remaining term (27) is precisely of the form of the L.h.s. of Eq. (29), we
have thus shown that it vanishes.



To conclude this analysis to order g%, we summarize our results. We have shown that
the second order gauge transformation, the sum of (24) and (26),

00,0 = [ de fanote) ot {Siee 4o A-g0- [ ad
et B-eo- [ ad) e Koy [ Cad [ aR)
—[K(—fe) - /_(i—n)edﬁu] /0(5+77)6 dff} | (30)

together with the expression (18) for [_:(2)(0) satisfies the group property of Eq. (13) to
order ¢2.

It should be noted that the choice of the zero arguments for the functions A; and
As in Eq. (27) is arbitrary. The expression (27) also vanishes if we take arguments for
these functions which are independent of ¢ and n. However, this does not seem to lead
to essentially new features in the gauge transformations and complicates the writing of
the formulae somewhat. We therefore did not pursue this generalization. Of course,
the formula (30) for the second order gauge transformation would have to be modified
accordingly if nonzero arguments are chosen in Eq. (27).

To ensure that the gauge transformations only involve line integrals over finite do-
mains, we had to choose a weight function p which is even, normalized in the sense of
Eq. (8), and which satisfies the convolution property of Eq. (28). That such a function
indeed exists can be seen by considering its Fourier transform:

Rk = [ e pie), B31)

— 00

where R(k) is an even and real function of k because p(§) is also an even and real function
of £. In terms of the Fourier transform R(k), the convolution property (28) reads

R(k)* = R(k). (32)
which implies that R(k) is either 0 or 1. Many such functions exist, e.g.,

oo = -5 (33)




2.4 Order ¢*
To order ¢°, the expression to be cancelled by 8M[_:(3) and 5(0)5(3)14)# reads

[ e pl&) [Ra(ge) x 82 A, (—€e) = LD (ge) x A, (~¢e)]

where

WA = [axp(n) [ dre A(r+20) x Aulr = A,
b
O, = [Cdr (0,80 4.(7) - 0.604,(7)). (35)

The quantities LW and L in Eq. (34) are given in terms of the gauge parameters A
and A, by Egs. (11) and (18), respectively.

In analogy with the lower order calculations, we first determine L. To this end, we
find it convenient to rewrite

s

CSOF, = —6M A () + 6MAL(B) + 8, / TS0 (36)
b

Then, letting 6 act on the expression (34), and using the lower order relations

sV A, = —9,L0
(37)
A, = 0,00 — [deple) [Kuee) x 0 Au(—t0) — ID(ge) x Au(—€)],

we obtain once more a total derivative:

_ 9, {/dgp €) Ry(te) x L) (= ge)}



~0, f [ deann© ot {Ruen (100 [ ad 39

—&e
(6—n)e

~Kilge+ne) [Ra(—¢0)- [

1 = - = (E=nm)e o
A - 0k v (Ru-g0 - [ a1}

—ge

This result allows us to find L®) in the same way as we did for order g and ¢*:

[ [ ] dednano(e) ot 3
X {— [Ai(—€€) x Aa€e+me+Ao)] [/0(5_”)5 dg./o(“”‘”ﬁdg]

(E=me (€=m)e
- [A (fe)x/\g(fe—l—ne—l—)\e)][/og dA-/Og dA]

Lz

2
(é‘l' )E - = (5_) =

+ [ aAlR (56)/ A
0

1 &e 56

—5 (fe—l—ne / dA/

(+me (e-me
—/ ! dA[L(l)(—fe)-/ " aA
0

—ge

L= (E-me o pE+me
+5 I [T ad [T ad]
2 0 o

—(E+Ne o p(Eme
[A1(56—776)><A2( fe—l—)\e)][/o dA./O dA)

R
dA - / s AT
—ge

Ko

0

—[/()_&d[fxK1(§e+ne+Ae)][K2(0)-/(J dA]

] /0 CUE % Ry (e + 2| [a(0) - / Y ]} . (39)

0

The third order gauge transformation 5(3)‘2(# can now be obtained. Some lengthy algebra
shows that we can take



:///dfdndkp(f)p(n)p(k)

(+ne . (E-me
x{—/ ! dA[AM(—fe)-/ e A
0 —Ee

Y g v > (E=m)e o rlEtn—Ne
—[A(—Ee) x Au(Ee+ ne+ Ae) + A(Ee+ ne+ Ae) x A, (—Ee)] [/ dA./ dA]

o - - - (&€=n)e (&€=n)e
4o [A(—6) X Ay(Ee + e+ Ne) + AEe £ ne+ Ae) x Ay(—&e)] / dA - /

[N

= (E+n)e o

H[A(=€c + Ae) x /_(i_n)edA] [A(—€e— Ae) / dA]

0

(€=n)e (E+me o

M][X(—ge—Ae)-/ dA]

0

(At x [

_55

HACet 20 x Afee—na) ([ ad- [T aA)
——5 A (Ee+no)] /_ A /&

DA (e[ ad- [T ad)
__5 At [/(ﬁ-l-n)edg-/o(ﬁ—n)ﬁdg]
+ A0 i ii_”)e §0A]
F[A(Ee + e + Ae) x /0_& dA)[ A,(0) -/O(W_A)EM]
At netaa x [ adlRo) - [ ad)
Rtet 2 < [T ad A [ A

AL (—€e+ Ae) x /(J(g_")ﬁdff][x(())-/o_(g“)ﬁ dA]

(£+77)E 1 — _55 — (5_77)
+ / s A | / dA- /
0 0 —Ee

(4n)e . g plemme
—/ "R, [/ dA-/ M A
0 0 —Ee

N (£+77+/\)5 - (5_77)5 — (£+77_/\)5 —
—[A(—fe)x/E dA][/O dA-/( dF, ]

E—n)e
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- —be (E+n=Ne L plE=me
—[A(§e+ne+Ae)x/0 dA][/O dA-/O dF,

[A(—€e — \e) x/ dA][/ dA-/ dF,]
0 0

0

1 — _55 — (£+77)E — —
——A(O)[/ dFM-// Ax A
4 0 0

In Eq. (40), we introduced double line integrals which are defined by

be . (b+\)e .
/ Ax A= / / AP 1AL (1) % As(ma) ] [1 = sign(m — 12 — 226)],
a a—I—A

€

11

(40)

(41)



where

+1, if 1 — e > 1o + Ae,

sign(m — 79 — 2Xe) = (42)
-1, if T — Ae < Ty + Ae.

They are necessary to cancel the line integrals over 5(1)%_1), which appear in Eq. (34). For
a discussion of the properties of these double line integrals, we refer to the Appendix.
Eq. (39) for L® and Eq. (42) for 5(3)‘2(# are the third order expressions which are
needed to satisfy the group property to order ¢°. In their derivation, no new properties of
the weight function p have to be introduced. We strongly suspect that this analysis can
be carried through to arbitrary orders in g, but the algebra becomes quite formidable.

3 SU(2) Doublets

3.1 Introduction

Standard Yang-Mills theories, in which an SU(2) doublet () is coupled to Yang-Mills

fields, are invariant under the transformations

5‘2{#(1’) = _aux(x) +9 K(x) X ‘Z(u(x)v
Sele) = ~ig 37 Ke)b(a),
§(x) = Ba)ig 57 Ale), (43)

where 7 are the three Pauli matrices. The group property for the doublet field reads

[51\27 5A1]¢(x) = 5L¢(x) ) (44)

where the combined gauge parameter L is the same as for the the Yang-Mills fields. Of
course, ¢ (z) satisfies the same relation (44).

Our aim is to generalize the gauge transformations 63 and 81 (x) in such a way that
the gauge parameters A and the fields ¢ (and 1) are not at the same point z. To achieve
this goal, we again expand the gauge transformation on ¥ in powers of g, i.e.,

S() = D" ()

() = (8())4°. (45)

Our task is then to obtain, order by order, the expressions §(™(z) such that the group
property (44) is satisfied. We shall limit ourselves to order g°.

3.2 Order g
The Ansatz of order ¢, which we propose in analogy with our Abelian paper [5], reads
1 [too -
o) = =5 [ depl&)F - Ko +60) v + 26e). (46)
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where the weight function p(¢) is taken to be the same as in the pure Yang-Mills case.
Note that when € — 0, we recover the standard case of Eq. (43), because p(£) is normalized
in the sense of Eq. (8).

This Ansatz (46) has moreover the desirable property of leaving the mass term in the
action for the doublet ¢ invariant to first order in ¢g. Indeed,

o [ da () (e)

= 5 [da [ de &) [B(a+260) 7 Ko + € ) = Pla) 7+ Kl + €€) (e + 260)]

= 0, (47)

because we can shift the integration variable + — x — e in both terms, and use the fact
that p(&) is an even function of &.

3.3 Order ¢°

From now on, we again suppress the z-dependence in the arguments of A and P, as we
did in the pure Yang-Mills case. Also, we resort to our convention that commutators of
gauge transformations are always understood in our formulae.
To satisfy the group property (44) to order g?, we need an expression for 6 such
that
(S8 — 6501 (0) = —8{600(0) (48)

where L1 is given by Eq. (11) of the pure Yang-Mills case. The Lh.s. of this equation
reads

[ [ o€ p(n) 7+ Raee) 7 Raf26e 4 ne) w(26e + 200

i I "
+ < [ de [anp(&) pn) 7 [Ralge ) x Ralge—n9]w(26). (19)
Using the well-known relation
Tt = 6" pietere, (50)

the expression (49) can be rewritten as follows:
1 - .
[ e [ np©) ptn) { =5 [Ru€e) - a2+ ne) w(26e + 20¢)

7 [Ai(E€) x Ag(26¢ +ne) (2Ee + 2n¢)

T

—

b7 (Rt ne) x Kol —nd ] w20t . (51

e

13



This expression is cancelled by 51({;)51(&21);/)(0), if we take

2¢

50p(0) = [ de [ dn p(&) pln) {—é (R + Ragene))- [ ddpoizec+ 200

€

—5 T AIREe 490 + K(Ee )] x /(S;)Edff};b(%e—l—%e)

1, - - (2t+n)e
g 7R e+ K] x [T dA}p(te +2n)

1, > - ge S
A+ Kl x [ afyeecaf. o

Indeed, all terms in Eq. (51) get cancelled, except for introduction of two new terms
[ de [ oty ptn) { 7+ [Raee +ne) x Kaee +ne) (26 + 200

b7 g x Ralvee ). (o)

| e

However, these terms cancel because of the convolution property of the weight functions
p, in complete analogy with the calculations of Eqgs. (29).

We thus find that 64 in Eq. (52) has terms without 7 as well as terms with 7. Also
note that, in the limit ¢ — 0, the expression for 6?4 vanishes. Finally, it should be
pointed out that 6 leaves the mass term in the action invariant.

3.4 Order ¢*

In order to satisfy the group property of order ¢, we have to find a suitable third order

gauge transformation 6, such that (51& )51% W)(O) cancels

5850 + 60621 0(0) + 3 [ de ple) 7 L (ge) pi26e)

e [ ann@ o { S + I+ [T adyviages 290

_|_i§F-{[ D(2te 4 ne) + LY (€e + ne)] x /(;)Edff}@b(%eir?né)

i_, (28+n)e

_|_§7- {[ (fe—l—ne)—l—L (fe)] /(£+77)6 dA }p(26e + 2ne)

i ¢

P =+ T x 1 abucea} (54)

where L) and L® are the combined gauge parameters of the pure Yang-Mills case of
order ¢g and ¢?, given by Eqs. (11) and (19).
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The cancellation is achieved if we take
1
(3) -
6p(0) = = [de [dy [ dxp()pln) p()
X[ Cr(28e + 2ne + 2Xe) + Crp(2€e + 2n¢)

+i7 . Dy p(28e + 2ne + 2Xe) +iT - Do p(28e + 2ne) +iT - Dy ¥(2€e) ],

(55)
with
o (2t4n)e ge o
o = A(2§e+2ne+Ae)-[/ dAx/ dA]
(€4n)e (€4n)e
- (26+n)e = (2¢+2n+X)e
“R(ée) - [/ dA x/ dA]
(26+n+X)e (26+n+X)e
+2[A(¢e) % / dA+ A(€e+ ne + Ae) x / dA / dA
(E4+n+A)e (E4n+A)e (E4n+A)e
- &e S o (26+2n+N)e
“2[R(26e + 2n¢ + Ae) x / dA + K(€e +ne + he) / dA
(E4n+A)e (E4n+A)e
(E+me
: / dA
(E4n+A)e
- ge ~ (2e+20+XN)e
—ZA(fe—l—ne—l—)\e)-[/ dAx/ dA], (56)
(E4n+A)e (E4n+A)e
1 — — (2£+77)5 — —
Oy = —§[A(§e)—|—/\(2§e—|—ne)]-[//£ Ax A
o Ee - (264n)e
“9K(€e 4 ne) - [/ dA x / dA]
(€4n)e (€4n)e
- (26+n)e (26+n+X)e
A(¢e) - [/ dA x/ dA
(§=A)e (E+N)e
— 56 — (f-l—A)E —
“R(26e 4 ne) - [/ dA x / dA]
(26+n—X)e (2&4+n+2)e
o (264n)e ge o
A(Ee— Ae) - [/ dA ></ dA]
€ (E4+X)e
- (2&4+m)e (2&47n)e -
FR(26e 4 ne— de) - | / dA x / dA (57)
&e (26+n+X)e

and

—

o - ée o (2&+n)e
Dy = R(2€e+ 2pe + M) x [/ dA x/ dA
(€4n)e (€4n)e
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. (e+204N)e L petme
A€ X | /( dA x /( dA]

264n+A)e 264n+A)e
o 240+ (26+2n+N)e
12 A(¢€) x [/ dA x/ dA]
(E+n+X)e (E+n+X)e

— (f+ )E — 55 —
12 R (26 + 25¢ + Ae) x [/ A x / dA]
(E4n+XA)e (E+n+A)e

—

= &e - (26+2n+))e
+2R(Ee+ e+ Ae) [/ dA- / dA
(E4n+XA)e (E+ntA)e

5 (26+2n+N)e (26+2n+N)e
— Realf ai- [ dA)
(284n)e (26+n)e

[\Dl»—\

R

&e S
—— R(2e + 25¢ + Ae) [/ dA- / dA]
2 (2&4n)e (26+n)e

—2[K(2§6+2n6+A6) / dA

(E+n+)e

- &e o 2842+
—2[/\(56)-/( dA]/( dx,

E+ntA)e E4+n+A)e

(26+2n+N)e Ee 5
dA /
(

E+n+N)e

[A (2§6+776)—|—A§6—|—776 //£+77 A x 14_1)

[\Dl»—\

[R(€c + ne) + A(€e)] // " 3w A
&+

[\Dl»—\

(£+A)E —
A

—I—/ e dA x {] (fe—Ae)—l—K(fe—l—ne—Ae)]x/(

(E+n)e E+n+A)e

(26+n+X)e
+/ dA x {[A(2€c + ne — Xe) + Méc + e — Ae)] x / A
(&+n)e (E4n+A)e

—z/w dA x {[M(Ec— o) + A(EQ)] x/ dil

€

(264+n+r)e
dA

_2/£+77 dA x {[A(26e + ne— Ae) + A(26e + ne)] x /(2£+n)e

nd (£+77)E — (2£+77)E — — (£+77)5 — &e —
—Q[A(fe)-/( dA]/( dA_z[A(2§e+ne)-/ dA]/( dA
Ee

264n)e E+n)e E+n)e

—QA(fe—l—ne)[/ dA-/ A ]—I—A(fe—l—ne)[/ dA- / dA]
(&+n)e (€4n)e (2¢64n)e (2¢64n)e

. e L pE=Ne L
—Q[A(fe—l—ne)-/ dA]/( dA

(E+n+A)e E4n—N)e
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o (2+m)e o p(264n-Ne
—Q[A(fe—l—ne)-/ dA /( dA

(E4+n+X)e E+n—A)e
va(R(eetne- [ ad [ i
€+ ne /
T e (E4+n+X)e
2[R (e +ne) - / dA/ dA
(2&+n)e (E4+n+X)e

5 (26+m)e Ee 5 4 &e — (2&47n)e -
—|—4[A(£e)-/ dA]/( dA—|—4[A(2£e—|—ne)-/ dA dA

(E+n)e E+n+A)e (E+n)e (E+n+A)e
- Ee - (284m)e (26+m)e
—oR(ee+net A {l[ dAP+[[Tadp ([ aAPY, (59)
(E+n)e (E+n)e €
Dy = [X(fe—ne —I—Afe // A x 14_1)
(€+n)e

= (E=n=XNe &e -
—|—2[A(£e—ne—|-)\e)></ dA]x/( dA

(E=A)e

) €-Ne L e
-I-Q[A(fe—l-)\e)x/( )dA]x/( dA

E+n—XN)e E+n)e

+4K(56—Ae)[/& d/f-/(& dA]

(E4n+A)e E+N)e
- (E=me o plE+ntA)e
AN (Ee+ e — Ae) [/ dA-/ dA
(E4+X)e (€—n)e

- (E+n=Ne L pE+N)e
+4[A(56_A6)-/ dA]/( dA

E+n+N)e

—|—4[K(§6—|—776—)\6)-/ (60)

(E—m)e (E+n+N)e
dA / dA.
(e=A)e (

&+ )e

Similar to the third order gauge transformation §© )%_1) of Eq. (40), we note the appearance
of double line integrals in 6+, more precisely in Cy [Eq. (57)], in D, [Eq. (59)] and in

Ds [Eq. (60)]. These double line integrals are defined in Eq. (41) and their properties are
discussed in the Appendix.

4 Conclusions

In this paper, we have shown that, at least to third order in the coupling constant, it
is possible to construct generalized infinitesimal gauge transformations for Yang-Mills
theories incorporating the ideas of point splitting. In contradistinction with the Abelian
case [5], we found it necessary to introduce in the gauge transformation a weight function
p which averages over the splitting. Our analysis shows that the weight function has to
satisfy the following conditions:
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1. The function p(£) has to be a real function of the real variable { to preserve the
Hermitian character of the gauge fields.

2. The function p(¢) has to be an even function of £. This is not only desirable for the
sake of simplicity, but also necessary in conjunction with the next property.

3. The function p has to satisfy the convolution property (28)

7 dn ole = n) o) = o). (61)

to ensure that the generalized gauge transformations could be written in terms of
finite line integrals. Also note that the convolution property implies that the weight
function cannot be positive definite.

We studied both the case of pure Yang-Mills fields and the case of an SU(2) doublet in
interaction with the Yang-Mills fields. In analogy with the Abelian case, we find that the
infinitesimal generalized gauge transformations again take the form of a power series in
the coupling constant. We worked out in detail these gauge transformations to third order
in the coupling constant. The explicit forms of the generalized gauge transformations for
the pure Yang-Mills case are given by Eqs. (5) for zeroth and first orders, by Eq. (30)
for order g, and by Eq. (40) for order g°. The corresponding combined gauge parameter
is given by Eq. (10) for order g, by Eq. (18) for order ¢*, and by Eq. (39) for order
g°. For the case of an SU(2) doublet coupled to Yang-Mills fields, the generalized gauge
transformation, defined by Eq. (44), is given to order ¢ by Eq. (46), by Eq. (52) to order
g%, and by Eqgs. (55-60) to order ¢°.

In the Abelian case, we were able to show that the gauge transformations can be
constructed to arbitrary order. Yang-Mills theories being considerable more complicated,
we did not succeed in providing such a proof here, but we see no reason why our analysis
could not be extended to higher orders in the coupling constant.

Because the field operators in the generalized gauge transformations are at different
space-time points, we can reasonably expect that the corresponding Lagrangian will have
regulating properties. We intend to examine this exciting possibility in a forthcoming

paper.

Appendix

In the third order gauge transformations (39) and (55), we encountered the double line
integrals of the form

be _, 5 1 (b+A)e (b=X)e 57 4 .
[ Axd=g [ Car [ [Aun) x As(m)] [1 = sign(n — = 22e)). (62)
ae 2 (a+X)e (a—X)e

In this Appendix, we want to show how they transform under zeroth order gauge trans-

formations. More precisely, we want to show that

be _, 5 5 (b+Ne 5 (b=XNe
5<0>/ AxA:A(be—)\e)x/( | dA—|—A(ae—|—)\e)></( L
ae a+N)e a—M\)e

[ a A (r A0 X At — )+ A(r — A) x Au(r +A0)]. (63)

ac

18



To this end, we write

be _, 5 (b+A)e (b=X)e 5 5
/ Ax A = /( de“/ drj Aa(m1) x Ap(r)

€ atA)e 1—2Xe

(b=X)e P To+2Ae 5 5
— d / Ao Ao(11) X Ag(r) . 64
Joy, [ ) x As() (61)

It then follows that
be _, 5 (b+X)e (b=X)e 5 4
5<0>/ AxA = —/ / drl A (m1) % O5A(my)
ae a—I—A T1—2X€

To+2 e = =
—/ dT2 / dry 0a (1) X Ag(T2)

(a+X)e

_ _/ b: dre Ao(m) x [Albe = Ae) = A(my — 200)]

—/ dT2 A(m2 4+ 2Xe) — A(ae + Xe) | X %_1)5(7'2) , (65)
a /\ e

which is the same as Eq. (63).

It should be noted that the double integrals of the type (62) always appear in the
gauge transformations integrated over A with the weight function p(A). The evenness of
p(A) then allows us to obtain the simpler result that

/d)\p / /d)\p { (be — Ae) + A(ac — Ae)] x /( LA
a+N)e

be 5 =
-2 dr® A(T 4 Xe) X An(T — Xe) } ) (66)

ac

The last integral in Eq. (66) is precisely

be
—2 [ WA, (67)
as can be seen by comparing with Eq. (35). It thus follows from this exercise that the
double line integrals of the type (62) are essential for the cancellation of the terms involving

integrals over SMA.
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