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We investigate aspects of quantum cohomology and Floer cohomology in the context of
a generic classical Hamiltonian system. In particular, we show that Floer’s instanton
equation is related to a quantum Euler character in the quantum cohomology defined
by topological nonlinear o-model. This relation is an infinite dimensional analogy
with the relation between Poincaré-Hopf and Gauss-Bonnet-Chern formulae in classical
Morse theory. By applying localization techniques to functional integrals we then show
that for a Kahler manifold this quantum Euler character also coincides with the Euler
character determined by the deRham cohomology of the target space. Our results are
consistent with the Arnold conjecture which estimates periodic solutions to classical
Hamilton’s equations in terms of deRham cohomology of the phase space.
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The methods of quantum field theory that were originally developed to understand
particle physics, have since proven useful also in statistical physics. Recently it has been
noticed that these methods could even be succesfully applied to classical Hamiltonian
dynamics. There, one of the intriguing open problems is the Arnold conjecture [1],
[2] which states, that on a compact phase space the number of periodic solutions to
Hamilton’s equations is bounded from below by the sum of Betti numbers.

In this Letter we shall be interested in developing functional integral techniques to
address issues such as the Arnold conjecture. In particular, we argue that the meth-
ods of topological quantum field theories when combined with functional localization
techniques appear quite effective also in the case of classical dynamical systems.

We shall consider Hamilton’s equations on a phase space which is a compact sym-
plectic manifold X with local coordinates ¢*. We are interested in T-periodic trajec-

tories that solve Hamilton’s equations, i.e. are critical points of the classical action

Sa= " dr(9.4° — H(dy7)) (1)

Here ¥, are components of the symplectic potential corresponding to the symplectic
two-form w = d¥. We assume that the Hamiltonian depends ezplicitly on time 7 in
a T-periodic manner H($,0) = H(¢$,T), so that energy is not necessarily conserved.

Hamilton’s equations are
¢ — wPOH($;T) = ¢ —AE =0 (2)

with T-periodic boundary condition ¢(0) = ¢(7T"). Without any loss of generality we
shall assume that such periodic solutions are nondegenerate.

When energy is conserved so that H does not have explicit dependence on 7 each
critical point of H generates trivially a T-periodic trajectory. According to the classical
Morse theory their number is bounded from below by the sum of Betti numbers on X

and consequently Arnold’s conjecture is valid:
{ #periodic trajectories } > Y B, =) dim H*(X,R) (3)

However, if H depends explicitly on time so that energy is not conserved, the critical
points of H do not solve (2) and the methods of finite dimensional Morse theory are
no longer applicable. In order to show that (3) nevertheless remains valid we need
an infinite dimensional generalization of Morse theory. Unfortunately this is not very

easy: There is no minimum for (1), and periodic solutions of (2) are saddle points of



(1) with an infinite Morse index. Due to such difficulties, for explicitly 7-dependent
Hamiltonians the conjecture has only been proven in certain special cases [2].

In the approach to Arnold conjecture developed by Floer [3], [2] one starts by
defining a gradient flow in the space of closed loops ¢(0) = ¢(T')

0¢* ap 05
=g b b (4)
0o 8¢
where g, is a Riemannian metric on X. Using this metric and the symplectic two-form
Wep We set
Iab — gaCWCb
Since 1%.1°%, = —6%, this defines an almost complex structure on the manifold X and

(4) becomes

0,9" + I°0:¢" = 0 H(9, 7). (5)

This equation is defined on a cylinder S' x R with local coordinates 7 and o. It
describes the flow of loops ¢(7) on X, and the bounded orbits tend asymptotically to
the periodic solutions of Hamilton’s equation (2).

Using (5), Floer constructs a complex with the solutions to (2) being the vertices
and the trajectories (5), so-called pseudo-holomorphic instantons, connecting them as
the edges. He proves that for a generic Hamiltonian the cohomology of this complex is
in fact independent of H(¢, 7). Subsequently Witten [4] found that Floer’s cohomology
has connections to a quantum cohomology which is generated by the quantum ground
states of a topological o-model. Using the more general Novikov ring structure Sadov
[5] then established that these two cohomologies in fact coincide. According to the
Arnold conjecture (3) these cohomologies should also be intimately connected with the
standard deRham cohomology of the underlying phase space.

Witten’s quantum cohomology is based on solutions of Cauchy-Riemann equations

for holomorphic curves
0,0% + I%0,¢° = 0 (6)

This corresponds to the (denegerate) special case of (5) with H = 0, which is not
generic from the point of view of Hamiltonian dynamics. Consequently it is not clear
how the topological o-model, even if it describes Floer’s cohomology, could be applied
to understand Arnold’s conjecture. For this, one needs to extend the topological o-
model so that it accounts for an arbitrary nontrivial Hamiltonian H(¢, 7). Such issues

have been addressed by Sadov [5]. In the present Letter we shall continue his work



by explaining how functional integrals and localization techniques, when applied to
the topological o-model, can be used to derive Morse-theoretic relations for a generic
Hamiltonian system. In particular, we shall explain how the standard, finite dimen-
sional De Rham cohomology relates to quantum cohomology by studying an infinite

dimensional version of Poincaré-Hopf and Gauss-Bonnet-Chern formule for (5).

Topological o-model [4] is a theory of maps from a Riemann surface ¥ with metric
Nep and almost complex structure €.” to a manifold X with Riemannian metric gq
and almost complex structure I%,. We assume that the almost complex structures are
both compatible with the metrics, so that for example on X we have go = I°.1%gecq.

Moreover, if we have
DcIab = acIab + ]-‘ngdb - ]-‘Zb]ad =0 (7)

I%, is an integrable complex structure and g,; is Kahler. However, in the following we
do not necessarily assume (7).

The basic fields are maps ¢* : ¥ — X, a =1 ... dim X, which correspond to local
coordinates on X. Anticommuting fields ¢)* are sections of ¢*T' X, the pullback of the
tangent bundle of X. Anticommuting fields p%, (a = 1,2), are one-forms on ¥ with
values on ¢*T X, so they are sections of the bundle & = ¢*TX @ T*%. Commuting
auxiliary fields F}2 are sections of the same bundle as p?. Because the rank of & is
infinitely bigger than dimension of the space of maps from ¥ to X we restrict to a sub-
bundle, the self-dual part £*. This means that p% and F* both satisfy the self-duality

constraint
pe = e’ T%p} (8)
The fields have a grading which at the classical level corresponds to a bosonic symmetry
with charges 0,1, —1,0 for ¢%, 9%, p% and F2, respectively.
The action of topological o-model can be constructed in the following way: Consider

a nilpotent fermionic operator Q of degree —1 constructed from the fields of the theory

A 2 . 1a 6 a — soha a, o
0= [ & [up (e ggoczy + Fele)gos| = w0+ P, )

where summation over a always implies an integration over ¥ and

s o8
S Sg() Tt bpa(x)
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This we identify as a differential operator d @ 1 + 1 ® § in the superspace defined on
the complex Q(&) @ Q(IIE). Here II€ means that the coordinates anticommute. Now

introduce a canonical conjugation of Q
3 3 3 1 -
Q: e_XQeX: Q+{Q7X}+§{{Q7X}7X}+ (10)

The cohomologies defined by the operators Q and Q are the same, and we still have
Q@? = 0. A suitable conjugation is defined by

. Cc (23 a 1 a
X = Py (6.°Ty, — 5eoﬁDcI b)s

where
o« 0
tSF(e)
In a coordinate free language this can be written as x = —i(p, f‘ﬂ') with

. . 1
T2 =T5 © Bo” = 85T — e’ DI%,

being a connection 1-form and ¥ ~ d¢* denoting the basis of 1-forms on the space of
maps X — X. Notice that the covariant derivative of the self-dual sub-bundle £t can

be written using the modified connection

A

1 ,
D+:§[d—|—I‘—|—eo(d—|—I‘)oI].

A straightforward calculation gives

1 1
Q = W, + [Fg — 19 p3(8." T, — 5eoﬁDcIab) 12— Fgye(6,°Ty, — §eaﬁDcI“b)7r°‘

1 1 1 1
+ 57/’67/"19% |:_6oz'8Rabcd + §6a'8DdIechIae + §€a'8]ebRaecd - §€a'8]aeRebcd 71-2‘

or in short

Q = 7’('41}76) + (F + ipf‘,l,) - i(Ff‘,ﬂ') - §(pR,7l')-

Here
1. A A A
§R =dl'+T'AT
is the Riemann curvature 2-form corresponding to the connection f‘gﬁ In components,

1. 1 1 1
SB% = (GR% — ;DIWDI%)8" + (IR — %R )eg™. (11)



This operator () is exactly the same as in [4] when we take into account the self-duality
condition (8) for p% and FZ2.

We shall be interested in cohomological actions of the form

§=1{Q,0} (12)

Such actions are automatically invariant under the BRST-transformation generated by

() and consequently the partition function

z = [1dg7aFz)ay=]ipe] e (13)
should remain invariant under arbitrary local variations of 6.
If we select

A A
6 =(pys) = ;(p, F) = pegan™’ sl — Zpigabn“ﬁFé’, (14)

where s%[¢] is a section of £ and ) is a parameter, we get

c a (23 Cc a (23 i a Cc (23 A a (23
S = /E l—zpaDc(gabs N+ Fogars™ — S QP Del v gaas™ — TFLF,

b DI DA W § R 0t (15)
specializing to s2[¢] = 0,¢* and A = 1 then gives the usual action [4] of topological
o-model.

Since the partition function (13) is (formally) invariant under local variations of 6
we conclude that it must be independent of A. Indeed, if we eliminate the auxiliary
field F¢, the partition function yields an infinite dimensional version of the Mathai-
Quillen formalism [6], [7]: In this formalism, one has a section ® of a bundle E over

the manifold X, and an (ordinary) integral over X of the so called Thom class

1 : A
Ivo = //dpexp—[a(@,@)—zpvq)—ZpRp]. (16)
X

This integral is independent of A, and as A — 0 it localizes to a finite dimensional
integral over the moduli space M of solutions to the equation & = 0. On the other
hand, as A — oo (16) is nothing but the integral of the Pfaffian of the curvature which
is the same as the Euler character of the bundle. The integral (16) thus yields an

interpolation between the Poincare-Hopf and Gauss-Bonnet-Chern formulae.



In the present case, elimination of the auxiliary field F2 gives an infinite dimensional
functional integral version of the Mathai-Quillen formalism: Using (11) the action
becomes

) .
= / [—(sg + eaﬁf‘lbs%)(sg + eo‘gfabsbﬁ) — EpZ‘Dc(sZ + eaﬁfabs%)dﬂc
v L4 2
A

4

- R“bcdzbczbdpgpil (17)
which is clearly of the same functional form as the integrand that appears in (16), the

relevant bundle being £t and the section

B = %+ el I%sy (18)

23

Thus we may view (13) as an infinite dimensional version of the integral of the Thom
class (16).

Since (13) is (formally) independent of A, we can consider its A — oo limit. Accord-
ing to the finite dimensional Mathai-Quillen formalism, this limit should be related to
the Euler character of the functional space. For this, we specialize the world-sheet %
to be a torus with coordinates o and 7 such that the metric 744 is a unit matrix with
compatible complex structure ¢,” = —e,” = 1. In the A — oo limit we then find that

the partition function evaluates to
Ty = / [d¢?)[ de®] Pfaff(Bey). (19)

At least formally, this is the Euler character of the infinite dimensional bundle £*. In
particular, all dependence on T3 has vanished from the last integral, it only depends
on the Euler character of ¢*T'X. Formally, this infinite dimensional quantity is a
topological invariant and as such does not depend on how we choose the connection.
It is the Euler character in the quantum cohomology defined by the quantum ground
states of the topological o-model, and counts the difference in the number of bosonic
vacua (even forms) and fermionic vacua (odd forms) in the quantum theory.

In analogy with finite dimensional Morse theory, we next relate the (formal) infi-
nite dimensional Euler character (19) to an alternating sum over critical points of a
functional ® describing the Floer cohomology. For this we consider the limit A — 0,
again on a torus Y with local coordinates o, 7.

As A — 0, the integral obviously concentrates around the zeroes of
B2 = 52 + €, 1%}
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For simplicity we shall assume that these zeroes are non-degenerate. (A generalization

to the degenerate case is straightforward, see for example [8].) Let ¢ be such that
P2 lo] = 0
and write ¢% = ¢3 + g%". In the absence of degeneracies, the first term in the expansion
P; & 0:(22)9° + O(¢")
does not vanish. The corresponding expansion of the action is

T g avse b oa e
S = /E|:_§pq-gabac(q)r)1/} —2pogab(9¢(<1>a)1/;

- (0:(8)00u(82) + 0.(82)0udu(®)) 880+ O] . (20)

o

Using the self-duality of p® and the fact that near ¢, we have ®* = —1%,®° this gives

. 1 o .
5= /r [_nggabBC(q)Z)l[’c + ﬁac(@g)gabad(@g)gﬁcgﬁd + O(¢ )] ) (21)

As A — 0, we can then evaluate the partition function which yields

Zro = [lasslladl avlplios) det 45 g)explis]

- / [dgsg] det =3 (g) det 5 [(0.(82)gas0a(2)) ] det (ga50.2%)
= Y signdet [[0:®2]] (22)

$2=0
In particular, if we select
s = 0n9" — X2
and take x2 to be a self-dual Hamiltonian vector field, i.e.

X = 50H(r,9) (23)

where H,(¢$) are two a priori arbitrary Hamiltonian functions on X related by the

self-duality condition for x4, we find that
& = 0,4+ I°0,¢" — 0°Hq(7,¢) = 0

which is Floer’s instanton equation (5).
Note that demanding x2’s to be self-dual together with (23) implies that /%, must

be complex structure so that X is now a Kahler manifold.
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This result establishes that the quantum cohomology of the topological o-model
indeed describes the cohomology of Floer’s instanton equation, at least in the sense
of Poincaré-Hopf and Gauss-Bonnet-Chern formule. The underlying idea in Floer’s
approach to the Arnold conjecture is that this cohomology should also be intimately
related to the deRham cohomology of the original symplectic manifold, z.e. the target
manifold of the o-model. Such a relation would then explain why an estimate such as
(3) makes sense as a Morse inequality. We shall now proceed to evaluate our functional
integral using localization methods to establish that the Euler character (19) of quan-
tum cohomology indeed coincides with the Euler character of the deRham cohomology
over the symplectic manifold X.

For this, we specialize to a symplectic manifold which is Kahler. We select local
coordinates so that I% = 6% and I% = —i6%. Self-duality then implies that F? =

F2 = 0 so that the only surviving components are F¢ and F?

2, and similarly for p2.

Using the (formal) invariance of (13) under local variations of 6, we introduce the

functional
0 = n*’guFipy + 1gan™’0ad®p} (24)
and consider the pertinent action (12). Explicitly (we set F2 = F* etc.),
S = guFF* + Rgb* 0’ gazp” + R0’ gacp® + n(F°9u50:6" + F*g0.4")
+ np®(—igs0z — igag0:6TE)Y" + pp" (—igan0s — i9aa0z¢ T )9 (25)
We evaluate the corresponding functional integral in the g — oo limit, by separating

the z, z independent constant modes (for example in a Fourier decomposition) and

scale the non-constant modes by ﬁ,

*(z,z2) = “ 4 d(2.2) — ¢° LA"zZ
9(2,2) ¢5 + ¢°(2, 2) ¢>o+\/ﬁ¢>(,)

A 1 -
Fz,z) = F;+Fz,2) — F;+—F%zz
(2,2) (2,2) N (2,2)
1
pi(2,2) = pg+p%(z2) — py+ —=p%(2,2)
NG

a = _ a Aaz2_> a LAGZZ
v4(z,2) = 95 +9%z2) ¢o+\/ﬁ¢(,) (26)

and similarly for ¢%, F°?, p% 9% The Jacobian for this change of variables in (13)

is trivial, and evaluating the integrals in the g — oo limit we end up with the Euler



character of the phase space X in the form
2 = [ dgidglysdy] Pt (R Plaff (R 5,0 (27)

which also exhibits the underlying complex structure on X. As a consequence, we have
found that the Euler characteres in quantum cohomology and deRham cohomology
coincide, establishing an intimate relationship between these two cohomologies. In

particular, the Floer instanton equation defined over our torus obeys

> signdet |[0.2%]] = Y (—)*Bs

®2=0 k
with Bj the Betti numbers of the symplectic manifold X. Obviously this is fully
consistent with (3).

In conclusion, we have studied three a prior: different cohomologies: Floer’s coho-
mology which describes periodic solutions to Hamilton’s equations, Witten’s quantum
cohomology which describes the quantum ground state structure of a topological non-
linear o-model, and standard finite dimensional deRham cohomology. By investigating
an infinite dimensional generalization of the familiar Poincaré-Hopf and Gauss-Bonnet-
Chern formulae, we have found that these three cohomologies are intimately related.
This result is consistent with the Arnold conjecture. In particular, it indicates that
topological field theories and functional localization methods are useful tools also in

the study of classical dynamical systems.
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