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Friedmann Universes and Exact Solutions in String Cosmology
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We show that the classical null strings generate the Hilbert-Einstein gravity
corresponding to D-dimensional Friedmann universes.

During last years much attention is devoted to the study of different physical mech-
anisms of the inflation expansion in cosmological backgrounds [1-5]. Recently the new
string source of the inflationary scenario has been considered [6-8] for the D-dimensional
Friedmann-Robertson-Walker (FRW) spaces describing by the metric

ds® = GyndrMdz™ = (dz°)? — R*(2°)dz"6;dz”, (1)

where M, N =0,1,..., D—1. Such a possibility is provided by the existence of asymptotic
string configuration describing an approximate solution of the Hilbert-Einstein (HE) and
string equations in the large R(t) limit. This solution corresponds to the phase of
unstable non-oscillating strings with proper sizes growing like the scale factor R(t) (1).
In addition to the inflationary solution a new approximate solution valid in the small
R(t) limit for a negatively accelerated contraction (d?R/dt* < 0, dR/dt < 0) of the
universes was found in [8]. The last solution describes the phase of perfect gas of shrunk
strings (R(t) — 0, 7 — 0) with the approximate equation of state

p~pD—1). (2)

Here we want to show that the classical equations for null strings together with grav-
ity equations are exactly solvable for the case of the FRW metric (1). These solutions
correspond to the phase of perfect gas of shrunk or stretched (dR/dt > 0,d*R/dt* < 0)
null strings with the exact equation of state

p=p(D—1), (3)

Due to this fact we may think that the perfect gas of null strings is an alternative source
of the FRW gravity with k = 0. To prove this result note that the action for null string
in a cosmological background Gy y(x) may be written as [9,10]

det(0,zM Gprn(z)0yz™)
E(r,0) ’ (4)
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In the world-sheet gauge fixed by the conditions [9,10]

MGy ()™ 1

E(ro) Ty

iMGMNwlN = 0,

, (5)

where ~* — constant with the dimension L? (if 5 = ¢ = 1), the motion equations and
constraints produced by S (4) have the following form

M 4 Thpiti® =

iMGMNfN =0, m.MCJMNmIN =0, (6)

where & = 0z/01, 2’ = 0x/do. To solve Egs. (6) it is convenient to turn to a conformal
time z°(7,0) , defined by

dz® = C(7°)di°, C(3°) = R(2"), 7' =2 (7)
In the gauge of the conformal time the metric (1) is presented in the conformal-flat form
ds* = C(2°)nandi™Mdz™, nun = diag(1, —d;;) (8)

with the Christoffel symbols I'},(Z) [11]

T4, (%) = C1()[6M0oC + 65 0pC — npd™C] (9)

Taking into account the relation (8,9) we transform Egs. (6) to the form
P poc-10M =0 (10)
mung =0, mung &N =0 (11)

The first integration of Egs. (10) results in the first order equations
H'CF =4%0),  H'C =v(0), (12)
the solutions of which have the form

T = H*y? tdtR(t), (13)

to
z'(r,0) = 2'(0,0) + H* 14" /T drR™2(t),
0

where H* is a metric constant with the dimension L™ and ty = z°(0,0), 2%(0,0)

and ¢ (o) are the initial data. The solution (13) for the space world coordinates
' (t)(i = 1,...,D — 1) as a function of the cosmic time ¢ = z° , may be written in the
equivalent form as

2i(t,0) = ai(to, o) + (o) [ dtR(1), (14)

to
where V(o) = o, 190
The explicit form of the solutions (13) allows to transform the constraints (11) into
those for the Caushy initial data: v*(0), to(0) and zf = 2'(to,0)

Vi(o)F (o) =1, ty(0) = R(to)(ziv ). (15)
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The energy-momentum tensor 7™ (z) of null string is defined by the variation of the
action (4) with respect to Gy ()

1
- ™

The non-zero Thn components (16) have the following form

TMN(x) / drdoiMiNsP (X — ). (16)

T(X) = — RO [ doun(0)d? (0 = (7, 0)),
TH*(X) = ﬁR(D” /dayi(a)uk(a)qﬁo(a)(sD*l(XM —2M(7,0), (17)

where the time dependence T™¥ is factorized and accumulated in the scale factor R(t).
Since the vector ™ is a light-like one, the trace T™¥ equals to zero

Sp T = T()O + GijTij =0. (18)

To consider the null strings (17) as a source of the FRW gravity (1) it is convenient to
pass from the separate null string to the perfect gas of these strings, supposing that this
gas is homogenious and isotropic. Then the energy density p(t) and pressure p(t) of
the gas and its energy-momentum (7Y (z)) are connected by the relations

(To") = p(1), (T;7) = —p(t)57. (19)

The tensor (Thn) is derived from Tyy by means of its space averaging when a set of
null strings is introduced instead of a single null string. As a result of this procedure we
find that p and p are

A

57 A
= fo:

D—1 RD(t)

(") = p (T7) = —p(t)o/ = — (20)

where A is a constant with the dimension L~ . Eqgs.(20) show that the equation of
state of null string gas is just the equation of state for a gas of massless particles

(SpT) = (Tn™) =0 <= p=(D—1)p. (21)

Now assume that the gas of null strings is a dominated source of the FRW gravity (1).
For the validity of the last conjecture it is necessary that the HE equations

RMN = 87TGD <TMN> (22)
with the non-zero Ricci tensor Ry~ components defined by G/ (1)

D—1 &R
RO=_-—_~-°2°7°
0 R dt?’

Rk__sr|L @R D—2<dR>2

Rar T mr \at




should contain the tensor (Th/") (20) as a source of the FRW gravity. Moreover, the
constraints (20), i.e.

pRP —A=0
must be a motion integral for the HE system (22). It is actually realized because
d o D-2 _, dR_ .
a P = 167rGDR g T =0,

since the trace Ry™ ~ (Tw/™) = 0 (see (21)). In view of this fact it is enough to
consider only one equation of the system (22)

1drR\"  16nGp A
Rdt) (D-1)(D—2) RP ’

which defines the scale factor R(t) of the FRW metric (1). Note that in the case D = 4
Eq. (24) turns into the well-known Friedmann equation for the energy density in the
radiation dominated universe with k& = 0 . The solutions of Eq. (24) are

Rf(t) = [Q(tc - t)]2/D7 t <t
Rir(t) = [q(t — to)]¥P, t > t.,

where ¢ = [4nGpA/(D — 1)(D — 2)]'/? and ¢, is a constant of integration which is
a singular point of the metric (1). The solution R; describes the stage of negatively
accelerated contraction of D-dimensional FRW universe. In the small R limit (R — 0)
this solution was found in [8] as an approximate asymptotic solution for the gas of strings
with non-zero tension. For the case of null strings this solution is exact. The second
solution (24) Ry; describes the stage of the negatively accelerated expansion of the FRW
universe from the state with space volume equals to ”zero”. Thus we see that the perfect
gas of noninteracting null strings may be considered as an alternative source of the gravity
in the FRW universes with & = 0 . From the view point of string cosmology it seems
important to find other exclusive metrics selfconsistently connected with the dynamics of
null strings and allowing to consider the latter as a dominant source of gravity. The most
interesting are the metrics which could describe the inflation of spaces. The solution of
the problem under question is divided into two steps. At the first step it is necessary
to exactly solve the null string motion equation in some cosmological background. The
existence of such solution produces the constraints between Tyn and Gpypy . From
this moment the source in the HE equations becomes fixed as function on the background
metric Gpy . At the second step we must solve these HE equations. The number of
the independent functions characterizing Guny may be less than the number of the
independent HE equations. Then the condition of the selfconsistency of the considered
scenario demands that the constraints (or some part of them) between Th/n and Gy
should be conserved integrals of the HE equations. The last condition may turn out to
be incorrect. Then we must deform our initial background metric and again repeat the
first and second steps with the new metric Gyn. As an example of above discussed
inconsistency let us consider the (d+ 1) -dimensional FRW space (t,z") extended by the
addition of n internal compactified dimensions y® [8]. Choose the metric Gusn(2%)
(where 2% = (t,z%,y%) ) of this extended space-time in the form [8]:

(24)

d d+n
ds® = GyndzMda™ = (dt)? — R*(t) Y da'dpdz® — r3(t) > dy*dady’ (25)
ik=1 a,b=d+1
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In the metric (25) the classical equation of motion (6) (where 2" is substituted instead

of M) are exactly integrable, so that

/t dt
T = )
to \//\(0') + AR+ ar—?

T

z'(1,0) = 2'(0,0) + p'(0) ; drR™(t),

T

yi(r0) = y*(0,0) + (o) | drr(t), (26)

where X\, pt, p® and A = pidypf , a = p®au’ are the ”constants” of integration and
their functions. The substitution of the solution (26) into the constraints (6) transforms
them into the constraints for the initial data

STy + 1 Oapys

to) = \/AR”(to) + ar*2(t0)’

A(o) =0 (27)

The non-zero components of the energy-momentum tensor Ty (16) corresponding
to the solutions (26) have the form

1

T0(Z) = — [ drdo R~ (AR + ar~*)6"(Z™ — 2M(1,0)),
™™
1
T*(Z) = T drdo R e " b 6P (2 — 2M (7, 0)),
1
T.N(Z) = e drdo R~ =) b 6P (ZM — M (1, 0)). (28)

As in the case of the FRW metric (1), the components of 7Ty are connected by the
condition T = 0. The time dependence of Ty~ (28) is factorized and becomes
evident after the integration with respect to ¢ using the relation

dt = VAR™2 + ar—2dr . As in the previous case, the transition to the perfect gas of
non-interacting null strings is realized by the space averaging Ty~ (28). As a result of
this averaging we obtain the following expressions for the energy density p and pressures
p and ¢ acting in z— and y—subspaces

0w - _ VAR ¥ ar—2
<Ty >=p= TR AR2 4+ ar—2,
o A 1
<TF >= —piF = ——¢
P T T R RAAVAR 2 tar ®
8 a 1
T, >= —p§t = ——2 . 2
< = P = i e VAR %)
Then we find the equation of state

p = dp +ngq, (30)



characterizing the perfect gas of null strings in the metric (25). The HE equations for the
metric (25) have the form

dd®R nd*r
Rz “raE o omGoe,
1&R d—1(dR\" ndRdr __ .
Rd? R \dt rRdt dt PP
1&@r n—1/[dr\> d dRdr
SIS L (A I 1
rdiz (dt) TR @ SOt (31)

where the expressions (29) for p, p and ¢ are implied. The system (31) consists of three
equations for two functions R(t) and r(t). Unlike the Friedmann system (22), the con-
straint (29) between p and R is non conserved by the dynamics defined by Eqgs.(31).
Therefore the perfect gas of mull strings can not be considered as a dominant gravity
source for the space-time (25).

Returning to the case of the FRW universes note that null strings may apparently be
considered as an ordered soliton-like state of a large number of coherent photons. The
formation of such string—like condensate of radiation can reflect the possible spontaneous
breaking of the space—time symmetry in the FRW universes.

The second conclusion concerns the possibility of the generalization of null string
cosmology to the null p—brane [9,10] cosmology. Such a generalization is actually possible
because the classical dynamics of null p-branes is described by the similar (6) equations
of motion together with trivially extended system of constraints. Therefore the results
derived here for the gas of null strings in the FRW universes are conserved also and for
the perfect gas of null p—branes in the FRW spaces.

A new moment connected with the null p-branes is that they can be considered as
p—dimensional ordered structures, in contrast to the 1-dimensional null string structures.
So the world hypervolumes of the null p-branes may be discussed as (p 4+ 1)-dimensional
galaxies. When null p—brane achieves the horizon it is splitted into a large number of
"small” pieces which are detected as the separate minihalaxies with the practically iden-
tical physical characteristics. May be the consideration of the visible galaxies as such
pieces of null p-branes could shed new light in solution of the horizon problem.
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