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Abstract

We demonstrate that the technique of abelian bosonization through duality trans-
formations can be extended to gauging anomalous symmetries. The example of a Dirac
fermion theory is first illustrated. This idea is then also applied to bosonize a chiral
fermion by gauging its chiral phase symmetry.

Two dimensional field theory has long proven to be a fruitful area of investigation.
An interesting phenomenon in two dimensional field theory known to physicists for
some time is bosonization [1]. It states the equality of the correlation function of some
operators of two apparently different theories, one being a theory of a Dirac fermion
and the other that of a scalar boson. Conventionally this equality is expressed in terms
of bosonization rules [2][3]. Recently C.P. Burgess and F. Quevedo [4] have shown how
to systematically derive these rules for bosonization in two dimensions as a particular
case of a duality transformation [5]. The technique is, briefly stated, that first the
phase symmetry of the fermion theory is gauged which adds a new gauge field 4, to
the theory. The corresponding field strength F),, is then constrained so that it vanishes
everywhere. This constraint can be incorporated through a Lagrange multiplier field
¢. To obtain the bosonized action one fixes the gauge (0- A = 0) and integrates out the
original fermion field as well as the new gauge field A,,. One is then left with a bosonic
action in terms of the Lagrange multiplier ¢. On the other hand, integrating over
the Lagrange multiplier field ¢ and the gauge field A, recovers the original fermionic
theory. In other words, this method is a change of variable with the path integral, a
change from a fermionic variable to a bosonic variable.
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A slightly different way of representing the same idea is with the following path
integral identity!:

| DYDAALA] expliSelb, Amansbd) = [ DbexpliSelpanbl] (1)

where Sg(1,a,,b,] is an action for fermionic theory and a, and b, are external fields
which couple to ¢ (see below) and we assumed S'F[¢,AN = 0,a,,b,] = Sr[¢,au,b,].
Here A[A,(z,t)] = [, 6[Au(z,t)] is the functional delta function. Eq.(1) shows that
one has a great deal of arbitrariness in adding A, to the action provided one takes the
functional integral over DA,A[A,]. For topologically trivial space-time one can write
A[A,] as A[D- A]JA[}€*” F,,] and the bosonization can be carried out by writing one of
these functional delta functions as its functional Fourier transform and performing the
1 and A,, integrations. The Fourier fields then play the role of new variables. Following
this prescription, in general, leads to a nonlocal action unless A, is introduced in to
S in a special way. In [4] it is shown that if one adds A, through the gauging phase
symmetry of the original Dirac fermionic theory, one ends up with an action in terms
of the Lagrange multiplier implementing A[%GWFW] which is the bosonized action and
local as well. In this letter we will show that if one adds A, through gauging the chiral
phase symmetry of the original Dirac fermion theory, one ends up with the same local
action. We will also demonstrate that the new bosonic field is a Lagrange multiplier
implementing either A[¢*”F,,] or A[0- A] in general. In certain special cases though
there is no freedom in this choice, for example for non-chiral rotation studied in [4]
one must use A[%GWFW]. Finally, we apply this idea, to illustrate how to bosonize
chiral fermionic theory by adding A, into the theory through gauging its chiral phase
syminetry.

We start with the following generating functional for massless Dirac fermion:

Zlay,b,] = /D¢eXP[iSF[¢aaM’ bu]] (2)

where
Splthy b, = / Pe(~ PO, + iy ipay + iy yab,). (3)

and a, and b, are external fields. This classical action has the following chiral phase
syminetry 2, ) )
7 7

¥ — explo(g+ Dat (g Days]y (4)

which is a constant phase rotation of right (left) hand component of ¢ by a (ga).

In the following, we gauge this symmetry and constrain the gauge field A, so that it

vanishes. Following the above discussion the generating functional can be written as,

Zla, b, = / DYDALA[D - A]A[%G“VFW] expliS [, Ay a b,] (5)

! Throughout the paper space-time is assumed to be flat with topology Rs. We also ignore all
irrelevant normalization constants in path integral.
2Qur conventions are: z° = ¢, 2! = 2, 9! = —%° = O = 1,45 = ioy, 11 = 02,73 = 9! = 3 and

YL = %(1 + 73).



where

STy Aty bl = [ alBr*(=8u+ (a4 DAt 5(a~ s+ i+ ivsbi) - (6)

Using the identity y*ys = v,€"#, one can perform the fermionic integral in eq.(5). The
result is [6]:

/D¢exp[i/d2m[$'y“(—3ﬂ +iA, )] = exp[—siﬂ_/d%ﬁ’we“”ﬂ_lﬁ’we"”]. (7)

where

. 1 1
4, = i(q +1)4,+ i(q —Dew A + ay + €ub”. (8)

Now at this point we have to add a new bosonic field to the theory through Fourier
transform of one of the delta functionals. We may write the following functional Fourier
transform:

Al Ful = [ Doexpli [ #eloo e B (9)

Replacing eq.(7) and eq.(9) into eq.(5), the generating functional becomes
Zlab) = [ DEDAAIG- A)expliS[6, A, 0,0 D] (10)
where

516, 4w o8] = [ 2l - (g + D) Fy + BYS (a4 1) B + B) + 266 o

(11)
and we defined B = ¢*¥0,a, + 0 - b and set 0 - A = 0. Now we finally perform the
integration over DA,. From 8- A = 0 we conclude that A4, = ¢,, 0"}, so we do change
of variables as A, — A. Since determinant of ordinary derivative is a constant, the
Jacobian for this transformation is an irrelevant constant, so DA,A[0 - A] = DA. In

terms of A we also have F,,,¢#¥ = 20\. Therefore, equation (10) can be written as®,
Zlaw b} = [ DeDNexpli [ e~ BB+ Q)] (12)
i
where 1
Q) = (g + 1°ADA+ [~ 5-(g + 1)B + DA (13)

Since Q(A) is quadratic, it can be expanded around its saddle point, A., as

Q) = — (g + 1P = A)O - A) + Q0\) (14

where the saddle point satisfies the following equation

1
__(q + 1)2D}‘c + (

= o (g +1)B +0¢) = 0. (15)

T

8We assume our fields to fall to zero at spatial infinity sufficiently quickly to permit the neglect
of all surface terms.



The resulting A — A, integration is an irrelevant constant. Therefore, equation (12)
reduces to

Zlaw b = [ Doexpli [ dal--_ BB+ Q)] (16)
where Q(A.) simplifies to
_ ™ e -2 4By Lot

Replacing this into equation (16) and using the definition for B, we end up with
following bosonic action:

5[y s by / dal- 2T ¢a“¢+—au¢(e““au+b“)]- (18)

Note that the nonlocal terms from performing the ¢ and A, integrations are canceled
as in the non-chiral case [4]. In terms of the canonically-normalized scalar variable,

A= i%gb, the dual action takes its standard form:

1 1 1
SBIA, a,,b,] = / Pal—30APA+ —BAV + T DA a,]. (19)

Comparing the coefficients of a, and b, in equations (3) and (19) shows that the
currents in these two theories are related by

— 1 — 1
iwpyH e — —ﬁe’“’&,A WYY — ﬁal‘A- (20)
For ¢ = —1 eq.(14) becomes linear and eventually eq.(19) turns out to be nonlocal. To

cure this problem we use the following functional Fourier transform instead of eq.(9)

AlD- 4] = /D(;Sexp[i/dZa:[qS@ A (21)
Replacing eq.(7) and eq.(21) into eq.(5), the generating functional becomes
Zlausby) = [ DDA Fo expliS[8, Aus ] (22)
where
S, A, b, /d2 » 5 _1)8- A+ B)D_l(%(q _1)8-A+B)+¢0-A] (23)

and we set ¢#¥F,, = 0. To perform the integral over the gauge potential, 4, , we do
change of variables as A, — p with A, = J,,p. By doing the same steps as before, we
end up with the following bosonic action:

aléast]= [ el 0,00+ oo, v (20

which turns out to be nonlocal for ¢ = 1. In terms of the canonically-normalized scalar
variable, A = igqﬁ, the dual action is equal to equation (19). This ultimately shows



the use of anomalous symmetry in duality transformations for bosonizatoin of Dirac
massless fermion theory in (141) dimension. However, we emphasize that the bosonic
field in the dual theory must be chosen to be the Lagrange multiplier implementing
A[3¢*F,,] in the case ¢ = 1 (non-chiral phase rotation), of A[d- A] in the case ¢ = —1
and of either of them in other cases.

Now using the fact that anomalous symmetries potentially has the ability to bosonize
Dirac fermion field, we shall bosonize chiral fermion field by employing its anomalous
chiral phase symmetry. Consider the following generating functional for chiral fermion
particles:

Zla,) = / Dyr expli / e Ppy(—0, + ia,)¥r] (25)

where a, is an external field. This classical action has phase symmetry, Yp —
exp[ia]yr, where a is constant. Adding an A, field through gauging this symme-
try and constraining the gauge field to be zero everywhere, one can write eq.(25) for
trivial space-time topology as,

1 .
Zlay] = /D¢RDAMA[3 : A]A[ieme/] exp[iSr[Yr, Ay, aul] (26)
where
SR[VR, Ay a,] = / PPy (0, + 1A, +ia, )R, (27)
The result of performing D g integral is [7]:
| Donexsli [ dafny (6. +iduval) = explg: [ el 07 (Fue ~20- A)
(28)

where Au = A, + a,. Using the identity B = pavpBr _ perpBY one can show that
(Fe® +20- A)OY(F, e —20 - A) = 4A - A. Therefore, eq.(28) can be written as

L.H.S. = expl; > / Pa( By e —20- A0 (Fpe” 20 4) - = / Ped- A (29)

Using the fact that eq.(28) is fixed only up to a local polynomial in the field Au and its
derivatives ¢ the last term in eq.(29) can be dropped by adding a local counterterm.
Now we have to add a new bosonic field in to the theory through Fourier transform of
one of the delta functions in eq.(26). Since phase symmetry in this case in corresponding
to ¢ = 0 of previous example, the new scalar field can be Lagrange multiplier of either
of the constraints in eq.(26). Writing A[0- A] with a Fourier transform, eq.(26) becomes

Z[a,] = / D(;SDAMA[%G‘“’FW] expliS[ A, a,]] (30)
where

S[Ay,a,] = /dZm[;—;(—a-A—l—e‘“’aﬂaV—3-a)D_1(—3-A—|—6“”3Na,,—3-a)—|—¢3-A] (31)

“The same freedom occurs in performing the fermion path integral in eq.(7).



and we set ¢’ F,,, = 0. Performing the DA, integral, one ends up with the following
local bosonic action:

Snple, a, = / Pa-70,00 ¢ — (Oup — O dey)al]. (32)
In terms of canonically-normalized scalar variable, A = —+/27¢, the bosonized chiral

fermion action is

1 1 5
SralA, a,] = / Pal =5 0uMON+ o (Buh — 0" A )a¥). (33)
To compare eq.(33) with original chiral fermion action, we write both action in light

cone coordinate, 2% = %(az + t). The chiral fermion action takes the following form:

Selvmau) = [ Eevi(-0: +ias)vn (31)
and using the fact that n,_ =1 and e, = —1, eq.(33) becomes
SrB[A, a,] = /d2m(—13+A3_A—|— L3_Aa_|_). (35)
s 2 NG

Eq.(34) shows that g has only right-moving modes, i.e., ¥ r(2,t) = Yr(2_), and only
the a; component couples to it. On the other hand eq.(35) indicates that A will have
both right- and left-moving modes, i.e., A(z,t) = A(z4) + A(z_), but source only
couples to the right-moving modes through 0_A(z_). To compare from symmetry
point of view, we add a local counterterm, %aﬂa“, to the eq.(31) and it changes eq.(33)
to the following form:

1 1 1
_ 3#A _ M
\/27raﬂ)( N )+ 227

1 .
where F* = 0#a¥ — §a*. Under da, = J,a and §A = Neria transformation, the

SralA,a,] = / d%[_%(auA_ AewF™]  (36)

bosonic action has the following “classical” anomaly:
1
55nplh, 0] = o / Prac,, F (37)
s

which reproduces the quantum chiral anomaly of fermion theory [8]. This illustrates
our claim about abelian chiral bosonization as a duality transformation.

Discussion

We have shown how to bosonize massless Dirac fermionic theory through gauging
its chiral phase symmetry. The gauging of the chiral symmetry results in the addition
of an A, field which is then constrained so that it vanishes everywhere. Also new scalar
boson field is introduced into the theory by writing part of A[A,] as functional Fourier
transform. This new scalar field is a Lagrange multiplier implementing A[3 - 4] in the
case ¢ = —1, implementing A[%GWFW] in the case ¢ = 1 and one is free to choose

6



either of them in other cases. Thus one is able to bosonize chiral fermion theory by
exploiting chiral phase symmetry. In this example, ¢ = 0, we were free to choose the
scalar field as the Lagrange multiplier of A[8 - A] or A[1e#F,,].

We now ask the question of why in the case ¢ # +1 both constraints appear on
the same footing whereas in the case of ¢ = £1 they do not. The answer is that, in
g # £1 case, if one implements both constraints and integrates out ¢ and A, one ends
up with a nonlocal action containing two indistinguishable scalar fields, the Lagrange
multipliers of A[d - A] and A[3¢#*F,,]. The local dual action may then be obtained
by integrating out either one of them. In contrast, in the case ¢ = 1, after integrating
out ¢ and A, one ends up with a local action in terms of the Lagrange multiplier of
A[%GWFW] only and similarly in the case ¢ = —1, in terms of the Lagrange multiplier
of A[@-A]. In each cases the second Lagrange multipler appears trivially in [ DPA[O¢]
and so it can be ignored.

New bosonic fields could be introduced in to the theory in a slightly different way
through writing A[A,] as functional Fourier transform. In this case the Lagrange
multiplier is a contravariant vector, 2. In topologically trivial space-time one can
make a change of variables to 4, = 9,4 + €, 0"B and Q* = 0*w + €*¥0,¢ where
A,B,w and ¢ are scalars. Integrating out i), A and B, one ends up with the same
result as in the previous paragraph for different ¢’s.

Our extended work on duality illustrates that a theory can be dualized by gauging
any of its classical symmetries irrespective of quantum anomalies. Although the dual
of Dirac massless fermion is always the same for any choice of ¢, it may be possible to
discover models in which two dual theories are different. We also remark that the result
of this paper also shows that in cases in which the original theories have no quantum
symmetries but only classical symmetries such as chiral fermion theories one can still
use these techniques to find their dual theories. Therefore, it may be interesting to
extend the present example, abelian chiral bosonization, to the nonabelian case [9]
which also has only classical symmetry.

There are other path integral approaches to abelian bosonization [10]. Smooth
bosonization depends on introduction of a collective field through a local chiral trans-
formation, ¢ (z) = exp[iA(z)ys]x(z). By using a Fadeev-Popov type trick, A(z) is
promoted to a dynamical field and theory containing both fields becomes gauge in-
variant. In this method the pure bosonic or fermionic theory emerges through two
different gauge fixings of the enlarged action. This method may be extended if one use
P(z) = exp[i(q+ 1)A(z) + £(g — 1)A(z)73]x(z) as the local chiral transformation.
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