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Abstract

After adding auxiliary fields and integrating out the original vari-
ables, the Yang-Mills action can be expressed in terms of local gauge
invariant variables. This method reproduces the known solution of
the two dimensional SU(N) theory. In more than two dimensions the
action splits into a topological part and a part proportional to as.
We demonstrate the procedure for SU(2) in three dimensions where
we reproduce a gravity-like theory. We discuss the four dimensional
case as well. We use a cubic expression in the fields as a space-time
metric to obtain a covariant Lagrangian. We also show how the four-
dimensional SU(2) theory can be expressed in terms of a local action
with six degrees of freedom only.
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1 Introduction

One of the fascinating properties of certain quantum field theories is the
existence of a strong-weak duality of the coupling constant[1]. Recently,
various novel dualities were discovered both in the context of supersymmetric
gauge theories[5, 6] and topological field theories [2] as well as in string
theories[7]. In certain theories, like the compactified boson in 2D or the
abelian gauge theory in 4D, the duality transformations were performed by
adding auxiliary fields and integrating out the original variables|3, 4, 5].

In this paper we explore this procedure in non-Abelian non-supersymmetric
Yang-Mills theories. It is well known that the latter do not possess a strong-
weak duality invariance. (In fact such a duality is usually meaningless when
the coupling constant is running.) However, the exciting exact results de-



rived recently[5] taught us that the study of the resulting action in terms of
the auxiliary fields maybe very fruitful.

After the integration over the original variables, the resulting action can
be expressed in terms of local gauge invariant variables. Having a gauge
invariant description could be important for the large N limit of SU(N)
Yang-Mills theory. The correlation functions of proper gauge invariant vari-
ables vanish as 1/N? and thus those variables can be considered classical
(Obviously, not every gauge invariant variable has this property). This is
the essence of the original master-field idea[8]. In the approach of Migdal
and Makeenko[9, 10] the gauge invariant variables are the non-local Wil-
son loops. More recently, Gross and Gopakumar[11] suggested a different
approach where the master field is local but not gauge invariant. This mas-
ter field corresponded to the gauge field but as a non-commutative random
variable.

In the present paper we obtain actions with local gauge invariant variables
for the SU(2) theory.

In two-dimensions we obtain, by the above procedure, the SU(N) parti-
tion function on a torus. This corresponds to the well-known result[12][13]
which is given as a sum over representations of SU(N). In our case, each
representation corresponds to a different configuration of the auxiliary field
(whose value becomes quantized).

In more than two dimensions the action that we obtain splits into a
topological field theory plus a term proportional to the coupling constant
as. The topological field theory describes the flat gauge configurations at
as = 0. We demonstrate this by reproducing Lunev’s result [19] for the three
dimensional SU(2) theory. It is expressed as a theory similar to 3D gravity
(the topological part) plus a non-covariant coupling proportional to a.

The topological field theory of flat gauge connections was introduced in
[14] in relation to 2D topological gravity. In [15] theories of flat gauge con-
nections of different groups and for D > 2 where written down. The 2D cases
were then discussed in [16][17]. In [17] the exact instanton expansion of the
2D partition function was obtained by expressing the action as a topological
perturbation (proportional to «s) to the flat gauge connection theory. The
topological theory of flat gauge connections in 4D was recently discussed
in[18] in relation to a twisting of the super-symmetric N = 4 Yang-Mills
theory.

Continuing to 4D in gauge invariant variables, we obtain an expression



for the SU(2) action in terms of a (non-positive) metric g,, and a chiral
spin-2 field. We then show that we can restrict to conformal metrics and
thus obtain a description of SU(2) in 4D in terms of a local action of six
gauge invariant fields only.

We mention again the related results of Lunev[19][20][21]. In [19] the
gravitational description of 3D SU(2) was found. In [20] a gravity-like theory
of 3D SU(2) was found, but it seems different from our description. In a
recent work [21] more relations between gravity and Yang-Mills theories are
discussed.

The Hamiltonian approach to the gauge invariant description of Yang-
Mills is very interesting [22][23][24]. In this approach the metric is spatial
and the wave functional can be factorized|22].

The paper is organized as follows. In section (2) we describe the general
framework. In section (3) we rederive the 2D partition function of SU(N)
on a torus. In section (4) we discuss SU(2) in 3D and rederive Lunev’s
result[19]. Section (5) is devoted to SU(2) in 4D. We show how SU(2) can
be expressed with only six fields — a chiral spin-2 field and a spin-0 field.
Appendix (A) describes the topology of the auxiliary fields for SU(N) in
2D. Appendix (B) describes an algebraic prescription to rewrite the action
in gauge invariant variables (which we use in section(4)). Appendices (C-D)
describes the detailed calculations for the 4D case.

2 Reformulation of the theory

We start with the Euclidean partition function in a D dimensional space with
a metric g,

~ 1
2 = [ PANDFLDCleap{~ [ Va{j—Fual
+ iGA(Fg, — 0,45 + 0,A5 — t"C AL A¢) 1P} (1)
where F, is treated as an independent field, G* is an anti-symmetric La-

grange multiplier and a; is the strong coupling constant. The anti-symmetric
structure constants are defined as usual

[T°,T") = it™T* (2)



We proceed for simplicity on a flat toroidal space-time. Integrating over
[DF,,| we obtain

Z(%?)) = / [DA,] [D@,W]e*fde‘{as5Zu5ZV+2¢au5zVA$—iézytabCAzAg)} (3)

This action is quadratic in A}, and the quadratic matrix
g ab __ tabcéc 4
( )w/ - pnv ( )

is local in the new field variable éfw For D > 2 and a generic field con-

c

o 1t 1s also a non-singular matrix and we can define its inverse

figuration G

(G ") o
(G (G)s = 0%0,r (5)
Integrating [DA,] we obtain
257 = [ DG, [T(det Ga)) 26 J 27ele GGt idnCha@ DG ()

T

The term 8,G¢,(G1)%0,G?,, is invariant only up to a total derivative. After
adding a total derivative we can write the Lagrangian as:

L = aGyG, +2iG5, (G )i0.(9)5 (G )50.Ge,
2065, (G )R0.0.Gh, —i(G);10.G5, 0G5,
= a,G%,GY, +i(G)0.G,05G,
2i0,[G%, (G )R 0,Gr ]
(7)

To see that it is gauge invariant we note the following observation. If the
independent variable G, were a field strength of some gauge field ZZ:

Go, = 8,4, — 8,4, — t"A A, (8)

and if it satisfied an equation of motion (in 4D we could also use the Bianchi
identity and let G, be the original field strength, but we want to keep the
dimension D general):

DG, H,Ge, — 1A Ge, =0 (9)

T
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we could solve for ZZ and write

—adef  F-1\ab 5 Ab
Au - (g )ul/aTGTu (10)
Clearly ZZ transforms as a gauge field when GZV transforms in the adjoint
representation. We can thus define

—a —a —a abe 70 ¢
G, = 0,4, —0,A, —t"A A, (11)
which transforms like GZV and we can write the Lagrangian as

L =a,GG, —iG,,Gl, (12)
which is gauge invariant. The terms in (7) that contain the inverse of G must
be accompanied with a prescription for the pole when G becomes singular.
For this purpose we have to add the gauge-breaking term —nAj A7 to the ac-
tion before integrating, and then take n — 0. This has the effect of replacing
G~ with
5. padiG S pe
(G+inl)~ = Pd G imd(det G)(adjG)sgn(tr{adjG}) (13)
e

where adjgdéf(det G)G~!. The addition to ZZ is

—imd(det g)(adjg)l‘f/ sgn(tr{adjé})@aégu (14)

and it is seen that this addition does not change the gauge transformation
properties of AZ. When we plug it in (7) we obtain

LZ aséZVéZV + i(gil)lc/il)’vaaéguaﬁé%p _~2iaﬂ[é;u(gilgzgaﬂqgf]
+ mo(det(G)) sen(tr{adiG})(adiG)sh0GE, B5G,
(15)

It is enough to add the pole prescription just in the term (G1)%9,G,,0sG%,
and not in the total derivative. It is easy to check that the addition

76(det(@)) sgn(tr{adiG}) (adiG)0u G, DG, (16)

5



Is gauge invariant by itself, because of the J-function.

When the determinant det(G) contains multiple roots (as will be the case
for SU(2) in D = 3 in section (4) where the determinant is a third power
of an algebraic expression, and for SU(2) in D = 4 in section (5) where the
determinant will be quadratic) we will have to be more careful. We will deal
with such a situation in chapter (4).

We have seen that the terms in (7) are local invariants. However it is
an expression that contains derivatives, but doesn’t contain any gauge field.
Thus it must be possible to write it in terms of local algebraic invariants of
ézy. We will demonstrate this in various cases in the next sections.

At a; = 0 we obtain a topological field theory that describes flat gauge
connections[14, 17]. The Lagrangian —iézyézy thus describes a topological
field theory. Furthermore, all the manipulations above have been done in
a flat space. It is easy to see that if the term —i JdPz{F},Fe} were
missing from (1) we keep general covariance, since we can write the Lagrange
multiplier GZV term in terms of forms only:

/ t{G A (F — dA — [A, A])}dPx (17)

where G is now a (D — 2) form. The [DA,] measure depends on the space-
time metric through its volume form. Since the integral is quadratic and we
just substitute the solution of the equations of motion, we do not destroy
covariance in the topological part of the action

LtOpO = _/L.GZ,I/GZV (18)

Thus, after we re-write —i@ZVGZV in gauge invariant variables, we obtain
a topological field theory that has general covariance. When a; = 0, only
the term [[,(det G(z))""/2 in (6) will break general covariance and behave
as a density. We will indeed see in section (4) that for three dimensional
SU(2) we reproduce Lunev’s result [19] and obtain (a “close cousin” of)
three dimensional gravity. Three dimensional gravity itself is known to be a
topological field theory [25]. For four dimensional SU(2) we obtain another
topological field theory. Those theories describe flat gauge connections.

We will start with a discussion of the well-understood two dimensional
Yang-Mills theory in this formalism.



3 Rederiving the 2D partition function for
SU(N) on a torus

Two dimensional Yang-Mills theory can be solved using several different
methods see for instance [12, 13, 17, 11]. The partition function on a torus
of area A, for a gauge group G is

B =3 e hncn (19)

where R runs over all representations of the group. It is important to mention
that (19) is obtained after we sum over all G-fibre bundles in the functional
integral. For a torus, the fibre-bundles are characterized by 7;(G). Consider
an SU(N) group for G. The difference between SU(N)/Zn and SU(N)
in (19) manifests itself in the functional integral in whether we sum over
all N = #m(SU(N)/Zy) bundles or just the trivial bundle, since both
algebras are the same. The representations R of SU(N) are labeled by sets
of increasing natural numbers 0 < [y <l < -+ < Iy_1. The second Casimir
is given by

N-— ] N1

SED ) (20)

=1

02(l17l27" lN 1

[\')lH

3.1 The SU(2) partition function on a torus
Let us begin with SU(2) for which

a = 1,2,3
tabc — €abc
éa - G/J,Vga ( )

Choosmg g locally at x to be in the positive a = 3 direction, i.e. g' = ¢*> =0
and g* = g, the matrix of the quadratic term in A$ in (4) is then:

0 00 0 —ig 0
0 0 03ig 0 0
0 000 0 0
0 ig 0 0 0 0 (22)
—ig 000 0 0 0
0 000 0 0



It has two zero eigenvectors which force two delta functions [],_; 5 & (8uéiu)7
after an integration over A%. The remaining integral (over A}, A%) is Gaus-

sian and gives

o _ i ~1 2 9 2 ~1 2
g 26 QEUT(GHGHUGVGVT OuGiLs00G, ) A% (23)

In the case that g, is in a general iso-direction we write

3
9" = g4°, ZQ 9" = g>0 (24)
and obtain
[19(3°0.Gs,) = 116(0u9) (25)
v 1

where we used §°0,G" = 0. The product of delta-functions means that g
is a constant field. However, there is an infinite constant involved because
the arguments of the delta functions are related by €*9,0,9 = 0. Since this
infinite constant is independent of a; or g we disregard it! We decompose
the measure

[DG] = H G}, () = [[(g(z)*dg(z)(d*g(x)) (26)

T

and obtain
200y = [ dof [ [Dgle 2o 0] e 0uatoniy (27)

where A is the area of the torus. Since g is a unit iso-vector, we have the
identity
8 = / L € e 0,600, §° (28)

where n is the integer topological number of the map
§g:%— 5
from our torus to S%. More precisely n is the rank of the map
g H*(S*,Z) — H*(Z,Z)

The functional integral [Dg| decomposes into a sum over integer n. For each
n we have a number v,, which is the “volume” of the subspace of maps ¢* with



topological number n. The v,-s are universal constant numbers, independent
of as. We assume that they are all equal, and we rescale them to one. We
obtain
(2D) * S —2a5 Ag?+-8gni
Zsu(2) = /0 dg > e (29)
n=—oo

where again the equality sign is up to a factor that is independent of «.
Next we write

355522» = %/OOO dg n:f:oo(e2a5Ag2+8gn7ri 4 6*2065A9278gn7m')
- %/O:o g _io: e Bar S (30)
We finally obtain N
o 2 e e (31)

which, after a Poisson resummation, differs from (19) by a constant 3. This
constant comes from the g = 0 contribution to the integral. If we had been
more careful with the prescription to pass around the pole g = 0 we would
have obtained the extra % We will show this now.

3.1.1 The problem near g =0

From the formula

(wrong) o o~ 20y Ag>+8gnmi
Zsvm). = 2 /0 dg D, e

1 o0 92 Ag2 © m

= — Gs 6(g— —)d
5 /O e m;m (9= 7)dg
s as m2 1

= > e 4 (32)
m=1 2

Where as we should obtain

o 57 (2j+1) (33)



So (32) differs from the correct answer just by the contribution of m = 0 or,
what is the same, from the §(g) that appears in the sum over m. We claim
that this §(g) appears because of a wrong treatment of the g ~ 0 region.

At g = 0 the matrix G at (22) becomes zero. For a regularization we add
—nAjAj to the original Lagrangian. We thus have

L =20,9"g" — 2i€u,0,9" A% — (ig"€™ e, + n5bc5uy)AZAi (34)

The inverse of the quadratic matrix

Mlbfy = ig“eabcew + 775bc5lw (35)
18 1
(M) = g (n0%6, — ig°€™ e + 1199 0 (36)

Integrating out Aj we obtain

Ui

a2
+W|aug |

/L. aoc a c

For g > n the second term produces the delta function that forces g =
const , while the first term can be ignored and the last term produces the
topological invariant. We see that for g > 7 indeed all topological sectors
appear with the same weight (since the coefficient of |9,¢%|? in the first term
is negligible). Thus for g # 0 we indeed get 3, . d(g — ). However as
g ~ n the first term |0,¢|* damps the fluctuations of §*. The result of this
is that the sum Y, €3™9" is finite, and we do not get the §(g) term.

3.2 Generalization to SU(N)

Let us choose a Cartan subalgebra of the Lie algebra and denote its generators
by T¢ with ¢ = 1,..., N — 1. The rest of the roots will be denoted by 7.
As in the SU(2) case, where we parameterized 3¢,,G%, by g and §* we now

parameterize €,,G}, by

G = Sem > H'(GT'g7Y)" (38)



where 3, H'T" is an element of the Cartan subalgebra which is conjugate to
G . For generic G“ , the H'-s are unique up to the Weyl group Sy. § is the
(generlcally) unique element from the coset

g€ SUN)/UM)N (39)

where U(1)V~! represents the Cartan torus in SU(N) that corresponds to
our choice of Cartan subalgebra. ¢ is represented by g € SU(N) such that
§ = gh for h € U(1)N~'. The matrix G(z) has now 2(N — 1) zero modes,
two for each Cartan direction T°. The integration over A/, in the zero mode
direction will, as before, produce a constancy condition:

0,H' =0, i=1,...,N—1 (40)

Choosing locally at x, g(z) = 1 we find that the remaining terms decouple
for each positive root a:

iAS€,0,G +1iA, %€ 0,GY — i (D a(i)H')AJA,® (41)
where 1
adef a
G 3 ,WGW (42)

After the integration we have in the exponent

1

,0,G*0,G™*
Z Z O{( ) EH
1 i 77 A a—1 o At a—l—a
= ZZ ()Hlew,ZHlHjﬁytr{ng 'TYotr{gT g T}
i i
(43)
and in front of the exponent we have
1
. 44
1.(5, oA “

which cancels with the Jacobian for passing from [], dG* to [[; dH'd™*~Ng.
In fact, it is the well known square of the Van-Der-Monde of H® in an appro-
priate basis for the Cartan subalgebra.
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At z, since g(z) = 1 we have
Y HOu T T} = — 3 He{ T, 579,9])

=2 H'w{[T", T 0,3} = (3 a)H)tr{T*97'9,9}

%

The exponent (43) reads, at z,

> @ H)eutr{T g 0,g}tr{T*g" 0.3} (45)
Since
§710u0 = Y T {TG 10,0} + 3. T tr{T°571 9,9} + 3. T*6e{T 57 9,5}
(46)
we can write the exponent as
i€ 30 H'o{T'(5710,5,970,]} (47)
But the expressions
1 TP
o [ ewtr{T' 1571 9,9,57 0,4} d (48)

are integers. In fact (see Appendix (A)) they are the pullbacks by ¢ of a
basis of the second integer cohomology group H?(SU(N)/U(1)¥~1, Z) back
to the torus. So we write

1 .
ni= o [ wtr{T570,9,5710,9]}d (49)
m
and nq,...,ny_1 characterize the topological sector of the map §. We are
left with: 1
i —2as > HYHIAT{T'TI}—8mi > . Hin;
{Z}/mgdﬂe X (TT7y—smi 3, (50)

Using (see Appendix (A))

6e{T'T7} = 57 — % (51)

12



and substituting

26787mH ng _ Z Z5(H'L _ le)’ (52)
n; l;
we obtain 1
TN 2 e bas (N - (N ) (53)
" {u}

where the V! is the size of the Weyl group. Again the remaining terms in
(19-20) come from carefully taking care of the points where the matrix G is
more singular than usual. These are points where 3=, a(i)H* = 0 for some
root a. In our case, these are points where H® = H7 for some i # j, or
H? = 0 for some 7. Those points must be excluded from the d-function as in
the SU(2) case. Defining

e 1
D(my, ... ,mN)d:f— Z(mz —m;)? (54)
N5
We can write
N-1 1 N-1
MiF— N( 1;)>=D(0,11,...,In_1) (55)
i—1 i=1
Noting that D(my, ..., my) is invariant under permutations and that for any
integer m:
D(my,...,my)=D(my —m,...,my —m) (56)

We see that we can write (19-20) as

1

1 S o 30s D011, 1x) (57)

117"'7le1

Which is the same as (53) with the above restrictions on H'-s.

4 Three dimensional SU(2)

Proceeding to three dimensions, we wish to rewrite the YM Lagrangian in
terms of only gauge invariant variables.

13



We define the “ magnetic” field BY by
GY; = €Dy (58)

The final variables will be bilinear in the field strength. We further define
the symmetric semi-positive matrix

T, By B (59)

We mention in advance a puzzle that might arise about our plan. It is
known[26, 27| that in three dimensions the invariant bilinears T;; are not
enough to completely describe a gauge configuration A¢ that yields Bj.
Namely, there can be two different configurations of A} with identical Tj;
but different BY(D;By,)* where D; is the covariant derivative (although this
is not the generic situation) [27]. In our case, however, it is important to
remember that the Tj;-s are not bilinear in the original field strength but in
the auziliary fields, thus there is no conflict.

4.1 The action

In general the inverse matrix g‘l can Ee expressed as a rational function
in G%, with a denominator that is det(G) of degree D(N? —1). For three-
dimensional SU(2) we can reduce the degree from 9 to 3. This is related to

the fact that det(G) is a third power of a cubic polynomial. Defining

ef 1
=) GBI BB (60)
we have
A? = det(T3;) (61)
we get
~—1\a 1 a a
(g 1)1;) = E(Bz B;') - QB]' sz) (62)
Plugging this in (7) we obtain
—a 1 1
EijpBgGij = ZEklmEpjiTpkaiamﬂl + ZTkaklmEpijamleai log A
1 3
+ EDistt(eslpetmk - 6spketlm)8pfrlm'8mirlj + Eeklmepijakaiamﬂj

(63)
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where

1
D'L’j - E €jst E’ilmTSlet
TijDjr = Ok

After integration by parts the topological part of the action takes the form

. 1
S = Z/{EDistt(eslpetmk - 6spketlm)8pirk'i8m71lj
1
— Eeklmepijakaiamﬂj} (64)
This reproduces the result of Lunev[19] since it is easy to check that if we
take g;; = Tj; to be the metric, then we can write

L=1i/gR (65)

where R is the curvature built out of the metric. We see that we get a
topological theory (3D gravity) as expected.

There are still two more things to be taken care of: The first has to
do with the fact that A can have either & sign, where as /g is defined to
be positive. The second and related problem, is the prescription of passing
around zeroes of A.

4.2 Going round A =0

It remains to calculate the analog of (16). Since det(G) is a cubic power, (16)
has to be modified. We can write
1

~—1\ab ab
(G 1)1;’ - ZKij

“ Lpapt —2pepY)

ab
K} .

Now we can write the addition due to the pole prescription as
§Lpp = m6(A) sgn(tr{adjK}) K €ipr0pBiejq0y By (66)

We can put
sgn(tr{adjK}) = —sgn(B{B}) = —1 (67)

15



and obtain
&Cpp = —7T5(A)KfjbeipkﬁpB,‘jequﬁfo’ (68)

which is invariant at points z where A(z) = 0. At such a point there is a
direction n; such that

B%; =0, a=1,23 (69)

We can write the invariant projection matrix on this direction as

Ty Ti; — T T
5 (T Ty — T Te)

def .

+ 055 (70)

which can easily be checked by diagonalizing T;;. Next, choose for simplicity
n in the Z3 direction, i.e. n; = ;3. We denote by %,5, k, ... indices that run
only on 1,2. We further denote

def

6%3- = 6%-3 (71)
and use
ab b 1 a
8171]'3 = B?@lBg at =0
We find
1
KfjbeipkapBgequanlb —16356%837},;837}1
teendil0s T+ Sencudilin0Tys — €i6ir0il 330 T3

Using the invariant projection operator we can write this as

5LPP - _7T5(A)qupst€jlp€ikq(8kirjsat71li
1 1
- ZasTjk&tTli + §8sz's@lTjt — OkT50/T)
TuTi; — TuTy

Bj = nmj = + 51']'

%(TkkTu — TwT)

(72)
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4.3 The full functional integral

The local change of variables from B;' to Tj; is of course accompanied by a
Jacobian which joins with the factor

1
det(G)
The Jacobian of the transformation is

def/H5 Ti; — B{Bj) [ [ dBj = const x det(T)~'/% = const x |A|™!

i<j

= AT (73)

(74)
The functional integral now looks like

> [EmIT e [T ety 09

sgn(A(z))

where the generally covariant 1ntegration measure is

(D7) T [T = TT0A TT73) (76)
z<J i<j

There are several problems with this action because of the sum over the
sign of each A. The entire space is divided into regions separated by surfaces
where A = 0. In each region, we have to sum over the global sign of A in that
region. In the vicinity of the surfaces of zero A we have to put in the addition
(72). The problems arise because of two reasons. First, when we choose the
negative sign for A, the term —A contains an extra i. Since we have to
multiply those terms for every m there is a phase ambiguity. Furthermore,
at the boundaries A = 0 and \/—3 gives an infinite contribution.

We will now propose a way out, though we do not know if it is really well
defined. The problems really started because we changed the order of the
integration in (1), which is not absolutely converging. The pole prescription
(13) makes the integral absolutely converging but is not enough to settle the
phase ambiguity in (75).
into the exponential where it came from, by adding an invariant field ¢ and
write

(Z( / D] / (DT )exp{— / 5(T) _ o 5(AYP(Ty) — antr{T)— A2}
g (7

17



where we added the pole prescription term 7§(A)P(T;;) from (72). The
integration over ¢ should be performed at the end, and can be done with a
regulator —ng?.

5 Four dimensional SU(2)

In four dimensions, our invariant variables will again be bilinear expressions
in the field strength. However, as there are D(D — 1)/2 = 6 field strengths,
there are 21 bilinear variables. Under O(4) they decompose into real repre-
sentations as

2l=10109®10 (78)

(the two 1-s are G, Gy, and GZVGZV, the 9 is the traceless symmetric tensor
G G2, — (trace), and 10 = 5 @ 5" where (5%) 5 is the product of two (anti-
)self-dual parts (minus trace). The number of degrees of freedom minus gauge
degrees is 3 * 6 — 3 = 15 so we have to use an overcomplete set of variables
if we wish to use only bilinear variables and keep O(4) invariance.

Although the representation 5 describes self-dual tensors, there is a way to
use it without the anti-self-dual parts. We will see shortly that a combination
that is cubic in the field strength describes a (non-positive) metric which
makes the field strengths G, self-dual!

5.1 Algebraic identities

Our aim is again to write (7) in terms of gauge invariant variables. We start
with some interesting algebraic properties of our SU(2) variables. The alge-
braic facts in this subsection, can all be checked with a tedious but straight-
forward calculation.

Recalling that

a 1 ~a
Gw/ = §€HVUTGUT (79)

The equation for the inverse is:

~—1\a L1 a ~a e ~e
(G = R[F(GasGhs — GasGls)(e” IGy,GepGls)

[

1 - -
EG%G% (EdefGZaGe ﬁGfu)] (80)
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, o
A = (e Gh G ) (e Gl GG ) (8)

The determinant is )

A
We further define a symmetric tensor

1

G = 3AL/3 EdEfGZaéZﬁGfu (83)
v 2 ef /Y e /Y
gﬂ - 3A2/3 Ed szaGaﬁGfu (84)

As the notation suggests g,, is a symmetric tensor (10 components) and g
is its inverse. We have

1
det(gu) = ;A (85)

4x4

The A scalings in (83-84) have been chosen so that g, will be a covariant
tensor. The metric (83) has the important property that it makes the field
strengths self-dual.

——¢

2\/9
Actually, the distinction between self-dual and anti-self-dual here is just what
sign we take in /g = £2A~*3. Since the metric g, is not necessarily
positive definite, we can choose either sign, and we need to sum over a global
sign, just like the summation over signs in the 3D case in (75).

aﬁTagllagVﬁGga = GZV (86)

5.2 Gauge invariant variables

Up to now we have not paid much attention to the distinction between covari-
ant and contra-variant tensors, because we were working in flat Euclidean
space-time. Now that we have chosen the metric (83) we will make this
distinction. The original field G, is by definition covariant. We now define

def =~
Fl(lll/ = GZV = gllagVﬁGaﬁya
e déf guaguﬁGgﬁ _ éaﬂ,a

From now on, raising and lowering of indices are with respect to (83-84).
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We can write (80) as:

~—1\a 1 « a 1 af,a
(g 1);}1)/ = _59 ﬁFuaFgu - ZF & Folc)ﬁ Guv (87)
The 10 fields of the metric g, plus the 5 fields of the traceless, g, -self-
dual tensor
a a 1 (0% a a
WHVUT = F;UJFUT - WE ﬁ’YJFaﬁnyé(gMUgVT — Gur 9o + \/EEIU/UT)
(88)

form 15 independent variables, which is exactly the number of degrees of
freedom that are left after eliminating the gauge degrees. We note, however,
that the metric (83) is not necessarily positive definite.

The topological Lagrangian (7) can be written in terms of the “metric”
and the field W,,,-. The resulting expression is rather cumbersome, and is
described in appendix (C). We define

def 1
249

® is a scalar field which, given that metric, can be written in terms of the
chiral spin-2 field W. We show this in Appendix (D).

The non-covariant a,-dependent term is

Gl Gor (89)

a a Lo SUT /Y /Ya
0,G%, G, = 0,076V G, G,

= 0535”05'/7{”/”1/07 + (g;mgm- - gm—gua)q)} (90)

where we used (88) and (89).

5.3 Reduction to conformal metrics

So far we have a description with 10 + 5 fields. However, we can in fact,
restrict to conformal metrics. What happens if in (1) we restrict G, to be
self-dual? This corresponds to an original Yang-Mills action

1

dogg

Fo Fe d'x (91)

puv pv

1
— | F* F® d*z —
dogg / v

pvt py
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Note that 6 angle is imaginary. When we restrict to a trivial SU(2)-bundle,
the instanton number is zero and we may drop the 6-term. For non-trivial
bundles, we have to be more careful in the [DA,] integration in (1) that
produces (7) .We will elaborate on those matters in a later work[30]. Note
that when the G} -s are self-dual /g # 0 everywhere, the instanton number
must be trivial since the three fields G{,, G%,, G4, are linearly independent
and establish a frame of the associated rank-3 vector bundle.
When GZV is self dual, the metric (83) is conformal.

Juv = 1/)5;11/ (92)

The action can thus be expressed in terms of the six fields: the spin-2 self-
dual W, (5 fields) and the spin-0 . The resulting action can be derived
from the formula in appendix (C). This will be described in more detail in a
future publication|[30].

6 Discussion

We have explored the description of Yang-Mills theory in terms of the aux-
iliary “dual” variables. We have seen that in two dimensions this formalism
reproduces the known solution[12, 13] of the torus partition function. The
conjugacy class of the dual field becomes constant (over space) and quan-
tized. The sum over representations of SU(N) in [12, 13] corresponds to a
sum over the quantized values of the conjugacy class of the auxiliary field.
This may be compared to an instanton expansion[17] which gives the Poisson
resummed partition function.

In the three dimensional SU(2) gauge theory, we showed that the action
can be expressed as a sum of 3D gravity[19] plus a non-covariant coupling.
We have seen that there is an extra non-covariant contribution from the
(det G)~'/2 in (6) which arose from the Gaussian integration.

The generalization to 4D is interesting because it separates the action
again into a topological generally covariant action (which describes the pure
gauge configurations) plus an action proportional to as. We have expressed
it in terms of a complicated, albeit local, Lagrangian that contains a (non-
positive) 4D metric and a spin-2 self-dual tensor. It appears to be different
from Lunev’s gauge invariant formulation of 4D SU(2) [20]. Restricting to
zero instanton number, the metric becomes conformal. Thus, the sector of the
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SU(2) theory with a trivial gauge bundle can be transformed into a theory
with a local Lagrangian with 6 degrees of freedom — five from the spin-2 self-
dual tensor and an additional degree of freedom from the conformal metric.
We intend to elaborate on this description in a later paper [30].

It is an interesting algebraic problem to express the Lagrangian (7) for
general SU(N) in terms of local gauge invariant variables in such a way that
is suitable for a large N expansion.

It is also interesting to relate the Lagrangian (7) to the Hamiltonian
approach of [22, 23].

Finally, for the 3D theory, in a recent work Das and Wadia[29] have
generalized Polyakov’s result[28] and have shown how “dressed” monopoles
generate confinement. It is interesting to extract from the Lagrangian (7)
that part of the action that corresponds to just integrating over the collec-
tive coordinates of the monopoles in [DA,] in (3) and compare to the full
Lagrangian.
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Appendix A: On the cohomology H*(SU(N)/U(1)V~1)
From the fibre bundle

vnvNt — SU(N)
J (93)
SU(N)/U(1)N-1

We obtain, by standard spectral sequence arguments, a basis for H*(SU(N)/U(1)V 1) =
ZV~1. Let the (N — 1) U(1)-s correspond to a Cartan torus, which is gener-
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ated by 7%, i =1,..., N — 1 in the Cartan subalgebra. We choose

0O --- 0 --- 0
Ti—| 0 .. 1@ U (94)

0 0 0

so that o o
te{TT7} = 67 — (95)

We construct the i-th generator of H? as the Chern class of the projection

SUN) w, SU(N)
W @ Zn U(l)Nfl

(96)

where W is generated by the e7-s with T is the Cartan subalgebra such that
tr{TT"} = 0. To write the Chern class explicitly let

AD = tr{Tg 'dg}, g=gh forheW,®Zy (97)
AW is a one-form field that is well defined for ¢ = gh when
heW,®7Zy (98)

and transforms as a U(1); gauge field for h € U(1);. The two-form dA® is
the desired Chern class

CO = dAY = tr{T"(gdg) A (g dg)} (99)

which is well defined for ¢ = gh with h € U(1)¥~1. Standard spectral
sequence arguments show that the C¥ span H? and that H' = 0. Since
every map from a two dimensional CW-complex to another CW-complex
can be homotopically pushed to the two-skeleton of the target complex, we
see that the maps f from the torus to SU(N)/U(1)N~! are characterized by
the N — 1 integer classes of f*C® on the torus.
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Appendix B: On SU(2) gauge invariant expres-
sions

We are given an expression of the form

R =85 (F)0,Ff0,F) + W, (F)0,0,F} (100)

1],V T4V
where SZIZW(F ) and W¢,(F) are local algebraic expressions in Fj with
a=1,2,3 an SU(2) index and i = 1,...,K (with K = D(D — 1)/2 for
our purposes). Supposing that R is gauge invariant under local gauge trans-
formations which transform the F? as
6 Ff = e Ff (101)
Our goal is to write (100) in a manifestly invariant form, i.e.
R=2 @a)uw0uS@)0f(a) + D 0(0)m0u0s(a) (102)
(@) (@)
where @(q) u,0(a)(8),u» V(o) and (o) are gauge invariant algebraic expressions.
By substituting (101) in (100) it is clear that for each pv
d
F)—F? 103
() F, (103
(where now we treat F(t) as depending on a single parameter t) is also gauge
invariant. So our first task will be to write (103) as

Wa

T4V

- d ~
D B V() (104)
(a)
We then subtract from R
Z a(a),;waual/&(a) (105)

(a)
The resulting expression does not contain second derivatives and is still gauge
invariant. Thus the problem reduces to writing invariantly the two separate
expressions:

d

W) < wer) - Fy (106)
Sy ' sEb (F)9,FO,F! (107)

We will separate the discussion to K =3 and K > 3.
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Three field strengths: K =3

In this case the matrix F is a 3 X 3 matrix and is generically invertible.
Denote the inverse by R

1
R;-l = ﬁeabceiij;)ch
A = éEabCGz'ijiaFch = det(F)
FﬂR‘; = 0
FiaFib — 5ab
We can now write
we = (WPRL)Fe“w,.Fo (108)
5%717/ = (S’fjivRiR?)Flgﬂbd;f‘sijkl,qu]?Eb (109)

The newly defined quantities Wiy, S;ju, . are algebraic gauge invariants. Now
the gauge invariant expressions (106-107) read

d

W(t) = Wi(F)F - F' (110)
S(") = Syl FYFEF0,Fi0,F? (111)
S’L’jkl,w/ - Sjilk,l/u (112)

Now we use gauge invariance (and the symmetry of S) to obtain

Wie™FEF? = 0 (113)
S’L’jkl,w/each]?Fib = 0 (114)

where in the second equation we used the fact that F? is (generically) a
nonsingular matrix, and also that 0, F ;’ is generic. Finally, since

e“ch,gFiijc = €A (115)
and generically A # 0 we obtain
Wik = Wi
S’L’jkl,w/ - Skjil,;w
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Using

T, Pepy (116)
we can write
1 d, oo 1 d
Wi(t) = 3 ik(F)%(FkFi)_gwlk(F)%le (117)
1
S(@h) = ZSijkl,yu(F)auTikaule (118)

Which is explicitly invariant.

More than three field strengths: K > 3

We will limit ourselves to W (t). The other invariant S is manipulated simi-
larly. Define the 3 x 3 matrix

MY paph (119)

It is generically non-singular. The inverse of a 3 x 3 matrix M is given, by
the Cayley-Hamilton theorem:

M-l = %(M2 MM + %(tr{M}2 — e {M2))T) (120)
A = det(M) = %tr{M3} _ %tr{M}tr{M2} + %tr{M}3 (121)

and using this we can write
W = WP(M™H)P*M* = (WM Fy) Fy (122)

So defining the gauge invariant algebraic expression

Wi S W (M) e (123)
we get
d
W (t) = WaF = Ff (124)

Since W (t) is supposed to be gauge invariant we have

Wike™FAFP =0 (125)
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for ¢ = 1,2,3. We can decompose Wj; into symmetric and anti-symmetric
parts

e 1

Wiy §(Wzk — Whi)
ef 1

Wi e 5 Wik + W)

When we plug the symmetric part into W (t) we get the gauge invariant
expression

1 d 1 d

S () = WS (F)—(FAF®) = “Wy(F)~T; 12
W (6) = SWE(F) S (FEF) = SWi(F) ST (126)
So from now on we will assume that Wj is anti-symmetric, Wy, = —Wy;.
Defining

Re, % eabe pa b (127)

which is antisymmetric in ¢k. (125) expresses the fact that the K(K —1)/2
vector W;; is orthogonal to the three vectors R;.. We need a projection
operator on the space that is orthogonal to Rf,. Such a projection operator is

given as follows. Suppose W;; is anti-symmetric but not necessarily satisfying
(125), then

Vij = Wi —3u Wi Kum Kijm (128)
b= KimLim (129)
where
T, € GGy (130)
Kipy © e GIG5GY (131)

If W;; satisfies (125) then V;; = W;;. Furthermore, for any W;;, not necessar-
ily satisfying (125) we have Vi,e®**F2F} = 0. Thus it has to be that for any

Wi; the expression Vi F, ,S%Fﬂ can be written in a manifestly invariant way.
This is indeed so. Define

Uy & TuTiy = (T?);

G, “ TWTuTi, = (T%)y

27



T = T,;=t{T}
U Y U, =w{T%
G déf Gm = tI’{T3}
p % T3 _3UT +2G = 6det M
e 1
Py6u Gy — TU; + 5(T* ~ U)T) (132)
P;; is a projection operator and satisfies
P F} = F} (133)
Now we can write
a d a —1 a d a
V;ij %Fz - (Wz] - 3,“ WleklmKijm)Fi %F]
d _ 1 d
= _2]DikWij%Tkj + 6p (TimKomix — §TKlik)Wij%Kklj

(134)

which is written in terms of local invariant objects.

Appendix C: Expressing £ in terms of W,
and g,

In appendix (B) we described in general how to write SU(N) Lagrangians
like (7) in gauge invariant variables. We saw that the D = 3 case is simpler
because the field strength G, can be thought of as a 3 x 3 matrix (three
values of a, and three values of pv). In higher dimensions, D > 3 this is
not the case and we had more complications. However, for D = 4, we have
seen in section (5), that when passing to the special metric (83), the field
strength becomes self-dual. Thus, given the metric, there are only three
linearly independent uv-s, and Fj,, is effectively a 3 X 3 matrix.

We shall now describe in detail how the invariant Lagrangian is obtained.
We start with the topological part of (7):

Liope = 2G1,(G )57 0u(9)7(G)ep0a G,
- 2éZV (gil)zgaﬂagégf - (gil)lc/il)aaéguaﬁé%p
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Since the topological part is independent of the metric we pick our special
induced metric (83) and write

Ltopo _ 2Fw/,a(gfl)Z:)-EbcequTU,e(gfl)gcﬁ)vaFap,d
. 2Fuu,a(gfl)zgvuv0FUT,b . (gfl)’c/c/l)vaFau,cvﬁFﬁp,d
where V, is the covariant derivative with respect to that metric. We substi-
tute our covariant expression for (G7')% and obtain

Ltopo - Ll + LQ + £3

1 1
Li = SRV FVF 4 L FO0F 0, Va PV g

1
L > e Y U A = A S S PAA A

1
£3 — 5F‘l;ﬂ/,aF‘lu'y,aF‘l’ly)TEbcevuljwa,eF‘la'y,cljl’ilpvoéF‘loz,o,d

1

4 ZF”V’QFV’Y’QF}Y)TEI)CEV”FTUBF'Y(S’CF,%VaFaa’d
1

+ ZF”TaFaﬁ’aFgﬁEbceVHFTU’BFU%CFijaFap’d
1

+ gF”TaFaﬁ’aFolzﬁEbceV”FTUBF'Y(;’CF,%VQFaa’d
It is tedious though straight-forward to check the identity
F,FS, = —3%gu

We use it to express Lo as

1
Ly = L)+ g@V”V,@ — R®* + ER(VW)

1 1
. Z¢R[M/0’T WHroT _ gRuuar Wafaﬁwaﬁaf

1 1 1
- Zwaﬁﬂfvuvawaﬁm - ZVVWTVMVUVVWT — ZVVCWV”VMVVW

1 1
Ly = — OV IV FTT SRV FEY, ET
1 1
— §WaﬁﬂfqugﬁngUTvb — §WaﬁﬂfnggﬁquUTvb
1
+ WV W
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where R is the curvature:

Ropys = gou(0al, — OpI%, + T8, TG, — ', 1%,)
Rag = g" Ranps
R = go‘ﬁ Rag

Now we repeat the arguments of appendix (B) for the D = 3 case to argue
that if an expression of the form

T aomd, for ooy FH OV F OO RITOG P00 (135)

is gauge invariant, it can be written as

1 K vaS oTyd

1 Lapo) foraspy VI VIOVIVET (136)
where

h,uuo‘r =  Guo9vr — GurGve + \/gelwo‘r

1
d = proT o pa
24\/§€ pvt ot

‘/;11/07' - Wuuar + (I)huua‘r
In order to express our Lagrangian in a suitable form we need two more

identities that can all be induced from the 3 x 3 nature of the matrices
involved (see e.g. appendix (D)). For £3 we need

AT QSR Y (137)
with
‘I'uﬂdmaﬁ =
1 2 1 2 1 2 1 2
E(W )aﬁT'ngU - E(W )aﬁTO’gl’VY - E(W )aﬁu’ygﬂ’ + E(W )aﬁuogT'Y
1 1 1 1
- Z@Waﬁwgud + Z@Waﬁmguv + Z@Waﬁwgm - Z@Waﬁwgw
1 1
+ (_¢2 (W2))(haﬁmg/w — hagroGuy — hapunGre + Rapuogry)

4° 128
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(W2) d;f Wuuaﬁ Waﬁaq-

HroT
d
W2 Y owerrw,,,,

For £, we need
6% = 90, FFOFT0 (138)
1 1 1
/191/0'T:_W2 __(I)WVUT _<b2__
H 64( ),uuar 16 I + 16( 39
Putting everything together we get the expression fo the Lagrangian:

1 1 1
gw“v,@ = RO 4+ = RW?) = @R W — LR W g W7

1 1 1
+ Zwaﬁﬂfvuvawagw + Zwaﬁzv“vawagm - ZVVCWWVMVVQWS

bV T s — 85000, Vo TV
— %cbgwﬁ,mvﬁvawvav“” - %Waﬁﬂfﬁw,,av,lwéaﬁvpvmw
- %Waﬁﬂfﬁwvavwaﬁvuvmw + %Wawﬁwmv“vwaﬁvuwza
— gwwaﬂav“vﬁémvacb - %wmawv“vﬁémvavmp

3

1
+ EWaﬁ“glfag,ap,wvuvwmvpcb + 3—2Wa%\Ifag,(,p,wv,lwmvﬁvapn

with

el 1 W) hor  (139)

Appendix D: Expressing ¢ in terms of W,

Wywer and @ are defined as

a 1a 1 afBvy0 ra a
WHVUT = F;UJFUT - WE o FaﬁF'yé(gMUgVT — Gur 9o + \/EEIU/UT)
1

— proT pa pa
24\/§€ pvt ot

Define the 3 x 3 matrix

1
M _—_ewvorpa b (140)
8\/§ Hv— ot
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It is easy to see that

A
det M = 3 =1 (141)
89
Let A1, A2, A3 be the three eigen-values of M. Then
1
o = 5(/\1 + A2 + A3)
1 = M3

thus we need two more relations among \;, Ay, A3 to determine ®. Using the
self-duality of W we have

iWW’TW = (—1 )2 OBTTOVY L Woges = tr{M?} — 302 (142)
16 uvoT 4\/5 pvot VYV afBy

From a similar equation for tr{M?3}

1
(M} = W W Wagor + 13—6<I>W“”‘”WWUT + 302 (143)

we find that ® is the solution of the cubic equation

P> — AP — B =0 (144)
with
A = Ly
— 32 QUroT
1
- 1- uvoT Vaﬁ o
192" Wi Was
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