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Abstract

One loop anomalies and their dependence on antifields for general gauge theories are
investigated within a Pauli-Villars regularization scheme. For on-shell theories z.e., with
open algebras or on-shell reducible theories, the antifield dependence is cohomologically
non trivial. The associated Wess-Zumino term depends also on antifields. In the classical
basis the antifield independent part of the WZ term is expressed in terms of the anomaly
and finite gauge transformations by introducing gauge degrees of freedom as the extra dy-
namical variables. The complete WZ term is reconstructed from the antifield independent
part.
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1 Introduction.

Most known fundamental theories are gauge theories. The deep knowledge of their gauge
structure is crucial to understand the classical and the quantum natures completely. The
recent work of strong-weak duality in supersymmetric gauge theories [1] suggests that our
understanding of the gauge properties is incomplete and new ideas to understand these issues
seem to be required. In this paper we address a more traditional aspect of gauge theories. We
will study the structure of gauge anomalies and the form of the WZ term [2] for general gauge
theories using the BRST symmetry [3][4]. In particular we will discuss a parametrization of the
one loop anomaly and the associated WZ term using a PV regularization scheme[5]. We will
see how the anomaly can be expressed in terms of PV regulator and the BRST transformation
[6]. This form of the anomaly is very useful in order to study the antifield dependence. For
theories with on-shell structure, i.e., with open algebras or on-shell reducible theories [7] [8],
the anomalies will be dependent in a non-trivial way on the sources (antifields) of the BRST
transformation. While for closed theories this dependence is cohomologically trivial. However,
using the WZ consistency conditions and cohomological techniques it is possible to construct
for closed theories antifield dependent candidate anomalies [9]. They cannot appear in any
regularized field theory calculation. The regularization procedure selects a subset of the ghost
number one nontrivial cocycles.

The presence of gauge anomalies implies that some classical gauge degrees of freedom be-
come dynamical (propagating) at quantum level. The WZ term can be written using these new
degrees of freedom. In general the WZ term also depends on the sources of the BRST transfor-
mation. The antifield independent part of the WZ term in the classical basis of the fields and
the antifields can be expressed in terms of the anomaly and the finite gauge transformations
associated with the on-shell structure as in the ordinary case, like Yang-Yills theory [10].

The organization of the paper is as follows: in section 2 we will introduce some basic concepts
and the effective action regularized by PV scheme up to one loop. In section 3 we will discuss
the structure of the anomaly. In section 4 the WZ term is analyzed and in section 5 we give
some conclusions. In appendix we give some discussion of finite on-shell structures.

2 One loop PV regularized effective action

Let us consider a general gauge theory with classical action So(¢). We assume its infinites-

imal gauge transformations §¢ = R'_(#)e* have a reducible on-shell open algebra structure .

Some relations of the gauge structure functions are :

R (9)R'55(¢) + Tas($)R4(¢) + Es($)So; = 0, (2.1)

1To make notation simpler we will consider only bosonic fields and bosonic gauge transformations.




R(9)Z3(¢) + V. (¢)So; = 0 (2.2)
and
P 6 j 6 6 1a 76
Z (=1) (Tﬁ%j Ko +T, Tgﬁ t 2o Fagy — Dg&ﬁv
PecPerm[o37]

S(),j) = 0, (23)

where Sp; ~ 0 is the classical equation of motion. The first one implies that the algebra closes
on shell, the second one means the transformation is reducible on shell and the third one is the
generalized Jacobi identity.

The whole set of such relations can be expressed in a compact way within the Field- Antifield
formalism [8] 2. We denote all the fields by ®4 (classical fields ¢, i = 1,...,n; ghosts c®,
a = 1,...,mg; antighosts ¢,; ghost for ghosts 7%, a = 1,...,m; etc) and their corresponding

antifields (Afs) by ®7%. The proper solution S(®,®*) of the Classical Master Equation (CME)
(§,5)=0 (2.4)

admits the local expansion in Afs,
*\ * oA 1 * f3* CBA
S(®,97) = So(@) + 3,5, (®) + 2<I>A<I>382 (®) + ... (2.5)

The CME (2.4) encodes all the relations among these structure functions such as (2.1)-(2.3) and
is determining the complete classical gauge structures [14][15]. The terms O(®*?) in the proper
solution appear for theories with open or reducible on-shell algebras. This basis reproducing
all the classical gauge structure is called classical basis(CIB). The BRST transformation in the
space of fields and antifields is generated by §- = ( - ,S) and it is nilpotent off shell,

& = 0. (2.6)
Even for fields this transformation gives terms depending in general on Afs,
§84 = (84,5) = SH(®) + STA(®) + ... . (2.7)

To perform perturbative calculations the basis is changed from the CIB to the gauge fixed
basis (GFxB). This change is implemented by an antibracket canonical transformation [16]
in general. Often discussed are those generated by gauge fixing fermions ¥(®). Under such
canonical transformation the fields are unchanged while Afs ®% are transformed to new Afs

K, in GFxB as

N 1)
¢, =Ka+ 55A (2.8)
In GFxB the proper solution reads
A 3\ 186 6V
d K _ T QA - Y Y% oBA
5(®, K) l80+5<1>A81 T 35345887 l
3\ 186 60
K A B4 - SUBA L
i lSl T555%r Tosepsgets T |t
=: S5(®) + K4 [6584] + ... (2.9)

2For reviews see [11][12][13].



The Afs independent part of the proper solution, Sy(®), has no more gauge invariance and
gives well defined propagators. It is invariant under the Afs independent gauge fixed BRST
operator 8y that acts on local functionals F'(®) of the fields by

62 = ( : 7$)|K:0' (210)
One can verify that éy is nilpotent on-shell,
63 ~0. (2.11)

Here the weak equality “~” means that it holds up to gauge fixed equations of motion Sy 4 ~ 0.
Nilpotent operators § and 6y are associated with the antibracket cohomology and the gauge
fixed weak cohomology respectively. Their relation has been studied in [17].

The quantum aspects of the BRST formalism are most suitably studied in terms of the
effective action I' which is obtained from the (connected part of) the generating functional by a
Legendre transformation with respect to the sources J4. We will consider a PV regularization
at one loop level. The generating functional is

Zreg(J, K) = /D@DX exp {% [$(2,K) + 5 My (2,K) + Sev(x,x" = 0; &, K) + JA<I>A]} :
(2.12)
where x4 are the PV fields. Each PV field x4 comes with its associated antifield x7, and they
can collectively be denoted as w* = {x4,x%},a=1,...,2N. PV antifields x* have no physical
significance and are put to zero at the end. The local counter term Ml(@, K) should guarantee

the finiteness of theory while preserve the BRST structure at quantum level if it is possible.
The PV action Spy is determined from two requirements: i) massless propagators and
couplings for PV fields should coincide with those of their partners and ii) BRST transfor-
mations for PV fields should be such that the massless part of the PV action, Sg;, and the
measure in (2.12) be BRST invariant up to one loop. A suitable prescription for Spy is [5] [13]

1 1
Spv = Sg; + Sy = §w“5'abwb — §MXATABXB, (2.13)
with the mass matrix T4p being invertible but otherwise arbitrary and S, is defined by
0 0,
Sab = | 5 >735(®,K) |, 2.14
b (az“ 0zb ( )) ( )

where 2% = {®4, K4} and [, r stand for left and right derivatives.
Application of the semiclassical approximation to (2.12) yields the regularized effective
action up to one loop [6]

I'(®,K)=S(8,K)+hMy(3,K)+ %Tr Ln l(sz()T—R()TM)l = 5(®,K)+hily(®, K). (2.15)

Here Tr stands for the supertrace and (Tﬁ)AB is defined from (2.14) as

(TR)ap = (a% 62"3 S(@,K)) : (2.16)




The denominator of the ”Tr Ln” term in (2.15) is the contribution from the integrations
over the PV fields and the numerator is the one from the quantum fluctuation of ®. The PV
regulator R is obtained from (2.16) and the form of the mass matrix T4p in the PV action
(2.13).

3 Antifield Dependence of the Anomaly

Once we obtain the effective action we can calculate the anomalous Slavnov-Taylor identity

[18][19][20]

(T',T') = —ihA, - T. (3.1)
Up to one loop we have
(T1,8) = -4, (3.2)
where ) ) o
A =1 AS 4 i{(M4,S) (3.3)
is the potential anomaly. More explicitly using (2.15), (3.2) and (3.3) we obtain [6][22]
. 1 AP, K
AS(®,K) = 5{——Tan [AR(—’)l} . (3.4)
2 R(®,K)- M

./le measures the BRST non invariance of the effective action and AS reflects the non
invariance of the path integral measure

D® — DI(1+ AS) (3.5)

under the classical BRST transformations §®4 = (@A,S). The form of (3.4) shows AS(@,K)
is satisfying the Wess-Zumino consistency conditions (WZCC), §(AS) = 0.
AS(®, K) can be rewritten as

1
1-2)

This parametrization of the anomaly is very important in order to study the antifield depen-
dence. Furthermore this expression shows that (potentially) anomalous symmetries are directly
related with the transformation properties of the regulator R. In particular, if R is invariant

A

AS(®,K) = Tr —%(7%—157%)

(3.6)

under some subset of symmetries or it is transformed as §R = [7%, G] by some operator G, the
Tr of (3.6) leads to a vanishing result. Notice that the anomaly depends on both fields and
antifields. In order to study this dependence it is useful to expand the PV regulator 7%(@, K)
with respect to the Afs K4, [6]

. 1
R(®,K) = Rs(®) + KaRA(®) + EKAKBR;“(@) + ... (3.7



It follows

AS(8,K) = 62{—%Tan RER%M]}
—Tr{—%RglRf l _1%]} ?;j + O(K)
=: (AS)5(®) — P4(®) iz O(K). (3.8)
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Note that in general ASx(®) is weakly invariant under gauge fixed BRST transformations i.e,
0z ASy, ~ 0. For integrals of local functions with ghost numbers greater or equal to zero we
have an isomorphism between the antibracket cohomology (2.6) and the gauge fixed BRST
cohomology (2.11)[17]. This fact enables us to reconstruct AS(@, K) from the part of ASs(®)
depending only on the minimal fields since the non-minimal sector ( antighost, extraghost,
B-fields) is cohomologically trivial. For theories with closed algebras and reducible off-shell
algebras, their actions are linear in antifields and thus § = 6y, ASy is off shell BRST invariant.
For these theories the antifield dependent part of the anomaly is trivial. However, using the
WZ consistency conditions and cohomological techniques it is possible to construct for closed
theories antifield dependent candidate anomalies [9]; these candidates cannot appear in any
regularized field theory calculation. The regularization procedure selects a subset of the ghost
number one nontrivial cocycles.

So far we have discussed the anomalies in GFxB. To write the WZ terms it is useful to
work in the classical basis as we will see in the next section. We can pass to the classical
basis by performing a canonical transformation; the inverse of (2.8). Since the Jacobian of the
transformation is 1 the expression AS(®,®*) in CIB is given by expressing AS(@, K) in terms
of the variables ®,®* in CI1B,

AS(®,8%) = AS(®,d, —

5U(d) 1 R(®, ")
5o ) = (73 l

— “TrLn 73,5 Ml ,S(®,2%)) (3.9)

Here R(®,®*) = 7%(@, o — 5«?45?) is the regulator in the CIB.

In order to exhibit the antifield dependence it is useful to consider first the following BRST
operator in classical basis. It acts on functions depending only on fields as

bo- = (-,5)

§*=0- (3.10)
It is nilpotent on shell, i.e. on the classical equations of motion; Sp; ~ 0 ;

be ~ 0. (3.11)
Next by expanding R(®, $*) with respect to &*

1

5
AS(®,%") = fo(— TrLn 150

lR(Z)(qi)Ml) - POgg o). 12

Using the fact that the non-minimal sector is cohomologically trivial it can be written as

AS(2,%7) = Au(¢)c™ + (P'g; + N, §) + O(87),

6



where

1
Aul(@)e” = 8o(~ Teln l%l) (3.13)
and R(¢) depends only on the classical fields. N is the local counter term that reproduces
the contribution from non-minimal fields. Notice that 6o A,(¢)c* ~ 0. As in the gauge fixed
basis the whole anomaly in the classical basis AS(®, ®*) can be reconstructed once the antifield
independent part is known [21][22]. Only for theories with on shell algebras the anomaly will
depend in a nontrivial way on the antifields.

4 The WZ term

If AS(@, K) found in GFxB is different from zero the path integral measure is not BRST
invariant. In some cases it is possible to restore the BRST invariance by a suitable choice of the
local counter term Ml(@, K) such that ./le = 0. In case no local counter term exists we have
a genuine anomalous theory. Physically it means that some classical gauge degrees of freedom
turn to be dynamical at quantum level. We can consider the gauge parameters as these extra
degrees of freedom. A natural question arises, when we enlarge the space of fields to ®# and
these extra degrees of freedom 6 [23][24], whether it is possible to find a local counter term

~

M1(®,0% K) such that its BRST variation § in the extended space gives the anomaly,
SM1(®,6% K) = iAi(®, K). (4.1)

This local counter term becomes the WZ term in the extended formalism. Due to the cohomo-
logical reconstruction procedure it is sufficient to find its antifield independent part M,(®,6%)
verifying

Ss M1 (®,0%) ~ i A1), (4.2)

where ./2(1(@) is the antifield independent part of the anomaly in gauge fixed basis. A solution
of this equation is given by a sum of general solution of the homogeneous equation and a
particular solution. The latter is given by the antifield independent part of the effective action
itself; —I';1(®).

There remains to find the general solution of the homogeneous equation. From the Yang-
Mills case [10] we know the relevance of the finite gauge transformation. Here we will use the
finite on-shell structure, see appendix. In contrast to the infinitesimal gauge or the associated
BRST transformations, the finite action of the gauge group in the space of all fields ®4 is not
known. We know the finite transformations for the classical fields ¢*. The composition of two
of these transformations closes only on the classical equations of motion. This is the reason
why we can give the general solution of the homogeneous equation in a compact form only in
CIB and not in GFxB.

Therefore to find the WZ term we first consider an equation in CIB which is corresponding

o (4.2) in GFxB )
SoM10(®,0) ~ i Ag o)™, (4.3)

where Ag o(¢)c® = A;1(®,®* = 0) and M, o(P,0) are the Afs independent part of the anomaly
and the WZ term, respectively, in CIB. The interesting property of the classical basis is that we



can find a solution of M o(®,6) depending only on ¢ and 6. A particular non-local solution
of (4.3) have been obtained in (3.13).

We can write the general solution of the homogeneous equation as an arbitrary function of
variable F(¢,0), which is the finite transformation of ¢‘, because we can introduce transfor-
mation properties of the extra variables (gauge parameters) such that SgFi(gﬁ,(‘)) ~ 0. In fact
using a relation obtained from the on-shell composition law (A.13) and

2 OF ($,0) i\ o, OF($:0) a
we find
86* = —1°%(8, 9)e” + Z2(6, 9)e’, (4.5)
where P (0, ¢) := %g,/;ﬁl o and Z2(9,¢) := %&ﬂ)‘ is a nullvector of %gl , see

(A.15). The algebra of transformations of ¢ and 6 remains to be open and on-shell reducible.
Therefore we have a new realization of the on-shell structure.

Now we can write a solution of (4.3) as a sum of the particular solution and the general
solution of the homogeneous equation,

Mio(9,0) = MIT(9) + G(F(9,0)), (4.6)
where M77'(¢) is obtained from (3.13). The function G(F') in (4.6) is fixed if we impose a

1-cocycle condition for the on shell structure
Muo(9,0(0,6'58)) ~ Mio(F(8,0),0) + Mio(e,0), (4.7)
we get
Mio(¢,0)  ~ MIT(8) — MIG(Fi(9,9)). (4.8)

If we write (4.8) as a surface integral in a variable ¢ and we use the on-shell Lie equations (A.11)
we have

non OMIT(F(9,t0)) OF(,t0)
Maolé,6) / T M“’ (9,¢6)) / dt BF B(t6°)

S P Mw

JalC

R (F(#,t6))X5(t0,6)6° (4.9)

$=F(¢,t0)

which can be written using (3.13) as

1
Mio(,0) = —i [ dt Aoo(F(8,16)\%(10, 6)6". (4.10)

0
Notice that this antifield independent part of the WZ term in the classical basis has the same

form as that for closed theories and off-shell reducible theories [10][24][6][26]. Now applying the
Afs perturbative method we can find the full WZ term

- - - - 1. - -
My (2, 9%) = Myo(0,0) + 23 M7 (D) + 5@;@;/\43;‘(@) + o, (4.11)



where ® is a collective notation of ® and 6. It is important to emphasize that the higher terms
such ./\/1‘141(&)) can not be written in a closed form in terms of the finite transformation.

The WZ term in the gauge fixed basis is obtained by means of the canonical transformation
(2.8). The antifield independent part will have the form

5T (9)
534
and is a solution of (4.2). The reconstruction procedure enables us to find the whole WZ term

My(®,K) in the gauge fixed basis from the knowledge of M;(®). Note that these expressions
are not written in terms of the finite transformation.

Mi(®) = Mio(¢,8) + ML (D) )+ ... (4.12)

5 Conclusions

We have constructed the one loop effective action for general gauge theories in a PV regu-
larization scheme. The non-invariance of the effective action gives the anomaly. The anomaly
is parametrized in terms of the PV regulator and the BRST transformation. This parametriza-
tion is very useful in order to study the antifield dependence. The anomaly depends on fields
and antifields in a non-trivial way for theories with an on-shell structure, i.e. theories with an
open algebra or reducible on-shell algebra.

Introducing extra degrees of freedom corresponding to the classical gauge degrees of freedom
they become dynamical at quantum level. We have constructed the local WZ term which is
depending in general on the antifields. The antifield independent part, in the classical basis,
has the usual form in terms of the anomaly and the finite gauge transformations. The full WZ
term is obtained using the Afs perturbation methods. The WZ term in gauge fixed basis is
obtained by the straightforward canonical transformation.

In this paper we did not discuss the issue of quantization of the extra variables, which will
be discussed in a future work where we will also study in detail the finite form of the gauge
structure and the corresponding infinitesimal structure functions.
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A On-shell Quasigroup Structure

Let us consider the action of an on-shell quasigroup G which is locally described by a set
of parameters > on a manifold M parametrized by the classical fields ¢'

F:MxgGg—-M
(¢ 6%) — F¥(¢,9) (A.1)
with the following properties 3.

3Here we only write the relevant properties of the on-shell structure useful for the discussion below.



i) Invariance of the action;
So( F(,6)) = Sol®). (4.2)

As a consequence we have the following relation between the equations of motion

Soi(F(¢,8)) = S5;*(¢,0)Sox(4)- (A.3)

i) On-shell redundancy in the parametrization;
Fi(6,f(0,¢¢)) = F'(¢,0) + (8, ¢ $)So,5(9) (A4)
where £(6, ¢;¢) and U¥(8, ¢; ¢) represents the on-shell reducibility.
i) Composition law;

FY(F(¢,6),0') = F(¢,9(8,0';6)) + M(6,8';$)So,;(¢), (A.5)

where ©%(0,6’; $) represents the composition function of the parameters of quasigroup G and
M'i(8,0'; $) represents the open character of the finite gauge transformations.

iv)  Associativity law;

P (0 (8,059),0"9) = f* (@ (6,0(8,0": F(4,6));8),1(8,8',0"8),8)+M(8,8,8"; $)So,i(9),

(A.6)
where M*(60,6',60";¢) and 7(6,6',6"; ) represent the modified on-shell associativity law for
the parameters.

v)  On-shell structure of the on-shell functions MY

{M7(0,0(6,0"; F($,0));0) + M™(6,6"; F(¢,6)5¢(¢,9) }
. {Mij(go(e,el,gﬁ),e”;gﬁ) 4 aF (F(¢7@(97‘9a¢’))7‘9 )Mkj(e,el;gﬁ) T

OF*
OF (4, F(0(0,0(8,0"; F($,0));6)),m(6,0,6";);8) oo o 10
afoz M (9,9,9,¢>) +
g OF*(,8) .
(0, (0,07 (6,005 0),0(0,0, 850 0) ) + 0Dy, )
= — Mijk(e,el,ell;¢)50,k(¢), (A7)

where M**(8,0',6", $) represents the non-closure of the on-shell structure.

In a general situation the functions M** are not close on-shell. New structure functions
appear when we perform the composition of four or more transformations.

The structure functions appearing in the solution of the classical master equation are directly

related to these functions only in the classical basis. For example those appearing in the algebra
(2.1) and (2.2) are given as

OF'(¢,6)
00~

8%p7(0,0';
e (T o)

9=60'=0

Ra(¢) =

6=0

10



i M8,
£ = - (Pt o)

6=6'=0
6fa(‘9767¢’) 7] aqlij(‘9767¢)
7%¢) 1:= — 1172 Vo) i=— —F A8
)= O v =l (A9)
The ones appearing in the generalized Jacobi identity (2.3) are :
1 63770(9 9/ 9// ¢))
Fi ()= —2 Y (-1F ( o (A.9)
o 3 PcPerm[a3y] 86=06'° 90" 9=0'=6""=0
and o3 (9 9. 9" ¢))
. 1 Mul
D ()= Y (-1)F ( 1 ) : (A.10)
“ 3 PePerm[afy] 969896 0=6'=6"=0

A detail analysis of the on-shell structure and the relation with the work of [25] will be
published elsewhere.

From the on-shell composition law (A.5) we can obtain the on-shell Lie equation by multi-

plying an operator % oo OO0 it. It is explicitly
OF(¢,0 , OM (9,6
W0 _ myr(a. o) 0,0) - Wo(0,0) 0T s ), (A
00 ol 9'—0
where \? (6, ¢) is the inverse matrix of
o 9p*(0,6', ¢
ps(0,8) = % (A.12)
4'=0
On the other hand if we operate % oo OO0 (A.5) we have
OF (¢,0) i/, _ OF($,6) g OM(¢',6; 4)
6¢)k Ra(¢’) - 6‘9'8 H a(67¢’) —I_ 69/'8 #'—o SO,J(¢’)7 (A13)
where Wy
i, (6,9) 1= 2205 09) (A.14)
8'=0
Finally applying operator %‘ _,on (A.4) we get
OF($,8) 4 _ 0T(8,6¢)
BYE Za (97 ¢’) - Hea o SO,J(¢’) ) (A15)
where A,
Z;(0,¢) := UL (A.16)
Oes o

11
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