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Abstract

We present the calculation of the two-loop spin splitting functions Pi(jl)(x) (i, = q,g) con-
tributing to the next-to-leading order corrected spin structure function g(x,@Q?). These
splitting functions, which are presented in the MS scheme, are derived from the order «?
contribution to the anomalous dimensions 77 (i,7 = q,g). The latter correspond to the local
operators which appear in the operator product expansion of two electromagnetic currents.
Some of the properties of the anomalous dimensions will be discussed. In particular we find
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1 Introduction

During the last few years there has been a great deal of activity in the area of polarized
lepton-hadron physics both from the experimental as well as the theoretical side. This interest
started with the discovery of the EMC-experiment [1] that the Ellis-Jaffe sum rule [2], which
represents the first moment of the spin structure function g¢;(z,@Q?), was violated by the
combined SLAC-EMC data [1, 3]. This discrepancy between theory and experiment, also
called the “spin crisis”, came as a great surprise because one expected that sum rules derived
in the context of the constituent quark model, which is valid at low energy scales, should also
hold at large energy scales characteristic of the current quark (parton) regime. In particular
the constituent quark model assumes that the spin of the proton can be mainly attributed
to its valence quarks and the sea quark contribution is negligible small. This assumption
leads to a value of the Ellis-Jaffe sum rule which is appreciably larger than the one found by
experiment. Although more recent experiments [4, 5, 6] lead to a result which is closer to the
theoretical prediction the discrepancy is still large enough to warrant explanation.

Many theorists have tried to explain the above discrepancy (for recent reviews see [7]) in
the framework of perturbative and also non-perturbative QCD. From this theoretical work
one can draw the conclusion that the interpretation of the spin structure function gy (z, Q?),
using the ideas of the operator product expansion (OPE) and the QCD improved parton
model, is not as simple as that given to the structure functions which show up in unpolar-
ized lepton-hadron scattering. In particular the axial vector operator is renormalized due
to the Adler-Bell-Jackiw anomaly. Therefore the interpretation that the polarized parton
densities represent the spin carried by the corresponding partons does not hold anymore.
Fortunately this operator cancels in the Bjorken sum rule [8] so that the latter has a more
reliable theoretical basis. It is therefore no surprise that its result is in agreement with recent
data [4, 5, 6]. The above theoretical work also led to many different parametrizations of the
parton densities in terms of which the spin structure function gi(z,Q?%) can be expressed.
One of the key issues is the role of the gluon density which can account for the negative
contribution to the Ellis-Jaffe sum rule depending on the chosen scheme. However if one
wants to give a complete next-to-leading order (NLO) description of g1(x,Q?), and not only
its first moment, one needs a full knowledge of the order oy coeflicient functions, which are
known (see e. g. [9, 10, 11]) and the order a? corrected Altarelli-Parisi (AP) spin splitting
functions P;; (¢,7 = q,¢). The lowest order AP-splitting functions PZ»(]Q) have been calculated
in [12] and [13] respectively using different methods. In [12] the operator product expansion
(OPE) techniques are applied to obtain the anomalous dimensions of the composite opera-
tors appearing in the spin dependent part of the current-current correlation function. The
latter appears in the expression for the deep inelastic cross section. The authors in [13]
have used the parton model approach. The NLO (order a?) splitting functions Pq(;)’s and

Pq(;) have been computed in [9] using the standard techniques of perturbative QCD. They
emerge while performing mass factorization on the order a? corrected parton cross sections
of the processes v*¢q and ~v*¢g which contribute to the deep inelastic spin structure function.
Unfortunately the remaining splitting functions P;;) and P;;) could not be obtained in this
way since they do not show up in the mass factorization of order a? corrected parton cross
sections. This can be traced back to the phenomenon that there is no direct coupling of

the virtual photon v* or any other electroweak vector boson to the gluon. Therefore P;;)

and P;;) will appear in the mass factorizaton of the order a2 corrected parton cross sections



which are very difficult to calculate. In order to avoid the above complication we will resort
to the standard OPE techniques to calculate the missing splitting functions which are de-
rived from the inverse Mellin transform of the anomalous dimensions of composite operators.

The paper is organized as follows. In section 2 we introduce our notations and present a
short discussion of the composite twist-2 operators contributing to the spin structure function
g1(z,Q?). Here we also derive the general form of the renormalized and unrenormalized
operator matrix elements (OME) where the operators are sandwiched between polarized
quark and gluon states. The calculation of the OME’s is presented in section 3, from which
one extracts the anomalous dimensions and the AP splitting functions which are presented
in the MS scheme. Further we give the lowest order coefficient functions of g;(z, Q%) in the
same scheme. The properties of the anomalous dimensions are discussed in section 4. In
Appendix A one can find the operator vertices needed for the computation of the operator
matrix elements in section 3. The tensorial reduction of the Feynman integrals which show
up in the calculation is discussed in Appendix B.

2 Operators contributing to the spin structure function
gl(xa QQ)

In this section we specify the composite operators which appear in the light-cone expansion of
two electromagnetic currents. Furthermore we present the operator matrix elements (OME’s)
as a power series in the strong coupling constant. The coefficients of the perturbation series
are determined by the renormalization group (Callan-Symanzik) equations. We will write the
OME’s in the most general way so that they can be used to extract the anomalous dimensions
of the composite operators. The light-cone expansion of two electromagnetic currents is given
n [12] and reads as follows
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In the above we only consider the contribution of twist-2 operators. The index 7 of the locally
gauge invariant operators O™ and R[> stands for the representation of the flavour
group SU(ny). Notice that the operators are also irreducible representations of the Lorentz
group which means that they are traceless and symmetric in the Lorentz indices pq -« iy, .
The Wilson coefficient functions, denoted by C7% (k= 1,2) and ET, can be expressed into
a perturbation series in the gauge (strong) coui)ling constant ¢g. Notice that all the above
quantities are renormalized which is indicated by the renormalization scale u. The product



of the two electromagnetic currents appear in the hadronic tensor defined in polarized deep
inelastic lepton-hadron scattering which is given by

1 .
Walpoa.s) = 5= [ d' € sl ()10

= Wi p, )+ W (p, ¢ ). (2.2)

Here p and s denote the momentum and spin of the hadron respectively and ¢ stands for the
virtual photon momentum. The symmetric part of the hadronic tensor is given by

G4y Pg pg  F(z,Q%)
ny(pv Q) = (_gul/ + MQ )Fl(vaz) + (pu - _Qqu)(pl/ - _2(111)77 (23)
q q q pPq
while the antisymmetric part is equal to
m o sq
ny(pvfbs) = _p_q 6;“/0(5(] Sﬁgl(vaz) + (Sﬁ - p_qpﬁ)QQ(vaz) 9 (24)

with the properties s-p = 0, s2 = 1 and m denotes the mass of the hadron. The Bjorken
scaling variable is given by 2 = Q%/(2pq) and Q? = —¢* > 0. The spin averaged structure
functions are denoted by Fi(z,Q?)(k = 1,2). In polarized electroproduction one has in
addition the longitudinal spin structure function g;(z,@?*) and the transverse spin structure
function go(x,Q?). The twist-2 operators O™ (0) corresponding to the spin averaged
structure functions are given in the literature and their anomalous dimensions have been
calculated up to two-loop order [14]-[17]. The twist-2 operators contributing to the spin
structure functions are given by [12]

RRGIMG) = 08 {0 sy DR - DA (2) — (traces) | (25)
R () = 008 (920957 D o DI () = (traces)] (26)

1
Ry = it s {?MQMTT(FM(Z)DM---Dﬂm—ngm(z))—(tmces)}. (2.7)

The symbol § in front of the curly brackets stands for the symmetrization of the indices
Bl and A; is the flavour group generator of SU(nys). The quark and the gluon field
tensor are given by (z) and F} () respectively and Fy, = Fj,T* where T stands for
the generator of the colour group SU(N) (N = 3). The covariant derivative is given by
D, = 0, +1gT*Al(z) where Af(2) denotes the gluon field. From eqs. (2.5)-(2.7) one infers
that with respect to the flavour group one can distinguish the local operators in a non-singlet
part represented by Rng, and in a singlet part consisting of Rs, and Rg .

In the Bjorken limit (Q? — oo,z = Q*/(2pq) fixed) the current-current correlation func-
tion in (2.2) is dominated by the light cone 2% = 0 so that it is justified to make a light cone
expansion for the product of the two electromagnetic currents. When Q? — oo the lead-
ing contribution of g;(z,Q?%) consists of the twist-2 operators listed in (2.5)—(2.7) whereas
g2(x, Q%) also receives contributions of twist-3 operators which are not given in the expansion
in eq. (2.1). Since we are only interested in the longitudinal spin structure function g;(z,Q?)
we can limit ourselves to the renormalization of the twist-2 operators mentioned in (2.5)-
(2.7). Inserting the light cone expansion for J,(z).J,(0) in (2.2) one can derive the following
relation

1 i
/0 de " gy (2, Q%) = Y AP (p?, 1%, ) E(Q* 1P, g) s m odd. (2.8)



The left-hand side of the above equation stands for the Mellin transform of g;(z,Q?) and the
right-hand side is given by the operator matrix element (OME).

(p, s[RI (0)|p, s) = " AT (p?, 2, ) S {(sMp2 - pH ) — (traces)}, (2.9)

with ¢ =NS,S, and EZm stands for the coefficient function.
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The @)%-evolution of the spin structure function is determined by the anomalous dimensions
of the composite operators in eqs. (2.5)~(2.7). They are obtained from the renormalized
partonic OME’s

<j7p7 8|RZ71i...Mm|j7p7 8> = Aszij(p27u27g)s{(sﬂlpﬂ2 o _pﬂml) - (traces)}, (211)

where now the quark and gluon operators are sandwiched between quark and gluon states.
The indices in (2.11) stand for k = NS, S and i = q,9; j = ¢q,¢. The A}, are derived from
the Fourier transform into momentum space of the connected Green’s functions

(01T (5(2) 5™ (0);(y)]0)., (2.12)

where the external lines are amputated. The fields ¢;(2) stand either for the quark fields ()
or for the gluon fields A% (z). The renormalized partonic OME’s satisfy the Callan-Symanzik
equations

[u% + ﬁ(g)a—g +é(ag)m-+ st,qq(g)] AG) (5t g,a) = 0, (2.13)
and
0 0 0 m (m) (2 2
[(u@ + ﬁ(g)a—g +8(a.g)5-)bij + 75,2;7(9)] A (0% 1P g,0) = 0. (2.14)

Here [3(g) denotes the 3-function which in QCD is given by the following series expansion
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Further é(a,g) is the renormalization group function which controls the variation of the
OME’s under the gauge constant «. Choosing the general covariant gauge one obtains in

QCD the following result
2

0(a,g) = —az, 672 + .-, (2.18)
where z, is given by
10 8
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Furthermore the colour factors of SU(N) are defined by C4 = N, Cp = (N? — 1)/(2N),
Ty = 1/2 and ny stands for the number of light flavours. The anomalous dimensions are
given by the series expansion

2 2 2
m _ _(0)m 9§ (1),m g
Thii = Thij Tgn2 + Vr,ij (16%2) +-- (2.20)

Notice that for the subsequent part of this paper we do not need higher order terms in
B(g), 6(a,g) and Vi%;- As an alternative to using the renormalized OME’s the anomalous
dimensions can also be derived from the operator renormalization constants Z;",; which relate

the bare operators f{i’k to the renormalized operators R; j L. The renormalization of the non-
singlet operator proceeds as

Risg"(2) = ZRsgq( 9)BNs " (2). (2.21)
Since the singlet operators in (2.6) and (2.7) mix among each other the operator renormal-
ization constant becomes a matrix and we have

R (2) = Z§u(e g RS (7). (2.22)
Now the anomalous dimensions also can be obtained from
m _ d
TNsqe = Blg,¢€) ZN}gqq d_gZNS,qu
m _1, dZsy;
¢y = Blg.e)(Z3h)a i L, (2.23)
where |
Blg,e) = 529+ Blg)- (2.24)
Here ¢ = n — 4 indicates that we will use n-dimensional regularization to regularize the

ultraviolet singularities occurring in Zj, ;; which are represented by pole terms of the type 1/P.
The computation of the OME’s proceeds in the following way. First one adds the operators
(2.5)~(2.7) to the QCD effective lagrangian by multiplying them by sources .J,,..,,, . (2). The
calculation simplifies considerably if the sources are chosen to be equal to J,,..,,.(2) =
Ay, c-+A,, with A2 = 0. In this way one eliminates the trace terms on the right-hand side of
eq.(2.11). The Feynman rules for the quark and gluon operator vertices are given in Appendix
A. Starting from the bare lagrangian, which is expressed in the bare coupling constant and
bare fields and operators, one obtains the following general form for the unrenormalized
OME’s. For the non-singlet OME we have

-9 2\ /2
n g —P 0 1 1 1
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2
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!Notice that in the subsequent part of the paper the unrenormalized quantities will be indicated by a hat.



Here S is a factor which originates from n-dimensional regularization. It is defined by

5. = ez(re—Indm), (2.26)
The singlet quark OMIE can be written as
AS,qq = ANS,qq + APS,qu (2.27)
where the pure singlet (PS) part is given by
"9 2 2\ €
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Notice that in the above we have suppressed the Mellin index m. The expressions have been
written in such a way that the anomalous dimensions take their values in the MS scheme.
Furthermore we have in lowest order the identity ’yg?;q = 7](\9;(](]. The above form of the

unrenormalized OME’s flkﬂ']‘ follows from the property that the renormalized OME’s Ay ;;
satisfy the Callan Symanzik equations (2.13), (2.14). These equations can be solved order
by order in perturbation theory which provides us with the expressions presented at the end
of this section. We only have to show that the latter follow from the renormalization of the
OME’s in (2.25)-(2.31).

The renormalization of the OME’s proceeds as follows. First replace the bare coupling

constant ¢ by the renormalized one g(u) = g. Up to order g* it is sufficient to substitute in
the above OME’s

g 1
i=gqgl1 S.—1, 2.32
§=9 |1+ 753005 - (2.32)
where 3y is given by (2.16). Next one has to perform gauge constant renormalization. Notice
that in the next section we will calculate the one-loop OMIE’s in a general covariant gauge.
The Feynman propagator in this gauge is given by

kk,
(—gw +(1- oz)k;:r Z.g) : (2.33)

D%W(k) - kz ‘|‘l€
where « is the gauge constant. The two-loop OME’s are computed in the Feynman gauge so
that we have put in egs. (2.25)-(2.31) & = 1.

Since the quarks and gluons are massless one has to put the external momenta p of the Feyn-
man graphs off-shell. This implies that the OME’s are no longer S-matrix elements and they
become gauge (a) dependent. Therefore we also have to perform gauge constant renormal-
ization which proceeds as follows. Replace the bare gauge constant & by the renormalized
one.

& = Zya. (2.34)

In the covariant gauge one has the property Z, = Z4 where Z4 is the gluon field renormal-
ization constant. Hence 7, is given by

2
g 1
167722ag7 (235)
where z, is given in (2.19). After these two renormalizations the only ultraviolet divergences
left in the OME’s are removed by operator renormalization. Choosing the MS scheme the
operator renormalization constants are given by (see (2.21), (2.22))
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Notice that the anomalous dimensions v, i (k =NS,S,1=0,1) are gauge independent so
that Zj ;; have to be gauge independent too. The renormalized operator matrix elements are
derived from

AN&qq(pz,,uz,g, ) ZNSqq(g 5)ANS,qq(p ,u e )|9—>Zg£77 d—Zao (2'42)
and )
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+a (%bf;;g) za] . (2.48)
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The above renormalized OME’s satisfy the Callan Symanzik equations in (2.13), (2.14) which

proves that the ansatz for the unrenormalized OME’s in (2.25)—(2.31) is correct. This is also

corroborated by the expressions for the operator renormalization constants Zj;; in (2.36)—

(2.41) which after insertion in eqs. (2.23), (2.24) provides us with the anomalous dimensions

in (2.20).

The above renormalization procedure was originally introduced by F.J. Dyson [18]. There
exists an alternative possibility invented by Bogoliubov, Parasiuk, Hepp and Zimmermann
(BPHZ) [19]. In the latter one renormalizes each Feynman graph independently using the
counter-term method. These counter-terms appear in the effective lagrangian which is ex-
pressed into the renormalized (coupling- and gauge-) constants, fields and operators. The
BPHZ-method has been used in the literature [14]-[17] to derive the anomalous dimensions
of the spin averaged operators O#1#m (i=NS,S) in (2.1). The advantage of this method is
that the gauge dependent terms given by « (% aggj) Zo in (2.25)—(2.31) are automatically
subtracted. We will come back to this method at the end of section 3. The reason for the
algebraic exercise given above can be explained as follows. Since the lowest order coefficients
712?2')]‘ and aggj can be very easily determined from the one-loop OME’s one immediately can
predict the double pole terms in the unrenormalized OME’s (2.25)—(2.30). The coefficient of
the single pole term can be also computed except for the second order anomalous dimensions
71(;2)] By equating the predicted form of the two-loop OME’s in (2.25)—(2.30) to the explicitly
(1)

computed result in the next section one immediately can infer the results for v, e

2

¢ contribution to the spin split-

3 Calculation of the order «
ting functions

In this section we first give an outline of the procedure of the calculation of the OMI’s defined
in (2.11). Then we present the analytical result for the OME’s and extract from them the
splitting functions (anomalous dimensions).

The calculation of the OME’s proceeds as follows. Using the operator vertices in Appendix
A and applying the standard Feynman rules we have computed the connected Green’s func-
tions, which are given by the graphs in figs. 1-6, up to two-loop order. The latter also involves
the calculation of the diagrams which contain the self energies of the quark and the gluon
in the external legs. These diagrams are not explicitly drawn in the figures but are included
in our calculation. The computation of the one-loop graphs has been done in the general
covariant gauge because one has to renormalize the gauge constant a even if one chooses the
Feynman gauge @ = 1. The two-loop graphs have been calculated in the Feynman gauge
which is sufficient to that order. The OME’s are then obtained by multiplying the connected
Green‘s function by the inverse of the external quark and gluon propagators. Since the ex-
ternal momenta are put off shell only ultraviolet divergences appear in the OME’s which are
regularized by using the method of n-dimensional regularization. This implies that we have

10



to find a suitable prescription for the ys-matrix which appears in the quark operators Ry ,
for k= NS (2.5)and k = 5 (2.6). Here we will adopt the reading point method as explained
in [20]. One can also adopt the method of ‘t Hooft and Veltman [21], which is equivalent
to the one given by Breitenlohner and Maison [22] (see also [23]). The disadvantage of the

last method is that the non-singlet axial vector operator Rg\lfgq (2.5) gets renormalized in
spite of the fact that it is conserved. This has to be undone by introducing an additional
renormalization constant [23]. However for continuity this procedure has to be extended to
higher spin non-singlet operators RYg  (2.5) (m > 1) otherwise the anomalous dimension
of RYg, will become unequal to the anomalous dimension of the spin averaged non-singlet
operator Ofg, (see (2.1)). Notice that the same procedure has to be also carried out for
some of the singlet operators Rg, (2.6). Using the reading point method [20] one can omit
the additional renormalization constant. Anyhow we have checked that both methods lead
to the same result.

As has been already mentioned in section 2 the Feynman rules for the operator vertices in
Appendix A have been derived multiplying the operators RZ}Z»"'“’" by the sources J,....,, =
A, oA, with A2 = 0. To simplify further we can choose s = p, where s is the spin

vector in (2.4), without any loss of essential information. The operator matrix elements Ay
(2.25)—(2.31) are then given by

im m 1 “rm
Ak,iq(pzvu27gvg)(Ap) = ZTT {Gk,iq(vavluzvgvg)’ySﬁ}v (349)

with £ = NS5,5 and ¢ = ¢, ¢ and

~ 1 Ay
&% 12,9, 6)(Ap)™ = SAp una AT GEL (D, AL 12, g, ). (3.50)

Here Gqu stand for the unrenormalized Green‘s functions which are multiplied by the inverse
of the external quark and gluon propagators.
We will now give a short outline of the calculation of A}?;.. Let us first start with the

non-singlet OME A%Sm. The Green‘s function G%&qq, which is determined by the one-loop
graphs in fig. la,b and by the two-loop graphs in fig. 2, consists out of Feynman integrals
where the numerators are given by a string of y-matrices. One of the v - matrices represents
the ys-matrix. The latter is then anticommuted with the other y-matrices until it appears
on the right side of the string next to the v5 in (3.49). Then we set 72 = 1 and simplify the
trace by contracting over dummy Lorentz-indices. Finally we perform the trace in (3.49). In
this way one obtains the identity

ARes 0P 1) = (ARes gy (07 1%, ) (3.51)

spin—averaged ’
without any additional renormalization constant. Notice that the calculation of Af¢ (spin
averaged OME) has been already done in the literature so that it will not be repeated here.
Except for the non-singlet operator A%Sm the remaining spin OME’s differ from their spin
averaged analogues. Since we need the one-loop OME’s as presented in fig. 1, for the renor-
malization of the two-loop OME’s given by figs. 2-6 we have to calculate the former ones
up to the non-pole term ay;; defined in eqs. (2.25)~(2.31). The one-loop terms by ;; which
are proportional to ¢ = n — 4, do not play any role in the determination of the anomalous
dimension and they will not be presented in this paper.
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Starting with the one-loop contribution to flgfgq (fig. 1c) we have to perform tensorial

reduction of the tensor integrals appearing in G'g, . These tensor integrals arise because
the integration momentum ¢, appears in the numerators of the integrand. Examples of
such one-loop integrals are given by eqs. (B.1)~(B.3). The result will be that ng,gq gets
terms of the form 5“5A0Agpxya;¢’yﬁ, 5“5A0Ag’ya’yxyg, 5amgpAAg’yad’yﬁ, where the Levi-
Civita tensor e*°*? originates from the two-gluon operator vertex in (A.4). Performing the
trace in (3.49) provides us with a second Levi-Civita tensor so that we have to contract over
two and three dummy Lorentz-indices. The contraction has to be performed in 4 dimensions
since the operator vertices have a unique meaning in 4 dimensions only. Next we discuss the
calculation of the one-loop contribution to flgfqg (3.50) (fig. 1d,e). To this OME we apply
the reading point method [20] and put the v5 on the right hand side of the trace from the
start. In this way we reproduce the Adler-Bell-Jackiw anomaly which can be traced back to
the triangular fermion loop in fig. 1d. Notice that fig. le leads to a zero result because the

external momentum p appears twice in the Levi-Civita tensor. The Green‘s function ngf;;

will then become proportional to e***A\p,. The latter will be contracted with the Levi-
Civita tensor in (3.50) where the contraction is performed in 4 dimensions. The one-loop
graphs contributing to A~ are presented in figs. 1f, g. Because of the Levi-Civita tensor

coming from the two-gluon operator vector in (A.4) Ggi’;;” will, after tensorial reduction,

become proportional to e#*** Ayp,. Like in the case of flgfqg the contraction with the Levi-
Civita tensor in (3.50) has to take place in 4 dimensions.

Before we proceed with the two-loop graphs we want to emphasize that first the tensorial
reduction has to be made before one can perform the contraction between the two Levi-
Civita tensors. Both operations do not commute and lead to different results for the OME’s.
This holds for the one as well as two-loop calculation. If one contracts the Levi-Civita
tensors in n dimensions both operations commute. However then the Lorentz indices of the
operator vertices in Appendix A have to be generalized to n dimensions which is a non-unique
procedure.

The calculation of the two-loop graphs in figs. 3-6 proceeds in an analogous way as in the
one-loop case. However here there arise some extra complications. First of all we encounter
the two-loop scalar Feynman integrals which have already been performed in [24] to calculate
the spin averaged OME flgfgg. To check these integrals and the tensorial reduction algorithm
we have recalculated all spin averaged anomalous dimensions (splitting functions) and we
found complete agreement with the results published in the literature [14]-[17].

The second complication shows up in the tensorial reductions of the two-loop tensor Feynman
integrals where the numerator now reveals the presence of two integration momenta ¢; and
¢2. A more detailed explanation of how the tensor integrals are reduced into scalar integrals
is presented in Appendix B. The third complication arises because of the appearance of a
trace of six y-matrices out of which two are contracted with the integration momenta ¢; and
q2. Such graphs (see e.g. fig. 3 and figs. 5.11) are calculated by the following procedure.
First one performs tensorial reduction of the Feynman integrals as indicated in Appendix B.
This will lead to an increase of the pairs of y-matrices having the same Lorentz-index. Then
one can eliminate these pairs using the standard rules for vy-algebra in n dimensions. This
is possible without ever touching the 75 matrix because it is put at the right hand side of
the string of y-matrices. After this procedure one ends up with the expression Tr(dp¢dys)
which is uniquely defined (irrespective of the v5-scheme). The same holds for the other graphs

12



which do not contain fermion loops. The final result is that all Green‘s functions AZfij get
the same form as observed for the one-loop case. Four dimensional contraction of the two
Levi-Civita tensors yields the OME’s flgj;b]) in (3.49), (3.50). Before finishing the technical
part of this section we give a comment on the algebraic manipulation programs which are
used to calculate /1}:2] The matrix elements (including the full tensorial reduction) were
calculated using the package FeynCalc [25] which is written in Mathematica [26]. The two-
loop scalar integrals were performed by using a program written in FORM [25] which was
called in FeynClalc.

If one performs the inverse Mellin transform of the OME’s the results for the one-loop
calculation can be summarized as follows (see eqs. (2.21)~(2.27)). First we have the lowest
order splitting functions which are already known in the literature [12, 13].

©  _ po _ 1

PNS,qq - PS,qq =Cr l8 (1 — $)+ —4—dx+ 65(1 - x)] ) (3-52)
PY) = Ty [16x - 8], (3.53)
P = Cpls—4a], (3.54)

1 22 8
Pé?;g - Oy [8 (—1 — $)+ +8— 16z + ?6(1 — 96)] — Ty [55(1 - 90)] ; (3.55)

where the colour factors in SU(N) are given by Cp = (N2 —1)/(2N),C4 = N and Ty = 1/2

(N = 3 in QCD). The non-pole terms aggli)j appearing in expressions (2.25)—(2.31) read as
follows

ag\lfgqq = ag;q =CF [—4 (%){_ +2(1+2)In(1 —2) — 211—|;9; Inz
4424 (1—a) (2_<1 ) )+6(1—x)(7—4{(2)), (3.56)
—/,
) = T;[(4—8e)(Ine +1n(l—2))— 4], (3.57)
o), = Cpl(—4+22)(ne +1In(l - )+ 2 — 4a], (3.58)

agg);g = Oy [—4 <%)+ +(=4+82)In(l —2) + (-1 f - —4—|—8x) In 2
—(1—a) (ﬁx +246(1—x) (69—7 —4(2)+ (1—a) - %(1 _ a)z)]
5ol _w)] ' (3.59)

k
In the above expressions the distributions (%il,;xl)_l_ are defined by

1 n*(1 -2 1 n*(1 -2
[ i (M) oy = [ (M) G- ). (360
_I_

1—=2 1—=2

Notice that in the general covariant gauge only aggq (k=NS,S) and ag;g depend on the gauge

parameter a.
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The two-loop contributions to the unrenormalized OME’s are given by the inverse Mellin
transforms (see eqs. (2.25)—(2.31))

. 4 2\ °
Aps,g (16‘(;2)2 s? ( u]; ) Cp Ty BY,, (3.61)
. 9t o (=P 12 pae
Asi = omm (u2 ) (17 BY, + Cp Ty B, + CaTy BY| (3.62)
. 4 2\ °
Asgy = (16‘(;2)2 s? ( /f; ) [(CaCr B+ Cr Ty BE, + CHBI] . (3.63)
. 4 2\ °
Asgy = (16‘“;2)2 52 ( u]; ) (CaTy B, + CoTy BE, + C3 B, . (3.60)
BY, = %{4(1+x)1nx—|—10(1—96)}

—|—§{4(1—|—x)L12(1—x)—l—3(1—|—x)ln2x—|—4(1—|—x)lnwln(1—x)

—|—10(1—x)ln(l—x)—l—(7—5x)lnx—5(1—x)},

64 32 2 1

5 = Flzt-zof+ T{-5u-s0+z0-zahel,
4

B}{é’f = 8—2{—8(1—29@)111(1—x)—|—4(1—2x)lnx—|—6}

—I—g{ —12(1—22)Lig(1—2) +4(1 —22)¢((2) -6 (1 —22)In*(1 — 2)
—8(1—296)11136111(1—x)—|—3(1—2x)ln2$—|—2(4x—|—3)ln(1—x)

8x—|—5)lnx—12—|—13$}

BY, = —f{ (1= 22)In(l =) +4(1+2)lne+ (5—1490)}
§{1QL121—90+2(2$+1)L12( )= 2(1—42)C(2)
—3(1-22)n* (1 —2)+2R2z+ nzln(l+2)+8(1+2)nzln(l —z)
—|—(6x—|—5)ln2x—|—%(11x+14)lnx—|—%(73—6296)111(1—90)—%(44—96)},
B — %{%(259&—14)—|—2(2—x)ln(1—x)—2(96—|—4)1n90}

+§{ 122 Lip(1 - #) = 2 (2 + 2)Lis(—2) — 2(4 — 2) C(2) = 2 (¢ + 2) lnaln(1 + 2)

+302-2)ln*(1—2)— Bz +10)n*z —2(52 +2)lnzln(l — )

1 1 1
—5(50 —73z)In(l —2)+ 5(17$ +8)Inz + 5(109 — 11936)},

14



By, = z—g{é w—Q} 6{%(10—1196)—|—%(w—Q)ln(l—x)—l—%(w—Q)lnx},
By = ;2{396 4(z—2)In(1 —x)—l—Q(w—Q)lnx}
+§{12 (2 —2)Lig(1 —2)+8(2-2)((2)+6(2—2)ln*(1—2)+3(z—2)In*z

+4(z—2)lnaeln(l—2)—-2(4—-T2)ln(l—2)+ 72zlnz +9— 1436},

BY, = g{—(lix)_l_—l—Qx—l—lg—lé(l—x)}
A (), (5o s (ﬁxk
—|—<6x—ﬁ—2)lnx—z—6x—l—é—o—l—<% ——C( )) (1—36)},

8
By, = 8—2{4(1+x)1nx—|—10(1—x)}

4
—|—g{8(1—|—x)Lig(1—x)—|—8(1—|—x) Inzln(l —z)+6(1+z)In*z

+20(1—2)In(1 —2)+ (6 — 1da)lnz + 22 (2 — 1)—|—6(1—x)},

By = i{16 (M)++16(1—2$)ln(1—x)+22< ! )+

1—=2 1—=2

-] (3_|_ i)lnx—l—%x—@—l—é(l—x) (E—gf( ))}

2 .
—I—g{—32(1—|—x)L12(1—x)—|—< 60— - 8)L12( 2)
1
—|—(—16x—|—4<1_$)+ 1+$) ( 16x———8)lnwln(1—|—x)
In?(1 — In(1 —
Loy (=) +§<u) b (—482 + 24)In2(1 - 2)
1—=2 3 1—=2 +
+
8 2 10 Y, ,
—|—(—48x+m—24)lnxln(1—x)—l—<1+$—32—1_36)111x
208 320 88 1
— - — | In(1— —14 —_ — 1 —4
—|—<3 x 3)11( x)—l—( ac—|—3(1_$) 38) nz 3(1_$)+
119 29 88 1663
_—— — 6(1 — —((2 10¢(3) — —— .
st - Rars-o (S - 22}

Here the function Liy(y) stands for the dilogarithm which can be found in [28]. After sub-

stitution of the one-loop order coefficients 3y (2.15), z, (2.19), the Mellin transforms of P,g Z)]

(: 71&?2}”) (3.52)~(3.55) and aggj (3.56)~(3.59) into the algebraic expressions for Ay ;; in

(2.25)~(2.31) one can equate the latter with the results obtained for Ay ;; as presented above
n (3.61)—(3.64). From this one infers the two-loop contribution to the anomalous dimensions
which are the unknown coefficients in eqs. (2.25)-(2.31). After performing the inverse Mellin
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transform we get the splitting functions. The non-singlet splitting function P](Vlg 4q 15 the
same as obtained in the spin-averaged case (see e.g. [16, 17]). In order to obtain the singlet

splitting function qu)q one has to add to P](\,lgqq the quantity P]g;qq given below.

PR, = CrpTy [=16(14 ) n? s — 16(1 = 32)Inz +16(1 — 2)] . (3.65)
Furthermore we have the singlet splitting functions

PY) = 40Ty [-8(1+ 22)Liz(—2) — 8((2) — 8(1 + 22) Inz In(1 + )
+4(1 = 22)In*(1 —2) — 4(1 + 22)In* 2
—16(1—2)In(1 —2)+4(1+8z)Ina — 44 2 4 48]
+4Cp Ty [8(1=20)¢(2) =4 (1= 22) In(1 - 2)
+8(1—2x)Inzln(l —2)—-2(1—22)ln*2
+16 (1 —2)In(1 —2) — 2(1 — 162)Inz + 4 + 62], (3.66)

P = CaCr [16(24 2)Lin(~2) + 162 ((2) + 8(2— 2)In*(1 - )

+16(2+2)nzIn(l+2)+8(2+2)Inz

+16(z —2)Inzln(l —z)+ (2—0—|— gw) In(1 —2)
328 280

+8(4—-13z)Inz + ——I—Tw]

+CF [8(z=2)n*(1—2) = 4(z = 2)In? 2 — 164 + 1282
—8(z+2)In(1 —2)—4(20+ 72)Inz]

O [—%(4 Iy 33—2(90 —9)In(1 — x)] , (3.67)

1 _ 2 32 ) s B ( 1 ) 16
Ps7gg = (3 [(64x+1+x—l—32 Lig(—2z) + | 642 — 16 T +—|—1+x ¢(2)
—I—<1§$—%—I—f&?)ln?x{-(64x—l—1i—2$—|—32)lnxln(1—l—x)
2 232
—|—(64x—13——32)1nx1n(1—x)—|—(i—ﬁx)lnx
—x

3

e )+_§x_%+a< )(24<<3>+§—4>]

1—=2

160 1 32 448 608
+C ATy [_T< ) —?(1+ w)lng — — + —z
_|_

1—=2 9 9
——6 1—2a)

+CpTy [=16(1+ 2)In? 2 + 16(z — 5) Inz — 80(1 — x)
]

—88(1 — ) (3.68)
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For practical purposes, and the discussion of the results obtained above in the next section,
it is also useful to present the one- and two-loop anomalous dimensions which are related to
the splitting functions via the Mellin transform

Vi = — /01 do 2™ ! Py ii(2). (3.69)
The one-loop contribution to the anomalous dimensions become
7%@ = vé?ggm =Cr [851(7% -1+ % + miH - 6] , (3.70)
YO = 1y [% - m1—-6u] , (3.71)
yEhm = Cp [miH - %] : (3.72)
Tony" = Q4%ﬂm—w—%+;£%—%ﬂ+§ﬂ- (3.73)

( ),m

The two-loop non-singlet anomalous dimension 7]\} is the same as found for the spin

5,99
averaged operator (see e.g. [15, 16]). To obtain the singlet anomalous dimension ’yg;(’]m one
has to add 7](\%,7;2 the quantity ’y](;lg:;z which reads
(m Jq[ 2 3 1,2t 1 4
TPS,qq CrTy16 (m—|—1)3+(m—|—1)2+(m—|—1)+m3 | (3.74)
Furthermore we have the singlet anomalous dimensions
2 2
W _ T _Sl(m—l) QSl(m—l)_Qsl(m—l) 451(m—1)
75,09 6 Caly [ m T mrd m? (m+ 1)
_ Sy(m —1) . 255(m—1) 285(m—1) . 4 85(m —1)
m m+1 m m+1
SAPE SR SN UAPOS P By
m m+1 m?2 (m+1)2 m> (m+1)3
29f(m—1) 4S8f(m—1) 2S(m—1) 45(m—1)
T — —
+8Cr ! [ m m+ 1 m m+1
10 5 7 8 2 4
-t —t =t — - =+ — 3.75
m—I—m—l—l—l—m?—I—(m—l—l)2 m?’—l—(m—l—l)?’]7 (3.75)

SO g o l_st(m —-1) , Si(m—1) L 185(m 1) 5Si(m —1)

594 m4+ 1 3m 3(m+1)
. 255(m —1)  Sy(m — 1) . 455(m —1)  25(m—1) 56
m m+1 m m+1 9m
20 28 38 4 6

TOm+ 1) 3mE 3m+1E m (m+lp
45¢(m—-1) 28{(m—-1) 85 (m—1) +251(m—1)
m m+1 m m+1

+4C% [
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m2 (m+1)? m m+1
39 30 28 5 4 2 ]
m m+1 m?2 (m+1)?2 m3 (m+1)3
QSl(m— 1) Sl(m— 1) 7
2CFTy |— —
320w [ 3m 3(m+1) 9m
2 G ] (3.76)
9(m+1) 3m?  3(m+1)%]’ '
134 881 (m—1)  165(m—1)

(1),m _ 2
Tsgg T 404 [T Si(m=1) + m2 (m41)2
N 8 52(m —1) 16 So(m — 1)

m m+1

+ 453(77”&— 1)

85a(m —1) 16 55(m — 1)

-8 5172(77”& — 1) -8 5271(77”0 — 1) +

m m+ 1
- ~ 107 241
4 -1) - 1) — 4 —
T4 Ss(m = 1) =851a(m = 1) = 0+
. 58 86 o848 16
3m? 3(m+1)?2 m3 (m+1)> 3
=551 (m—-1) 14 19 1 1 1]
RO | ————+ — — - - -
T2 Caly 9 om  9(m+1) 3mE 3(mt1P 3
10 2 4 10 10 4
Ty |— 14 —=——-—=+—= .
-|-8CFf[ m—|—1+(m—|—1)2+(m—|—1)3+ -I-m m2+m3]’ (3.77)
where we have introduced the following notations
m—1 1
=1
m—1 ;
. —1Y)
Sp(m—1) = Z(zk)7
=1
m—1 1
Spi(m—1) = i—kSl(i),
=1
B m—1 1 .
Spi(m—1) = Z—kSl(z)
=1

To check our results for the two-loop splitting functions (anomalous dimensions) we have
also used the BPHZ method [19] as mentioned at the end of section 2. Here we renormalized
the OME’s graph by graph and found finally the same results as listed in (3.65)—(3.67). As
already mentioned in the beginning the above splitting functions and anomalous dimensions
have been calculated in the MS scheme. If one prefers another scheme the corresponding
anomalous dimensions are related to the MS ones in the following way

_ A
INSgq = INSqqt B(9)ZNs d;\fsv (3.78)
_ _ d(Z_l)l‘
= . 1 . J
VSi; = Zzl’ylm (Z )m] + ﬁ(g)Zzl dg ’ (379)
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where 75 4, (k= NS, 5) denotes the anomalous dimension in the MS scheme and Zys, Z;:
are finite operator renormalization constants. Up to order g% they can be expressed as follows

g2

ZNs = 1+ 1672~ (3.80)
1+ g
7 = ( + 62 “aa T672 749 ) ‘ (3.81)
TR TR T
Substitution of egs. (3.80), (3.81) into eqs. (3.78), (3.79) yields
1 (1
7](\7;7!1!1 = 71<\7?§,qq + Qﬁozqu (3.82)
1 (1 _(0 _(0
Vg,gq - %(s,gq +207qq + quVg,;q - %(g,;gzgq, (3.83)
1 _( _(0 _(0 _(0
Y = A8+ 28075 + 24y (150 = T50) + T (200 — 24) (3.84)
1 (1 _(0 _(0 _(0
Vgugq = Vg,;q +2fozgq + 2gq (Vg,gq - Vg,;g) + Vg,;q (299 = 249) » (3.85)
1 (1 _(0 _(0
727357 - ’}/g,)g +2fozge + quVg,gg - Vg7gq2qg- (3.86)

Before finishing this section we want to make a comment on the spin splitting functions
and the anomalous dimensions calculated above. Two of them, i.e., P](Dls) ” (’yj(jlg 4q) and

Pélq)g ( g;g) have been already calculated in the literature [9]. They were obtained via
mass factorization of the partonic cross sectoin of the subprocesses v* + ¢ — ¢+ ¢+ ¢ and
¥*4+ g — g+ g + ¢ including the virtual corrections to v*+ g — ¢ + ¢. The result for P](Dls) 4

. agrees wit eq. . m . owever the expression lor m . 1ITers Irom
3.65) ag ith eq. (3.37) in [9]. H h ion for P!} in (3.66) differs f

the one obtained in eq. (3.38) of [9] by a finite renormalization, i.e.,

Pé,lq)g([g]) - Pé,lq)g(3'66) = Pé?q)g ® 249, (3.87)
with
Zgg = —16Cp (1 — ), (3.88)

and ® denotes the convolution symbol

(f @ g)(z) = /01 dzy /01 dzy 6(x — z139) fa1) g(22). (3.89)

This finite renormalization is due to a different y5-prescription used in [9].

The above splitting functions, which are calculated in the MS scheme, have to be combined
with the quark and gluon coefficient functions (2.10) computed in the same scheme in order
to perform a complete next-to-leading order analysis. The quark coefficient function can be
found in [9, 11] and it equals to

- 2 1
E(z,Q% 1) = 5(1—$)—|—1gﬂ_20}7‘ [{4(1_x)+—2—2x

2 (-
—|—36(1—x)}lncj—2—|—4 (%

2
—21+$ 11196—3( I
1 1

— X — T

) ~9(142)In(l - 2)
s

) a4 20— 61— 2)(944C(2))] (3.90)
s
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The gluon coefficient function (see e.g. [9, 29]) gets the form

. 2 2
By, Q% %) = #Tf [(896_ )lncj——l—(8x— 4)In(1 - z)
—(8z—4)lnz 4+ 12— 16 z]. (3.91)

The Mellin transforms of Ey (k = ¢, ¢) become

2 2 92 2 2 :
EMNQ% 7)) = 14 150r (3—————451(m—1))1n_2

16 m m+1 I
(2 2 3)5 1)445 1
ot t3) Silm = 1)+ 450 )
6
485y _1)+E_9]’ (3.92)

4 8

] . (3.93)
Notice that the first moment E; = 1-3(¢*/(1672))CF agrees with eq. 6 of [10]. Further-
more we have E~; = 0 (see [11]). Both properties are characteristic of our choice of the
vs-prescription and the fact that the anomalous dimensions are calculated in the MS scheme.

4 Properties of the spin anomalous dimensions

In this section we will discuss some of the properties of the splitting functions and anomalous
dimensions which have been calculated in the last section. Let us start with the first moments
of the spin anomalous dimensions in the MS scheme.

0),1 1),1

ey = 0 Ny = 0. (4.94)
0),1 1),1
k(g#;q =0 Vg,gq = 24 CFva ( .95 )
0),1 1),1

Yoy = 0 W =0, (4.96)
(01 _ (1,1 , 142 8

Vsgqs — —6CF Vsgg = —6CF-— 7014 Cr+ gCFTf, (4.97)

22 8
Ty = 26 = - (g Ca—g f) » (4.98)
68 40
7&3; = 26 = - CA+8CrTy+ 35 CaTy, (4.99)

where 3y and (3 are the first and second order coefficients in the perturbation series of the
B-function (2.15).

In the above we have assumed that there is one flavour only in the fermion loops of the OME
graphs. If there are more light flavours the T’y in the above expressions have to be multiplied
by the number of light flavours indicated by ns (see (2.16), (2.17)). The vanishing of the first
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moment of the non-singlet anomalous dimension follows from the conservation of the axial
(1),1

vector current Ry ¢ qq(w). The value of the singlet anomalous dimension yg .~ was already
calculated in [29]. Tt is due to the anomaly of the singlet axial vector current R () which

(1),1

contributes via the triangular fermion loops to y4 ot second order perturbation theory. The

(1),1

vanishing of 75 /*" was shown on general grounds in [30], see also [31]. From the last reference

we also infer (see eq. (22) in [31]) that yglg’gl = —203 , provided the anomalous dimension is

calculated in the MS scheme. Finally we want to investigate an interesting relation which is
conjectured for an N = 1 supersymmetric Yang-Mills field theory. It can be derived from
QCD by putting the colour factors Cr = C4 = N and Ty = N/2 [32]. The relation reads as
follows. First define

&7 = ¥S,90 + YS90 — VS0 — VS99 (4.100)
For an N = 1 supersymmetric Yang-Mills field theory one has

§y =0, (4.101)

provided 6+ is calculated in a renormalization scheme which preserves the supersymmetric
Ward identities. In many cases one has shown that at least up to two loops n-dimensional
reduction is a regularization method which respects the supersymmetric Ward identities.
Therefore a renormalization scheme where the pole terms plus the additional constants vg
(Euler constant) and In4r are subtracted (MS scheme) will respect these Ward identities
too. In lowest order, where there is no difference between n-dimensional regularization and
n-dimensional reduction, the above relation holds for the spin as well as spin averaged anoma-
lous dimensions. If one assumes that the two-loop anomalous dimensions calculated in the
two regularization schemes (n-dimensional reduction and n-dimensional regularization) are
related to each other via a finite renormalization one can derive the following relation [33]

U — 61 = (280 — v =450 (6 akidny — s alidl) . (4.102)
with 1) 1) 1) 1)
1 1 1 1

6all) = 45,49 + 45,99 ~ 45,99 ~ %5997 (4.103)

where the terms afsl,z)j,REG and afsl,z)j,RED are the non-pole parts of the OME’s in (2.25)-
(2.31) which are calculated using n-dimensional regularization and n-dimensional reduction
respectively. Equation (4.102) can be easily derived from egs. (3.82)-(3.86) by putting 67(°) =
0 and z;; = agi;REGas,i;RED. If one makes the additional assumption 6’7(1) = ‘5:71(1:1E)D =
0 (4.101) relation (4.102) turns out to be valid for the two-loop spin averaged anomalous
dimensions which is checked in [33].

In the case of the spin anomalous dimensions we obtain the following results

agz)yq,REG - ag;q,RED = N[-2422+6(1—-2)], (4.104)
ag,z)zg,REG - agz)gg,RED = 0, (4.105)
ag,g):q,REG - agg);q,RED = 0, (4.106)
agg)yg,REG - ag;g,RED = N E 6(1 - 96)] : (4.107)



If we assume that 571(%1E)D = 0 then (from (4.102))

(1)m 8 8 281 44 1

§ T R S P
TREG m?—l_(m—l—l)2 3m+ 3m+1’

(4.108)
which is in disagreement with the result of our calculation derived from eqs. (3.74) (3.77)

which is equal to

548 1 532 1 104 88
s4Lm _ oy 2202 998 2 9 °% 4.109
TREG + 3 m 3 m4+1 m?2 (m+1)? ( )

We tried to explain the difference between the prediction in (4.108), which is based on su-
persymmetry, and the result (4.109) obtained by our calculations. Therefore we investigated
the findings in [33] for the spin averaged anomalous dimensions and found a surprising result.
Since all external legs of the OME’s are put off shell one can split G}Zﬁm (3.49) and GZ;;’”
(3.50) into a so-called physical and unphysical part. In the case of G}Zﬁm the former part is
proportional to X whereas the latter part is multiplied by p. This property holds for the
spin as well as spin averaged operators. In the spin case Gg;g” has a physical part only
which is proportional to 5“”“5Aapg. However for the spin averaged case one also encoun-
ters unphysical parts in the OME’s. Here the physical part is the coeflicient of the tensor
9" — (Aupy + puAL)/(Ap) + AL AL p?/(Ap)?. Limiting ourselves to the physical parts of
the non-pole terms agl)»j we find the following results. The spin averaged OME’s satisfy the
relation (Feynman gauge)

salihy =0, (4.110)

whereas the spin OME’s lead to

allly = N[-4 +42q]. (4.111)
Property (4.110) was not mentioned in [33]. However it might explain why 671(1:1E)D = 0 for
the spin averaged case since the physical part of the unrenormalized one-loop OME’s already
satisfy the supersymmetric relation. Hence we have the suspicion that because of (4.111),
571(1:1E)D # 0 for the spin anomalous dimensions which explains the discrepancy between (4.108)
and (4.109). Notice that (4.111) is obtained in the MS scheme. Therefore we have made an

(1) (1)

oversubtraction so that dappy = 0. If we now assume that after this subtraction éyppp = 0

and recalculate 6@{3}%(} (Feynman gauge) by keeping the physical part only we obtain

2
§al), = N 6462+ 3 6(1—2)], (4.112)

and from (4.102)

24 24 100 1 116 1
§ (1),m:4__ - _—. 4.113
TREG m?—l_(m—l—l)2 3 m+ 3 m4+1 ( )
By comparing (4.109) with (4.113) we observe again a discrepancy between our calculation
and the prediction obtained from the supersymmetric relation except for m = 1 where we

ZNotice that the gauge dependent terms cancel in 5a(R1E)’];n - 5a(R1E)’én.
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have agreement. The reason for the violation of the supersymmetric relation (4.101) in the
case of the spin anomalous dimensions is not known to us. It cannot be attributed to an
error in the scalar Feynman integrals because they were also used to recalculate the spin
averaged anomalous dimensions which we found to be in agreement with the results quoted
in the literature. It might be due to our «s-prescription. However different ys-prescriptions
are related via finite renormalizations and the discrepancy between (4.109) and (4.108) or
(4.113) cannot be explained by such an effect. Finally we want to emphasize that to our
knowledge the formal proof of the supersymmetric relation év = 0 is still lacking in the
literature.

Appendix A: The operator vertices

In this appendix we present the twist-2 operator vertices. All momenta are flowing into the
operator vertex.
A.1 Quark-(gluon) operator vertices

The quark-antiquark vertex is equal to

O(p) = —Xys(Ap)™, (A1)

where p denotes the momentum of the incoming quark line.
The quark-quark-gluon vertex is given by

m—2

Og(pv Q) = —gT, AMA'}/S Z(Ap)m_i_z(—A(])i, (AQ)

=0

where p and ¢ are the momenta of the incoming quark and antiquark respectively.
The quark-quark-gluon-gluon vertex equals

Ol (piq.ris) = g>AF A Xy

1.7, ((—Umm ZJ: )(Ag)™ 7™ 3((Ap)Jr(AS))H)

j:O 1=0

~Ty T, (Z_: ZJ: (Ap)" I (Aq) ((Ag) + (AS))H) (A.3)
A.2 Gluon-operator vertices
The 2-gluon vertex is given by
Ol (p) = i 27 (1 = (=1)")(Ap)" " da. (A.4)
The 3-gluon vertex is equal to
Oue (pra57) = g(1=(=1)") fare O"(p. ¢, 7), (A.5)
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with
OM0(p.q.r) = (MR - HS ALY AP (PNIAK 4 AN (Ag)

—(
(g”pATA“ a’;‘M)ATAU)(AT)m_Q

3
&

Y (AP (M)A AN (A p))

.
o

3
w

(=AY (Ap)" IS AY(AT AP chOSP(A))

'IM

3
&

= D (AP (Ag)TTITIAR(V AT AP — e PR(Ar)), (A.6)

.
o

The 4-gluon vertex equals

Oggcpdg(p7 q, T"S) = 292 (1 - (_1)m) [fabefcdeouypg(pv q, 7‘,8)
‘|’facefbdeoupyg(p7 rdq, 8) - fadebeSOPVMU(T7 q,DP, 8)]7 (A7)

where
O*P (p,q,r,s) = (5A”MAM — 5A“’MA”)((A7‘) + (As))m_2

CAP( AR hm A A S (Ar) 4 (As) (A

FAT(ETAAR AN T (Ap) + (D) (A
+A”§((Ar)+ (As))™=i=3(_(Ap))i(eHTAP AP _ cede AT
+AH m__ ((Ar) + (As))m_i_3( (Aq))l( vodg AP _ l/pAqu)

3
IS

+AYA Z

(Ap)" I 7H(Ap) + (Aq)) T (—(As)) (e3P A* 4 472 (Ap))

3 %
N

—ARAY (D)™ 7H(Ap) + (Aq)) T'(—(A5)) (€27 AY + €772 (Ag))

- EM&

o
Il
=]
-
Il
=]

3
A

—ATA" (Ap)" I (=(Ar)((Ap) + (Aq)) T (377 AP 4 4027 (Ar))

s,
i M“‘
(e}

ECH
Il

3
=

NN ; (Ag)™ =1 (=(Ar)F((Ap) + (Aq) = (A7 A7 4 21 (Ar)). (A.)

%M“

Appendix B: The tensorial reduction

In this appendix we present a more detailed explanation of the tensorial reduction of the
tensor Feynman integrals into scalar integrals.
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According to the reading point method [20] we can put the y°-matrix at the right end of
the traces. Then one can perform all straightforward simplifications of the y-matrix algebra
inside the traces. Furthermore we leave the y°-matrix untouched except that at the end
we take Tr (7“75707575) = —4i¢*P?% In the case of the one-loop integrals the tensorial
reduction can be very easily achieved via the standard Feynman parameter techniques. Since
we do not need tensor integrals beyond rank two it is sufficient to list the following integrals

/d”q [C
(27)" [¢*]' [(¢ — p)?V
(—p*)/?
(p?)its
“ o d"q _ ¢"(AQ™
%= e

— (_p2)n/2 m 1 /1 m nf2—1—i nf2—1—j
= 25”7(],2)2'4-]‘ (Ap) TOTG) o de z™ (1-=2)

F(l-|—]—%) /1 L L
mi. de 2™ xn/? 1—2 1 g n/2-1 ]7 B.1
! (1 (B.1)

= i )

(Ap)

X [F(i—l—j—g)xp“—l—% {(i—l—j—%)(l—Qw)

L (R R el (82)
wo _ [ 4" _¢"q"(Ag™
L / 27" [¢2)' [(q — p)?)’
7 i m ; ! x ™ xn/2—1—i — n/2—1—j
o (p?)* (4p) T()T() /0 d (1-2)
X [F(i = S+ %r (z +j-1- g) (1= 2)g™ p*+

Arp” + ptAY 2{ ( ) n) 9
+ 5Ap p T (i+7 2(36 227)

+r(¢+j—1—ﬁ)(—x(1—x)j+x2(i—1))

2
ABAY
+4(Ap)2(p) {F

(i—|—j—g) (1-4z+42?%)
)

41 (45— 2= D) {= 02 - DG -2+ 2 - DG -2)
~22(1=2)(i= 17 = DY (B3)

where S, is the spherical factor S, = 72 /(27)".
The tensorial reduction of the two-loop tensor Feynman integrals is much more complicated
and has been performed by using the program FeynCalc [31]. The numerators of the two-loop
Feynman integrals have the following structure.

Ai = figlmgk ﬁ01~~~0k(q17 (Z?)v (B4)

where ¢; and ¢z denote the integration momenta. Explicit forms of f7'"7* and ﬂgl...gk(ql, q2)
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are (e2978p, Ay = ePA7% etc.)

filq,q2) = eneAP filgr, @) = eneAdp, (B.5)
fQOZ(q17q2) = 5q1pAa7 f2,a(q17q2) = gquAoz7 (B6)
B, = eneeof, Jaap(a,02) = Tr(d1d 289 7a7575)- (B.7)

The tensor integrals can be represented as

apiapoiapo dn d
IOM Biafoiaf 5(A7p) = /(Qﬂ.q)ln /(2 q)2 A(le‘]%A p)

<darsariatdl e daial}, (B

where 7 = 1,2 and j = 1, 2. Further we have the definition

(Aq1)*(Ag2)*(A(p — 1)) (Alp — Q2))d(A(Q1 - f]z))e
() (3)((qr — )" (g2 — )2 ((¢1 — ¢2)?)

Notice that the integers a — g can take positive as well as negative integer values. By virtue
of Lorentz covariance the integral (A, p) can now be written as

I((QD q2, Avp)

(B.9)

% safBiafosafod A p Z {/‘Zvoz7 /‘szozﬁ7 /‘szozﬁcr7 Tsozﬁcré}

X/(d;Tq)ln/ "0 ZfT P2, n) K. (q1,q2,A,p), (B.10)

with
e = A{p* A%, (B.11)
100 = Lg% ppT ATAPY, (B.12)
1ot = Lyt -;MMN}, (B.13)
(B.14)

& ™

T8 = Py S ATAPATATY 14
where the K, are of the same type as the K in (B.8) (but with different indices a-j) and the
f+(p*, n) are simple polynomial-like functions determined by the tensorial reduction.

In this way all Lorentz indices are transformed away from the integration momenta to the
external momentum p and the lightlike vector A. The advantage of the tensorial reduction
method is revealed when one evaluates e.g. the expression f37a5 (B.7). This gets simplified
to Tr(Xpvavs7s) = —4ie27%P. Hence one can avoid any ys-prescription dependence arising
from the non-unique way of calculating a trace of six vy-matrices plus the ys-matrix in n
dimensions. The explicit reduction formalae, which are too lengthy to be presented here, are
obtained by using projection methods. They are incorporated in the program FeynCalc 3.0
[25]. The scalar integrals which appear on the right hand side of (B.10) are calculated in [10]
using the algebraic manipulation program FORM [27]. The two-loop integrals including the
tensorial reduction have been checked by recalculating the spin averaged splitting functions
which have been computed in the past (see [14]-[17]) and we found full agreement.
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Fig.

Fig.

Fig.

Fig.

Figure captions.

1 One-loop graphs contributing to the spin OME’s; (a), (b): Ag\lfgqq, Ag;q; (c): Ag;q;

(d), (e): Ag;g; (f), (g): Ag;g. Graphs with external self-energies and with triangular
fermion-loops where the arrows are reversed have been included in the calculation but
are not shown in the figure. Graphs which are not symmetric with respect to the vertical

line through the operator vertex have to be counted twice.

2 Two-loop graphs contributing to the spin non-singlet OME A%gqq. Graphs with
external self-energies have been included in the calculation but are not drawn in the
figure. Graphs which are not symmetric with respect to the vertical line through the
operator vertex have to be counted twice.

3 Two-loop graphs contributing to the spin pure-singlet OME Ag;qq. Graphs with
triangular fermion loops where the arrows are reversed have been included in the cal-
culation but are not shown in the figure. Graphs which are not symmetric with respect
to the vertical line through the operator vertex have to be counted twice.

4 Two-loop graphs contributing to the spin singlet OME Ag;g. Graphs with triangular

fermion loops where the arrows are reversed and diagrams containing external self
energies have been included but are not shown in the figure. Graphs which are not
symmetric with respect to the vertical line through the operator vertex have to be
counted twice.

5 Two-loop graphs contributing to the spin singlet OME Ag;q. Graphs with external

self-energies have been included in the calculation but are not drawn in the figure.
Graphs which are not symmetric with respect to the vertical line through the operator
vertex have to be counted twice.

6 Two-loop graphs contributing to the spin singlet OME Ag;g. Graphs with external

self-energies and diagrams with ghost and triangular fermion loops where the arrows are
reversed have been included in the calculation but are not drawn in the figure. Graphs
which are not symmetric with respect to the vertical line through the operator vertex
have to be counted twice.
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Figure 5:
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