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1 Introduction

Recently [1], we have described the solution of the constraints for (2,2) supergravity
in (2,2) superspace in terms of unconstrained prepotentials. For the nonminimal
Uy(1) @ Ua(1) theory, these are a real vector superfield H™ and a general scalar
superfield S. In the “degauged” minimal theory where one of the U(1) connections
is set to zero, a further constraint expresses the superfield S in terms of a chiral
superfield o (for the Uy(1) theory), or a twisted chiral superfield & (for the Uy (1)
theory). We gave explicit expressions for the vielbein, the connections, and the
vielbein determinant F. With these results at hand, several applications become
possible. In particular, we have studied the theory in light-cone gauge and derived
the Ward identities associated with the (nonlocal) induced (2, 2) supergravity action
[2]. One can also discuss the fully supersymmetric quantization of the theory. We
have described in a separate work the general coupling of two-dimensional (2,2)
supersymmetric matter to supergravity and the corresponding component actions

3].

For this latter application, a knowledge of invariant superspace measures in full
superspace and in chiral (or twisted chiral) superspace is necessary, as well as pro-
jection formulae that allow one to obtain the corresponding component actions. In
this paper we describe this aspect of the theory — the construction of invariant ac-
tions, the determination of the measures (in particular of chiral or twisted chiral
densities), and the projection formulae that enable us to go from superspace actions
to component actions. In the words of an esteemed colleague “the construction of
superinvariants is more an art than a science”. We show here that, at least in the
two-dimensional (2,2) theory, this construction is in fact a science.

Our paper is organized as follows: in section 2 we summarize the relevant infor-
mation about the (2,2) supergravity theory and the solution of the constraints. In
section 3 we show how, for the minimal U4 (1) theory, one obtains the chiral measure
for integration over chiral superspace (or, equivalently, the twisted chiral results for
the Uy (1) theory). In section 4, we derive the component projection formula for go-
ing from full superspace (or chiral superspace) to components. In the same section
we obtain an alternative projection formula which involves at an intermediate stage
a twisted chiral projector rather than the chiral projector. In section 5, we show how
to express the covariant derivatives of the Uy (1) @ U4(1) theory in terms of those
of the degauged Uy4(1) theory, and derive the chiral measure for the former. Section
6 contains our conclusions. We use the conventions of refs. [1, 2]. Appendix A
contains the definition of the supergravity component fields in Wess-Zumino gauge,
and additional information about these derivatives. Appendices B and C contain
some details of the derivations in the main text.



2 The (2,2) constraints and their solution

We summarize in this section the main results of refs. [1, 2]. Tangent space Lorentz,
Uy (1) and Ua(1) generators, denoted here by M, ) and )’ respectively, are defined
by their action on spinors:

[M7¢i]:i%¢ﬂ: ’ [M7¢i]:i%¢i ’
(Vobel = —gbs o [Vl = 450
(Vo] = Fgve , [Vus] = E5up (21)

It is also useful to define the combinations

M = %(M +4)) , M= %(M —1)')

N = %(M +4)) , N= %(M —13Y) . (2.2)
The covariant derivatives are defined by

Va = Ba+d M XYV +3,4Y
= E,+ QM +T M+32,) . (2.3)

They satisfy the constraints which define the 2D, N = 2 Uy (1) @ U4(1) supergravity,

{v-l- ) v-I—} = 0 ) {v— ) v—} =0
{v-l- ) v+} = Vi ) {v— ) v—} = V=
{(V,,vV_.} = —-RM , {V,,V.} =-FN . (2.4)

From the constraints follow the additional commutators

[Vi,Ve] = 0 , [V_,V_]=0 , (2.5)
[V-I—7v¢] =0 , [v¢7v=]:0 )

[Vy, Vo] = —%RV;—i(V-_R)]W—%FV_—i(V_F)N ,

[V, Vo] = %RV_—I—i(V_R)M—I—%FV;—I—i(V;F)N :
[V_,V:] = %Rm—i(vj)ﬂ+%Fm—i(mF)N ,
[V.,Ve] = —%RVJr—l—i(VJrR)M—%F’V;r—l—i(V;rF’)N ,

and



[V, Vo] = S(ViRV 4 (VB — (ViR)V.— (V-R)V:

1 1 S
—5REM — RRM + (V*R)M — (V’R)M

1 1 1. 1
5 (Ve F)Va b S(VoF)Vy = (ViF)V — (V_F)V;

1 1 o
~5FFN — JFFN + (V.V-F)N = (ViV_F)N . (26)

Furthermore, for the minimal supergravities one restricts the gauge group so that
either F' = 0 for the Uy(1) version, or R = 0 for the Uy (1) version, by “degauging”,
i.e. by setting either X4 = 0 or ¥/, = 0.

The solution of the constraints is obtained in terms of the “hat” differential

operators R R
Ey=eDie | E;=e"Dje® (2.7)

with H = H™i0,,, where H™ is a real vector superfield. The spinorial vielbein is
expressed in terms of these operators, as well as an additional (superscale and U(1)
compensator) general complex superfield S as

S(E_+ATE,)
eS(BE. + AFE;) | (2.8)

E_|_ = eg(E+ + A+_E_) s FE_
E+ = eS(EA_i_ + A+_E_) s FE.

The vectorial vielbein is calculated from the constraints. The A’s, as well as the
vielbein determinant E are given explicitly in ref. [1]. We emphasize that they are
functions of the superfield H™ only.

The connections were derived in ref. [1], and we list them here for convenience:

O, = +S(E_A - —ATE. AT

0. = —S(EjAT—AYE_AD)

S, = 2B, 5+ A E S)—ie(B_A- — A E AY) (2.9)
Y. = —2ze§(E_§ +ATE.S) - zeg(E+A_+ —ATE A7)

T, = 425(E, S+ A E_8)+285(E, 5+ A E_S)+S(E_A- — A E AY)
T. = —25(E_ S+ AYE,S —25(E_S+AYE.S)—S(E, AT —AYE_A”)

The Uy (1) @ Ua(1) theory contains in addition to the irreducible supergravity
multiplet a vector multiplet. A minimal theory is obtained by setting one of the field
strengths R or F' (or the corresponding connections) to zero. In ref. [1] we worked
out the implications of the additional constraint ¥ = 0 for the minimal U,4(1) theory
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and found that the superfield S satisfies a constraint that expresses it in terms of
an arbitrary covariantly chiral superfield o as follows:

(LN B L
6S = ea—;_i_lE_E ) 6S = 60 — n lE_E ) (210)
(1 A7AMS 11— A~A*]

where I<_f indicates that the differential operator in H™:0,, acts on objects to its left.
The unconstrained real vector superfield H™ and the chiral scalar superfield o are
the prepotentials of the minimal Ua(1) (2,2) supergravity. The mirror image Uy (1)
theory is obtained by interchanging — and = indices everywhere (and interchanging
R with F, and M with N), and amounts to replacing the chiral superfield o by a
twisted chiral superfield . In the following, we shall concentrate primarily on the
minimal Uy(1) theory.

3 From full superspace measure to chiral super-
space measure

In full superspace, invariant actions are constructed by means of the vielbein deter-
minant as

S = /d%cd‘*eE—l/; (3.1)

where L is an arbitrary scalar function of superfields. The invariance of this integral
under superspace coordinate transformations can be established by standard means;
see for example Superspace, sect. 5.5 citeSuperspace. In addition [4, 2], one can show
that for superspace transformations under which covariantly chiral and antichiral
superfields transform as

d e, &P (3.2)
with
A = A™8ny + A%D, + A%iD,
A = A™id,, + A*D, + A*iD, (3.3)
the prepotential H* must transform as
62H N eil_XeZHe—iA (34)

and the vielbein determinant transforms as

—

Elef L Bl

By

(3.5)



In the minimal Uy4(1) theory we show now that one can rewrite the full superspace
integral as an integral over chiral superspace, with an appropriate measure £ that
we determine explicitly:

S = / Ped?08 VL5 (3.6)

with

—

gt = 6_2”(1.6H) . (3.7)

We proceed by deriving first an explicit expression for V? acting on an arbitrary
scalar L. We start with

VL = V;V.L

A .2 1 A .
= [(E;+AJE.) - 594][65(E; +ASEL . (3.8)
From the complex conjugate of equations (2.9), with ¥; = 0, we have
Q;=—2%(E S+ AE-S) . (3.9)

Using this we rewrite V2L as
VL = (Ey+A[E.)e®(B.+ AFE)L
= (By+ ATE)(B-+ ATE)SL

~2(B;+ AE.)(B-S + ATE8)e*L (3.10)
Again from the complex conjugate of equations (2.9), setting ¥ - = 0, we obtain
2AE-S+ATES) = —(B;AF - AFE.A7) (3.11)
which, when substituted into the expression for V2L above, gives
VL = [(1-AJANEE.+ E-(A7ANE; - E(A7ANE.
—E E.(A7A ML
= B B.[1-A7AHI) . (3.12)

We have used the complex conjugates of (3.5) and (3.6) of ref. [1], namely,
EA_i_A_i_L ‘I‘ A_LLEA;A_LL — 0

E-AX+AFE AT = 0 (3.13)
and
EBiE:A7 = 0
E.E;AF = 0 . (3.14)



We obtain, using (2.10)

V2L = E;E.[e¥(1.ef) ' E71L) . (3.15)

We define I’ by L = e~ 2(1.ef1) L, so that (3.15) becomes

Ve (LeF)L] = BiB.(E'L)
e D?e H(ET'L) . (3.16)
Multiplying both sides by e™# and integrating over chiral superspace, we obtain
[dedop?e HE L = /d2wd2(‘)e—He_2"(1.e§)L’ . (3.17)
Integrating the operator e # by parts on both sides of the equation gives
/ Lod?6D(1.eM\E1L] = / Lad6(1.H)V? (e (1) L] (3.18)
Finally, defining £ by L' = (l.eﬁ)_lﬁ, we obtain
[ @edrob? (B 1) = /d2md29e—20(1.e5)v2£ . (3.19)

We have used the fact that o is covariantly chiral to pull the factor e 2 past the
covariant derivatives. Since one can go from a full superspace integral to a d*6
integral by

/ Ead*0E1L = / Ezd20D*[E~L] |5 (3.20)

the relation above leads us to the desired result (and determines the chiral measure

£):
/d2wd4eE—1,c:/d2wd2ee—2o(1.eH)v2z|§:0 . (3.21)
By construction, the above integral is an invariant. We can replace V2L by
any covariantly chiral expression L piq1, transforming under superspace coordinate

transformations as
iA
Echiral — € Echiral (322)

and deduce the transformation properties of the measure

e~ 2 <1 . eH> — e % <1 . eH> et (3.23)

Obviously, a similar result holds for the decomposition to an antichiral integral.

In the Uy(1) theory corresponding results, in terms of the twisted chiral com-
pensator, can be obtained for twisted chiral integrals of the type [ d*zdf*df~.
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4 From full superspace measure to component in-
tegrals

4.1 The chiral density projection formula

We have shown in the previous section that it is possible to express the full su-
perspace integral in terms of a chiral integral. In the next step of the projection
we rewrite this as a component integral over ordinary d’z space. By dimensional
arguments, and from an examination of the index structure of the possible terms,
the density formula for a general £ must take the form

/ Ezd9E1L = / Erd?9E 1L,
_ /d2we—1[v2+X+v++X—v_+Y]W,c|9:g:0 . (4.1)

where e is the ordinary space zweibein determinant and X%, X~, and Y are to
be determined. In the past, the determination of the coefficients X, Y, has been
done essentially by requiring that the final component action be invariant under
supersymmetry transformations. Our derivation is based on the idea that we should
obtain the same result for the component action whether we go through the interme-
diate stage of a chiral integral, as in the equation above, or through a corresponding
antichiral integral. We illustrate the procedure by using for £ the free lagrangian
for the chiral multiplet. As we shall see, proceeding from the above expression, we
obtain a result which is not automatically symmetric in the auxiliary fields F, F
of the chiral multiplet. Requiring that the result be symmetric leads to a unique
determination of the coeflicients X, Y.

We consider the kinetic action for the chiral multiplet
/dZmd‘*eE—lci@ - /d2w6_1 V24 XV, + Y]V(33)|
— /d2we_1 (VE728)®| + (V. V28)(V_8)| — (V_V28)(V,8)|
)|

HV2R)(V2R)[ + X TV, (Ve
FXTV_(V238)| + Y(V28)3)|] (4.2)

according to the density formula.

The (covariant) components of the chiral multiplet are defined by

®=¢ , 8=9
Viel=19, VJ}‘T)|:1/}J;
V_®|=9y_ , V.®|=1.
V2®| = —F , V2| = —iF. (4.3)



supergravity Appendix A. In Appendix B we present the complete expressions for
the other component quantities (involving additional derivatives of ®) appearing
above. For our present purposes, we find that the unknowns can be determined just
by looking at the terms in those expressions that contain the auxiliary fields, F', F.
We list the relevant terms here:

ViV2e| ~ ofF
V V28| ~ $IF

VIVI®| ~ —i(pioTF —Jy F)— -BF | (4.6)

DO | .

where we have also used the definition R| = B, R| = B .
Substituting into (4.2), the sum of the terms containing auxiliary fields is
WiP-F ¢ —ippIF ¢+ pfFp_ — 2 Fop,
- %Bm — FF + XTy}F¢—iXTFep, —iX Fyp_
+ X Y F¢p—iYF¢ . (4.7)

Clearly, except for the FF term, this expression is not symmetric in barred and
unbarred quantities, and will not agree with the result we would obtain by going
through the intermediate stage of an antichiral integral unless we set to zero the

coefficients of the F¢ and the F1p, terms. We obtain
. : 1_ .o .o
X+:7:’¢}:_ ’ X~ :_i"[}:;l:— ’ Y:_§B_¢¢_¢j+¢:_¢; ’ (48)

leaving F'F as the only contribution. The form of the chiral density formula is thus
determined.

We have, for the final result, the chiral density projection formula
[ #zdtons

B — iyt eV . (4.9)

M| —

_ /d2we_1[v2 IV, — IV 4 (-

This component expression can be rewritten in terms of a twisted chiral projector
as discussed in the next subsection.

4.2 The twisted chiral density projection formula

In the previous section we have written down the density formula for going from
a full superspace integral to a component expression containing as an intermediate

8



ingredient a chiral integrand V2£. In this section we will derive a similar formula
involving a twisted chiral integrand V;V_L,

/ Eod 9B~ L
= [ @ee (VN + Ve IV + (55 + e h)ViV L] (410)

We start with the following general identity, derived straightforwardly from the
commutation relations and the Bianchi identities

VIV 4+ VAV2 + V_VV, + V.VPV,
= V.V-— %WRV_ + %v (RV.
= Ve VYt H(VR)Y A (Vo B)Y 4 (V3R)Y . — (VR)V ]
—%[RV2 — RV?] . (4.11)

We apply this sum of operators to an arbitrary scalar (so that certain connection
terms can be dropped), inside a d>ze™! integral (so that space-time derivatives can
be dropped), and then evaluate at # = 0, using some of the component expressions
for covariant derivatives from Appendix A, etc.

After some lengthy manipulations, that we outline in Appendix C, we obtain the
following identity:

/d%e—l{v?v? + V2V 4 V_VRV, 4 V.V2V, )L
- — - 1 P, = - g 1.-. =
= [ o {pdez + wrvt - GBIV + [l + 9ov + SBIV?

+ [l + et VeV e+ [pfeD + 99V Vo
+ i [VaV2 4 V(V4V)] = g2 [ViV2 4 V(V3V )]

+ VoV Vo(ViV) =i [V V2 + V (Ve Vo)L . (4.12)
On the left hand side of the equation we have the sum of projectors.

We move now certain terms from one side of the equation to the other and obtain
[ e [V2 = ipd Vo iz (pdel b gopd %B)WZ/J
b [ @ee [ Ve b IV (e g5t — BV
= [@ae VT, + Ve — IV + (WS + 9 ViV L]

+ [ e [V VgV — IV (6 + VLV L] (413)

9



However, it can be shown that up to total derivatives the two terms on each side of
the equation are equal. We obtain therefore the following result, which allows us to
write a full superspace integral in terms of either chiral or twisted chiral projections,

/ Ped*0EL (4.14)
— / dPre [V — i¢jv_ + iV, — (¢j¢f + ¢;¢f + 1B)W?m
= [@ae V-V, +ipdVe —ipI V4 (vdys + e dViV L]

(The asymmetry between the two forms is due to the constraint F' = 0.) Replacing
V2L or V;V_L by arbitrary chiral or twisted chiral lagrangians gives the projection
formulae for chiral or twisted chiral actions, respectively.

5 From full superspace measure to chiral super-
space measure in the Uy (1) ® Ug(1) case

In this section we derive the analogue of (3.21) for the undegauged Uy (1) @ Ua(1)
supergravity theory. We accomplish this by relating V2 in the degauged case to V2
in the Uy (1) ® Ua(1) case. We consider first the covariant derivative

V;:E4+Q+M+F+M+E;y , (5.1)

and substitute the explicit expressions for the connections:

Q; = +e¥(E-A7—ATE A
Q. = —eS(EjAS— ATE.A7)
T; = 2ie’(E;S+AE.S)+ie®(BE-A7 — ATE AL
S. = 2e5(E-S+ ATE.S) +ie (E+A T AFE.AD)
T = +25(E: 5+ A E-8)+25(ES+ ATE-8)+e5(B-A — AE;AT)
T. = —25(E.S5+AFE S —25(B.S + AFES) — S(BjAF — AFE-AD)
We find
Vi=E;+Qi(M+1:Y)+2E(S+ S)M + 2i(E;S)Y . (5.2)

We note the following identities
e_"yE;_Le"y = e_%"Ei + e_%"(Eiu)y ,
e_vMEj':evM = Ej': + (Ej':v)M . (5.3)

10



We obtain then, from (5.2)

e2(s+§)M+2isyv ,e—2isy—2(s+§)M _
i =
(Bi+ A7 B+ (B2A7 — ATEAD(M+6Y) . (5.4)

We note now that (5.4) is valid in both the undegauged and degauged theories
and the right-hand-side is independent of S, which is the only quantity that is
affected by the actual degauging. Therefore the left-hand-sides for the Uy (1)@ Ua(1)
and the Uy(1) theories can be set equal to each other and this yields a relation
between the covariant derivatives,

<e2(s+S)M+2isyvJre—m'sy—2(s+S)M>

Uy (1)eUA1)
<e2(s+§)M+2isyv ,e—2isy—2(s+§)M> (5'5)
+ Ua(1)
with a similar expression for V.. Consequently
( ) — 2AS+5-8-8)M+2i(5-8)y (V) o~ 2i(5—8)Y-2(5+5-8-8)M
=/ Uy (1)eU41) U4(1) ’
(5.6)

with a similar relation for the undotted derivatives. To distinguish between the two
cases, we have denoted by S and S the scale compensators in the Uy (1) @ Ua(1) and
the Uy(1) theories, respectively (the former is a general scalar superfield whereas
the latter is given by (2.10)).

The above relation expresses the covariant derivatives of the Uy (1)@ U(1) theory
in terms of the covariant derivatives of the U4(1) theory. In particular we can write

(—2> _ o~ 2S+5-8-8)M-2i(5-8)Y p2i(S—8)V+2(5+5-8-8)M (5.7)

=2
Ua(1) ( >UV(1)®UA(1)
Acting on a scalar lagrangian £ we can drop the exponentials following V2, and
acting on V2L we can drop the e(")™ term, while
cHE-SIGY 259 p (5.8)
Substituting this into (3.21) we obtain

2 4 -1 _ 2 2 —20 E — 2 _
/dwd bE-'L = /dwd 0 (1) (V) Llomo

e—ZS

- A7A]

which defines the chiral measure in the Uy (1) @ Ux(1l) theory, and allows us to
construct invariant actions of the form [ d?zd?0E~1 L nirar-

- / Prd?0E V2 ouLlico (5.9)

Obviously, since the theory is symmetric under the interchange of — and = a
twisted chiral measure exists for writing invariants [ d?zd?0& ' Liwisted chiral- HOW-
ever, as we discuss in the concluding section, an explicit expression is harder to come

by.
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6 Discussion

In this paper we have presented results for the integration measures in the (2,2)
theories, and have derived projection formulae for obtaining component actions from
the corresponding superspace actions. This particular issue has been a sore point
in most derivations because no clear, completely superspace technique exists in the
general case. For the case at hand, at least, we have managed to avoid any reference
to component supersymmetry transformations [4] or explicit 6 expansions of the
supergravity prepotentials in Wess-Zumino gauge [5].

Whereas in the degauged theory, which contains a chiral compensator, the exis-
tence and construction of the chiral measure is straightforward, this is not obviously
the case in the undegauged theory. We have shown, by explicitly expressing the
covariant derivatives of the Uy (1) @ Uy(1) theory in terms of those of the degauged,
Ua(1) theory, how to obtain the chiral measure for the former theory, from a knowl-
edge of the chiral measure for the latter theory.

We have also argued that, by symmetry, a twisted chiral measure exists. How-
ever, its explicit construction is not straightforward. The point is that in our solution
of the constraints in ref. [1], we have chosen to express the covariant derivatives in
terms of the objects E and the compensators S which break the symmetry between
— and — objects. To maintain the symmetry we would have to introduce addi-
tional prepotentials which were eliminated from the beginning by an appropriate
K-transformation gauge choice.

The lack of symmetry manifests itself also in the construction of covariantly chiral
and covariantly twisted chiral superfields in terms of ordinary chiral and twisted
chiral ones. The construction of covariantly chiral superfields is straightforward,

@cov. chiral — eH¢chiral ’ (61)

because then the left-hand-side is annihilated by V. when the right-hand-side is
annihilated by D; (c.f. (2.7)). However, if we want to obtain a covariantly twisted
chiral superfield X" satisfying

ViX=V_X =0 (6.2)
in terms of an ordinary twisted chiral superfield satisfying
Dix=D_x=0, (6.3)

it is clear that the above construction will not work. In fact, we have not succeeded in
obtaining a closed form relation similar to (6.1). In the remainder of this concluding
section we show what the relation is to first order in the supergravity prepotential.

12



We begin by writing down the differential equations that the twisted chirality
conditions imply for X,

[e_HD_eH + A_+e_HD+eH]X =
(e Dye ™ + A:eHD;e_H]X = 0. (6.4)

To first order in H, these equations reduce to

D_X +i(D_H*)0,X + ATD,X =

DX —o(D;H*)0, X + A:D;X =0, (6.5)
with
At = —2D4_D_H¢—|—(’)(H2)
A: = —2D_I_D_H:—|—(’)(H2) . (6.6)

We now set X' = x + Z, and solve iteratively for Z. To linear order we find that
7 = —2D4_H¢D+X—|—2D_H:D;X—|—iH:6:X—iHjF@jFX , (6.7)
and therefore we can express X and, in a similar fashion, X as

X = [1-2D;H*D, +2D_H™D-+{H 8- —iH"d4]x + O(H?)
X = [1+2D,H*D; —2D.-H D_ —iH 0- +iH*0;]x + O(H?) . (6.8)
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Appendices

A Components of covariant derivatives

We determine in this Appendix the components of supergravity covariant deriva-
tives. We restrict ourselves to the minimal Uy(1) theory by setting ¥4 = 0. In
defining components we follow the philosophy and methods described in Super-
space, section 5.6 [4]. By definition of Wess-Zumino gauge, the expressions for the
covariant derivatives evaluated at 6 = 0 are:

Vol = 0Oa
va| - Da+¢gv0¢|+¢jvd|
= D, + %0, + %04 - (A.1)

These expressions also serve to define the gravitino fields.

The component connections are defined by projection:

Pal = o4
o= A
Yal = Va (A.2)
and
QA| = W4
Tal = 74 - (A.3)
Note that ) ]
7
= §(wA +v4) and A, = §(wA —Y4) - (A.4)

In the Uy(1) theory we define D, as the fully covariant gravitational derivative with
a Lorentz connection ¢4 that includes, in addition to the ordinary connection, extra
terms that are bilinear in the gravitini 1%, ¥¢. Specifically, D, is defined to be

D, = es+p, M+ AY

= egtweM + 4. M . (A.5)

We also introduce the ordinary gravitational covariant derivative (without U(1)
connection or gravitino bilinears), denoted by D,

Dy = eq + w, M. (A.6)
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We also need expressions for the higher § components of the covariant derivatives.
The 6* component of Vg is defined by (c.f. Superspace sec. 5.6.b)

1
VaVsl = +{Ver Vi) (A7)
while the 8% component of V, is

vozvb| — [vonvb” + vbvoz|
= [Va, V]| + DyVa| + 405 Val + 45 0;Va| . (A.8)

From (A.7) and (2.3) we obtain the following results:

ViVl = (Ve V=0

V.V | = %{v_,v_}:o

ViVl = %{VJF,V;F}:%VjF

V.V. = %{v_,m}:%v:

V.V | = %{m,v_}:—%fzm

V.V.| = %{m,m}:o

Vv, = %{v_,m}:o , (A.9)

and from (A.8), we derive the series of identities that appears below:

ViVl = [V4, Vi) + ViV
= DyVy| + 9y VoV + 90V V|

1 — DI AT 1 i a &
= D4V, - §¢¢ R|M + §¢;’(D¢ + Ve + PEVa)|
V_Vy| = [V_,Vy]|+ V4V_|

= DLV_[+ VoV |+ 9{V.V_ |+ SRV —i(VR) M|

1o . . i o
= D:V_| - §¢IR|M + §¢¢(D: + Vo +PEVs)| + §Rvﬁr| —i(ViR) M|

1 . 1 .
ViVil = DiVil+ JUSRIM + 293Dy + 3Va + V)|

1 ; 7 : t .
VaVy| = DsVe|+ §¢IR|M + §¢¥(D: + P2V +PEVs)| — §RV+| +i(V4R) M|

15



1~ — i . i P
ViVa| = DoVi| = S RIM + S (Ds 4 Y5V + ¥5Ve)| - 2RV .| — i(V-R)M

1 - — 1 . .

VoV = D-V_| = JUIRIM + ju2(D- +42V0 +42V,)|
1 . 3 . 3 .

ViVl = DVi+ J9iRIM+ %zpj(m F PV, + V)| + %RV_| +i(V_R)M|
1 . ; .

VoVo| = D-V.|+ 9IRIM + %1/};(D: F PV, + IV, (A.10)

where we have used the commutation relations

[v+7v¢] =0, [V_,V:]:()
[V;,Vﬂ =0, [V;,V—]:O

V,,V.] = —%Rm —{(V.-R)M
Vi,V.] = %RV_ +i(V_R)M
V_,Vi = %Rv; —i(ViR)M
V.,V = —%Rm +i(VR)M (A.11)
and also
1 1 1 - 1
1 1 B
—5RRM — SRRM + (V’R)M — (V’R)M (A.12)
We also observe that
ViVa| = (Dy 4+ ¢5Va + 9$5Va)V-|
= ViV +9$VaVe| +95VaVe| (A.13)

so that
Vi, V]| = [Vi], V|l + 98V V| + 98V Va| — 92V, Va| — 92V Vy| . (A.14)
The first term can be expanded as

[V, Val] = [Dy+ 9506 + 9504, D= + 9205 + 320
= [D4, D] + D5(930a) + D[¢(1/}f]5a)
= [D4, D] + (D$3))0s + (D[ﬂ/’f])aa

Fren(hi. - 9500 1 paeWho; - u30.) . (A1)
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Substituting this into [V, V-], we get

[V, Vz]| = [Dg, D= + Di£(9204) + D[¢(1/’f]ad)
+9$Va V| + ¢$Vdvz| — IV V| = 9PEVs V4
= [D4,Dz] + D[¢(1/}g]aa) + D[¢(¢g]ad)
o | 1 g o
ot [v:a+ + 93Dyt 920+ 9$0:) — SYZRI — “RO- —i(V-B)M

1 == 1 . .
7 [Do0- — SYIRM 4 S2(Do 4 20a + 420s)
+ 6 other similar terms . (A.16)
If we compare this now with (A.12) (which is true in general, not just at § = 0), we

can obtain expressions for the various derivatives of R and R, evaluated at 6 = 0.
By comparing the coefficients of V.| = 0, on both sides, for example, we get

SV_R| = Dty 4 YR+ i gt b iyt iyt . (AD)

In the same fashion

]_ _ 74 i . FE T . h _
§V+R| = D[ﬂ/}:] + §¢:R| + “/}I j@[& + “/& Yo + “/’:7/’2_7/&

CIVGRl = Dl - WER| b atete b abiete; 4 iyt

S VeR| = Digd — CyoR b il ezt +igpecyd
(~5RR+ V'R = [Dy,Doly — WV, Rl + I V_E| — 42y} R — yIoi Rl
(~3RR~ ") = [Dy, Doy — Wb V-R + W=V Rl 9o R + 92 R

(A.18)

We define the “component” torsion and curvature by

[D¢, D:] = t¢:aDa + T‘¢:M + F;p:M . (A]_g)

Substituting (A.5) into (A.19) we have

[D+,D=] = [ey,e=] + eppw M + epy=) M
1 1
—§W{:e¢} — 5’)’{¢6:} - W¢W:M
— 1 1 _
=M = Srpwa M — SwEra M (A.20)
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The anholonomy coefficients are defined as usual by [es,e-] = C4-"¢,. Comparing

(A.19) with (A.20), we find the torsions
1

te=t = Ce™ — 5(‘*’ +7)=
te=" = O — %(W + )+ (A.21)
and the curvatures
re= = epw=] — Op="wy — Cy="w=
Ty= = eY=] — CoFyp — O™y (A.22)

The full superspace torsions are defined in the standard way, [V4,Vp} = TasVeo+
RugM + Ry M. Therefore, from (A.16) at § = 0 and using (A.1), we obtain

To¥| = to® +i(fpd + iy

Ti="| = te=” +i(Wp s + Pi92)
Tp-t| = Dppd+ 9Bl + i plpd +ivfplv +iviyv?
T:="| = D5+ %¢iR| i eI FapreiYs +ipfvter . (A23)

However, from (A.12), T4-* = 0. Combining this with (A.21) and (A.23), we obtain
1

P = 5(‘*’ +9)+

= O (59> +¥i90)

= @ (P59 + PIYl) (A.24)
p= = %(w +7)-

= Ot o i(zbiz_bi + ¢i¢i)

= - +i(Yivl +¢iyd) (A.25)

for the full component Lorentz connection, written in terms of the ordinary compo-
nent gravitational connection, w,, plus the gravitino terms mentioned previously.

B Components of Chiral Superfield Derivatives

We determine in this Appendix the § = 0 components of the higher spinor derivatives
of chiral superfields, as they appear in the component action of subsection 4.1. The
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procedure is straightforward. For example, we write
V.V = [V, VB| = iV, .3
= i(Ds+ %3V + V)V - 9|
= iDV-® — P7Vd + i}V V.3
= iDyV.® — 7 (Ds + IV + IV + ighfV V9|
= Dy — ;DG — Y; i — Yy Y. + I F (B.1)

where we have used the definition of components of covariant derivatives, as dis-
cussed in Appendix A, and the definition of components of .

In a similar manner we find
V28| = —iD_gp; — I Db + YT pIe + pTofp, + I F (B.2)

Next, using the commutation relations and the definition of the components of R,
we write

-1 = N
VV2@| = ViV_®|+ §(V4_R)V;<I>| + §RV2<I>|
_ 1__._
= ViV_®|+ §RV2<I>|
A T S P =
— | D3y — SV=El+ WipIPd + i pId i pIPl| Ve .
(B.3)
Finally,
ViVe®| = (Dy+9Va+9§Vs)V=2|
= D.(D- +4$4Ve)d| - %@Rmcm
+9{[D=V 3 + i3 (Dy + 9§ Va) - 92V 2|
+p; D=V + iy (D= + 92Vs) + IV
= D:D-¢+Dyypfe; + Dyt 9. + PfDotp; + ¢ Dot
— 9B+ DG + WY D-g
Fip I pepe F P iebe +ihppley
N e (B.4)
We now have all the ingredients for computing the component action for the
chiral multiplet, and in particular the terms involving the auxiliary fields which are
needed for the computation in subsection 4.1 . Note that the component covariant

derivative appearing above still contains the connection involving gravitino bilinears

and a U(1) gauge field.
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C Derivation of Twisted Chiral Projection For-
mula

In subsection 4.2 we have presented the projection formula for the component action
in terms of a twisted chiral projector. The manipulations that lead to (4.14) are
rather baroque, and we can only try to gently guide the enterprising reader (or,
more likely, the hapless graduate student) through some of the steps.

We consider the right hand side of (4.11) and study separately the various terms
after applying the identity to an arbitrary superspace lagrangian, integrating with
[ d*ze™! and evaluating at § = 0.

We begin by considering the term
i(v_R)ma
[Dit + LB b iwiyiyt ideted +ipiyiet] vocl (C1)
where we have substituted the 6 — 0 expression for V_R. Now,
Dyt = (es+weM + v M)pZ
= (Dat DA — (e iy (C.2)
and
Dyl = (e=+w-M +y:M)y!
= (D + S ALY + svivtyl (C.3)

where we have used the expressions for the connections in (A.24), (A.25) and the
definition of the gravitational covariant derivative in (A.6). The term above becomes

1 1 ) v .
J(V-R)\VL] = o Dyl + S Ayl + 9B

VRS 4 Rl — CYlyyt| VL] (Ca)

Furthermore, since we are inside a d?ze~! integral, the ordinary gravitational deriva-
tive D can be integrated by parts.

The other terms of a similar type are manipulated in the same fashion.

We consider now

1 1 .
SVAV-L] = S(Ds 4 §5Va + 4§ Va)V-L (C.5)
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and write out
DLV_£| = [Dy — i($s + 90) VoL (C.6)

(note that V-L is Us(1) neutral). Inside the d’ze™! integral, the term D:V_-L
is a total derivative and can be dropped. For the remaining terms in the above
expression we commute the V- operator to the left of the V, operators, using the
commutation relations in (A.11), so that

($3Va+ ¥5Va) VL] ' .
= (¥§V-Va+ 9$V-Va = 97 RV + _gFRV_)L| (C.7)
We treat the V_-V.L| term in the same fashion.

Assembling everything, the right-hand-side of the original identity becomes
%(—RV2 + RYYL)
+% [zbi(m — Dy + %A;) — o (V=—D- + %A’:) + 2¢¢+vz] V. L
vy [ gzt + pdted - Loivoyt] Vi
+(similar terms with V_L etc.)
+ S 4 )V — L + 9iun) V] £ (©8)
All the terms of the form BV ,L have cancelled.

Next we work out

1 1 .
§V¢V+£| = §(D¢ +PVa + ¥5Va) Vi L] (C.9)

1 ’L ’ 74 _ o, = R o o
= 5 D¢_§A¢‘|‘§(¢¢¢:+¢¢¢:)+¢¢va‘|‘¢¢vd V_|_,C|

and, in a similar manner, %V:V+L‘|.

Substituting into (C.8), we find that all three-gravitino terms cancel, and the
two-gravitino terms in the last line are also cancelled.

We obtain, finally, for the right-hand-side of the identity (4.11)

{0z + 9597 — SRIV? + 32 + 950 + SRV

TS+ YTV Ve + (T + 959V V_
VoV + IV + VoV 92V, V . L (C.10)

which can be rearranged into the form given in the main text.
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