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Lagragian quantization rules for general gauge theories are proposed on a
basis of a superfield formulation of the standard BRST symmetry. Indepen-
dence of the S-matrix on a choice of the gauge is proved. The Ward identities
in terms of superfields are derived.

1 Introduction

The majority of field models are based, as a rule, on the fundamen-

tal principle of gauge invariance. On the quantum level it leads to the

fact that there exists a special type of global supersymmetry, i.e. BRST

symmetry,1,2 underlying the advanced covariant quantization methods for

gauge theories.3−5

It appears quite natural to refer to papers 4, 5 as the ones to give the

most general form of the corresponding quantization rules. The antisym-

pletic manifold of the BV method4,5 contains the fields φA (including the

initial classical fields, the ghosts, the antighosts and the Lagrangian mul-

tipliers) with assigned to them antifields φ∗A of the opposite Grassmann

parity, the usual sources JA to the fields φA and finally, the auxiliary fields

λA, introducing the gauge to the theory.

As shown by Witten,6 the covariant quantization formalism allows a

geometrical interpretation.

In turn, the Yang–Mills type theories permit one to realize the BRST

symmetry transformations in superspace.7−10 This being said, the crucial
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point of the formulations7−10 is the structure of configuration space of the

theories concerned. On the other hand, a closed form of the Lagrangian

quantization rules for general gauge theories that would enable one to give

the BRST transformations a completely geometrical description has not

yet been found.

The purpose of this paper is formulation of the Lagrangian quantization

rules on a basis of a superfield approach, revealing the geometrical contents

of the BRST symmetry.

We use the condensed notations suggested by De Witt11; derivatives

with respect to (super)fields are understood as the right-hand and those

with respect to (super-)antifields as the left-hand ones. Left derivatives

with respect to (super)fields are labelled by the subscript ”l”. The Grass-

mann parity of a certain quantity A is denoted ε(A).

2 Basic Definitions

Let us consider superspace D+ 1, parametrized by coordinates (xµ, θ);

xµ are the space-time coordinates, µ = (0, 1, . . . , D − 1); θ is a scalar

Grassmann coordinate. Let ΦA(θ) be a set of superfields and Φ∗A(θ) be a

set of the corresponding super-antifields

ε(ΦA) ≡ εA, ε(Φ∗A) = εA + 1. (1)

In terms of the superfields and super-antifields we define an antibracket

by the rule

(F,G) =
∫
dθ
{ δF

δΦA(θ)

∂

∂θ

δG

δΦ∗A(θ)
(−1)εA+1

−(−1)(ε(F )+1)(ε(G)+1)(F ↔ G)
}
, (2)

where F = F [Φ,Φ∗], G = G[Φ,Φ∗] are arbitrary functionals depending on

supervariables. From the definition (2) of the antibracket there follow the

properties

ε((F,G)) = ε(F ) + ε(G) + 1 ,
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(F,G) = −(G,F )(−1)(ε(F )+1)(ε(G)+1) ,

(F,GH) = (F,G)H + (F,H)G(−1)ε(G)ε(H) ,

((F,G), H)(−1)(ε(F )+1)(ε(H)+1) + cycl.perm.(F,G,H) ≡ 0 . (3)

The last relation is the generalized Jacobi identity for the antibracket.

Let us also introduce operators ∆, V of the form

∆ = −
∫
dθ(−1)εA

δl
δΦA(θ)

∂

∂θ

δ

δΦ∗A(θ)
(4)

V = −
∫
dθ
{∂Φ∗A(θ)

∂θ

δ

δΦ∗A(θ)
+
∂ΦA(θ)

∂θ

δl
δΦA(θ)

}
, (5)

Integration over the coordinate θ is defined by

∫
dθ · 1 = 0 ,

∫
dθ · θ = 1 ,

derivatives with respect to θ are always undestood as the left-hand ones.

The algebra of operators (4),(5) has the form

∆2 = 0 , V 2 = 0 , V∆ + ∆V = 0 . (6)

The action of the operators ∆, V upon the antibracket is given by the

following relations

∆(F,G) = (∆F,G)− (−1)ε(F )(F,∆G) ,

V (F,G) = (V F,G)− (−1)ε(F )(F, V G) . (7)

3 Quantization Rules

Let us now define the generating functional of Green’s functions as a

functional depending on the super-antifields Z = Z[Φ∗] in the form

Z[Φ∗] =
∫
dΦ´dΦ∗́ρ[Φ∗́] exp

{ i
h̄

(
S[Φ´,Φ∗́]− V´Ψ[Φ´]− Φ∗Φ

)́}
, (8)

In (8) S = S[Φ,Φ∗] is a quantum action satisfying the generating equation

1

2
(S, S) + V S = ih̄∆S (9)
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with the boundary condition

S|Φ∗=h̄=0 = S , (10)

where S is a classical gauge invariant action; Ψ = Ψ[Φ] is a fermion func-

tional introducing the gauge; h̄ is a Plank constant. Besides, the following

notations

ρ[Φ∗] = δ
( ∫

dθΦ∗(θ)
)
, Φ∗Φ =

∫
dθΦ∗A(θ)ΦA(θ) (11)

are used.

An important property of the integrand in (8) for Φ∗ = 0 is its invariance

under the following global supersymmetry transformations with a constant

Grassmann parameter µ

δΦA(θ) = µ
∂

∂θ
ΦA(θ) ,

δΦ∗A(θ) = µ
∂

∂θ
Φ∗A(θ) + µ

∂

∂θ

δS

δΦA(θ)
. (12)

The transformations (12) realize a superfield form of the BRST symmetry

transformations and permit one to establish the fact that the vacuum func-

tional ZΨ ≡ Z[0] is independent on a choice of the gauge. Indeed, we shall

change the gauge by the rule Ψ → Ψ + δΨ. In the functional integral for

ZΨ+δΨ we make the change of variables (12) with the parameter µ = µ[Φ].

By virtue of Eq.(9), ZΨ+δΨ takes on the form

ZΨ+δΨ =
∫
dΦ dΦ∗ρ[Φ∗] exp

{ i
h̄

(
S[Φ,Φ∗]− VΨ[Φ]

−V δΨ[Φ] + ih̄V µ[Φ]
)}

. (13)

Then, choosing for the parameter µ the functional

µ = −
i

h̄
δΨ , (14)

we find that ZΨ+δΨ = ZΨ and conclude that the S-matrix is gauge inde-

pendent.

Eq.(12) implies that from the geometrical viewpoint the operator V (5)

can be considered as a generator of translations in superspace. Given this
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the transformations (12) take on the form

δΦA(θ) = µV ΦA(θ) ,

δΦ∗A(θ) = µV Φ∗A(θ) + µ
(
S,Φ∗A(θ)

)
. (15)

Another consequence of validity of the transformations (12) are the

Ward identities for the generating functional of Green’s functions. In fact,

making in the functional integral (8) the change of variables (12) and tak-

ing the generating equation for S = S[Φ,Φ∗] into account, we arrive at the

relation

∫
dΦ´dΦ∗́ρ[Φ∗́]

∫
dθ
∂Φ∗A(θ)

∂θ
ΦÁ(θ) exp

{ i
h̄

(
S[Φ´,Φ∗́]

−V´Ψ[Φ´]− Φ∗Φ
)́}

= 0 , (16)

representable, with allowance made for Eq.(8), in the form

−
∫
dθ
∂Φ∗A(θ)

∂θ

δ

δΦ∗A(θ)
Z[Φ∗] = V Z[Φ∗] = 0 . (17)

Now, define the generating functional of vertex functions (effective action)

depending on the superfields Γ = Γ[Φ] by the Legendre transformation for

lnZ with respect to the super-antifields Φ∗

Γ[Φ] =
h̄

i
lnZ[Φ∗] + Φ∗Φ, ΦA(θ) = −

h̄

i

δ

δΦ∗A(θ)
lnZ[Φ∗] , (18)

then the identity (17) can be represented in the form

−
∫
dθ
∂ΦA(θ)

∂θ

δl
δΦA(θ)

Γ[Φ] = V Γ[Φ] = 0 . (19)

Geometrically, the Ward identities (17), (19) imply the fact that the func-

tionals Z[Φ∗], Γ[Φ] are invariant under supertranslations with respect to

the coordinate θ.

4 Relation to the BV Quantization Scheme

It appears very important to establish a relation between the superfield

approach in question and the BV quantization rules. To this end, note that
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the components of superfields ΦA(θ) and super-antifields Φ∗A(θ) are defined

by expansions in θ

ΦA(θ) = φA + λAθ , Φ∗A(θ) = φ∗A − θJA ,

ε(φA) = ε(JA) = εA , ε(φ∗A) = ε(λA) = εA + 1 (20)

and coincide with the set of variables in the BV quantization scheme (the

choice of signs in Eq. (20) is due to considerations of convinience).

Consider by virtue of Eq. (20) the component form of the basic defini-

tions and relations given above.

First, the antibracket (2) is representable in terms of the component

fields φA, φ∗A, λ
A, JA as follows

(F,G) =
δF

δφA
δG

δφ∗A
− (−1)(ε(F )+1)(ε(G)+1)(F ↔ G) . (21)

Eq.(21) coincides with the usual definition of the antibracket in the frame-

work of BV quantization method.

Second, the corresponding component expressions for the operators ∆,

V (4), (5) read

∆ = (−1)εA
δl
δφA

δ

δφ∗A
, (22)

V = −JA
δ

δφ∗A
− (−1)εAλA

δl
δφA

. (23)

In virtue of Eqs. (21), (23) we find that the transformations (12) take

on the form

δφA = λAµ, δλA = 0,

(24)

δφ∗A = µ
( δS
δφA
− JA

)
, δJA = 0.

Next, making use of Eq. (23), one readily obtains the component form

of the Ward identities (17), (19) for the functionals Z(φ∗, J) ≡ Z[φ∗],

Γ(φ, λ) ≡ Γ[Φ]

JA
δ

φ∗A
Z(φ∗, J) = 0, λA

δ

δφA
Γ(φ, λ) = 0, (25)
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Finally, the integration measure in Eq. (8) is understood as follows

dΦ dΦ∗ ρ(Φ∗) = dφ dφ∗ dλ dJ δ(J) (26)

and the functional Φ∗Φ has the form

Φ∗AΦA = φ∗Aλ
A − JAφ

A . (27)

All things considered, choosing, by virtue of Eqs. (21), (22), (23), for a

solution of the generating equation (9) with the boundary condition (10)

a functoinal S = S[Φ,Φ∗] such that

S[Φ,Φ∗]|J=0 = S(φ, φ∗) + φ∗Aλ
A, (28)

where S satisfies the usual master equation of Refs. 4, 5

1

2
(S, S) = ih̄∆S, S

∣∣∣
φ∗=h̄=0

= S, (29)

we arrive, making use of Eqs. (26), (27) at the following representation for

the generating functional of Green’s functions Z = Z(J) of the fields φA

Z(J) = Z[Φ∗]|φ∗=0 =
∫
dφ dφ∗ dλ exp

{ i
h̄

[
S(φ, φ∗)

+
(
φ∗A −

δΨ

δφA

)
λA + JAφ

A
]}
. (30)

The above relation defines, with allowance made for Eq. (29), the generat-

ing functional of Green’s functions in the framework of the BV quantization

formalism.

5 Conclusion

In this paper the Lagrangian quantization rules for general gauge theo-

ries on a basis of a superfield realization of the standard BRST symmetry

are presented. The S-matrix is shown to be gauge independent. The

Ward identities (17), (19), corresponding to the superfield form (12) (or,

equivalently, (15)) of the BRST transformations, imply invariance of the

functionals Z[Φ∗], Γ[Φ] under translations in superspace (xµ, θ) with re-

spect to the Grassmann coordinate θ. It is shown that the special choice
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(28), (29) of a solution to the equation (9) determining the boson func-

tional S leads to the generating functional of Green’s functions of the BV

quantization scheme.
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