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Abstract

A recurrence relation of Riccati-type differential equations known in super-
symmetric quantum mechanics is investigated to find exactly solvable poten-
tials. Taking some simple ansdtze, we find new classes of solvable potentials

as well as reproducing the known shape-invariant ones.
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It is generally difficult to solve exactly the eigenvalue problem of a (time-independent)
hamiltonian in quantum mechanics. Among the various methods developed for this pur-
pose, a remarkably simple but powerful one is a ladder operator technique, whose typical
example is a simple harmonic oscillator. If a hamiltonian has a discrete eigenvalue spectrum
bounded from below, the energy eigenstates should be labeled by integers and formal rasing
and lowering operators can be written in this basis. However, it does not provide a way to
find the ladder operators explicitly for a given hamiltonian. A practical method of getting
ladder operators has been studied by several authors( [3]- [8]) using ideas of supersymmetric
quantum mechanics( [1], [2]) and a concept of shape-invariant potentials [3]. This approach
has (re)produced many exactly solvable potentials. In this paper, we investigate the recur-
rence relation of Riccati-type differential equations arising in the supersymmetric quantum
mechanics directly taking some ansdatze. In addition to reproducing known shape-invariant
potentials concisely, new classes of solvable potentials are found.

Let us begin by summarizing some results of supersymmetric quantum mechanics which
are used for the present work(for a review, see [2] for example). Consider a family of one

dimensional hamiltonians

p2

HkZE—i—Vk(I‘), k:0,1,2,, (1)
where p = —iaa—m , which are connected by
Hyy = ByBl — By(1) = Bl By, Hy = B{By. (2)

Here By and B} are defined using superpotentials o ()

1 .0

By = 75{%

+ax(2)}, Bl = +ax(2)}, (3)

1 (- 0
V2© Oz
where oy () is a real function such that the ground state wavefunction which is proportional
to exp(— [ ag(x)dx) should be normalizable. The nth eigenvalue of Hy, is denoted by Ej(n)

n=20,1,2,---, and a relation between eigenvalues is given by



Note that all the ground state energies are defined to be zero. The E(1) is assumed to be
positive and is also denoted by sy, standing for a level spacing between the kth and (k+1)th
eigenstate of the starting hamiltonian Hy. It is worth noting that Eg(n+1) = Y3 _ sk, n =
0,1,2,--- and Ey(0) = 0. Denoting the nth eigenfunction of Hj, as ty(,)(z), important

relations between the eigenfunctions follow from (2) as

Yry1(n)(x) = {Ex(n + 1)}71/2 Bithpminy ()

B} Yiy1im)(x) = {Br(n + 1)} *pnin () (5)
Note that By 1y0)() =0 . A repeated use of this relation gives
B{B! - Bl Y1y (x) = {Eo(n+k+1)Ei(n+k) - Ep(n+ 1} domnin(z) . (6)

Putting n = 0, this equation can be used to get the excited-state wavefunctions of Hy from
the knowledge of the ground states of systems related as superpartners.
Now, putting By, and B} in (3) into (2), a recurrence relation of Riccati-type differential

equations is obtained as
2Viri(2) = aj(2) — afyy(2) = ag(e) + ag(@) — 25k, (7)

where the prime means a derivative with respect to x . To search for the possible family of
ai(x) and sy satisfying the difference differential equation (7), it is convenient to put ag(z)

and agy1(z) as

() = %{mmm)w(m)}, i (2) = %{mmm)— 10}, ()

which solve (7) identically. It holds for non-zero sj only, and in general, there can be added a
free parameter oy, say, inside the curly brackets in (8). Note that fi(z) is proportional to the
first excited-state wavefunction divided by that of the ground state of the k&th hamiltonian.

The consistency in the two equations of (8) requires

{fi@)fin(@)} = 2Asefu(@) fra(®) — ser1fi(@) fra(z)} (9)



We further rewrite equations (8), (9) by putting fx(z) as following :

fil@) = Gu(e) exp ([ hulx)dz) (10

Note that there is an ambiguity in the choice of hx(z), or equivalently in §i(z) : Adopting
g(x) = Gu(z) exp (f Be(x)dx) , and hy(x) = hi(z) — Bi(x) , instead of tilded functions, fi(z)
remains the same for arbitrary [i(z). We remove this ambiguity by choosing G (z) such

that ho(xz) =0, and

fi@) = ge@)eap( [ m(@)dz),  fi@) = fi@)eap([ mu@)dz) . (1)

The consistency in this procedure requires for all £ =0,1,2,- - -,

folz) = gi(x) + gi(x) hi(x) , (12)

then the difference differential equation (7) is satisfied. Now, equation (9) becomes

o (x) + %fé(w) (he(@) + hia(2)) = skge(x) — Skragera (). (13)

Solving this equation for gx(z) and inserting it into (12) yields

A @) @A)+ () s ) fie) — @A) =0, (4
where
nle) = (o) + 0e), o) = 0(a) + ma)ue). (15)
and
o) = § 5 () +lgn(a). o) = 0 (16)

Since (14) is identically satisfied for k£ = 0, it is equivalent to the difference of (k + 1)th and
kth expressions in (14). Thus, with the difference denoted by Ayy = yr+1 — Yk, we finally

obtain

o () + App(x)fo'(z) + (Age(x) + Asi) fo(z) — soAhw(z)fo(x) = 0. (17)
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It is equivalent to the difference differential equation (7), and we will try to find fo(z) and
sk consistently by making simple ansdtze on hy(z) below. The superpotential in (8) is now
given as

1 1., 1
ag(z) = m{é‘o]‘b(m) — (k- 5) 0(7)} + §hk($) — Ox(z) . (18)

Note that an overall constant factor of fy(z) does not affect the superpotential.
Let us solve (17). The simplest ansatz on hi(z) may be putting hi(x) = 0 for all

k=0,1,2,---. In this case, (17) becomes
o () + Asg fo(x) = 0. (19)
This is solved consistently by putting
As, = s, (20)

where s is a constant parameter. It is easy to find fi(z) in (19), and the superpotential is
given in (18) with hy(z) = 0,6,(z) = 0 in this ansatz, that is,

1 1. .,
a(r) = M{Sofo(w) — (k=5)f(@) ]} (21)

The eigenvalues are given by the common formula
1
Ekx(n) = son + 3 sn(n — 1+ 2k) (22)

referring to (20) and (4). In the following, we list the resulting superpotentials, while the
potentials can be written down explicitly by using 2Vi(z) = o2(z) — aj(z) in (7). With
constant parameters b, d, and putting

2(so+ks)—s
n = |S|7 ar = 2 )
Ui

(1) s>0; fi(z) = sinn(x+d)

—apcotn(z+d) + —2— Eckart potential
an(z) = k ( ) sinn(z-+d) (23)

wtbtanl(z 4+ d) — “Lcot 1 (z+d) Péschl-Teller potential I



(2) s<0; fi(xr) = c1sinhn(z +d) + cacoshn(x + d) with constant parameters ¢y, co .

Thus, the superpotential in (21) is

tanh d b
ay(z) = Wlatetminaid) . (24)
¢ + ¢ tanhn(z + d) c1 sinhn(x +d) + co coshn(z + d)
Some well-known potentials in the literature come out :
a. fi(z) = sinhn(z+d) (1 =1,c0=0)
ar cothn(z +d) + ——2—= Rosen-Morse potential
on(z) = k n( ) sinhn(z+d) P (25)
@b tanhl(z+d) + L coth (z + d) Péschl-Teller potential II
b. Morse potential ; f{(z) = coshn(x +d) (¢ =0,c2=1)
(x) = th(—i—d)—i-# (26)
URlT) = GRaAnhine coshn(x +d)
c. Morse potential ; fj(z) = expn(z+d), (c1 =co=13) [ c1 = —c; = —1% also gives a
similar potential.|
ag(x) = ap + bexp(—n(zx+d)) . (27)
(3) s =0 ; two cases arise as following.
a. Harmonic oscillator potential ; fi(z) = 1
ag(z) = so(z+d). (28)
b. Harmonic plus inverse-square potential ; fi(z) = z+d
So /\k 1
— Ny - M=k — - +b. 2
one) = Dard) — N S (20)

It should be noted that k has a maximum allowed value when s < 0 since s, = sg + ks is

assumed to be positive. It is remarkable that a large part of the known exactly solvable



potentials given in refs. [4], [5] are reproduced here within a single ansatz. Further details
of the potentials and the wavefunctions can be found in refs. [2], [4], [5], [7] where a notion
of shape-invariance of potentials is utilized in the framework of supersymmetric quantum
mechanics.

Let us solve (17) with an ansatz which is slightly more general than assuming hg(z) = 0

for all k&,

0 for k = even
hi(z) = (30)
h(z) for k = odd .

Using for k = even, odd integers respectively,

hlém)+hz2{1i(2k+1)},

Ahi(z) = +h(z) , Ape(x) = h(z) {1+ (k + %)} Ag(z) =

the equation (17) reduces to

3 N (z h?(x
v+ Sh@ @ - DT Ay )~ soh() @) =0,
1 N (x h?(z
v sh@ @+ (D A @)+ seh@h@ =0, G
for K =0,1 and
h(x) w

7 L) v / _

) + {75+ g M) = 0, (32)
which results from the consistency of (17) for all £k = 2,3,4,5,- - -, together with As
determined with a constant w as

Aso, = Asy + kw , Asopi1 = Asy — kw . (33)

Combining equations (31) and (32), one finally arrives at

1 1
h'(z) + §h2(m)(;+1) + Ao =0, 20 fo(x) = h(z)fo(z), w = 2Xo, (34)
where A, o are
Asyg— Asy —
A = Asp+ Asy, g = 2% L (35)
480



We consider ¢ # 0, since otherwise h(z) = 0 in (34), which has been already covered. The

energy level spacings are now given as
1
Sgk:SQ—i‘kJ/\, Sok+1 — (1+20’){So+(k)+§)/\} (36)

Here, 0 > —1/2 for positive level spacings. From this and (4), the energy levels are given as
Ey(n) = (14+0)n{so + 5 (n—1+2k)}

1—(=1)"

—(—1)%{%(50 + %(%—1)) _An

-1 (37

This formula reduces to (22) as ¢0 , by noting in (36), Asy = A/2 in this case. The

superpotential in (18) is given finally using (34)

a(z) = %wo—}%) -y M (39)

Now, we only need to find h(z) satisfying (34). The resulting superpotentials are listed

in the following with a constant d, and putting

(1) A>0 ; h(z) = 2ZLcotn (x +d)

1+o
tann (z +d
o(z) = b PNETD) otz d). (39)
(2) A<0 ; h(z) = f%cothn(m—l—d)
tanh d
ag(z) = bkw — prncothn (z+d) . (40)
(3) A=0;h(z) = £% 13
(@) = so(l+0)(z+d) — L5 (41)
xr+d



These potentials are similar but different from the ones obtained by our first ansatz, that
is, Poschl-Teller potentials I, IT given in (23), (25) respectively, and (29). This fact is clear
in view of their different energy-level structures and the wavefunctions. For example, the
potentials corresponding to the superpotentials in (29), (41) are given respectively (putting

d = 0 for simplicity)

2 2
S5 o AL — Mg 50 1
- % TS W 42
Vi) = Doz B 0 (12)
1 2
Vi(a) = 5s5(1+0)%a% + “’“2932“’“ - %(1+a+(—1)’fa). (43)

The energy level spacings are s, = so for all k, for the potentials (42), while sx = s¢, 80 (1+
20 ) for k = even, odd integers respectively for (43). The difference between the two systems
can be seen more clearly in their wavefunctions. The unnormalized wavefunctions for Vj(x)
given in (42) are

1 Ao—3
Q/JO(k)(m) = g exp( _180m2 ) Lk0 2( 5 ), (44)

while for Vp(z) given in (43)

1 _1
Yor) () = z'exp( —580(1 +0)z?) L 2 (so(1+0)x?)

1 1_
Vo1 (z) = 2710 exp( —550(1 +0)2?) L7 " (so(1 4+ 0)z?), (45)

where L%(z) is a generalized Laguerre polynomial. Note that as ¢0, the potentials in (43),
the wavefunctions in (45) and the energy levels all reduce to those of the simple harmonic
oscillator. In contrast, if the parameter is chosen such that the potentials in (42) become
quadratic, only ‘half’ of the energy levels and wavefunctions of a corresponding harmonic
oscillator are obtained as can be seen in (44). We remark that the wavefunctions in (45)
are normalizable as long as o > —1/2, although their first derivatives are not continuous at
xz = 0 . The point is that another class of potentials like in (43) is possible as well as the well-
known ones like in (42) if we seek supersymmetry-related potentials possessing normalizable

wavefunctions.



How can the (radial) Coulomb potential consisting of 1/z and 1/z* terms be reproduced
in our approach? Since we need hy(x) as inputs for solving (17), we assume hy(z) to be that

of Coulomb potential

1 B 1 ) — g
k+a k+1+4a ala+1)’

hi(z) = g( (46)

where g, a are constant parameters. The derivation of this will be described later together

with other general idea of getting superpotentials. Then (17) becomes for k =0,

3h g(2a +1) g*
o (z) + Tf(')'(m) + {(/\"‘m)hl + (a 12 + b} folx) — sohy fo(z) = 0,
(47)
where hy = —2¢g/{a(a+1)(a+2)}, and
2g(2a + 1)

20+ 1) ) — (23 + 22D ) fw) + 250 fe) = 0, (18)

which results from the consistency of (17) for k = 1,2,3,- - - . Here, s; is determined as
A S R VA Y (49)

T ka2 (ktl-ta) k “

with another constants A, b, c. Combining (47) and (48), interesting cases arise only when

1 1
A =0, c:(a+§)b, a;«é—g, (50)

and the final equation is
o (@) = 2B folz) + (B*+b) fox) = 0, (51)
where

g
ala+1)°

Now, energy levels are obtained from above and (4) as

g° 1 1 n?
Ei(n) = 3{(k:+a)2 — (k+n+a)2}+b{§+(k:+a)n}. (52)

The superpotentials are obtained using (18), (51)
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ar(r) = (k + a)F(z) + kia, F(z) = (B*+D) 28 - B, (53)

where fo(x) is easily obtained in (51). We list the resulting superpotentials in the following

with a constant d (to be chosen suitably if necessary), and putting

n = 4/]b].

(1) b>0; fo(zr) = sinn(z+d)exp(Bx)

ag(x) = —(k+a)ncotnz + k:j—a . (54)

(2) b < 0; folx) = (c1sinhne + cacoshnx)exp(Bz) ; with appropriate choices of
c1, Co , there result two well-known potentials

a. Eckart potential

ag(x) = —(k+a)ncothnz + k:L—i—a' (55)
b. Rosen-Morse potential

ag(x) = —(k+a)ntanhnzr + kzi—?-a' (56)
(3) b =0 ; Coulomb potential ; fo(z) = (z+d)exp(Bx)

ak(m):—k;a—i-kj_a. (57)

It is satisfying to see that a single ansatz reflecting the common structure of superpoten-
tials as in (53) produces a class of potentials in addition to the starting one, the Coulomb
potential in this case. The above potentials and the results of our first ansatz given in (23)-
(29), constitute the whole shape-invariant potentials given in refs. [4], [5]. (There are some
discrepancies compared with the tables presented in these references.)

Finally, we want to mention another way of getting superpotentials as following. Since

it is generally expected that the ground state wavefunctions are products of two factors, or

11



equivalently ag(z) is a sum of two parts, one may try to find new solutions to the difference
differential equation (7) by adding an appropriately chosen second part to an old one which

is assumed to satisfy it. As a simple ansatz to implement this idea, we take
ag(x) = ap F(z) + by G(z) . (58)

Here, simple forms are taken for the two parts with constants ay,br and k-independent
functions F(z),G(x) , and aiF'(z) is assumed to solve (7). Then inserting (58) into (7)

results in

(ar + arer) F'(z) + (a2 —a2,,) F2(x) = 250, (59)

(b + b1) G'(x) + 2 (arbk — apprbrsr) F(2)G(z) + (b7 —b2,,) G*(z) = 25, (60)
together with a condition

s = s+ s (61)

Recall that s; should be positive definite, while s,(ca), s,(cb) need not be so. In fact, all the

results obtained so far can also be obtained within this simple ansatz as may be clear from
the forms of the obtained superpotentials, (21), (38), (53). We illustrate the procedure by
obtaining the Coulomb potential : A solution to (59) corresponding to s,(ca) = 0 is directly
obtained to be proportional to 1/z, aj being determined correspondingly. Next, note that
(60) is consistently solved by taking a;by to be independent of k and G(x) to be a constant,

say ¢ . Then one may get

 k+a g g (k+a)k+a—1) g°
(@) = = P k+a’ Vi) = T 212 2(k+a)?’

One can find hg(z) by taking the difference of (18),
Aag(a) = ~ By, (62)
fo(z)

which can be used to get the fo(z) and hy(z) for the known superpotentials by recalling

12



In summary, we have investigated the recurrence relation of Riccati-type differential
equations in supersymmetric quantum mechanics. Recasting the problem into (17) and
taking some simple ansdtze on hi(x), we reproduced the known shape-invariant potentials
in refs. [4], [5], and obtained another classes of potentials which look similar but are different
from the known ones, as illustrated in (42)-(45). It should be stressed that different types
of potentials can be obtained altogether within a common ansatz on the superpotential as
shown in the text. By using more intricate ansdtze or introducing some new ideas into the
formalism, we expect that the method presented in this paper will be helpful for finding out

more solvable potentials, as well as reproducing the known ones, e.g., Natanzon potentials(

191, 71, [21)-
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