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Abstract
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1.The aim of our paper is to consider the problem of Higgs masses in
the next to minimal supersymmetric standard model (NMSSM). Such a
model contains an additional Higgs singlet, as compared with minimal super-
symmetric standard model (MSSM). The cause of the consideration of the
NMSSM was connected, in particular, with desire to avoid the explicit mass
term for the Higgs doublets in the superpotential [1]. On the other hand it
is interesting to verify, if the predictions of MSSM remain valid for the more
general supersymmetric models. The other interesting problem is connected
with CP -violation: it is known [2] that in MSSM one can’t realize the realis-
tic scenario of spontaneous CP-violation, therefore it is natural to consider,
if this scenario possible in NMSSM [3]. The spontaneous CP- violation leads,
in particular, to the existence of large (compared with the standard model
predictions) electric dipole moment of fermions [3, 4, 5].

2.We will investigate the restrictions for Higgs boson masses which can
be obtained from the Higgs potential and renormalization group equations in
NMSSM. The restrictions for Higgs boson masses in NMSSM was investigated
in [6, 7, 8, 9] for the case of absence of spontaneous CP violation. Here the
case of the spontaneous CP- violation will be also considered. The problem
of possible restrictions which can be obtained for particles masses from the
renormalization group equations analysis in the case of (nonsupersymmetric)
standard model also was considered in literature. There various approaches
have been developed [10, 11, 12]. Such a investigations have been carried out
also for the SUSY extensions of the standard model (see [13] and references
therein).

In our consideration we assume that all of the ( gauge, Yukawa, scalar)
coupling constants of our theory are small between weak (∼ 100GeV ) and
unification scales (∼ (1016 − 1018)GeV ), so that the perturbation theory
applies [11, 14]. Besides this, for the theory to be a correct one, the condition
of vacuum stability is necessary. These conditions leads to restrictions for
parameters of the scalar potential. As a result, one obtains some bounds for
Higgs particles masses.

3.Let as proceed to description of our model. The Higgs sector consists
of two Higgs doublets:

H1 =

(
ξ+

1

ξo1

)
H2 =

(
ξo2
ξ−2

)

with hypercharges Y (H1) = 1, Y (H2) = −1 and the complex SU(2)L×U(1)Y
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singlet N. The superpotential for one quark generation is the following [5]:

W =
λ1

3
N3 + λ2NH1H2 + huH2Q

c
LuR + hdH1Q

c
LdR (1)

where

QL =

(
uL
dL

)
Qc
L = iσ2Q

∗
L

The scalar potential is given by:

V = Σ|
∂W

∂ϕi
|2 +

1

2
Σ|gaϕ

+
i Taϕi|

2 + Vsoft (2)

where ϕi (i=1,2...) are the scalar components of all superfields, gr and
Tr (r=1,2,3) are coupling constants and generators of gauge groups U(1)Y ,
SU(2)L, SU(3)c respectively [15, 16]. The term Vsoft is the part of poten-
tial which breaks the supersymmetry. It is usually assumed that supersym-
metry breaking occurs in the hidden sector of N=1 supergravity theories
[17, 18, 19, 20]. For the simplest N=1 supergravity models the structure of
supersymmetry breaking terms is:

Vsoft = AmW3 +BmW2 +m2Σ|ϕi|
2 +Mλrλr + h.c. (3)

where m is the gravitino mass, A, B are supersymmetry breaking parameters,
λr (r=1,2,3) are gaugino fields and M is gauginos universal mass.

In the present paper we will consider more general supergravity models
[3, 21] to obtain more general restrictions for the Higgs masses in supersym-
metric theories. On the other hand such a general consideration allows one
to explain observable CP violating effects only by spontaneous CP- violation
[3]. For such a models the supersymmetry breaking term is the following:

Vsoft = m2
1|H1|

2 +m2
2|H2|

2 +m2
3|N |

2 +

+ (m4NH1H2 +
m5

3
N3 + h.c.) + ... (4)

where we omit terms connected with sfermion and gaugino fields and write
only terms connected with Higgs fields. It is necessary to note that unlike
of the ordinary case (3) in (4) the supersymmetry breaking terms are not
universal. We want to stress that usually it is assumed that supersymmetry
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breaking terms given by (3) or (4) for the MSSM and NMSSM respectively
have the given form for unification energies MG ∼ (1016 − 1018)GeV . In
MSSM below this scale due to different interactions of Higgs doublets with
fermions the mass terms of H1 and H2 differ from each other. For the consid-
ering case, although the values of the supersymmetry breaking parameters
are changing, when, evaluating from unification energies to the Ms, the mass
terms for Higgs doublet are different from the beginning and the form of su-
persymmetry breaking terms (4) remains the same. This means that we can
consider that this form is valid for the supersymmetry breaking scale also.

From (1), (2), (4) one obtains the scalar potential for the Higgs fields H1,
H2, N :

V =
g2

2 + g2
1

8
((H+

1 H1)2 + (H+
2 H2)2) +

g2
2 − g

2
1

4
|H1|

2|H2|
2 + (λ2

2 −
1

2
g2

2)|H1H2|
2

+ λ2
2|N |

2(|H1|
2 + |H2|

2) + λ1λ2((N2)+H1H2 + h.c.) + λ2
1|N |

4 + (5)

+ m4(NH1H2 + h.c.) +
m5

3
(N3 + h.c) +m2

1|H1|
2 +m2

2|H2|
2 +m2

3|N |
2

The potential (5) is positively defined for large values of the Higgs fields
H1, H2, N vacuum expectation values (VEV) and there is no problem with
vacuum stability in (5).

In general, the supersymmetry and electroweak symmetry breaking scales
are different. This means that the scalar potential at electroweak scale (∼
100GeV ) has the form, different from (5). It is given by

V =
1

2
a1(H

+
1 H1)2 +

1

2
a2(H

+
2 H2)2 + a3|H1|

2|H2|
2 + a4|H1H2|

2 + a5|N |
2|H1|

2

+ a6|N |
2|H2|

2 + a7((N
2)+H1H2 + h.c.) + a8|N |

4 + +m4(NH1H2 (6)

+ h.c.) +
m5

3
(N3 + h.c) +m2

1|H1|
2 +m2

2|H2|
2 +m2

3|N |
2

It is easily to see that the potential (6) contains the same terms as (5). The
difference is only that the coupling constants in (6) are not connected by the
relations which come from supersymmetry. The behavior with the energy of
the coupling constants ai(i = 1, 2, ..., 8) (and also for the Yukawa and gauge
couplings) is given by renormalization group equations. The parameters of
potentials (5) and (6) are connected by the relations:

a5 = a6 = λ2
2, a7 = λ1λ2, a8 = λ2

1

a1 = a2 =
1

4
(g2

1 + g2
2), a3 =

1

4
(g2

2 − g
2
1), a4 = λ2

2 −
1

2
g2

2 (7)
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The relations (7) are valid at the supersymmetry breaking scale Ms and
higher.

4.In our model the electroweak symmetry breaking takes place, when the
Higgs fields H1, H2, N in potential (6) develop nonzero VEV’s. To provide
the electric charge conservation we shall chose these VEV’s in the following
form:

< H1 >=

(
0
v1

)
< H2 >=

(
v2e

iϕ

0

)
< N >= v3e

iα (8)

For Higgs VEV’s given by (9) the potential (7) is given by:

Vo(v1, v2, v3) =
1

2
a1v

4
1 +

1

2
a2v

4
2 + (a3 + a4)v

2
1v

2
2 + a5v

2
1v

2
3 + a6v

2
2v

2
3

+ 2a7v1v2v
2
3cos(ϕ− 2α) + 2m4v1v2v3cos(ϕ+ α) + (9)

+
2

3
m5v

3
3cos3α + a8v

4
3 +m2

1v
2
1 +m2

2v
2
2 +m2

3v
2
3

It is easily to see that the potential (9) is invariant for discrete transforma-
tions of the type

ϕ→ ϕ+
π

3
, α→ α +

2π

3
, m4 →−m4, a7 → −a7

This means that we can choose (without loss of generality)

v1, v2, v3 > 0; −
π

2
≤ ϕ ≤

π

2
; −

π

6
≤ α ≤

π

6

For the potential to be a stable one (this means that for the large values of
vi, i = 1.2.3 it must be positive) the following conditions must be satisfied:

a1 > 0, a2 > 0, a8 > 0

a3 + a4 +
√
a1a2 > 0 (10)

a6 +
√

2a1a8 > 0, a6 +
√

2a2a8 > 0

The equations for the potential minimum have the form

∂V

∂ϕ
=
∂V

∂α
= 0

∂V

∂v1
=
∂V

∂v2
=
∂V

∂v3
= 0 (11)
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The first two conditions can be written in the form:

m4sin(ϕ+ α) + a7v3sin(ϕ− 2α) = 0 (12)

2a7v1v2v3sin(2α− ϕ) +m4v1v2sin(α+ ϕ) +m5v
2
3sin3α = 0 (13)

The equations (12), (13) have two type of solutions. First, with α = ϕ = 0
corresponds to the case of absence of spontaneous CP-violation. The second
type of solution with nonzero phases α, ϕ corresponds to the case of sponta-
neous CP- violation. For equations (12), (13) to have nonzero solutions for
ϕ and α the following condition must be satisfied:

3a7v1v2cosϕ+
v3m5

m4
(a7v3cos2α +m4cosα) = 0 (14)

Three last conditions of (11) can be written in the following form:

a1v
3
1 +(a3 + a4)v1v

2
2 + a5v1v

2
3 +m2

1v1

+ (m4cos(ϕ + α) + a7v3cos(ϕ− 2α))v3v2 = 0 (15)

a2v
3
2 +(a3 + a4)v2v

2
1 + a6v2v

2
3 +m2

2v2 +

+ (m4cos(ϕ + α) + a7v3cos(ϕ− 2α))v3v1 = 0 (16)

2a8v
3
3 + (a5v

2
1 + a6v

2
2 + 2a7v1v2cos(ϕ − 2α))v3

+m5v
2
3cos3α +m4v1v2cos(ϕ+ α) +m2

3v3 = 0 (17)

The equations (15)-(17) are satisfied for v1 = v2 = v3 = 0. We are looking
for solutions with

v1 6= 0, v2 6= 0, v3 6= 0. (18)

For the solutions (18) to be a real minimum of the potential the value of
Vo(v1, v2, v3) (where v1, v2, v3 are nonzero solutions of equations (12), (13),
(15)-(17)) must be negative:

V (v1, v2, v3) =
1

2
(
1

3
m5v

3
3cos3α +m4v1v2v3cos(ϕ + α) +m2

1v
2
1

+ m2
2v

2
2 +m2

3v
2
3) < V (0, 0, 0) = 0 (19)

We must take into account also the following: for the solution with nonzero
values of α, ϕ and spontaneous CP- violation to be the physical minimum of
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the potential the potential value in this point must be less than its value for
α = 0, ϕ = 0. This means that the following condition must be satisfied:

m5sin
ϕ+ α

2
sin

ϕ− 2α

2
< 0 (20)

5.Let us consider now the masses of Higgs particles. After the spontaneous
breaking of electroweak symmetry it appears five neutral and one complex
charged fields. The goldstone mode for neutral fields can be excluded by the
transformation:

ξo1 = v1 +
1
√

2
(Φ1cosβ − Φ2sinβ − i(Gcosβ − Asinβ))

ξo2 = eiϕ(v2 +
1
√

2
(Φ1sinβ + Φ2cosβ + i(Gsinβ +Acosβ))) (21)

N = eiα(N1 + iN2)

where Φ1,Φ2, A,N1, N2 are new neutral fields, G is the goldstone mode,
tanβ = v2

v1
. The 5 × 5 symmetric mass matrix M2

ij , i, j = 1, ..., 5 for fields
Φ1,Φ2, A,N1, N2 for the case of the presence of CP- violation is given by
formula (A1) of the Appendix A. For the case of absence of CP- violation
the mass matrix has more simple form: it consists of two matrices, one of
them 3× 3 is the mass matrix of CP- even fields Φ1,Φ2, N1, the second one
is 2 × 2 mass matrix of CP- odd fields A,N2. They are given by formulae
(A2) and (A3) of the Appendix A. For the charged Higgs particles one can
exclude the Goldstone mode by the transformation:

ξ+
1 = −G+cosβ + eiϕH+sinβ

ξ−2 = eiϕG−sinβ +H−cosβ (22)

The mass of charged Higgs is given by:

m2
H+ = −

2(m4cos(ϕ+ α) + a7v3cos(ϕ− 2α))v3

sin2β
− a4η

2 (23)

where
η2 = v2

1 + v2
2 = (174GeV )2 (24)

It is necessary to note that the condition of positiveness of charged Higgs
mass squared provides the conservation of electric charge i.e. the Higgs boson
VEV’s have the form (8) [9]
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6.To obtain the bounds for masses of the Higgs particles one must in-
vestigate the possible restrictions for parameters of Higgs potential (6). The
restrictions for the coupling constants ai, i = 1, ...8 one can obtain, by analyz-
ing the renormalization group equations for ai, i = 1, ...8, gauge gr, r = 1, 2, 3
and t and b quark Yukawa couplings ht = mt

v2
, hb = mb

v1
(one can neglect other

Yukawa couplings because of their smallness with regard to ht and hb).
In the region between the electroweak symmetry breaking scale and su-

persymmetry breaking scale they have the form [6, 22] (t = ln( Q
100GeV

):

16π2∂ai

∂t
= fi, i = 1, ...8

16π2∂ht

∂t
= ht(

9

2
h2
t +

1

2
h2
b −

17

12
g2

1 −
9

4
g2

2 − 8g2
3)

16π2∂hb

∂t
= hb(

9

2
h2
b +

1

2
h2
t −

5

12
g2

1 −
9

4
g2

2 − 8g2
3) (25)

16π2∂gi

∂t
= −cig

3
i

where
c1 = −7, c2 = 3, c3 = 7

and fi, i=1,...,8 are given by the formula (B1) of the Appendix B. The values
of gauge constants gr (r=1,2,3) at electroweak breaking scale ∼ MZ are the
following [13]:

g1 = 0.358 g2 = 0.651 g3 = 1.218

Above the supersymmetry breaking scale some of the constants ai (i=1,...8)
are unified according to equations (7), and the renormalization group equa-
tions should be written for the quantities λ1, λ2, ht, hb, gr instead of the
quantities ai, ht, hb, gr (r=1,2,3; i=1,...8). These equations are as follows
[23] (t = ln Q

Ms
):

16π2dht

dt
= ht(6h

2
t + h2

b + λ2
2 −

13

9
g2

1 − 3g2
2 −

16

3
g2

3)

16π2dhb

dt
= hb(6h

2
b + h2

t + λ2
2 −

10

9
g2

1 − 3g2
2 −

16

3
g2

3)

16π2dλ2

dt
= λ2(2λ2

1 + 4λ2
2 + 3(h2

t + h2
b)− g

2
1 − 3g2

2) (26)

16π2dλ1

dt
= 6λ1(λ2

1 + λ2
2)
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16π2dgi

dt
= −cig

3
i ; c1 = −11, c1 = −1, c3 = 3

To obtain the restrictions for ai at scale Q = MZ we investigate numerically
the differential equations (25) from Q = MZ to Q = Ms and (26) from
Q = Ms to Q = MG. These restrictions for ai arise in the following way.
We require that in the region from MZ to Ms and from Ms to MG all of the
coupling constants must be small so that the perturbation theory applies.
This will give some restrictions for values of scalar coupling constants ai at
Q = MZ and so for the Higgs masses. One must take into account also the
vacuum stability condition which will give an additional restrictions for ai.

More precisely, the perturbation theory to be applied, the quantities
ai(i = 1, ...8), ht, hb at Q = MZ must satisfy the following conditions:

h2
t

4π
,
h2
b

4π
,
|ai|

4π
< 1 (27)

The conditions (27) must be valid for also for MZ < Q < Ms. For Ms < Q <
MG, conditions (27) are replaced by the conditions (k=1,2):

λ2
k

4π
,
h2
b

4π
,
h2
t

4π
< 1 (28)

Actually, the conditions (27), (28) are not enough to provide the perturbation
theory validity. Severely speaking, the condition of smallness of derivative of
coupling constants must be satisfied:

∂ai
∂t
,
∂λk
∂t

,
∂ht
∂t

,
∂hb
∂t

< A (29)

where A is a number ∼ 1.
Let us proceed to concrete results. We will consider that the supersymme-

try breaking scale Ms is between 100GeV and 10000GeV and the unification
scale is between 1016GeV and 1018GeV . The values of t and b quark masses
at scale MZ we take equal to mt = (175 ± 15)GeV, mb = (3.5 ± 0.5)GeV
[24, 25].

We investigate numerically the renormalization group equations, taking
into account the condition of the validity of the perturbation theory and the
vacuum stability condition. If the supersymmetry breaking scale is Ms =
MZ, one obtains the restrictions for λ1, λ2, ht and hb:

|λ1| ≤ 0.5, |λ2| ≤ 0.6, 1.0 ≤ |ht| ≤ 1.1, |hb| ≤ 1.0 (30)
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For Ms = 1000GeV and Ms = 1000GeV the restrictions for parameters
ai(i = 1, ..., 8), ht and hb are given in Appendix B.

The Higgs masses depend also on mass parameters of the potential and
Higgs boson VEV’s v1, v2, v3. The mass parameters of this potential m4, m5,
m2

1, m
2
2, m

2
3 are connected with supersymmetry breaking and are of order of

supersymmetry breaking scale. The Higgs VEV’s v1, v2 are restricted by the
condition (24). The restrictions for their ratio

v2

v1
=

v2√
η2 − v2

2

= tanβ (31)

are obtained from values of t and b-quark masses. From (31) one obtains for
mt = (175± 15)GeV, mb = (3.5± 0.5)GeV

1 < tanβ < 60 (32)

The singlet’s VEV v3, generally speaking is not connected with the super-
symmetry breaking and so its scale is not coincide with the supersymmetry
breaking scale Ms. However the equations of the potential minimum (15)-
(17) give an additional restrictions for this parameter.

Let as try to analyze qualitatively which bounds one can obtain for neutral
and charged Higgs masses, when apply the above obtained restrictions.

First of all let us consider the case of absence of spontaneous CP-breaking.
It is easily to see from the formula (23) and the previous analysis that

the charged Higgs particle mass can be as heavy as supersymmetry breaking
scale.

As concerned the neutral Higgs masses, as we have mentioned above,
the mass matrix consists of two separate 3 × 3 and 2 × 2 matrices for CP
even and CP odd particles respectively. The analysis of these mass matrix
shows that the upper bound of mass of one CP even particle is of order
η = 174GeV and four other particles masses, generally speaking, are of order
of supersymmetry breaking scale Ms. This follows, in particular, from the
fact that determinant of CP even particles mass matrix is proportional to
η2M4

s and determinant of CP odd particle mass matrix is proportional to
M4

s .
The case of the presence of spontaneous CP-violation is more compli-

cated: here one has 5 × 5 neutral Higgses mass matrix. In this case the
conditions of positiveness of Higgs boson masses are very important. These
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conditions are equivalent to the positiveness of determinant and diagonal mi-
nors of matrix (A1). The analytical investigations of these conditions (taking
into account also the condition of positiveness of charged Higgs particle) gives
the following result: for supersymmetry breaking scale Ms ∼ 100GeV these
conditions can’t be satisfied simultaneously, i.e for Ms ∼ 100GeV the spon-
taneous CP breaking can’t take place. As concerned Ms ∼ 1000GeV and
Ms ∼ 10000GeV , the condition of the neutral Higgs mass matrix to be pos-
itively determined gives the following inequality which must be satisfied for
energies ∼ 100GeV :

max((a3 + a4 −
√
a1a2)

η2sin2β

2v2
3

,
a2

7η
2sin2β

2a8v2
3

) <

< −a7
sin3α

sin(ϕ+ α)
< (a3 + a4 +

√
a1a2)

η2sin2β

2v2
3

(33)

This condition is obtained from requirement that the fourth order diagonal
two minors of matrix (A1) which can be obtained, when first or fourth lines
and columns are excluded must be positive. Let us note also that for Ms ∼
100GeV the inequalities (33) become the equalities due to the relations (7)
and it is not possible to provide the positiveness of the diagonal minors,
as we mentioned above. The conditions (33) can be satisfied only due to
the fact that the coupling constants ai, i=1,...,8, for Ms ∼ 1000GeV or
Ms ∼ 10000GeV are not satisfying relations (7) for energies ∼ 100GeV due
to the their evolution from supersymmetry breaking scale to electroweak
breaking scale according renormalization group equations (25).

Using the condition (33), we come to the following restrictions for the
neutral Higgs particles masses in the case of presence of CP- violation. The
lightest neutral Higgs has mass of order of η multiplied by the factor of order
of radiative corrections to the coupling constants ai, i=1,...,8, when, evaluat-
ing from 1000GeV or 10000GeV to 100GeV, i.e., in general, sufficiently small.
Two other neutral Higgs boson have masses of order of ∼ η and masses of
two last neutral Higgses can be as heavy as supersymmetry breaking scale
Ms. These results are obtained, in particular, from the fact that due to the
condition (33) determinant of matrix (A1) is proportional to M4

s η6 multiplied
by the factor(s) of order of radiative corrections to the coupling constants ai.

It is interesting to analyze the case, when one or two neutral Higgs par-
ticles are almost SU(2) × U(1) singlets. In this case the situation is the
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following: if both of singlets are much heavier than electroweak breaking
scale, then, as it follows from the previous analysis, the remaining neutral
scalar particles have a masses of order of η or smaller. The following state-
ment is also true: if one of the neutral Higgs boson is much heavier than η,
then it is almost singlet. This means that in all cases one has three neutral
visible (nonsinglet) particles with ”small” (≤ η) masses.

Using the condition (33) and equation (12) one obtains from (23) the
following restriction for the mass of charged Higgs particle:

m2
H+ < (a3 +

√
a1a2)η

2 (34)

This means that in the case of the presence of spontaneous CP-violation mass
of charged Higgs particle is also of order of η.

We want to stress that the results, we obtained, in the case of the presence
of CP-violation are very similar to results obtained in [14] for the case of
nonsupersymmetric two Higgs doublet model: for both of cases three neutral
and one charged Higgses have masses of order of η or less.

7.Let us proceed to numerical investigations of bounds of Higgs boson
masses. The Higgs boson masses depend on the parameters ai, i=1,...,8;
m2
k, k=1,...,5; v3; tanβ; ϕ; α (for the case of the presence of CP-violation);

η = 174GeV . The restrictions for ai, i=1,...,8 are given by formulae (10),
(30), (B2), (B3). The parameters m2

k, k=1,...,5 are connected with the su-
persymmetry breaking and we take them ∼ Ms or smaller. Besides this,
these parameters, as well as v3 and ϕ, α are restricted by the conditions
(12)-(17),(19),(20) and (33) for the case of the presence of spontaneous CP-
violation and also by other conditions connected with positiveness of Higgs
boson masses squared. The restrictions for tanβ is given by formula (32).

All of the restrictions mentioned above give the bounds for the Higgs
boson masses which have been presented in Fig. 1 - 5. These results have
been obtained with accuracy of order of 10%.

As we have mentioned above, in the case of absence of CP- violation all
Higgs particles besides the lightest one can be as heavy, as supersymmetry
breaking scale Ms. The upper bound for the lightest neutral CP- even Higgs
mass (mh1) as a function of tanβ for the cases Ms ∼ 100GeV, 1000GeV
and 10000GeV are presented in Fig. 1. As we can see, in this case mh1 ≤
105GeV, 135GeV and 150GeV respectively for Ms ∼ 100GeV, 1000GeV and
10000GeV.
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In the case of the presence of CP- violation only two neutral Higgses can
be as heavy as supersymmetry breaking scale Ms. The upper bounds as a
functions of tanβ we obtained for masses of remaining neutral and charged
Higgses (mh1, mh2, mh3 and mH+ respectively) are presented in Fig. 2-5. As
it follows from Fig.2-5,

mh1 ≤ 30GeV, mh2 ≤ 95GeV,

mh3 ≤ 135GeV, mH+ ≤ 115GeV, (35)

for Ms ∼ 1000GeV and

mh1 ≤ 35GeV, mh2 ≤ 100GeV,

mh3 ≤ 150GeV, mH+ ≤ 145GeV, (36)

for Ms ∼ 10000GeV .
The experimental restrictions for Higgs boson masses in supersymmetric

standard model Higgses are the following [26]:

mh1 > 45GeV, mH+ > 45GeV (37)

There is an obvious contradiction between obtained bound (36) for mh1 and
the experimental restriction (37). But it is necessary to note that the NMSSM
includes additional SU(2) × U(1) singlets in Higgs sector in compare with
the MSSM and so the experimental bounds (37) in general are not true for
NMSSM neutral Higgs sector. More precisely, to avoid the contradiction
with experiment the lightest neutral Higgs h1 must be almost singlet to
escape the detection. The preliminary analysis shows that there exists a
region of parameter space where such a situation can take place. As we have
mentioned above in this case three detectable (i.e. nonsinglet) particles with
mass of order of η or smaller is always exist.

8.Thus we have investigated bounds for Higgs boson masses in NMSSM
which arise from renormalization group equations and scalar Higgs potential
analysis. For the case of absence of spontaneous CP- violation we obtain that
neutral CP- even Higgs particle with mass smaller than η exists. The above
restriction is very close to one obtained in MSSM. We have shown that if
Ms ∼ 100GeV , spontaneous CP- violations isn’t possible. If supersymmetry
is broken at higher scales, then the scenario with spontaneous CP- violation
to be real the lightest neutral Higgs must be almost SU(2) × U(1) singlet .
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In this case charged Higgs boson have mass smaller than η and at least three
detectable (i.e. nonsinglet) neutral Higgs boson exist with masses of order of
η. Thus the restrictions obtained for the case of the presence of spontaneous
CP- violation are much stronger than in MSSM.

So our analysis of the problem of Higgs masses in NMSSM with the
spontaneous CP-breaking shows that the considering model leads to the pre-
dictions for Higgs particles masses which can be verified experimentally in
the near future. This model can be considered as an interesting alternative
of MSSM. The investigation of properties of the considered model in more
detail is required. In particular, the correlation between Higgs masses and
decay rates in the case, when some of the neutral Higgses are nearly singlets
must be investigated. This work is in progress now.

The research described in this publication was made possible in part by
Grant N MVU000 from the International Science Foundation.

APPENDIX A

The 5 × 5 symmetric mass matrix M2
ij (i,j = 1,...,5) of neutral Higgs

particles Φ1,Φ2, A,N1, N2 for the case of the presence CP- violation is given
by:

M2
11 = (

1

2
(a1 + a2 − 2(a3 + a4))cos

22β − (a2 − a1)cos2β + (a1 + a2 + 2(a3 + a4)))η2

M2
12 = (−

1

2
(a1 + a2 − 2(a3 + a4))cos2βsin2β +

1

2
(a2 − a1)sin2β)η2

M2
13 = 0

M2
14 = (a5 + a6 + (a5 − a6)cos2β + a7sin2β(cos(ϕ− 2α) +

sin3α

sin(ϕ+ α)
))v3η

M2
15 = 3a7v3ηsin2βsin(ϕ− 2α)

M2
22 =

1

2
(a1 + a2 − 2(a3 + a4))η

2sin22β −
2a7v

2
3sin3α

sin2βsin(ϕ+ α)

M2
23 = 0 (A.1)
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M2
24 = ((a6 − a5)sin2β + a7cos2β(cos(ϕ− 2α) +

sin3α

sin(ϕ+ α)
))v3η

M2
25 = 3a7v3ηcos2βsin(ϕ− 2α)

M2
33 = −

2a7v
2
3sin3α

sin2βsin(ϕ+ α)

M34 = −a7v3ηsin(ϕ− 2α)

M2
35 = a7v3η(3cos(ϕ − 2α)−

sin3α

sin(ϕ+ α)
)

M2
44 = 4a8v

2
3 +

a7η
2sin2βsin(ϕ− 2α)

2
(3cot3α + cot(ϕ+ α))

M2
45 = −2a7η

2sin2βsin(ϕ− 2α)

M2
55 = −

a7η
2sin2β

2
(9sin(ϕ − 2α)cot3α + 3cos(ϕ − 2α) +

sin3α

sin(ϕ+ α)
)

where η2 = v2
1 + v2

2 = (174GeV )2.
For the case of the absence of CP- violation the 3 × 3 symmetric mass

matrix (M2
sc)ij (i,j = 1,2,3) for the scalar Φ1,Φ2, N1 fields is:

(M2
sc)11 = (

1

2
(a1 + a2 − 2(a3 + a4))cos

22β − (a2 − a1)cos2β + (a1 + a2 + 2(a3 + a4)))η
2

(M2
sc)12 = (−

1

2
(a1 + a2 − 2(a3 + a4))cos2βsin2β +

1

2
(a2 − a1)sin2β)η2

(M2
sc)13 = (a5 + a6 + (a5 − a6)cos2β)v3η + (m4 + 2a7v3)ηsin2β

(M2
sc)22 =

1

2
(a1 + a2 − 2(a3 + a4))η

2sin22β −
2(m4 + a7v3)v3

sin2β
(A.2)

(M2
sc)23 = (a6 − a5)sin2βv3η − (m4 + 2a7v3)ηcos2β

(M2
sc)33 = 4a8v

2
3 +m5v3 −

m4η
2sin2β

2v3

The 2 × 2 symmetric mass matrix (M2
p )ij (i,j = 1,2) for the pseudoscalar

fields A,N2 is as follows:

(M2
p )11 = −

2(m4 + a7v3)v3

sin2β

(M2
p )12 = −(m4 − 2a7v3)η (A.3)

(M2
p )22 = −3m5v3 − (m4 + 4a7v3)

η2sin2β

2v3
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APPENDIX B

The expressions for fi, i=1,...,8 in (27) are given by:

f1 = 12a2
1 + 4a2

3 + 4a3a4 + 2a2
4 + 2a2

5 −

a1(3g
2
1 + 9g2

2) +
3

4
g4

1 +
9

4
g4

2 +
3

2
g2

1g
2
2 + 12a1h

2
b − 12h4

b

f2 = 12a2
2 + 4a2

3 + 4a3a4 + 2a2
4 + 2a2

6 −

a2(3g
2
1 + 9g2

2) +
3

4
g4

1 +
9

4
g4

2 +
3

2
g2

1g
2
2 + 12a2h

2
t − 12h4

t

f3 = 2(a1 + a2)(3a3 + a4) + 4a2
3 + 2a2

4 + 2a5a6 − a3(3g
2
1 + 9g2

2)

+
3

4
g4

1 +
9

4
g4

2 −
3

2
g2

1g
2
2 + 6a3(h

2
t + h2

b)− 12h2
th

2
b

f4 = 2a4(a1 + a2 + 4a3 + 2a4) + 4a2
7 − (B.1)

a4(3g
2
1 + 9g2

2) + 3g2
1g

2
2 + 6a4(h2

t + h2
b) + 12h2

th
2
b

f5 = 2a5(3a1 + 2a5 + 4a8) + 2a6(2a3 + a4) +

8a2
7 −

1

2
a5(3g

2
1 + 9g2

2) + 6a5h
2
b

f6 = 2a6(3a1 + 2a6 + 4a8) + 2a5(2a3 + a4) +

8a2
7 −

1

2
a6(3g

2
1 + 9g2

2) + 6a6h
2
t

f7 = 2a7(a3 + 2a4 + 2a5 + 2a6 + 2a8)

−
1

2
a7(3g2

1 + 9g2
2) + 3a7(h2

t + h2
b)

f8 = 2a2
5 + 2a2

6 + 4a2
7 + 20a2

8

For Ms=1000GeV one obtains the following bound for coupling constants ai,
i=1,...,8

0.13 ≤ a1 ≤ 0.24 0.23 ≤ a2 ≤ 0.3 0.06 ≤ a3 ≤ 0.19

−0.31 ≤ a4 ≤ 0.15 a5 ≤ 0.36 a6 ≤ 0.33 (B.2)

|a7| ≤ 0.19 a8 ≤ 0.33 1 ≤ |ht| ≤ 1.1 |hb| ≤ 1
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And for Ms = 10000GeV :

0.12 ≤ a1 ≤ 0.35 0.34 ≤ a2 ≤ 0.35 0.03 ≤ a3 ≤ 0.31

−0.43 ≤ a4 ≤ 0.26 a5 ≤ 0.46 a6 ≤ 0.40 (B.3)

|a7| ≤ 0.22 a8 ≤ 0.3 1.0 ≤ |ht| = 1.1 hb ≤ 1.1
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