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C
h
a
p
te
r
1

In
tr
o
d
u
c
tio
n
a
n
d
o
u
tlin
e

T
h
e
�
rst
ch
a
p
ter
o
f
a
recen
t
P
h
D
.
th
esis
in
co
n
tem
p
o
ra
ry
h
ig
h
-en
erg
y
p
h
y
sics

n
ecessa
rily
stresses
th
e
im
p
o
rta
n
ce
o
f
sy
m
m
etry
[4
2
,
5
1
,
4
5
].
T
h
e
rea
so
n
fo
r
th
is
is

th
a
t
sy
m
m
etry
is
th
e
m
o
st
p
ow
erfu
l
o
rg
a
n
isin
g
p
rin
cip
le
av
a
ila
b
le,
a
n
d
a
th
eo
retica
l

p
h
y
sicist
w
a
n
ts
to
a
ssu
m
e
a
s
little
a
s
p
o
ssib
le.
T
h
is
h
a
s
th
e
p
ecu
lia
r
co
n
seq
u
en
ce

th
a
t
h
e
o
r
sh
e
en
d
s
u
p
m
a
k
in
g
th
e
fa
r-rea
ch
in
g
a
ssu
m
p
tio
n
th
a
t
\
n
a
tu
re"
h
a
s
th
e

la
rg
est
sy
m
m
etry
w
e
a
re
a
b
le
to
�
n
d
.

A
strik
in
g
ex
a
m
p
le
is
p
rov
id
ed
b
y
strin
g
th
eo
ry.
T
h
e
u
n
iv
erse
seem
s
to
co
n
ta
in

a
la
rg
e
n
u
m
b
er
o
f
\
elem
en
ta
ry
"
p
a
rticles.
It
is
a
n
a
p
p
ea
lin
g
id
ea
to
th
in
k
o
f
th
ese

p
a
rticles
a
s
d
i�
eren
t
sta
tes
o
f
o
n
e
sin
g
le
o
b
ject.
T
h
is
w
o
u
ld
en
a
b
le
u
s
to
trea
t
th
em

in
a
sy
m
m
etric
w
a
y.
T
h
e
sim
p
lest
o
b
jects
in
ev
ery
-d
ay
ex
p
erien
ce
w
h
ich
h
av
e
su
ch

d
i�
eren
t
eig
en
sta
tes
a
re
(v
io
lin
)
strin
g
s.
O
n
e
th
en
h
a
s
to
�
n
d
w
h
ich
a
ctio
n
g
ov
ern
s

a
strin
g
-o
b
ject
m
o
v
in
g
th
ro
u
g
h
sp
a
ce-tim
e.
T
h
e
sim
p
lest
(in
a
certa
in
sen
se)
a
ctio
n
,

w
a
s
fo
u
n
d
b
y
P
o
ly
a
k
o
v
[1
5
8
].
It
is
a
g
en
era
lisa
tio
n
o
f
th
e
a
ctio
n
fo
r
a
free
rela
tiv
istic

p
a
rticle.
F
o
r
a
b
o
so
n
ic
strin
g
in
D

d
im
en
sio
n
s
th
e
a
ctio
n
is
g
iv
en
b
y
:

S
[X
�
;g
ij]

=
�

1
4
�
T Z
d
x
2 p
g
(x
)g
ij(x

)@
i X
�

(x
)@
j X
�
(x
)
;

(1
.1
)

w
h
ere
th
e
�
eld
s
X
�

d
escrib
e
th
e
p
o
sitio
n
o
f
th
e
strin
g
,
a
n
d
x
a
re
co
o
rd
in
a
tes
w
h
ich

p
a
ra
m
etrise
th
e
tw
o
-d
im
en
sio
n
a
l
su
rfa
ce
(\
w
o
rld
-sh
eet"
)
w
h
ich
is
sw
ep
t
o
u
t
b
y
th
e

strin
g
a
s
it
m
ov
es
in
D
-d
im
en
sio
n
a
l
(
a
t)
sp
a
ce-tim
e.
g
ij

is
th
e
m
etric
o
n
th
e
w
o
rld
-

sh
eet,
w
ith
in
v
erse
d
eterm
in
a
n
t
g
.
T

is
a
p
a
ra
m
eter
th
a
t
is
rela
ted
to
th
e
strin
g

ten
sio
n
.

T
h
e
a
ctio
n
(1
.1
)
h
a
s
(cla
ssica
lly
)
a
v
ery
la
rg
e
sy
m
m
etry
g
ro
u
p
,
co
rresp
o
n
d
in
g

to
rep
a
ra
m
etrisa
tio
n
s
o
f
th
e
w
o
rld
-sh
eet,
a
n
d
resca
lin
g
s
o
f
th
e
m
etric
g
ij.

T
h
ese

in
v
a
ria
n
ces
a
re
q
u
ite
n
a
tu
ra
l
fro
m
th
e
p
o
in
t
o
f
v
iew
o
f
strin
g
th
eo
ry.
W
h
en
v
iew
in
g

th
e
th
eo
ry
d
e�
n
ed
b
y
eq
.
(1
.1
)
a
s
a
�
eld
th
eo
ry
in
tw
o
d
im
en
sio
n
s,
a
�
rst
su
rp
rise

a
w
a
its
u
s.
T
h
e
�
eld
th
eo
ry
h
a
s
a
n
in
�
n
ite
d
im
en
sio
n
a
l
sy
m
m
etry
g
ro
u
p
,
w
h
ich

w
a
s
q
u
ite
u
n
co
m
m
o
n
in
th
o
se
d
ay
s.
A
seco
n
d
su
rp
rise
a
rises
w
h
en
w
e
q
u
a
n
tise
th
e

b
o
so
n
ic
strin
g
th
eo
ry.
R
eq
u
irin
g
th
a
t
th
e
sy
m
m
etry
su
rv
iv
es
q
u
a
n
tisa
tio
n
�
x
es
th
e

n
u
m
b
er
o
f
sp
a
ce-tim
e
d
im
en
sio
n
s
to
2
6
.
S
o
m
eh
ow
,
th
is
m
a
k
es
o
n
e
h
o
p
e
th
a
t
a
m
o
re

rea
listic
strin
g
th
eo
ry
w
o
u
ld
\
ex
p
la
in
"
w
h
y
w
e
a
re
liv
in
g
in
a
fo
u
r-d
im
en
sio
n
a
lw
o
rld
.

T
h
e
th
ird
su
rp
rise
is
th
a
t,
w
h
ile
w
e
sta
rted
w
ith
a
free
th
eo
ry,
in
tera
ctio
n
s
seem
a
lso

to
b
e
�
x
ed
b
y
th
e
a
ctio
n
(1
.1
),
w
ith
o
n
ly
o
n
e
p
a
ra
m
eter
T
.
T
h
is
is
in
co
n
tra
st
w
ith

th
e
g
ra
n
d
-u
n
i�
ed
th
eo
ries
w
h
ere
in
tera
ctio
n
s
h
a
v
e
to
b
e
p
u
t
in
b
y
h
a
n
d
,
req
u
irin
g

th
e
in
tro
d
u
ctio
n
o
f
a
n
u
m
b
er
o
f
p
a
ra
m
eters
th
a
t
h
a
v
e
to
b
e
�
x
ed
b
y
co
m
p
a
rin
g
w
ith

ex
p
erim
en
ts.
A
la
st
su
rp
rise
w
h
ich
w
e
w
ish
to
m
en
tio
n
,
is
th
a
t
th
e
sp
ectru
m

o
f
th
e

p
h
y
sica
l
sta
tes
co
n
ta
in
s
a
p
a
rticle
w
ith
th
e
co
rrect
p
ro
p
erties
fo
r
a
g
rav
ito
n
.
S
trin
g

th
eo
ry
th
u
s
seem
s
to
in
co
rp
o
ra
te
q
u
a
n
tu
m

g
rav
ity.
T
h
is
is
p
a
rticu
la
rly
fo
rtu
n
a
te

b
eca
u
se
n
o
o
th
er
th
eo
ry
h
a
s
b
een
fo
u
n
d
y
et
w
h
ich
p
rov
id
es
a
co
n
sisten
t
q
u
a
n
tisa
tio
n

o
f
g
ra
v
ity
(in
fo
u
r
d
im
en
sio
n
s).

T
h
ese
fo
u
r
fea
tu
res
{
sy
m
m
etry,
�
x
in
g
th
e
n
u
m
b
er
o
f
d
im
en
sio
n
s,
\
a
u
to
m
a
tic"

in
tera
ctio
n
s
a
n
d
q
u
a
n
tu
m
g
ra
v
ity
{
w
ere
so
a
ttra
ctiv
e
th
a
t
m
a
n
y
p
h
y
sicists
d
ecid
ed

to
p
u
t
th
e
b
o
o
k
o
f
P
o
p
p
er
[1
6
6]
b
a
ck
o
n
th
e
sh
elf
fo
r
a
w
h
ile.
In
d
eed
,
a
lth
o
u
g
h
strin
g

th
eo
ry
certa
in
ly
lo
o
k
s
lik
e
a
\
g
o
o
d
"
th
eo
ry,
it
still
d
o
es
n
o
t
p
ro
d
u
ce
a
n
y
resu
lts
w
h
ich

a
re
fa
lsi�
a
b
le,
i.e.
w
h
ich
ca
n
b
e
co
n
tra
d
icted
b
y
a
n
ex
p
erim
en
t.

T
o
m
a
k
e
a
n
y
ch
a
n
ce
o
f
b
ein
g
a
rea
listic
th
eo
ry,
a
n
u
m
b
er
o
f

aw
s
o
f
th
e
o
rig
in
a
l

b
o
so
n
ic
strin
g
th
eo
ry
(lik
e
a
p
p
a
ren
tly
g
iv
in
g
th
e
w
ro
n
g
sp
a
ce-tim
e
d
im
en
sio
n
)
h
a
d

to
b
e
reso
lv
ed
.
S
ev
era
l
ro
a
d
s
ca
n
b
e
fo
llow
ed
,
b
u
t
w
e
w
ill
co
n
cen
tra
te
h
ere
o
n
th
e

o
n
e
w
h
ich
is
m
o
st
rela
ted
to
th
is
th
esis:
en
la
rg
in
g
th
e
sy
m
m
etry
o
f
th
e
th
eo
ry.
In

fa
ct,
th
e
P
o
ly
a
k
ov
a
ctio
n
h
a
s
m
a
n
y
m
o
re
sy
m
m
etries
th
a
n
w
e
a
llu
d
ed
to
.
H
ow
ev
er,

th
ey
a
re
o
n
ly
g
lo
b
a
l
sy
m
m
etries,
i.e.
g
en
era
ted
b
y
tra
n
sfo
rm
a
tio
n
s
w
ith
co
n
sta
n
t
p
a
-

ra
m
eters.
T
o
m
a
k
e
so
m
e
o
f
th
ese
sy
m
m
etries
lo
ca
l,
o
n
e
h
a
s
to
in
tro
d
u
ce
ex
tra
g
a
u
g
e

�
eld
s,
w
h
ich
ca
n
b
e
v
iew
ed
a
s
g
en
era
lisa
tio
n
s
o
f
th
e
m
etric
g
ij

in
eq
.
(1
.1
).
In
so
m
e

ca
ses,
ex
tra
�
eld
s
co
m
p
a
ra
b
le
to
X
�

(x
)
a
re
a
d
d
ed
to
th
e
th
eo
ry.
F
o
r
in
sta
n
ce,
in
su
-

p
erstrin
g
s
o
n
e
u
ses
ferm
io
n
ic
�
eld
s
d
escrib
in
g
co
o
rd
in
a
tes
in
a
G
ra
ssm
a
n
n
m
a
n
ifo
ld
.

T
h
e
resu
ltin
g
strin
g
th
eo
ries
a
re
ca
lled
\W
{
strin
g
s"
,
a
n
d
th
e
(in
�
n
ite
d
im
en
sio
n
a
l)

a
lg
eb
ra
fo
rm
ed
b
y
th
e
in
�
n
itesim
a
l
tra
n
sfo
rm
a
tio
n
s
o
f
th
e
en
la
rg
ed
g
ro
u
p
is
ca
lled

a
n
ex
ten
d
ed
co
n
fo
rm
a
l
a
lg
eb
ra
o
r,
lo
o
sely
sp
ea
k
in
g
,
a
\W
{
a
lg
eb
ra
"
.



U
n
fo
rtu
n
a
tely,
d
u
rin
g
th
e
p
ro
cess
o
f
en
h
a
n
cin
g
th
e
o
rig
in
a
l
b
o
so
n
ic
strin
g
,
o
n
e
o
f

its
a
ttra
ctiv
e
fea
tu
res
h
a
s
b
een
lo
st,
n
a
m
ely
its
u
n
iq
u
en
ess.
T
h
is
is
d
u
e
to
a
n
u
m
b
er

o
f
rea
so
n
s,
b
u
t
w
e
w
ill
o
n
ly
m
en
tio
n
tw
o
.
B
eca
u
se
a
n
in
�
n
ite
n
u
m
b
er
o
fW
{
a
lg
eb
ra
s

ex
ist,
a
n
in
�
n
ite
n
u
m
b
er
o
fW
{
strin
g
th
eo
ries
ca
n
b
e
fo
u
n
d
(a
lth
o
u
g
h
certa
in
ly
n
o
t

a
ll
o
f
th
em
a
re
ca
n
d
id
a
tes
fo
r
a
rea
listic
th
eo
ry
).
A
seco
n
d
rea
so
n
is
th
a
t
b
y
a
d
d
in
g

a
n
ex
tra
a
ctio
n
fo
r
th
e
m
etric
to
eq
.
(1
.1
),
o
n
e
ca
n
m
a
k
e
a
co
n
sisten
t
q
u
a
n
tu
m
th
eo
ry

fo
r
o
th
er
d
im
en
sio
n
s
o
f
sp
a
ce-tim
e
th
a
n
2
6
,
th
e
\
n
o
n
critica
l"
strin
g
s.
A
s
it
is
w
ell-

k
n
ow
n
sin
ce
E
in
stein
th
a
t
th
e
m
etric
is
rela
ted
to
g
rav
ity,
th
e
stu
d
y
o
f
co
n
sisten
t

q
u
a
n
tu
m
a
ctio
n
s
fo
r
th
e
m
etric
p
rov
id
es
a
q
u
a
n
tisa
tio
n
o
f
g
ra
v
ity
in
tw
o
d
im
en
sio
n
s.

T
w
o
-d
im
en
sio
n
a
lW
{
g
ra
v
ity
is
in
terestin
g
in
its
ow
n
resp
ect
b
eca
u
se
o
n
e
h
o
p
es
to

g
a
in
so
m
e
in
sig
h
t
in
h
o
w
to
co
n
stru
ct
co
n
sisten
t
q
u
a
n
tu
m
g
rav
ity
in
fo
u
r
d
im
en
sio
n
s.

A
lth
o
u
g
h
u
n
iq
u
en
ess
h
a
s
b
een
lo
st,
th
e
o
th
er
a
ttra
ctiv
e
fea
tu
res
o
f
strin
g
th
eo
ry

still
su
rv
iv
e.
In
p
a
rticu
la
r,
th
e
sy
m
m
etry
g
ro
u
p
o
f
th
e
P
o
ly
a
k
ov
a
ctio
n
h
a
s
ev
en

b
een
en
la
rg
ed
.
T
h
e
stu
d
y
o
f
th
is
n
ew
k
in
d
o
f
sy
m
m
etry
h
a
s
in

u
en
ced
,
a
n
d
h
a
s

b
een
in

u
en
ced
b
y,
m
a
n
y
o
th
er
b
ra
n
ch
es
o
f
p
h
y
sics
a
n
d
m
a
th
em
a
tics.
T
h
is
h
a
s

h
a
p
p
en
ed
q
u
ite
o
ften
in
th
e
h
isto
ry
o
f
strin
g
th
eo
ry,
a
n
d
is
so
m
etim
es
reg
a
rd
ed
a
s

a
n
im
p
o
rta
n
t
m
o
tiv
a
tio
n
fo
r
stu
d
y
in
g
strin
g
s.
T
o
b
e
a
b
le
to
d
iscu
ss
th
e
rela
tio
n
o
f

W
{
a
lg
eb
ra
s
to
o
th
er
�
eld
s
in
p
h
y
sics,
w
e
h
a
v
e
to
b
e
so
m
ew
h
a
t
m
o
re
p
recise.

T
h
e
P
o
ly
a
k
o
v
a
ctio
n
(1
.1
)
is
in
v
a
ria
n
t
u
n
d
er
g
en
era
l
co
o
rd
in
a
te
tra
n
sfo
rm
a
tio
n
s

x
i!
f
i(x

)
a
n
d
lo
ca
l
W
ey
l
resca
lin
g
s
o
f
th
e
m
etric
g
ij (x
)
!
�
(x
)g
ij (x
).
A
g
en
er-

a
lisa
tio
n
o
f
th
e
la
tter
is
to
a
llo
w
o
th
er
�
eld
s
�
(x
)
to
resca
le
a
s
�
(x
)!
�
(x
)
h

�
(x
).

h
is
ca
lled
th
e
sca
lin
g
d
im
en
sio
n
o
f
th
e
�
eld
�
(x
).
T
h
e
co
m
b
in
a
tio
n
o
f
th
e
g
en
-

era
l
co
o
rd
in
a
te
a
n
d
W
ey
l
tra
n
sfo
rm
a
tio
n
s
ca
n
b
e
u
sed
to
g
a
u
g
e
a
w
ay
co
m
p
o
n
en
ts

o
f
th
e
m
etric.
In
tw
o
d
im
en
sio
n
s
o
n
e
h
a
s
ex
a
ctly
en
o
u
g
h
p
a
ra
m
eters
to
p
u
t
th
e

m
etric
eq
u
a
l,
a
t
lea
st
lo
ca
lly,
to
th
e

a
t
m
etric
�
ij
(th
e
co
n
fo
rm
a
l
g
a
u
g
e).
H
o
w
ev
er,

th
is
d
o
es
n
o
t
y
et
co
m
p
letely
�
x
th
e
g
a
u
g
e.
O
b
v
io
u
sly,
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s

(co
o
rd
in
a
te
tra
n
sfo
rm
a
tio
n
s
w
h
ich
sca
le
th
e
m
etric)
co
m
b
in
ed
w
ith
th
e
a
p
p
ro
p
ria
te

W
ey
l
resca
lin
g
fo
rm
a
resid
u
a
l
sy
m
m
etry
g
ro
u
p
.
T
h
erefo
re,
�
eld
th
eo
ries
w
h
ich
h
a
v
e

g
en
era
l
co
o
rd
in
a
te
a
n
d
W
ey
l
in
v
a
ria
n
ce
a
re
ca
lled
co
n
fo
rm
a
l
�
eld
th
eo
ries.

T
h
e
situ
a
tio
n
in
tw
o
d
im
en
sio
n
s
is
ra
th
er
sp
ecia
l.
In
lig
h
t-co
n
e
co
o
rd
in
a
tes,
x
�

=

x
0 �
x
1 ,
ev
ery
tra
n
sfo
rm
a
tio
n
x
�

!
f
�

(x
�

)
is
co
n
fo
rm
a
l.
W
e
see
th
a
t
th
e
g
ro
u
p

fo
rm
ed
b
y
th
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
is
in
�
n
ite
d
im
en
sio
n
a
l
in
tw
o
d
im
en
sio
n
s.

T
h
is
m
a
k
es
clea
r
w
h
y
th
e
sy
m
m
etry
g
ro
u
p
o
f
strin
g
th
eo
ry
is
so
ex
cep
tio
n
a
lly
la
rg
e.

T
h
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
a
re
g
en
era
ted
b
y
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
ij

o
f
th
e
th
eo
ry,
w
h
ich
h
a
s
sca
lin
g
d
im
en
sio
n
h
=

2
.
In
fa
ct,
th
e
a
lg
eb
ra
sp
lits
in

tw
o
co
p
ies
o
f
th
e
V
ira
so
ro
a
lg
eb
ra
,
rela
ted
to
th
e
x
+

a
n
d
x
�

tra
n
sfo
rm
a
tio
n
s,
a
n
d

g
en
era
ted
b
y
T
+
+

a
n
d
T
�

�

.
S
im
ila
rly,
a
n
ex
ten
d
ed
co
n
fo
rm
a
l
a
lg
eb
ra
is
fo
rm
ed
b
y

tw
o
co
p
ies
o
f
w
h
a
t
is
ca
lled
a
W
{
a
lg
eb
ra
.

T
h
e
sy
m
m
etries
o
f
a
th
eo
ry
h
a
v
e
d
irect
co
n
seq
u
en
ces
fo
r
its
co
rrela
tio
n
fu
n
ctio
n
s.

T
h
e
W
a
rd
id
en
tities
a
re
rela
tio
n
s
b
etw
een
N
-p
o
in
t
co
rrela
tio
n
fu
n
ctio
n
s
w
h
ere
o
n
e
o
f

th
e
�
eld
s
is
a
sy
m
m
etry
g
en
era
to
r,
a
n
d
(N
�
1
)-p
o
in
t
fu
n
ctio
n
s.
U
su
a
lly,
th
is
d
o
es
n
o
t

y
et
�
x
th
e
N
-p
o
in
t
fu
n
ctio
n
,
a
n
d
co
rrela
tio
n
fu
n
ctio
n
s
h
av
e
to
b
e
ca
lcu
la
ted
ted
io
u
sly.

In
tw
o
-d
im
en
sio
n
a
lco
n
fo
rm
a
l
�
eld
th
eo
ry,
th
e
co
n
sisten
cy
co
n
d
itio
n
s
im
p
o
sed
b
y
th
e

sy
m
m
etries
a
re
so
stro
n
g
th
a
t
th
e
W
a
rd
id
en
tities
d
eterm
in
e
a
ll
co
rrela
tio
n
fu
n
ctio
n
s

w
ith
a
sy
m
m
etry
g
en
era
to
r
in
term
s
o
f
th
o
se
w
ith
o
u
t
a
n
y
sy
m
m
etry
g
en
era
to
rs.

T
h
is
m
ea
n
s
th
a
t
o
n
ce
th
e
W
a
rd
id
en
tities
h
a
v
e
b
een
fo
u
n
d
(w
h
ich
req
u
ires
so
m
e

reg
u
la
risa
tio
n
p
ro
ced
u
re),
a
ll
co
rrela
tio
n
fu
n
ctio
n
s
w
ith
sy
m
m
etry
g
en
era
to
rs
ca
n
b
e

recu
rsiv
ely
co
m
p
u
ted
.

In
ren
o
rm
a
lisa
b
le
�
eld
th
eo
ries,
\
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s"
(O
P
E
s)
a
re
in
-

tro
d
u
ced
to
ca
lcu
la
te
th
e
sh
o
rt-d
ista
n
ce
b
eh
av
io
u
r
o
f
co
rrela
tio
n
fu
n
ctio
n
s
[2
0
8].

T
h
is
fo
rm
a
lism
h
a
s
b
een
ex
ten
d
ed
b
y
B
ela
v
in
,
P
o
ly
a
k
ov
a
n
d
Z
a
m
o
lo
d
ch
ik
ov
[1
3]
to

tw
o
-d
im
en
sio
n
a
l
co
n
fo
rm
a
l
�
eld
th
eo
ry.
T
h
e
W
a
rd
id
en
tities
�
x
O
P
E
s.
M
o
reov
er,

th
ey
im
p
o
se
a
set
o
f
co
n
sisten
cy
co
n
d
itio
n
s
o
n
th
e
O
P
E
s
su
ch
th
a
t
co
m
p
u
tin
g
w
ith

O
P
E
s
a
m
o
u
n
ts
to
a
p
p
ly
in
g
a
set
o
f
a
lg
eb
ra
ic
ru
les.
T
h
ey
ev
en
a
lm
o
st
d
eterm
in
e
th
e

fo
rm
o
f
th
e
O
P
E
s.
A
s
a
n
ex
a
m
p
le,
w
e
g
iv
e
th
e
O
P
E
o
f
o
n
e
o
f
th
e
co
m
p
o
n
en
ts
o
f
th
e

en
erg
y
{
m
o
m
en
tu
m
ten
so
r,
w
h
ich
fo
r
a
n
y
co
n
fo
rm
a
l
�
eld
th
eo
ry
is:

T
+
+

(x
)T
+
+

(y
)
=

c=
2

(x
�

�
y
�

)
4
+

2
T
+
+

(y
)

(x
�

�
y
�

)
2
+
@
�

T
+
+

(y
)

(x
�

�
y
�

)
+
O
(x
�

�
y
�

)
0
:
(1
.2
)

H
ere,
th
e
\
cen
tra
l
ch
a
rg
e"
c
is
a
n
u
m
b
er
w
h
ich
ca
n
b
e
d
eterm
in
ed
b
y
co
m
p
u
tin
g

th
e
tw
o
-p
o
in
t
fu
n
ctio
n
<

T
+
+

(x
)T
+
+

(y
)
>
,
a
n
d
d
ep
en
d
s
o
n
th
e
th
eo
ry
w
e
a
re

co
n
sid
erin
g
.
T
h
e
im
p
o
rta
n
t
p
o
in
t
h
ere
is
th
a
t
o
n
ce
th
e
cen
tra
l
ch
a
rg
e
is
k
n
ow
n
,

a
ll
co
rrela
tio
n
fu
n
ctio
n
s
o
f
T
+
+

ca
n
b
e
a
lg
eb
ra
ica
lly
co
m
p
u
ted
.
F
ro
m
th
e
O
P
E
eq
.

(1
.2
),
th
e
V
ira
so
ro
a
lg
eb
ra
ca
n
b
e
d
eriv
ed
a
n
d
v
ice
v
ersa
.
S
im
ila
rly,
if
th
e
sy
m
m
etry

a
lg
eb
ra
o
f
th
e
th
eo
ry
fo
rm
s
a
n
ex
ten
d
ed
co
n
fo
rm
a
l
a
lg
eb
ra
,
th
e
g
en
era
to
rs
fo
rm

a
n
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
.
T
h
is
co
n
ta
in
s
ex
a
ctly
th
e
sa
m
e
in
fo
rm
a
tio
n
a
s
th
e

W
{
a
lg
eb
ra
,
a
n
d
in
d
eed
is
o
ften
ca
lled
a
W
{
a
lg
eb
ra
.

T
h
ere
ex
ists
b
y
n
ow
a
w
ea
lth
o
f
ex
a
m
p
les
o
fW
{
a
lg
eb
ra
s.
A
m
o
n
g
th
e
b
est
k
n
ow
n

a
re
th
e
a
�
n
e
L
ie
a
lg
eb
ra
s
a
n
d
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s.
W
h
en
a
W
{
a
l-

g
eb
ra
co
n
ta
in
s
a
g
en
era
to
r
w
ith
sca
lin
g
d
im
en
sio
n
la
rg
er
th
a
n
tw
o
,
th
e
W
{
a
lg
eb
ra

is
(in
m
o
st
ca
ses)
n
o
n
lin
ea
r.
S
o
m
e
ex
a
m
p
les
o
f
su
ch
W
{
a
lg
eb
ra
s
w
ith
o
n
ly
o
n
e

ex
tra
g
en
era
to
r
a
re
W
3

[2
1
1],
th
e
sp
in
4
a
lg
eb
ra
[2
9,
1
0
8]
a
n
d
th
e
sp
in
6
a
lg
eb
ra

[7
4].
T
h
e
B
ersh
a
d
sk
y
-K
n
izh
n
ik
a
lg
eb
ra
s
[2
0,
1
3
3
]
h
av
e
N

su
p
ersy
m
m
etry
g
en
era
to
rs

a
n
d
a
n
a
�
n
e
so(N
)
su
b
a
lg
eb
ra
.
M
a
n
y
o
th
er
ex
a
m
p
les
ex
ist
a
n
d
n
o
cla
ssi�
ca
tio
n
o
f

W
{
a
lg
eb
ra
s
seem
s
a
s
y
et
w
ith
in
rea
ch
.

T
h
e
�
eld
s
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
fo
rm
a
rep
resen
ta
tio
n
o
f
its
sy
m
m
etry
a
lg
e-

b
ra
.
B
elav
in
,
P
o
ly
a
k
ov
a
n
d
Z
a
m
o
lo
d
ch
ik
ov
[1
3]
sh
ow
ed
th
a
t
u
n
d
er
certa
in
a
ssu
m
p
-

tio
n
s
a
ll
�
eld
s
o
f
th
e
th
eo
ry
a
re
d
escen
d
a
n
ts
o
f
a
set
o
f
p
rim
a
ry
�
eld
s.
F
o
r
a
certa
in

su
b
cla
ss
o
f
co
n
fo
rm
a
l
�
eld
th
eo
ries,
th
e
\
m
in
im
a
l"
m
o
d
els,
th
e
W
a
rd
id
en
tities
�
x

a
ll
co
rrela
tio
n
fu
n
ctio
n
s.
T
h
ey
a
lso
sh
ow
ed
th
a
t
th
e
sim
p
lest
m
in
im
a
l
m
o
d
el
co
rre-

sp
o
n
d
s
to
th
e
Isin
g
m
o
d
el
a
t
critica
lity.
T
h
is
co
n
n
ectio
n
w
ith
sta
tistica
l
m
ech
a
n
ics

o
f
tw
o
-d
im
en
sio
n
a
l
sy
stem
s
is
d
u
e
to
th
e
fa
ct
th
a
t
a
sy
stem
b
eco
m
es
in
va
ria
n
t
u
n
d
er

sca
lin
g
tra
n
sfo
rm
a
tio
n
s
a
t
th
e
critica
l
p
o
in
t
o
f
a
p
h
a
se
tra
n
sitio
n
.
B
y
h
y
p
o
th
esisin
g

lo
ca
l
co
n
fo
rm
a
l
in
va
ria
n
ce,
va
rio
u
s
a
u
th
o
rs
(see
[4,
1
1
8])
fo
u
n
d
th
e
critica
l
ex
p
o
n
en
ts

3



C
h
a
p
ter
1
.
In
tro
d
u
ctio
n
a
n
d
o
u
tlin
e

o
f
m
a
n
y
tw
o
-d
im
en
sio
n
a
l
m
o
d
els.
S
o
m
e
ex
a
m
p
les
o
f
sta
tistica
l
m
o
d
els
a
re
th
e
Isin
g

(m

=
3
),
tricritica
l
Isin
g
(m

=
4
),
3
-sta
te
P
o
tts
(m

=
5
),
tricritica
l
3
-sta
te
P
o
tts

(m

=
6
),
a
n
d
th
e
R
estricted
S
o
lid
-o
n
-S
o
lid
(a
n
y
m
)
m
o
d
els,
w
h
ere
w
e
d
en
o
ted
th
e

n
u
m
b
er
o
f
th
e
co
rresp
o
n
d
in
g
u
n
ita
ry
V
ira
so
ro
m
in
im
a
l
m
o
d
el
in
b
ra
ck
ets.

A
n
o
th
er
im
p
o
rta
n
t
co
n
n
ectio
n
w
a
s
fo
u
n
d
,
n
o
t
in
sta
tistica
l
m
ech
a
n
ics,
b
u
t
in

th
e
stu
d
y
o
f
in
teg
ra
b
le
m
o
d
els
in
m
a
th
em
a
tics
a
n
d
p
h
y
sics.
T
h
ese
m
o
d
els
h
av
e
tw
o

d
i�
eren
t
H
a
m
ilto
n
ia
n
stru
ctu
res,
w
h
o
se
P
o
isso
n
b
ra
ck
ets
fo
rm
ex
a
m
p
les
o
f
cla
ssica
l

W
{
a
lg
eb
ra
s.
F
o
r
ex
a
m
p
le,
th
e
K
o
rtew
eg
-d
e
V
ries
(K
d
V
)
eq
u
a
tio
n
g
iv
es
rise
to
a

V
ira
so
ro
P
o
isso
n
b
ra
ck
et,
w
h
ile
th
e
B
o
u
ssin
esq
eq
u
a
tio
n
h
a
s
a
H
a
m
ilto
n
ia
n
stru
ctu
re

w
h
ich
co
rresp
o
n
d
s
to
th
e
cla
ssica
lW
3
a
lg
eb
ra
.
M
o
reo
v
er,
th
e
rela
tio
n
b
etw
een
th
e

tw
o
H
a
m
ilto
n
ia
n
stru
ctu
res
g
iv
es
rise
to
a
p
o
w
erfu
l
m
eth
o
d
o
f
co
n
stru
ctin
g
cla
ssica
l

W
{
a
lg
eb
ra
s.
D
rin
feld
a
n
d
S
o
k
o
lov
[6
0]
fo
u
n
d
a
h
iera
rch
y
o
f
eq
u
a
tio
n
s
o
f
th
e
K
d
V

ty
p
e
b
a
sed
o
n
th
e
L
ie
a
lg
eb
ra
s
sl(N
).
T
h
e
H
a
m
ilto
n
ia
n
stru
ctu
res
o
f
th
ese
eq
u
a
tio
n
s

p
rov
id
e
ex
p
licit
rea
lisa
tio
n
s
o
f
th
e
cla
ssica
l
W
N

a
lg
eb
ra
s,
w
h
o
se
g
en
era
to
rs
h
av
e

sca
lin
g
d
im
en
sio
n
s
2
;3
;:::N
.
A
n
ex
ten
sio
n
o
f
th
is
m
eth
o
d
is
still
th
e
m
o
st
p
ow
erfu
l

w
a
y
a
t
o
u
r
d
isp
o
sa
l
to
�
n
d
(rea
lisa
tio
n
s
o
f)W
{
a
lg
eb
ra
s.

T
h
is
th
esis
is
o
rg
a
n
ised
a
s
fo
llow
s.
C
h
a
p
ter
2
g
iv
es
a
n
in
tro
d
u
ctio
n
to
co
n
fo
rm
a
l

�
eld
th
eo
ry.
W
e
d
iscu
ss
h
ow
th
e
W
a
rd
id
en
tities
a
re
d
eriv
ed
.
F
o
r
th
is
p
u
rp
o
se,
th
e

O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
fo
rm
a
lism
is
in
tro
d
u
ced
.
W
e
d
eterm
in
e
th
e
co
m
p
lete

set
o
f
co
n
sisten
cy
co
n
d
itio
n
s
o
n
th
e
O
P
E
s.
W
e
th
en
sh
ow
h
ow
a
n
in
�
n
ite
d
im
en
sio
n
a
l

L
ie
a
lg
eb
ra
,
co
rresp
o
n
d
in
g
to
th
e
sy
m
m
etry
a
lg
eb
ra
o
f
th
e
co
n
fo
rm
a
l
th
eo
ry,
ca
n
b
e

fo
u
n
d
u
sin
g
O
P
E
s.
W
e
d
e�
n
e
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
o
f
th
e
co
rrela
tio
n
fu
n
ctio
n
s
o
f

sy
m
m
etry
g
en
era
to
rs.
T
h
e
W
a
rd
id
en
tities
ca
n
b
e
u
sed
to
�
n
d
fu
n
ctio
n
a
l
eq
u
a
tio
n
s

fo
r
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
(o
r
in
d
u
ced
a
ctio
n
).
W
e
co
n
clu
d
e
th
e
ch
a
p
ter
w
ith
so
m
e

im
p
o
rta
n
t
ex
a
m
p
les
o
f
co
n
fo
rm
a
l
�
eld
th
eo
ries:
free-�
eld
th
eo
ries
a
n
d
W
Z
N
W
{
m
o
-

d
els.In

ch
a
p
ter
3
,
th
e
co
n
sisten
cy
co
n
d
itio
n
s
o
n
O
P
E
s
a
re
co
n
v
erted
to
a
set
o
f
a
lg
o
-

rith
m
s
to
co
m
p
u
te
w
ith
O
P
E
s,
su
ita
b
le
fo
r
im
p
lem
en
ta
tio
n
in
a
sy
m
b
o
lic
m
a
n
ip
u
la
-

tio
n
p
ro
g
ra
m
.
W
e
th
en
d
escrib
e
th
e
M
a
th
em
a
tica
p
a
ck
a
g
e
O
P
E
d
efs
w
e
d
ev
elo
p
ed
.

T
h
is
p
a
ck
a
g
e
co
m
p
letely
a
u
to
m
a
tes
th
e
co
m
p
u
ta
tio
n
o
f
O
P
E
s
(a
n
d
th
u
s
o
f
co
rrela
-

tio
n
fu
n
ctio
n
s),
g
iv
en
th
e
set
o
f
O
P
E
s
o
f
th
e
g
en
era
to
rs
o
f
th
e
W
{
a
lg
eb
ra
.

T
h
e
n
ex
t
ch
a
p
ter
d
iscu
sses
W
{
a
lg
eb
ra
s
u
sin
g
th
e
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n

fo
rm
a
lism
.
W
e
�
rst
g
iv
e
so
m
e
b
a
sic
n
o
tio
n
s
o
n
h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
s
o
fW
{

a
lg
eb
ra
s,
o
f
w
h
ich
m
in
im
a
lm
o
d
els
a
re
p
a
rticu
la
r
ex
a
m
p
les.
T
h
e
�
eld
s
o
f
a
co
n
fo
rm
a
l

�
eld
th
eo
ry
a
ssem
b
le
th
em
selv
es
in
h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
s.
W
e
th
en
a
n
a
ly
se

th
e
stru
ctu
re
o
fW
{
a
lg
eb
ra
s
u
sin
g
th
e
co
n
sisten
cy
co
n
d
itio
n
s
fo
u
n
d
in
ch
a
p
ter
2
.
T
h
e

g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
�
x
th
e
fo
rm
o
f
O
P
E
s
o
f
q
u
a
sip
rim
a
ry
�
eld
s,
w
h
ich

a
re
sp
ecia
l
ex
a
m
p
les
o
f
h
ig
h
est
w
eig
h
t
�
eld
s
w
ith
resp
ect
to
th
e
g
lo
b
a
l
co
n
fo
rm
a
l

a
lg
eb
ra
.
A

sim
ila
r
a
n
a
ly
sis
is
d
o
n
e
fo
r
th
e
lo
ca
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
a
n
d

p
rim
a
ry
�
eld
s.
W
e
th
en
d
iscu
ss
th
e
d
i�
eren
t
m
eth
o
d
s
w
h
ich
a
re
u
sed
to
co
n
stru
ct

W
{
a
lg
eb
ra
s
a
n
d
co
m
m
en
t
o
n
th
e
cla
ssi�
ca
tio
n
o
f
th
e
W
{
a
lg
eb
ra
s.
F
in
a
lly,
a
s
a
n

ex
a
m
p
le
o
f
th
e
id
ea
s
in
th
is
ch
a
p
ter,
th
e
W
c
B
2

a
lg
eb
ra
is
stu
d
ied
in
d
eta
il.
T
h
e

co
m
p
lex
ity
o
f
th
e
ca
lcu
la
tio
n
s
sh
o
w
s
th
e
u
sefu
ln
ess
o
f
O
P
E
d
efs.

G
o
d
d
a
rd
a
n
d
S
ch
w
im
m
er
[1
0
3]
p
rov
ed
th
a
t
free
ferm
io
n
s
ca
n
a
lw
ay
s
b
e
fa
cto
red

o
u
t
o
f
a
W
{
a
lg
eb
ra
.
C
h
a
p
ter
5
ex
ten
d
s
th
is
resu
lt
to
a
rb
itra
ry
free
�
eld
s.
T
h
is
is
a
n

im
p
o
rta
n
t
resu
lt
a
s
it
sh
o
w
s
th
a
t
a
cla
ssi�
ca
tio
n
o
fW
{
a
lg
eb
ra
s
n
eed
n
o
t
b
e
co
n
cern
ed

w
ith
free
�
eld
s.
W
e
p
ro
v
id
e
ex
p
licit
a
lg
o
rith
m
s
to
p
erfo
rm

th
is
fa
cto
risa
tio
n
.
W
e

th
en
sh
o
w
h
o
w
th
e
g
en
era
tin
g
fu
n
ctio
n
a
ls
o
f
th
eW
{
a
lg
eb
ra
o
b
ta
in
ed
v
ia
fa
cto
risa
tio
n

a
re
rela
ted
to
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
o
f
th
e
o
rig
in
a
lW
{
a
lg
eb
ra
.
T
h
e
N

=
3
a
n
d

N

=
4
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
a
re
trea
ted
a
s
ex
a
m
p
les.

T
h
e
D
rin
feld
-S
o
k
o
lov
m
eth
o
d
co
n
stru
cts
a
rea
lisa
tio
n
fo
r
a
cla
ssica
lW
{
a
lg
eb
ra

v
ia
im
p
o
sin
g
co
n
stra
in
ts
o
n
th
e
cu
rren
ts
o
f
a
K
a�c{
M
o
o
d
y
a
lg
eb
ra
.
In
p
a
rticu
la
r,
fo
r

a
n
y
em
b
ed
d
in
g
o
f
sl(2
)
in
a
sem
i-sim
p
le
(su
p
er)L
ie
a
lg
eb
ra
a
d
i�
eren
t
W
{
a
lg
eb
ra

resu
lts.
In
ch
a
p
ter
6
,
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
is
ex
ten
d
ed
to
th
e
q
u
a
n
tu
m
ca
se.

T
h
e
red
u
ctio
n
is
im
p
lem
en
ted
in
a
n
a
ctio
n
fo
rm
a
lism
u
sin
g
a
g
a
u
g
ed
W
Z
N
W
{
m
o
d
el,

w
h
ich
en
a
b
les
u
s
to
�
n
d
a
p
a
th
in
teg
ra
l
fo
rm
u
la
tion
fo
r
th
e
in
d
u
ced
a
ctio
n
o
f
th
e

W
{
a
lg
eb
ra
.
T
h
e
g
a
u
g
e
�
x
in
g
is
p
erfo
rm
ed
u
sin
g
th
e
B
a
ta
lin
-V
ilk
ov
isk
y
[1
1]
m
eth
o
d
.

In
a
sp
ecia
l
g
a
u
g
e,
th
e
B
V
p
ro
ced
u
re
red
u
ces
to
a
B
R
S
T
a
p
p
ro
a
ch
[1
3
8].
O
p
era
to
r

P
ro
d
u
ct
E
x
p
a
n
sio
n
s
a
re
u
sed
to
p
erfo
rm

a
B
R
S
T
q
u
a
n
tisa
tio
n
.
T
h
e
co
h
o
m
o
lo
g
y

o
f
th
e
B
R
S
T
o
p
era
to
r
is
d
eterm
in
ed
in
b
o
th
th
e
cla
ssica
l
a
n
d
q
u
a
n
tu
m

ca
se.
T
h
e

resu
lts
a
re
th
en
u
sed
to
sh
o
w
th
a
t
w
e
in
d
eed
co
n
stru
cted
a
rea
lisa
tio
n
o
f
a
q
u
a
n
tu
m

W
{
a
lg
eb
ra
.
T
h
e
N
-ex
ten
d
ed
so(N
)
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
[2
0
,
1
3
3]
a
re
u
sed
a
s

a
n
illu
stra
tio
n
o
f
th
e
g
en
era
l
m
eth
o
d
.

T
h
e
resu
lts
o
f
ch
a
p
ter
6
a
re
th
en
u
sed
in
ch
a
p
ter
7
to
stu
d
y
W
{
g
rav
ity
th
eo
ries
in

th
e
lig
h
t-co
n
e
g
a
u
g
e.
T
h
e
g
a
u
g
ed
W
Z
N
W
{
m
o
d
elis
u
sed
a
s
a
p
a
rticu
la
r
m
a
tter
secto
r

fo
r
th
e
co
u
p
lin
g
to
W
{
g
rav
ity.
U
sin
g
th
e
p
a
th
in
teg
ra
l
fo
rm
u
la
tio
n
o
f
th
e
p
rev
io
u
s

ch
a
p
ter,
th
e
e�
ectiv
e
a
ctio
n
ca
n
b
e
co
m
p
u
ted
.
It
is
sh
ow
n
th
a
t
th
e
e�
ectiv
e
a
ctio
n
ca
n

b
e
o
b
ta
in
ed
fro
m
its
cla
ssica
l
lim
it
b
y
sim
p
ly
in
sertin
g
so
m
e
ren
o
rm
a
lisa
tio
n
fa
cto
rs.

E
x
p
licit
ex
p
ressio
n
s
fo
r
th
ese
ren
o
rm
a
lisa
tio
n
fa
cto
rs
a
re
g
iv
en
.
T
h
ey
co
n
ta
in
th
e

cen
tra
l
ch
a
rg
e
o
f
th
e
W
{
a
lg
eb
ra
a
n
d
so
m
e
p
a
ra
m
eters
rela
ted
to
th
e
(su
p
er)L
ie

a
lg
eb
ra
a
n
d
th
e
p
a
rticu
la
r
sl(2
){
em
b
ed
d
in
g
fo
r
w
h
ich
a
rea
lisa
tio
n
o
f
th
eW
{
a
lg
eb
ra

ca
n
b
e
fo
u
n
d
.
T
h
e
ex
a
m
p
le
o
f
th
e
p
rev
io
u
s
ch
a
p
ter
is
u
sed
to
co
n
stru
ct
th
e
e�
ectiv
e

a
ctio
n
o
f
so(N
)
su
p
erg
ra
v
ity.
W
e
th
en
ch
eck
th
e
resu
lts
u
sin
g
th
e
co
rresp
o
n
d
en
ce

b
etw
een
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
a
n
d
th
e
so(N
)
W
{
a
lg
eb
ra
s
fo
r
N

�
4
,

esta
b
lish
ed
in
ch
a
p
ter
5
.
T
h
is
is
d
o
n
e
u
sin
g
a
sem
icla
ssica
l
ev
a
lu
a
tio
n
o
f
th
e
e�
ectiv
e

a
ctio
n
fo
r
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s.

T
h
e
la
st
ch
a
p
ter
co
n
ta
in
s
a
d
iscu
ssio
n
o
f
critica
lW
{
strin
g
s.
A
fter
a
sh
o
rt
re-

v
iew
o
fW
{
strin
g
th
eo
ry,
w
e
co
n
cen
tra
te
to
th
e
ca
se
w
h
ere
th
e
cla
ssica
lW
{
a
lg
eb
ra

is
fo
rm
ed
b
y
th
e
en
erg
y
{
m
o
m
en
tu
m

ten
so
r
a
n
d
a
d
im
en
sio
n
s
g
en
era
to
r.
T
h
ese

W
2
;s

strin
g
s
p
ro
v
id
e
ex
a
m
p
les
w
h
ich
ca
n
b
e
a
n
a
ly
sed
in
co
n
sid
era
b
ly
m
o
re
d
eta
il

th
a
n
strin
g
th
eo
ries
b
a
sed
o
n
m
o
re
co
m
p
lica
ted
W
{
a
lg
eb
ra
s.
In
p
a
rticu
la
r,
o
p
era
to
r

p
ro
d
u
ct
ex
p
a
n
sio
n
s
(a
n
d
O
P
E
d
efs)
a
re
u
sed
to
p
ro
v
id
e
so
m
e
in
sig
h
t
in
th
e
a
p
p
ea
r-

a
n
ce
o
fW
{
m
in
im
a
l
m
o
d
els
in
th
e
sp
ectru
m

o
fW
{
strin
g
s.
F
in
a
lly,
so
m
e
co
m
m
en
ts

a
re
m
a
d
e
o
n
th
e
recen
t
d
ev
elo
p
m
en
ts
in
itia
ted
b
y
B
erk
ov
its
a
n
d
V
a
fa
[1
4].
T
h
ey

4



sh
ow
ed
h
ow
th
e
b
o
so
n
ic
strin
g
ca
n
b
e
v
iew
ed
a
s
a
n
N

=
1
su
p
erstrin
g
w
ith
a
p
a
rtic-

u
la
r
ch
o
ice
o
f
v
a
cu
u
m
,
a
n
d
a
sim
ila
r
em
b
ed
d
in
g
o
f
N

=
1
in
to
N

=
2
su
p
erstrin
g
s.

T
h
e
h
o
p
e
a
rises
th
a
t
a
h
iera
rch
y
o
f
strin
g
em
b
ed
d
in
g
s
ex
ists,
resto
rin
g
th
e
u
n
iq
u
en
ess

o
f
strin
g
th
eo
ry
in
so
m
e
sen
se.

5



C
h
a
p
te
r
2

C
o
n
fo
r
m
a
l
F
ie
ld
T
h
e
o
r
y
a
n
d
O
p
e
r
a
to
r
P
r
o
d
u
c
t
E
x
p
a
n
sio
n
s

T
h
is
ch
a
p
ter
g
iv
es
a
n
in
tro
d
u
ctio
n
to
co
n
fo
rm
a
l
�
eld
th
eo
ry
w
ith
sp
ecia
l
a
tten
tio
n

to
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s
(O
P
E
s).
It
is
o
f
co
u
rse
n
o
t
co
m
p
lete
a
s
co
n
fo
rm
a
l

�
eld
th
eo
ry
is
a
v
ery
w
id
e
su
b
ject,
a
n
d
m
a
n
y
ex
cellen
t
rev
iew
s
ex
ist,
e.g
.
[9
7,
1
2
2,

1
9
0
].
B
eca
u
se
it
fo
rm
s
a
n
in
tro
d
u
ctio
n
to
th
e
su
b
ject,
so
m
e
p
o
in
ts
a
re
p
ro
b
a
b
ly

triv
ia
l
fo
r
so
m
eo
n
e
w
h
o
feels
a
t
h
o
m
e
in
co
n
fo
rm
a
l
�
eld
th
eo
ry.
H
ow
ev
er,
so
m
e

to
p
ics
a
re
p
resen
ted
fro
m
a
n
ew
sta
n
d
p
o
in
t,
a
few
n
ew
resu
lts
(o
n
th
e
a
sso
cia
tiv
ity

o
f
O
P
E
s)
a
re
g
iv
en
,
a
n
d
n
o
ta
tio
n
s
a
re
�
x
ed
fo
r
th
e
rest
o
f
th
e
w
o
rk
.

W
e
sta
rt
b
y
in
tro
d
u
cin
g
th
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s.
T
h
en
,
w
e
stu
d
y
th
e

co
n
seq
u
en
ces
o
f
a
sy
m
m
etry
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
o
n
its
co
rrela
tio
n
fu
n
ctio
n
s.

In
th
e
q
u
a
n
tu
m

ca
se,
th
is
in
fo
rm
a
tio
n
is
co
n
ta
in
ed
in
th
e
W
a
rd
id
en
tities.
T
h
ese

id
en
tities
a
re
th
en
u
sed
in
th
e
th
ird
sectio
n
to
d
ev
elo
p
th
e
O
P
E
fo
rm
a
lism
.
W
e

stu
d
y
th
e
co
n
sisten
cy
co
n
d
itio
n
s
fo
r
O
P
E
s
in
d
eta
il
a
n
d
in
tro
d
u
ce
th
e
n
o
tio
n
o
f

a
n
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
(O
P
A
).
W
e
th
en
d
ra
w
a
tten
tio
n
to
th
e
clo
se
a
n
a
lo
g
y

b
etw
een
O
P
E
s
a
n
d
P
o
isso
n
b
ra
ck
ets.
S
ectio
n
2
.4
d
e�
n
es
th
e
m
o
d
e
a
lg
eb
ra
o
f
th
e

sy
m
m
etry
g
en
era
to
rs.
In
th
e
n
ex
t
sectio
n
,
w
e
d
e�
n
e
th
e
g
en
era
tin
g
fu
n
ctio
n
a
ls
o
f

th
e
th
eo
ry
a
n
d
sh
ow
h
o
w
th
ey
a
re
d
eterm
in
ed
b
y
th
e
W
a
rd
id
en
tities.
W
e
co
n
clu
d
e

w
ith
so
m
e
im
p
o
rta
n
t
ex
a
m
p
les
o
f
co
n
fo
rm
a
l
�
eld
th
eo
ries,
free
�
eld
th
eo
ries
a
n
d

W
Z
N
W
{
m
o
d
els.

2
.1

C
o
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s

A
co
n
fo
rm
a
l
�
eld
th
eo
ry
is
a
�
eld
th
eo
ry
w
h
ich
is
in
v
a
ria
n
t
u
n
d
er
g
en
era
l
co
o
rd
in
a
te

tra
n
sfo
rm
a
tio
n
s
x
i!
f
i(x

)
a
n
d
u
n
d
er
th
e
a
d
d
itio
n
a
l
sy
m
m
etry
o
f
W
ey
l
in
va
ria
n
ce.

T
h
e
la
tter
tra
n
sfo
rm
a
tio
n
s
co
rresp
o
n
d
to
lo
ca
l
sca
le
tra
n
sfo
rm
a
tio
n
s
o
f
th
e
m
etric

g
ij (x
)!
�
(x
)g
ij (x
)
a
n
d
�
eld
s
�
(x
)!
�
(x
)
h

�
(x
),
w
h
ere
h
is
th
e
sca
lin
g
d
im
en
sio
n

o
f
th
e
�
eld
�
.
T
h
e
co
m
b
in
a
tio
n
o
f
th
ese
sy
m
m
etries
ca
n
b
e
u
sed
to
g
a
u
g
e
aw
ay

co
m
p
o
n
en
ts
o
f
th
e
m
etric.
In
tw
o
d
im
en
sio
n
s
o
n
e
h
a
s
ex
a
ctly
en
o
u
g
h
p
a
ra
m
eters
to

p
u
t
th
e
m
etric
eq
u
a
l,
a
t
lea
st
lo
ca
lly,
to
th
e
M
in
k
o
w
sk
i
m
etric
�
ij

(th
e
co
n
fo
rm
a
l

g
a
u
g
e).
O
b
v
io
u
sly,
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
(co
o
rd
in
a
te
tra
n
sfo
rm
a
tio
n
s
w
h
ich

sca
le
th
e
m
etric)
co
m
b
in
ed
w
ith
th
e
a
p
p
ro
p
ria
te
W
ey
l
resca
lin
g
fo
rm

a
resid
u
a
l

sy
m
m
etry
g
ro
u
p
.
T
h
erefo
re,
w
e
w
ill
stu
d
y
th
is
co
n
fo
rm
a
l
g
ro
u
p
�
rst.

C
o
n
fo
rm
a
ltra
n
sfo
rm
a
tio
n
s
a
re
co
o
rd
in
a
te
tra
n
sfo
rm
a
tio
n
s
w
h
ich
ch
a
n
g
e
th
e
m
et-

ric
w
ith
a
lo
ca
l
sca
le
fa
cto
r.
In
a
sp
a
ce-tim
e
o
f
sig
n
a
tu
re
(p
;q)
th
ey
fo
rm

a
g
ro
u
p

iso
m
o
rp
h
ic
w
ith
S
O
(p
+
1
;q
+
1
).
H
o
w
ev
er,
in
th
e
co
m
p
lex
p
la
n
e
it
is
w
ell-k
n
ow
n

th
a
t
a
ll(a
n
ti-)a
n
a
ly
tic
tra
n
sfo
rm
a
tio
n
s
a
re
co
n
fo
rm
a
l.
T
h
is
ex
ten
d
s
to
th
e
M
in
k
ow
sk
i

p
la
n
e
w
h
ere
in
lig
h
t-co
n
e
co
o
rd
in
a
tes,
th
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
a
re
g
iv
en
b
y
:

x
�

�!
x
0
�

(x
�

)
:

(2
.1
.1
)

In
a
sp
a
ce-tim
e
o
f
sig
n
a
tu
re
(�
1
;1
),
it
is
cu
sto
m
a
ry
to
p
erfo
rm
a
W
ick
ro
ta
tio
n
.
W
e

w
ill
a
lw
ay
s
a
ssu
m
e
th
is
h
a
s
b
een
d
o
n
e,
a
n
d
trea
t
o
n
ly
th
e
E
u
clid
ea
n
ca
se.

F
o
r
a
sp
a
ce
o
f
E
u
clid
ea
n
sig
n
a
tu
re,
it
is
a
d
va
n
ta
g
eo
u
s
to
u
se
a
co
m
p
lex
b
a
sis

(�
+
i�
;�
�
i�
).
In
strin
g
th
eo
ry,
th
e
sp
a
ce
in
w
h
ich
th
ese
co
o
rd
in
a
tes
liv
e
is
a

cy
lin
d
er,
a
s
�
is
u
sed
a
s
a
p
erio
d
ic
co
o
rd
in
a
te.
T
h
is
a
lso
a
p
p
lies
to
tw
o
-d
im
en
sio
n
a
l

sta
tistica
l
sy
stem
s
w
ith
p
erio
d
ic
b
o
u
n
d
a
ry
co
n
d
itio
n
s
in
o
n
e
d
im
en
sio
n
.
O
n
e
th
en

m
a
p
s
th
is
cy
lin
d
er
to
th
e
fu
ll
co
m
p
lex
p
la
n
e
w
ith
co
o
rd
in
a
tes

(z
;
�z)
=
(ex
p
(�
+
i�
);ex
p
(�
�
i�
)
;

(2
.1
.2
)

w
h
ere
w
e
w
ill
ta
k
e
a

a
t
m
etric
p
ro
p
o
rtio
n
a
l
to
�
ij
in
th
e
rea
l
co
o
rd
in
a
tes,
o
r
in
th
e

co
m
p
lex
co
o
rd
in
a
tes:

d
s
2

=
2 p
g
d
z
d
�z
:

(2
.1
.3
)

W
e
w
ill
u
se
th
e
n
o
ta
tio
n
x
fo
r
a
co
o
rd
in
a
te
o
f
a
p
o
in
t
in
th
e
co
m
p
lex
p
la
n
e.
N
o
te

th
a
t
th
e
p
o
in
ts
w
ith
�
x
ed
tim
e
�
lie
o
n
a
circle
in
th
e
(z
;
�z)
p
la
n
e.

It
is
o
ften
co
n
v
en
ien
t
to
co
n
sid
er
z
a
n
d
�z
a
s
in
d
ep
en
d
en
t
co
o
rd
in
a
tes
(i.e.
n
o
t

n
ecessa
rily
co
m
p
lex
co
n
ju
g
a
te).
W
e
ca
n
th
en
restrict
to
th
e
E
u
clid
ea
n
p
la
n
e
b
y

im
p
o
sin
g
�z
=
z
�.

T
h
e
p
la
n
e
w
ith
a
M
in
k
ow
sk
i
m
etric
co
rresp
o
n
d
s
to
z
;
�z2
R
.



C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

A
s
w
e
a
re
w
o
rk
in
g
in
E
u
clid
ea
n
sp
a
ce,
th
e
co
m
p
lex
p
la
n
e
ca
n
b
e
co
m
p
a
cti�
ed

to
th
e
R
iem
a
n
n
sp
h
ere.
C
o
n
fo
rm
a
l
�
eld
th
eo
ry
ca
n
a
lso
b
e
d
e�
n
ed
o
n
a
rb
itra
ry

R
iem
a
n
n
su
rfa
ces,
b
u
t
w
e
w
ill
restrict
o
u
rselv
es
in
th
is
w
o
rk
to
th
e
sp
h
ere.

In
th
e
co
m
p
lex
co
o
rd
in
a
tes,
a
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
is
g
iv
en
b
y
:

z
!
z
0

=
f
(z
);

�z!
�z
0

=

�f(�z)
;

(2
.1
.4
)

w
h
ere
f
is
a
n
a
n
a
ly
tic
fu
n
ctio
n
,
a
n
d
�f
is
a
n
tia
n
a
ly
tic.

D
e
�
n
it
io
n
2
.1
.1
A

p
rim
a
ry
�
eld
tra
n
sfo
rm
s
u
n
d
er
th
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n

(2
.1
.4
)
a
s:

�
(z
;
�z)

!

�
0(f

(z
);
�f(�z
))
=
(@
f
(z
))
�

h
(
�@
�f(�z))
�

�h
�
(z
;
�z)
;

(2
.1
.5
)

w
h
ere
@
�
ddz

a
n
d
�@
�
dd�z
.
T
h
e
n
u
m
bers
h
a
n
d
�h
a
re
ca
lled
th
e
co
n
fo
rm
a
l
d
im
en
sio
n
s

o
f
th
e
�
eld
�
.

F
o
r
in
�
n
itesim
a
l
tra
n
sfo
rm
a
tio
n
s
o
f
th
e
co
o
rd
in
a
tes
f
(z
)
=
z�
"(z
),
w
e
see
th
a
t
th
e

p
rim
a
ry
�
eld
s
tra
n
sfo
rm
a
s:

�
" �
(z
;
�z)
=
"(z
)@
�
(z
;
�z)
+
h
@
"(z
)�
(z
;
�z)
:

(2
.1
.6
)

B
y
ch
o
o
sin
g
fo
r
"(z
)
a
n
y
p
o
w
er
o
f
z
w
e
see
th
a
t
th
e
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
fo
rm

a
n
in
�
n
ite
a
lg
eb
ra
g
en
era
ted
b
y
:

lm
=
�
z
m
+
1
@

a
n
d

�lm
=
�
�z
m
+
1
�@;

m

2
Z

;

(2
.1
.7
)

w
h
ich
co
n
sists
o
f
tw
o
co
m
m
u
tin
g
co
p
ies
o
f
th
e
V
ira
so
ro
a
lg
eb
ra
,
b
u
t
w
ith
o
u
t
cen
tra
l

ex
ten
sio
n
(see
fu
rth
er):

[lm
;ln
]
=
(m
�
n
)lm
+
n
;

(2
.1
.8
)

a
n
d
a
n
a
lo
g
o
u
s
co
m
m
u
ta
to
rs
fo
r
th
e
�lm
.

C
lea
rly,
l0
co
rresp
o
n
d
s
to
sca
lin
g
tra
n
sfo
rm
a
tio
n
s
in
z
.
T
h
e
co
m
b
in
a
tio
n
l0
+
�l0

g
en
era
tes
sca
lin
g
tra
n
sfo
rm
a
tio
n
s
in
th
e
co
m
p
lex
p
la
n
e
x
!
�
x
,
w
h
ile
i(l0
�
�l0 )

g
en
era
tes
ro
ta
tio
n
s.
T
h
is
m
ea
n
s
th
a
t
a
�
eld
�
(x
)
w
ith
co
n
fo
rm
a
l
d
im
en
sio
n
s
h

a
n
d
�h
h
a
s
sca
lin
g
d
im
en
sio
n
h
+
�h
a
n
d
sp
in
jh
�
�hj.
l
�

1

g
en
era
tes
tra
n
sla
tio
n
s

a
n
d
l1
\
sp
ecia
l"
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s.
T
h
e
su
b
a
lg
eb
ra
fo
rm
ed
b
y
f
l
�

1 ;l0 ;l1 g

co
rresp
o
n
d
s
to
th
e
g
lo
b
a
lly
d
e�
n
ed
a
n
d
in
v
ertib
le
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s:

z
!
a
z
+
b

cz
+
d
;

(2
.1
.9
)

w
h
ere
a
;b;c;d
2
C

a
n
d
a
c�
bd
=
1
.
T
h
ese
tra
n
sfo
rm
a
tio
n
s
fo
rm
a
g
ro
u
p
iso
m
o
rp
h
ic

to
S
L
(2
;
C
)
�
S
O
(3
;1
). 1

D
e
�
n
it
io
n
2
.1
.2
A
qu
a
sip
rim
a
ry
�
eld
tra
n
sfo
rm
a
s
eqs.
(2
.1
.5
,2
.1
.6
)
fo
r
th
e
glo
ba
l

tra
n
sfo
rm
a
tio
n
s.
A

sca
lin
g
�
eld
tra
n
sfo
rm
s
th
is
w
a
y
fo
r
tra
n
sla
tio
n
s
a
n
d
sca
lin
g

tra
n
sfo
rm
a
tio
n
s.

1
A
lth
o
u
g
h
th
ere
a
re
tw
o
co
m
m
u
tin
g
co
p
ies
o
f
th
is
a
lg
eb
ra
,
w
e
sh
o
u
ld
ta
k
e
th
e
a
p
p
ro
p
ria
te
rea
l

sectio
n
w
h
en
w
e
restrict
to
th
e
rea
l
su
rfa
ce.

2
.2

C
o
rre
la
tio
n
fu
n
c
tio
n
s
a
n
d
sy
m
m
e
try

T
h
e
p
h
y
sics
o
f
a
q
u
a
n
tu
m

�
eld
th
eo
ry
is
co
n
ta
in
ed
in
th
e
co
rrela
tio
n
fu
n
ctio
n
s.

In
a
p
a
th
in
teg
ra
l
fo
rm
a
lism
,
a
co
rrela
tio
n
fu
n
ctio
n
o
f
�
eld
s
�
i
co
rresp
o
n
d
in
g
to

o
b
serva
b
les
ca
n
b
e
sy
m
b
o
lica
lly
w
ritten
a
s:

<
R
f
�
1 (x
1 )�
2 (x
2 )���g
>
=

1N Z
[d
'
k ]
ex
p
(�
S
['
j ])
�
1 (x
1 )�
2 (x
2 )���
;

(2
.2
.1
)

w
h
ere
S
is
a
su
ita
b
le
a
ctio
n
,
a
fu
n
ctio
n
a
l
o
f
th
e
�
eld
s
'
j

in
th
e
th
eo
ry,
a
n
d
[d
'
k ]

d
en
o
tes
a
n
a
p
p
ro
p
ria
te
m
ea
su
re.
R
d
en
o
tes
tim
e{
o
rd
erin
g
in
a
ra
d
ia
l
q
u
a
n
tisa
tio
n

sch
em
e
[9
2],
i.e.jx
i j
>
jx
i+
1 j.
W
e
w
ill
d
ro
p
th
is
sy
m
b
o
l
fo
r
ea
se
o
f
n
o
ta
tio
n
.
In
fa
ct,

w
e
w
ill
a
ssu
m
e
th
a
t
fo
r
a
co
rrela
tio
n
fu
n
ctio
n
<
R
f
�
1 (x
1 )�
1 (x
2 )
:::g
>
,
th
e
ex
p
res-

sio
n
fo
r
jx
1 j
<

jx
2 j
ca
n
b
e
o
b
ta
in
ed
b
y
a
n
a
ly
tic
co
n
tin
u
a
tio
n
fro
m

th
e
ex
p
ressio
n

fo
r
jx
2 j
<
jx
1 j.
T
h
is
p
ro
p
erty
is
co
m
m
o
n
ly
ca
lled
\
cro
ssin
g
sy
m
m
etry
"
.
It
ca
n
b
e

ch
eck
ed
fo
r
free
�
eld
s,
a
n
d
w
e
restrict
o
u
rselv
es
to
th
eo
ries
w
h
ere
it
is
tru
e.

T
h
e
n
o
rm
a
lisa
tio
n
co
n
sta
n
t
in
eq
.
(2
.2
.1
)
is
g
iv
en
b
y
:

N
= Z
[d
'
k ]
ex
p
(�
S
['
j ])
:

(2
.2
.2
)

W
e
su
p
p
o
se
th
a
tN
is
d
i�
eren
t
fro
m
zero
(va
cu
u
m
n
o
rm
a
lised
to
o
n
e).
In
g
en
era
l,

th
e
p
a
th
in
teg
ra
l
(2
.2
.1
)
h
a
s
to
b
e
co
m
p
u
ted
p
ertu
rb
a
tiv
ely.

S
y
m
m
etries
o
f
th
e
th
eo
ry
p
u
t
certa
in
restrictio
n
s
o
n
th
e
fo
rm
o
f
th
e
co
rrela
tio
n

fu
n
ctio
n
s.
W
e
w
ill
in
v
estig
a
te
th
is
in
th
e
n
ex
t
su
b
sectio
n
s.

2
.2
.1

G
lo
b
a
l
c
o
n
fo
rm
a
l
in
v
a
ria
n
c
e

In
th
is
su
b
sectio
n
,
w
e
co
n
sid
er
th
e
co
n
seq
u
en
ces
o
f
th
e
in
va
ria
n
ce
o
f
th
e
co
rrela
tio
n

fu
n
ctio
n
s
o
f
q
u
a
sip
rim
a
ry
�
eld
s
u
n
d
er
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
(2
.1
.9
).

T
h
e
resu
lts
ca
n
b
e
ex
ten
d
ed
to
co
n
fo
rm
a
l
�
eld
th
eo
ries
in
a
n
a
rb
itra
ry
n
u
m
b
er
o
f

d
im
en
sio
n
s,
b
u
t
w
e
trea
t
o
n
ly
th
e
tw
o
-d
im
en
sio
n
a
l
ca
se.

In
co
n
fo
rm
a
l
�
eld
th
eo
ry
o
n
e
g
en
era
lly
req
u
ires
tra
n
sla
tio
n
,
ro
ta
tio
n
a
n
d
sca
lin
g

in
va
ria
n
ce
o
f
th
e
co
rrela
tio
n
fu
n
ctio
n
s.
T
h
is
restricts
a
ll
o
n
e-p
o
in
t
fu
n
ctio
n
s
o
f
�
eld
s

w
ith
zero
co
n
fo
rm
a
l
d
im
en
sio
n
s
(h
=
�h
=
0
)
to
b
e
co
n
sta
n
t,
a
n
d
a
ll
o
th
ers
to
b
e

zero
.
T
w
o
-p
o
in
t
fu
n
ctio
n
s
h
a
v
e
th
e
fo
llow
in
g
fo
rm
:

<
�
1 (z
1 ;
�z
1 )
�
2 (z
2 ;
�z
2 )
>
=

cst
1
2

(z
1 �
z
2 )
h
1
+
h
2(�z
1 �
�z
2 )
�h
1
+
�h
2

;

(2
.2
.3
)

w
ith
cst
1
2

a
co
n
sta
n
t.
If
o
n
e
req
u
ires
g
lo
b
a
l
co
n
fo
rm
a
l
in
va
ria
n
ce
(i.e.
in
va
ria
n
ce

u
n
d
er
th
e
sp
ecia
l
tra
n
sfo
rm
a
tio
n
s
a
s
w
ell),
o
n
ly
�
eld
s
w
ith
th
e
sa
m
e
co
n
fo
rm
a
l
d
i-

m
en
sio
n
s
ca
n
h
av
e
n
o
n
-zero
tw
o
-p
o
in
t
fu
n
ctio
n
s,
see
a
lso
eq
.
(2
.2
.9
).
U
n
d
er
th
is
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2
.2
.
C
o
rrela
tio
n
fu
n
ctio
n
s
a
n
d
sy
m
m
etry

a
ssu
m
p
tio
n
,
th
ree-p
o
in
t
fu
n
ctio
n
s
a
re
restricted
to
:

<
�
1 (z
1 ;
�z
1 )
�
2 (z
2 ;
�z
2 )
�
3 (z
3 ;
�z
3 )
>
=

cst
1
2
3 Yf

i
j
k
g

i
<

j

1

(z
i �
z
j )
h
i
j
k

(�z
i �
�z
j )
�h
i
j
k

;

(2
.2
.4
)

w
h
ere
h
ij
k
=
h
i
+
h
j �
h
k

a
n
d
th
e
p
ro
d
u
ct
g
o
es
o
v
er
a
ll
p
erm
u
ta
tio
n
s
o
ff
1
;2
;3g
.

It
is
a
lso
p
o
ssib
le
to
�
n
d
th
e
restrictio
n
s
fro
m

g
lo
b
a
l
co
n
fo
rm
a
l
in
va
ria
n
ce
o
n
fo
u
r

(o
r
m
o
re)-p
o
in
t
fu
n
ctio
n
s.
It
tu
rn
s
o
u
t
th
a
t
th
e
co
rrela
tio
n
fu
n
ctio
n
is
a
fu
n
ctio
n
o
f

th
e
h
a
rm
o
n
ic
ra
tio
s
o
f
th
e
co
o
rd
in
a
tes
in
v
o
lv
ed
,
a
p
a
rt
fro
m
(z
i �
z
j )
fa
cto
rs
lik
e
in

(2
.2
.4
)
to
h
a
v
e
th
e
co
rrect
sca
lin
g
la
w
.
C
ro
ssin
g
sy
m
m
etry
h
a
s
to
b
e
ch
eck
ed
fo
r
a

fo
u
r-p
o
in
t
fu
n
ctio
n
,
w
h
ile
it
is
a
u
to
m
a
tic
fo
r
tw
o
-
a
n
d
th
ree-p
o
in
t
fu
n
ctio
n
s.

N
o
te
th
a
t
im
p
o
sin
g
in
v
a
ria
n
ce
u
n
d
er
th
e
lo
ca
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
w
o
u
ld

m
a
k
e
a
ll
co
rrela
tio
n
fu
n
ctio
n
s
zero
.

2
.2
.2

W
a
rd
id
e
n
titie
s

In
th
is
su
b
sectio
n
,
w
e
w
ill
d
iscu
ss
th
e
co
n
seq
u
en
ces
o
f
a
g
lo
b
a
l
sy
m
m
etry
o
f
th
e

a
ctio
n
u
sin
g
W
a
rd
id
en
tities.

W
e
sta
rt
b
y
co
n
sid
erin
g
a
n
in
�
n
itesim
a
l
tra
n
sfo
rm
a
tio
n
�
"

o
f
th
e
�
eld
s,
w
h
ere

"(x
)
is
a
n
in
�
n
itesim
a
l
p
a
ra
m
eter.
T
h
ro
u
g
h
o
u
t
th
is
w
o
rk
,
w
e
w
ill
o
n
ly
co
n
sid
er
lo
ca
l

tra
n
sfo
rm
a
tio
n
s,
i.e.
�
" �
(x
)
d
ep
en
d
s
o
n
a
�
n
ite
n
u
m
b
er
o
f
�
eld
s
a
n
d
th
eir
d
eriva
tiv
es.

If
th
e
tra
n
sfo
rm
a
tio
n
lea
v
es
th
e
m
ea
su
re
o
f
th
e
p
a
th
in
teg
ra
l
(2
.2
.1
)
in
va
ria
n
t,
w
e
�
n
d

th
e
fo
llow
in
g
id
en
tity
:

Z
[d
'
k ]
ex
p
(�
S
['
j ])
�
"
(�
1 (x
1 )�
2 (x
2 )���)
=

Z
[d
'
k ]
ex
p
(�
S
['
j ])
(�
" S
['
])
�
1 (x
1 )�
2 (x
2 )���
:

(2
.2
.5
)

T
h
is
fo
llow
s
b
y
co
n
sid
erin
g
a
ch
a
n
g
e
o
f
v
a
ria
b
les
in
th
e
p
a
th
in
teg
ra
l.
U
sin
g
eq
.

(2
.2
.1
),
eq
.
(2
.2
.5
)
im
p
lies
a
n
id
en
tity
b
etw
een
co
rrela
tio
n
fu
n
ctio
n
s.
T
h
is
W
a
rd

id
en
tity
is
u
sefu
l
in
m
a
n
y
ca
ses,
b
u
t
a
t
th
is
m
o
m
en
t
w
e
a
re
in
terested
in
tra
n
sfo
rm
a
-

tio
n
s
�
"
w
h
ich
leav
e
th
e
a
ctio
n
in
v
a
ria
n
t
if
�
"
is
co
n
sta
n
t,
i.e.
g
lo
b
a
l
sy
m
m
etries.

A
s
a
n
ex
a
m
p
le,
w
e
w
ill
d
eriv
e
th
e
W
a
rd
id
en
tity
fo
r
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r

T
ij.

C
o
n
sid
er
a
n
in
�
n
itesim
a
l
tra
n
sfo
rm
a
tio
n
o
f
th
e
�
eld
s
o
f
th
e
fo
rm
:

�
" �
(x
)
=
"
i(x

)@
i �
(x
)
+
���
;

(2
.2
.6
)

w
h
ere
th
e
d
o
ts
d
en
o
te
co
rrectio
n
s
a
cco
rd
in
g
to
th
e
ten
so
ria
l
n
a
tu
re
o
f
th
e
�
eld
�
,

see
(2
.1
.6
).
T
h
e
a
ctio
n
is
su
p
p
o
sed
to
b
e
in
v
a
ria
n
t
u
n
d
er
th
ese
tra
n
sfo
rm
a
tio
n
s
if

th
e
"
i(x

)
a
re
co
n
sta
n
ts.
U
sin
g
N
o
eth
er's
law
,
o
n
e
h
a
s
a
cla
ssica
lly
co
n
serv
ed
cu
rren
t

a
sso
cia
ted
to
th
is
sy
m
m
etry
o
f
th
e
a
ctio
n
S
:

�
" S
=
�

1� Z
d
2x p
g
T
i

j (x
)@
i "
j(x

)
;

(2
.2
.7
)

w
h
ere
g
is
th
e
a
b
so
lu
te
va
lu
e
o
f
th
e
d
eterm
in
a
n
t
o
f
g
ij . 2
T
h
is
eq
u
a
tio
n
d
e�
n
es
th
e

en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
ij

u
p
to
fu
n
ctio
n
s
w
h
o
se
d
iv
erg
en
ce
va
n
ish
es.
O
n
e
ca
n

sh
o
w
th
a
t
th
e
a
ltern
a
tiv
e
d
e�
n
itio
nT

ij
=
�
2
�

p
g

�
S

�
g
ij

(2
.2
.8
)

sa
tis�
es
(2
.2
.7
).
It
is
o
b
v
io
u
s
th
a
t
th
e
ten
so
r
(2
.2
.8
)
is
sy
m
m
etric.
If
th
e
a
ctio
n
is

in
va
ria
n
t
u
n
d
er
W
ey
l
sca
lin
g
,
w
e
im
m
ed
ia
tely
see
th
a
t
it
is
tra
celess.
H
en
ce,
in
a

co
n
fo
rm
a
l
�
eld
th
eo
ry
in
tw
o
d
im
en
sio
n
s,
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
h
a
s
o
n
ly
tw
o

in
d
ep
en
d
en
t
co
m
p
o
n
en
ts.
In
th
e
co
m
p
lex
b
a
sis,
th
e
co
m
p
o
n
en
ts
th
a
t
rem
a
in
a
re
T
z
z

a
n
d
T
�z
�z.

U
sin
g
th
e
m
etric
eq
.
(2
.1
.3
),
w
e
see
fro
m
eq
.
(2
.2
.7
)
th
a
t
W
ey
l
in
va
ria
n
ce

im
p
lies
th
a
t
th
e
a
ctio
n
is
n
o
t
o
n
ly
in
va
ria
n
t
u
n
d
er
a
g
lo
b
a
l
tra
n
sfo
rm
a
tio
n
,
b
u
t
a
lso

u
n
d
er
a
co
n
fo
rm
a
ltra
n
sfo
rm
a
tio
n
,
�@
"
z

=
0
;"
�z

=
0
.
T
h
is
tra
n
sfo
rm
a
tio
n
is
so
m
etim
es

ca
lled
sem
i-lo
ca
l.

L
et
u
s
n
ow
co
n
sid
er
th
e
ex
p
ecta
tio
n
va
lu
e
o
f
so
m
e
�
eld
s
�
k
.
C
o
m
b
in
in
g
eq
s.

(2
.2
.5
)
a
n
d
(2
.2
.7
),
w
e
�
n
d
:

<
(�
" �
1 (x
1 ))
�
2 (x
2 )���
>

+
<
�
1 (x
1 )
(�
" �
2 (x
2 ))���
>
+
���

=

�
p
g

� Z
d
2x �
@
i "
j(x

) �
<
T
i

j (x
)�
1 (x
1 )�
2 (x
2 )���
>

:
(2
.2
.9
)

T
h
e
eq
u
a
tio
n
(2
.2
.9
)
is
th
e
W
a
rd
id
en
tity
fo
r
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r.
It
sh
ow
s

th
a
t
T
ij

is
th
e
g
en
era
to
r
o
f
g
en
era
l
co
o
rd
in
a
te
tra
n
sfo
rm
a
tio
n
s.
N
o
te
th
a
t
T
ij

h
a
s
to

b
e
sy
m
m
etric
a
n
d
tra
celess
fo
r
th
e
co
rrela
tio
n
fu
n
ctio
n
s
to
b
e
ro
ta
tio
n
a
n
d
sca
lin
g

in
va
ria
n
t.

W
e
d
eriv
ed
th
e
W
a
rd
id
en
tity
(2
.2
.9
)
in
a
fo
rm
a
l
w
ay.
In
a
g
iv
en
th
eo
ry,
it
h
a
s

to
b
e
ch
eck
ed
u
sin
g
a
reg
u
la
rised
ca
lcu
la
tio
n
.
W
e
w
ill
n
o
t
d
o
th
is
in
th
is
w
o
rk
,
a
n
d

a
ssu
m
e
th
a
t
eq
.
(2
.2
.9
)
h
o
ld
s,
p
o
ssib
ly
w
ith
so
m
e
q
u
a
n
tu
m
co
rrectio
n
s.
T
h
is
en
a
b
les

u
s
to
m
a
k
e
g
en
era
l
sta
tem
en
ts
fo
r
ev
ery
th
eo
ry
w
h
ere
eq
.
(2
.2
.9
)
is
va
lid
.
S
im
ila
r

W
a
rd
id
en
tities
ca
n
b
e
d
eriv
ed
fo
r
a
n
y
g
lo
b
a
l
sy
m
m
etry
o
f
th
e
a
ctio
n
w
h
ich
leav
es

th
e
m
ea
su
re
in
va
ria
n
t.

A
n
im
p
o
rta
n
t
co
rro
lla
ry
o
f
th
e
W
a
rd
id
en
tity
fo
r
a
sy
m
m
etry
g
en
era
to
r,
is
th
a
t

it
is
co
n
serv
ed
\
in
sid
e"
co
rrela
tio
n
fu
n
ctio
n
s.
W
e
w
ill
a
g
a
in
trea
t
T
ij

a
s
a
n
ex
a
m
p
le.

W
e
ta
k
e
"
i(x

)
fu
n
ctio
n
s
w
h
ich
g
o
to
zero
w
h
en
x
g
o
es
to
in
�
n
ity,
a
n
d
w
h
ich
h
av
e

n
o
sin
g
u
la
rities.
In
th
is
ca
se,
w
e
ca
n
u
se
p
a
rtia
l
in
teg
ra
tio
n
.
N
ow
,
th
e
lh
s
o
f
(2
.2
.9
)

2
W
e
restrict
o
u
rselv
es
to
th
e
ca
se
o
f
a
co
n
sta
n
t
m
etric.
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C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

d
ep
en
d
s
o
n
ly
o
n
th
e
va
lu
e
o
f
"
(a
n
d
its
d
eriva
tiv
es)
in
th
e
x
i .
T
h
is
m
ea
n
s
th
a
t,
a
fter

a
p
a
rtia
l
in
teg
ra
tio
n
,
th
e
co
e�
cien
t
o
f
"
in
th
e
in
teg
ra
n
d
u
m
in
th
e
rh
s
o
f
(2
.2
.9
)
h
a
s

to
b
e
zero
ex
cep
t
a
t
th
ese
p
o
in
ts.
W
e
�
n
d
:

@
@
x
i
<
T
ij(x

)�
1 (x
1 )�
2 (x
2 )���
>
=

0

(2
.2
.1
0
)

w
h
ere
x
6=
x
k
.

F
ro
m
n
ow
o
n
,
w
e
co
n
sid
er
th
e
ca
se
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
in
tw
o
d
im
en
sio
n
s.

W
e
a
lrea
d
y
sh
ow
ed
th
a
t
T
ij

is
sy
m
m
etric
a
n
d
tra
celess,
in
th
e
sen
se
th
a
t
a
ll
co
r-

rela
tio
n
fu
n
ctio
n
s
va
n
ish
if
o
n
e
o
f
th
e
�
eld
s
is
th
e
a
n
tisy
m
m
etric
p
a
rt
o
f
T
ij

o
r
its

tra
ce.
In
th
e
co
m
p
lex
b
a
sis
th
e
tw
o
rem
a
in
in
g
co
m
p
o
n
en
ts
a
re
T
�z
�z

a
n
d
T
z
z.

T
h
e

co
n
serv
a
tio
n
o
f
T
ij

eq
.
(2
.2
.1
0
)
g
iv
es:

dd
�z
<
T
�z
�z(z
;
�z)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
=
0
;

z
6=
z
i
;

(2
.2
.1
1
)

a
n
d
a
n
a
n
a
lo
g
o
u
s
eq
u
a
tio
n
fo
r
T
z
z.

T
h
is
sh
ow
s
th
a
t
<

T
�z
�z(z
;
�z)�
1 �
2 ���
>

is
a

h
o
lo
m
o
rp
h
ic
fu
n
ctio
n
o
f
z
w
ith
p
o
ssib
le
sin
g
u
la
rities
in
z
i .
U
sin
g
th
e
a
ssu
m
p
tio
n

th
a
t
th
e
tra
n
sfo
rm
a
tio
n
o
f
th
e
�
eld
s
�
" �
i (x
i )
is
lo
ca
l,
w
e
see
th
a
t
th
e
co
rrela
tio
n

fu
n
ctio
n
is
a
m
ero
m
o
rp
h
ic
fu
n
ctio
n
,
w
ith
p
o
ssib
le
p
o
les
in
z
=
z
i .
W
e
d
e�
n
e:

T
�
g
T
�z
�z

=
T
z
z

a
n
d

�T
�
g
T
z
z

=
T
�z
�z

(2
.2
.1
2
)

a
n
d
w
e
w
ill
w
rite
T
a
s
a
fu
n
ctio
n
o
f
z
o
n
ly.

F
o
r
"
i(x

)
a
s
sp
eci�
ed
a
b
ov
e
eq
.
(2
.2
.1
0
),
o
n
ly
th
e
sin
g
u
la
rities
z
=
z
i
co
n
trib
u
te

to
th
e
W
a
rd
id
en
tity
(2
.2
.9
).
W
e
n
o
w
ta
k
e
"
z

=
"(z
);
"
�z

=
0
in
a
n
eig
h
b
o
u
rh
o
o
d

o
f
th
ese
p
o
in
ts.
U
sin
g
eq
.
(A
.5
),
th
e
W
a
rd
id
en
tity
(2
.2
.9
)
b
eco
m
es
fo
r
a
co
n
fo
rm
a
l

tra
n
sfo
rm
a
tio
n
:

N
Xj

=
1
<
�
1 (z
1 ;
�z
1 )
���
(�
" �
j (z
j ;
�z
j ))
���
>

=

I
C

d
z

2
�
i "(z

)
<
T
(z
)�
1 (z
1
;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
;

(2
.2
.1
3
)

w
h
ere
th
e
co
n
to
u
r
C

en
circles
a
ll
z
j

ex
a
ctly
o
n
ce
a
n
ticlo
ck
w
ise
(a
n
d
a
n
a
n
a
lo
g
o
u
s

fo
rm
u
la
fo
r
a
n
tia
n
a
ly
tic
va
ria
tio
n
s).

If
a
ll
�
j
a
re
p
rim
a
ry
�
eld
s,
w
e
ca
n
u
se
(2
.1
.6
)
to
co
m
p
u
te
th
e
lh
s
o
f
th
e
W
a
rd

id
en
tity
(2
.2
.1
3
):

I
C

d
z

2
�
i "(z

)
<
T
(z
)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>

=

N
Xj

=
1

("(z
j )@
j
+
h
j
@
j "(z
j ))
<
�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>

:

(2
.2
.1
4
)

T
h
is
�
x
es
th
e
sin
g
u
la
r
p
a
rt
in
(z
=
z
i )
o
f
th
e
m
ero
m
o
rp
h
ic
(N
+
1
)-p
o
in
t
fu
n
ctio
n

<
T
�
1 ���
>
.
W
e
w
ill
a
ssu
m
e
th
a
t
a
ll
co
rrela
tio
n
fu
n
ctio
n
s
h
a
v
e
n
o
sin
g
u
la
rity
a
t

in
�
n
ity.
H
en
ce,
th
e
reg
u
la
r
term
s
in
(z�
z
i )
va
n
ish
,
ex
cep
t
fo
r
a
p
o
ssib
le
co
n
sta
n
t.

T
o
k
n
ow
th
e
tra
n
sfo
rm
a
tio
n
law
o
f
T
(z
)
itself,
w
e
o
b
serv
e
th
a
t
sin
ce
it
is
cla
ssica
lly

a
ra
n
k
tw
o
co
n
fo
rm
a
l
ten
so
r,
its
d
im
en
sio
n
s
a
re
h
=

2
;
�h
=

0
.
H
ow
ev
er,
d
u
e
to

q
u
a
n
tu
m
a
n
o
m
a
lies,
a
S
ch
w
in
g
er
term

ca
n
a
rise
in
its
tra
n
sfo
rm
a
tio
n
la
w
:

�
" T
(z
)
=
"(z
)@
T
(z
)
+
2
@
"(z
)T
(z
)
+

c1
2
@
3
"(z
)
:

(2
.2
.1
5
)

In
th
e
p
a
th
in
teg
ra
l
fo
rm
a
lism
,
th
e
S
ch
w
in
g
er
term
is
n
o
n
-zero
if
th
e
m
ea
su
re
is
n
o
t

in
va
ria
n
t
u
n
d
er
th
e
sy
m
m
etry
tra
n
sfo
rm
a
tio
n
g
en
era
ted
b
y
T
,
see
eq
.
(2
.2
.9
).
F
ro
m

d
im
en
sio
n
a
l
a
rg
u
m
en
ts,
it
fo
llo
w
s
th
a
t
c
sh
o
u
ld
h
av
e
d
im
en
sio
n
zero
.
In
fa
ct,
c
is
in

g
en
era
l
a
co
m
p
lex
n
u
m
b
er.
W
h
en
c
is
d
i�
eren
t
fro
m
zero
,
T
is
n
o
t
a
p
rim
a
ry
�
eld
,

b
u
t
o
n
ly
q
u
a
sip
rim
a
ry,
see
d
e�
n
itio
n
2
.1
.2
.

T
h
e
tra
n
sfo
rm
a
tio
n
la
w
(2
.2
.1
5
)
in
v
o
lv
es
o
n
ly
T

a
n
d
n
o
o
th
er
co
m
p
o
n
en
ts
o
f
th
e

en
erg
y
{
m
o
m
en
tu
m
ten
so
r.
In
th
e
cla
ssica
l
ca
se,
th
is
is
a
d
irect
co
n
seq
u
en
ce
o
f
th
e

co
n
fo
rm
a
l
sy
m
m
etry
o
f
th
e
th
eo
ry.
W
e
w
ill
a
ssu
m
e
th
a
t
th
e
sa
m
e
p
ro
p
erty
h
o
ld
s
in

th
e
q
u
a
n
tu
m
ca
se.

R
eca
ll
th
a
t
eq
.
(2
.2
.1
4
)
d
eterm
in
es
th
e
co
rrela
tio
n
fu
n
ctio
n
<
T
�
1 ���
>

u
p
to

a
co
n
sta
n
t.
W
h
en
w
e
req
u
ire
in
va
ria
n
ce
o
f
th
e
co
rrela
tio
n
fu
n
ctio
n
u
n
d
er
sca
lin
g

tra
n
sfo
rm
a
tio
n
s
("(z
)�
z
),
th
is
co
n
sta
n
t
h
a
s
to
b
e
zero
.
U
n
d
er
th
ese
a
ssu
m
p
tio
n
s,

th
e
W
a
rd
id
en
tity
co
m
p
letely
�
x
es
a
ll
co
rrela
tio
n
fu
n
ctio
n
s
w
ith
o
n
e
o
f
th
e
�
eld
s

eq
u
a
l
to
T
a
n
d
a
ll
o
th
er
�
eld
s
b
ein
g
p
rim
a
ry
:

<
T
(z
)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
=

N
Xj

=
1 �

h
j

(z�
z
j )
2
+

1

(z�
z
j )
@
j �
<
�
1 (z
1
;�z
1 )�
2 (z
2
;
�z
2 )���
>

:

(2
.2
.1
6
)

W
e
ca
n
n
ow
lo
o
k
a
t
co
rrela
tio
n
fu
n
ctio
n
s
o
f
T
o
n
ly.
U
sin
g
eq
.
(2
.2
.1
5
),
w
e
�
n
d

in
a
co
m
p
letely
a
n
a
lo
g
o
u
s
w
ay
to
eq
.
(2
.2
.1
6
):

<
T
(z
)T
(z
1 )T
(z
2 )���
>
=

N
Xj

=
1
<
T
(z
1 )��� �
c=
2

(z�
z
j )
4
+

2
T
(z
j )

(z�
z
j )
2
+
@
j T
(z
j )

(z�
z
j ) �
���T
(z
N
)
>

:
(2
.2
.1
7
)

L
et
u
s
co
n
sid
er
a
few
ex
a
m
p
les.
B
eca
u
se
o
f
sca
lin
g
in
va
ria
n
ce,
o
n
e-p
o
in
t
fu
n
ctio
n
s

o
f
�
eld
s
w
ith
n
o
n
-zero
d
im
en
sio
n
va
n
ish
.
T
o
g
eth
er
w
ith
th
e
fa
ct
th
a
t
<

>
=

1
,
w
e

see
th
a
t
eq
.
(2
.2
.1
5
)
im
p
lies:

<
�
" T
>
=

c1
2
@
3"(z

)
:

(2
.2
.1
8
)

1
0



2
.3
.
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s

T
h
e
W
a
rd
id
en
tity
(2
.2
.1
3
)
�
x
es
th
en
th
e
tw
o
-p
o
in
t
fu
n
ctio
n
to
:

<
T
(z
)T
(w
)
>
=

c=
2

(z
�
w
)
4
;

(2
.2
.1
9
)

in
a
cco
rd
a
n
ce
w
ith
eq
.
(2
.2
.3
).
S
im
ila
rly,
th
e
co
n
sta
n
t
in
th
e
th
ree-p
o
in
t
fu
n
ctio
n

(2
.2
.4
)
o
f
th
ree
T
's
is
�
x
ed
to
c.

T
h
e
a
n
a
ly
sis
o
f
th
e
W
a
rd
id
en
tity
fo
r
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
ca
n
b
e
re-

p
ea
ted
fo
r
ev
ery
g
en
era
to
r
o
f
a
g
lo
b
a
l
sy
m
m
etry
o
f
th
e
th
eo
ry.
In
tw
o
d
im
en
sio
n
s,
a
ll

ten
so
rs
ca
n
b
e
d
eco
m
p
o
sed
in
sy
m
m
etric
ten
so
rs.
If
th
ey
a
re
in
a
d
d
itio
n
tra
celess,

o
n
ly
tw
o
co
m
p
o
n
en
ts
rem
a
in
W
z
z
z
�
�
�

a
n
d
W
�z
�z
�z
�
�
�.

W
e
a
g
a
in
�
n
d
th
a
t
�@W
�z
�z
�z
�
�
�

=
0
,

a
n
d
th
e
co
rrela
tio
n
fu
n
ctio
n
s
o
f
W
�z
�z
�z
�
�
�

a
re
m
ero
m
o
rp
h
ic
fu
n
ctio
n
s.
F
o
r
g
en
era
to
rs

w
ith
a
sp
in
o
ria
l
ch
a
ra
cter,
o
r
g
en
era
to
rs
w
ith
n
o
n
-in
teg
er
co
n
fo
rm
a
l
d
im
en
sio
n
s,

w
e
ca
n
o
n
ly
co
n
clu
d
e
th
a
t
th
e
co
rrela
tio
n
fu
n
ctio
n
s
a
re
h
o
lo
m
o
rp
h
ic,
i.e.
fra
ctio
n
a
l

p
o
w
ers
o
f
z�
z
i
co
u
ld
o
ccu
r.
W
e
restrict
o
u
rselv
es
in
th
is
w
o
rk
to
th
e
m
ero
m
o
rp
h
ic

secto
r
o
f
th
e
co
n
fo
rm
a
l
�
eld
th
eo
ry.
T
h
e
sy
m
m
etry
a
lg
eb
ra
o
f
th
e
th
eo
ry
is
a
d
irect

p
ro
d
u
ct
3

A


�A
w
h
ere
A
is
th
e
a
lg
eb
ra
fo
rm
ed
b
y
th
e
\
ch
ira
l"
g
en
era
to
rs
(w
ith

h
o
lo
m
o
rp
h
ic
co
rrela
tio
n
fu
n
ctio
n
s),
a
n
d

�A
is
its
a
n
tich
ira
l
co
u
n
terp
a
rt.
F
ro
m

n
ow

o
n
,
w
e
w
ill
co
n
cen
tra
te
o
n
th
e
ch
ira
l
g
en
era
to
rs.

T
o
co
n
clu
d
e
th
is
sectio
n
,
w
e
w
ish
to
stress
th
a
t
th
e
W
a
rd
id
en
tities
a
re
reg
u
la
r-

isa
tio
n
d
ep
en
d
en
t.
In
th
is
w
o
rk
,
w
e
w
ill
n
o
t
a
d
d
ress
th
e
q
u
estio
n
o
f
d
eriv
in
g
th
e

W
a
rd
id
en
tities
fo
r
a
g
iv
en
th
eo
ry.
H
ow
ev
er,
o
n
ce
th
ey
h
a
v
e
b
een
d
eterm
in
ed
,
th
e

W
a
rd
id
en
tities
en
a
b
le
u
s
to
co
m
p
u
te
th
e
sin
g
u
la
r
p
a
rt
o
f
a
n
y
co
rrela
tio
n
fu
n
ctio
n

co
n
ta
in
in
g
a
sy
m
m
etry
g
en
era
to
r
in
term
s
o
f
(d
i�
eren
tia
l
p
o
ly
n
o
m
ia
ls
o
f)
co
rrela
-

tio
n
fu
n
ctio
n
s
o
f
th
e
�
eld
s
o
f
th
e
th
eo
ry.
T
h
is
d
eterm
in
es
th
o
se
co
rrela
tio
n
fu
n
ctio
n
s

u
p
to
a
co
n
sta
n
t,
b
eca
u
se
w
e
req
u
ired
th
a
t
a
co
rrela
tio
n
fu
n
ctio
n
h
a
s
n
o
sin
g
u
la
r-

ity
a
t
in
�
n
ity.
F
u
rth
erm
o
re,
if
th
e
co
rrela
tio
n
fu
n
ctio
n
s
a
re
in
va
ria
n
t
u
n
d
er
sca
le

tra
n
sfo
rm
a
tio
n
s,
th
is
ex
tra
co
n
sta
n
t
ca
n
o
n
ly
a
p
p
ea
r
w
h
en
th
e
su
m
o
f
th
e
co
n
fo
rm
a
l

d
im
en
sio
n
s
o
f
a
ll
�
eld
s
in
th
e
co
rrela
to
r
is
zero
.

2
.3

O
p
e
ra
to
r
P
ro
d
u
c
t
E
x
p
a
n
sio
n
s

In
th
is
sectio
n
,
w
e
d
iscu
ss
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s
(O
P
E
s).
In
a
�
rst
step
,

w
e
sh
ow
h
ow
th
ey
en
co
d
e
th
e
in
fo
rm
a
tio
n
co
n
ta
in
ed
in
th
e
W
a
rd
id
en
tities.
A
s

su
ch
,
O
P
E
s
p
rov
id
e
a
n
a
lg
eb
ra
ic
w
a
y
o
f
co
m
p
u
tin
g
co
rrela
tio
n
fu
n
ctio
n
s.
In
th
e

n
ex
t
su
b
sectio
n
,
w
e
d
eriv
e
th
e
co
n
sisten
cy
co
n
d
itio
n
s
o
n
th
e
O
P
E
s.
S
u
b
sectio
n
2
.3
.3

in
tro
d
u
ces
th
e
co
n
cep
t
o
f
a
n
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
(O
P
A
).

3
T
h
is
is
o
n
ly
tru
e
w
h
en
z
a
n
d
�z
a
re
reg
a
rd
ed
is
in
d
ep
en
d
en
t
co
o
rd
in
a
tes.

2
.3
.1

O
P
E
s
a
n
d
W
a
rd
id
e
n
titie
s

T
o
ev
ery
�
eld
in
a
co
n
fo
rm
a
l
�
eld
th
eo
ry,
w
e
a
ssig
n
a
u
n
iq
u
e
elem
en
t
o
f
a
v
ecto
rsp
a
ce

V
o
f
\
o
p
era
to
rs"
.
F
o
r
th
e
m
o
m
en
t,
w
e
leav
e
th
e
p
recise
co
rresp
o
n
d
en
ce
o
p
en
,
b
u
t

o
u
r
g
o
a
l
is
to
d
e�
n
e
a
b
ilin
ea
r
o
p
era
tio
n
in
th
e
v
ecto
rsp
a
ce
w
h
ich
en
a
b
les
u
s
to

co
m
p
u
te
co
rrela
tio
n
fu
n
ctio
n
s.
W
e
sim
p
ly
w
rite
th
e
sa
m
e
sy
m
b
o
l
fo
r
th
e
�
eld
a
n
d

th
e
co
rresp
o
n
d
in
g
o
p
era
to
r.
S
im
ila
rly,
if
a
�
eld
h
a
s
co
n
fo
rm
a
l
d
im
en
sio
n
h
,
w
e
say

th
a
t
th
e
co
rresp
o
n
d
in
g
o
p
era
to
r
h
a
s
co
n
fo
rm
a
l
d
im
en
sio
n
h
.

L
et
u
s
lo
o
k
a
t
a
n
ex
a
m
p
le
to
cla
rify
w
h
a
t
w
e
h
av
e
in
m
in
d
.
C
o
n
sid
er
th
e
W
a
rd

id
en
tities
o
f
th
e
ch
ira
l
co
m
p
o
n
en
t
o
f
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
(z
).
E
q
.
(2
.2
.1
6
)

su
g
g
ests
th
a
t
w
e
a
ssig
n
th
e
O
P
E
:

T
(z
)�
(z
0
;
�z
0 )
=

h
�
(z
0 ;
�z
0 )

(z�
z
0 )
2

+
@
�
(z
0 ;
�z
0 )

z�
z
0

+
O
(z�
z
0 )
0

(2
.3
.1
)

fo
r
a
p
rim
a
ry
�
eld
�
w
ith
co
n
fo
rm
a
l
d
im
en
sio
n
h
.
W
e
d
o
n
o
t
sp
ecify
th
e
reg
u
la
r

p
a
rt
y
et.
S
im
ila
rly,
eq
.
(2
.2
.1
7
)
im
p
o
ses
th
e
fo
llo
w
in
g
O
P
E
fo
r
T
w
ith
itself:

T
(z
)T
(z
0 )
=

c=
2

(z�
z
0 )
4
+

2
T
(z
0 )

(z�
z
0 )
2
+
@
T
(z
0 )

z�
z
0

+
O
(z�
z
0 )
0
:

(2
.3
.2
)

W
e
see
th
a
t
a
n
O
P
E
is
a
b
ilin
ea
r
m
a
p
fro
m
V


V
to
th
e
sp
a
ce
o
f
fo
rm
a
l
L
a
u
ren
t

ex
p
a
n
sio
n
s
in
V
.
W
e
w
ill
u
se
th
e
fo
llow
in
g
n
o
ta
tio
n
fo
r
O
P
E
s:

T
1 (z
)T
2 (z
0 )
=

X
n
<
=
h
(T
1
;T
2
)

[T
1 T
2 ]n
(z
0 )

(z�
z
0 )
n

;

(2
.3
.3
)

w
h
ere
h
(T
1 ;T
2 )
is
so
m
e
�
n
ite
n
u
m
b
er.
B
eca
u
se
o
f
th
e
co
rresp
o
n
d
en
ce
b
etw
een
O
P
E
s

a
n
d
W
a
rd
id
en
tities,
w
e
see
th
a
t
a
ll
term
s
in
th
e
su
m
(2
.3
.3
)
h
av
e
th
e
sa
m
e
co
n
fo
rm
a
l

d
im
en
sio
n
:
d
im
([T
1 T
2 ]n
)
=
d
im
(T
1 )
+
d
im
(T
2 )�
n
.
If
n
o
n
eg
a
tiv
e
d
im
en
sio
n
�
eld
s

a
re
p
resen
t
in
th
e
�
eld
th
eo
ry,
w
e
im
m
ed
iately
in
fer
th
a
t
h
(T
1 ;T
2 )
is
less
th
a
n
o
r

eq
u
a
l
to
th
e
su
m

o
f
th
e
co
n
fo
rm
a
l
d
im
en
sio
n
s
o
f
T
1

a
n
d
T
2 .
A
s
n
o
ted
b
efo
re,
w
e

restrict
o
u
rselv
es
in
th
is
w
o
rk
to
th
e
ca
se
w
h
ere
th
e
co
rrela
tio
n
fu
n
ctio
n
s
o
f
th
e
ch
ira
l

sy
m
m
etry
g
en
era
to
rs
T
i (z
i )
a
re
m
ero
m
o
rp
h
ic
fu
n
ctio
n
s
in
z
i .
In
o
th
er
w
o
rd
s,
th
e

su
m
in
eq
.
(2
.3
.3
)
ru
n
s
o
v
er
th
e
in
teg
er
n
u
m
b
ers.
W
e
d
en
o
te
th
e
sin
g
u
la
r
p
a
rt
o
f
a
n

O
P
E
b
y
T
1 (z
)T
2 (z
0 ).
It
is
d
eterm
in
ed
v
ia
:

I
C
z
0

d
z

2
�
i
"(z
)T
1 (z
)T
2 (z
0 )
=
�
T
1

"

T
2 (z
0 )
;

(2
.3
.4
)

w
h
ere
w
e
d
en
o
ted
th
e
tra
n
sfo
rm
a
tio
n
g
en
era
ted
b
y
T
1
w
ith
p
a
ra
m
eter
"
a
s
�
T
1
"

.
N
o
te

th
a
t
w
e
ca
n
a
ssig
n
a
n
O
P
E
o
n
ly
w
h
en
T
1
is
a
sy
m
m
etry
g
en
era
to
r.

T
h
e
p
rescrip
tio
n
w
e
u
se
fo
r
th
e
m
o
m
en
t
to
ca
lcu
la
te
co
rrela
tio
n
fu
n
ctio
n
s
w
ith

O
P
E
s,
is
sim
p
ly
a
n
a
p
p
lica
tio
n
o
f
co
n
fo
rm
a
l
W
a
rd
id
en
tities
lik
e
eq
.
(2
.2
.1
3
).
A
s

1
1



C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

a
n
ex
a
m
p
le,
to
co
m
p
u
te
a
co
rrela
tio
n
fu
n
ctio
n
w
ith
a
sy
m
m
etry
g
en
era
to
r
T
1 ,
w
e

su
b
stitu
te
th
e
co
n
tra
ctio
n
s
o
f
T
1
w
ith
th
e
o
th
er
�
eld
s
in
th
e
co
rrela
to
r
4:

<
T
1 (z
)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
=

<
T
1 (z
)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
+

<
T
1 (z
)�
1 (z
1 ;
�z
1 )�
2 (z
2 ;
�z
2 )���
>
+
���

(2
.3
.5
)

In
th
is
w
a
y,
w
e
ca
n
a
lw
a
y
s
red
u
ce
a
n
y
co
rrela
tio
n
fu
n
ctio
n
,
w
h
ere
sy
m
m
etry
g
en
era
-

to
rs
a
re
p
resen
t
to
a
d
i�
eren
tia
l
p
o
ly
n
o
m
ia
l
o
f
co
rrela
tio
n
fu
n
ctio
n
s
o
f
�
eld
s
o
n
ly.
O
f

co
u
rse,
if
o
n
ly
g
en
era
to
rs
w
ere
p
resen
t
fro
m
th
e
sta
rt,
w
e
w
ill
en
d
u
p
w
ith
a
fu
n
ctio
n

o
f
a
ll
a
rg
u
m
en
ts
z
;w
;:::
co
n
ta
in
in
g
o
n
e-p
o
in
t
fu
n
ctio
n
s
a
n
d
<

>
=
1
.

W
e
n
ow
co
n
sid
er
th
e
m
a
p
fro
m
th
e
sp
a
ce
o
f
�
eld
s
to
th
e
v
ecto
rsp
a
ce
V
in
m
o
re

d
eta
il.
T
h
e
n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct
o
f
tw
o
�
eld
s
T
1
a
n
d
T
2
is
d
e�
n
ed
b
y
co
n
sid
erin
g

a
co
rrela
tio
n
fu
n
ctio
n
<
T
1 (z
)T
2 (w
)
X

>
,
w
h
ere
X

d
en
o
tes
a
n
a
rb
itra
ry
seq
u
en
ce
o
f

o
p
era
to
rs,
a
n
d
ta
k
in
g
th
e
lim
it
o
f
z
g
o
in
g
to
w
a
fter
su
b
stra
ctin
g
a
ll
sin
g
u
la
r
term
s:

<
:
T
1 T
2
:
(w
)
X

>
=

lim
z
!

w

<  
T
1 (z
)T
2 (w
)� Xn

>
0

[T
1 T
2 ]n
(w
)

(z�
w
)
n !
X

>

:

(2
.3
.6
)

T
h
is
d
e�
n
itio
n
co
rresp
o
n
d
s
to
a
p
o
in
t-sp
littin
g
reg
u
la
risa
tio
n
p
rescrip
tio
n
.
In
th
e

ca
se
o
f
n
o
n
-m
ero
m
o
rp
h
ic
co
rrela
tio
n
fu
n
ctio
n
s,
ex
tra
fra
ctio
n
a
l
p
ow
ers
o
f
(z�
w
)
a
re

in
clu
d
ed
in
th
is
d
e�
n
itio
n
.
W
e
w
ill
n
o
t
trea
t
th
is
ca
se
h
ere.
In
th
e
n
o
ta
tio
n
o
f
eq
.

(2
.3
.3
),
w
e
see
th
a
t
th
e
m
a
p
fro
m
th
e
sp
a
ce
o
f
th
e
�
eld
s
to
V
is
in
th
is
ca
se
g
iv
en
b
y
:

:
T
1 T
2
:!
[T
1 T
2 ]0
:

(2
.3
.7
)

In
fa
ct,
w
e
ca
n
u
se
th
e
sa
m
e
p
ro
ced
u
re
to
d
e�
n
e
a
ll
o
p
era
to
rs
in
th
e
reg
u
la
r
p
a
rt
o
f

th
e
O
P
E
5

,
i.e.

< Xn
�

0
[T
1 T
2 ]n
(w
)

(z
�
w
)
n

X

>
=

<  
T
1 (z
)T
2 (w
)� Xn

>
0

[T
1 T
2 ]n
(w
)

(z
�
w
)
n !
X

>

:

(2
.3
.8
)

4
In
fa
ct,
th
is
is
o
n
ly
v
a
lid
w
h
en
th
e
co
rrela
tio
n
fu
n
ctio
n
is
zero
a
t
in
�
n
ity,
i.e
.
w
h
en
n
o
ex
tra

co
n
sta
n
t
a
p
p
ea
rs,
see
th
e
d
iscu
ssio
n
a
t
th
e
en
d
o
f
th
e
p
rev
io
u
s
sectio
n
.

5
It
is
su
�
cien
t
to
d
e�
n
e
a
n
o
p
era
to
r
A

b
y
sp
ecify
in
g
a
ll
co
rrela
to
rs
<

A
(z
)
X

>
.
C
ro
ssin
g

sy
m
m
etry
o
f
th
e
co
rrela
to
rs
g
iv
es
th
en
<
X
A
(z
)
Y
>
,
w
h
ere
X

a
n
d
Y
sta
n
d
fo
r
a
rb
itra
ry
seq
u
en
ces

o
f
o
p
era
to
rs.

T
h
e
d
e�
n
itio
n
(2
.3
.8
)
im
p
lies
th
a
t
co
rrela
tio
n
fu
n
ctio
n
s
ca
n
b
e
co
m
p
u
ted
b
y
su
b
sti-

tu
tin
g
fo
r
tw
o
o
p
era
to
rs
th
eir
co
m
p
lete
O
P
E
.
W
e
w
rite:

<
T
1 (z
1 )T
2 (z
2 )
X

>
=
<
[T
1 (z
1 )T
2 (z
2 )]
X

>

:

(2
.3
.9
)

In
th
is
w
ay,
a
n
O
P
E
is
n
o
w
a
n
id
en
tity
b
etw
een
tw
o
b
ilo
ca
l
o
p
era
to
rs.

B
eca
u
se
o
n
e-p
o
in
t
fu
n
ctio
n
s
a
re
co
n
sta
n
ts
a
n
d
w
e
a
ssu
m
ed
th
a
t
co
rrela
to
rs
h
a
v
e

n
o
sin
g
u
la
rity
a
t
in
�
n
ity,
th
e
d
e�
n
itio
n
(2
.3
.8
)
im
p
lies:

<
[T
1 (z
)T
2 (w
)]n
>
=

0
;

8
n
<
0
:

(2
.3
.1
0
)

If
a
ll
�
eld
s
in
th
e
co
rrela
tio
n
fu
n
ctio
n
eq
.
(2
.3
.9
)
a
re
sy
m
m
etry
g
en
era
to
rs,
w
e

en
d
u
p
w
ith
o
n
e-p
o
in
t
fu
n
ctio
n
s
<
T
i (z
)
>
.
T
h
ese
ca
n
o
f
co
u
rse
n
o
t
b
e
co
m
p
u
ted

in
th
e
O
P
E
fo
rm
a
lism
.
A
s
in
�
n
ite
su
m
s
a
re
in
v
o
lv
ed
,
o
n
e
sh
o
u
ld
p
ay
a
tten
tio
n

to
co
n
v
erg
en
ce,
w
h
ich
w
ill
in
g
en
era
l
o
n
ly
b
e
a
ssu
red
w
h
en
certa
in
in
eq
u
a
lities
a
re

o
b
ey
ed
in
v
o
lv
in
g
th
e
z
i .
H
ow
ev
er,
th
e
resu
lt
sh
o
u
ld
b
e
a
m
ero
m
o
rp
h
ic
fu
n
ctio
n
w
ith

p
o
les
in
(z
i �
z
j ).
S
o
a
n
a
ly
tic
co
n
tin
u
a
tio
n
ca
n
b
e
u
sed
.

T
h
e
d
e�
n
itio
n
(2
.3
.8
)
g
iv
es
th
e
sa
m
e
resu
lts
a
s
th
e
stra
ig
h
tfo
rw
a
rd
a
p
p
lica
tio
n

o
f
th
e
W
a
rd
id
en
tities
eq
.
(2
.3
.5
).
T
h
is
w
ill
b
e
p
ro
v
ed
in
th
e
n
ex
t
su
b
sectio
n
a
fter

d
eterm
in
in
g
th
e
co
n
sisten
cy
req
u
irem
en
ts
o
n
th
e
O
P
E
s.

2
.3
.2

C
o
n
siste
n
c
y
c
o
n
d
itio
n
s
fo
r
O
P
E
s

In
th
is
su
b
sectio
n
,
w
e
d
eterm
in
e
th
e
co
n
sisten
cy
req
u
irem
en
ts
o
n
th
e
O
P
E
s
b
y
co
n
-

sid
erin
g
(co
n
to
u
r
in
teg
ra
ls
o
f)
co
rrela
to
rs.
W
e
�
rst
list
th
e
p
ro
p
erties
o
f
co
rrela
tio
n

fu
n
ctio
n
s
u
sed
in
su
b
sectio
n
2
.2
.2
:

A
s
s
u
m
p
t
io
n
2
.3
.1
T
h
e
co
rrela
to
rs
h
a
ve
th
e
fo
llo
w
in
g
p
ro
perties:

�
tra
n
sla
tio
n
a
n
d
sca
lin
g
in
va
ria
n
ce

�
n
o
sin
gu
la
rity
a
t
in
�
n
ity

�
th
e
co
rrela
tio
n
fu
n
ctio
n
s
in
vo
lvin
g
a
ch
ira
l
sy
m
m
etry
gen
era
to
r
W
(z
)
a
re
m
ero
-

m
o
rp
h
ic
fu
n
ctio
n
s
in
z

�
cro
ssin
g
sy
m
m
etry

W
e
n
ow
su
p
p
o
se
th
a
t
th
ere
is
a
m
a
p
fro
m
th
e
sp
a
ce
o
f
�
eld
s
o
f
th
e
co
n
fo
rm
a
l
�
eld

th
eo
ry
to
a
v
ecto
rsp
a
ce
V
.
A
Z
2
g
ra
d
in
g
in
V
sh
o
u
ld
ex
ist,
co
rresp
o
n
d
in
g
to
b
o
so
n
ic

a
n
d
ferm
io
n
ic
o
p
era
to
rs.
W
e
d
en
o
te
it
w
ith
jAj.
T
h
ere
is
a
n
ev
en
lin
ea
r
m
a
p
@
fro
m

V
to
V
,
a
n
d
a
seq
u
en
ce
o
f
b
ilin
ea
r
o
p
era
tio
n
s
fo
r
ev
ery
n
2
Z

w
h
ich
w
e
d
en
o
te
b
y

[A
B
]n
,
see
eq
.
(2
.3
.3
).
F
o
r
n
>
0
th
e
b
ilin
ea
r
o
p
era
tio
n
s
a
re
d
e�
n
ed
in
eq
.
(2
.3
.4
).

W
e
req
u
ire
th
a
t
co
rrela
tio
n
fu
n
ctio
n
s
ca
n
b
e
co
m
p
u
ted
b
y
su
b
stitu
tin
g
th
e
co
m
p
lete

O
P
E
a
s
d
o
n
e
fo
r
eq
.
(2
.3
.9
).
F
ro
m

th
is
d
e�
n
itio
n
,
w
e
d
eterm
in
e
th
e
p
ro
p
erties
o
f

1
2



2
.3
.
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s

th
ese
m
a
p
s.
In
th
e
rem
a
in
d
er
o
f
th
is
su
b
sectio
n
X

a
n
d
Y
d
en
o
te
a
rb
itra
ry
seq
u
en
ces

o
f
o
p
era
to
rs.

W
e
�
rst
d
eterm
in
e
[@
A
B
]n
b
y
req
u
irin
g
th
a
t
@
co
rresp
o
n
d
s
to
th
e
d
eriv
a
tiv
e
o
n

th
e
�
eld
s.
B
eca
u
se
w
e
h
a
v
e:

<
X

@
A
(z
)
Y
>
=

dd
z
<
X

A
(z
)Y
>
;

(2
.3
.1
1
)

w
e
�
n
d
th
a
t
th
e
O
P
E
@
A
(z
)B
(w
)
is
g
iv
en
b
y
ta
k
in
g
th
e
d
eriva
tiv
e
o
f
th
e
O
P
E

A
(z
)B
(w
)
w
ith
resp
ect
to
z
:

@
A
(z
)B
(w
)
=

Xn
<
=
h
(A
;B
) �
n

[A
B
]n
(w
)

(z
�
w
)
n
+
1
;

(2
.3
.1
2
)

a
n
d
h
en
ce:

[@
A
B
]n
+
1
=
�
n
[A
B
]n
:

(2
.3
.1
3
)

T
h
is
eq
u
a
tio
n
en
a
b
les
u
s
to
w
rite
a
ll
th
e
term
s
in
th
e
reg
u
la
r
p
a
rt
in
term
s
o
f
n
o
rm
a
l

o
rd
ered
o
p
era
to
rs:

[A
B
]
�

n

=

1n
!

:
(@
nA

)
B
:;

n
2
N

:

(2
.3
.1
4
)

B
y
a
p
p
ly
in
g
d
eriva
tiv
es
w
ith
resp
ect
to
w
w
e
�
n
d
:

[A
@
B
]n
+
1
=
n
[A
B
]n
+
@
[A
B
]n
+
1
:

(2
.3
.1
5
)

W
e
n
o
w
in
v
estig
a
te
th
e
co
n
seq
u
en
ces
o
f
th
e
cro
ssin
g
sy
m
m
etry
o
f
th
e
co
rrela
to
rs.

F
irst,
co
n
sid
er
a
co
rrela
to
r
<
A
(z
)B
(w
)
X

>
.
A
s
X

is
co
m
p
letely
a
rb
itra
ry,
w
e

see
th
a
t
th
e
O
P
E
A
(z
)B
(w
)
m
u
st
b
e
eq
u
a
l
to
th
e
O
P
E
(�
1
)
jA
j
jB
jB

(w
)A
(z
).
L
o
o
k
in
g

a
t
eq
.
(2
.3
.3
)
fo
r
b
o
th
O
P
E
s,
o
n
e
sees
th
a
t
a
T
a
y
lo
r
ex
p
a
n
sio
n
o
f
[A
B
]n
(z
)
a
ro
u
n
d

w
h
a
s
to
b
e
p
erfo
rm
ed
to
co
m
p
a
re
th
e
O
P
E
s.
T
h
e
resu
lt
is:

[B
A
]q
=
(�
1
)
jA
j
jB
j Xl

�

q

(�
1
)
l

(l�
q
)! @

(l
�

q
)[A
B
]l

(2
.3
.1
6
)

fo
r
a
rb
itra
ry
q
.

In
t
e
r
m
e
z
z
o
2
.3
.1

E
q
.
(2
.3
.1
6
)
lea
d
s
to
a
co
n
sisten
cy
eq
u
a
tio
n
w
h
en
A
=
B
:

[A
A
]q
=
� Xl>

0

(�
1
)
l

2
l!
@
l[A
A
]q
+
l

ifjAj
+
q
o
d
d
;

(2
.3
.1
7
)

w
h
ere
w
e
sh
ifted
th
e
su
m
m
a
tio
n
in
d
ex
l
ov
er
q
w
ith
resp
ect
to
eq
.
(2
.3
.1
6
).
If
A

is

b
o
so
n
ic
(ferm
io
n
ic),
th
is
rela
tio
n
d
eterm
in
es
a
n
o
d
d
(ev
en
)
p
o
le
o
f
th
e
O
P
E
A
(z
)A
(w
)

in
term
s
o
f
d
eriva
tiv
es
o
f
th
e
h
ig
h
er
p
o
les,
a
n
d
th
u
s
in
term
s
o
f
th
e
h
ig
h
er
ev
en
(o
d
d
)

p
o
les.
W
e
ca
n
w
rite:

[A
A
]q
= Xk�

0
a
k
@
2
k
+
1[A
A
]q
+
2
k
+
1
;

w
h
ere
th
e
co
n
sta
n
ts
a
k

sa
tisfy
th
e
fo
llo
w
in
g
recu
rsio
n
rela
tio
n
:

a
k

=

12  
1

(2
k
+
1
)! � X0�

l<
k

a
l

(2
k�
2
l)! !
;

w
h
ich
ca
n
b
e
so
lv
ed
b
y
u
sin
g
th
e
g
en
era
tin
g
fu
n
ctio
n
:

f
(x
)
= Xk�

0
a
k
x
2
k

=

ta
n
h
(x
=
2
)

x

;

fo
r
w
h
ich
th
e
T
ay
lo
r
ex
p
a
n
sio
n
is
w
ell
k
n
o
w
n
.
H
en
ce:

a
k

=
2
B
2
k
+
2
2
2
k
+
2�
1

(2
k
+
2
)!
;

w
h
ere
B
n

a
re
th
e
B
ern
o
u
lli
n
u
m
b
ers.
T
h
e
�
rst
va
lu
es
in
th
is
series
a
re:

a
0
=

12
;
a
1
=
�
12

4
;
a
2
=

1
2
4
0
;
a
3
=
�
1
7

4
0
3
2
0
:

A
p
p
ly
in
g
th
e
ru
le
(2
.3
.1
7
)
fo
r
q
=

0
a
n
d
A

ferm
io
n
ic,
ex
p
resses
th
e
n
o
rm
a
l
o
rd
ered

p
ro
d
u
ct
o
f
a
ferm
io
n
ic
�
eld
w
ith
itself
in
term
s
o
f
th
e
o
p
era
to
rs
o
ccu
rin
g
in
th
e
sin
g
u
la
r

p
a
rt
o
f
its
O
P
E
w
ith
itself.
A
n
ex
a
m
p
le
is
fo
u
n
d
in
th
e
N

=
1
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
.

T
h
is
a
lg
eb
ra
co
n
ta
in
s
a
su
p
ersy
m
m
etry
g
en
era
to
r
G
w
h
ich
h
a
s
th
e
fo
llow
in
g
O
P
E
:

G
(z
)G
(w
)
=

2
c=
3

(z�
w
)
3

+

2
T
(w
)

(z�
w
)
+
O
(z�
w
)
0
:

A
p
p
ly
in
g
th
e
a
b
ov
e
fo
rm
u
la
s,
w
e
�
n
d
:[G

G
]0
=
@
T
:

It
is
clea
r
th
a
t
eq
.
(2
.3
.1
6
)
sh
ow
s
th
a
t
(d
ro
p
p
in
g
sig
n
fa
cto
rs):

<
[[A
(z
)B
(w
)]
C
(u
)]
X

>
O
P
E

=

<
[[B
(w
)A
(z
)]
C
(u
)]
X

>
O
P
E

=

<
[C
(u
)
[A
(z
)B
(w
)]]
X

>
O
P
E

:

(2
.3
.1
8
)

T
h
is
d
o
es
n
o
t
y
et
p
ro
v
e
th
a
t
th
e
co
rrela
to
r
is
cro
ssin
g
sy
m
m
etric.
In
d
eed
,
fo
r
th
is

w
e
a
lso
n
eed
(d
ro
p
p
in
g
a
rg
u
m
en
ts
a
s
w
ell):

<
[[A
B
]C
]
X

>
O
P
E

=
<
[[C
A
]B
]
X

>
O
P
E

:

(2
.3
.1
9
)

1
3



C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

W
e
see
th
a
t
cro
ssin
g
ssy
m
m
etry
im
p
lies
\
a
sso
cia
tiv
ity
"
o
f
th
e
O
P
E
s:
th
e
o
rd
er
in

w
h
ich
th
e
O
P
E
s
a
re
su
b
stitu
ted
sh
o
u
ld
b
e
irreleva
n
t.
T
h
is
p
u
ts
v
ery
strin
g
en
t
co
n
-

d
itio
n
s
o
n
th
e
O
P
E
s.
T
h
ese
co
n
d
itio
n
s
a
re
m
o
st
ea
sily
d
eriv
ed
b
y
u
sin
g
co
n
to
u
r

in
teg
ra
ls
o
f
co
rrela
to
rs.
In
d
eed
,
w
e
ca
n
iso
la
te
th
e
co
n
trib
u
tio
n
o
f
a
certa
in
p
a
rt
o
f

th
e
O
P
E
b
y
ta
k
in
g
a
p
p
ro
p
ria
te
co
n
to
u
r
in
teg
ra
ls:

<
[A
[B
C
]p ]q (u
)
X

>
= I

C
u

d
z

2
�
i

(z�
u
)
q
�

1

I
C
u

d
w

2
�
i

(w
�
u
)
p
�

1

<
A
(z
)B
(w
)C
(u
)
X

>
;

(2
.3
.2
0
)

w
h
ere
C
u

d
en
o
tes
a
co
n
to
u
r
w
h
ich
en
circles
u
o
n
ce
a
n
ti-clo
ck
w
ise,
n
o
t
in
clu
d
in
g

a
n
y
o
th
er
p
o
in
ts
in
v
o
lv
ed
in
th
e
co
rrela
to
r.
W
e
ca
n
n
ow
u
se
a
co
n
to
u
r
d
efo
rm
a
tio
n

a
rg
u
m
en
t
rela
tin
g
th
e
co
n
to
u
r
in
teg
ra
l
in
eq
.
(2
.3
.2
0
)
to
a
co
n
to
u
r
in
teg
ra
l
w
h
ere

th
e
in
teg
ra
tio
n
o
v
er
w
is
p
erfo
rm
ed
la
st,
see
�
g
.
2
.1
.
T
h
is
in
teg
ra
l
h
a
s
tw
o
term
s:

o
n
e
w
h
ere
th
e
z
co
n
to
u
r
is
a
ro
u
n
d
u
(co
rresp
o
n
d
in
g
to
th
e
co
rrela
to
r
(�
1
)
jA
j
jB
j

<

[B
[A
C
]]
X

>
,
a
n
d
o
n
e
w
h
ere
it
is
a
ro
u
n
d
w
(<
[[A
B
]C
]
X

>
).
U
sin
g
th
e
d
e�
n
itio
n

F
ig
u
re
2
.1
:
C
o
n
to
u
r
d
efo
rm
a
tio
n
s

(2
.3
.3
)
fo
r
th
e
O
P
E
s,
a
n
d
C
a
u
ch
y
's
resid
u
e
fo
rm
u
la
fo
r
co
n
to
u
r
in
teg
ra
ls,
w
e
a
rriv
e

a
t:

[A
[B
C
]p ]q
=
(�
1
)
jA
j
jB
j[B

[A
C
]q ]p
+ Xl>

0 �
q�
1

l�
1 �

[[A
B
]l C
]p
+
q
�

l :

(2
.3
.2
1
)

A
seco
n
d
eq
u
a
tio
n
fo
llow
s
in
th
e
sa
m
e
m
a
n
n
er
b
y
in
terch
a
n
g
in
g
th
e
ro
le
o
f
z
a
n
d
w

in
�
g
.
2
.1
a
n
d
b
rin
g
in
g
th
e
seco
n
d
co
n
to
u
r
in
teg
ra
l
o
f
th
e
rh
s
o
f
eq
.
(2
.3
.2
0
)
to
th
e

left:

[A
[B
C
]p ]q

=

(�
1
)
jA
j
jB
j  

[B
[A
C
]q ]p � Xl>

0 �
p�
1

l�
1 �

[[B
A
]l C
]p
+
q
�

l !
:

(2
.3
.2
2
)

B
o
th
eq
s.
(2
.3
.2
1
),(2
.3
.2
2
)
h
av
e
to
b
e
sa
tis�
ed
fo
r
a
n
y
p
;q2
Z
. 6

S
im
ila
rly,
b
y
sta
rtin
g
w
ith
:

<
[[A
B
]p
C
]q (u
)
X

>
= I

C
u

d
w

2
�
i

(w
�
u
)
q
�

1

I
C
w

d
z

2
�
i

(z�
w
)
p
�

1

<
A
(z
)B
(w
)C
(u
)
X

>
;

(2
.3
.2
3
)

a
n
d
u
sin
g
th
e
sa
m
e
co
n
to
u
r
d
efo
rm
a
tio
n
o
f
�
g
.
2
.1
,
b
u
t
n
o
w
w
ith
th
e
�
rst
term

o
f

th
e
rh
s
b
ro
u
g
h
t
to
th
e
left,
w
e
g
et:

[[A
B
]p
C
]q

=

Xl
�

q (�
1
)
q
�

l �
p�
1

l�
q �

[A
[B
C
]l ]p
+
q
�

l �

(2
.3
.2
4
)

(�
1
)
jA
j
jB
j Xl>

0 (�
1
)
p
�

l �
p�
1

l�
1 �
[B
[A
C
]l ]p
+
q
�

l
:

w
h
ich
h
a
s
a
g
a
in
to
b
e
sa
tis�
ed
fo
r
a
ll
p
;q2
Z
.

E
q
.
(2
.3
.1
6
)
a
n
d
eq
.
(2
.3
.2
1
)
fo
r
q
=

0
�
rst
a
p
p
ea
red
in
[5
]
w
h
ere
th
ey
w
ere

d
eriv
ed
u
sin
g
th
e
m
o
d
e
a
lg
eb
ra
a
sso
cia
ted
to
O
P
E
s
(see
sectio
n
2
.4
).
In
[1
8
6],
co
n
to
u
r

d
efo
rm
a
tio
n
a
rg
u
m
en
ts
w
ere
u
sed
to
�
n
d
eq
.
(2
.3
.2
1
)
a
n
d
a
n
eq
u
a
tio
n
rela
ted
to
eq
.

(2
.3
.2
2
)
fo
r
restricted
ra
n
g
es
o
f
p
;
q.
R
eferen
ce
[1
8
6
]
a
lso
co
n
ta
in
s
eq
.
(2
.3
.2
4
)
fo
r

q
>
1
.

A
t
th
is
p
o
in
t,
w
e
fo
u
n
d
th
e
co
n
d
itio
n
s
o
n
th
e
O
P
E
s
o
f
th
e
o
p
era
to
rs
in
V
su
ch
th
a
t

w
e
�
n
d
\
co
rrela
tio
n
fu
n
ctio
n
s"
w
h
ich
sa
tisfy
th
e
a
ssu
m
p
tio
n
s
2
.3
.1
.
W
e
still
n
eed

to
sh
ow
th
a
t
th
is
p
ro
ced
u
re
in
d
eed
g
iv
es
th
e
co
rrela
tio
n
fu
n
ctio
n
s
o
f
th
e
co
n
fo
rm
a
l

�
eld
th
eo
ry
w
e
sta
rted
w
ith
,
i.e.
th
a
t
w
e
�
n
d
co
rrela
tio
n
fu
n
ctio
n
s
w
h
ich
sa
tisfy
th
e

W
a
rd
id
en
tities
o
f
th
e
th
eo
ry.
B
efo
re
p
ro
ceed
in
g
,
w
e
p
rov
e
th
e
fo
llow
in
g
lem
m
a
:

L
e
m
m
a
2
.3
.1
T
h
e
a
ssocia
tivity
co
n
d
itio
n
eq.
(2
.3
.2
1
)
fo
r
strictly
po
sitive
q
ca
n
be

rew
ritten
a
s:

A
(z
)[B
(w
)C
(u
)]
=
(�
1
)
jA
j
jB
j �
B
(w
)A
(z
)C
(u
) �
+ �
A
(z
)B
(w
)C
(u
) �

fo
r
jw
�
uj
<
jz�
uj.

P
r
o
o
f
:

T
h
e
p
ro
o
f
o
f
th
is
lem
m
a
is
in
so
m
e
sen
se
th
e
rev
erse
o
f
th
e
d
eriva
tio
n
o
f
eq
.
(2
.3
.2
1
).

W
e
m
u
ltip
ly
eq
.
(2
.3
.2
1
)
w
ith
(z�
u
)
q(w
�
u
)
p
a
n
d
su
m
fo
r
p
a
n
d
q
ov
er
th
e
a
p
p
ro
p
ria
te

ra
n
g
es.
A
fter
su
b
stra
ctin
g
th
e
resu
lt
fro
m

th
e
p
ro
p
o
sitio
n
o
f
th
is
lem
m
a
,
w
e
n
eed
to

6
S
ee
a
p
p
en
d
ix
2
.A
fo
r
th
e
ex
ten
d
ed
d
e�
n
itio
n
o
f
th
e
b
in
o
m
ia
l
co
e�
cien
ts.
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2
.3
.
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s

p
ro
v
e:

�
A
(z
)B
(w
)C
(u
) �
=

Xq
>
0 X
p

(z�
u
) �
q(w
�
u
) �
p Xl>

0 �
q�
1

l�
1 �
[[A
B
]l C
]p
+
q�
l (u
)
:

D
u
e
to
th
e
b
in
o
m
ia
l
co
e�
cien
t,
a
n
d
b
eca
u
se
q
is
strictly
p
o
sitiv
e,
th
e
su
m
ov
er
l
is
fro
m

o
n
e
to
q.
C
a
ll
r
=
p
+
q�
l
a
n
d
s
=
q�
l.
W
e
�
n
d
:

r
h
s

=

X
r Xl>
0

[[A
B
]l C
]r (u
)

 Xs�
0 �

l
+
s�
1

l�
1 �
(z�
u
) �
l�
s(w
�
u
) �
r
+
s !

=

X
r Xl>
0

(z�
u
) �
l(w
�
u
) �
r(1�
w
�
u

z�
u
) �
l[[A
B
]l C
]r (u
)
;

w
h
ich
is
ex
a
ctly
th
e
lh
s.
In
th
e
la
st
step
w
e
u
sed
th
e
T
ay
lo
r
ex
p
a
n
sio
n
o
f
(1�
x
) �
l

w
h
ich
o
n
ly
co
n
v
erg
es
fo
rjxj
<
1
.

T
h
e
W
a
rd
id
en
tities
h
av
e
th
e
fo
rm
(2
.2
.1
3
):

I
C

d
z

2
�
i "(z

)
<
[T
0 (z
)T
1
(z
1 )]���T
n
(z
n
)
>
=

I
C
1

d
z

2
�
i "(z

)
<
T
0 (z
)T
1 (z
1 )���T
n
(z
n
)
>
+
���

+ I
C
n

d
z

2
�
i "(z

)
<
T
0 (z
)T
1
(z
1 )���T
n
(z
n
)
>
;

(2
.3
.2
5
)

w
h
ere
th
e
co
n
tra
ctio
n
s
co
rresp
o
n
d
b
y
d
e�
n
itio
n
to
th
e
tra
n
sfo
rm
a
tio
n
g
en
era
ted
b
y

T
0
o
f
th
e
�
eld
T
i ,
eq
.
(2
.3
.4
).
T
h
e
co
n
to
u
r
C

su
rro
u
n
d
s
z
1 ���z
n

o
n
ce
in
th
e
a
n
ti-

clo
ck
w
ise
d
irectio
n
,
w
h
ile
th
e
co
n
to
u
rs
C
i
en
circle
o
n
ly
z
i .
"(z
)
is
a
n
a
ly
tic
in
a
reg
io
n

co
n
ta
in
in
g
C
.

T
h
e
o
r
e
m

2
.3
.1
T
h
e
W
a
rd
id
en
tities
eq.
(2
.3
.2
5
)
a
re
sa
tis�
ed
fo
r
co
rrela
tio
n
fu
n
c-

tio
n
s
w
h
ich
w
e
co
m
p
u
te
by
su
bstitu
tin
g
tw
o
o
pera
to
rs
w
ith
th
eir
co
m
p
lete
O
P
E
.

P
r
o
o
f
:

T
h
e
(n
+
1
)-p
o
in
t
fu
n
ctio
n
<
T
0 (z
)T
1 (z
1 )���T
n
(z
n
)
>
h
a
s
o
n
ly
p
o
les
in
z
w
h
en
z
=
z
i .

W
e
w
ill
u
se
th
is
to
d
efo
rm
th
e
co
n
to
u
r
C
.

S
u
p
p
o
se
th
a
t
th
e
th
eo
rem

h
o
ld
s
fo
r
n
-p
o
in
t
fu
n
ctio
n
s.
W
e
rea
rra
n
g
e
th
e
o
p
era
to
rs
T
i

su
ch
th
a
tjz
1 �
z
2 j
is
sm
a
ller
th
a
n
a
ll
o
th
erjz
i �
z
j j.
W
e
su
b
stitu
te
T
1
(z
1 )T
2 (z
2 )
b
y

th
eir
O
P
E
.
T
h
en
w
e
h
av
e
to
co
m
p
u
te
a
n
-p
o
in
t
fu
n
ctio
n
.

W
e
n
ow
sp
lit
th
e
co
n
to
u
r
C

in
a
co
n
to
u
r
C
02
a
n
d
th
e
co
n
to
u
rs
C
i ,
i
>

2
,
u
sed
in
eq
.

(2
.3
.2
5
).
C
02
en
circles
z
1
a
n
d
z
2 ,
b
u
t
n
o
o
th
er
z
i .
B
eca
u
se
o
f
th
e
rea
rra
n
g
em
en
t,
w
e
ca
n

ta
k
e
C
02
su
ch
th
a
t
fo
r
a
n
y
p
o
in
t
z
o
n
C
02 ,jz�
z
2 j
>
jz
1 �
z
2 j.
B
y
a
p
p
ly
in
g
th
e
recu
rsio
n

a
ssu
m
p
tio
n
w
e
�
n
d
:

I
C

d
z

2
�
i
"(z
)
<
T
0 (z
)T
1 (z
1 )���T
n
(z
n
)
>
=

I
C
02

d
z

2
�
i
"(z
)
<
T
0
(z
)[T
1 (z
1 ) T
2
(z
2 )]���T
n
(z
n
)
>

+ I
C
3

d
z

2
�
i
"(z
)
<
T
0 (z
)[T
1 (z
1 )T
2 (z
2 )]T
3
(z
3 )���T
n
(z
n
)
>
+
���

W
e
ca
n
n
ow
u
se
lem
m
a
2
.3
.1
fo
r
th
e
�
rst
term
o
f
th
e
r
h
s.
W
e
in
d
eed
�
n
d
th
e
r
h
s
o
f
eq
.

(2
.3
.2
5
).

W
e
co
m
m
en
t
o
n
w
h
en
a
co
rrela
tio
n
fu
n
ctio
n
ca
n
b
e
co
m
p
u
ted
b
y
ta
k
in
g
a
ll

co
n
tra
ctio
n
s,
w
h
ich
w
a
s
th
e
p
rescrip
tio
n
w
e
u
sed
to
d
e�
n
e
O
P
E
s
in
th
e
p
rev
io
u
s

su
b
sectio
n
,
see
eq
.
(2
.3
.5
).
C
o
m
p
u
tin
g
a
co
rrela
tio
n
fu
n
ctio
n
in
th
is
w
ay,
m
ea
n
s
th
a
t

w
e
d
ro
p
th
e
in
teg
ra
ls
in
th
e
W
a
rd
id
en
tity
eq
.
(2
.3
.2
5
).
T
h
is
ca
n
o
n
ly
b
e
d
o
n
e
if

a
ll
o
n
e-p
o
in
t
fu
n
ctio
n
s
<

[T
1 T
2 ]0
>

va
n
ish
(ex
cep
t
if
T
i
=

).
B
eca
u
se
o
f
sca
lin
g

in
va
ria
n
ce,
th
is
is
tru
e
w
h
en
a
ll
o
p
era
to
rs
(ex
cep
t

)
h
av
e
strictly
p
o
sitiv
e
d
im
en
sio
n
.

B
ow
co
ck
a
rg
u
ed
in
[3
4]
th
a
t
co
rrela
tio
n
fu
n
ctio
n
s
ca
n
b
e
co
m
p
u
ted
b
y
su
b
stitu
tin
g

th
e
co
m
p
lete
O
P
E
,
o
r
b
y
u
sin
g
co
n
tra
ctio
n
s.
H
is
a
rg
u
m
en
t
is
b
a
sed
o
n
th
e
cla
im

th
a
t
eq
.
(2
.3
.2
5
)
is
tru
e,
b
u
t
n
o
p
ro
o
f
is
g
iv
en
.

T
o
co
n
clu
d
e
th
is
su
b
sectio
n
,
w
e
w
ish
to
m
en
tio
n
th
a
t
W
ilso
n
O
p
era
to
r
P
ro
d
u
ct

E
x
p
a
n
sio
n
s
w
ere
a
lrea
d
y
u
sed
o
u
tsid
e
th
e
sco
p
e
o
f
tw
o
-d
im
en
sio
n
a
l
co
n
fo
rm
a
l
�
eld

th
eo
ry
[2
0
8,
1
9
1
].
H
ow
ev
er,
b
eca
u
se
th
e
co
n
sisten
cy
req
u
irem
en
ts
o
n
th
e
O
P
E
s
a
re

esp
ecia
lly
stro
n
g
in
tw
o
-d
im
en
sio
n
a
l
co
n
fo
rm
a
l
�
eld
th
eo
ry
(d
u
e
to
th
e
fa
ct
th
a
t
th
e

co
n
fo
rm
a
l
a
lg
eb
ra
h
a
s
in
�
n
ite
d
im
en
sio
n
),
it
is
th
ere
w
h
ere
th
e
fu
ll
p
ow
er
o
f
th
e

fo
rm
a
lism
co
m
es
to
fru
itio
n
.

2
.3
.3

O
p
e
ra
to
r
P
ro
d
u
c
t
A
lg
e
b
ra
s

W
e
ca
n
a
ssem
b
le
th
e
co
n
sisten
cy
co
n
d
itio
n
s
o
n
O
P
E
s
in
a
d
e�
n
itio
n
,
see
a
lso
[2
8,
9
6
].

D
e
�
n
it
io
n
2
.3
.1
A
n
O
pera
to
r
P
rod
u
ct
A
lgebra
(O
P
A
)
is
a
Z
2
gra
d
ed
vecto
rspa
ce
V

w
ith
elem
en
ts

;A
;B
;C
���,
a
n
even
lin
ea
r
m
a
p
@
,
a
n
d
a
bilin
ea
r
bin
a
ry
o
pera
tio
n
:

[:;:]l
:V


V
!
V
;

l2
Z

;

w
h
ich
is
zero
fo
r
l
su
�
cien
tly
la
rge.
T
h
e
fo
llo
w
in
g
p
ro
perties
h
o
ld
:

1
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C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

�
u
n
ity
:

[
A
]l
=
�
l
A

�
c
o
m
m
u
t
a
t
io
n
:
(eq.
(2
.3
.1
6
))

[B
A
]n
=
(�
1
)
jA
j
jB
j Xl

�

n

(�
1
)
l

(l�
n
)! @

(l
�

n
)[A
B
]l

8
n
2
Z

�
a
s
s
o
c
ia
t
iv
ity
:
(eq.
(2
.3
.2
1
))

[A
[B
C
]p ]q

=

(�
1
)
jA
j
jB
j[B

[A
C
]q ]p

+ Xl>
0 �

q�
1

l�
1 �
[[A
B
]l C
]p
+
q
�

l

8
p
;q2
Z

T
h
e
p
ro
p
erties
in
th
is
d
e�
n
itio
n
a
re
su
�
cien
t
to
reco
v
er
a
ll
co
n
sisten
cy
co
n
d
itio
n
s

o
f
th
e
p
rev
io
u
s
su
b
sectio
n
.
U
sin
g
@
A
=
[A

]1
a
n
d
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
,
th
e

eq
u
a
tio
n
s
fo
r
O
P
E
s
o
f
d
eriv
a
tiv
es
(2
.3
.1
3
,2
.3
.1
5
)
fo
llo
w
.
S
im
ila
rly,
th
e
o
th
er
a
sso
-

cia
tiv
ity
co
n
d
itio
n
s
(2
.3
.2
2
)
a
n
d
(2
.3
.2
4
)
ca
n
b
e
d
eriv
ed
fro
m

th
e
p
ro
p
erties
o
f
a
n

O
P
A
.

A
n
a
ltern
a
tiv
e
d
e�
n
itio
n
w
o
u
ld
b
e
to
im
p
o
se
eq
s.
(2
.3
.1
3
,
2
.3
.1
5
),
req
u
irin
g
th
e

a
sso
cia
tiv
ity
co
n
d
itio
n
eq
.
(2
.3
.2
1
)
o
n
ly
fo
r
p
;q
�
0
.
O
n
e
th
en
u
su
a
lly
co
n
sid
ers

eq
.
(2
.3
.2
1
)
fo
r
p
o
r
q
eq
u
a
l
to
zero
a
s
b
ein
g
th
e
d
e�
n
itio
n
o
f
h
o
w
w
e
ca
n
ca
lcu
la
te

O
P
E
s
o
f
n
o
rm
a
l
o
rd
ered
p
ro
d
u
cts.
T
h
e
set
o
f
co
n
sisten
cy
co
n
d
itio
n
s
eq
.
(2
.3
.2
1
)
fo
r

p
;q
>
0
h
a
s
th
en
to
b
e
ch
eck
ed
fo
r
a
ll
g
en
era
to
rs
o
f
th
e
O
P
A
.

In
so
m
e
ca
ses,
th
e
d
e�
n
itio
n
2
.3
.1
is
to
o
stro
n
g
.
O
P
E
s
a
re
in
ten
d
ed
to
co
m
p
u
te

co
rrela
tio
n
fu
n
ctio
n
s.
It
is
p
o
ssib
le
th
a
t
th
ere
a
re
so
m
e
�
eld
s
in
th
e
th
eo
ry
w
h
ich

h
av
e
v
a
n
ish
in
g
co
rrela
to
rs
w
ith
a
ll
o
th
er
�
eld
s.
T
h
ese
n
u
ll
�
eld
s
sh
o
u
ld
b
e
ta
k
en
in
to

a
cco
u
n
t
in
th
e
d
e�
n
itio
n
o
f
a
n
O
P
A
.
In
d
eed
,
th
ey
co
u
ld
o
ccu
r
in
ev
ery
co
n
sisten
cy

eq
u
a
tio
n
fo
r
O
P
E
s
w
ith
o
u
t
a
�
ectin
g
th
e
resu
lts
fo
r
th
e
co
rrela
tio
n
fu
n
ctio
n
s.
W
e

n
eed
a
n
a
lg
eb
ra
ic
d
e�
n
itio
n
o
f
a
n
u
ll
�
eld
.
F
ro
m

th
e
w
a
y
w
e
co
m
p
u
te
co
rrela
to
rs

u
sin
g
O
P
E
s,
w
e
see
th
a
t
if
N

is
a
n
u
ll
�
eld
,
[N
A
]n
sh
o
u
ld
b
e
a
g
a
in
a
n
u
ll
�
eld
,
fo
r

a
n
y
A
2
V
a
n
d
n
2
Z
.
If
th
is
w
o
u
ld
n
o
t
b
e
tru
e,
w
e
co
u
ld
w
rite
d
ow
n
a
n
o
n
va
n
ish
in
g

co
rrela
to
r
w
ith
N
.
W
e
see
th
a
t
th
e
n
u
ll
�
eld
s
fo
rm
a
n
id
ea
l
in
th
e
O
P
A
.

D
e
�
n
it
io
n
2
.3
.2
C
o
n
sid
er
a
n
O
P
A
a
s
d
e�
n
ed
in
d
ef.
2
.3
.1
.
S
u
p
po
se
th
ere
is
a
n

id
ea
l
N
in
th
e
O
P
A
,
w
h
o
se
elem
en
ts
w
e
ca
ll
n
u
ll
o
pera
to
rs
(o
r
n
u
ll
�
eld
s).
W
e

exten
d
th
e
d
e�
n
itio
n
o
f
a
n
O
P
A
to
a
lgebra
s
w
h
ere
th
e
d
e�
n
in
g
p
ro
perties
a
re
o
n
ly

sa
tis�
ed
u
p
to
elem
en
ts
o
fN
.

T
h
is
ex
ten
sio
n
o
f
th
e
d
e�
n
itio
n
o
f
a
n
O
P
A
w
a
s
n
o
t
co
n
sid
ered
in
[2
8
,
9
6
].

It
is
in
g
en
era
l
d
i�
cu
lt
to
ch
eck
if
w
e
ca
n
co
n
sid
er
a
n
o
p
era
to
r
N

to
b
e
n
u
ll.
W
e

d
o
n
o
t
w
a
n
t
th
a
t

2
N
,
b
eca
u
se
th
en
a
ll
o
p
era
to
rs
a
re
n
u
ll.
H
en
ce,
a
n
ecessa
ry

co
n
d
itio
n
fo
r
N

to
b
e
n
u
ll
is
th
a
t
w
e
ca
n
�
n
d
n
o
o
p
era
to
r
A
in
V
su
ch
th
a
t
[N
A
]n
�

(fo
r
so
m
e
n
).
U
su
a
lly,
th
is
is
reg
a
rd
ed
a
s
a
su
�
cien
t
co
n
d
itio
n
,
b
eca
u
se
o
n
e

g
en
era
lly
w
o
rk
s
w
ith
�
eld
s
o
f
strictly
p
o
sitiv
e
co
n
fo
rm
a
l
d
im
en
sio
n
.
D
u
e
to
th
e

sca
lin
g
in
va
ria
n
ce
o
f
th
e
co
rrela
tio
n
fu
n
ctio
n
s,
a
ll
o
n
e-p
o
in
t
fu
n
ctio
n
s
a
re
th
en
zero
,

ex
cep
t
<

>
.
S
o
,
in
th
is
ca
se,
a
n
y
�
eld
w
h
ich
d
o
es
n
o
t
p
ro
d
u
ce
th
e
id
en
tity
o
p
era
to
r

in
so
m
e
O
P
E
h
a
s
zero
co
rrela
tio
n
fu
n
ctio
n
s.

2
.3
.4

O
P
A
{
te
rm
in
o
lo
g
y

In
th
is
su
b
sectio
n
,
w
e
in
tro
d
u
ce
so
m
e
term
in
o
lo
g
y
w
h
ich
is
co
n
tin
u
a
lly
u
sed
in
th
e

rest
o
f
th
is
w
o
rk
.

D
e
�
n
it
io
n
2
.3
.3
W
e
ca
ll
A
a
co
m
p
o
site
o
p
era
to
r
if
it
is
equ
a
l
to
[B
C
]0 ,
fo
r
so
m
e

B
;C
6=
,
excep
t
w
h
en
B

is
equ
a
l
to
C

a
n
d
ferm
io
n
ic.

T
h
e
co
n
d
itio
n
w
h
en
B

=

C

in
th
is
d
e�
n
itio
n
co
m
es
fro
m

th
e
co
n
sid
era
tio
n
s
in

in
term
ezzo
2
.3
.1
.

D
e
�
n
it
io
n
2
.3
.4
A
set
o
f
o
pera
to
rs
is
sa
id
to
g
en
era
te
th
e
O
P
A
if
a
ll
elem
en
ts
o
f

V
ca
n
be
co
n
stru
cted
by
u
sin
g
a
d
d
itio
n
,
sca
la
r
m
u
ltip
lica
tio
n
,
d
eriva
tio
n
a
n
d
ta
kin
g

co
m
po
sites.

D
e
�
n
it
io
n
2
.3
.5
A
V
ira
so
ro
o
pera
to
r
T
h
a
s
th
e
fo
llo
w
in
g
n
o
n
-zero
po
les
in
its
O
P
E

(2
.3
.2
):

[T
T
]4
=
c2

;

[T
T
]2
=
2
T
;

[T
T
]1
=
@
T
:

D
e
�
n
it
io
n
2
.3
.6
A
n
o
pera
to
r
A
is
a
sca
lin
g
o
pera
to
r
w
ith
respect
to
T
,
w
ith
(co
n
-

fo
rm
a
l)
d
im
en
sio
n
h
if:

[T
A
]2
=
h
A
;

[T
A
]1
=
@
A
:

A
q
u
a
sip
rim
a
ry
o
pera
to
r
is
a
sca
lin
g
o
pera
to
r
w
ith
in
a
d
d
itio
n
[T
A
]3
=
0
.

A
p
rim
a
ry
o
pera
to
r
is
a
sca
lin
g
o
pera
to
r
w
ith
in
a
d
d
itio
n
[T
A
]n
=
0
fo
r
n
�
3
.

A

co
n
fo
rm
a
l
O
P
A

is
a
n
O
P
A
w
ith
a
V
ira
so
ro
T
.
A
ll
o
th
er
o
pera
to
rs
o
f
th
e
O
P
A

(excep
t

)
a
re
requ
ired
to
be
sca
lin
g
o
pera
to
rs
w
ith
respect
to
T
.

In
t
e
r
m
e
z
z
o
2
.3
.2

A
s
a
n
a
p
p
lica
tio
n
o
f
th
e
a
b
ov
e
d
e�
n
itio
n
s,
w
e
w
ish
to
sh
ow
th
a
t
w
h
en
A
a
n
d
B
,
w
ith

d
im
en
sio
n
a
a
n
d
b,
a
re
sca
lin
g
o
p
era
to
rs
w
ith
resp
ect
to
T

th
en
[A
B
]n
is
a
sca
lin
g

o
p
era
to
r
w
ith
d
im
en
sio
n
a
+
b�
n
.
L
et
u
s
co
m
p
u
te
th
e
�
rst
o
rd
er
p
o
le
o
f
th
is
o
p
era
to
r

w
ith
T
u
sin
g
eq
.
(2
.3
.2
1
):

[T
[A
B
]n
]1

=

[A
[T
B
]1 ]n
+
[[T
A
]1 B
]n

=

[A
@
B
]n
+
[@
A
B
]n

=

@
[A
B
]n
;
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2
.3
.
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s

w
h
ere
w
e
u
sed
th
e
su
m
o
f
eq
.
(2
.3
.1
3
)
a
n
d
eq
.
(2
.3
.1
5
)
in
th
e
la
st
step
.
F
o
r
th
e
seco
n
d

o
rd
er
p
o
le
w
e
h
a
v
e:

[T
[A
B
]n
]2

=

[A
[T
B
]2 ]n
+
[[T
A
]2 B
]n
+
[[T
A
]1 B
]n
+
1

=

(a
+
b)[A
B
]n
+
[@
A
B
]n
+
1

=

(a
+
b�
n
)[A
B
]n
:

D
e
�
n
it
io
n
2
.3
.7
A
m
a
p
fro
m

th
e
O
P
A
to
th
e
h
a
lf-in
teger
n
u
m
bers
is
ca
lled
a
d
i-

m
en
sio
n
if
it
h
a
s
th
e
p
ro
perties:

d
im
(
)

=

0

d
im
(@
A
)

=

d
im
(A
)
+
1

d
im
([A
B
]l )

=

d
im
(A
)
+
d
im
(B
)�
l
:

If
su
ch
a
m
a
p
exists,
w
e
ca
ll
th
e
O
P
A
g
ra
d
ed
.

D
e
�
n
it
io
n
2
.3
.8
A

W
{
a
lgebra
is
a
co
n
fo
rm
a
l
O
P
A

w
h
ere
o
n
e
ca
n
�
n
d
a
set
o
f

gen
era
to
rs
w
h
ich
a
re
qu
a
sip
rim
a
ry
.

D
i�
eren
t
d
e�
n
itio
n
s
o
f
a
W
{
a
lg
eb
ra
ex
ist
in
th
e
litera
tu
re.
S
o
m
etim
es
o
n
e
req
u
ires

th
a
t
th
e
g
en
era
to
rs
a
re
p
rim
a
ry
(ex
cep
t
T

itself).
In
th
is
w
o
rk
,
w
e
w
ill
m
a
in
ly

co
n
sid
er
W
{
a
lg
eb
ra
s
o
f
th
is
su
b
cla
ss,
a
n
d
fo
r
w
h
ich
th
e
n
u
m
b
er
o
f
g
en
era
to
rs
is

�
n
ite.
T
h
e
im
p
o
rta
n
ce
o
f
W
{
a
lg
eb
ra
s
lies
in
th
e
fa
ct
th
a
t
th
e
ch
ira
l
sy
m
m
etry

g
en
era
to
rs
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
fo
rm
a
W
{
a
lg
eb
ra
7.

W
e
w
ill
trea
tW
{
a
lg
eb
ra
s

in
m
o
re
d
eta
il
in
ch
a
p
ter
4
.

F
in
a
lly,
w
e
in
tro
d
u
ce
a
n
o
ta
tio
n
fo
r
O
P
E
s
w
h
ich
lists
o
n
ly
th
e
o
p
era
to
rs
in
th
e

sin
g
u
la
r
term
s,
sta
rtin
g
w
ith
th
e
h
ig
h
est
o
rd
er
p
o
le.
A
s
a
n
ex
a
m
p
le,
w
e
w
ill
w
rite
a

V
ira
so
ro
O
P
E
(2
.3
.2
)
a
s:T

�
T

=
<<

c2
j
0
j
2
T
j
@
T
>>

:

(2
.3
.2
6
)

2
.3
.5

P
o
isso
n
b
ra
ck
e
ts

T
o
co
n
clu
d
e
th
is
sectio
n
,
w
e
w
a
n
t
to
sh
o
w
th
e
sim
ila
rity
b
etw
een
P
o
isso
n
b
ra
ck
et

ca
lcu
la
tio
n
s
a
n
d
O
P
E
s.

In
a
lig
h
t-co
n
e
q
u
a
n
tisa
tio
n
sch
em
e
(ch
o
o
sin
g
�z
a
s
\
tim
e"
)
[2
0
9],
th
e
sy
m
m
etry

g
en
era
to
rs
in
cla
ssica
l
co
n
fo
rm
a
l
�
eld
th
eo
ry
o
b
ey
P
o
isso
n
b
ra
ck
ets
o
f
th
e
fo
rm
:

f
A
(z
);B
(z
0 )g
P
B

= Xn
>
0

(�
1
)
n
�

1

(n
�
1
)! f
A
B
g
n
(z
0 )@
n
�

1�
(z�
z
0 )
;

(2
.3
.2
7
)

7
In
fa
ct,
th
e
ch
ira
l
sy
m
m
etry
g
en
era
to
rs
fo
rm
o
n
ly
a
co
n
fo
rm
a
lO
P
A
,
b
u
t
w
e
k
n
o
w
o
f
n
o
ex
a
m
p
le

in
th
e
litera
tu
re
w
h
ere
n
o
q
u
a
sip
rim
a
ry
g
en
era
to
rs
ca
n
b
e
fo
u
n
d
.

w
h
ere
f
A
B
g
n

a
re
a
lso
sy
m
m
etry
g
en
era
to
rs
o
f
th
e
th
eo
ry.
T
h
e
d
eriva
tiv
e
is
w
ith

resp
ect
to
th
e
z
{
co
o
rd
in
a
te.
W
e
ch
o
o
se
th
e
n
o
rm
a
lisa
tio
n
fa
cto
rs
su
ch
th
a
t:

f
A
B
g
n
(z
)
= Z
d
z
(z�
w
)
n
�

1f
A
(z
);
B
(w
)g
P
B
:

(2
.3
.2
8
)

F
o
r
co
n
v
en
ien
ce,
w
e
d
ro
p
th
e
su
b
scrip
t
P
B
in
th
e
rest
o
f
th
is
su
b
sectio
n
.
T
h
e
P
o
isso
n

b
ra
ck
ets
sa
tisfy
:

f
A
(z
);B
(z
0 )g
=

(�
1
)
jA
j
jB
jf
B
(z
0 );A
(z
)g

f
@
A
(z
);B
(z
0 )g
=

dd
z f
A
(z
);B
(z
0 )g

ff
A
(z
1 );B
(z
2 )g
;C
(z
3 )g
=

f
A
(z
1 );f
B
(z
2 );C
(z
3 )gg�

(�
1
)
jA
j
jB
jf
B
(z
2 );f
A
(z
1 );C
(z
3 )gg

(2
.3
.2
9
)

T
h
ese
rela
tio
n
s
im
p
ly
id
en
tities
fo
r
th
e
f
A
B
g
n
.
W
e
d
o
n
o
t
list
th
e
co
n
seq
u
en
ces
o
f

th
e
�
rst
tw
o
,
a
s
th
ey
a
re
ex
a
ctly
th
e
sa
m
e
a
s
eq
s.
(2
.3
.1
6
)
a
n
d
(3
.3
.1
).
T
h
e
J
a
co
b
i

id
en
tities
g
iv
e:

f
A
f
B
C
g
p g
q (z
3 )
�
(�
1
)
jA
j
jB
jf
B
f
A
C
g
q g
p (z
3 )

=

Z
d
z
2
(z
2 �
z
3 )
p
�

1 Z
d
z
1

q
Xl=

1 �
q�
1

l�
1 �

(z
1 �
z
2 )
l
�

1(z
2 �
z
3 )
q
�

lff
A
(z
1 );B
(z
2 )g
;C
(z
3 )g

=

q
Xl=

1 �
q�
1

l�
1 �
ff
A
B
g
l
C
g
p
+
q
�

l (z
3 )g
:

(2
.3
.3
0
)

T
h
ese
eq
u
a
tio
n
s
a
re
o
f
ex
a
ctly
th
e
sa
m
e
fo
rm
a
s
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
s
fo
r
O
P
E
s

(see
(2
.3
.2
1
)
w
ith
q
;p
>
0
).

A
n
im
p
o
rta
n
t
d
i�
eren
ce
w
ith
O
P
E
s
is
th
a
t
n
o
\
reg
u
la
r"
p
a
rt
is
d
e�
n
ed
fo
r
P
o
isso
n

b
ra
ck
ets.
In
p
a
rticu
la
r,
n
o
rm
a
l
o
rd
erin
g
is
n
o
t
n
ecessa
ry.
A
P
o
isso
n
b
ra
ck
et
w
h
ere

a
p
ro
d
u
ct
o
f
�
eld
s
is
in
v
o
lv
ed
,
is
sim
p
ly
:

f
A
(z
);B
(w
)C
(w
)g
=
f
A
(z
);B
(w
)g
C
(w
)
+
(�
1
)
jA
j
jB
jB

(w
)f
A
(z
);C
(w
)g
:
(2
.3
.3
1
)

W
h
en
u
sin
g
th
e
n
o
ta
tio
n
:

f
A
B
g
�

n
(z
)
=

1n
! (@

n
A
(z
))
B
(z
)
;

n
�
0
;

(2
.3
.3
2
)

w
e
see
th
a
t
eq
.
(2
.3
.3
1
)
co
rresp
o
n
d
s
to
eq
.
(2
.3
.2
1
)
fo
r
p
=
0
a
n
d
w
ith
th
e
d
o
u
b
le

co
n
tra
ctio
n
s
l
<
q
d
ro
p
p
ed
.
T
h
is
is
a
lso
tru
e
fo
r
a
cla
ssica
l
v
ersio
n
o
f
eq
.
(2
.3
.2
4
).
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C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

W
e
ca
n
co
n
clu
d
e
th
a
t
w
h
en
u
sin
g
th
e
co
rresp
o
n
d
en
ce:

f
A
B
g
n

$
[A
B
]n
;

(2
.3
.3
3
)

co
m
p
u
tin
g
w
ith
P
o
isso
n
b
ra
ck
ets
fo
llo
w
s
a
lm
o
st
th
e
sa
m
e
ru
les
a
s
u
sed
fo
r
O
P
E
s:

o
n
e
sh
o
u
ld
d
ro
p
d
o
u
b
le
co
n
tra
ctio
n
s
a
n
d
u
se
a
g
ra
d
ed
-co
m
m
u
ta
tiv
e
a
n
d
a
sso
cia
tiv
e

n
o
rm
a
l
o
rd
erin
g
.
In
p
a
rticu
la
r,
a
s
th
e
J
a
co
b
i{
id
en
tities
a
re
th
e
sa
m
e,
a
n
y
lin
ea
r
P
B
{

a
lg
eb
ra
co
rresp
o
n
d
s
to
a
n
o
p
era
to
r
p
ro
d
u
ct
a
lg
eb
ra
a
n
d
v
ice-v
ersa
.
F
o
r
n
o
n
lin
ea
r

a
lg
eb
ra
s,
th
is
is
n
o
lo
n
g
er
tru
e
b
eca
u
se
o
f
n
o
rm
a
l
o
rd
erin
g
.

D
u
e
to
th
is
co
rresp
o
n
d
en
ce,
w
e
w
ill
o
ften
w
rite
\
cla
ssica
l
O
P
E
s"
fo
r
P
o
isso
n

b
ra
ck
ets.

2
.4

M
o
d
e
a
lg
e
b
ra

In
th
is
sectio
n
,
w
e
sh
o
w
th
a
t
th
ere
is
a
n
in
�
n
ite
d
im
en
sio
n
a
l
a
lg
eb
ra
w
ith
a
g
ra
d
ed
{

sy
m
m
etric
b
ra
ck
et
a
sso
cia
ted
to
ev
ery
O
P
A
.
F
o
r
ev
ery
o
p
era
to
r
A
w
e
d
e�
n
e
th
e
m
-th

m
o
d
e
o
f
A
b
y
sp
ecify
in
g
h
ow
it
a
cts
o
n
a
n
o
p
era
to
r:

bA
m
B
�
[A
B
]m
+
a
;

(2
.4
.1
)

w
h
ere
a
is
th
e
co
n
fo
rm
a
l
d
im
en
sio
n
o
f
A
.
T
h
e
sh
ift
in
th
e
in
d
ex
is
m
a
d
e
su
ch
th
a
t

bA
m
B

h
a
s
d
im
en
sio
n
b�
m
,
in
d
ep
en
d
en
t
o
f
A

8.
H
en
ce
fo
r
o
p
era
to
rs
w
ith
(h
a
lf-

)in
teg
er
d
im
en
sio
n
,
m

is
(h
a
lf-)in
teg
er.
A
n
im
m
ed
iate
co
n
seq
u
en
ce
o
f
th
is
d
e�
n
itio
n

fo
llow
s
b
y
co
n
sid
erin
g
(2
.3
.1
3
):d(@

A
)
m

=
�
(m
+
a
) bA
m

:

(2
.4
.2
)

W
e
ca
n
n
o
w
co
m
p
u
te
th
e
g
ra
d
ed
co
m
m
u
ta
to
r
o
f
tw
o
m
o
d
es:

[ bA
m
; bB
n
]C
=
[A
[B
C
]n
+
b ]a
+
m

�
(�
1
)
jA
j
jB
j[B

[A
C
]m
+
a ]n
+
b
:

(2
.4
.3
)

U
sin
g
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
(2
.3
.2
1
)
w
e
see
th
a
t:

[ bA
m
; bB
n
]
= Xl>

0 �
m
+
a
�
1

l�
1

�
d([A
B
]l )
m
+
n
:

(2
.4
.4
)

N
o
te
th
a
t
th
is
co
m
m
u
ta
to
r
is
d
eterm
in
ed
b
y
th
e
sin
g
u
la
r
p
a
rt
o
f
th
e
O
P
E
.

T
h
e
o
r
e
m

2
.4
.1
E
q.
(2
.4
.4
)
d
e�
n
es
a
gra
d
ed
co
m
m
u
ta
to
r.

8
T
h
is
d
e�
n
itio
n
a
ssu
m
es
th
a
t
th
e
O
P
A
is
g
ra
d
ed
,
d
ef.
2
.3
.7
.
O
f
co
u
rse,
th
e
m
o
d
e
a
lg
eb
ra
ca
n

a
lso
b
e
d
e�
n
ed
w
ith
o
u
t
th
is
co
n
cep
t.

P
r
o
o
f
:

W
e
ca
n
u
se
th
e
rela
tio
n
b
etw
een
th
e
O
P
E
s
A
B
a
n
d
B
A
(2
.3
.1
6
)
a
n
d
eq
.
(2
.4
.2
)
to
sh
ow

th
a
t:

�
(�
1
) jA
jjB
j[ bB

n
; bA
m

]

=

Xl>
0 �

n
+
b�
1

l�
1 �Xp

>
l

(�
1
)
p

(p�
l)!

d
(@
p�
l[A
B
]p )
m
+
n

=

Xl>
0 Xp
>
l �

n
+
b�
1

l�
1 ��

m
+
n
+
a
+
b�
l�
1

p�
l

�
d([A
B
]p )
m
+
n
:

U
sin
g
eq
.
(2
.A
.4
),
w
e
see
th
a
t
th
is
is
eq
u
a
l
to
(2
.4
.4
).

A
�
rst
ex
a
m
p
le
o
f
a
m
o
d
e
a
lg
eb
ra
is
g
iv
en
b
y
th
e
m
o
d
es
o
f
a
V
ira
so
ro
o
p
era
to
r
T

w
ith
O
P
E
(2
.3
.2
).
F
o
r
h
isto
ric
rea
so
n
s,
w
e
d
en
o
te
th
ese
m
o
d
es
w
ith
L
.
W
e
�
n
d

u
sin
g
eq
.
(2
.4
.4
):

[ bL
m
; bL
n
]
=
(m
�
n
) bL
m
+
n
+
c2 �
m
+
1

3

�
�
m
+
n
;

(2
.4
.5
)

w
h
ere
w
e
u
sed
th
a
t
th
e
m
o
d
es
o
f
th
e
u
n
it
o
p
era
to
r
(w
h
ich
is
im
p
licit
in
th
e
fo
u
rth

o
rd
er
p
o
le
o
f
(2
.3
.2
))
a
re
g
iv
en
b
y
:b

m

=
�
m

:

(2
.4
.6
)

T
h
e
in
�
n
ite
d
im
en
sio
n
a
l
L
ie
a
lg
eb
ra
w
ith
co
m
m
u
ta
to
r
(2
.4
.5
)
is
ca
lled
th
e
V
ira
so
ro

a
lg
eb
ra
.
W
e
see
th
a
t
th
is
a
lg
eb
ra
is
a
cen
tra
l
ex
ten
sio
n
o
f
th
e
a
lg
eb
ra
o
f
th
e
cla
ssica
l

g
en
era
to
rs
o
f
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
(2
.1
.8
).
T
h
e
m
o
d
es
co
rresp
o
n
d
in
g
to
th
e

g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s bL
1
; bL
0 ; bL
�

1
fo
rm

a
�
n
ite
d
im
en
sio
n
a
l
su
b
a
lg
eb
ra

w
h
ere
th
e
cen
tra
l
ex
ten
sio
n
d
ro
p
s
o
u
t.

S
im
ila
rly,
th
e
O
P
E
o
f
T
w
ith
a
p
rim
a
ry
�
eld
�
w
ith
d
im
en
sio
n
h
(2
.3
.1
)
g
iv
es

th
e
fo
llo
w
in
g
co
m
m
u
ta
to
r:[ bL

m
; b�
n
]
=
((h�
1
)m
�
n
) b�
m
+
n
:

(2
.4
.7
)

W
e
h
a
v
e
th
e
fo
llow
in
g
im
p
o
rta
n
t
th
eo
rem
.

T
h
e
o
r
e
m

2
.4
.2
F
o
r
a
given
O
P
A
,
th
e
co
m
m
u
ta
to
r
o
f
th
e
co
rrespo
n
d
in
g
m
od
e
a
lge-

bra
sa
tis�
es
gra
d
ed
J
a
co
bi
id
en
tities
m
od
u
lo
m
od
es
o
f
n
u
ll
�
eld
s:

[ bA
k
;[ bB
l ; bC
m
]]
=
(�
1
)
jA
j
jB
j[ bB

l ;[ bA
k
; bC
m
]]
+
[[ bA
k
; bB
l ]; bC
m
]]:

(2
.4
.8
)

1
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2
.5
.
G
en
era
tin
g
fu
n
ctio
n
a
ls

P
r
o
o
f
:

T
h
e
lh
s
o
f
eq
.
(2
.4
.8
)
is
b
y
d
e�
n
itio
n
(2
.4
.4
)
eq
u
a
l
to
:

[ bA
k
;[ bB
l ; bC
m

]]
=

Xq
>
0 Xp
>
0 �

k
+
a�
1

q�
1 ��

l
+
b�
1

p�
1 �
d
([A
[B
C
]p ]q )
k
+
l+
m

:

(2
.4
.9
)

W
e
ca
n
n
o
w
u
se
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
(2
.3
.2
1
).
C
a
llin
g
th
e
su
m
m
a
tio
n
in
d
ex
in

(2
.3
.2
1
)
r
a
n
d
ren
a
m
in
g
q
=
s
+
r�
p
,
it
fo
llo
w
s
th
a
t
th
e
J
a
co
b
i
id
en
tity
(2
.4
.8
)
w
ill
b
e

sa
tis�
ed
if:

Xp
>
0 �

k
+
a�
1

r
+
s�
p�
1 ��

l
+
b�
1

p�
1 ��

r
+
s�
p�
1

r�
1

�
=

�
k
+
a�
1

r�
1 ��

k
+
l
+
a
+
b�
r�
1

s�
1

�
:

(2
.4
.1
0
)

A
fter
ca
n
cellin
g
o
u
t
fa
cto
rs,
o
n
e
sees
th
a
t
th
is
eq
u
a
tio
n
fo
llo
w
s
fro
m
eq
.
(2
.A
.5
).

M
o
reo
v
er,
fro
m
th
e
a
b
ov
e
p
ro
o
f
it
is
clea
r
th
a
t
th
e
rev
erse
is
a
lso
tru
e:

T
h
e
o
r
e
m

2
.4
.3
If
th
e
m
od
e
a
lgebra
sa
tis�
es
th
e
J
a
co
bi-id
en
tities
(2
.4
.8
)
u
p
to
n
u
ll

�
eld
s,
th
e
a
ssocia
tivity
co
n
d
itio
n
s
(2
.3
.2
1
)
a
re
sa
tis�
ed
.

M
o
d
es
o
f
n
o
rm
a
l
o
rd
ered
o
p
era
to
rs
a
re
g
iv
en
b
y
eq
.
(2
.3
.2
4
):

d([A
B
]0 )
m

= X
l

: bA
l bB
m
�

l
:;

(2
.4
.1
1
)

w
h
ere

: bA
l bB
m

:
� 8<:
bA
l bB
m

if
l�
�
a

(�
1
)
jA
j
jB
jbB
m bA
l

if
l
>
�
a

(2
.4
.1
2
)

C
o
n
sid
er
a
n
O
P
A

w
h
ere
th
e
g
en
era
to
rs
h
a
v
e
O
P
E
s
w
h
o
se
sin
g
u
la
r
p
a
rt
co
n
ta
in
s

co
m
p
o
site
o
p
era
to
rs.
In
th
is
ca
se,
th
e
m
o
d
e
a
lg
eb
ra
is
o
n
ly
a
n
in
�
n
ite
d
im
en
sio
n
a
l

(su
p
er-)L
ie
a
lg
eb
ra
w
h
en
th
o
se
co
m
p
o
sites
a
re
v
iew
ed
a
s
n
ew
elem
en
ts
o
f
th
e
a
lg
eb
ra
,

su
ch
th
a
t
th
e
co
m
m
u
ta
to
rs
clo
se
lin
ea
rly.
O
th
erw
ise,
th
e
co
m
m
u
ta
to
rs
clo
se
o
n
ly
in

th
e
en
v
elo
p
in
g
a
lg
eb
ra
o
f
th
e
m
o
d
es
o
f
th
e
g
en
era
to
rs.

A
s
th
e
m
o
d
e
a
lg
eb
ra
co
n
ta
in
s
th
e
sa
m
e
in
fo
rm
a
tio
n
a
s
th
e
O
P
E
s,
o
n
e
ca
n
a
lw
ay
s

ch
o
o
se
w
h
ich
o
n
e
u
ses
in
a
certa
in
co
m
p
u
ta
tio
n
.
F
o
r
lin
ea
r
a
lg
eb
ra
s
(w
h
ere
th
e
O
P
E
s

clo
se
o
n
a
�
n
ite
n
u
m
b
er
o
f
n
o
n
co
m
p
o
site
o
p
era
to
rs)
m
o
d
es
a
re
v
ery
co
n
v
en
ien
t.

H
ow
ev
er,
fo
r
n
o
n
lin
ea
r
a
lg
eb
ra
s
th
e
in
�
n
ite
su
m
s
in
th
e
m
o
d
es
o
f
a
co
m
p
o
site
a
re

m
o
re
d
i�
cu
lt
to
h
a
n
d
le.

T
h
e
d
e�
n
itio
n
eq
.
(2
.4
.1
)
p
rov
id
es
a
rea
lisa
tio
n
o
f
th
e
m
o
d
e
a
lg
eb
ra
.
In
a
ca
n
o
n
-

ica
l
q
u
a
n
tisa
tio
n
sch
em
e,
a
n
o
th
er
rep
resen
ta
tio
n
is
fo
u
n
d
in
term
s
o
f
th
e
crea
tio
n
-

a
n
d
a
n
n
ih
ila
tio
n
o
p
era
to
rs.
F
o
r
d
i�
eren
t
p
erio
d
icity
co
n
d
itio
n
s
in
th
e
co
o
rd
in
a
te
�

(rela
tin
g
z
a
n
d
ex
p
(2
i�
)z
)
o
f
th
e
sy
m
m
etry
g
en
era
to
rs,
fo
rm
a
lly
th
e
sa
m
e
a
lg
eb
ra

a
rises.
H
o
w
ev
er,
th
e
ra
n
g
e
o
f
th
e
in
d
ices
d
i�
ers.
A
s
a
n
ex
a
m
p
le,
th
e
N

=
1
su
p
er-

co
n
fo
rm
a
l
a
lg
eb
ra
co
n
sist
o
f
a
V
ira
so
ro
o
p
era
to
r
T
a
n
d
a
ferm
io
n
ic
d
im
en
sio
n
3
=
2

p
rim
a
ry
o
p
era
to
r
G
w
ith
O
P
E
:

G
�
G

=
<<

2
c3

j
0
j
2
T
>>

:

(2
.4
.1
3
)

T
h
is
g
iv
es
fo
r
th
e
a
n
tico
m
m
u
ta
to
r
o
f
th
e
m
o
d
es:

[ bG
m
; bG
n
]
=

2
c3 �
m
+
1
=
2

2

�
�
m
+
n
+
2 bL
m
+
n
:

(2
.4
.1
4
)

In
th
e
rep
resen
ta
tio
n
eq
.
(2
.4
.1
)
d
e�
n
ed
v
ia
th
e
O
P
E
s,
m

a
n
d
n
in
th
is
co
m
m
u
ta
to
r

a
re
h
a
lf-in
teg
er
n
u
m
b
ers.
H
o
w
ev
er,
th
e
a
lg
eb
ra
is
a
lso
w
ell-d
e�
n
ed
if
m

a
n
d
n
a
re

in
teg
er.
T
h
is
co
rresp
o
n
d
s
to
d
i�
eren
t
b
o
u
n
d
a
ry
co
n
d
itio
n
s
o
n
G
(z
).
T
h
e
rela
tio
n

b
etw
een
th
e
d
i�
eren
t
m
o
d
in
g
s
o
f
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
is
stu
d
ied
in

[1
7
8,
5
0
].
W
e
w
ill
u
se
th
e
n
o
ta
tio
n bA
m

in
th
e
rep
resen
ta
tio
n
eq
.
(2
.4
.1
)
o
f
th
e
m
o
d
e

a
lg
eb
ra
,
a
n
d
d
ro
p
th
e
h
a
ts
o
th
erw
ise.

2
.5

G
e
n
e
ra
tin
g
fu
n
c
tio
n
a
ls

In
th
is
sectio
n
,
w
e
w
ill
d
e�
n
e
th
e
g
en
era
tin
g
fu
n
ctio
n
a
ls
fo
r
th
e
co
rrela
tio
n
fu
n
ctio
n
s

o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
a
n
d
sh
ow
th
a
t
th
e
W
a
rd
id
en
tities
g
iv
e
a
set
o
f
fu
n
ctio
n
a
l

eq
u
a
tio
n
s
fo
r
th
ese
fu
n
ctio
n
a
ls.

C
o
n
sid
er
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
w
ith
�
eld
s
�
i
a
n
d
a
ctio
n
S
[�
i ].
W
e
d
en
o
te
th
e

g
en
era
to
rs
o
f
th
e
ch
ira
l
sy
m
m
etries
o
f
th
e
th
eo
ry
w
ith
T
k
.
T
h
e
p
a
rtitio
n
fu
n
ctio
n
Z

is
d
e�
n
ed
b
y
:Z

[�
]

=

1N Z
[d
'
i ]
ex
p ��
S
['
j ]�

1� Z
d
2x
�
k(x

)T
k
(x
) �
(2
.5
.1
)

=

<
ex
p ��

1� Z
d
2x
�
k(x

)T
k
(x
) �
>
O
P
E

:

(2
.5
.2
)

H
ere
th
e
n
o
rm
a
lisa
tio
n
co
n
sta
n
tN
w
a
s
d
e�
n
ed
in
eq
.
(2
.2
.2
)
a
n
d
�
k

(th
e
\
so
u
rces"
)

a
re
n
o
n
-
u
ctu
a
tin
g
�
eld
s.
Z
is
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
fo
r
th
e
co
rrela
tio
n
fu
n
ctio
n
s

o
f
th
e
g
en
era
to
rs
T
k
.
In
d
eed
,
b
y
fu
n
ctio
n
a
l
d
eriva
tio
n
w
ith
resp
ect
to
th
e
so
u
rces
w
e

ca
n
d
eterm
in
e
ev
ery
co
rrela
tio
n
fu
n
ctio
n
:

<
T
1 (x
1 )T
2 (x
2 )T
3 (x
3 )
>
=

(�
�
)
3

�

�
�
1(x
1 )

�

�
�
2(x
2 )

�

�
�
3(x
3 )
Z
[�
] ����

=
0
:

(2
.5
.3
)

1
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C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

If
a
g
en
era
to
r
T
k

is
ferm
io
n
ic,
�
k

is
G
ra
sm
a
n
n
-o
d
d
,
i.e.
a
n
tico
m
m
u
tin
g
.
W
e
w
ill

a
lw
a
y
s
u
se
left-fu
n
ctio
n
a
l
d
eriva
tiv
es
in
th
is
w
o
rk
.

It
is
o
ften
u
sefu
l
to
d
e�
n
e
th
e
in
d
u
ced
a
ctio
n
�
a
s
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
o
f

a
ll
\
co
n
n
ected
"
d
ia
g
ra
m
s:

Z
[�
]
=
ex
p
(�
�
[�
])
:

(2
.5
.4
)

W
e
ca
n
v
iew
th
e
so
u
rces
�
k

a
s
g
a
u
g
e
�
eld
s.
B
y
a
ssig
n
in
g
a
p
p
ro
p
ria
te
tra
n
sfo
r-

m
a
tio
n
ru
les
fo
r
�
k

,
w
e
ca
n
try
to
m
a
k
e
th
e
g
lo
b
a
l
sy
m
m
etries
lo
ca
l
a
t
th
e
cla
ssica
l

lev
el.
A
s
a
n
ex
a
m
p
le,
in
a
co
n
fo
rm
a
l
�
eld
th
eo
ry,
th
e
a
ctio
n
is
in
va
ria
n
t
u
n
d
er
th
e

co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
g
en
era
ted
b
y
T
,
w
h
en
th
e
p
a
ra
m
eter
"
z

is
a
n
a
ly
tic.
If
w
e

w
a
n
t
to
m
a
k
e
th
e
th
eo
ry
in
v
a
ria
n
t
fo
r
a
n
y
"
z

,
w
e
h
av
e
to
co
u
p
le
th
e
g
en
era
to
r
T
to

a
g
a
u
g
e
�
eld
.
W
e
�
n
d
th
a
t:

�
" (S
+

1� Z
�
T
)
=

1� Z��
�@"T
+
�
�
T
+
�
�
T �
;

(2
.5
.5
)

w
h
ere
w
e
u
sed
th
e
d
e�
n
itio
n
o
f
T
a
s
a
N
o
eth
er
cu
rren
t
(eq
.
(2
.2
.7
)).
A
p
p
ly
in
g
th
e

tra
n
sfo
rm
a
tio
n
ru
le
fo
r
T
(eq
.
(2
.2
.1
5
))
in
th
e
cla
ssica
l
ca
se
(c
=
0
),
w
e
see
th
a
t
if

th
e
so
u
rce
�
tra
n
sfo
rm
s
a
s:

�
" �
=
�@
"
+
"@
�
�
@
"�
;

(2
.5
.6
)

th
e
a
ctio
n
S
+
1� R
�
T
is
cla
ssica
lly
in
v
a
ria
n
t.
W
h
en
g
a
u
g
in
g
n
o
t
o
n
ly
th
e
co
n
fo
rm
a
l

sy
m
m
etry,
w
e
w
o
u
ld
ex
p
ect
th
a
t
h
ig
h
er
o
rd
er
term
s
in
th
e
so
u
rces
h
av
e
to
b
e
a
d
d
ed

to
eq
.
(2
.5
.1
)
to
o
b
ta
in
in
v
a
ria
n
ce.
H
ow
ev
er,
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m
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e
S
ch
w
in
g
er
term
in
th
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b
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m
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b
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b
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e
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e
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d
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p
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b
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e
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e
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b
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ra
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.
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=
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ra
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h
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e
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d
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b
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th
e
seco
n
d
step
,
a
n
d
th
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p
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p
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p
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p
u
te
th
e
O
P
E
o
f
T
w
ith

itself.
O
n
e
en
d
s
u
p
w
ith
th
e
co
rrect
V
ira
so
ro
O
P
E
(2
.3
.2
),
w
ith
a
cen
tra
l
ch
a
rg
e

c
=
1
.
F
u
rth
erm
o
re,
it
is
ea
sy
to
ch
eck
th
a
t
X

is
a
p
rim
a
ry
�
eld
w
ith
resp
ect
to
T

o
f
d
im
en
sio
n
zero
.
M
o
reo
v
er,
@
X

is
a
lso
p
rim
a
ry,
h
a
v
in
g
d
im
en
sio
n
o
n
e.
In
th
e
rest

o
f
th
is
su
b
sectio
n
w
e
set
�
=
1
.

L
et
u
s
n
o
w
ch
eck
fo
r
th
e
m
o
d
e
a
lg
eb
ra
eq
.
(2
.4
.4
)
co
rresp
o
n
d
in
g
to
th
e
O
P
E
o
f

@
X

w
ith
itself
eq
.
(2
.6
.7
).
T
h
e
m
o
d
es
o
f
@
X

a
re
tra
d
itio
n
a
lly
d
en
o
ted
w
ith
�
m
.
W
e

�
n
d
:

[�
m
;�
n
]
=

m
�
m
+
n
;

(2
.6
.1
0
)

w
h
ich
is
rela
ted
to
th
e
sta
n
d
a
rd
h
a
rm
o
n
ic
o
scilla
to
r
co
m
m
u
ta
tio
n
rela
tio
n
s
v
ia
a

resca
lin
g
w
ith p
jm
j.

1
0
A
s
b
efo
re,
w
e
u
se
th
e
m
islea
d
in
g
n
o
ta
tio
n
@
X
(z
).

In
strin
g
th
eo
ry,
co
m
p
u
tin
g
sca
tterin
g
a
m
p
litu
d
es
is
d
o
n
e
b
y
in
sertin
g
lo
ca
l
o
p
-

era
to
rs
o
f
th
e
co
rrect
m
o
m
en
tu
m
in
th
e
p
a
th
in
teg
ra
l
a
n
d
in
teg
ra
tin
g
ov
er
th
e
co
-

o
rd
in
a
tes
[1
2
7,
1
0
5].
T
h
ese
lo
ca
l
o
p
era
to
rs
a
re
(co
m
p
o
sites
w
ith
)
n
o
rm
a
l
o
rd
ered

ex
p
o
n
en
tia
ls
o
f
th
e
sca
la
r
�
eld
.
B
eca
u
se
X

ca
n
n
o
t
b
e
trea
ted
in
th
e
p
resen
t
O
P
E

sch
em
e,
w
e
sh
o
u
ld
reso
rt
to
d
i�
eren
t
tech
n
iq
u
es
to
d
e�
n
e
th
ese
ex
p
o
n
en
tia
ls.
T
h
is

is
m
o
st
co
n
v
en
ien
tly
d
o
n
e
u
sin
g
a
m
o
d
e
ex
p
a
n
sio
n
o
f
X
.
O
n
e
sh
ow
s
th
a
t
o
n
e
ca
n

d
e�
n
e
a
ch
ira
l
o
p
era
to
r
w
h
ich
w
e
w
rite
sy
m
b
o
lica
lly
a
s:

V
a
(z
)
=
:ex
p
(a
X
(z
))
:;

a
2
C
;

(2
.6
.1
1
)

fo
r
w
h
ich
th
e
fo
llow
in
g
id
en
tities
h
o
ld
:

@
V
a

=

a
:@
X
V
a
:

(2
.6
.1
2
)

@
X
(z
)
V
a
(w
)
=

a
V
a (w
)

(z�
w
)

+
O
(z�
w
)
0

(2
.6
.1
3
)

a
n
d

V
a (z
)
V
b (w
)

=

(z�
w
)
a
b

:
ex
p
(a
X
(z
))
ex
p
(bX
(w
))
:

=

(z�
w
)
a
b

: �
1
+
(z�
w
)a
@
X
(w
)
+
:

(z�
w
)
2

2

(a
@
2X

(w
)
+
a
2@
X
(w
)@
X
(w
))
::: �
V
a
+
b (w
)
:;

(2
.6
.1
4
)

w
h
ere
th
e
la
st
lin
e
is
a
w
ell-d
e�
n
ed
ex
p
ressio
n
w
h
ere
n
o
rm
a
l
o
rd
erin
g
,
a
s
d
e�
n
ed
in

eq
.
(2
.3
.6
),
fro
m

rig
h
t
to
left
is
u
n
d
ersto
o
d
.

W
e
w
ill
u
se
th
ese
eq
u
a
tio
n
s
a
s
th
e

d
e�
n
itio
n
fo
r
th
e
v
ertex
o
p
era
to
rs.

U
sin
g
th
e
eq
s.
(2
.6
.1
2
)
a
n
d
(2
.6
.1
3
),
it
is
ea
sy
to
ch
eck
th
a
t
V
a

is
p
rim
a
ry
w
ith

co
n
fo
rm
a
l
d
im
en
sio
n
a
2=

2
w
ith
resp
ect
to
T
(2
.6
.9
).
T
h
is
d
i�
ers
fro
m
th
e
cla
ssica
l

d
im
en
sio
n
w
h
ich
is
zero
a
s
X

h
a
s
d
im
en
sio
n
zero
.

T
h
e
O
P
E
(2
.6
.1
4
)
is
d
istin
ctly
d
i�
eren
t
fro
m
th
e
o
n
es
co
n
sid
ered
b
efo
re.
In
d
eed
,

n
o
n
in
teg
er
p
o
les
a
re
p
o
ssib
le.
T
h
e
ru
les
co
n
stru
cted
in
sectio
n
2
.3
.2
a
re
n
o
t
va
lid

fo
r
su
ch
a
ca
se.
H
ow
ev
er,
ev
ery
O
P
E
w
ith
v
ertex
o
p
era
to
rs
w
e
w
ill
n
eed
,
w
ill
fo
llow

im
m
ed
ia
tely
fro
m
th
e
a
b
ov
e
d
e�
n
itio
n
s.
A
n
o
th
er
p
ecu
lia
rity
is
th
a
t
w
h
en
a
b2
Z
,th
e

d
e�
n
itio
n
(2
.6
.1
4
)
�
x
es
th
e
reg
u
la
r
p
a
rt
o
f
th
e
O
P
E
o
f
tw
o
v
ertex
o
p
era
to
rs
in
term
s

o
f
n
o
rm
a
l
o
rd
ered
p
ro
d
u
cts
o
f
@
X

a
n
d
a
v
ertex
o
p
era
to
r.
A
n
in
terestin
g
ex
a
m
p
le
o
f

th
is
is
fo
r
V
�

1 :

V
�

1 (z
)
V
�

1 (w
)

=

(z�
w
)V
2 (w
)
+
:::

V
�

1 (z
)
V
�

1 (w
)

=

1

(z�
w
)
�
@
X
(w
)
+
:
::

(2
.6
.1
5
)

2
2



2
.6
.
A
few
ex
a
m
p
les

W
e
see
th
a
t
w
e
h
a
v
e
tw
o
o
p
era
to
rs:

V
1
+
V
�

1

p
2

=
p

2
co
sh
X

a
n
d

V
1 �
V
�

1

p
2
i

=
�
i p
2
sin
h
X

(2
.6
.1
6
)

w
h
ich
sa
tisfy
th
e
O
P
E
s
o
f
tw
o
free
ferm
io
n
s
(see
eq
.
(2
.6
.2
6
)
b
elo
w
).

V
ertex

o
p
era
to
rs
ca
n
a
lso
b
e
u
sed
to
co
n
stru
ct
rea
lisa
tio
n
s
o
f
a
�
n
e
L
ie
a
lg
eb
ra
s,
a
s
w
e
w
ill

see
in
sectio
n
4
.6
.

W
h
en
co
n
sid
erin
g
rea
lisa
tio
n
s
o
fW
{
a
lg
eb
ra
s
u
sin
g
sca
la
rs,
it
is
o
b
v
io
u
sly
a
p
ro
b
-

lem
th
a
t
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
o
f
th
e
free
sca
la
rs
is
restricted
to
a
n
in
teg
er

cen
tra
l
ch
a
rg
e
n
b
y
co
n
sid
erin
g
n
free
b
o
so
n
s.
H
o
w
ev
er,
w
e
ca
n
m
o
d
ify
th
e
eq
.
(2
.6
.9
)

to
:

T
=

12
:
@
X
@
X

:�
q
@
2
X
;

(2
.6
.1
7
)

w
h
ich
h
a
s
a
cen
tra
l
ch
a
rg
e
1�
1
2
q
2.

T
h
is
co
rresp
o
n
d
s
to
a
d
d
in
g
a
b
a
ck
g
ro
u
n
d
ch
a
rg
e

to
th
e
free
�
eld
a
ctio
n
[7
3
,
9
1
,
5
9
].

2
.6
.2

T
h
e
fre
e
M
a
jo
ra
n
a
fe
rm
io
n

T
h
e
free
M
a
jo
ra
n
a
ferm
io
n
in
tw
o
d
im
en
sio
n
s
h
a
s
th
e
fo
llow
in
g
a
ctio
n
in
th
e
co
n
fo
r-

m
a
l
g
a
u
g
e:

S
f
[ 
]
=

1
2
�
� Z
d
2x
 
(x
)
�@ 
(x
)
;

(2
.6
.1
8
)

w
h
ere
�
is
a
n
o
rm
a
lisa
tio
n
co
n
sta
n
t.
T
h
e
eq
u
a
tio
n
o
f
m
o
tio
n
fo
r
 
is:

�@ 
=
0
:

(2
.6
.1
9
)

H
en
ce,
 
is
a
ch
ira
l
�
eld
a
n
d
w
e
w
ill
w
rite
 
(z
).
N
o
te
th
a
t
u
n
d
er
co
n
fo
rm
a
l
tra
n
s-

fo
rm
a
tio
n
s
it
h
a
s
to
tra
n
sfo
rm

a
s
a
p
rim
a
ry
�
eld
o
f
d
im
en
sio
n
h
=
1
=
2
,
�h
=
0
to

h
av
e
a
co
n
fo
rm
a
l
in
v
a
ria
n
t
a
ctio
n
.�
1�
 
(x
)
is
th
e
N
o
eth
er
cu
rren
t
co
rresp
o
n
d
in
g
to

th
e
tra
n
sfo
rm
a
tio
n
:

�
"  
(x
)
=
"(x
)
;

(2
.6
.2
0
)

w
h
ere
"
is
a
G
ra
sm
a
n
n
{
o
d
d
�
eld
.
A
lth
o
u
g
h
w
e
ca
n
p
ro
ceed
a
s
b
efo
re,
w
e
w
ill
d
eriv
e

th
e
O
P
E
s
o
f
 
u
sin
g
a
d
i�
eren
t
tech
n
iq
u
e.
C
o
n
sid
er
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
(see

eq
.
(2
.5
.1
)):Z

[�
]
=

1N Z
[d
 
]
ex
p ��
S
f
[ 
]�

1� Z
d
2x
�
(x
) 
(x
) �
;

(2
.6
.2
1
)

w
h
ere
�
is
G
ra
sm
a
n
n
{
o
d
d
.
S
u
ch
a
p
a
th
in
teg
ra
l
ca
n
b
e
co
m
p
u
ted
b
y
co
n
v
ertin
g
it
to

a
G
a
u
ssia
n
p
a
th
in
teg
ra
l,
a
s
w
e
w
ill
n
ow
sh
ow
.
W
e
sta
rt
b
y
rew
ritin
g
th
e
ex
p
o
n
en
t

in
th
e
fo
llow
in
g
w
ay
:

Z
[�
]

=

1N Z
[d
 
]
ex
p ��

1
2
�
� Z

( 
+
�
(
�@
�

1�
))
�@( 
+
�
�@
�

1�
) �

ex
p �
�2

� Z
(
�@
�

1�
)� �
;

(2
.6
.2
2
)

w
h
ere
w
e
u
sed
th
e
d
e�
n
itio
n
o
f
th
e
in
v
erse
d
eriva
tiv
e
o
f
a
p
p
en
d
ix
A
,
su
p
p
o
sin
g
th
a
t

�
d
ecay
s
su
�
cien
tly
fa
st
a
t
in
�
n
ity.
O
n
e
ca
n
n
ow
sh
ift
th
e
in
teg
ra
tio
n
va
ria
b
les
to

~ 
=
 
+
�
�@
�

1�
.
T
h
is
sh
ift
h
a
s
a
J
a
co
b
ia
n
1
.
O
n
e
a
rriv
es
a
t:

Z
[�
]
=

1N Z
[d
~ ]
ex
p �
�
1

2
�
� Z

~ 
�@
~ �
ex
p �
�2

� Z
(
�@
�

1�
)� �
:

(2
.6
.2
3
)

T
h
e
rem
a
in
in
g
p
a
th
in
teg
ra
l
ca
n
celsN
(see
eq
.
(2
.2
.2
))
a
n
d
w
e
h
av
e:

Z
[�
]
=
ex
p ��
�

2
�
2 Z
d
x
2d
x
20
�
(z
;
�z)

1
z�
z
0
�
(z
0 ;
�z
0 ) �
:

(2
.6
.2
4
)

F
ro
m
th
is
resu
lt
w
e
im
m
ed
ia
tely
see
th
a
t
th
e
o
n
e-p
o
in
t
fu
n
ctio
n
<
 
(x
)
>

is
zero
,

w
h
ile
th
e
tw
o
-p
o
in
t
fu
n
ctio
n
is
g
iv
en
b
y
:

<
 
(z
) 
(z
0
)
>

=

�
2

�

�
�
(z
;
�z)

�

�
�
(z
0
;
�z
0 )
Z
[�
] ����

=
0

=

�
z�
z
0
;

(2
.6
.2
5
)

w
h
ere
w
e
u
sed
left-fu
n
ctio
n
a
l
d
eriva
tiv
es.
T
h
e
co
rresp
o
n
d
in
g
O
P
E
is
1
1:

 
(z
)
 
(w
)
=

�
z�
w

+
O
(z�
w
)
0
:

(2
.6
.2
6
)

T
o
�
n
d
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
fo
r
th
e
a
ctio
n
(2
.6
.1
8
),
w
e
u
se
th
e
d
e�
n
itio
n

(2
.2
.7
)
w
ith
"
i

d
ecay
in
g
a
t
in
�
n
ity,
to
g
eth
er
w
ith
th
e
tra
n
sfo
rm
a
tio
n
la
w
(2
.1
.6
)
fo
r

 
.
W
e
�
n
d
:

�
S
f

=

1�
� Z
d
2x �"
z@
 
+
1
=
2
@
"
z 

+
"
�z
�@ �
�@ 

=

1
2
�
� Z
d
2x
�@"
z 
@
 
:

(2
.6
.2
7
)

H
en
ce,
w
e
�
n
d
o
n
ly
o
n
e
co
m
p
o
n
en
t
T
�z
�z

n
o
n
-zero
,
a
cco
rd
in
g
to
(2
.2
.1
2
)
w
e
h
av
e:

T

=

12
�

:
@
 
 
:;

(2
.6
.2
8
)

w
h
ich
h
a
s
cen
tra
l
ch
a
rg
e
c
=
1
=
2
.

1
1
It
is
ea
sy
to
p
ro
v
e
th
a
t
th
is
O
P
E
g
iv
es
rise
to
a
fu
n
ctio
n
a
l
eq
u
a
tio
n
fo
r
Z
[�
]
a
s
in
su
b
sectio
n

2
.5
,
w
h
ich
is
sa
tis�
ed
b
y
eq
.
(2
.6
.2
4
).

2
3



C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

2
.6
.3

O
th
e
r
�
rst
o
rd
e
r
sy
ste
m
s

W
e
w
ill
n
eed
tw
o
o
th
er
�
rst
o
rd
er
sy
stem
s,
th
e
ferm
io
n
ic
b;c
a
n
d
th
e
b
o
so
n
ic
�
;

sy
stem

[9
1
].
T
h
ey
w
ill
a
rise
a
s
th
e
g
h
o
sts
in
th
e
B
R
S
T
-q
u
a
n
tisa
tio
n
o
f
sy
stem
s

w
ith
co
n
fo
rm
a
l
in
v
a
ria
n
ce.
W
e
w
ill
co
m
b
in
e
b
o
th
u
sin
g
a
su
p
erm
a
trix
n
o
ta
tio
n
(see

a
p
p
en
d
ix
B
).
T
h
e
a
ctio
n
is:

S
b
c [b;c]
=

1� Z
d
2x
b
i(x

)
i A
j
�@(
j c)(x
)
;

(2
.6
.2
9
)

w
h
ere
i A
j

is
a
co
n
sta
n
t
b
o
so
n
ic
su
p
erm
a
trix
w
h
ich
is
in
v
ertib
le.
W
e
a
ssu
m
e
th
a
t
it

d
o
es
n
o
t
m
ix
ferm
io
n
s
a
n
d
b
o
so
n
s.
W
e
a
lso
ta
k
e
b
a
n
d
c
to
b
e
b
o
so
n
ic
m
a
trices
1
2.

T
h
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
a
g
a
in
sh
ow
th
a
t
b
i;c
i
a
re
ch
ira
l
�
eld
s.
C
o
n
fo
rm
a
lin
va
ria
n
ce

req
u
ires
th
e
b
i

to
b
e
p
rim
a
ry
�
eld
s
w
ith
d
im
en
sio
n
h
i

a
n
d
c
i
a
lso
to
b
e
p
rim
a
ry
su
ch

th
a
t
d
im
(
i A
j

j c)
=

1
�
h
i

(a
n
d
zero
fo
r
�h
).
W
e
p
ro
ceed
n
o
w
a
s
in
th
e
p
rev
io
u
s

su
b
sectio
n
:

Z
[�
;�
]

=

1N Z
[d
b
i][d
c
j ]
ex
p
� �
S
b
c [b;c]+

1� Z
�
k
k
b
+
�
k

k
c �

=

1N Z
[d
b
i][d
c
j ]
ex
p �

1� Z
(b
+
�@
�

1�
A
�

1)A
�@
(c�
(A
�@)
�

1�
)) �

ex
p �

1� Z
(
�@
�

1�
)A
�

1� �

=

ex
p ��

1� Z
d
2x
d
2x

0
�
i(z
;
�z)
i (A
�

1)
j

z�
z
0

j �
(z
0 ;
�z
0 ) �
:

(2
.6
.3
0
)

C
a
refu
lly
k
eep
in
g
tra
ck
o
f
th
e
sig
n
s,
w
e
g
et
fo
r
th
e
tw
o
-p
o
in
t
fu
n
ctio
n
s:

<
i c(z
)
b
j(z

0 )
>

=

�
2

�

�
�
i(z
;
�z)

�

�
�
j (z
0 ;
�z
0 )
Z
[�
;�
] ����
;�
=
0

=

�
i (A
�

1)
j

z
�
z
0

:

(2
.6
.3
1
)

T
h
is
O
P
E
d
o
es
n
o
t
d
ep
en
d
o
n
th
e
d
im
en
sio
n
s
o
f
th
e
�
eld
s,
w
h
ile
th
e
en
erg
y
{
m
o
-

m
en
tu
m
ten
so
r
o
f
co
u
rse
d
o
es.
T
o
�
n
d
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r,
w
e
p
ro
ceed
a
s

in
th
e
p
rev
io
u
s
su
b
sectio
n
.
F
ro
m
:

�
"
(
i (A
c))
=
"
z
@
(
i (A
c))
+
(1
�
h
i)@
"
z

i (A
c)
;

(2
.6
.3
2
)

1
2
O
n
e
ca
n
o
f
co
u
rse
ta
k
e
b
a
n
d
c
to
b
e
ferm
io
n
ic
m
a
trices.
T
h
e
tw
o
-p
o
in
t
fu
n
ctio
n
(2
.6
.3
1
)
d
o
es

n
o
t
d
ep
en
d
o
n
th
is
co
n
v
en
tio
n
.

w
e
g
et:

T
b
c

=
:
bA
@
c�
(1�
h
i)@

(b
i

i A
j

j c)
:;

(2
.6
.3
3
)

w
ith
cen
tra
l
ch
a
rg
e:

c
= X

i

(�
1
)
i2

(6
(h
i)
2�

6
h
i

+
1
))
;

(2
.6
.3
4
)

w
h
ere
th
e
p
h
a
se
fa
cto
r
is
�
1
fo
r
b
i

ferm
io
n
ic.
N
o
te
th
a
t
th
e
seco
n
d
term

o
f
eq
.

(2
.6
.3
3
)
is
th
e
d
eriva
tiv
e
o
f
th
e
g
h
o
st
cu
rren
t.
It
is
n
o
t
p
resen
t
in
eq
.
(2
.6
.2
8
)
b
eca
u
se

:
 
 
:=
0
.

2
.6
.4

W
e
ss-Z
u
m
in
o
-N
o
v
ik
o
v
-W
itte
n
m
o
d
e
ls

A
�
n
a
l
ex
a
m
p
le
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
is
th
e
W
Z
N
W
{
m
o
d
el
[1
5
6,
2
0
9
].
It
is
a

n
o
n
lin
ea
r
sig
m
a
m
o
d
el
w
ith
a
s
ta
rg
et
sp
a
ce
a
g
ro
u
p
m
a
n
ifo
ld
.
T
h
e
(su
p
er)
L
ie
g
ro
u
p

G
is
req
u
ired
to
b
e
sem
isim
p
le
(see
[1
5
4,
8
1
]
fo
r
a
w
ea
k
en
in
g
o
f
th
is
co
n
d
itio
n
).
W
e

d
en
o
te
its
(su
p
er)
L
ie
a
lg
eb
ra
w
ith
�g,
see
a
p
p
en
d
ix
B
fo
r
co
n
v
en
tio
n
s.

T
h
e
W
Z
W
N
a
ctio
n
�
S
+

[g
]
is
a
fu
n
ctio
n
a
l
o
f
a
G
-va
lu
ed
�
eld
g
a
n
d
is
g
iv
en
b
y
:

�
S
+

[g
]
=

�
4
�
x Z
@


d
2x
str �
@
g
�

1
�@g 	

+

�
1
2
�
x Z


d
3x
"
�
�

str �
g
;�
g
�

1g
;�
g
�

1g
;
g
�

1 	
;

(2
.6
.3
5
)

w
h
ere


is
a
th
ree-m
a
n
ifo
ld
w
ith
b
o
u
n
d
a
ry
@


.
It
sa
tis�
es
th
e
P
o
ly
a
k
ov
-W
ieg
m
a
n

id
en
tity
[1
6
1]:

S
+

[h
g
]
=
S
+

[h
]+
S
+

[g
]�

1
2
�
x Z
str �h
�

1@
h
�@
g
g
�

1 �
;

(2
.6
.3
6
)

w
h
ich
is
o
b
ta
in
ed
th
ro
u
g
h
d
irect
co
m
p
u
ta
tio
n
.
W
e
a
lso
in
tro
d
u
ce
a
fu
n
ctio
n
a
l
S
�

[g
]

w
h
ich
is
d
e�
n
ed
b
y
:

S
�

[g
]
=
S
+

[g
�

1]:

(2
.6
.3
7
)

It
is
w
ith
th
is
fu
n
ctio
n
a
lth
a
t
w
e
n
o
w
co
n
tin
u
e.
U
sin
g
th
e
P
o
ly
a
k
ov
-W
ieg
m
a
n
id
en
tity

(2
.6
.3
6
),
w
e
ca
n
sh
ow
th
a
t
th
e
a
ctio
n
S
�

[g
]
tra
n
sfo
rm
s
u
n
d
er:

�
�
g
=
�
g

(2
.6
.3
8
)

a
s

�
�
S
�

[g
]
=
�
�

2
�
x Z
str ��
@
g
g
�

1 �
�@
� �
:

(2
.6
.3
9
)

W
e
see
th
a
t
S
�

[g
]
is
in
va
ria
n
t
w
h
en
�@�
=
0
.
T
h
e
co
rresp
o
n
d
in
g
co
n
serv
ed
cu
rren
t

is:

J
z
=
�2

@
g
g
�

1
;

(2
.6
.4
0
)

2
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2
.A
.
A
p
p
en
d
ix
:
C
o
m
b
in
a
to
rics

w
h
ich
is
ch
ira
l,
�@J
z

=
0
.
S
im
ila
rly,
fo
r
�
�� g
=
g
��
w
ith
@
��
=
0
,
w
e
�
n
d
a
co
n
serv
ed

cu
rren
t:

J
�z
=
�
�2

g
�

1
�@g
:

(2
.6
.4
1
)

J
z
tra
n
sfo
rm
s
u
n
d
er
eq
.
(2
.6
.3
8
)
a
s:

�
�
J
z

=

�2
@
�
+
[�
;J
z ];

(2
.6
.4
2
)

=

� Z
d
y n
str
(�
(y
)J
z
(y
))
;J
z (x
) o

P
B

(2
.6
.4
3
)

w
h
ere
th
e
P
o
isso
n
b
ra
ck
et
is
g
iv
en
b
y
1
3:

J
az �
J
bz

=

<<
�
�2

g
a
b
j
a
g
d
J
cz

c
d f
b
>>
;

(2
.6
.4
4
)

w
h
ich
d
e�
n
es
a
cu
rren
t
a
lg
eb
ra
o
f
lev
el
�
.
It
ca
n
b
e
a
rg
u
ed
th
a
t
th
e
rela
tio
n
eq
.

(2
.6
.4
4
)
d
o
es
n
o
t
ren
o
rm
a
lise
w
h
en
g
o
in
g
to
th
e
q
u
a
n
tu
m

th
eo
ry,
a
n
d
w
e
w
ill
ta
k
e

(2
.6
.4
4
)
a
s
th
e
d
e�
n
itio
n
o
f
th
e
O
P
E
.
H
ow
ev
er,
th
e
rela
tio
n
(2
.6
.4
0
)
ca
n
b
e
ren
o
r-

m
a
lised
to
:

J
z
=
�
�2
@
g
g
�

1
:

(2
.6
.4
5
)

U
sin
g
O
P
E
tech
n
iq
u
es,
it
is
a
rg
u
ed
in
[1
3
5]
th
a
t
fo
r
a
cu
rren
t
a
lg
eb
ra
o
f
lev
el
�
,

n
o
rm
a
lisin
g
th
e
cu
rren
ts
a
s
in
(2
.6
.4
4
)
g
iv
es:

�
�
=
�
+
~h
;

(2
.6
.4
6
)

w
h
ere
th
e
d
u
a
l
C
ox
eter
n
u
m
b
er
~h
is
th
e
eig
en
v
a
lu
e
o
f
th
e
q
u
a
d
ra
tic
C
a
sim
ir
in

th
e
a
d
jo
in
t
rep
resen
ta
tio
n
(see
a
lso
a
p
p
en
d
ix
B
).
T
h
is
fo
llow
s
fro
m

co
n
sisten
cy

req
u
irem
en
ts
in
th
e
O
P
A
o
f
th
e
cu
rren
ts
w
ith
g
.
W
e
w
ill
n
eed
th
is
ren
o
rm
a
lisa
tio
n

in
ch
a
p
ter
7
.

T
h
e
O
P
A
g
en
era
ted
b
y
th
e
cu
rren
ts
J
az

w
ith
th
e
O
P
E
s
(2
.6
.4
4
)
is
k
n
ow
n
a
s
a

K
a
�c{
M
o
o
d
y
a
lg
eb
ra
o
r
a
�
n
e
L
ie
a
lg
eb
ra
.
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
s
w
ere
stu
d
ied
in
th
e

m
a
th
em
a
tica
l
litera
tu
re
[1
2
6
,
1
5
1
]
m
u
ch
ea
rlier
th
a
n
W
Z
N
W
{
m
o
d
els.
F
o
r
a
rev
iew

o
n
th
e
a
lg
eb
ra
ic
a
sp
ects
o
f
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
s,
see
[1
0
1
].
W
e
w
ill
d
en
o
te
th
e
K
a
�c{

M
o
o
d
y
a
lg
eb
ra
co
rresp
o
n
d
in
g
to
�g
a
s
^g
.

O
n
e
ca
n
ch
eck
th
a
t
th
e
S
u
g
aw
a
ra
ten
so
r:

T
S

=

1

x �
�
+
~h �
str[J
z J
z ]0
;

(2
.6
.4
7
)

1
3
W
e
u
se
th
e
\
cla
ssica
l
O
P
E
"
n
o
ta
tio
n
b
y
v
irtu
e
o
f
th
e
co
rresp
o
n
d
en
ce
d
iscu
ssed
in
su
b
sectio
n

2
.3
.5
.

sa
tis�
es
th
e
V
ira
so
ro
a
lg
eb
ra
w
ith
th
e
cen
tra
l
ex
ten
sio
n
g
iv
en
b
y
:

c
=
k
(d
B

�
d
F
)

k
+
~h

:

(2
.6
.4
8
)

T
h
e
cu
rren
ts
J
az

h
av
e
co
n
fo
rm
a
l
d
im
en
sio
n
1
w
ith
resp
ect
to
T
S
.

W
e
n
ow
b
rie
y
rev
iew
so
m
e
b
a
sic
fo
rm
u
la
s
fo
r
g
a
u
g
ed
W
Z
N
W
{
m
o
d
els
[1
5
6,
2
0
9,

1
6
1,
3,
5
8]
w
h
ich
w
e
w
ill
n
eed
in
ch
a
p
ter
6
.
W
e
ca
n
g
a
u
g
e
th
e
sy
m
m
etries
g
en
era
ted

b
y
J
z
b
y
in
tro
d
u
cin
g
g
a
u
g
e
�
eld
s
A
�z .
T
h
e
a
ctio
n
:

�
S
�

[g
]
+

1�
x Z
d
2x
str �
J
z (x
)A
�z (x
) �

(2
.6
.4
9
)

is
(cla
ssica
lly
)
in
va
ria
n
t
w
h
en
th
e
g
a
u
g
e
�
eld
s
tra
n
sfo
rm
a
s:

�
�
A
�z
=
�@�
+
[�
;A
�z ]:

(2
.6
.5
0
)

T
h
e
in
d
u
ced
a
ctio
n
(2
.5
.4
)
�
[A
�z ]
fo
r
th
e
g
a
u
g
e
�
eld
s
A
�z
is:

ex
p
(�
�
[A
�z ])
=

hex
p
�

1�
x Z
d
2x
str �
J
z (x
)A
�z (x
) �i
:

(2
.6
.5
1
)

B
y
u
sin
g
th
e
O
P
E
s
eq
.
(2
.6
.4
4
),
a
n
d
th
e
g
en
era
l
fo
rm
u
la
fo
r
th
e
fu
n
ctio
n
a
l
eq
u
a
tio
n

fo
r
�
(2
.5
.1
8
)
w
e
�
n
d
th
e
fo
llow
in
g
W
a
rd
id
en
tity
:

�@u
z �
[A
�z ;u
z ]
=
@
A
�z
;

(2
.6
.5
2
)

w
h
ere:

u
az (x

)
=
�

2
��

g
a
b

��
[A
�z ]

�
bA
�z (x
)
:

(2
.6
.5
3
)

T
h
e
W
a
rd
id
en
tity
is
in
d
ep
en
d
en
t
o
f
�
,
th
erefo
re:

�
[A
�z ]
=
�
�
(0
)[A

�z ];

(2
.6
.5
4
)

w
h
ere
�
(0
)[A

�z ]
is
in
d
ep
en
d
en
t
o
f
�
.
In
[1
6
1,
3
],
it
w
a
s
o
b
serv
ed
th
a
t
eq
.
(2
.6
.5
2
)

sta
tes
th
a
t
th
e
cu
rva
tu
re
fo
r
th
e
Y
a
n
g
-M
ills
�
eld
sf
A
;ug
va
n
ish
es.

2
.A

A
p
p
e
n
d
ix
:
C
o
m
b
in
a
to
ric
s

T
h
is
a
p
p
en
d
ix
co
m
b
in
es
so
m
e
fo
rm
u
la
s
fo
r
b
in
o
m
ia
l
co
e�
cien
ts
a
n
d
rela
ted
d
e�
n
i-

tio
n
s.
W
e
d
e�
n
e
�
rst
th
e
P
o
ch
h
a
m
m
er
sy
m
b
o
l:

(a
)
n

=
�
(a
+
n
)

�
(a
)

=
n
�

1

Yj
=
0 (a

+
j)
;

a
2
R
;
n
2
N

(2
.A
.1
)

2
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C
h
a
p
ter
2
.
C
o
n
fo
rm
a
l
F
ield
T
h
eo
ry
a
n
d
O
P
E
s

w
h
ere
th
e
la
st
d
e�
n
itio
n
is
a
lso
v
a
lid
if
a
is
a
n
eg
a
tiv
e
in
teg
er.
W
e
th
en
d
e�
n
e
th
e

b
in
o
m
ia
l
a
s:

�
an �

=
(a
)
n

n
!

a
2
R

;
n
2
N

:

(2
.A
.2
)

In
p
a
rticu
la
r,

�
�
n

m �
=
(�
1
)
m �
m
+
n
�
1

m

�
;

m
;n
2
N

:

(2
.A
.3
)

W
e
n
o
w
list
so
m
e
id
en
tities
fo
r
su
m
s
o
f
b
in
o
m
ia
l
co
e�
cien
ts
w
h
ich
a
re
u
sed
in

sectio
n
2
.4
.

Xl
2
N

(�
1
)
l �
rl ��
r
+
s�
l

p�
l �
= �
sp �
;

r;s2
Z
;
p
2
N

(2
.A
.4
)

w
h
ich
ca
n
b
e
p
rov
en
b
y
m
u
ltip
ly
in
g
w
ith
x
p

a
n
d
su
m
m
in
g
ov
er
p
.

Xp
2
N �

np ��
m

s�
p �
= �
m
+
n

s

�
;

m
;n
2
Z
;
s2
N

(2
.A
.5
)

w
h
ich
is
p
ro
v
en
b
y
m
u
ltip
ly
in
g
w
ith
x
s

a
n
d
su
m
m
in
g
ov
er
s.

2
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C
h
a
p
te
r
3

O
p
e
r
a
to
r
P
r
o
d
u
c
t
E
x
p
a
n
sio
n
s
in
M
a
th
e
m
a
tic
a

T
h
e
p
rev
io
u
s
ch
a
p
ter
in
d
ica
tes
th
a
t
th
e
m
eth
o
d
o
f
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
-

sio
n
s
(O
P
E
s)
g
iv
es
u
s
a
v
ery
u
sefu
l
a
lg
eb
ra
ic
to
o
l
to
stu
d
y
a
co
n
fo
rm
a
l
�
eld
th
eo
ry.

H
ow
ev
er,
th
e
relev
a
n
t
fo
rm
u
la
s
sh
ow

th
a
t
ca
lcu
la
tio
n
s
ca
n
b
eco
m
e
q
u
ite
ted
io
u
s

a
n
d
erro
r-p
ro
n
e,
esp
ecia
lly
w
h
en
n
ested
n
o
rm
a
l
o
rd
ered
p
ro
d
u
cts
a
re
in
v
o
lv
ed
.
T
h
is

w
a
s
th
e
m
o
tiv
a
tio
n
to
im
p
lem
en
t
a
n
a
lg
o
rith
m
to
h
a
n
d
le
O
P
E
s
a
n
d
n
o
rm
a
l
o
rd
ered

p
ro
d
u
cts.
B
y
n
ow
,
th
e
O
P
E
d
efs
p
a
ck
a
g
e
is
w
id
ely
u
sed
,
sh
o
w
in
g
th
a
t
th
e
n
eed
fo
r

a
u
to
m
a
ted
O
P
E
ca
lcu
la
tio
n
s
w
a
s
(a
n
d
is)
p
resen
t
a
m
o
n
g
co
n
fo
rm
a
l
�
eld
th
eo
rists.

T
h
is
ch
a
p
ter
d
iscu
sses
th
e
O
P
E
d
efs
p
a
ck
a
g
e.
In
th
e
�
rst
sectio
n
,
th
e
d
esired

ca
p
a
b
ilities
o
f
th
e
p
a
ck
a
g
e
a
re
d
iscu
ssed
a
n
d
a
b
rief
h
isto
ry
o
f
th
e
d
ev
elo
p
m
en
t
o
f

O
P
E
d
efs
is
g
iv
en
.
S
ectio
n
3
.2
is
d
ev
o
ted
to
d
esig
n
co
n
sid
era
tio
n
s.
T
h
e
im
p
lem
en
-

ta
tio
n
w
e
u
sed
is
ex
p
la
in
ed
in
sectio
n
3
.3
.
W
e
�
rst
g
iv
e
th
e
a
lg
o
rith
m
,
a
n
d
p
ro
v
e

th
a
t
it
is
�
n
ite.
T
h
en
so
m
e
cru
cia
l
p
o
in
ts
in
th
e
a
ctu
a
l
co
d
e
o
f
O
P
E
d
efs
a
re
h
ig
h
-

lig
h
ted
.
S
ectio
n
3
.4
is
a
u
ser's
g
u
id
e
to
O
P
E
d
efs,
a
n
d
th
e
n
ex
t
sectio
n
p
resen
ts
a
n

ex
p
licit
ex
a
m
p
le
o
f
a
ca
lcu
la
tio
n
.
S
ectio
n
3
.6
g
iv
es
a
n
o
u
tlo
o
k
o
n
p
o
ssib
le
ex
ten
sio
n
s.

W
e
en
d
th
is
ch
a
p
ter
w
ith
a
rev
iew
o
f
o
th
er
sy
m
b
o
lic
m
a
n
ip
u
la
tion
p
a
cka
g
es
u
sed
in

co
n
fo
rm
a
l
�
eld
th
eo
ry.

S
o
m
e
o
f
th
e
m
a
teria
l
fo
u
n
d
in
th
is
ch
a
p
ter
w
a
s
p
u
b
lish
ed
in
[1
9
2]
a
n
d
[1
9
3].

A
ll
r
e
g
is
t
e
r
e
d

t
r
a
d
e
m
a
r
k
s
u
s
e
d

in

t
h
is
c
h
a
p
t
e
r
a
r
e
a
c
k
n
o
w
le
d
g
e
d
.

3
.1

In
te
n
tio
n
a
n
d
h
isto
ry

W
e
w
a
n
t
to
co
n
stru
ct
a
p
a
ck
a
g
e
w
h
ich
,
g
iv
en
th
e
O
P
E
s
o
f
a
set
o
f
g
en
era
to
rs,
is

a
b
le
to
co
m
p
u
te
a
n
y
O
P
E
in
th
e
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
(O
P
A
)
1.

M
o
reov
er,
a
s

th
e
d
e�
n
itio
n
o
f
n
o
rm
a
l
o
rd
erin
g
is
n
o
n
co
m
m
u
ta
tiv
e
a
n
d
n
o
n
a
sso
cia
tiv
e,
th
e
p
a
cka
g
e

sh
o
u
ld
b
rin
g
co
m
p
o
site
o
p
era
to
rs
in
a
sta
n
d
a
rd
fo
rm
.
T
h
is
ca
n
b
e
d
o
n
e
b
y
in
tro
d
u
c-

in
g
a
n
o
rd
er
fo
r
th
e
g
en
era
to
rs
a
n
d
reo
rd
erin
g
co
m
p
o
sites
su
ch
th
a
t
g
en
era
to
rs
a
re

o
rd
ered
fro
m
left
to
rig
h
t,
u
sin
g
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
s
o
f
th
e
p
rev
io
u
s
ch
a
p
ter.

1
W
h
en
w
e
sa
y,
\
co
m
p
u
te
a
n
O
P
E
"
,
w
e
m
ea
n
co
m
p
u
tin
g
a
ll
o
p
era
to
rs
o
f
th
e
sin
g
u
la
r
p
a
rt.

W
e
w
ill
restrict
o
u
rselv
es
to
m
ero
m
o
rp
h
ic
co
n
fo
rm
a
l
�
eld
th
eo
ry.
A
s
w
e
u
se
o
n
ly

th
e
co
n
cep
t
o
f
a
n
O
P
A
(see
d
ef.
2
.3
.2
),
w
e
w
ill
b
e
a
b
le
to
u
se
o
p
era
to
rs
w
ith
a
n
y

(a
lso
n
eg
a
tiv
e)
co
n
fo
rm
a
l
d
im
en
sio
n
.

A
n
im
p
o
rta
n
t
step
in
th
e
ca
lcu
la
tio
n
s
w
ith
O
P
E
s
is
to
ch
eck
th
a
t
th
e
J
a
co
b
i

id
en
titities
(2
.3
.2
1
)
d
iscu
ssed
in
th
e
p
rev
io
u
s
ch
a
p
ter
a
re
sa
tis�
ed
.
T
h
e
p
a
cka
g
e

sh
o
u
ld
b
e
a
b
le
to
v
erify
th
is.
T
h
is
w
ill
a
lso
en
a
b
le
u
s
to
�
x
so
m
e
free
p
a
ra
m
eters
in

th
e
O
P
E
s
o
f
th
e
g
en
era
to
rs
b
y
req
u
irin
g
a
sso
cia
tiv
ity.

A
�
rst
v
ersio
n
o
f
m
y
p
a
cka
g
e
w
a
s
u
sed
to
p
erfo
rm
th
e
ca
lcu
la
tio
n
s
o
n
th
e
C
a
sim
ir

a
lg
eb
ra
o
f
B
2
[7
8]
(see
sectio
n
4
.6
),
w
h
ere
O
P
E
s
o
f
co
m
p
o
sites
o
f
u
p
to
fo
u
r
�
eld
s

a
re
in
v
o
lv
ed
.
A
fter
so
m
e
o
p
tim
isa
tio
n
s,
O
P
E
d
efs
2
.0
[1
9
2]
w
a
s
m
a
d
e
ava
ila
b
le
to
th
e

p
u
b
lic.
S
ev
era
l
w
ell-k
n
ow
n
resu
lts
w
ere
ch
eck
ed
w
ith
th
is
v
ersio
n
,
e.g
.
th
e
S
u
g
aw
a
ra

co
n
stru
ctio
n
fo
r dSU
(n
),
th
e
free
�
eld
rea
lisa
tio
n
s
a
n
d
h
o
m
o
lo
g
ica
l
co
n
stru
ctio
n
s
o
f

W
3
b
a
sed
o
n
a dSU
(3
)-K
a�c{
M
o
o
d
y
a
lg
eb
ra
[5
6].
T
h
e
p
ow
er
o
f
h
av
in
g
a
ll
ca
lcu
la
tio
n
s

a
u
to
m
a
ted
w
a
s
a
lrea
d
y
clea
r
a
t
th
is
p
o
in
t,
a
s
w
e
fo
u
n
d
a
sm
a
ll
m
isp
rin
t
in
[5
6] 2,

w
h
ile
th
is
ca
lcu
la
tio
n
w
a
s
h
ig
h
ly
n
o
n
triv
ia
l
b
y
h
a
n
d
.

Im
p
o
rta
n
t
im
p
ro
v
em
en
ts
(v
ersio
n
3
.0
)
w
ere
p
u
b
lish
ed
in
[1
9
3].
It
w
a
s
n
ecessa
ry

to
in
tro
d
u
ce
a
d
i�
eren
t
sy
n
ta
x
,
to
b
e
a
b
le
to
m
a
k
e
ex
ten
siv
e
ch
a
n
g
es
in
th
e
fu
tu
re.

S
in
ce
th
en
,
m
a
n
y
o
th
er
sm
a
ll
ch
a
n
g
es
h
av
e
b
een
m
a
d
e
to
th
e
p
a
cka
g
e.
T
h
e
la
test

v
ersio
n
,
w
h
ich
w
ill
b
e
d
iscu
ssed
in
th
is
ch
a
p
ter,
is
3
.1
.

T
h
e
p
a
cka
g
e
is
freely
ava
ila
b
le
fro
m
th
e
a
u
th
o
r
3.

3
.2

D
e
sig
n
c
o
n
sid
e
ra
tio
n
s

In
th
is
sectio
n
,
w
e
co
m
m
en
t
o
n
h
ow
O
P
E
d
efs
w
a
s
d
esig
n
ed
.
S
ev
era
l
a
sp
ects
a
re

im
p
o
rta
n
t.

2
T
h
e
seco
n
d
term

in
th
e
ex
p
ressio
n
fo
r
J
+3

(eq
.
2
.1
5
)
o
f
[5
6
]
sh
o
u
ld
rea
d
�
�
1

1

3
.

3
It
sh
o
u
ld
b
e
in
th
e
M
a
th
S
o
u
rc
e
a
rch
iv
e
so
o
n
.
S
ee

h
t
t
p
:
/
/
w
w
w
.
w
r
i
.
c
o
m
/
m
a
t
h
s
o
u
r
c
e
/
i
n
d
e
x
.
h
t
m
l
.



3
.3
.
Im
p
lem
en
ta
tio
n

�
H
ow
w
ill
th
e
p
ro
g
ra
m
p
resen
t
itself
to
th
e
u
ser
?
(in
terfa
ce)

P
refera
b
ly,
co
n
cep
ts
a
n
d
term
in
o
lo
g
y
th
a
t
th
e
u
ser
h
a
s
to
h
a
n
d
le
sh
o
u
ld
b
e

fa
m
ilia
r
to
a
n
y
co
n
fo
rm
a
l
�
eld
th
eo
rist.

�
H
ow
w
ill
th
e
d
a
ta
b
e
rep
resen
ted
?

T
h
e
rep
resen
ta
tio
n
h
a
s
to
b
e
ch
o
sen
su
ch
th
a
t
sto
ra
g
e
sp
a
ce
a
n
d
co
m
p
u
ta
tio
n

tim
e
a
re
m
in
im
ised
.
F
u
rth
erm
o
re,
it
sh
o
u
ld
b
e
p
o
ssib
le
to
in
co
rp
o
ra
te
a
n
y

rela
ted
p
ro
b
lem
s
(fo
r
in
sta
n
ce
P
o
isso
n
b
ra
ck
ets)
w
ith
o
u
t
ch
a
n
g
in
g
th
e
d
a
ta

rep
resen
ta
tio
n
.

W
h
a
tev
er
rep
resen
ta
tio
n
is
ch
o
sen
,
it
is
im
p
o
rta
n
t
to
h
id
e
th
is
ch
o
ice
fo
r
th
e

u
ser.
Id
ea
lly,
o
n
e
sh
o
u
ld
b
e
a
b
le
to
ch
a
n
g
e
th
e
rep
resen
ta
tio
n
(a
n
d
th
u
s
th
e

in
tern
a
l
w
o
rk
in
g
o
f
th
e
p
ro
g
ra
m
)
w
ith
o
u
t
a
�
ectin
g
th
e
in
terfa
ce.

�
M
a
k
e
su
re
th
e
p
ro
g
ra
m
ca
n
b
e
ea
sily
ex
ten
d
ed
.

It
is
im
p
o
rta
n
t
to
k
eep
th
e
m
a
in
id
ea
s
o
f
th
e
a
lg
o
rith
m
re
ected
in
th
e
stru
c-

tu
re
o
f
th
e
p
ro
g
ra
m
,
sep
a
ra
ted
fro
m

th
e
a
ctu
a
l
d
eta
ils
o
f
th
e
co
m
p
u
ta
tio
n
.

T
h
is
im
p
lies
a
m
o
d
u
la
r
sty
le
o
f
w
ritin
g
.
O
f
co
u
rse,
a
h
ig
h
lev
el
p
ro
g
ra
m
m
in
g

la
n
g
u
a
g
e
en
h
a
n
ces
rea
d
a
b
ility
a
n
d
m
a
k
es
ch
a
n
g
es
a
n
d
a
d
d
itio
n
s
ea
sier.

�
H
ow
ca
n
th
e
resu
lts
b
e
m
a
n
ip
u
la
ted
?

It
is
o
f
co
u
rse
n
o
t
en
o
u
g
h
to
b
e
a
b
le
to
co
m
p
u
te
a
certa
in
O
P
E
o
r
n
o
rm
a
l

o
rd
ered
p
ro
d
u
ct.
D
i�
eren
t
resu
lts
h
a
v
e
to
b
e
a
d
d
ed
,
co
e�
cien
ts
sim
p
li�
ed
o
r

ex
tra
cted
,
eq
u
a
tio
n
s
so
lv
ed
:::
It
w
o
u
ld
lea
d
th
e
p
ro
g
ra
m
m
er
o
f
th
e
p
a
cka
g
e

w
a
y
to
fa
r
if
h
e/
sh
e
h
a
d
to
im
p
lem
en
t
a
ll
th
is
fu
n
ctio
n
a
lity.

T
h
ese
rem
a
rk
s
p
o
in
t
to
w
a
rd
s
a
n
im
p
lem
en
ta
tio
n
in
a
n
in
tera
ctiv
e
en
v
iro
n
m
en
t

w
h
ere
it
is
p
o
ssib
le
to
p
erfo
rm

sy
m
b
o
lic
co
m
p
u
ta
tio
n
s,
a
n
d
w
h
ere
a
h
ig
h
lev
el
la
n
-

g
u
a
g
e
is
a
v
a
ila
b
le,
i.e.
in
a
sy
m
b
o
lic
m
a
n
ip
u
la
tio
n
p
ro
g
ra
m
.
In
d
eed
,
th
ese
en
v
iro
n
-

m
en
ts
a
re
d
ev
elo
p
ed
to
p
erfo
rm

th
e
d
u
ll
{
o
r
a
lg
o
rith
m
ic
{
ca
lcu
la
tio
n
s,
o
n
ce
th
e

n
ecessa
ry
ru
les
a
re
im
p
lem
en
ted
.
T
h
e
u
ser
ca
n
th
en
u
se
th
e
p
ro
g
ra
m
m
in
g
p
ow
er
o
f

th
e
en
v
iro
n
m
en
t
to
so
lv
e
h
is
p
ro
b
lem
.
It
w
o
u
ld
b
e
p
erfectly
p
o
ssib
le
to
w
rite
th
e

p
ro
p
o
sed
p
ro
g
ra
m

in
a
n
\
o
rd
in
a
ry
"
p
ro
g
ra
m
m
in
g
la
n
g
u
a
g
e
lik
e
C
+
+

o
r
lisp
.
A
fter

a
ll,
th
e
sy
m
b
o
lic
m
a
n
ip
u
la
tion
p
ro
g
ra
m
s
a
re
w
ritten
in
o
n
e
o
f
th
ese
la
n
g
u
a
g
es.
H
ow
-

ev
er,
th
e
a
m
o
u
n
t
o
f
co
d
e
req
u
ired
w
o
u
ld
p
ro
b
a
b
ly
g
o
b
ey
o
n
d
th
e
sco
p
e
o
f
a
p
h
y
sics

P
h
D
.

M
a
n
y
o
f
th
e
d
esig
n
p
rin
cip
les
w
e
m
en
tio
n
ed
,
a
re
rem
in
iscen
t
o
f
o
b
ject
o
rien
ted

p
ro
g
ra
m
m
in
g.
A
s
th
is
is
a
fa
irly
n
ew
co
n
cep
t,
o
n
e
im
m
ed
ia
tely
is
d
irected
to
w
a
rd
s

th
e
m
o
re
recen
t
en
v
iro
n
m
en
ts.
O
f
th
ese,
th
e
b
est
k
n
ow
n
a
n
d
m
o
re
p
ow
erfu
l
a
re

A
x
io
m

[1
2
3
],
M
a
p
le
[3
6
]
a
n
d
M
a
th
em
a
tica
[2
1
0
].
A
ll
th
ree
a
re
su
ita
b
le
fo
r
im
p
le-

m
en
ta
tio
n
o
f
th
e
a
lg
o
rith
m
fo
r
w
o
rk
in
g
w
ith
O
P
E
s.

F
ro
m

th
e
v
iew
p
o
in
t
o
f
th
e
p
ro
g
ra
m
m
er,
A
x
io
m

seem
s
to
b
e
th
e
m
o
st
a
ttra
ctiv
e

ch
o
ice.
It
is
in
d
eed
th
e
m
o
st
recen
t
en
v
iro
n
m
en
t,
a
n
d
its
d
esig
n
re
ects
a
ll
p
o
in
ts

m
a
d
e
a
b
ov
e.
T
h
e
m
a
jo
r
d
isa
d
va
n
ta
g
es
o
f
th
is
sy
stem
a
re
th
a
t
it
is
n
o
t
v
ery
p
o
p
u
la
r

y
et,
a
n
d
th
e
h
a
rd
w
a
re
req
u
irem
en
ts
a
re
v
ery
h
ig
h
(a
p
ow
erfu
l
U
n
ix
w
o
rk
sta
tio
n
is

n
eed
ed
).

M
a
p
le
is
b
ein
g
u
sed
m
o
re
a
n
d
m
o
re
ov
er
th
e
la
st
few
y
ea
rs.
Its
d
esig
n
is
co
n
cen
tra
ted

o
n
ru
n
-tim
e
e�
cien
cy
a
n
d
sm
a
ll
m
em
o
ry
req
u
irem
en
ts.
P
resu
m
a
b
ly,
a
co
n
seq
u
en
ce

o
f
th
is
is
th
a
t
th
e
M
a
p
le
p
ro
g
ra
m
m
in
g
la
n
g
u
a
g
e
is
m
o
re
lik
e
C

o
r
P
a
sca
l,
a
lth
o
u
g
h

w
ith
p
o
w
erfu
l
ex
ten
sio
n
s
fo
r
sy
m
b
o
lic
m
a
n
ip
u
la
tio
n
s.
H
o
w
ev
er,
it
d
o
es
n
o
t
seem

to

p
erm
it
a
h
ig
h
a
b
stra
ctio
n
lev
el
a
n
d
m
o
d
u
la
rity
co
m
p
a
red
to
th
e
o
th
er
tw
o
en
v
iro
n
-

m
en
ts.

F
in
a
lly,
th
e
M
a
th
em
a
tica
en
v
iro
n
m
en
t
is
so
m
ew
h
ere
in
b
etw
een
th
e
tw
o
o
th
ers.
It

is
p
ro
b
a
b
ly
n
o
t
a
s
e�
cien
t
a
s
M
a
p
le,
b
u
t
it
is
a
lo
t
ea
sier
to
p
ro
g
ra
m

in
.
It
ru
n
s

o
n
a
lo
t
o
f
m
a
ch
in
es,
fro
m
P
C
's
to
su
p
erco
m
p
u
ters
a
n
d
a
ll
v
ersio
n
s
a
re
co
m
p
letely

co
m
p
a
tib
le.
M
a
n
y
o
f
th
e
id
ea
s
o
f
o
b
ject
o
rien
ted
p
ro
g
ra
m
m
in
g
ca
n
b
e
u
sed
in
M
a
th
-

em
a
tica
a
n
d
its
p
a
ttern
m
a
tch
in
g
ca
p
a
b
ilities
a
re
v
ery
u
sefu
l
fo
r
a
n
y
m
a
th
em
a
tica
l

p
ro
g
ra
m
m
in
g
.

3
.3

Im
p
le
m
e
n
ta
tio
n

In
th
is
sectio
n
,
w
e
�
rst
d
iscu
ss
th
e
a
lg
o
rith
m
w
h
ich
w
e
u
sed
.
In
p
rin
cip
le,
it
sim
p
ly

co
n
sists
o
f
rep
ea
ted
a
p
p
lica
tio
n
o
f
th
e
ru
les
g
iv
en
in
su
b
sectio
n
2
.3
.2
.
In
th
e
n
ex
t

su
b
sectio
n
,
w
e
g
iv
e
so
m
e
p
a
rts
o
f
th
e
a
ctu
a
l
co
d
e
o
f
O
P
E
d
efs.
F
in
a
lly,
w
e
co
m
m
en
t

o
n
th
e
p
erfo
rm
a
n
ce
o
f
th
e
p
a
cka
g
e.

3
.3
.1

A
lg
o
rith
m

W
e
w
ill
d
iscu
ss
th
e
a
lg
o
rith
m
in
tw
o
step
s.
F
irst,
w
e
sh
ow
h
ow
th
e
sin
g
u
la
r
p
a
rt
o
f

th
e
O
P
E
s
ca
n
b
e
co
m
p
u
ted
.
T
h
en
w
e
g
iv
e
th
e
a
lg
o
rith
m
fo
r
sim
p
lify
in
g
co
m
p
o
sites.

In
O
P
E
d
efs,
co
m
p
o
sites
a
re
sim
p
li�
ed
a
t
ea
ch
step
o
f
th
e
ca
lcu
la
tio
n
.

O
P
E
d
efs
3
.1
ca
n
ca
lcu
la
te
O
P
E
s
a
n
d
P
o
isso
n
b
ra
ck
ets.
W
e
co
n
cen
tra
te
o
n
O
P
E
s

h
ere
a
n
d
b
rie
y
co
m
m
en
t
w
h
ich
ch
a
n
g
es
a
re
n
eed
ed
fo
r
th
e
o
th
er
ca
se.

C
o
m
p
u
t
in
g
O
P
E
s

T
h
e
p
a
cka
g
e
sh
o
u
ld
co
m
p
u
te
O
P
E
s
o
f
a
rb
itra
rily
co
m
p
lica
ted
co
m
p
o
sites
w
h
en
a
set

o
f
g
en
era
to
rs
a
n
d
th
eir
O
P
E
s
is
g
iv
en
.
O
b
v
io
u
sly,
w
e
w
ill
n
eed
th
e
ru
les
co
n
stru
cted

in
su
b
sectio
n
2
.3
.2
.
F
o
r
ea
sy
referen
ce,
w
e
list
th
e
ru
les
w
e
n
eed
,
a
sid
e
fro
m
lin
ea
rity.

F
irst,
th
ere
a
re
th
e
ru
les
in
v
o
lv
in
g
d
eriva
tiv
es:

[@
A
B
]q

=

�
(q�
1
)[A
B
]q
�

1

(3
.3
.1
)

[A
@
B
]q

=

(q�
1
)[A
B
]q
�

1
+
@
[A
B
]q
:

(3
.3
.2
)

N
ex
t,
w
e
n
eed
th
e
O
P
E
o
f
B
w
ith
A
,
g
iv
en
th
e
O
P
E
o
f
A
w
ith
B
:

[B
A
]q
=
(�
1
)
jA
j
jB
j Xl

�

q

(�
1
)
l

(l�
q)! @

(l
�

q
)[A
B
]l :

(3
.3
.3
)

2
9



C
h
a
p
ter
3
.
O
P
E
s
in
M
a
th
em
a
tica

O
P
E
s
w
ith
co
m
p
o
sites
ca
n
b
e
ca
lcu
la
ted
u
sin
g
eq
.
(2
.3
.2
1
):

[A
[B
C
]0 ]q

=

(�
1
)
jA
j
jB
j[B

[A
C
]q ]0
+
[[A
B
]q
C
]0

+
q
�

1

Xl=
1 �

q�
1

l �
[[A
B
]q
�

l C
]l

(3
.3
.4
)

w
h
ere
q
�
1
.

T
h
ese
ru
les
a
re
th
e
o
n
ly
o
n
es
n
eed
ed
to
co
m
p
u
te
ev
ery
O
P
E
in
th
e
O
P
A
.
In
d
eed
,

w
h
en
co
m
p
u
tin
g
th
e
O
P
E
o
f
A
w
ith
B
,
w
e
a
p
p
ly
th
e
fo
llow
in
g
p
ro
ced
u
re:

�
if
A
a
n
d
B
a
re
g
en
era
to
rs
w
h
o
se
O
P
E
w
e
k
n
o
w
,
retu
rn
it
a
s
th
e
resu
lt.

�
a
p
p
ly
lin
ea
rity
if
n
ecessa
ry.

�
if
A
is
a
n
o
p
era
to
r
w
ith
d
eriva
tiv
es,
u
se
eq
.
(3
.3
.1
).

�
if
B
is
a
n
o
p
era
to
r
w
ith
d
eriva
tiv
es,
u
se
eq
.
(3
.3
.2
).

�
if
B
is
a
co
m
p
o
site,
u
se
eq
.
(3
.3
.4
).

�
if
A
is
a
co
m
p
o
site,
u
se
eq
.
(3
.3
.3
).

�
if
th
e
O
P
E
B
(z
)
A
(w
)
is
k
n
ow
n
,
co
m
p
u
te
th
e
O
P
E
A
(z
)
B
(w
)
u
sin
g
eq
.
(3
.3
.3
).

T
h
is
list
sh
o
u
ld
b
e
u
sed
recu
rsiv
ely
u
n
til
n
o
n
e
o
f
th
e
ru
les
a
p
p
lies,
w
h
ich
m
ea
n
s
th
a
t

th
e
O
P
E
h
a
s
b
een
ca
lcu
la
ted
.
T
h
e
o
rd
er
in
w
h
ich
w
e
ch
eck
th
e
ru
les
is
in
th
is
ca
se

n
o
t
im
p
o
rta
n
t,
b
u
t
w
e
w
ill
ch
eck
th
em
in
a
\
to
p
-d
ow
n
"
o
rd
er.
N
o
te
th
a
t
to
co
m
p
u
te

a
n
O
P
E
o
f
a
co
m
p
o
site
w
ith
a
g
en
era
to
r,
�
rst
eq
.
(3
.3
.3
)
is
u
sed
,
a
n
d
eq
.
(3
.3
.4
)
in

th
e
n
ex
t
step
.
T
h
e
q
u
estio
n
n
ow
is
if
th
is
is
a
�
n
ite
p
ro
ced
u
re.

F
irst
o
f
a
ll,
a
ll
su
m
s
in
th
e
p
rev
io
u
s
eq
u
a
tio
n
s
h
av
e
a
�
n
ite
n
u
m
b
er
o
f
term
s.
T
h
is

fo
llow
s
fro
m

th
e
a
ssu
m
p
tio
n
th
a
t
a
ll
O
P
E
s
b
etw
een
g
en
era
to
rs
in
th
e
O
P
A
h
a
v
e
a

�
n
ite
n
u
m
b
er
o
f
p
o
les.
T
h
e
o
n
ly
p
o
ssib
le
p
ro
b
lem

is
th
a
t
eq
.
(3
.3
.4
)
w
o
u
ld
req
u
ire

a
n
in
�
n
ite
n
u
m
b
er
o
f
step
s.
In
d
eed
,
w
h
en
co
m
p
u
tin
g
th
e
O
P
E
A
[B
C
]0 ,
o
n
e
n
eed
s

a
ll
O
P
E
s
[A
B
]n
C

fo
r
n
>

0
.
It
is
n
ow
p
o
ssib
le
th
a
t
[A
B
]n
co
n
ta
in
s
a
co
m
p
o
site

a
g
a
in
,
lea
d
in
g
to
a
n
ew
a
p
p
lica
tio
n
o
f
eq
.
(3
.3
.4
).
F
o
r
g
ra
d
ed
O
P
A
s
(see
d
ef.
2
.3
.7
),

w
e
ca
n
p
ro
v
e
th
e
fo
llo
w
in
g
th
eo
rem
.

T
h
e
o
r
e
m

3
.3
.1
If
th
e
O
P
A
is
gra
d
ed
a
n
d
th
ere
is
a
lo
w
er
bo
u
n
d
D
o
n
th
e
d
im
en
sio
n

o
f
a
ll
th
e
o
pera
to
rs
in
th
e
O
P
A
,
th
en
th
e
a
p
p
lica
tio
n
o
f
eqs.
(3
.3
.1
-3
.3
.4
)
requ
ires
o
n
ly

a
�
n
ite
n
u
m
ber
o
f
step
s.

P
r
o
o
f
:

T
h
e
su
m
o
f
th
e
d
im
en
sio
n
s
o
f
th
e
�
eld
s
in
th
e
O
P
E
[A
1

[B
1 C
1 ]0 ]
is
�
=
a
1
+
b
1
+
c
1 .
T
h
e

a
p
p
lica
tio
n
o
f
eq
.
(3
.3
.4
)
lea
d
s
to
th
e
co
m
p
u
ta
tio
n
o
f
th
e
O
P
E
s
[[A
B
]n
C
]
fo
r
n
>

0
.

T
h
e
su
m

o
f
th
e
d
im
en
sio
n
s
is
in
th
is
ca
se
a
1
+
b
1
+
c
1 �
n
.
A
s
th
is
is
strictly
sm
a
ller

th
a
n
�
,
w
e
see
th
a
t
a
fter
(th
e
in
teg
er
p
a
rt
o
f)
�
�
2
D

step
s,
w
e
w
o
u
ld
n
eed
th
e
O
P
E
o
f

a
�
eld
w
ith
d
im
en
sio
n
low
er
th
a
n
D
,
w
h
ich
is
n
o
t
p
resen
t
in
th
e
O
P
A
b
y
a
ssu
m
p
tio
n
.

N
o
te
th
a
t
th
e
a
ssu
m
p
tio
n
o
f
th
e
ex
isten
ce
o
f
a
low
er
b
o
u
n
d
o
n
th
e
d
im
en
sio
n
is
n
o
t

v
ery
restrictiv
e.
F
irst
o
f
a
ll,
a
ll
co
n
fo
rm
a
l
O
P
A
s
(see
d
ef.
2
.3
.6
)
w
ith
g
en
era
to
rs

o
f
p
o
sitiv
e
d
im
en
sio
n
triv
ia
lly
sa
tisfy
th
e
criterio
n
.
M
o
reov
er,
a
�
n
ite
n
u
m
b
er
o
f

ferm
io
n
ic
g
en
era
to
rs
ca
n
h
av
e
n
eg
a
tiv
e
d
im
en
sio
n
.
In
d
eed
,
to
fo
rm

co
m
p
o
sites
o
f

n
eg
a
tiv
e
d
im
en
sio
n
w
ith
th
ese
ferm
io
n
s,
o
n
e
n
eed
s
ex
tra
d
eriva
tiv
es
{
e.g
.
[@
A
A
]0
{

im
p
o
sed
b
y
eq
.
(3
.3
.8
)
b
elow
.

A
n
im
p
o
rta
n
t
rem
a
rk
h
ere
is
th
a
t
th
e
d
im
en
sio
n
u
sed
in
th
e
p
ro
o
f
is
n
o
t
n
ecessa
r-

ily
th
e
co
n
fo
rm
a
l
d
im
en
sio
n
o
f
th
e
o
p
era
to
rs.
F
o
r
in
sta
n
ce,
fo
r
a
b
o
so
n
ic
bc-sy
stem

w
h
ich
co
m
m
u
tes
w
ith
a
ll
th
e
o
th
er
g
en
era
to
rs
o
f
th
e
O
P
A
,
w
e
ca
n
a
ssig
n
a
d
im
en
sio
n

o
f
1
=
2
to
b
o
th
b
a
n
d
c,
su
ch
th
a
t
th
e
th
eo
rem

ca
n
b
e
u
sed
.

T
h
e
a
lg
o
rith
m
u
sed
to
co
m
p
u
te
P
o
isso
n
b
ra
ck
ets
is
essen
tia
lly
th
e
sa
m
e.
S
o
m
e

sm
a
ll
ch
a
n
g
es
in
th
e
ru
le
eq
.
(3
.3
.4
),
a
s
d
iscu
ssed
in
su
b
sectio
n
2
.3
.5
,
a
re
n
eed
ed
.

S
im
p
lify
in
g
c
o
m
p
o
s
it
e
s

W
e
n
ow
d
iscu
ss
h
o
w
w
e
ca
n
red
u
ce
n
o
rm
a
l
o
rd
ered
p
ro
d
u
cts
to
a
sta
n
d
a
rd
fo
rm
.
W
e

d
e�
n
e
a
n
o
rd
er
o
n
th
e
g
en
era
to
rs
a
n
d
th
eir
d
eriva
tiv
es,
e.g
.
lex
ico
g
ra
p
h
ic
o
rd
erin
g
.

G
iv
en
a
co
m
p
o
site,
w
e
a
p
p
ly
th
e
ru
les
o
f
su
b
sectio
n
2
.3
.2
u
n
til
a
ll
co
m
p
o
sites
a
re

n
o
rm
a
l
o
rd
ered
fro
m
rig
h
t
to
left
a
n
d
th
e
o
p
era
to
rs
a
re
o
rd
ered
,
i.e.
[A
[B
[C
:::]0 ]0 ]0 ,

a
n
d
A
�
B
�
C
.
T
h
e
releva
n
t
fo
rm
u
la
s
a
re:

@
[A
B
]0
=
[A
@
B
]0
+
[@
A
B
]0

(3
.3
.5
)

[A
B
]
�

q
=

1q! [(@
qA

)
B
]0
;

q�
1

(3
.3
.6
)

[B
A
]0
=
(�
1
)
jA
j
jB
j[A
B
]0
+
(�
1
)
jA
j
jB
j Xl

�

1
(�
1
)
l

l!

@
l[A
B
]l

(3
.3
.7
)

[A
A
]0
=
� Xl>

0
(�
1
)
l

2
l!
@
l[A
A
]l
;

fo
r
A
ferm
io
n
ic
.

(3
.3
.8
)

[A
[B
C
]0 ]0
=
(�
1
)
jA
j
jB
j[B

[A
C
]0 ]0
+

(3
.3
.9
)

[([A
B
]0 �
(�
1
)
jA
j
jB
j[B
A
]0 )
C
]0

(3
.3
.1
0
)

[A
[A
C
]0 ]0
=
[[A
A
]0
C
]0
;

fo
r
A
ferm
io
n
ic
.

(3
.3
.1
1
)

T
h
e
ru
le
(3
.3
.1
0
)
fo
llow
s
fro
m
eq
.
(2
.3
.2
1
).

3
0



3
.3
.
Im
p
lem
en
ta
tio
n

W
e
h
av
e
to
w
o
n
d
er
if
w
e
a
g
a
in
req
u
ire
o
n
ly
a
�
n
ite
n
u
m
b
er
o
f
step
s
to
rea
ch
th
e

en
d
-resu
lt.
W
e
ca
n
n
o
t
p
ro
v
e
th
is
a
lo
n
g
th
e
sa
m
e
lin
es
a
s
th
eo
rem

3
.3
.1
.
In
d
eed
,
in

eq
.
(3
.3
.1
0
)
a
ll
term
s
n
ecessa
rily
h
a
v
e
th
e
sa
m
e
d
im
en
sio
n
.
W
e
g
iv
e
a
n
ex
a
m
p
le
o
f

in
�
n
ite
recu
rsio
n
in
th
e
in
term
ezzo
.

In
t
e
r
m
e
z
z
o
3
.3
.1

C
o
n
sid
er
a
n
O
P
A
w
ith
b
o
so
n
ic
o
p
era
to
rs
A
;B

su
ch
th
a
t:

[A
B
]1
=
a
B
:

(3
.3
.1
2
)

W
e
d
o
n
o
t
sp
ecify
th
e
O
P
E
o
f
B
w
ith
itself.
W
e
w
a
n
t
to
reo
rd
er
[[A
B
]0 B
]0
in
to
sta
n
d
a
rd

o
rd
er,
i.e
.
[A
[B
B
]0 ]0
+
co
rrectio
n
s.
In
th
e
co
m
p
u
ta
tio
n
w
h
ich
fo
llow
s,
a
n
ellip
sis
d
en
o
tes

term
s
co
n
ta
in
in
g
m
o
re
th
a
n
o
n
e
d
eriv
a
tiv
e
o
r
co
n
ta
in
in
g
[B
B
]n
w
ith
n
>

0
.

(T
h
e

eq
u
a
tio
n
n
u
m
b
ers
a
t
th
e
rig
h
t
co
rresp
o
n
d
to
th
e
fo
rm
u
la
u
sed
in
a
certa
in
step
.)

[[A
B
]0 B
]0

=

[B
[A
B
]0 ]0 �
@
[B
[A
B
]0 ]1
+
:::

e
q
:
(3
:3
:7
)

=
[A
[B
B
]0 ]0
+
[@
[B
A
]1
B
]0 �

e
q
:
(3
:3
:1
0
)

@
([A
[B
B
]1 ]0
+
[[B
A
]1 B
]0 )
+
:
::

e
q
:
(3
:3
:4
)

=
[A
[B
B
]0 ]0 �
a
[@
B

B
]0
+
a
@
[B
B
]0
+
:::

e
q
s
:
(3
:3
:5
);(3
:3
:7
)

=
[A
[B
B
]0 ]0
+
a
[@
B
B
]0
+
:::

N
o
w
,
su
p
p
o
se
th
a
t
th
ere
is
a
n
u
ll
o
p
era
to
r:

@
B
�
1a

[A
B
]0
=
0
:

(3
.3
.1
3
)

in
th
e
O
P
A
a
n
d
w
e
u
se
th
is
rela
tio
n
to
elim
in
a
te
@
B
.
W
e
�
n
d
:

[[A
B
]0 B
]0
=
[A
[B
B
]0 ]0
+
[[A
B
]0 B
]0
+
:::
;

w
h
ich
m
ea
n
s
th
a
t
w
e
ca
n
n
o
t
d
eterm
in
e
[[A
B
]0 B
]0
in
th
is
w
ay.
N
o
te
th
a
t
th
ere
is
n
o

p
ro
b
lem

if
w
e
u
se
eq
.
(3
.3
.1
3
)
to
elim
in
a
te
[A
B
]0 .

T
h
is
ex
a
m
p
le
o
ccu
rs
fo
r
a
sca
la
r
�
eld
X

a
n
d
th
e
v
ertex
o
p
era
to
rs
d
e�
n
ed
in
su
b
sectio
n

2
.6
.1
.
T
a
k
e
A
=
@
X

a
n
d
B
=
:
ex
p
(a
X
)
:.
If
w
e
n
o
rm
a
lised
X

su
ch
th
a
t
[@
X
@
X
]2
=
1
,

eq
.
(3
.3
.1
2
)
is
sa
tis�
ed
.
O
n
th
e
o
th
er
h
a
n
d
,
@
(:
ex
p
(a
X
)
:)
=

a
[@
X

:
ex
p
(a
X
)
:]0 .

C
lea
rly,
th
is
co
rresp
o
n
d
s
to
eq
.
(3
.3
.1
3
)
if
a
=
1
.

T
h
e
ex
a
m
p
le
in
th
e
in
term
ezzo
sh
ow
s
th
a
t
in
�
n
ite
recu
rsio
n
ca
n
o
ccu
r
w
h
en
n
u
ll

o
p
era
to
rs
a
re
p
resen
t.
If
N

is
a
n
u
ll
o
p
era
to
r,
w
e
ca
ll
N

=
0
a
n
u
ll-rela
tio
n
.
A
s

sh
ow
n
in
th
e
in
term
ezzo
,
th
e
a
lg
o
rith
m

d
o
es
n
o
t
w
o
rk
if
w
e
u
se
a
n
u
ll-rela
tio
n
to

elim
in
a
te
o
p
era
to
rs
w
ith
\
less"
d
eriv
a
tiv
es
in
fa
v
o
u
r
o
f
th
o
se
w
ith
\
m
o
re"
d
eriv
a
tiv
es.

W
e
m
a
k
e
th
is
m
o
re
p
recise.
F
o
r
a
n
o
p
era
to
r
A
,
w
e
d
e�
n
e
d
(A
)
a
s
th
e
n
u
m
b
er
o
f

d
eriva
tiv
es
o
ccu
rin
g
in
A
.
W
h
en
w
e
d
o
n
o
t
u
se
a
n
y
n
u
ll-rela
tio
n
s,
w
e
h
av
e:

d
(A
)

=

0

if
A
is
a
g
en
era
to
r

d
(@
A
)

=

d
(A
)
+
1

d
([A
B
]0 )

=

d
(A
)
+
d
(B
)

d
(A
+
B
)

=

m
in
(d
(A
);d
(B
))
:

(3
.3
.1
4
)

W
e
sa
y
th
a
t
w
e
\
u
se
a
n
u
ll-rela
tio
n
in
in
crea
sin
g
d
eriva
tiv
e-n
u
m
b
er"
if
w
e
u
se
it

to
elim
in
a
te
(o
n
e
o
f)
th
e
o
p
era
to
r(s)
w
ith
th
e
sm
a
llest
d
eriv
a
tiv
e-n
u
m
b
er.
In
th
is

ca
se,
tw
o
o
f
th
e
rela
tio
n
s
eq
.
(3
.3
.1
4
)
a
re
co
n
v
erted
to
in
eq
u
a
lities:
d
(@
n
A
)�
n
a
n
d

d
([A
B
]0 )�
d
(A
)
+
d
(B
).

W
e
a
re
n
ow
in
a
p
o
sitio
n
to
p
rov
e
th
e
fo
llo
w
in
g
th
eo
rem
.

T
h
e
o
r
e
m

3
.3
.2
In
a
n
O
P
A
sa
tisfy
in
g
th
e
co
n
d
itio
n
s
o
f
th
eo
rem

3
.3
.1
,
a
n
d
w
h
ere

a
n
y
n
u
ll-rela
tio
n
s
a
re
u
sed
in
in
crea
sin
g
d
eriva
tive-n
u
m
ber,
th
e
a
p
p
lica
tio
n
o
f
eqs.
(3
.3
.5
-

3
.3
.1
1
)
(togeth
er
w
ith
eqs.
(3
.3
.1
-3
.3
.4
))
to
o
rd
er
th
e
o
pera
to
rs
in
a
n
o
rm
a
l
o
rd
ered

p
rod
u
ct
requ
ires
o
n
ly
a
�
n
ite
n
u
m
ber
o
f
step
s.

P
r
o
o
f
:

W
e
d
e�
n
e:

n
�
d
([A
[B
C
]0 ]0 )
:

W
e
w
ish
to
sh
ow
th
a
t
th
e
d
eriva
tiv
e
n
u
m
b
er
o
f
th
e
co
rrectio
n
term
s
in
eq
.
(3
.3
.1
0
)
is

a
lw
ay
s
b
ig
g
er
th
a
n
n
:d �

[A
[B
C
]0 ]0 �
(�
1
) jA
jjB
j[B
[A
C
]0 ]0 �
>

n
:

W
h
en
n
=
0
th
is
is
im
m
ed
ia
tely
clea
r.

F
o
r
n
=
1
w
e
h
a
v
e
to
co
n
sid
er
th
e
d
i�
eren
t
o
rd
erin
g
s.
L
et
u
s
lo
o
k
�
rst
a
t
th
e
ca
se
w
h
ere

A
=
@
X
:

[@
X
[B
C
]0 ]0

=

[B
[@
X

C
]0 ]0 � Xl�

1

(�
1
)
l

l!

[@
l[@
X

B
]l
C
]0

=

[B
[@
X

C
]0 ]0
+ Xl�

2

(�
1
)
l(l�
1
)

l!

[@
l[X
B
]l�
1
C
]0
;

(3
.3
.1
5
)

w
h
ere
w
e
u
sed
eq
.
(3
.3
.1
)
in
th
e
la
st
step
.
W
e
see
th
a
t
th
e
d
eriva
tiv
e-n
u
m
b
er
fo
r
th
e

seco
n
d
term
in
th
e
r
h
s
is
a
t
lea
st
2
.
T
h
e
ca
se
w
h
ere
B
=
@
X

fo
llo
w
s
fro
m
eq
.
(3
.3
.1
5
)

b
y
m
ov
in
g
th
e
co
rrectio
n
term
s
to
th
e
lh
s.
F
in
a
lly,
w
h
en
C
=
@
X
,
th
e
co
rrectio
n
term
s

w
ill
b
e
o
f
th
e
fo
rm

[@
l[A
B
]l @
X
]0 ,
w
h
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a
g
a
in
h
av
e
d
eriv
a
tiv
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n
u
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b
er
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.
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b
e
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.
F
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r
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eed
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m
A
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]l )
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+
n
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1
;
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r
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m
A
@
nB
]l
=
0
)
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).
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f,
w
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)
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b
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n
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er,
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r
A
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a
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d
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)�
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D
;
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D
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b
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ra
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b
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b
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w
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B
]0 ,
w
e
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n
d
im
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B
]0 D
]0
=
[C
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:
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n
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th
er
h
a
n
d
,
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p
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eq
.
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.3
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eq
.
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)
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B
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ere
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ellip
sis
d
en
o
tes
term
s
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eriv
a
tiv
es.
T
o
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eth
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D
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D
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ile
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n
o
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e
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m
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h
e
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term
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ow
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n
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ll-rela
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b
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e
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o
sites.
W
e
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eed
th
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o
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o
f
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o
site-n
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b
er"
c(A
).

W
h
en
w
e
d
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o
t
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se
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n
u
ll-rela
tio
n
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w
e
h
a
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c(A
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1

if
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A
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)
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B
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=
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=

m
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8
i
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:
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W
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site-n
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b
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b
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b
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b
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o
te
th
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t
w
e
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av
e
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c(A
)
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ca
se.
W
e
ca
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n
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r
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m

3
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rem
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m
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.3
.5
-3
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eqs.
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p
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b
ra
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)
d
ra
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sim
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eq
.
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.3
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)
is
ch
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A

is
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ic.
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h
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site
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a
rd
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ow
ev
er,
so
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e
sh
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ex
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C
]0 ]q
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n
b
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ted
u
sin
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eq
.
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),
b
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t
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n
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ltern
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e
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llow
s
fro
m

eq
.
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.2
2
)
u
sin
g
eq
.
(3
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.6
):
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C
]0 ]q

=

(�
1
)
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j
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j �
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C
]q ]0
+ Xl

�

0
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A
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C
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q
�

1
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1
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)
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C
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l �
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h
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E
B
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b
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p
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E
w
h
ere
th
e
�
rst
o
p
era
to
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p
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)
a
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d
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).
C
lea
rly,
eq
.
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.3
.2
4
)
a
n
d
eq
.

(3
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.6
)
im
p
lem
en
t
th
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n
e
step
:
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B
]0
C
]q

=

Xl
�

0
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[B
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]l+
q ]0
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)
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j
jB
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�

0
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lB
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C
]l+
q ]0

+
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1
)
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j
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j
q
�

1

Xl=
1

[B
[A
C
]q
�
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)

w
h
ere
q
�
1
a
n
d
:

[[A
B
]0 C
]0

=
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[B
C
]0 ]0
+

Xl>
0

1l! [@
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C
]l ]0
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)
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j
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j Xl>

0
1l! [@
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C
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:
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)

W
e
w
ill
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3
.3
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ere
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E
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efs
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T
h
e
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E
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is
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b
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n
,
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lem
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ra
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f
th
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p
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F
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ra
m
m
in
g
la
n
g
u
a
g
e
a
n
d
p
a
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re
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n
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b
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u
n
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en
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d
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1
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F
o
r
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rity,
so
m
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o
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e
ru
les
in
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b
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n
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h
tly
sim
p
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f
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l
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p
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3
.3
.
Im
p
lem
en
ta
tio
n

3
.3
.3

O
p
e
ra
to
r
h
a
n
d
lin
g

B
efo
re
a
n
y
ca
lcu
la
tio
n
s
ca
n
b
e
d
o
n
e,
w
e
h
av
e
to
d
istin
g
u
ish
b
etw
een
o
p
era
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rs
a
n
d

sca
la
rs.
T
h
e
u
ser
o
f
th
e
p
a
ck
a
g
e
h
a
s
to
d
ecla
re
th
e
b
o
so
n
ic
a
n
d
ferm
io
n
ic
o
p
era
to
rs

h
e/
sh
e
w
a
n
t
to
u
se
w
ith
th
e
fu
n
ctio
n
s
B
o
s
o
n
i
c
a
n
d
F
e
r
m
i
o
n
i
c
e.g
.

B
o
s
o
n
i
c
[
A
,
B
]

T
h
is
d
ecla
ra
tio
n
sim
p
ly
sets
th
e
a
p
p
ro
p
ria
te
va
lu
es
fo
r
so
m
e
in
tern
a
l
fu
n
ctio
n
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a

fu
n
ctio
n
w
h
ich
d
istin
g
u
ish
es
b
etw
een
o
p
era
to
rs
a
n
d
sca
la
rs
(O
p
e
r
a
t
o
r
Q
),a
n
d
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n
o
th
er

fo
r
b
o
so
n
s
a
n
d
ferm
io
n
s
(B
o
s
o
n
Q
).

B
o
s
o
n
i
c
H
e
l
p
[
A
_
]
:
=

(
B
o
s
o
n
Q
[
A
]
=
T
r
u
e
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O
p
e
r
a
t
o
r
Q
[
A
]
=
T
r
u
e
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O
P
E
p
o
s
i
t
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]
=

O
P
E
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s
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t
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n
C
o
u
n
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e
r
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B
o
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n
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[
A
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=

S
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e
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]
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P
E
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C
o
u
n
t
e
r
=
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n
d
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r
ru
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e
r
m
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.
T
h
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n
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n
O
P
E
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o
s
i
t
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sed
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rd
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e

o
rd
er
b
etw
een
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o
p
era
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rs,
w
h
ich
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eterm
in
ed
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y
th
e
o
rd
er
in
w
h
ich
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ere

d
ecla
red
a
n
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th
e
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n
d
a
rd
M
a
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em
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tica
o
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er
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r
o
p
era
to
rs
d
ecla
red
w
ith
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e
sa
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e

p
a
ttern
:

O
P
E
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r
d
e
r
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=
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o
c
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r
e
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=
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E
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i
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E
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=
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p
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p
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p
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p
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p
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p
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p
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p
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]
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p
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p
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p
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p
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]
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b
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b
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p
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ra
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p
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b
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b
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b
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]
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=
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]
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=
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]
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d
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.
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sim
p
li�
es
m
a
n
y
o
f
th
e
fu
n
ctio
n
s
in
O
P
E
d
efs.

D
a
t
a
r
e
p
r
e
s
e
n
t
a
t
io
n

T
h
e
rep
resen
ta
tio
n
w
e
u
sed
in
O
P
E
d
efs
2
.0
w
a
s
a
L
a
u
ren
t
series
rep
resen
ta
tio
n
.
T
h
is

a
llow
ed
u
s
to
u
se
th
e
b
u
ilt-in
ru
les
o
f
M
a
th
em
a
tica
to
a
d
d
O
P
E
s,
ta
k
e
d
eriva
tiv
es

w
ith
resp
ect
to
o
n
e
o
f
th
e
a
rg
u
m
en
ts,
:::.
H
ow
ev
er,
sto
ra
g
e
sp
a
ce
tu
rn
ed
o
u
t
to

b
e
a
p
ro
b
lem

fo
r
co
m
p
lica
ted
a
lg
eb
ra
s.
T
h
erefo
re,
w
e
n
ow
u
se
a
rep
resen
ta
tio
n
fo
r

th
e
sin
g
u
la
r
p
a
rt
o
f
a
n
O
P
E
w
h
ich
is
a
list
o
f
th
e
o
p
era
to
rs
a
t
th
e
d
i�
eren
t
p
o
les.

T
h
e
h
ig
h
est
o
rd
er
p
o
le
o
ccu
rs
�
rst
in
th
e
list,
th
e
�
rst
o
rd
er
p
o
le
is
th
e
la
st.
A
s
a
n

ex
a
m
p
le,
th
e
O
P
E
o
f
a
V
ira
so
ro
o
p
era
to
r
w
ith
itself,
eq
.
(2
.3
.2
),
is
rep
resen
ted
a
s:

O
P
E
D
a
t
a
[
{
c
/
2

O
n
e
,

0
,

2
T
,

T
'
}
]

T
h
is
rep
resen
ta
tio
n
h
a
s
th
e
a
d
d
itio
n
a
l
a
d
va
n
ta
g
e
th
a
t
it
is
m
o
re
g
en
era
l
th
a
n
a
L
a
u
-

ren
t
series
rep
resen
ta
tio
n
.
P
o
isso
n
b
ra
ck
ets
fo
rm
a
n
o
b
v
io
u
s
ex
a
m
p
le,
see
su
b
sectio
n

2
.3
.5
.

T
o
h
id
e
th
e
d
eta
ils
o
f
th
e
rep
resen
ta
tio
n
to
th
e
u
ser,
th
e
u
ser-in
terfa
ce
fo
r
co
n
-

stru
ctin
g
a
n
O
P
E
is
th
e
fu
n
ctio
n
M
a
k
e
O
P
E
.
T
h
is
en
a
b
les
u
s
to
a
llow
a
d
i�
eren
t
sy
n
ta
x

fo
r
th
e
in
terfa
ce
a
n
d
th
e
rep
resen
ta
tio
n
,
see
sectio
n
3
.4
.

W
ith
th
e
rep
resen
ta
tio
n
w
e
u
se,
it
is
ea
sy
to
d
eterm
in
e
th
e
o
rd
er
o
f
th
e
h
ig
h
est

p
o
le:

M
a
x
P
o
l
e
[
O
P
E
D
a
t
a
[
A
_
L
i
s
t
]
]
:
=

L
e
n
g
t
h
[
A
]

F
o
r
th
e
V
ira
so
ro
O
P
E
th
is
o
b
v
io
u
sly
g
iv
es
4
.

T
h
e
a
ctu
a
l
d
e�
n
itio
n
s
fo
r
th
e
O
P
E
D
a
t
a
stru
ctu
re
en
a
b
le
u
s
to
m
u
ltip
ly
a
n
O
P
E

w
ith
a
sca
la
r,
a
n
d
a
d
d
tw
o
O
P
E
s.
A
lso
h
ig
h
er
o
rd
er
p
o
les
th
a
t
a
re
zero
a
re
rem
ov
ed
.

T
h
e
a
d
d
itio
n
tu
rn
s
o
u
t
to
b
e
th
e
m
o
st
co
m
p
lica
ted
to
a
ch
iev
e.
O
n
e
is
tem
p
ted
to

u
se
th
e
L
i
s
t
a
b
l
e
a
ttrib
u
te
o
f
P
l
u
s
,
i.e.
a
d
d
in
g
tw
o
list
o
f
th
e
sa
m
e
len
g
th
g
iv
es
a

list
w
ith
th
e
su
m

o
f
th
e
co
rresp
o
n
d
in
g
elem
en
ts.
T
o
b
e
a
b
le
to
u
se
th
is
fea
tu
re,
w
e

sh
o
u
ld
m
a
k
e
th
e
lists
o
f
p
o
les
th
e
sa
m
e
len
g
th
b
y
ex
ten
d
in
g
th
e
sh
o
rter
list
w
ith

ex
tra
zero
es
(co
rresp
o
n
d
in
g
to
zero
o
p
era
to
rs
a
t
th
o
se
p
o
les).
A
s
a
d
d
itio
n
o
f
O
P
E
s

w
ill
o
ccu
r
freq
u
en
tly,
th
e
co
rresp
o
n
d
in
g
ru
le
sh
o
u
ld
b
e
a
s
e�
cien
t
a
s
p
o
ssib
le:

4
L
i
t
e
r
a
l
p
rev
en
ts
M
a
th
e
m
a
tic
a
to
sim
p
lify
th
e
left
h
a
n
d
sid
e
o
f
a
d
e�
n
itio
n
.

3
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C
h
a
p
ter
3
.
O
P
E
s
in
M
a
th
em
a
tica

O
P
E
D
a
t
a

/
:

n
_

*

O
P
E
D
a
t
a
[
A
_
L
i
s
t
]
:
=

O
P
E
D
a
t
a
[
n
*
A
]

O
P
E
D
a
t
a

/
:

A
1
_
O
P
E
D
a
t
a
+

A
2
_
_
O
P
E
D
a
t
a

:
=

B
l
o
c
k
[
{
m
a
x
P

=

M
a
x
[
M
a
p
[
M
a
x
P
o
l
e
,
{
A
1
,
A
2
}
]
]
}
,

O
P
E
D
a
t
a
[

P
l
u
s

@
@

M
a
p
[
J
o
i
n
[

T
a
b
l
e
[
0
,
{
m
a
x
P
-
L
e
n
g
t
h
[
#
]
}
]
,
#

]
&
,

M
a
p
[
F
i
r
s
t
,

{
A
1
,
A
2
}
]

]

]

]

O
P
E
D
a
t
a
[
{
0
,

A
_
_
_
}
]

:
=

O
P
E
D
a
t
a
[
{
A
}
]

In
t
e
r
m
e
z
z
o
3
.3
.3

In
th
is
in
term
ezzo
w
e
ex
p
la
in
th
e
ru
le
fo
r
th
e
a
d
d
itio
n
o
f
O
P
E
D
a
t
a
stru
ctu
res.
T
h
e
lh
s
o
f

th
e
d
e�
n
itio
n
m
a
k
es
su
re
th
a
tf
A
1
,
A
2g
w
ill
b
e
th
e
list
o
f
a
ll
O
P
E
D
a
t
a
s
w
h
ich
a
re
a
d
d
ed
5
.

W
h
en
a
d
d
in
g
a
n
u
m
b
er
o
f
O
P
E
D
a
t
a
stru
ctu
res,
m
a
x
P
is
set
to
th
e
o
rd
er
o
f
th
e
h
ig
h
est

p
o
le
o
ccu
rin
g
in
th
e
su
m
.
T
h
en
F
i
r
s
t
ex
tra
cts
th
e
lists
o
f
p
o
les,
a
n
d
w
e
a
d
d
th
e
co
rrect

n
u
m
b
er
o
f
zero
es
to
th
e
left.
F
in
a
lly,
th
e
su
m

o
f
a
ll
th
ese
lists
is
m
a
d
e
a
n
d
O
P
E
D
a
t
a

w
ra
p
p
ed
a
ro
u
n
d
th
e
resu
lt.
A
s
a
n
ex
a
m
p
le,
co
n
sid
er
th
e
su
m

o
f
O
P
E
D
a
t
a
[f
T
,
0g
]
a
n
d

O
P
E
D
a
t
a
[f
T
'g
]
,
w
e
g
et:

{
A
1
,
A
2
}

-
>
{
O
P
E
D
a
t
a
[
{
T
,
0
}
]
,
O
P
E
D
a
t
a
[
{
T
'
}
]
}

m
a
x
P

-
>
2

F
i
r
s
t
.
.
.

-
>
{
{
T
,
0
}
,
{
T
'
}
}

J
o
i
n
.
.
.

-
>
{
{
T
,
0
}
,
{
0
,
T
'
}
}

P
l
u
s
@
@
.
.
.

-
>
{
T
,
T
'
}

O
P
E

r
u
le
s

W
e
u
se
th
e
h
ea
d
O
P
E
to
rep
resen
t
a
n
O
P
E
.
T
h
e
b
ilin
ea
rity
o
f
th
e
O
P
E
fu
n
ctio
n
is

d
e�
n
ed
b
y
:

L
i
t
e
r
a
l
[
O
P
E
[
A
_
_
_
,
s
_
B
_
,
C
_
_
_
]
]

:
=

s

O
P
E
[
A
,
B
,
C
]
/
;

O
p
e
r
a
t
o
r
Q
[
B
]

L
i
t
e
r
a
l
[
O
P
E
[
a
_
_
_
,
b
_
P
l
u
s
,
c
_
_
_
]
]
:
=

D
i
s
t
r
i
b
u
t
e
[

L
i
n
e
a
r
t
m
p
[
a
,
b
,
c
]
,

P
l
u
s
,
L
i
n
e
a
r
t
m
p
,

P
l
u
s
,
O
P
E

]

(3
.3
.2
1
)

5
A

sim
ila
r
e�
ect
w
o
u
ld
b
e
o
b
ta
in
ed
w
ith
a
lh
s
L
i
t
e
r
a
l
[
P
l
u
s
[
A
_
_
O
P
E
D
a
t
a
]
]
.
H
o
w
ev
er,
th
is

g
iv
es
a
n
in
�
n
ite
recu
rsio
n
w
h
en
o
n
e
a
d
d
s
erro
n
eo
u
sly
a
co
n
sta
n
t
to
a
n
O
P
E
D
a
ta
.
In
d
eed
,
P
l
u
s
[
1
,

O
P
E
D
a
t
a
[
O
n
e
]
m
a
tch
es
L
i
t
e
r
a
l
[
P
l
u
s
[
A
_
_
O
P
E
D
a
t
a
]
]
,
a
n
d
M
a
th
e
m
a
tic
a
w
o
u
ld
k
eep
a
p
p
ly
in
g
th
e

ru
le,
ch
a
n
g
in
g
n
o
th
in
g
a
t
a
ll).

In
t
e
r
m
e
z
z
o
3
.3
.4

T
h
e
ru
le
fo
r
a
n
O
P
E
o
f
a
su
m
u
ses
th
e
D
i
s
t
r
i
b
u
t
e
[
f
[
_
_
]
,
g
,
f
,
g
n
,
f
n
]
b
u
ilt-in
fu
n
ctio
n
,

w
h
ich
im
p
lem
en
ts
d
istrib
u
tiv
ity
o
f
f
w
ith
resp
ect
to
g
,
rep
la
cin
g
g
w
ith
g
n
a
n
d
f
w
ith

f
n
in
th
e
resu
lt.
A
m
o
re
o
b
v
io
u
s
ru
le
w
o
u
ld
b
e:

O
P
E
[
a
_
_
_
,
b
_
+
c
_
,
d
_
_
_
]
:
=
O
P
E
[
a
,
b
,
d
]
+
O
P
E
[
a
,
c
,
d
]

(3
.3
.2
2
)

H
ow
ev
er,
th
is
ru
le
is
m
u
ch
slow
er
in
h
a
n
d
lin
g
su
m
s
w
ith
m
o
re
th
a
n
tw
o
term
s.
In
d
eed

w
h
en
th
ere
is
a
su
m

o
f
n
1

(n
2 )
term
s
in
th
e
�
rst
(seco
n
d
)
a
rg
u
m
en
t
o
f
O
P
E
,
th
is
ru
le

w
o
u
ld
h
av
e
to
b
e
a
p
p
lied
n
1 �
n
2

tim
es,
w
h
ile
D
i
s
t
r
i
b
u
t
e
h
a
n
d
les
a
ll
ca
ses
in
o
n
e

a
p
p
lica
tio
n
.
T
h
e
d
i�
eren
ce
in
p
erfo
rm
a
n
ce
is
sh
ow
n
in
�
g
.
3
.1
.
D
u
rin
g
th
e
ex
ecu
tio
n
o
f

F
ig
u
re
3
.1
:
T
im
in
g
s
fo
r
tw
o
d
i�
eren
t
ru
les
to
im
p
lem
en
t
b
ilin
ea
rity
o
f
O
P
E
s.
T
h
e

tim
in
g
s
a
re
fo
r
O
P
E
[
A
,
B
]
w
ith
A
o
f
a
su
m
o
f
1
0
term
s
a
n
d
B
a
su
m
o
f
i
term
s.
T
h
e

p
la
in
lin
e
is
fo
r
D
i
s
t
r
i
b
u
t
e
(3
.3
.2
1
)
a
n
d
th
e
d
a
sh
ed
lin
e
is
fo
r
th
e
su
m
-ru
le
(3
.3
.2
2
).

th
e
a
lg
o
rith
m
,
O
P
E
s
o
f
su
m
s
o
ccu
r
freq
u
en
tly,
h
en
ce
it
is
im
p
o
rta
n
t
to
select
th
e
m
o
st

e�
cien
t
ru
le.

T
h
e
o
th
er
ru
les
th
a
t
a
re
n
eed
ed
fo
r
th
e
O
P
E
fu
n
ctio
n
a
re:

3
4



3
.3
.
Im
p
lem
en
ta
tio
n

L
i
t
e
r
a
l
[
O
P
E
[
D
e
r
i
v
a
t
i
v
e
[
i
_
]
[
A
_
]
,
B
_
]
]
:
=

O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
L
[
A
,
B
,
i
]

L
i
t
e
r
a
l
[
O
P
E
[
A
_
,
D
e
r
i
v
a
t
i
v
e
[
i
_
]
[
B
_
]
]
]
:
=

O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
R
[
A
,
B
,
i
]

L
i
t
e
r
a
l
[
O
P
E
[
A
_
,
N
O
[
B
_
,
C
_
]
]
]
:
=

C
a
l
l
A
n
d
S
a
v
e
[
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
,
A
,
B
,
C
]

L
i
t
e
r
a
l
[
O
P
E
[
N
O
[
A
_
,
B
_
]
,
C
_
]
]
:
=

C
a
l
l
A
n
d
S
a
v
e
[
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
L
,
A
,
B
,
C
]
/
;

N
o
t
[
S
a
m
e
Q
[
H
e
a
d
[
B
]
,
N
O
]
]

L
i
t
e
r
a
l
[
O
P
E
[
B
_
,
A
_
]
]
:
=

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
B
,
A
]
/
;

O
r
[
S
a
m
e
Q
[
H
e
a
d
[
B
]
,
N
O
]
,
O
P
E
O
r
d
e
r
[
A
,
B
]
>
0
]

L
i
t
e
r
a
l
[
O
P
E
[
_
,
_
]
]
=
O
P
E
D
a
t
a
[
{
}
]

(3
.3
.2
3
)

H
ere,
O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
L
,
O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
R
,
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
L
,
O
P
E
-

C
o
m
m
u
t
e
H
e
l
p
im
p
lem
en
t
eq
s.
(3
.3
.1
),
(3
.3
.2
),
(3
.3
.1
8
)
a
n
d
(3
.3
.3
)
resp
ectiv
ely.
O
P
E
-

C
o
m
p
o
s
i
t
e
H
e
l
p
R
d
i�
eren
tia
tes
b
etw
een
(3
.3
.4
)
a
n
d
(3
.3
.1
7
).
C
a
l
l
A
n
d
S
a
v
e
[
f
_
,
a
r
g
s
_
_
]

is
d
e�
n
ed
in
O
P
E
d
efs
to
ca
ll
th
e
fu
n
ctio
n
f
w
ith
a
rg
u
m
en
ts
a
r
g
s
,
sav
in
g
th
e
resu
lt

w
h
en
a
g
lo
b
a
l
sw
itch
is
set.
T
h
e
la
st
ru
le
d
ecla
res
a
ll
n
o
n
-d
e�
n
ed
O
P
E
s
to
b
e
reg
u
la
r.

U
sin
g
th
e
H
e
l
p

fu
n
ctio
n
s
h
a
s
sev
era
l
a
d
v
a
n
ta
g
es
co
m
p
a
red
to
in
sertin
g
th
eir

d
e�
n
itio
n
s
\
in
-p
la
ce"
.
F
irst,
th
e
stru
ctu
re
o
f
th
e
p
ro
g
ra
m

b
eco
m
es
m
u
ch
clea
rer.

S
eco
n
d
,
b
y
sim
p
ly
red
e�
n
in
g
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
L
a
n
d
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
,
w
e
ca
n

sw
itch
b
etw
een
O
P
E
s
a
n
d
P
o
isso
n
b
ra
ck
ets.

T
h
e
a
ctu
a
l
d
e�
n
itio
n
o
f
th
e
H
e
l
p
fu
n
ctio
n
s
is
o
f
co
u
rse
ra
th
er
tech
n
ica
l,
w
e
w
ill

g
iv
e
o
n
e
ex
a
m
p
le
in
in
term
ezzo
3
.3
.5
.
H
o
w
ev
er,
m
o
re
im
p
o
rta
n
t
is
to
u
n
d
ersta
n
d

h
ow
th
e
ru
les
fo
r
O
P
E
h
a
n
d
le
a
n
O
P
E
w
ith
a
rb
itra
rily
co
m
p
lica
ted
o
p
era
to
rs.
F
irst

o
f
a
ll
it
is
im
p
o
rta
n
t
to
rem
em
b
er
th
e
eva
lu
a
tio
n
seq
u
en
ce
o
f
M
a
th
em
a
tica
.
T
h
e

ru
les
(3
.3
.2
3
)
a
re
sto
red
in
th
e
o
rd
er
th
ey
a
re
d
e�
n
ed
,
p
reced
ed
b
y
th
e
d
e�
n
itio
n
s

th
e
u
ser
h
a
s
g
iv
en
fo
r
th
e
O
P
E
s
o
f
th
e
g
en
era
to
rs.
P
resen
ted
a
n
O
P
E
to
ev
a
lu
a
te,

M
a
th
em
a
tica
sta
rts
o
n
to
p
o
f
th
e
list
o
f
ru
les
a
n
d
a
p
p
lies
th
e
�
rst
m
a
tch
in
g
ru
le.

T
h
en
th
e
eva
lu
a
tio
n
seq
u
en
ce
is
resta
rted
.
In
th
is
w
a
y,
th
ese
ru
les
o
b
v
io
u
sly
fo
rm

a
n
im
p
lem
en
ta
tio
n
o
f
th
e
a
lg
o
rith
m
p
resen
ted
in
sectio
n
3
.3
.1
.

N
o
te
th
a
t
th
e
ru
les
(3
.3
.2
3
)
a
v
o
id
m
a
k
in
g
u
se
o
f
th
e
m
o
re
co
m
p
lica
ted
fu
n
ctio
n

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
L
w
h
en
th
e
�
rst
a
rg
u
m
en
t
o
f
th
e
O
P
E
is
a
n
ested
co
m
p
o
site,

in
stea
d
O
P
E
C
o
m
m
u
t
e
H
e
l
p
is
u
sed
o
n
th
e
resu
lt
o
f
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
.
T
h
is
is
m
o
re

e�
cien
t
in
m
o
st
ca
ses.

L
et
u
s
a
s
a
n
ex
a
m
p
le
fo
llow
O
P
E
d
efs
in
th
e
co
m
p
u
ta
tio
n
o
f
a
fa
irly
co
m
p
lica
ted

O
P
E
.

In
[1
]
:=

B
o
s
o
n
i
c
[
A
,
B
,
C
,
D
,
E
]

In
[2
]
:=

T
r
a
c
e
P
r
i
n
t
[
O
P
E
[
N
O
[
A
,
N
O
[
C
'
,
E
]
]
,
N
O
[
B
,
D
]
]
,

(
O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
L
|
O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
R
|

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
L
|
O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
|

O
P
E
C
o
m
m
u
t
e
H
e
l
p
)
[
_
_
]
]

O
u
t[2
]
=

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
[
N
O
[
A
,
N
O
[
C
'
,

E
]
]
,

B
,

D
]

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
N
O
[
A
,
N
O
[
C
'
,

E
]
]
,

B
]

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
[
B
,
A
,

N
O
[
C
'
,

E
]
]

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
B
,
A
]

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
[
B
,
C
'
,

E
]

O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
R
[
B
,
C
,

1
]

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
N
O
[
A
,
N
O
[
C
'
,

E
]
]
,

D
]

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
[
D
,
A
,

N
O
[
C
'
,

E
]
]

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
D
,
A
]

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
[
D
,
C
'
,

E
]

O
P
E
D
e
r
i
v
a
t
i
v
e
H
e
l
p
R
[
D
,
C
,

1
]

O
P
E
C
o
m
m
u
t
e
H
e
l
p
[
D
,
C
]

In
t
e
r
m
e
z
z
o
3
.3
.5

In
th
is
in
term
ezzo
,
w
e
g
iv
e
a
n
ex
a
m
p
le
o
f
th
e
im
p
lem
en
ta
tio
n
o
f
a
H
e
l
p
fu
n
ctio
n
,

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
Q
w
h
ich
co
rresp
o
n
d
s
to
eq
.
(3
.3
.4
).

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
Q
[
A
_
,
B
_
,
C
_
]
:
=

B
l
o
c
k
[
{
q
,
l
,
s
i
g
n
=
S
w
a
p
S
i
g
n
[
A
,
B
]
,
A
B
C
,
A
B
,
A
C
,

m
a
x
A
B
,
m
a
x
A
B
C
,
m
a
x
q
}
,

A
B
=
O
P
E
[
A
,
B
]
;

A
C
=
I
f
[
S
a
m
e
Q
[
B
,
C
]
,
A
B
,
O
P
E
[
A
,
C
]
]
;

m
a
x
A
B
=
M
a
x
P
o
l
e
[
A
B
]
;

A
B
C
=
T
a
b
l
e
[

O
P
E
[
O
P
E
P
o
l
e
[
q
]
[
A
B
]
,
C
]
,

{
q
,
m
a
x
A
B
}

]
;

m
a
x
A
B
C
=
M
a
p
[
M
a
x
P
o
l
e
,
A
B
C
]
;

m
a
x
q
=
M
a
x
[
m
a
x
A
B
C
+
R
a
n
g
e
[
m
a
x
A
B
]
,
M
a
x
P
o
l
e
[
A
C
]
]
;

m
a
x
A
B
C
=
M
a
x
[
m
a
x
A
B
C
,
0
]
;

O
P
E
D
a
t
a
[

T
a
b
l
e
[

O
P
E
S
i
m
p
l
i
f
y
[

s
i
g
n
*
N
O
[
B
,
O
P
E
P
o
l
e
[
q
]
[
A
C
]
]
+

N
O
[
O
P
E
P
o
l
e
[
q
]
[
A
B
]
,
C
]
+

S
u
m
[
B
i
n
o
m
i
a
l
[
q
-
1
,
l
]
*

O
P
E
P
o
l
e
[
l
]
[
A
B
C
[
[
q
-
l
]
]
]
,

{
l
,
M
a
x
[
1
,
q
-
m
a
x
A
B
]
,
M
i
n
[
q
-
1
,
m
a
x
A
B
C
]
}

]

]
,

{
q
,
m
a
x
q
,
1
,
-
1
}

]

]

]
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C
h
a
p
ter
3
.
O
P
E
s
in
M
a
th
em
a
tica

A
lth
o
u
g
h
th
is
is
ra
th
er
len
g
th
y,
m
o
st
o
f
th
e
lin
es
a
re
q
u
ite
stra
ig
h
tfo
rw
a
rd
.
T
h
e
m
o
st

im
p
o
rta
n
t
p
a
rt
o
f
th
e
ro
u
tin
e
is
fo
rm
ed
b
y
th
e
sta
tem
en
ts
b
ra
ck
eted
w
ith
O
P
E
D
a
t
a
.
D
u
e

to
th
e
in
tern
a
l
rep
resen
ta
tio
n
fo
r
O
P
E
s
th
a
t
is
u
sed
,
th
e
resu
lt
o
f
th
e
ro
u
tin
e
is
ju
st

a
ta
b
le
o
f
a
ll
th
e
p
o
les
in
th
e
O
P
E
{
sta
rtin
g
w
ith
th
e
h
ig
h
est
p
o
le
{
w
ith
O
P
E
D
a
t
a

w
ra
p
p
ed
a
ro
u
n
d
it.
N
o
te
th
a
t
A
B
C
is
d
e�
n
ed
su
ch
th
a
t
O
P
E
P
o
l
e
[
l
]
[
A
B
C
[
[
q
-
l
]
]
]
is

eq
u
a
l
to
[[A
B
]q�
l C
]l .

T
h
e
d
eterm
in
a
tio
n
o
f
th
e
o
rd
er
m
a
x
q
o
f
th
e
h
ig
h
est
p
o
le
in
th
e
O
P
E
req
u
ires
so
m
e
ex
p
la
-

n
a
tio
n
.
C
lea
rly,
th
e
�
rst
term
in
th
e
r
h
s
o
f
eq
.
(3
.3
.4
)
g
iv
es
m
a
x
q�
m
a
x
A
C
.
F
u
rth
erm
o
re,

th
e
term
s
in
th
e
su
m

o
v
er
l
a
re
zero
u
n
less

l�
M
a
x
P
o
l
e
[A
B
C
[[q�
l
]]]

o
r
a
lso

q�
l�
M
a
x
P
o
l
e
[A
B
C
[[l
]]]

h
en
ce

q�
M
a
x
P
o
l
e
[A
B
C
[[l
]]]+
l

w
h
ich
is
ex
a
ctly
th
e
o
th
er
b
o
u
n
d
a
ry
o
n
m
a
x
q
w
h
ich
is
u
sed
.

T
h
is
sh
o
w
s
th
a
t
th
e
b
o
u
n
d
a
ries
o
n
l
a
n
d
q
ca
n
b
e
co
m
p
u
ted
w
ith
o
u
t
a
n
y
n
o
tio
n
o
f
th
e

d
im
en
sio
n
o
f
a
�
eld
.
T
h
e
ru
le
is
th
u
s
su
ita
b
le
fo
r
a
n
y
O
P
A
,
w
h
ich
is
a
lso
tru
e
fo
r
a
ll

o
th
er
H
e
l
p
fu
n
ctio
n
s.

R
u
le
s
fo
r
d
e
r
iv
a
t
iv
e
s

T
h
e
M
a
th
em
a
tica
sy
m
b
o
l
D
e
r
i
v
a
t
i
v
e
h
a
s
a
lm
o
st
n
o
ru
les
a
sso
cia
ted
w
ith
it,
ex
cep
t

d
eriva
tiv
es
o
f
th
e
sta
n
d
a
rd
fu
n
ctio
n
s
lik
e
S
i
n
.
H
ow
ev
er,
w
e
d
o
n
o
t
n
eed
th
ese
sta
n
-

d
a
rd
fu
n
ctio
n
s,
b
u
t
w
e
d
o
n
eed
lin
ea
rity
o
f
d
eriv
a
tiv
es
{
@
(A
+
B
)
=
@
A
+
@
B
{
w
h
ich

is
n
o
t
in
clu
d
ed
in
th
e
b
u
ilt-in
d
e�
n
itio
n
s
fo
r
D
e
r
i
v
a
t
i
v
e
.
W
e
ch
o
se
n
o
t
to
u
se
a
n
ew

sy
m
b
o
l
fo
r
d
eriva
tiv
es
b
eca
u
se
o
f
th
e
co
n
v
en
ien
t
n
o
ta
tio
n
A
'
fo
r
D
e
r
i
v
a
t
i
v
e
[
1
]
[
A
]
.

T
h
e
ru
les
a
re
sim
ila
r
to
d
ecla
rin
g
lin
ea
rity
o
f
O
P
E
s:

D
e
r
i
v
a
t
i
v
e
[
i
_
]
[
a
_
P
l
u
s
]
:
=

M
a
p
[
D
e
r
i
v
a
t
i
v
e
[
i
]
,
a
]

D
e
r
i
v
a
t
i
v
e
[
i
_
]
[
a
_
b
_
]

:
=

b

D
e
r
i
v
a
t
i
v
e
[
i
]
[
a
]
/
;

O
p
e
r
a
t
o
r
Q
[
a
]

D
e
r
i
v
a
t
i
v
e
[
_
]
[
0
]
=

0

(3
.3
.2
4
)

T
h
e
�
rst
ru
le
h
a
n
d
les
th
e
i-th
d
eriva
tiv
e
o
f
a
su
m
.
A
s
D
e
r
i
v
a
t
i
v
e
[
i
_
]
ex
p
ects

o
n
ly
o
n
e
a
rg
u
m
en
t,
a
ca
ll
to
D
i
s
t
r
i
b
u
t
e
is
n
o
t
n
ecessa
ry.
In
stea
d
,
w
e
m
a
p
th
e
i-th

d
eriva
tiv
e
o
n
a
ll
term
s
in
th
e
su
m
.

T
h
e
seco
n
d
ru
le
h
a
n
d
les
o
p
era
to
rs
m
u
ltip
lied
w
ith
sca
la
rs.
W
e
n
ev
er
n
eed
p
ro
d
u
cts

o
f
o
p
era
to
rs
in
o
u
r
fra
m
ew
o
rk
.

In
t
e
r
m
e
z
z
o
3
.3
.6

W
e
co
m
m
en
t
o
n
th
e
e�
cien
cy
o
f
th
e
ru
le
fo
r
a
p
ro
d
u
ct
g
iv
en
in
(3
.3
.2
4
).
In
M

a
t
h
e
m

a
t
ic
a

sta
n
d
a
rd
o
rd
er,
b
fo
llo
w
s
a
.
B
eca
u
se
T
i
m
e
s
h
a
s
th
e
a
ttrib
u
te
O
r
d
e
r
l
e
s
s
,th
is
m
ea
n
s
th
a
t

d
u
rin
g
p
a
ttern
m
a
tch
in
g
th
e
a
_
p
a
ttern
w
ill
b
e
m
a
tch
ed
seq
u
en
tia
lly
to
ev
ery
fa
cto
r
in

th
e
p
ro
d
u
ct,
w
h
ile
b
_
w
ill
b
e
th
e
rest
o
f
th
e
p
ro
d
u
ct.
A
s
w
e
k
n
o
w
th
a
t
th
e
a
rg
u
m
en
t

o
f
D
e
r
i
v
a
t
i
v
e
[
i
]
co
n
sists
o
f
so
m
e
sca
la
rs
tim
es
o
n
ly
o
n
e
o
p
era
to
r,
w
e
see
th
a
t
fo
r
ea
ch

sca
la
r
O
p
e
r
a
t
o
r
Q
is
ca
lled
o
n
ce,
u
n
til
th
e
o
p
era
to
r
is
fo
u
n
d
.
H
en
ce,
it
ta
k
es
m
a
x
im
u
m
n

eva
lu
a
tio
n
s
o
f
O
p
e
r
a
t
o
r
Q
fo
r
a
p
ro
d
u
ct
o
f
n
fa
cto
rs.
T
h
e
step
s
in
eva
lu
a
tin
g
(
a
b
c
)
'
,

w
h
ere
o
n
ly
o
n
e
o
f
th
ese
is
a
n
o
p
era
to
r,
a
re:

i
f
O
p
e
r
a
t
o
r
Q
[
a
]
t
h
e
n
r
e
t
u
r
n
(
b
c
a
'
)

e
l
s
e
i
f
O
p
e
r
a
t
o
r
Q
[
b
]
t
h
e
n
r
e
t
u
r
n
(
a
c
b
'
)

e
l
s
e
i
f
O
p
e
r
a
t
o
r
Q
[
c
]
t
h
e
n
r
e
t
u
r
n
(
a
b
c
'
)

e
n
d
i
f

T
h
is
h
a
s
to
b
e
co
n
tra
sted
w
ith
th
e
ru
le

D
e
r
i
v
a
t
i
v
e
[
i
_
_
]
[
b
_
a
_
]

:
=

a
D
e
r
i
v
a
t
i
v
e
[
i
]
[
b
]
/
;
O
p
e
r
a
t
o
r
Q
[
b
]

(3
.3
.2
5
)

A
s
a
is
o
rd
ered
b
efo
re
b
th
e
step
s
in
eva
lu
a
tin
g
th
e
sa
m
e
d
eriv
a
tiv
e
(
a
b
c
)
'
a
re:

i
f
O
p
e
r
a
t
o
r
Q
[
b
c
]
t
h
e
n

r
e
t
u
r
n
(
T
i
m
e
s
[
a
,

i
f
O
p
e
r
a
t
o
r
Q
[
c
]
t
h
e
n
r
e
t
u
r
n
(
b
c
'
)

e
l
s
e
i
f
O
p
e
r
a
t
o
r
Q
[
b
]
t
h
e
n
r
e
t
u
r
n
(
c
b
'
)

e
n
d
i
f

]
)

e
l
s
e
i
f
O
p
e
r
a
t
o
r
Q
[
a
c
]
t
h
e
n

.
.
.

e
l
s
e
i
f
O
p
e
r
a
t
o
r
Q
[
a
b
]
t
h
e
n

.
.
.

e
n
d
i
f

T
h
is
is
clea
rly
m
o
re
co
m
p
lica
ted
.
M
o
reo
v
er,
to
test
O
p
e
r
a
t
o
r
Q
[
b
c
]
m
ay
req
u
ire
tw
o

eva
lu
a
tio
n
s
o
f
O
p
e
r
a
t
o
r
Q
.
In
g
en
era
l,
fo
r
n
fa
cto
rs
th
e
w
o
rst
ca
se
w
o
u
ld
b
e
th
a
t
n
(n
�

1
)=
2
tests
a
re
n
eed
ed
.
T
h
e
d
i�
eren
ce
in
p
erfo
rm
a
n
ce
is
ra
th
er
d
ra
stic,
see
�
g
.
3
.2
w
h
ere

w
e
in
clu
d
e
a
lso
tw
o
o
th
er
p
o
ssib
ilities
u
sin
g
N
o
t
[
O
p
e
r
a
t
o
r
Q
[
a
]
]
.

O
t
h
e
r
r
u
le
s
in
O
P
E
d
efs

W
ith
th
e
a
b
o
v
e
ru
les
w
e
h
a
v
e
a
lrea
d
y
a
w
o
rk
in
g
p
a
cka
g
e
to
co
m
p
u
te
O
P
E
s
o
f
a
rb
i-

tra
ry
n
ested
co
m
p
o
sites.
W
e
a
lso
n
eed
to
b
rin
g
co
m
p
o
sites
in
a
sta
n
d
a
rd
fo
rm
.
T
h
is

is
d
o
n
e
b
y
N
O
.
T
h
e
ru
les
a
tta
ch
ed
to
N
O
a
re
en
tirely
a
n
a
lo
g
o
u
s
to
th
o
se
fo
r
O
P
E
.

O
n
e
a
lso
n
eed
s
so
m
e
ex
tra
fu
n
ctio
n
s
lik
e
O
P
E
S
i
m
p
l
i
f
y
.
W
e
d
o
n
o
t
g
iv
e
th
eir

im
p
lem
en
ta
tio
n
h
ere.
O
n
e
ca
n
a
lw
ay
s
co
n
su
lt
th
e
so
u
rce
o
f
O
P
E
d
efs
fo
r
fu
rth
er

in
fo
rm
a
tio
n
.

O
n
e
m
a
jo
r
in
g
red
ien
t
o
f
O
P
E
d
efs
is
n
o
t
y
et
d
iscu
ssed
:
O
P
E
P
o
l
e
.
F
o
r
th
e
o
p
era
tio
n

o
f
th
e
a
b
ov
e
ru
les
to
w
o
rk
,
o
n
ly
a
v
ery
sim
p
le
d
e�
n
itio
n
fo
r
th
e
O
P
E
P
o
l
e
o
f
a
n
O
P
E
D
a
t
a

is
n
eed
ed
:
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3
.4
.
U
ser's
G
u
id
e

F
ig
u
re
3
.2
:
T
im
in
g
s
fo
r
fo
u
r
d
i�
eren
t
ru
les
to
im
p
lem
en
t
ex
tra
ctin
g
o
f
sca
la
rs
a
s

a
fu
n
ctio
n
o
f
th
e
n
u
m
b
er
o
f
sca
la
rs.
T
h
e
tim
in
g
s
a
re
fo
r
th
e
ev
a
lu
a
tio
n
o
f
d
[
A

B
]

w
h
ere
A
is
a
p
ro
d
u
ct
o
f
i
sca
la
rs
a
n
d
B
is
a
n
o
p
era
to
r.

P
la
in
lin
e
fo
r
d
[
a
_
b
_
]

:
=

b

d
[
a
]

/
;

O
p
[
a
]
,

d
a
sh
ed
lin
e
fo
r
d
[
a
_
b
_
]

:
=

b

d
[
a
]

/
;

!
O
p
[
b
]
,

d
a
sh
-d
o
t
lin
e
fo
r
d
[
a
_
b
_
]

:
=

a

d
[
b
]

/
;

!
O
p
[
a
]
,

d
o
tted
lin
e
fo
r
d
[
a
_
b
_
]

:
=

a

d
[
b
]

/
;

O
p
[
b
]
.

O
P
E
P
o
l
e
[
n
_
]
[
O
P
E
D
a
t
a
[
A
_
]
]
:
=

I
f

[
1

<
=

n

<
=

L
e
n
g
t
h
[
A
]
,

A
[
[
-
n
]
]
,

0
]

O
P
E
d
efs
a
llow
s
a
lso
a
sy
n
ta
x
O
P
E
P
o
l
e
[
i
]
[
A
,
B
]
.
T
h
is
ca
n
b
e
u
sed
to
co
m
p
u
te

o
n
ly
o
n
e
p
o
le
o
f
th
e
co
m
p
lete
O
P
E
,
av
o
id
in
g
th
e
co
m
p
u
ta
tio
n
o
f
a
ll
th
e
o
th
er

p
o
les.

C
u
rren
tly,
th
e
ru
les
fo
r
O
P
E
P
o
l
e
a
re
co
m
p
letely
in
d
ep
en
d
en
t
o
f
th
o
se
to

co
m
p
u
te
a
fu
ll
O
P
E
.
T
h
is
is
b
eca
u
se
w
h
en
co
m
p
u
tin
g
e.g
.
O
P
E
[
A
,

N
O
[
B
,

C
]
]
(see

O
P
E
C
o
m
p
o
s
i
t
e
H
e
l
p
R
a
b
ov
e),
it
is
m
o
re
e�
cien
t
to
co
m
p
u
te
O
P
E
[
A
,

B
]
a
n
d
O
P
E
[
A
,

C
]
o
n
ce
a
n
d
sa
v
e
th
ese
resu
lts.
It
is
n
o
t
a
g
o
o
d
p
ro
g
ra
m
m
in
g
p
ra
ctice
to
k
eep
tw
o

sep
a
ra
te
sets
o
f
ru
les
co
m
p
u
tin
g
essen
tia
lly
th
e
sa
m
e
th
in
g
,
b
u
t
e�
cien
cy
seem
ed
to

b
e
m
o
re
im
p
o
rta
n
t
a
t
th
is
p
o
in
t.

3
.3
.4

P
e
rfo
rm
a
n
c
e

In
[1
9
2
],
a
W
a
k
im
o
to
[2
0
2
]
rea
lisa
tio
n
fo
r
th
e
K
a
�c{
M
o
o
d
y
a
lg
eb
ra cB
2
w
ith
lev
el
k

u
sin
g
2
free
sca
la
rs
a
n
d
4
(b
o
so
n
ic)
�
,

sy
stem
s
w
a
s
co
n
stru
cted
.
D
escrib
in
g
th
is

rea
lisa
tio
n
w
o
u
ld
lea
d
u
s
to
o
fa
r
h
ere,
b
u
t
to
g
iv
e
a
n
id
ea
o
f
th
e
co
m
p
lex
ity
o
f
th
e

ca
lcu
la
tio
n
,
th
e
to
ta
l
n
u
m
b
er
o
f
co
m
p
o
sites
in
th
e
rea
lisa
tio
n
is
ro
u
g
ly
six
ty,
a
n
d

co
m
p
o
sites
o
f
u
p
to
fo
u
r
free
�
eld
s
a
re
u
sed
.

In
ta
b
le
3
.1
,
w
e
ta
b
u
la
te
C
P
U
tim
es
fo
r
co
m
p
u
tin
g
a
n
O
P
E
o
f
tw
o
o
f
th
e
cu
rren
ts,

a
n
d
th
e
S
u
g
aw
a
ra
ten
so
r
fo
r
th
is
rea
lisa
tio
n
.
T
h
e
�
rst
tim
e
g
iv
en
in
th
e
ta
b
le
is

th
e
tim
e
fo
r
ev
a
lu
a
tin
g
th
e
sta
tem
en
t
a
fter
lo
a
d
in
g
th
e
p
a
cka
g
e
a
n
d
d
e�
n
in
g
th
e

rea
lisa
tio
n
.
T
h
e
tim
e
b
etw
een
b
ra
ck
ets
is
m
ea
su
red
w
h
en
th
e
sta
tem
en
t
is
rep
ea
ted
.

T
h
e
seco
n
d
ex
ecu
tio
n
is
m
u
ch
fa
ster
b
eca
u
se
O
P
E
d
efs
sto
res
so
m
e
o
f
th
e
O
P
E
s
w
ith

co
m
p
o
sites.
N
o
te
th
a
t
v
ersio
n
2
.0
o
f
M
a
th
em
a
tica
is
ro
u
g
h
ly
1
.4
tim
es
slow
er
th
a
n

v
ersio
n
1
.2
.

T
a
b
le
3
.1
:
C
P
U
tim
e
fo
r
th
e
co
m
p
u
ta
tio
n
o
f
th
e
O
P
E
o
f
th
e
cu
rren
ts
co
rresp
o
n
d
in
g
to

th
e
p
o
sitiv
e
sim
p
le
ro
o
t
o
f cB
2
(sta
tem
en
t
9
)
a
n
d
th
e
co
m
p
u
ta
tio
n
o
f
th
e
S
u
g
a
w
a
ra

ten
so
r
(sta
tem
en
t
1
1
)
(see
R
ef.
[1
9
2
])
fo
r
M
a
th
em
a
tica
ru
n
n
in
g
o
n
a
P
C
3
8
6
(2
5

M
h
z).

M
a
th
em
a
tica
-v
ersio
n

1
.2

1
.2

2
.0

O
P
E
d
efs-v
ersio
n

2
.0

3
.1

3
.1

I
n
[
9
]

2
3
.5
(4
.5
)
s

1
4
.9
(2
.8
)
s

1
9
.3
(3
.8
)
s

I
n
[
1
1
]

4
3
.2
(1
1
.6
)
s

3
1
.3
(9
.4
)
s

4
0
.7
(1
2
.1
)
s

3
.4

U
se
r's
G
u
id
e

T
h
is
sectio
n
is
in
ten
d
ed
a
s
a
u
ser's
g
u
id
e
to
th
e
p
a
cka
g
e
O
P
E
d
efs
3
.1
.
E
x
p
licit

ex
a
m
p
les
a
re
g
iv
en
fo
r
m
o
st
o
p
era
tio
n
s.
N
o
te
th
a
t
O
P
E
d
efs
3
.1
req
u
ires
M
a
th
em
a
tica

1
.2
o
r
la
ter.

W
e
in
tro
d
u
ce
so
m
e
sp
ecia
l
n
o
ta
tio
n
s.
In
p
u
t
fo
r
a
n
d
o
u
tp
u
t
fro
m
M
a
th
em
a
tica
is

w
ritten
in
t
y
p
e
s
e
t
fo
n
t.
In
p
u
t
lin
es
a
re
p
reced
ed
b
y
\
In
[n
]
:=
"
,
a
n
d
co
rresp
o
n
d
in
g

o
u
tp
u
t
sta
tem
en
ts
b
y
\
O
u
t[n
]
=
"
,
a
s
in
M
a
th
em
a
tica
.

A
s
O
P
E
d
efs
is
im
p
lem
en
ted
a
s
a
M
a
th
em
a
tica
p
a
cka
g
e,
it
h
a
s
to
b
e
lo
a
d
ed
befo
re

a
n
y
o
f
its
g
lo
b
a
l
sy
m
b
o
ls
is
u
sed
.
L
o
a
d
in
g
th
e
p
a
cka
g
e
a
seco
n
d
tim
e
w
ill
clea
r
a
ll

p
rev
io
u
s
d
e�
n
itio
n
s
o
f
o
p
era
to
rs
a
n
d
O
P
E
s,
a
s
w
ell
a
s
a
ll
sto
red
in
term
ed
ia
te
resu
lts.

A
ssu
m
in
g
th
a
t
th
e
p
a
cka
g
e
is
lo
ca
ted
in
th
e
M
a
th
em
a
tica
-p
a
th
,
e.g
.
in
y
o
u
r
cu
rren
t

d
irecto
ry,
issu
e:

In
[1
]
:=

<
<
O
P
E
d
e
f
s
.
m

A
fter
lo
a
d
in
g
O
P
E
d
efs
in
to
M
a
th
em
a
tica
,
h
elp
fo
r
a
ll
th
e
g
lo
b
a
l
sy
m
b
o
ls
is
p
rov
id
ed

u
sin
g
th
e
sta
n
d
a
rd
h
elp
-m
ech
a
n
ism
,
e.g
.
?
O
P
E
.

N
ow
,
y
o
u
n
eed
to
d
ecla
re
th
e
o
p
era
to
rs
th
a
t
w
ill
b
e
u
sed
.
If
y
o
u
w
a
n
t
to
d
e�
n
e

b
o
so
n
ic
o
p
era
to
rs
T
a
n
d
J
[
i
]
(a
n
y
in
d
ex
co
u
ld
b
e
u
sed
),
a
n
d
ferm
io
n
ic
o
p
era
to
rs

p
s
i
[
i
]
,
th
e
co
rresp
o
n
d
in
g
sta
tem
en
ts
a
re:

3
7



C
h
a
p
ter
3
.
O
P
E
s
in
M
a
th
em
a
tica

In
[2
]
:=

B
o
s
o
n
i
c
[
T
,
J
[
i
_
]
]

In
[3
]
:=

F
e
r
m
i
o
n
i
c
[
p
s
i
[
i
_
]
]

T
h
e
o
rd
er
o
f
th
e
d
ecla
ra
tio
n
s
�
x
es
a
lso
th
e
o
rd
erin
g
o
f
o
p
era
to
rs
u
sed
b
y
th
e
p
ro
g
ra
m
:

T

<

J
[
1
]
'

<

J
[
1
]

<

J
[
2
]

<

J
[
i
]

<

p
s
i
[
1
]

<

.
.
.

(3
.4
.1
)

B
y
d
efa
u
lt,
d
eriva
tiv
es
o
f
a
n
o
p
era
to
r
a
re
co
n
sid
ered
\
sm
a
ller"
th
a
n
th
e
o
p
era
to
r

itself.
T
h
is
ca
n
b
e
rev
ersed
u
sin
g
th
e
g
lo
b
a
l
o
p
tio
n
s
N
O
O
r
d
e
r
i
n
g
(see
b
elo
w
).

F
in
a
lly,
th
e
n
o
n
-reg
u
la
r
O
P
E
s
b
etw
een
th
e
b
a
sic
o
p
era
to
rs
h
a
v
e
to
b
e
g
iv
en
.
A
n

O
P
E
ca
n
b
e
sp
eci�
ed
in
tw
o
d
i�
eren
t
w
a
y
s.

T
h
e
�
rst
w
a
y
is
b
y
listin
g
th
e
o
p
era
to
rs
th
a
t
o
ccu
r
a
t
th
e
p
o
les,
th
e
�
rst
o
p
era
to
r
in

th
e
list
is
th
e
o
n
e
a
t
th
e
h
ig
h
est
n
o
n
-zero
p
o
le,
th
e
la
st
o
p
era
to
r
h
a
s
to
b
e
th
e
o
n
e

a
t
th
e
�
rst
o
rd
er
p
o
le,
e.g
.
:

In
[4
]
:=

O
P
E
[
T
,

T
]

=

M
a
k
e
O
P
E
[
{
c
/
2

O
n
e
,

0
,

2
T
,

T
'

}
]
;

N
o
te
th
e
o
p
era
to
r
O
n
e
w
h
ich
sp
eci�
es
th
e
u
n
it-o
p
era
to
r.

T
h
e
seco
n
d
w
a
y
is
b
y
g
iv
in
g
th
e
O
P
E
a
s
a
L
a
u
ren
t
series
ex
p
a
n
sio
n
,
a
d
d
in
g
th
e
sy
m
-

b
o
l
O
r
d
w
h
ich
sp
eci�
es
th
e
(im
p
licit)
a
rg
u
m
en
ts
o
f
th
e
o
p
era
to
rs
fo
r
w
h
ich
th
e
O
P
E

is
d
e�
n
ed
6

.
T
h
e
a
rg
u
m
en
ts
fo
r
th
e
o
p
era
to
rs
ca
n
b
e
a
n
y
M
a
th
em
a
tica
ex
p
ressio
n
.

W
a
r
n
in
g
:
it
is
im
p
o
rta
n
t
th
a
t
th
e
o
p
era
to
rs
o
ccu
rin
g
a
s
a
rg
u
m
en
ts
o
f
O
P
E
in
a

d
e�
n
itio
n
sh
o
u
ld
b
e
g
iv
en
in
sta
n
d
a
rd
o
rd
er
(3
.4
.1
),
o
th
erw
ise
w
ro
n
g
resu
lts
w
ill
b
e

g
en
era
ted
.

T
h
e
fo
llo
w
in
g
sta
tem
en
ts
d
e�
n
e
a dSU
(2
)
k
-K
a
�c{
M
o
o
d
y
a
lg
eb
ra
:

In
[5
]
:=

O
P
E
[
J
[
i
_
]
,
J
[
i
_
]
]
:
=

M
a
k
e
O
P
E
[
-
k
/
2
(
z
-
w
)
^
-
2
+

O
r
d
[
z
,
w
,
0
]
]

In
[6
]
:=

O
P
E
[
J
[
1
]
,
J
[
2
]
]
=

M
a
k
e
O
P
E
[
J
[
3
]
[
w
]
(
z
-
w
)
^
-
1
+
O
r
d
[
z
,
w
,
0
]
]
;

In
[7
]
:=

O
P
E
[
J
[
2
]
,
J
[
3
]
]
=

M
a
k
e
O
P
E
[
J
[
1
]
[
w
]
(
z
-
w
)
^
-
1
+

O
r
d
[
z
,
w
,
0
]
]
;

In
[8
]
:=

O
P
E
[
J
[
1
]
,
J
[
3
]
]
=

M
a
k
e
O
P
E
[
-
J
[
2
]
[
w
]
(
z
-
w
)
^
-
1
+

O
r
d
[
z
,
w
,
0
]
]
;

In
fa
ct,
w
ith
th
e
a
b
o
v
e
d
e�
n
itio
n
s,
o
n
e
h
a
s
to
u
se
a
lw
a
y
s
th
e
ex
p
licit
in
d
ices
1
;2
;3

fo
r
th
e
cu
rren
ts
J
.
If
w
e
w
o
u
ld
co
m
p
u
te
a
n
O
P
E
w
ith
cu
rren
t
J
[
i
]
w
h
ere
th
e
in
d
ex

i
is
n
o
t
1
;2
o
r
3
,
w
ro
n
g
resu
lts
w
ill
b
e
g
iv
en
.
O
n
e
ca
n
circu
m
v
en
t
th
is
p
ecu
lia
rity
b
y

refo
rm
u
la
tin
g
th
e
d
e�
n
itio
n
s.

A
n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct
[A
B
]0
is
en
tered
in
th
e
fo
rm
N
O
[
A
,
B
]
.
M
u
ltip
le
co
m
-

p
o
sites
ca
n
b
e
en
tered
u
sin
g
o
n
ly
o
n
e
N
O
h
ea
d
,
e.g
.
N
O
[
A
,
B
,
C
]
.
T
h
is
in
p
u
t
is
e�
ec-

tiv
ely
tra
n
sla
ted
in
to
N
O
[
A
,

N
O
[
B
,

C
]
]
.
A
ll
o
u
tp
u
t
is
n
o
rm
a
l
o
rd
ered
w
ith
th
e
sa
m
e

co
n
v
en
tio
n
,
i.e.
fro
m
rig
h
t
to
left
(in
p
u
t
ca
n
b
e
in
a
n
y
o
rd
er).
A
lso
,
th
e
o
p
era
to
rs
in

6
T
h
e
�
rst
tim
e
y
o
u
u
se
th
is
sy
n
ta
x
,
y
o
u
m
a
y
n
o
tice
a
n
u
n
ex
p
ected
d
ela
y.

T
h
is
is
b
eca
u
se

M
a
th
e
m
a
tic
a
is
lo
a
d
in
g
th
e
S
e
r
i
e
s
p
a
ck
a
g
e.

co
m
p
o
sites
w
ill
a
lw
ay
s
b
e
o
rd
ered
a
cco
rd
in
g
to
th
e
sta
n
d
a
rd
o
rd
er
(3
.4
.1
).

A
s
a
n
ex
a
m
p
le,
w
e
ca
n
d
e�
n
e
th
e
S
u
g
aw
a
ra
en
erg
y
-m
o
m
en
tu
m
ten
so
r
fo
r dSU
(2
)
k .

T
h
e
M
a
th
em
a
tica
o
u
tp
u
t
o
f
a
n
O
P
E
is
a
list
o
f
th
e
o
p
era
to
rs
a
t
th
e
p
o
les.

In
[9
]
:=

T
s

=

-
1
/
(
k
+
2
)
(
N
O
[
J
[
1
]
,
J
[
1
]
]
+

N
O
[
J
[
2
]
,
J
[
2
]
]
+
N
O
[
J
[
3
]
,
J
[
3
]
]
)
;

In
[1
0
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
T
s
,
J
[
1
]
]
]

O
u
t[1
0
]
=

<
<

2
|
|

J
[
1
]

|
|
1
|
|

J
[
1
]
'

>
>

W
a
r
n
in
g
:
w
h
en
co
m
p
u
tin
g
O
P
E
s
w
ith
co
m
p
o
sites,
o
r
w
h
en
reo
rd
erin
g
co
m
p
o
sites,

O
P
E
d
efs
rem
em
b
ers
b
y
d
efa
u
lt
so
m
e
in
term
ed
ia
te
resu
lts.
T
h
u
s,
it
is
d
a
n
g
ero
u
s
to

ch
a
n
g
e
th
e
d
e�
n
itio
n
o
f
th
e
b
a
sic
O
P
E
s
a
fter
so
m
e
ca
lcu
la
tio
n
s
h
av
e
b
een
p
erfo
rm
ed
.

F
o
r
ex
a
m
p
le,
co
n
sid
er
a
co
n
sta
n
t
a
in
a
n
O
P
E
.
If
ca
lcu
la
tio
n
s
a
re
p
erfo
rm
ed
a
fter

a
ssig
n
in
g
a
va
lu
e
to
a
,
th
e
in
term
ed
ia
te
resu
lts
a
re
sto
red
w
ith
th
is
v
a
lu
e.
C
h
a
n
g
in
g

a
a
fterw
a
rd
s
w
ill
g
iv
e
w
ro
n
g
resu
lts.

T
h
e
o
th
er
g
lo
b
a
lly
d
e�
n
ed
fu
n
ctio
n
s
ava
ila
b
le
fro
m
th
e
p
a
cka
g
e
a
re:

�
O
P
E
O
p
e
r
a
t
o
r
[
o
p
e
r
a
t
o
r
_
,
p
a
r
i
t
y
_
]
p
rov
id
es
a
m
o
re
g
en
era
l
w
ay
to
d
ecla
re

a
n
o
p
era
to
r
th
a
n
B
o
s
o
n
i
c
a
n
d
F
e
r
m
i
o
n
i
c
.
T
h
e
seco
n
d
a
rg
u
m
en
t
is
th
e
p
a
rity

o
f
th
e
o
p
era
to
r
su
ch
th
a
t
(�
1
)
p
a
rity

is
+
1
fo
r
a
b
o
so
n
,
a
n
d
�
1
fo
r
a
ferm
io
n
.

It
ca
n
b
e
a
sy
m
b
o
lic
co
n
sta
n
t.
T
h
is
is
m
a
in
ly
u
sefu
l
fo
r
d
ecla
rin
g
a
bc-sy
stem

o
f
u
n
sp
eci�
ed
p
a
rity,
o
r
a
K
a�c{
M
o
o
d
y
a
lg
eb
ra
b
a
sed
o
n
a
su
p
er-L
ie
a
lg
eb
ra
.

In
su
ch
ca
ses,
th
e
o
p
era
to
r
ca
n
co
n
ta
in
a
n
a
m
ed
p
a
ttern
:

In
[1
1
]
:=

O
P
E
O
p
e
r
a
t
o
r
[
J
[
i
_
]
,
p
a
r
i
t
y
[
i
]
]

If
o
n
e
w
a
n
ts
to
d
ecla
re
m
o
re
o
p
era
to
rs,
o
n
e
ca
n
g
ro
u
p
ea
ch
o
p
era
to
r
a
n
d
its

p
a
rity
in
a
list:

In
[1
2
]
:=

O
P
E
O
p
e
r
a
t
o
r
[f
b
[
i
_
]
,
p
a
r
i
t
y
[
i
]g
,f
c
[
i
_
]
,
p
a
r
i
t
y
[
i
]g
]

S
ee
a
lso
S
e
t
O
P
E
O
p
t
i
o
n
s
[
P
a
r
i
t
y
M
e
t
h
o
d
,
_
]
.

�
O
P
E
P
o
l
e
[
n
_
]
[
o
p
e
_
]
g
ets
a
sin
g
le
p
o
le
term
o
f
a
n
O
P
E
:

In
[1
3
]
:=

O
P
E
P
o
l
e
[
2
]
[
O
u
t
[
1
0
]
]

O
u
t[1
3
]
=

J
[
1
]

O
P
E
P
o
l
e
[
n
_
]
[
A
_
,
B
_
]
ca
n
a
lso
b
e
u
sed
to
co
m
p
u
te
o
n
ly
o
n
e
p
o
le
term

o
f
a
n

O
P
E
:

In
[1
4
]
:=

F
a
c
t
o
r
[
O
P
E
P
o
l
e
[
4
]
[
T
s
,
T
s
]
]

O
u
t[1
4
]
=

(
3

k

O
n
e
)
/
(
2

(
2

+

k
)
)

O
P
E
P
o
l
e
ca
n
a
lso
g
iv
e
term
s
in
th
e
reg
u
la
r
p
a
rt
o
f
th
e
O
P
E
:

In
[1
5
]
:=

O
P
E
P
o
l
e
[
-
1
]
[
T
,
T
]

O
u
t[1
5
]
=

N
O
[
T
'
,

T
]

�
M
a
x
P
o
l
e
[
o
p
e
_
]
g
iv
es
th
e
o
rd
er
o
f
th
e
h
ig
h
est
p
o
le
in
th
e
O
P
E
.

�
O
P
E
P
a
r
i
t
y
[
A
]
retu
rn
s
a
n
ev
en
(o
d
d
)
in
teg
er
o
f
A
is
b
o
so
n
ic
(ferm
io
n
ic).
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3
.5
.
E
x
a
m
p
le
:
T
h
e
co
n
fo
rm
a
l
a
n
o
m
a
ly
in
su
p
erstrin
g
th
eo
ry

�
O
P
E
S
i
m
p
l
i
f
y
[
o
p
e
_
,
f
u
n
c
t
i
o
n
_
]
\
co
llects"
a
ll
term
s
in
o
p
e
w
ith
th
e
sa
m
e

o
p
era
to
r
a
n
d
a
p
p
lies
f
u
n
c
t
i
o
n
o
n
th
e
co
e�
cien
ts.
W
h
en
n
o
seco
n
d
a
rg
u
m
en
t

is
g
iv
en
,
th
e
co
e�
cien
ts
a
re
E
x
p
a
n
d
ed
.

In
[1
6
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
J
[
1
]
,
N
O
[
J
[
2
]
,

J
[
1
]
]
]
]

O
u
t[1
6
]
=

<
<

2
|
|

(
1

-

k
/
2
)

J
[
2
]

|
|
1
|
|

N
O
[
J
[
1
]
,

J
[
3
]
]

+

J
[
2
]
'

>
>

O
P
E
S
i
m
p
l
i
f
y
[
p
o
l
e
_
,
f
u
n
c
t
i
o
n
_
]
d
o
es
th
e
sa
m
e
sim
p
li�
ca
tio
n
s
o
n
su
m
s
o
f

o
p
era
to
rs.

�
O
P
E
M
a
p
[
f
u
n
c
t
i
o
n
_
,
o
p
e
_
]
m
a
p
s
f
u
n
c
t
i
o
n
to
a
ll
p
o
les
o
f
o
p
e
.

�
G
e
t
C
o
e
f
f
i
c
i
e
n
t
s
[
e
x
p
r
_
]
retu
rn
s
a
list
o
f
a
ll
co
e�
cien
ts
o
f
o
p
era
to
rs
in
e
x
p
r

w
h
ich
ca
n
b
e
(a
list
o
f)
O
P
E
s
o
r
p
o
les.

�
O
P
E
J
a
c
o
b
i
[
o
p
1
_
,
o
p
2
_
,
o
p
3
_
]
co
m
p
u
tes
th
e
J
a
co
b
i-id
en
tities
(2
.3
.2
1
)
fo
r
th
e

sin
g
u
la
r
p
a
rt
o
f
th
e
O
P
E
s
o
f
th
e
th
ree
a
rg
u
m
en
ts.
D
u
e
to
th
e
n
a
tu
re
o
f
eq
.

(2
.3
.2
1
),
th
e
co
m
p
u
tin
g
tim
e
w
ill
b
e
sm
a
llest
(in
m
o
st
ca
ses)
w
h
en
o
p
1
�
o
p
2�

o
p
3
in
th
e
o
rd
er
(3
.4
.1
).
In
n
o
n
lin
ea
r
a
lg
eb
ra
s,
th
e
co
m
p
u
ta
tio
n
w
ill
u
se
ru
les

fo
r
O
P
E
s
o
f
co
m
p
o
sites
w
h
ich
a
ssu
m
e
th
a
t
th
e
J
a
co
b
i
id
en
tities
h
o
ld
.
T
h
is

m
ea
n
s
th
a
t
th
e
resu
lt
o
f
O
P
E
J
a
c
o
b
i
g
iv
es
o
n
ly
n
ecessa
ry
co
n
d
itio
n
s.
In
so
m
e

ca
ses,
d
i�
eren
t
o
rd
erin
g
s
o
f
o
p
1
-
o
p
3
h
av
e
to
b
e
tried
to
�
n
d
a
ll
co
n
d
itio
n
s.

T
h
e
resu
lt
o
f
O
P
E
J
a
c
o
b
i
is
a
d
o
u
b
le
list
o
f
o
p
era
to
rs.
It
is
g
en
era
ted
b
y

T
a
b
l
e
[
O
P
E
P
o
l
e
[
n
]
[
A
,
O
P
E
P
o
l
e
[
m
]
[
B
,
C
]
]
+

co
rrectio
n
s,
f
m
,

m
a
x
mg
,f
n
,
m
a
x
ng
]

A
ll
elem
en
ts
o
f
th
e
list
sh
o
u
ld
b
e
zero
u
p
to
n
u
ll
o
p
era
to
rs
fo
r
th
e
O
P
A
to
b
e

a
sso
cia
tiv
e.

�
D
e
l
t
a
[
i
_
,
j
_
]
is
th
e
K
ro
n
eck
er
d
elta
sy
m
b
o
l
�
ij .

�
C
l
e
a
r
O
P
E
S
a
v
e
d
V
a
l
u
e
s
[
]
clea
rs
a
ll
sto
red
in
term
ed
ia
te
resu
lts,
b
u
t
n
o
t
th
e

d
e�
n
itio
n
o
f
th
e
o
p
era
to
rs
a
n
d
th
eir
O
P
E
s.
T
o
clea
r
ev
ery
th
in
g
,
relo
a
d
th
e

p
a
ck
a
g
e.

�
O
P
E
T
o
S
e
r
i
e
s
[
o
p
e
_
]
co
n
v
erts
a
n
O
P
E
to
a
L
a
u
ren
t
series
ex
p
a
n
sio
n
in
z
a
n
d

w
.
T
h
e
a
rg
u
m
en
ts
ca
n
b
e
set
to
x
a
n
d
y
w
ith
:

In
[1
7
]
:=

S
e
t
O
P
E
O
p
t
i
o
n
s
[
S
e
r
i
e
s
A
r
g
u
m
e
n
t
s
,
f
x
,

yg
]

�
T
e
X
F
o
r
m
[
o
p
e
_
]
g
iv
es
T
E
X
o
u
tp
u
t
fo
r
a
n
O
P
E
.
T
h
e
sa
m
e
a
rg
u
m
en
ts
a
re
u
sed

a
s
in
O
P
E
T
o
S
e
r
i
e
s
.

�
O
P
E
S
a
v
e
[
f
i
l
e
n
a
m
e
_
]
(w
ith
f
i
l
e
n
a
m
e
a
strin
g
b
etw
een
d
o
u
b
le
q
u
o
tes)
sa
v
es

th
e
in
term
ed
ia
te
resu
lts
th
a
t
O
P
E
d
efs
rem
em
b
ers
to
�
le
(see
th
e
o
p
tio
n
O
P
E
S
a
v
i
n
g

b
elow
).

�
S
e
t
O
P
E
O
p
t
i
o
n
s
is
a
fu
n
ctio
n
to
set
th
e
g
lo
b
a
l
o
p
tio
n
s
o
f
th
e
p
a
cka
g
e.
T
h
e

cu
rren
t
o
p
tio
n
s
a
re:

{
S
e
t
O
P
E
O
p
t
i
o
n
s
[
S
e
r
i
e
s
A
r
g
u
m
e
n
t
s
,
{
a
r
g
1
_
,

a
r
g
2
_
}
]
:
sets
a
rg
u
m
en
ts

to
b
e
u
sed
b
y
T
e
X
F
o
r
m
a
n
d
O
P
E
T
o
S
e
r
i
e
s
.
O
n
e
ca
n
u
se
a
n
y
M
a
th
em
a
tica

ex
p
ressio
n
fo
r
a
r
g
1
a
n
d
a
r
g
2
.

{
S
e
t
O
P
E
O
p
t
i
o
n
s
[
N
O
O
r
d
e
r
i
n
g
,
n
_
]
:
if
n
is
n
eg
a
tiv
e,
o
rd
er
h
ig
h
er
d
eriva
-

tiv
es
to
th
e
left
(d
efa
u
lt),
if
n
is
p
o
sitiv
e,
o
rd
er
th
em
to
th
e
rig
h
t.

{
S
e
t
O
P
E
O
p
t
i
o
n
s
[
P
a
r
i
t
y
M
e
t
h
o
d
,
0
|
1
]
:
m
a
k
es
it
p
o
ssib
le
to
u
se
o
p
era
-

to
rs
o
f
a
n
u
n
sp
eci�
ed
p
a
rity.
W
h
en
th
e
seco
n
d
a
rg
u
m
en
t
is
0
(d
efa
u
lt),

a
ll
o
p
era
to
rs
h
av
e
to
b
e
d
ecla
red
to
b
e
b
o
so
n
ic
o
r
ferm
io
n
ic.
W
h
en
th
e

a
rg
u
m
en
t
is
1
,
O
P
E
O
p
e
r
a
t
o
r
ca
n
b
e
u
sed
w
ith
a
sy
m
b
o
lic
p
a
rity.
N
o
te

th
a
t
in
th
is
ca
se,
p
o
w
ers
o
f�
1
a
re
u
sed
to
co
m
p
u
te
sig
n
s,
w
h
ich
is
slig
h
tly

slo
w
er
th
a
n
th
e
b
o
o
lea
n
fu
n
ctio
n
w
h
ich
is
u
sed
b
y
th
e
�
rst
m
eth
o
d
.

T
h
is
o
p
tio
n
is
n
o
t
n
o
rm
a
lly
n
eed
ed
a
s
th
e
u
se
o
f
O
P
E
O
p
e
r
a
t
o
r
w
ith
a

n
o
n
-in
teg
er
seco
n
d
a
rg
u
m
en
t
sets
th
is
o
p
tio
n
a
u
to
m
a
tica
lly.

{
S
e
t
O
P
E
O
p
t
i
o
n
s
[
O
P
E
S
a
v
i
n
g
,
b
o
o
l
e
a
n
_
]
:
if
b
o
o
l
e
a
n
eva
lu
a
tes
to
T
r
u
e

(d
efa
u
lt),
O
P
E
d
efs
sto
res
th
e
in
term
ed
ia
te
resu
lts
w
h
en
co
m
p
u
tin
g
O
P
E
s

o
f
co
m
p
o
sites
a
n
d
w
h
en
reo
rd
erin
g
co
m
p
o
sites.
T
h
is
o
p
tio
n
is
u
sefu
l
if

M
a
th
em
a
tica
ru
n
s
sh
o
rt
o
f
m
em
o
ry
in
a
la
rg
e
ca
lcu
la
tio
n
,
o
r
w
h
en
co
m
-

p
u
tin
g
w
ith
d
u
m
m
y
in
d
ices
7.

{
S
e
t
O
P
E
O
p
t
i
o
n
s
[
O
P
E
M
e
t
h
o
d
,
m
e
t
h
o
d
_
]
:
w
ith
th
e
p
a
ra
m
eter
m
e
t
h
o
d
eq
u
a
l

to
Q
u
a
n
t
u
m
O
P
E
s
en
a
b
les
n
o
rm
a
lO
P
E
co
m
p
u
ta
tio
n
s
(d
efa
u
lt
settin
g
),
w
h
ile

C
l
a
s
s
i
c
a
l
O
P
E
s
en
a
b
les
P
o
isso
n
b
ra
ck
et
co
m
p
u
ta
tio
n
s.
U
sin
g
th
is
o
p
tio
n

im
p
licitly
ca
lls
C
l
e
a
r
O
P
E
S
a
v
e
d
V
a
l
u
e
s
[
]
.

3
.5

E
x
a
m
p
le
:
T
h
e
c
o
n
fo
rm
a
l
a
n
o
m
a
ly
in

su
p
e
r-

strin
g
th
e
o
ry

W
e
co
n
sid
er
o
n
ly
o
n
e
free
b
o
so
n
�
eld
X

a
n
d
o
n
e
free
ferm
io
n
�
eld
 
b
eca
u
se
a
d
-

d
itio
n
a
l
free
�
eld
s
w
ill
h
a
v
e
ex
a
ctly
th
e
sa
m
e
O
P
E
s
a
n
d
co
m
m
u
te
w
ith
ea
ch
o
th
er.

W
e
d
en
o
te
@
X

w
ith
J
a
n
d
 

w
ith
p
s
i
(w
e
n
o
rm
a
lise
th
em

su
ch
th
a
t
th
ey
h
av
e

a
+
1
in
th
eir
O
P
E
s
(2
.6
.7
)
a
n
d
(2
.6
.2
6
)).
T
h
e
g
h
o
sts
a
re
a
ferm
io
n
ic
b,
c
sy
stem

(o
p
era
to
rs
b
,
c
)
a
n
d
a
b
o
so
n
ic
�
,

sy
stem

(o
p
era
to
rs
B
,
G
)
(n
o
rm
a
lised
su
ch
th
a
t

i A
j

=
(�
1
)
i+
1
i �
j

in
eq
.
(2
.6
.3
1
)).
b
h
a
s
co
n
fo
rm
a
l
d
im
en
sio
n
2
a
n
d
�
h
a
s
3
=
2
.
It
is

n
ow
a
triv
ia
l
ta
sk
to
co
m
p
u
te
th
e
co
n
fo
rm
a
l
a
n
o
m
a
ly
:

In
[1
]
:=

<
<
O
P
E
d
e
f
s
.
m

7
N
o
m
ech
a
n
ism
to
u
se
d
u
m
m
y
in
d
ices
is
b
u
ilt-in
in
O
P
E
d
e
fs.
I
w
ro
te
a
sep
a
ra
te
p
a
ck
a
g
e
D
u
m
-

m
ie
s
to
h
a
n
d
le
th
is.
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C
h
a
p
ter
3
.
O
P
E
s
in
M
a
th
em
a
tica

In
[2
]
:=

B
o
s
o
n
i
c
[
J
,
B
,
G
]
;
F
e
r
m
i
o
n
i
c
[
b
,
c
,
p
s
i
]
;

O
P
E
[
J
,
J
]

=

M
a
k
e
O
P
E
[f
O
n
e
,

0g
]
;

O
P
E
[
p
s
i
,
p
s
i
]
=

M
a
k
e
O
P
E
[f
O
n
eg
]
;

O
P
E
[
b
,
c
]

=

M
a
k
e
O
P
E
[f
O
n
eg
]
;

O
P
E
[
B
,
G
]

=

M
a
k
e
O
P
E
[f
O
n
eg
]
;

T
b

=

1
/
2

N
O
[
J
,
J
]
;

T
f

=

-
1
/
2

N
O
[
p
s
i
,
p
s
i
'
]
;

T
b
c

=

-
2

N
O
[
b
,
c
'
]

-

N
O
[
b
'
,
c
]
;

T
B
G

=

3
/
2

N
O
[
B
,
G
'
]

+

1
/
2

N
O
[
B
'
,
G
]
;

In
[3
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
T
b
,
T
b
]
]

O
u
t[3
]
=

<
<

4
|
|

O
n
e
/
2

|
|
3
|
|

0

|
|
2
|
|

N
O
[
J
,

J
]

|
|
1
|
|

N
O
[
J
'
,

J
]

>
>

In
[4
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
T
f
,
T
f
]
]

O
u
t[4
]
=

<
<

4
|
|

O
n
e
/
4

|
|
3
|
|

0

|
|
2
|
|

N
O
[
p
s
i
'
,

p
s
i
]

|
|
1
|
|

N
O
[
p
s
i
'
'
,

p
s
i
]
/
2
>
>

In
[5
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
T
b
c
,
T
b
c
]
]

O
u
t[5
]
=

<
<

4
|
|

-
1
3

O
n
e

|
|
3
|
|

0

|
|
2
|
|

-
4

N
O
[
b
,

c
'
]

-

2

N
O
[
b
'
,

c
]
|
|
1
|
|

-
2

N
O
[
b
,

c
'
'
]

-

3

N
O
[
b
'
,

c
'
]

-

N
O
[
b
'
'
,

c
]

>
>

In
[6
]
:=

O
P
E
S
i
m
p
l
i
f
y
[
O
P
E
[
T
B
G
,
T
B
G
]
-

M
a
k
e
O
P
E
[f
2

T
B
G
,
T
B
G
'g
]

O
u
t[6
]
=

<
<

4
|
|

1
1

O
n
e
/
2

|
|
3
|
|

0

|
|
2
|
|

0

|
|
1
|
|

0

>
>

W
e
see
th
a
t
ea
ch
b
o
so
n
ic
(ferm
io
n
ic)
�
eld
w
ill
co
n
trib
u
te
a
cen
tra
l
ch
a
rg
e
1
(1
=
2
)

to
th
e
to
ta
l
cen
tra
l
ch
a
rg
e
o
f
th
e
th
eo
ry.
T
h
e
b,
c
sy
stem

co
n
trib
u
tes
�
2
6
,
a
n
d
th
e

�
,

sy
stem
1
1
.
T
h
is
g
iv
es
th
e
w
ell
k
n
ow
n
rela
tio
n
fo
r
th
e
critica
l
d
im
en
sio
n
s
o
f
th
e

b
o
so
n
ic
strin
g
D
b �
2
6
=
0
a
n
d
th
e
su
p
erstrin
g
3
=
2
D
s �
2
6
+
1
1
=
0
.
M
o
reov
er,
w
e

ca
n
ea
sily
v
erify
th
a
t
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
rs
o
b
ey
th
e
V
ira
so
ro
a
lg
eb
ra
.

T
h
e
rea
d
er
w
ith
o
u
t
ex
p
erien
ce
in
C
F
T
is
in
v
ited
a
t
th
is
p
o
in
t
to
ta
k
e
o
u
t
so
m
e

tim
e
a
n
d
co
m
p
u
te
th
e
O
P
E
fo
r
T
B
G
,
fo
r
in
sta
n
ce,
b
y
h
a
n
d
.
A
lth
o
u
g
h
th
is
co
m
p
u
-

ta
tio
n
is
ra
th
er
triv
ia
l
w
ith
O
P
E
d
efs,
th
e
sa
m
e
ca
lcu
la
tio
n
w
a
s
a
ttem
p
ted
in
[1
7
9]

u
sin
g
th
e
m
o
d
e{
a
lg
eb
ra
.
T
h
ere
it
p
rov
ed
n
o
t
to
b
e
p
o
ssib
le
to
co
m
p
u
te
th
e
V
ira
so
ro

a
lg
eb
ra
a
u
to
m
a
tica
lly
d
u
e
to
d
i�
cu
lties
w
ith
th
e
in
�
n
ite
su
m
s
in
th
e
n
o
rm
a
l
o
rd
ered

p
ro
d
u
cts.

3
.6

F
u
tu
re
d
e
v
e
lo
p
m
e
n
ts

A

�
rst
ex
ten
sio
n
w
o
u
ld
b
e
to
a
d
d
th
e
p
o
ssib
ility
to
sp
ecify
a
ra
n
g
e
o
f
p
o
les
o
n
e

w
a
n
ts.
T
h
is
w
o
u
ld
u
n
ify
th
e
cu
rren
t
im
p
lem
en
ta
tio
n
s
o
f
O
P
E
a
n
d
O
P
E
P
o
l
e
.
T
h
e

m
a
in
d
i�
cu
lty
in
p
ro
g
ra
m
m
in
g
th
is,
is
th
a
t
w
h
en
sav
in
g
in
term
ed
ia
te
resu
lts,
o
n
e

h
a
s
to
see
w
h
ich
p
o
les
a
re
a
lrea
d
y
co
m
p
u
ted
a
n
d
w
h
ich
n
o
t.

T
h
e
o
b
jectiv
e
in
w
ritin
g
O
P
E
d
efs,
w
a
s
to
m
a
k
e
a
p
a
ck
a
g
e
a
va
ila
b
le
w
h
ich
is
a
s

g
en
era
l
a
s
p
o
ssib
le.
O
n
e
co
u
ld
w
rite
sp
ecia
lised
ex
ten
sio
n
s
w
h
ich
w
o
u
ld
o
u
tp
erfo
rm

O
P
E
d
efs.
F
o
r
in
sta
n
ce,
th
e
restrictio
n
to
free
�
eld
s
w
o
u
ld
b
e
v
ery
u
sefu
l.
A
lso

W
{
a
lg
eb
ra
s,
a
co
n
fo
rm
a
l
O
P
A
g
en
era
ted
b
y
q
u
a
sip
rim
a
ries,
fo
rm

a
p
referred
su
b
-

cla
ss
o
f
th
e
O
P
A
s.
In
th
is
ca
se
it
w
o
u
ld
b
e
a
d
va
n
ta
g
eo
u
s
to
co
m
p
u
te
in
a
b
a
sis
o
f

q
u
a
sip
rim
a
ries,
see
sectio
n
4
.3
.
A
p
a
cka
g
e
u
n
d
er
d
ev
elo
p
m
en
t
[1
9
4]
co
llects
so
m
e

fo
rm
u
la
s
fo
r
w
o
rk
in
g
w
ith
(q
u
a
si)p
rim
a
ries
in
a
W
{
a
lg
eb
ra
,
b
u
t
it
relies
o
n
O
P
E
d
efs

fo
r
co
m
p
u
tin
g
O
P
E
s.

T
h
e
m
a
in
restrictio
n
o
f
O
P
E
d
efs
is
o
f
co
u
rse
th
e
req
u
irem
en
t
o
f
p
o
les
o
f
in
teg
er

o
rd
er.
In
p
a
rticu
la
r,
v
ertex
o
p
era
to
rs
a
re
w
id
ely
u
sed
in
co
n
fo
rm
a
l
�
eld
th
eo
ry.
H
ere

th
e
o
rd
er
o
f
th
e
p
o
w
ers
in
th
e
g
en
era
lised
L
a
u
ren
t
ex
p
a
n
sio
n
rem
a
in
in
teg
er
sp
a
ced
.

T
h
is
sh
o
u
ld
m
a
k
e
it
p
o
ssib
le
to
ex
ten
d
O
P
E
d
efs
to
h
a
n
d
le
th
is
ca
se.
H
ow
ev
er,
th
e

n
o
tio
n
o
f
th
e
sin
g
u
la
r
a
n
d
reg
u
la
r
p
a
rt
o
f
a
n
O
P
E
is
n
o
t
so
im
p
o
rta
n
t
w
h
en
u
sin
g

v
ertex
o
p
era
to
rs
a
s
in
o
th
er
ca
ses.
In
d
eed
,
th
e
n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct
o
f
tw
o
v
ertex

o
p
era
to
rs
sh
o
u
ld
n
o
t
b
e
d
e�
n
ed
a
s
th
e
zero
th
o
rd
er
p
o
le
in
th
eir
O
P
E
.
T
h
is
m
a
k
es
it

d
esira
b
le
to
u
se
a
d
a
ta
rep
resen
ta
tio
n
w
h
ich
k
eep
s
th
e
in
fo
rm
a
tio
n
to
g
en
era
te
a
n
y

\
p
o
le"
,
b
u
t
sto
res
a
lrea
d
y
co
m
p
u
ted
resu
lts
8.

T
h
is
w
o
u
ld
m
a
k
e
it
p
o
ssib
le
to
w
o
rk

w
ith
v
ertex
o
p
era
to
rs
V
a
w
ith
a
sy
m
b
o
lic
w
eig
h
t
a
,
a
n
d
n
o
t
o
n
ly
w
ith
�
x
ed
n
u
m
b
ers.

O
n
e
co
u
ld
th
en
a
lso
d
e�
n
e
a
n
O
P
E
b
etw
een
�
eld
s
o
f
(n
o
n
-n
u
m
eric)
d
im
en
sio
n
h
1 ;h
2 ,

e.g
.
w
ith
th
e
u
n
it
o
p
era
to
r
a
t
th
e
p
o
le
o
f
o
rd
er
h
1
+
h
2 .
F
in
a
lly,
th
e
ex
ten
sio
n
to

n
o
n
m
ero
m
o
rp
h
ic
O
P
E
s
w
o
u
ld
a
llow
to
trea
t
p
a
ra
ferm
io
n
s
[6
7
,
6
8
,
9
5].

W
e
a
re
cu
rren
tly
w
o
rk
in
g
a
t
a
v
ersio
n
fo
r
co
m
p
u
tin
g
w
ith
su
p
er
O
P
E
s
in
N

=
2

su
p
er�
eld
s
[1
3
7
].
E
x
ten
sio
n
to
a
rb
itra
ry
N

w
ill
n
o
t
g
iv
e
g
rea
t
d
i�
cu
lties.

F
in
a
lly,
it
w
o
u
ld
b
e
co
n
v
en
ien
t
to
b
e
a
b
le
to
u
se
d
u
m
m
y
in
d
ices
in
O
P
E
d
efs.
I

w
ro
te
a
sep
a
ra
te
p
a
cka
g
e
D
u
m
m
ies
to
h
a
n
d
le
th
is.
H
o
w
ev
er,
th
is
p
a
cka
g
e
u
ses
o
n
ly

a
ru
d
im
en
ta
ry
a
lg
o
rith
m
to
sim
p
lify
ex
p
ressio
n
s
w
ith
d
u
m
m
y
in
d
ices.
T
h
ere
seem
s

to
ex
ist
n
o
a
lg
o
rith
m
(ex
cep
t
ex
h
a
u
stiv
e
en
u
m
era
tio
n
)
to
d
o
th
is
sim
p
li�
ca
tio
n
fo
r

th
e
ca
se
a
t
h
a
n
d
.
T
h
e
m
a
in
d
i�
cu
lty
is
th
a
t
co
rrectio
n
term
s
a
re
n
eed
ed
w
h
en

in
terch
a
n
g
in
g
o
p
era
to
rs
in
a
n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct.

3
.7

O
th
e
r
p
a
c
k
a
g
e
s

A
s
sh
o
w
n
in
sectio
n
2
.4
,
a
n
o
th
er
a
p
p
ro
a
ch
to
th
e
sa
m
e
p
ro
b
lem

w
o
u
ld
b
e
to
u
se

m
o
d
es.
A
n
a
ttem
p
t
to
co
m
p
u
te
co
m
m
u
ta
to
rs
o
f
th
e
m
o
d
es
o
f
n
o
rm
a
l
o
rd
ered
o
p
era
-

to
rs
in
r
e
d
u
c
e
[1
7
9]
w
a
s
n
o
t
co
m
p
letely
su
ccessfu
l
d
u
e
to
d
i�
cu
lties
in
th
e
resh
u
�
in
g

o
f
th
e
in
d
ices
in
in
�
n
ite
su
m
s.
It
sh
o
u
ld
b
e
p
o
ssib
le
to
a
v
o
id
th
is
b
y
co
n
stru
ctin
g

th
e
fo
rm
u
la
s
fo
r
co
m
m
u
ta
tio
n
w
ith
a
m
o
d
e
o
f
a
co
m
p
o
site
o
p
era
to
r
b
y
lo
o
k
in
g
a
t

th
e
co
rresp
o
n
d
in
g
fo
rm
u
la
fo
r
O
P
E
s.
A
p
p
a
ren
tly,
th
is
is
d
o
n
e
in
a
p
a
cka
g
e
b
y
L
.

R
o
m
a
n
s,
w
h
ich
is
n
o
t
p
u
b
lish
ed
,
b
u
t
a
ck
n
ow
led
g
ed
b
y
a
few
a
u
th
o
rs.
T
h
e
m
o
d
e-

a
p
p
ro
a
ch
h
a
s
p
ro
b
a
b
ly
th
e
a
d
va
n
ta
g
e
th
a
t
co
n
trib
u
tio
n
s
o
f
th
e
to
w
er
o
f
d
eriva
tiv
es

o
f
a
q
u
a
sip
rim
a
ry
o
p
era
to
r
(see
sectio
n
4
.3
)
a
re
su
m
m
ed
in
a
d
va
n
ce.
H
ow
ev
er,
th
is

8
T
h
is
is
a
w
ell
k
n
o
w
n
co
n
cep
t
ca
lled
\
strea
m
s"
in
th
e
sy
m
b
o
lic
m
a
n
ip
u
la
tio
n
p
ro
g
ra
m
A
x
io
m
,

w
h
ere
e
.g
.
T
a
y
lo
r
series
a
re
sto
red
in
th
is
w
a
y.

4
0



3
.7
.
O
th
er
p
a
ck
a
g
es

d
e�
n
itio
n
(2
.4
.1
)
w
h
ich
m
a
k
es
th
e
fo
rm
u
la
s
fo
r
co
m
p
u
tin
g
w
ith
m
o
d
es
co
n
v
en
ien
t
is

restricted
to
a
co
n
fo
rm
a
l
O
P
A
.

R
ela
ted
to
m
o
d
e
ca
lcu
la
tio
n
s
is
th
e
a
p
p
ro
a
ch
ta
k
en
b
y
H
.
K
a
u
sch
(u
sin
g
a
n
o
th
er

sy
m
b
o
lic
m
a
n
ip
u
la
tio
n
p
ro
g
ra
m
M
a
p
le).
H
e
u
ses
th
e
eq
u
iva
len
ce
b
etw
een
co
n
fo
rm
a
l

�
eld
s
�
(x
)
a
n
d
sta
tes
�
(0
)j0
>

d
iscu
ssed
in
[9
8].
A
s
th
is
referen
ce
restricts
itself

to
b
o
so
n
ic
�
eld
s
o
f
in
teg
er
d
im
en
sio
n
,
a
n
d
ferm
io
n
ic
�
eld
s
o
f
h
a
lf-in
teg
er
d
im
en
sio
n
,

w
e
su
sp
ect
th
a
t
K
a
u
sch
's
p
ro
g
ra
m

w
ill
n
o
t
b
e
a
b
le
to
h
a
n
d
le
a
lg
eb
ra
s
o
u
tsid
e
th
is

fra
m
ew
o
rk
,
lik
e
[1
6
0
,
2
1
,
4
9],
w
h
ile
th
ey
p
resen
t
n
o
p
ro
b
lem
s
fo
r
O
P
E
d
efs.
H
o
w
ev
er,

K
a
u
sch
d
id
n
o
t
p
u
b
lish
h
is
w
o
rk
.

F
in
a
lly,
A
.
F
u
jitsu
recen
tly
d
ev
elo
p
ed
a
p
a
ck
a
g
e,
o
p
e.m
a
th
,
in
M
a
th
em
a
tica
fo
r

co
m
p
u
tin
g
O
P
E
s
o
f
free
�
eld
s
[9
3].
It
is
a
b
le
to
trea
t
v
ertex
o
p
era
to
rs
a
t
n
o
n
-in
teg
er

p
o
les
(th
is
is
n
o
t
p
o
ssib
le
in
O
P
E
d
efs).
H
ow
ev
er,
o
n
e
ca
n
n
o
t
co
m
p
u
te
O
P
E
s
in
a

W
{
a
lg
eb
ra
o
r
a
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
,
ex
cep
t
b
y
w
o
rk
in
g
in
a
rea
lisa
tio
n
w
ith
free

�
eld
s.
T
h
e
cu
rren
t
v
ersio
n
is
m
u
ch
slow
er
th
a
n
O
P
E
d
efs
fo
r
ca
lcu
la
tio
n
s
w
ith
o
u
t

v
ertex
o
p
era
to
rs.
o
p
e.m
a
th
u
ses
a
�
x
ed
n
o
ta
tio
n
fo
r
a
ll
�
eld
s,
e.g
.
th
e
i-th
d
eriv
a
tiv
e

o
f
a
co
m
p
lex
b
o
so
n
(p
a
rt
o
f
a
b
o
so
n
ic
b;c-sy
stem
,
see
sectio
n
2
.6
)
h
a
s
to
b
e
ca
lled

b
e
[
i
,

j
,

z
]
w
h
ere
j
is
a
n
in
d
ex
a
n
d
z
th
e
co
o
rd
in
a
te.
T
h
e
p
a
cka
g
e
is
cu
rren
tly
n
o
t

a
b
le
to
w
o
rk
w
ith
a
n
u
n
sp
eci�
ed
n
u
m
b
er
o
f
�
eld
s,
i.e.
o
p
e
[
b
e
[
0
,
i
,

z
]
,

g
a
[
0
,
j
,

w
]
]
retu
rn
s
zero
.

4
1



C
h
a
p
te
r
4

W

-a
lg
e
b
r
a
s

In
th
is
ch
a
p
ter,
w
e
fo
cu
s
o
u
r
a
tten
tio
n
o
n
W
{
a
lg
eb
ra
s.
R
eca
ll
th
a
t
w
e
d
e�
n
ed
a

W
{
a
lg
eb
ra
a
s
a
n
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
(O
P
A
)
g
en
era
ted
b
y
a
V
ira
so
ro
o
p
era
to
r

T
a
n
d
q
u
a
sip
rim
a
ry
o
p
era
to
rs
W
i.

W
e
�
rst
d
iscu
ss
th
e
rep
resen
ta
tio
n
s
o
fW
{
a
lg
e-

b
ra
s,
sectio
n
4
.2
.
W
e
th
en
sh
o
w
h
o
w
th
e
rep
resen
ta
tio
n
s
o
f
th
e
g
lo
b
a
l
co
n
fo
rm
a
l

g
ro
u
p
restrict
th
e
p
o
ssib
le
O
p
era
to
r
P
ro
d
u
ct
E
x
p
a
n
sio
n
s
(O
P
E
s)
o
f
th
e
g
en
era
to
rs,

sectio
n
4
.3
.
In
th
e
n
ex
t
sectio
n
,
th
e
fu
ll
co
n
fo
rm
a
l
g
ro
u
p
is
stu
d
ied
.
W
e
d
em
o
n
stra
te

b
y
u
sin
g
th
e
J
a
co
b
i
id
en
tities
h
ow
to
reco
n
stru
ct
th
e
co
m
p
lete
O
P
E
s
fro
m
th
e
k
n
o
w
l-

ed
g
e
o
f
th
e
co
e�
cien
ts
o
f
th
e
p
rim
a
ry
o
p
era
to
rs
in
th
ese
O
P
E
s.
T
h
e
u
ltim
a
te
g
o
a
l

o
f
sectio
n
4
.3
is
to
p
ro
v
id
e
th
e
fo
rm
u
la
s
fo
r
a
n
a
lg
o
rith
m
ic
co
m
p
u
ta
tio
n
o
f
V
ira
so
ro

d
escen
d
a
n
ts
a
n
d
th
e
co
e�
cien
ts
w
ith
w
h
ich
th
ey
a
p
p
ea
r
in
O
P
E
s.

In
sectio
n
4
.5
,
w
e
d
iscu
ss
a
few
o
f
th
e
m
o
re
im
p
o
rta
n
t
m
eth
o
d
s
to
co
n
stru
ctW
{

a
lg
eb
ra
s
a
n
d
co
m
m
en
t
o
n
th
e
cla
ssi�
ca
tio
n
o
f
th
e
W
{
a
lg
eb
ra
s.
A
s
a
n
illu
stra
tio
n

o
f
th
e
id
ea
s
in
th
is
ch
a
p
ter,
w
e
co
n
clu
d
e
w
ith
a
n
ex
a
m
p
le
in
sectio
n
4
.6
:
th
e
W
c
B
2

a
lg
eb
ra
.

T
h
e
p
resen
ta
tio
n
u
sed
in
sectio
n
s
4
.3
a
n
d
4
.4
is
slig
h
tly
m
o
re
g
en
era
l
th
a
n
th
e

litera
tu
re,
a
n
d
in
su
b
sectio
n
s
4
.3
.2
,
4
.4
.2
a
n
d
4
.4
.3
n
ew
d
ev
elo
p
m
en
ts
a
re
g
iv
en
.
T
h
e

resu
lts
o
n
th
e
W
c
B
2
a
lg
eb
ra
w
ere
p
u
b
lish
ed
in
[7
8].

4
.1

In
tro
d
u
c
tio
n

T
h
e
ch
ira
l
sy
m
m
etry
g
en
era
to
rs
o
f
a
co
n
fo
rm
a
l
�
eld
th
eo
ry
in
g
en
era
l
fo
rm
aW
{
a
lg
e-

b
ra
.
T
h
e
rep
resen
ta
tio
n
th
eo
ry
o
fW
{
a
lg
eb
ra
s
w
ill
th
u
s
h
av
e
its
d
irect
co
n
seq
u
en
ces

fo
r
th
e
co
rrela
tio
n
fu
n
ctio
n
s
o
f
th
e
th
eo
ry.
F
o
r
p
h
y
sica
l
a
p
p
lica
tio
n
s,
h
ig
h
est
w
eig
h
t

rep
resen
ta
tio
n
s
a
re
m
o
st
u
sefu
l.
In
certa
in
sp
ecia
l
ca
ses,
th
e
co
rrela
tio
n
fu
n
ctio
n
s
a
re

co
m
p
letely
�
x
ed
b
y
th
e
sy
m
m
etry
a
lg
eb
ra
.
T
h
ese
rep
resen
ta
tio
n
s
a
re
th
e
m
in
im
a
l

m
o
d
els,
p
io
n
eered
fo
r
th
e
V
ira
so
ro
a
lg
eb
ra
in
[1
3]
a
n
d
ex
ten
d
ed
to
o
th
erW
{
a
lg
eb
ra
s

in
[6
6,
6
3
,
6
5
,
6
].
T
h
ey
co
n
sist
o
f
a
�
n
ite
n
u
m
b
er
o
f
h
ig
h
est
w
eig
h
t
o
p
era
to
rs
w
h
ich

ea
ch
g
iv
e
rise
to
d
eg
en
era
te
a
rep
resen
ta
tio
n
.
M
in
im
a
l
m
o
d
els
w
ere
�
rst
stu
d
ied
a
s

a
sim
p
le
m
o
d
el
fo
r
in
�
n
ite
d
im
en
sio
n
a
l
h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
s.
A
lm
o
st
a
ll

ex
a
ctly
so
lva
b
le
co
n
fo
rm
a
l
�
eld
th
eo
ries
(C
F
T
)
a
re
b
a
sed
o
n
m
in
im
a
l
m
o
d
els.
T
h
ey

a
lso
a
p
p
ea
r
in
W
-strin
g
th
eo
ry,
see
ch
a
p
ter
8
.

T
h
e
stu
d
y
o
f
th
eW
{
a
lg
eb
ra
s
is
co
m
p
lica
ted
b
y
th
e
fa
ct
th
a
t
th
e
O
P
E
s
ca
n
co
n
ta
in

co
m
p
o
site
term
s,
o
r
eq
u
iva
len
tly
th
e
m
o
d
e
a
lg
eb
ra
is
n
o
n
lin
ea
r.
T
h
e
p
ro
to
ty
p
e
o
f
a

n
o
n
lin
ea
rW
{
a
lg
eb
ra
is
th
e
W
3
a
lg
eb
ra
[2
1
1].
It
is
g
en
era
ted
b
y
th
e
en
erg
y
{
m
o
m
en
-

tu
m
ten
so
r
T
a
n
d
a
d
im
en
sio
n
3
cu
rren
t
W

w
ith
O
P
E
s
g
iv
en
b
y
:

T
(z
)T
(w
)

=

c2
(z�
w
)
�

4
+
2
(z�
w
)
�

2T
(w
)
+
(z�
w
)
�

1@
T
(w
)
+
���

T
(z
)W
(w
)

=

3
(z�
w
)
�

2W
(w
)
+
(z�
w
)
�

1@
W
(w
)
+
���

W
(z
)W
(w
)

=

c3
(z�
w
)
�

6
+
2
(z�
w
)
�

4T
(w
)
+
(z�
w
)
�

3@
T
(w
)

+
(z�
w
)
�

2 �
2
�
�
(w
)
+

31
0
@
2T

(w
) �

+
(z�
w
)
�

1 �
�
@
�
(w
)
+

11
5
@
3T

(w
) �
+
���;

(4
.1
.1
)

w
h
ere:

�
=
[T
T
]0 �

31
0
@
2T

(4
.1
.2
)

a
n
d
:

�
=

1
6

2
2
+
5
c
:

(4
.1
.3
)

T
h
e
o
p
era
to
r
�
is
d
e�
n
ed
su
ch
th
a
t
it
is
q
u
a
sip
rim
a
ry,
i.e.
[T
�
]3
=
0
.
A
lth
o
u
g
h
th
is

is
th
e
sim
p
lest
n
o
n
lin
ea
rW
{
a
lg
eb
ra
fo
r
g
en
eric
c,
ch
eck
in
g
th
e
J
a
co
b
i
id
en
tities
b
y

h
a
n
d
is
a
lrea
d
y
a
n
o
n
triv
ia
l
ta
sk
.



C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

W
e
n
o
tice
th
a
t
th
e
rh
s
o
f
th
e
O
P
E
[W
W
]
ca
n
b
e
w
ritten
in
term
s
o
f
q
u
a
sip
ri-

m
a
ries
o
r
th
eir
d
eriv
a
tiv
es.
U
sin
g
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s,
g
en
era
ted

b
y
L
�

1 ;L
0 ,
w
e
w
ill
see
in
sectio
n
4
.3
th
a
t
th
e
co
e�
cien
ts
o
f
th
e
d
eriv
a
tiv
es
o
f
th
e

q
u
a
sip
rim
a
ries,
a
re
n
u
m
b
ers
d
ep
en
d
in
g
o
n
ly
o
n
th
e
d
im
en
sio
n
s
o
f
th
e
o
p
era
to
rs
in
-

v
o
lv
ed
.
T
h
is
resu
lt
w
a
s
a
lrea
d
y
co
n
ta
in
ed
in
th
e
p
a
p
er
o
f
B
elav
in
,
P
o
ly
a
k
ov
a
n
d

Z
a
m
o
lo
d
ch
ik
o
v
[1
3].
W
e
p
resen
t
so
m
e
n
ew
resu
lts
o
n
h
o
w
th
e
q
u
a
sip
rim
a
ries
in
a

g
iv
en
O
P
E
ca
n
b
e
fo
u
n
d
.

T
h
e
fu
ll
co
n
fo
rm
a
l
g
ro
u
p
g
iv
es
ev
en
m
o
re
in
fo
rm
a
tio
n
.
In
ca
se
th
a
t
th
e
O
P
A

is
g
en
era
ted
b
y
p
rim
a
ry
o
p
era
to
rs
a
n
d
th
eir
d
escen
d
a
n
ts,
th
e
J
a
co
b
i
id
en
tities
w
ith

f
T
;	
i ;	
j g
�
x
th
e
fo
rm
o
f
th
e
O
P
E
o
f
tw
o
p
rim
a
ries
	
i ;	
j .
In
fa
ct,
th
e
co
e�
cien
ts
o
f

th
e
d
escen
d
a
n
ts
o
f
th
e
p
rim
a
ries
o
ccu
rin
g
in
th
e
O
P
E
n
ow
d
ep
en
d
o
n
th
e
d
im
en
sio
n
s

o
f
th
e
o
p
era
to
rs
a
n
d
th
e
cen
tra
l
ch
a
rg
e.
In
th
e
ex
a
m
p
le
o
fW
3 ,
th
e
o
n
ly
p
rim
a
ry

in
th
e
sin
g
u
la
r
p
a
rt
o
f
th
e
W
(z
)W
(w
)
O
P
E
is
th
e
u
n
it
o
p
era
to
r
a
t
th
e
six
th
o
rd
er

p
o
le.
T
h
e
rest
o
f
th
is
O
P
E
is
th
en
co
m
p
letely
d
eterm
in
ed
b
y
th
e
J
a
co
b
i
id
en
tity

f
T
;W
;W
g
.

It
w
a
s
sh
o
w
n
in
[1
3,
7
4
]
h
ow
th
e
co
e�
cien
ts
o
f
th
e
V
ira
so
ro
d
escen
d
a
n
ts
ca
n
b
e

fo
u
n
d
.
A
s
th
ey
ca
n
b
e
v
ery
co
m
p
lica
ted
,
a
u
to
m
a
tio
n
o
f
th
e
co
m
p
u
ta
tio
n
o
f
th
ese

co
e�
cien
ts
is
h
ig
h
ly
d
esira
b
le
1.

H
ow
ev
er,
in
th
e
b
a
sis
fo
r
th
e
d
escen
d
a
n
ts
u
sed

in
[1
3,
7
4
]
th
is
co
m
p
u
ta
tio
n
is
v
ery
C
P
U
-in
ten
siv
e.
W
e
w
ill
th
erefo
re
co
n
stru
ct
a

b
a
sis
o
f
q
u
a
sip
rim
a
ries,
a
n
d
g
iv
e
th
e
n
ecessa
ry
fo
rm
u
la
s
to
co
m
p
u
te
d
escen
d
a
n
ts
a
n
d

co
e�
cien
ts
in
th
is
b
a
sis.
A
M
a
th
em
a
tica
p
a
ck
a
g
e
th
a
t
im
p
lem
en
ts
th
ese
a
lg
o
rith
m
s

is
n
ow
in
testin
g
p
h
a
se
[1
9
4].

T
h
e
co
n
clu
sio
n
w
ill
b
e
th
a
t
w
e
ca
n
reco
n
stru
ct
th
e
O
P
E
s
o
f
th
e
p
rim
a
ry
g
en
er-

a
to
rs
o
f
a
W
{
a
lg
eb
ra
fro
m

th
e
list
o
f
th
e
co
e�
cien
ts
o
f
a
ll
p
rim
a
ries.
F
o
r
p
rim
a
ry

o
p
era
to
rs
	
i ,
w
e
w
ill
w
rite
sy
m
b
o
lica
lly
:

	
i �
	
j �!
C
ij
k

[	
k
];

(4
.1
.4
)

w
h
ere
[	
k
]
d
en
o
tes
th
e
co
n
fo
rm
a
l
fa
m
ily
o
f
th
e
p
rim
a
ry
o
p
era
to
r
	
k
.
W
e
o
n
ly

h
av
e
to
k
eep
tra
ck
o
f
th
e
p
rim
a
ries
in
th
e
sin
g
u
la
r
p
a
rt
o
f
th
e
O
P
E
,
b
eca
u
se
a
n
y

p
rim
a
ries
in
th
e
reg
u
la
r
p
a
rt
ca
n
b
e
co
n
stru
cted
fro
m
th
e
in
fo
rm
a
tio
n
co
n
ta
in
ed
in

th
e
sin
g
u
la
r
p
a
rt
o
f
th
e
O
P
E
.
T
h
e
stru
ctu
re
co
n
sta
n
ts
C
ij
k

a
re
still
restricted
b
y
th
e

J
a
co
b
i
id
en
tities
d
iscu
ssed
in
2
.3
,
b
u
t
n
ow
fo
r
trip
les
o
f
p
rim
a
ries.
U
n
fo
rtu
n
a
tely,

th
e
eq
u
a
tio
n
s
fo
r
th
e
co
e�
cien
ts
a
re
to
o
co
m
p
lica
ted
to
so
lv
e
in
th
e
g
en
era
l
ca
se,

p
rev
en
tin
g
to
cla
ssify
th
eW
{
a
lg
eb
ra
s
in
th
is
w
a
y.
W
e
w
ill
d
iscu
ss
b
rie
y
so
m
e
o
th
er

a
ttem
p
ts
to
w
a
rd
s
th
e
cla
ssi�
ca
tio
n
.

1
T
h
e
d
escen
d
a
n
ts
th
em
selv
es
a
re
ea
sily
co
m
p
u
ted
u
sin
g
O
P
E
d
e
fs.

4
.2

H
ig
h
e
st
w
e
ig
h
t
re
p
re
se
n
ta
tio
n
s
a
n
d
m
in
im
a
l
m
o
d
-

e
ls

In
th
is
sectio
n
w
e
co
n
sid
er
rep
resen
ta
tio
n
s
o
f
a
W
{
a
lg
eb
ra
w
h
ich
a
re
co
n
stru
cted
b
y

a
ctin
g
rep
ea
ted
ly
w
ith
th
e
g
en
era
to
rs
o
f
th
e
W
{
a
lg
eb
ra
o
n
a
h
ig
h
est
w
eig
h
t
sta
te

j�
>
.

D
e
�
n
it
io
n
4
.2
.1
F
o
r
a
m
od
e
a
lgebra
w
ith
gen
era
to
rs
W
i
n

(w
ith
W
0�
T
),
a
h
igh
est

w
eigh
t
sta
te
(H
W
S
)
j�
>
w
ith
w
eigh
ts
w
i
sa
tis�
es:

W
i0 j�
>
=

w
ij�
>
;

W
i

n j�
>
=

0

n
>
0
;

In
th
is
d
e�
n
itio
n
it
is
u
n
d
ersto
o
d
th
a
t
a
g
en
era
to
r
w
ith
h
a
lf-in
teg
ra
l
m
o
d
es
h
a
s
n
o

w
eig
h
t
a
sso
cia
ted
to
it.
W
e
w
ill
u
se
th
e
co
rresp
o
n
d
en
ce
b
etw
een
sta
tes
a
n
d
�
eld
s

in
m
ero
m
o
rp
h
ic
co
n
fo
rm
a
l
�
eld
th
eo
ry,
a
s
d
iscu
ssed
in
[9
8
].
S
o
,
w
ith
ev
ery
h
ig
h
est

w
eig
h
t
o
p
era
to
r
�
co
rresp
o
n
d
s
a
h
ig
h
est
w
eig
h
t
sta
te
j�
>
.

F
o
r
th
e
V
ira
so
ro
a
lg
eb
ra
it
is
n
a
tu
ra
l
to
ta
k
e
�
to
b
e
a
p
rim
a
ry
o
p
era
to
r
o
f

d
im
en
sio
n
h
.
T
h
is
g
iv
es
a
n
ex
tra
co
n
d
itio
n bL
�

1 �
=
@
�
.
T
h
e
n
o
tio
n
o
f
a
p
rim
a
ry

o
p
era
to
r,
a
n
d
in
p
a
rticu
la
r
th
e
req
u
irem
en
t
th
a
t
th
e
�
rst
o
rd
er
p
o
le
o
f
th
e
O
P
E

o
f
th
e
en
erg
y
{
m
o
m
en
tu
m

ten
so
r
w
ith
a
p
rim
a
ry
o
p
era
to
r
is
th
e
d
eriva
tiv
e
o
f
th
e

o
p
era
to
r,
a
rises
fro
m

th
e
g
eo
m
etrica
l
in
terp
reta
tio
n
o
f
a
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n

eq
.
(2
.1
.4
).
A
s
n
o
g
eo
m
etrica
l
m
ea
n
in
g
is
cu
rren
tly
k
n
ow
n
fo
r
th
e
tra
n
sfo
rm
a
tio
n
s

g
en
era
ted
b
y
cu
rren
ts
w
ith
a
n
o
n
lin
ea
r
O
P
E
,
th
e
co
n
cep
t
o
f
a
W
{
p
rim
a
ry
ca
n
n
o
t

b
e
d
e�
n
ed
a
t
p
resen
t.

T
o
d
e�
n
e
a
h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
,
w
e
�
rst
in
tro
d
u
ce
so
m
e
n
o
ta
tio
n
.
W
e

w
ill
d
en
o
te
a
seq
u
en
ce
(W
i)
�

n
1

:::(W
i)
�

n
k

w
h
ere
n
j �
n
j
+
1
>
0
,
a
s
(W
i)
�

f
n
g .
T
h
is

n
o
ta
tio
n
is
ex
ten
d
ed
to
seq
u
en
ces
o
f
m
o
d
es
o
f
d
i�
eren
t
g
en
era
to
rs
W
0
�

f
n
0
g

:::W
d
�

f
n
d

g ,

w
h
ich
w
e
w
rite
a
s
W
�

f
n
g ,
w
h
ere
f
ng
fo
rm
s
a
n
o
rd
ered
p
a
rtitio
n
o
f
N

w
ith
a
d
if-

feren
t
\
co
lo
u
r"
fo
r
ev
ery
g
en
era
to
r.
W
e
u
se
th
e
co
n
v
en
tio
n
th
a
t
fo
r
a
seq
u
en
ce
o
f

p
o
sitiv
e
m
o
d
es,
th
e
o
rd
er
is
th
e
rev
erse
a
s
fo
r
n
eg
a
tiv
e
m
o
d
es,
i.e.
W
f
n
g

a
cts
lik
e

W
d
f
n
dk

d

g

:::W
d
f
n
d1
g

:::W
0
f
n
01
g .

A
V
erm
a
m
o
d
u
le
is
th
en
d
e�
n
ed
a
s
th
e
sp
a
ce
o
f
a
ll
\
d
escen
d
a
n
ts"
W
�

f
n
g j�
>
.

T
h
e
lev
el
o
f
th
e
d
escen
d
a
n
t
is
d
e�
n
ed
a
s
its
L
0
w
eig
h
t
m
in
u
s
th
e
L
0
w
eig
h
t
o
fj�
>
,

e.g
.
th
e
lev
el
o
f
L
�

n
(W
i)
�

m
�
is
n
+
m
.
A
lth
o
u
g
h
th
e
d
im
en
sio
n
o
f
th
e
V
erm
a
m
o
d
u
la

is
in
�
n
ite,
th
e
d
im
en
sio
n
o
f
th
e
sp
a
ce
o
f
d
escen
d
a
n
ts
a
t
a
certa
in
lev
el
is
�
n
ite.

T
h
e
rep
resen
ta
tio
n
ca
n
th
en
b
e
co
m
p
u
ted
b
y
u
sin
g
th
e
(g
ra
d
ed
)
co
m
m
u
ta
to
rs
o
f

th
e
m
o
d
es
a
n
d
th
e
d
e�
n
itio
n
4
.2
.1
.
T
h
e
rep
resen
ta
tio
n
w
ill
(a
t
lea
st)
d
ep
en
d
o
n
th
e

w
eig
h
ts
w
i

a
n
d
o
n
th
e
cen
tra
l
ch
a
rg
e
c
o
f
th
e
W
{
a
lg
eb
ra
,
w
e
w
ill
w
rite
R
(w
i;c).

T
h
e
rep
resen
ta
tio
n
is
red
u
cib
le,
o
r
d
eg
en
era
te,
if
a
t
a
certa
in
lev
el
N

th
ere
o
ccu
rs

a
n
ew
H
W
S
,
w
h
ich
w
ill
b
e
th
e
sta
rtin
g
p
o
in
t
fo
r
a
n
ew
tow
er
o
f
sta
tes.
O
n
e
ca
n
th
en

d
iv
id
e
o
u
t
th
is
n
ew
rep
resen
ta
tio
n
R
(
~w
i;c),

w
h
ere
~h
=

~w
0

=
h
+
N
.
If
th
is
p
ro
cess
is

rep
ea
ted
fo
r
a
ll
d
escen
d
a
n
t
H
W
S
s,
o
n
e
�
n
a
lly
o
b
ta
in
s
a
n
irred
u
cib
le
rep
resen
ta
tio
n
.

4
4



4
.3
.
C
o
n
seq
u
en
ces
o
f
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
g
ro
u
p

T
h
e
d
escen
d
a
n
t
sta
te
w
h
ich
is
a
lso
a
H
W
S
is
o
ften
ca
lled
a
sin
g
u
la
r
v
ecto
r
o
f
th
e

rep
resen
ta
tio
n
.

W
e
ca
n
d
e�
n
e
a
n
in
n
er
p
ro
d
u
ct
o
n
th
e
V
erm
a
m
o
d
u
le
in
d
irectly
v
ia
th
e
a
d
jo
in
t

o
p
era
tio
n
:

�W
in �
y

=
W
i
�

n

<
�j�
>
=
1
:

(4
.2
.1
)

F
o
r
tw
o
sta
tes
w
ith
w
eig
h
ts
w
i;

~w
i,

eq
.
(4
.2
.1
)
im
p
lies
th
a
t
a
n
o
n
zero
in
n
er
p
ro
d
u
ct

ca
n
o
n
ly
o
ccu
r
o
f
w
i

=

~w
i.

In
p
a
rticu
la
r,
tw
o
d
escen
d
a
n
t
sta
tes
o
f
d
i�
eren
t
lev
el

h
av
e
zero
in
n
er
p
ro
d
u
ct.
S
in
g
u
la
r
v
ecto
rs
h
a
v
e
in
n
er
p
ro
d
u
ct
w
ith
a
ll
o
th
er
sta
tes.

S
in
g
u
la
r
v
ecto
rs
ca
n
b
e
co
n
stru
cted
u
sin
g
screen
in
g
o
p
era
to
rs
S
.
T
h
ese
a
re
ch
a
r-

a
cterised
b
y
th
e
fa
ct
th
a
t
th
e
sin
g
u
la
r
p
a
rt
o
f
th
e
O
P
E
o
f
a
g
en
era
to
r
W
i

w
ith
S

ca
n
b
e
w
ritten
a
s
a
to
ta
l
d
eriv
a
tiv
e:

W
i(z

)S
(w
)
= X

n

[W
iS

]n
(w
)

(z
�
w
)
n

=

dd
w

[so
m
eth
in
g]
+
O
(z�
w
)
0
:

(4
.2
.2
)

U
sin
g
eq
.
(2
.3
.1
6
),
th
is
is
seen
to
b
e
eq
u
iva
len
t
to
[S
W
i]1

=
0
.
F
o
r
a
n
y
screen
in
g

cu
rren
t
S
,
w
e
ca
n
d
e�
n
e
a
n
\
in
tertw
in
er"
Q
S

w
h
o
se
a
ctio
n
o
n
a
n
o
p
era
to
r
X

is
g
iv
en

b
y
:

Q
S
X
(w
)
= I

C
w

d
z

2
�
i S

(z
)
X
(w
)
=
[S
X
]1 (w
)
:

(4
.2
.3
)

D
u
e
to
eq
.
(4
.2
.2
),
Q
S

co
m
m
u
tes
w
ith
th
e
m
o
d
es
W
im

.
T
h
is
m
ea
n
s
th
a
t
Q
S

o
n
a

H
W
S
j�
>
is
eith
er
zero
,
o
r
a
n
o
th
er
H
W
S
.
In
g
en
era
l,
Q
S j�
>
w
ill
b
e
a
d
escen
d
a
n
t

o
f
a
n
o
th
er
H
W
S
.
H
en
ce,
th
e
in
tertw
in
ers
ca
n
b
e
u
sed
to
co
n
stru
ct
sin
g
u
la
r
v
ecto
rs.

T
h
e
m
a
trix
S

o
f
th
e
in
p
ro
d
u
cts
o
f
a
ll
d
escen
d
a
n
ts
a
t
lev
el
N

is
ca
lled
th
e

�S
a
p
ov
a
lo
v
fo
rm
.
It
d
ep
en
d
s
o
n
ly
o
n
th
e
w
eig
h
ts
w
i

o
f
th
e
H
W
S
a
n
d
th
e
cen
tra
l

ch
a
rg
e
o
f
th
e
W
{
a
lg
eb
ra
.
T
h
e
d
eterm
in
a
n
t
o
f
S
is
th
e
K
a
�c{
d
eterm
in
a
n
t
[1
2
6].

Its

zero
es
a
re
rela
ted
to
th
e
sin
g
u
la
r
v
ecto
rs
in
th
e
rep
resen
ta
tio
n
.

B
eca
u
se
h
ig
h
est
w
eig
h
t
d
escen
d
a
n
ts
a
re
n
u
ll
o
p
era
to
rs,
th
ey
g
en
era
te
p
a
rtia
l
d
if-

feren
tia
l
eq
u
a
tio
n
s
o
n
th
e
co
rrela
tio
n
fu
n
ctio
n
s
[1
3].
C
o
m
p
letely
d
eg
en
era
te
rep
re-

sen
ta
tio
n
s
h
av
e
a
s
m
u
ch
in
d
ep
en
d
en
t
n
u
ll
v
ecto
rs
a
s
p
o
ssib
le
[3
1
].
It
ca
n
th
en
b
e

p
rov
en
[1
3]
th
a
t
th
e
H
W
S
s
w
h
ich
g
iv
e
rise
to
a
sin
g
u
la
r
v
ecto
r
fo
rm
a
clo
sed
(p
o
ssib
ly

n
o
n
-m
ero
m
o
rp
h
ic)
O
P
A
.
M
in
im
a
l
m
o
d
els
a
re
th
en
d
e�
n
ed
a
s
th
o
se
ca
ses
w
h
ere
th
is

O
P
A
is
�
n
itely
g
en
era
ted
.

4
.3

C
o
n
se
q
u
e
n
c
e
s
o
f
th
e
g
lo
b
a
l
c
o
n
fo
rm
a
l
g
ro
u
p

In
th
is
sectio
n
,
w
e
w
ill
stu
d
y
th
e
O
P
E
s
o
f
th
e
q
u
a
sip
rim
a
ries
in
a
W
{
a
lg
eb
ra
.
T
h
e

g
lo
b
a
l
co
n
fo
rm
a
l
g
ro
u
p
,
g
en
era
ted
b
y
th
e
m
o
d
es
L
�

1 ;L
0 ;L
+
1
o
f
th
e
en
erg
y
{
m
o
m
en
-

tu
m
ten
so
r
T
,
p
u
ts
stro
n
g
restrictio
n
s
o
n
th
ese
O
P
E
s.

R
eca
ll
th
e
d
e�
n
itio
n
o
f
a
q
u
a
sip
rim
a
ry
o
p
era
to
r
�
i
o
f
d
im
en
sio
n
h
i
(d
ef.
2
.3
.6
)
2:

 L
1 �
i

=
0

 L
0 �
i

=
h
i �
i

 L
�

1 �
i

=
@
�
i
;

(4
.3
.1
)

w
h
ere
th
e
m
o
d
es
a
re
d
e�
n
ed
,
eq
.
(2
.4
.1
),
a
s:

L
n
�
�
[T
�
]n
+
2
:

(4
.3
.2
)

F
ro
m
th
e
d
e�
n
itio
n
s
in
sectio
n
4
.2
,
w
e
see
th
a
t
a
q
u
a
sip
rim
a
ry
o
p
era
to
r
fu
rn
ish
es
a

h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
fo
r
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
a
lg
eb
ra
.

W
e
w
ill
u
se
th
e
fo
llo
w
in
g
a
ssu
m
p
tio
n
:

A
s
s
u
m
p
t
io
n
4
.3
.1
A
ll
elem
en
ts
o
f
th
e
O
P
A

a
re
lin
ea
r
co
m
bin
a
tio
n
s
o
f
qu
a
sip
ri-

m
a
ries
�
i
a
n
d
th
eir
glo
ba
l
co
n
fo
rm
a
l
d
escen
d
a
n
ts,
n
a
m
ely
th
eir
d
eriva
tives.

T
h
is
is
a
n
a
tu
ra
l
{
a
n
d
co
m
m
o
n
ly
u
sed
{
a
ssu
m
p
tio
n
,
b
u
t
see
in
term
ezzo
4
.3
.1
.

In
t
e
r
m
e
z
z
o
4
.3
.1

C
o
n
sid
er
a
free
�
eld
th
eo
ry
w
ith
b
a
ck
g
ro
u
n
d
ch
a
rg
e,
see
su
b
sectio
n
2
.6
.1
.
U
sin
g
th
e

d
e�
n
itio
n
o
f
th
e
en
erg
y
{
m
o
m
en
tu
m

ten
so
r,
eq
.
(2
.6
.1
7
),
T
=
1
=
2
[@
X
@
X
]0 �
q
@
2
X
,
w
e

see
th
a
t
@
X

is
n
o
t
q
u
a
sip
rim
a
ry
w
h
en
q
is
n
o
t
zero
:

T
@
X

=
<<
2
q
j
@
X

j
@
2X

>>

:

X

is
n
o
t
ev
en
a
sca
lin
g
o
p
era
to
r:T

X

=
<<
qj
@
X

>>

:

H
en
ce,
in
clu
d
in
g
@
X

a
s
a
g
en
era
to
r
o
f
th
e
O
P
A
,
w
o
u
ld
m
a
k
e
th
e
a
ssu
m
p
tio
n
4
.3
.1

in
va
lid
.

C
o
n
sid
er
n
ow
a
v
ertex
o
p
era
to
r
V
a
,
w
h
ich
is
p
rim
a
ry
w
ith
co
n
fo
rm
a
l
d
im
en
sio
n
h
a

=

a
(a
+
2
q)=
2
w
ith
resp
ect
to
T
.
U
sin
g
eq
.
(2
.6
.1
4
),
w
e
�
n
d
fo
r
th
e
O
P
E
o
f
V
a

w
ith
V
�
a
:

V
a
(z
)
V
�
a
(w
)
=
(z�
w
) �
a
2

(1
+
(z�
w
)a
@
X
(w
)
+
:::)

T
h
is
O
P
E
o
b
ey
s
a
ll
a
sso
cia
tiv
ity
co
n
d
itio
n
s.
In
p
a
rticu
la
r,
th
is
m
ea
n
s
th
a
t
it
sa
tis�
es

J
a
co
b
i
id
en
tities
w
ith
T
,
g
iv
en
in
eq
.
(4
.3
.6
),
fo
r
a
ll
q
.
C
lea
rly,
it
p
ro
v
id
es
a
n
ex
a
m
p
le
o
f

a
n
O
P
E
o
f
tw
o
p
rim
a
ry
o
p
era
to
rs
w
h
ich
ca
n
n
o
t
b
e
w
ritten
in
a
b
a
sis
o
f
q
u
a
sip
rim
a
ries

(if
q6=
0
),
ev
en
n
o
t
in
a
b
a
sis
o
f
h
ig
h
est
w
eig
h
t
o
p
era
to
rs.

O
f
co
u
rse,
b
y
ta
k
in
g
a
d
i�
eren
t
T
a
s
th
e
V
ira
so
ro
o
p
era
to
r,
th
e
resu
lts
o
f
th
is
ch
a
p
ter

ca
n
b
e
a
p
p
lied
.

2
F
o
r
co
n
v
en
ien
ce,
w
e
w
ill
d
ro
p
th
e
h
a
ts
o
n
th
e
^L
in
th
e
rest
o
f
th
is
ch
a
p
ter.
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C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

4
.3
.1

C
o
n
se
q
u
e
n
c
e
s
fo
r
O
P
E
s

W
e
w
ill
n
ow
in
v
estig
a
te
h
o
w
th
is
a
ssu
m
p
tio
n
restricts
th
e
fo
rm
o
f
th
e
O
P
E
s.
C
o
n
sid
er

th
e
O
P
E
o
f
tw
o
q
u
a
sip
rim
a
ry
o
p
era
to
rs.
T
h
e
a
ssu
m
p
tio
n
4
.3
.1
im
p
lies
th
a
t
it
ca
n

b
e
w
ritten
a
s:

�
i (z
)�
j (w
)

=

X
k Xp
�

0
a
kij (p

)
@
p

�
k
(w
)(z
�
w
)
p
�

h
i
j
k

;

(4
.3
.3
)

w
h
ere
w
e
in
tro
d
u
ced
th
e
n
o
ta
tio
n
:

h
ij
k
=
h
i
+
h
j �
h
k
:

(4
.3
.4
)

T
h
e
co
e�
cien
ts
a
kij (p

)
a
re
(p
a
rtia
lly
)
d
eterm
in
ed
b
y
th
e
J
a
co
b
i
id
en
tities,
eq
.
(2
.3
.2
1
),

in
th
e
O
P
A
.
W
e
n
o
w
set
o
u
t
to
�
n
d
th
ese
co
e�
cien
ts.
T
h
e
m
eth
o
d
w
e
u
se
co
n
sists
in

a
ctin
g
w
ith
L
1
o
n
eq
.
(4
.3
.3
).
F
o
r
L
1
a
ctin
g
o
n
th
e
lh
s,
w
e
u
se
th
e
J
a
co
b
i
id
en
tities

o
ff
T
;�
i ;�
j g
,
w
h
ile
fo
r
th
e
rh
s
o
f
eq
.
(4
.3
.3
)
w
e
u
se
th
e
id
en
tities
o
ff
T
;T
;�
k g
.

W
e
w
rite
th
e
lh
s
o
f
eq
.
(4
.3
.3
)
w
ith
th
e
n
o
ta
tio
n
in
tro
d
u
ced
in
eq
.
(2
.3
.3
):

�
i (z
)�
j (w
)

=

X
n

[�
i �
j ]n
(z�
w
)
�

n
:

(4
.3
.5
)

F
ro
m
th
e
J
a
co
b
i
id
en
tities
(2
.3
.2
1
),
o
r
a
ltern
a
tiv
ely,
u
sin
g
th
e
co
m
m
u
ta
tio
n
ru
les
o
f

th
e
m
o
d
es
o
f
�
i
w
ith
L
m

g
iv
en
in
eq
.
(2
.4
.7
)
3,

g
iv
es:

L
1
m

[�
i �
j ]n
=
(2
h
i �
m
�
n
)
m
[�
i �
j ]m
+
n
;

(4
.3
.6
)

w
h
ere
th
e
P
o
ch
h
a
m
m
er
sy
m
b
o
l
(a
)
n

is
d
e�
n
ed
in
eq
.
(2
.A
.1
).

F
o
r
th
e
a
ctio
n
o
f
L
1
m

o
n
th
e
rh
s
o
f
eq
.
(4
.3
.3
),
w
e
u
se
th
e
fo
llo
w
in
g
fo
rm
u
la
:

L
1
m
L
�

1
p�

k
=
(p�
m
+
1
)
m
(2
h
k
+
p�
m
)
m
L
�

1
p
�

m
�
k
;

(4
.3
.7
)

w
h
ich
ca
n
b
e
d
eriv
ed
u
sin
g
(4
.A
.1
).
N
o
te
th
a
t
w
e
d
ro
p
p
ed
th
e
term

L
1 �
k

a
s
it
is

zero
.C

o
m
p
a
rin
g
th
e
p
ow
ers
o
f
(z
�
w
)
�

n
,
w
e
�
n
d
:

(2
h
i �
m
�
n
)
m X

k

a
kij (h

ij
k �
m
�
n
)
@
h
i
j
k

�

m
�

n
�
k

=

X
k

a
kij (h

ij
k �
n
)
(h
ij
k �
n
�
m
+
1
)
m

(h
i
+
h
j
+
h
k �
n
�
m
)
m

@
h
i
j
k

�

m
�

n
�
k
:

(4
.3
.8
)

3
T
h
e
co
m
m
u
ta
tio
n
rela
tio
n
s
eq
.
(2
.4
.7
)
w
ere
d
eriv
ed
fo
r
a
p
rim
a
ry
�
eld
�
.
C
lea
rly,
th
ey
a
re
a
lso

v
a
lid
fo
r
a
q
u
a
sip
rim
a
ry
if
L
m

2
f
L
1
;
L
0
;
L
�
1 g
.

W
e
n
ow
tem
p
o
ra
rily
a
ssu
m
e
th
a
t
th
e
f
�
i g
fo
rm

a
n
in
d
ep
en
d
en
t
set,
i.e.
n
o
lin
ea
r

co
m
b
in
a
tio
n
o
f
th
e
�
i
a
n
d
th
eir
d
eriva
tiv
es
ca
n
b
e
m
a
d
e
w
h
ich
is
a
n
u
ll
o
p
era
to
r.

T
h
is
m
ea
n
s
th
a
t
th
e
co
e�
cien
ts
o
f
a
ll
@
p�
k

in
th
e
lh
s
a
n
d
rh
s
h
av
e
to
b
e
eq
u
a
l.

C
h
o
o
sin
g
m

=
h
ij
k �
n
,
g
iv
es:

a
kij (m

)
m
!
(2
h
k )
m

=

(h
i �
h
j
+
h
k )
m
a
kij (0

)
:

(4
.3
.9
)

In
tro
d
u
cin
g
th
e
n
o
ta
tio
n
:

a
kij (0

)
=
C
kij

a
kij (n

)
=
C
kij �

(h
i ;h
j ;h
k
;n
)
;

(4
.3
.1
0
)

w
e
co
n
clu
d
e
th
a
t
if
a
ll
h
k
>
0
:

�
i (z
)�
j (w
)
= X

k Xn
�

0 C
kij �

(h
i ;
h
j ;
h
k
;n
)
@
n

�
k (w
)(z�
w
)
n
�

h
i
j
k

;

(4
.3
.1
1
)

w
h
ere:

�
(h
i ;h
j ;h
k
;n
)
=

(h
i �
h
j
+
h
k )
n

n
!
(2
h
k )
n

:

(4
.3
.1
2
)

E
q
s.
(4
.3
.1
1
,4
.3
.1
2)
w
ere
d
eriv
ed
in
[1
3].
T
h
ey
en
a
b
le
u
s
to
reco
n
stru
ct
th
e
co
m
p
lete

O
P
E
w
h
en
th
e
stru
ctu
re
co
n
sta
n
tsC
kij

a
re
g
iv
en
,
i.e.
th
e
co
e�
cien
ts
o
f
th
e
q
u
a
sip
ri-

m
a
ries
a
t
ev
ery
p
o
le.
It
is
ea
sily
v
eri�
ed
th
a
t
th
e
O
P
E
s
o
f
th
e
W
3 -a
lg
eb
ra
h
av
e
th
e

stru
ctu
re
g
iv
en
in
eq
s.
(4
.3
.1
1
,4
.3
.1
2
).

W
e
n
o
w
trea
t
so
m
e
sp
ecia
l
ca
ses
w
h
ere
eq
s.
(4
.3
.1
1
,4
.3.1
2)
a
re
n
o
t
va
lid
.

W
h
en
h
k
is
h
a
lf-in
teg
er
a
n
d
n
o
t
strictly
p
o
sitiv
e,
eq
.
(4
.3
.9
)
in
d
ica
tes
th
a
t
a
kij (1�

2
h
k )

is
n
o
t
d
eterm
in
ed
b
y
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s.
T
h
is
is
b
eca
u
se
in
th
is

ca
se
@
1
�

2
h
k�
k

is
a
q
u
a
sip
rim
a
ry
(w
ith
d
im
en
sio
n
1�
h
k ),
a
s
is
ea
sily
ch
eck
ed
u
sin
g

eq
.
(4
.3
.7
).
T
h
is
situ
a
tio
n
w
ill
b
e
m
irro
red
in
th
e
n
ex
t
sectio
n
w
h
en
co
n
sid
erin
g
th
e

fu
ll
co
n
fo
rm
a
l
g
ro
u
p
.
It
o
ccu
rs
b
eca
u
se
th
e
h
ig
h
est
w
eig
h
t
rep
resen
ta
tio
n
g
en
era
ted

b
y
�
k

fo
r
h
k
�
0
is
red
u
cib
le.

W
h
en
n
u
ll
o
p
era
to
rs
o
ccu
r
in
th
e
O
P
A
,
ex
tra
free
co
e�
cien
ts
in
eq
.
(4
.3
.8
)
ca
n

a
p
p
ea
r.
H
ow
ev
er,
w
e
ca
n
co
n
tin
u
e
to
u
se
eq
s.
(4
.3
.1
1
,4
.3
.1
2)
a
s
in
d
eed
co
e�
cien
ts
if

n
u
ll
o
p
era
to
rs
a
re
a
rb
itra
ry.

4
.3
.2

F
in
d
in
g
th
e
q
u
a
sip
rim
a
rie
s
in
a
n
O
P
E

F
o
r
p
ra
ctica
l
a
p
p
lica
tio
n
s,
th
e
q
u
a
sip
rim
a
ries
a
t
ea
ch
p
o
le
h
av
e
to
b
e
id
en
ti�
ed
w
h
en

th
e
co
m
p
lete
O
P
E
is
g
iv
en
.
T
h
is
is
th
e
rev
erse
p
ro
b
lem
o
f
th
e
p
rev
io
u
s
su
b
sectio
n
.

W
e
w
rite
th
e
q
u
a
sip
rim
a
ry
a
t
th
e
m
-th
o
rd
er
a
s
Q
P
m

(�
i ;�
j ).
It
ca
n
b
e
d
eter-

m
in
ed
in
a
recu
rsiv
e
w
ay
b
y
u
sin
g
th
e
resu
lts
o
f
th
e
p
rev
io
u
s
su
b
sectio
n
.
In
d
eed
,
th
e

h
ig
h
est
p
o
le
o
f
th
e
O
P
E
is
b
y
a
ssu
m
p
tio
n
4
.3
.1
q
u
a
sip
rim
a
ry.
W
e
ca
n
su
b
stra
ct
th
e

co
m
p
lete
\
tow
er"
o
f
d
eriva
tiv
es
o
f
th
is
q
u
a
sip
rim
a
ry
fro
m
th
e
O
P
E
to
en
d
u
p
w
ith
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4
.3
.
C
o
n
seq
u
en
ces
o
f
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
g
ro
u
p

a
n
ew
L
a
u
ren
t
series
w
h
ere
th
e
m
o
st
sin
g
u
la
r
term
is
a
g
a
in
q
u
a
sip
rim
a
ry.
W
e
�
n
d
:

Q
P
m

(�
i ;�
j )
=

[A
B
]m

� Xn
�

1 �
(h
i ;h
j ;h
i +
h
j �
m
�
n
;n
)
@
n

(Q
P
m
+
n

(�
i ;�
j ))
:

(4
.3
.1
3
)

In
p
a
rticu
la
r,
fo
r
m

=
0
th
is
fo
rm
u
la
p
rov
id
es
a
d
e�
n
itio
n
o
f
a
q
u
a
sip
rim
a
ry
n
o
rm
a
l

o
rd
ered
p
ro
d
u
ct
o
f
tw
o
q
u
a
sip
rim
a
ries,
fo
r
ex
a
m
p
le:

N
O
(T
�
i )
=
[T
�
i ]0 �

3

2
(2
h
i
+
1
)
@
2�

i
;

(4
.3
.1
4
)

o
f
w
h
ich
eq
.
(4
.1
.2
)
is
a
sp
ecia
l
ca
se.
M
o
re
g
en
era
l,
w
e
see
th
a
t
Q
P
m

(�
i ;�
j )
fo
r

m

�
0
a
re
co
m
p
o
site
q
u
a
sip
rim
a
ries.
T
h
e
fo
rm
u
la
(4
.3
.1
3
)
a
p
p
ea
rs
a
lso
in
[2
6
].

T
h
e
recu
rsiv
e
d
e�
n
itio
n
eq
.
(4
.3
.1
3
)
o
f
th
e
o
p
era
to
rs
Q
P
m

is
a
v
ery
in
e�
cien
t,

a
n
d
co
m
p
lica
ted
,
w
a
y
o
f
co
m
p
u
tin
g
th
e
q
u
a
sip
rim
a
ries.
T
o
sim
p
lify
th
is
d
e�
n
itio
n
,

w
e
n
o
te
th
a
t
it
ca
n
b
e
rew
ritten
a
s:

Q
P
m

(�
i ;�
j )
= Xn

�

0
a
mn

(h
i ;h
j )
@
n

[�
i �
j ]n
+
m

;

(4
.3
.1
5
)

w
h
ere
th
e
co
e�
cien
ts
a
mn

(h
i ;h
j )
a
re
d
eterm
in
ed
b
y
eq
.
(4
.3
.1
3
).
W
e
�
n
d
:

n
Xk

=
0

a
m
+
k

n
�

k
(h
i ;h
j )�
(h
i ;h
j ;h
i +
h
j �
m
�
k
;k
)
=
0
:

(4
.3
.1
6
)

W
e
w
ill
p
rov
id
e
a
clo
sed
fo
rm

fo
r
th
e
so
lu
tio
n
o
f
eq
.
(4
.3
.1
6
)
b
y
req
u
irin
g
th
a
t
eq
.

(4
.3
.1
5
)
d
e�
n
es
a
q
u
a
sip
rim
a
ry
o
p
era
to
r:

L
1
Q
P
m

(�
i ;�
j )
=
0
:

(4
.3
.1
7
)

T
o
d
o
th
is,
w
e
n
eed
th
e
a
ctio
n
o
f
L
1
o
n
a
ll
th
e
term
s
in
eq
.
(4
.3
.1
5
):

L
1 (@
n

[�
i �
j ]p )
=

(2
h
i �
p�
1
)@
n

[�
i �
j ]p
+
1
+

n
(2
h
i
+
2
h
j �
2
p
+
n
�
1
)@
n
�

1[�
i �
j ]p
;

(4
.3
.1
8
)

w
h
ich
ca
n
b
e
d
eriv
ed
b
y
co
m
m
u
tin
g
L
1

to
th
e
rig
h
t.
T
h
e
resu
lt
co
n
ta
in
s
a
term

sim
ila
r
to
eq
.
(4
.3
.7
),
a
n
d
a
term

co
m
in
g
fro
m
th
e
a
ctio
n
o
f
th
e
L
1
o
n
[�
i �
j ]p ,
see

eq
.
(4
.3
.6
).
W
e
�
n
d
fo
r
eq
.
(4
.3
.1
7
):

Xn
�

1
@
n
�

1[�
i �
j ]m
+
n �
a
mn
�

1 (h
i ;h
j )
(2
h
i �
n
�
m
)
+

a
mn

(h
i ;h
j )
n
(2
h
i
+
2
h
j �
2
m
�
n
�
1
) �
=

0
:

(4
.3
.1
9
)

In
th
e
g
en
era
l
ca
se,
th
is
a
m
o
u
n
ts
to
a
recu
rsiv
e
rela
tio
n
4:

a
mn

(h
i ;h
j )
=

�

2
h
i �
n
�
m

n
(2
h
i
+
2
h
j �
2
m
�
n
�
1
)
a
mn
�

1 (h
i ;h
j )
:

(4
.3
.2
0
)

C
h
o
o
sin
g
a
m0

eq
u
a
l
to
1
,
g
iv
es:

a
mn

(h
i ;h
j )
=

(�
1
)
n

(2
h
i �
n
�
m
)
n

n
!(2
h
i
+
2
h
j �
2
m
�
n
�
1
)
n

:

(4
.3
.2
1
)

In
t
e
r
m
e
z
z
o
4
.3
.2

W
e
ca
n
d
irectly
ch
eck
th
a
t
th
e
co
e�
cien
ts
g
iv
en
in
eq
.
(4
.3
.2
1
)
in
d
eed
sa
tisfy
eq
.
(4
.3
.1
6
).

T
h
is
in
v
o
lv
es
th
e
su
m
m
a
tio
n
o
f
term
s
w
h
ich
a
re
a
p
ro
d
u
ct
o
f
fa
cto
ria
ls.
T
h
is
su
m
m
a
tio
n
,

a
n
d
m
o
st
o
f
th
e
o
th
er
su
m
s
th
a
t
w
ill
b
e
u
sed
in
th
is
ch
a
p
ter,
ca
n
b
e
d
o
n
e
u
sin
g
th
e

A
l
g
e
b
r
a
`
S
y
m
b
o
l
i
c
S
u
m
`
p
a
cka
g
e
o
f
M

a
t
h
e
m

a
t
ic
a
,
w
h
ich
p
ro
v
id
es
a
n
im
p
lem
en
ta
tio
n
o
f

th
e
G
o
sp
er
a
lg
o
rith
m
.
H
ow
ev
er,
th
e
cu
rren
t
v
ersio
n
o
f
th
is
p
a
cka
g
e
d
o
es
n
o
t
h
a
n
d
le
th
e

P
o
c
h
h
a
m
m
e
r
fu
n
ctio
n
.
T
h
is
ca
n
b
e
rem
ed
ied
b
y
co
n
v
ertin
g
th
e
P
o
ch
h
a
m
m
er
fu
n
ctio
n
s

to
a
q
u
o
tien
t
o
f
�
-fu
n
ctio
n
s,
eq
.
(2
.A
.1
).
T
h
e
resu
lts
retu
rn
ed
b
y
S
y
m
b
o
l
i
c
S
u
m
in
th
e

ca
se
a
t
h
a
n
d
co
n
ta
in
a
co
seca
n
s.
T
h
is
ca
n
a
g
a
in
b
e
co
n
v
erted
to
�
-fu
n
ctio
n
s
u
sin
g
th
e

id
en
tity
:

sin
(�
x
)
=

�

�
(x
)�
(1�
x
)
:

T
h
e
resu
lt
th
en
co
n
ta
in
s
term
s
lik
e
�
(�
n
)
w
h
ich
a
re
in
�
n
ite
fo
r
p
o
sitiv
e
n
.
H
ow
ev
er,

a
s
a
ll
su
m
s
in
th
is
ch
a
p
ter
a
re
�
n
ite,
th
ese
in
�
n
ities
n
ecessa
rily
d
isa
p
p
ea
r
a
g
a
in
st
term
s

lik
e
�
(2�
n
) �
1.
It
is
p
o
ssib
le
to
w
rite
a
set
o
f
M

a
t
h
e
m

a
t
ic
a

ru
les
w
h
ich
ch
eck
s
th
is

ca
n
cella
tio
n
a
u
to
m
a
tica
lly
b
y
co
n
v
ertin
g
q
u
o
tien
ts
o
f
�
-fu
n
ctio
n
s
b
a
ck
to
P
o
ch
h
a
m
m
er

sy
m
b
o
ls.
A
ll
su
m
s
in
th
is
ch
a
p
ter
a
re
co
m
p
u
ted
in
th
is
w
a
y.

In
th
e
ca
se
a
t
h
a
n
d
,
eq
.
(4
.3
.1
6
),
th
e
�
n
a
l
resu
lt
co
n
ta
in
s
a
fa
cto
r:

�
2
n p
�
�
(2
n
)
+
4
n
�
(
12

+
n
)
�
(1
+
n
)
;

w
h
ich
is
zero
(ex
cep
t
a
t
th
e
sin
g
u
la
rities),
p
rov
in
g
th
a
t
eq
.
(4
.3
.2
1
)
p
ro
v
id
es
th
e
so
lu
tio
n

o
f
eq
.
(4
.3
.1
6
).

A
s
th
e
o
p
era
to
r
Q
P
m

(�
j ;�
i )
ex
tra
cts
th
e
q
u
a
sip
rim
a
ry
a
t
th
e
m
-th
o
rd
er
p
o
le,

w
e
ex
p
ect
th
a
t
rev
ersin
g
i
a
n
d
j
d
o
es
n
o
t
g
iv
e
a
n
ew
o
p
era
to
r.
In
d
eed
,
a
n
ex
p
licit

ca
lcu
la
tio
n
g
iv
es
5:

Q
P
m

(�
j ;�
i )
=
(�
1
)
ij
+
m

Q
P
m

(�
i ;�
j )
;

(4
.3
.2
2
)

4
O
f
co
u
rse,
w
h
en
@
n�
1
[�
i �
j
]m
+
n

is
p
ro
p
o
rtio
n
a
l
(u
p
to
n
u
ll
o
p
era
to
rs)
to
@
n
[�
i �
j ]m
+
n
+
1
,
e
q
.

(4
.3
.1
9
)
�
x
es
o
n
ly
a
co
m
b
in
a
tio
n
o
f
a
mn

a
n
d
a
mn

+
1
,
b
u
t
it
is
th
is
co
m
b
in
a
tio
n
th
a
t
w
ill
a
p
p
ea
r
in
eq
.

(4
.3
.1
5
).

5
R
ef.
[2
6
]
co
n
ta
in
s
th
is
fo
rm
u
la
fo
r
m

=
0
;�
1
.

4
7



C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

w
h
ere
ij
in
th
e
p
h
a
se
fa
cto
r
g
iv
es
a
sig
n
d
ep
en
d
in
g
o
n
th
e
p
a
rity
o
f
th
e
q
u
a
sip
rim
a
ries

(�
1
if
b
o
th
a
re
ferm
io
n
ic,
1
o
th
erw
ise).
T
h
is
eq
u
a
tio
n
ca
n
b
e
p
rov
en
u
sin
g
eq
.
(2
.3
.1
6
)

a
n
d
th
e
id
en
tity
:

n
Xm

=
0

(�
1
)
m

(n
�
m
)! a

qm
(h
j ;h
i )
=
a
qn

(h
i ;h
j )
:

(4
.3
.2
3
)

T
o
co
n
clu
d
e
th
is
su
b
sectio
n
,
let
u
s
d
iscu
ss
a
sp
ecia
l
ca
se
w
h
ere
eq
.
(4
.3
.2
1
)
is
n
o
t

v
a
lid
,
n
a
m
ely
w
h
en
n
�
n
c ,
w
h
ere
w
e
d
e�
n
e:

n
c
=
2
(h
i +
h
j �
m
)�
1
:

(4
.3
.2
4
)

W
e
o
b
serv
e
th
a
t
th
e
co
e�
cien
t
a
mn

c (h
i ;h
j )
is
n
o
t
d
eterm
in
ed
b
y
eq
.
(4
.3
.1
9
).
O
n
th
e

o
th
er
h
a
n
d
,
eq
.
(4
.3
.1
5
)
sh
ow
s
th
a
t
fo
r
su
ch
n
�
n
c ,
th
e
a
mn

a
re
co
e�
cien
ts
o
f
th
e

n
-th
d
eriva
tiv
e
o
f
a
o
p
era
to
r
w
ith
d
im
en
sio
n
h
�
0
.
A
s
d
iscu
ssed
in
th
e
p
rev
io
u
s

su
b
sectio
n
,fo
r
a
n
y
q
u
a
sip
rim
a
ry
o
f
d
im
en
sio
n
h
k
�
0
,
@
1
�

2
h
k

�
k
is
a
lso
q
u
a
sip
rim
a
ry.

T
h
is
is
clea
rly
th
e
o
rig
in
o
f
th
e
freed
o
m
in
a
mn

c (h
i ;h
j ).

L
et
u
s
ta
k
e
a
s
a
n
ex
a
m
p
le
n
=

n
c ,
a
n
d
a
ssu
m
e
th
a
t
th
ere
a
re
n
o
p
o
les
o
f
o
rd
er

h
ig
h
er
th
a
n
m
+
n
c .
In
th
is
ca
se
[�
i �
j ]m
+
n
c

is
a
q
u
a
sip
rim
a
ry
o
f
n
eg
a
tiv
e
o
r
zero

co
n
fo
rm
a
l
d
im
en
sio
n
.
In
th
is
ca
se,
Q
P
m

(�
i ;�
j )
is
in
d
eed
q
u
a
sip
rim
a
ry
fo
r
a
rb
itra
ry

a
mn

c (h
i ;h
j ).

4
.4

C
o
n
se
q
u
e
n
c
e
s
o
f
th
e
fu
ll
c
o
n
fo
rm
a
l
g
ro
u
p

In
th
e
p
rev
io
u
s
sectio
n
,
th
e
g
lo
b
a
l
co
n
fo
rm
a
l
tra
n
sfo
rm
a
tio
n
s
a
n
d
th
eir
im
p
lica
tio
n
s

o
n
O
P
E
s
w
ere
stu
d
ied
.
H
ere,
w
e
ex
ten
d
th
e
a
n
a
ly
sis
to
in
clu
d
e
a
ll
m
o
d
es
L
n

o
f
th
e

en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
,
a
ctin
g
o
n
p
rim
a
ry
o
p
era
to
rs.
A
p
rim
a
ry
o
p
era
to
r
	
i

o
f
d
im
en
sio
n
h
i
sa
tis�
es
(d
ef.
2
.3
.6
):

L
n
	
i

=
0

n
>
0

L
0 	
i

=
h
i

L
�

1 	
i

=
@
	
i
:

(4
.4
.1
)

S
im
ila
rly
to
th
e
p
rev
io
u
s
sectio
n
,
w
e
u
se
th
e
fo
llo
w
in
g
a
ssu
m
p
tio
n
.

A
s
s
u
m
p
t
io
n
4
.4
.1
A
ll
elem
en
ts
o
f
th
e
O
P
A
a
re
lin
ea
r
co
m
bin
a
tio
n
s
o
f
th
e
p
rim
a
-

ries
	
i
a
n
d
th
eir
V
ira
so
ro
d
escen
d
a
n
ts.

N
o
te
th
a
t
w
e
in
clu
d
ed
th
e
u
n
it
o
p
era
to
r

in
th
e
list
o
f
p
rim
a
ries
w
h
ich
g
en
era
te
th
e

O
P
A
.
T
h
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
is
th
en
a
V
ira
so
ro
d
escen
d
a
n
t
o
f

:

L
�

2

=
T
:

(4
.4
.2
)

4
.4
.1

R
e
stric
tio
n
s
o
f
c
o
n
fo
rm
a
l
c
o
v
a
ria
n
c
e
o
n
th
e
O
P
E
s

A
s
in
th
e
p
rev
io
u
s
sectio
n
,
a
ssu
m
p
tio
n
4
.4
.1
im
p
lies
th
a
t
th
e
O
P
E
o
f
tw
o
p
rim
a
ry

o
p
era
to
rs
ca
n
b
e
w
ritten
a
s:

	
i (z
)	
j (w
)
= X

k Xf
p
g

C
ij
k

�
(h
i ;
h
j ;h
k
;f
pg)
L
�

f
p
g 	
k
(w
)
(z�
w
)
P
�

h
i
j
k

;

(4
.4
.3
)

w
h
ere
th
e
su
m
is
o
v
er
a
ll
o
rd
ered
seq
u
en
cesf
pg
a
n
d
P
is
th
e
lev
el
o
ff
pg
(see
sectio
n

4
.2
fo
r
n
o
ta
tio
n
s).
T
o
rew
rite
eq
.
(4
.4
.3
)
in
term
s
o
f
co
m
p
o
sites
w
ith
T
,
w
e
u
se
eq
.

(2
.3
.1
4
):

L
�

p 	
=
[T
	
]2
�

p
=

1

(p�
2
)! [@

p
�

2T
	
]0

p
�
2
:

(4
.4
.4
)

T
h
e
�
-co
e�
cien
ts
d
e�
n
ed
in
eq
.
(4
.4
.3
)
d
ep
en
d
o
n
ly
o
n
th
e
d
im
en
sio
n
s
o
f
th
e
p
ri-

m
a
ries.
T
h
ey
w
ere
in
tro
d
u
ced
in
[1
3],
w
h
ere
th
e
�
rst
tw
o
lev
els
w
h
ere
co
m
p
u
ted

ex
p
licitly.
T
h
e
eq
u
a
tio
n
s
w
h
ich
d
eterm
in
e
th
ese
co
e�
cien
ts
w
h
ere
ex
p
licitly
w
ritten

d
ow
n
in
[7
4]
u
sin
g
th
e
in
n
er
p
ro
d
u
ct
g
iv
en
in
sectio
n
4
.2
.
W
e
n
ow
sh
ow
h
ow
th
ese

eq
u
a
tio
n
s
ca
n
b
e
d
eriv
ed
in
d
ep
en
d
en
tly
o
f
th
e
in
p
ro
d
u
ct,
in
a
w
ay
en
tirely
a
n
a
lo
g
o
u
s

to
th
e
p
rev
io
u
s
sectio
n
.

W
e
w
illa
ct
w
ith
p
o
sitiv
e
m
o
d
es
L
n
o
n
eq
.
(4
.4
.3
).
F
o
r
th
e
lh
s,
th
e
J
a
co
b
i
id
en
tities

(2
.3
.2
1
)
w
ith
T
im
p
ly
:

L
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i 	
j ]n
=

h
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1
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i 	
j ]n
+
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�

1 	
i )	
j ]n
+
1
:

(4
.4
.5
)

B
eca
u
se
	
i
is
a
p
rim
a
ry
o
p
era
to
r,
w
e
h
av
e
th
a
t
L
�

1 	
i
=
@
	
i ,
eq
.
(4
.4
.1
),
w
h
ich

g
iv
es
to
g
eth
er
w
ith
eq
.
(2
.3
.1
3
):

L
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j ]h
i
j
k
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P

=
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i p�
h
j
+
h
k
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P
�
p
)[	
i 	
j ]h
i
j
k

�

P
+
p
:

(4
.4
.6
)

E
x
ten
d
in
g
th
is
resu
lt
to
a
p
a
rtitio
n
f
pg
o
f
P
,
w
e
�
n
d
:

L
f
p
g �[	
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i
j
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�

P �
=
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k
;f
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)[	
i 	
j ]h
i
j
k

;
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.4
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)

w
h
ere

f
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i ;h
j ;h
k
;f
pg
)� Y

l  
h
i p
l �
h
j
+
h
k
+ Xl

0>
l p
l
0 !
:

(4
.4
.8
)

O
n
th
e
o
th
er
h
a
n
d
,
th
e
a
ctio
n
o
f
L
f
p
g

o
n
th
e
rh
s
o
f
eq
.
(4
.4
.3
)
ca
n
b
e
co
m
p
u
ted

b
y
co
m
m
u
tin
g
th
e
p
o
sitiv
e
m
o
d
es
to
th
e
rig
h
t,
w
h
ere
th
ey
a
n
n
ih
ila
te
	
k
.
T
h
e
resu
lt

d
ep
en
d
s
o
n
th
e
d
im
en
sio
n
s
o
f
th
e
�
eld
s,
b
u
t
a
lso
o
n
th
e
cen
tra
l
ch
a
rg
e
c
a
p
p
ea
rin
g
in

th
e
co
m
m
u
ta
to
rs
o
f
th
e
V
ira
so
ro
a
lg
eb
ra
,
eq
.
(2
.4
.5
).
N
o
ea
sy
fo
rm
u
la
ca
n
b
e
g
iv
en

fo
r
th
e
resu
ltin
g
ex
p
ressio
n
,
w
e
w
rite:

L
f
m
g
L
�

f
n
g 	
k
=
S
f
m
g
;
f
n
g(h

k
;c)
	
k
;

(4
.4
.9
)
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4
.4
.
C
o
n
seq
u
en
ces
o
f
th
e
fu
ll
co
n
fo
rm
a
l
g
ro
u
p

fo
r
p
a
rtitio
n
s
o
f
th
e
sa
m
e
lev
el
N
.
T
h
e
m
a
trix
S
is
th
e
�S
a
p
ova
lov
fo
rm

d
e�
n
ed
in

sectio
n
4
.2
.
T
h
e
d
im
en
sio
n
o
f
S
is
g
iv
en
b
y
th
e
n
u
m
b
er
o
f
(o
rd
ered
)
p
a
rtitio
n
s
o
f
N
,

w
h
ich
w
e
d
en
o
te
b
y
p
(N
).

In
t
e
r
m
e
z
z
o
4
.4
.1

A
s
a
n
ex
a
m
p
le
w
e
g
iv
e
th
e
m
a
trix
S
a
t
lev
el
2
:

L
2 L
�
2 	

=

(4
h
+
c=
2
)	

L
2
L
�
1
2	

=

6
h
	

L
1
2L

�
2 	

=

6
h
	

L
1
2
L
�
1
2	

=

4
h
(2
h
+
1
)	
;

w
h
ere
	
is
a
p
rim
a
ry
w
ith
d
im
en
sio
n
h
.
S
is
a
sy
m
m
etric
m
a
trix
.
T
h
is
fo
llo
w
s
fro
m

th
e
fa
ct
th
a
t
th
e
V
ira
so
ro
co
m
m
u
ta
to
rs
(2
.4
.5
)
a
re
in
va
ria
n
t
u
n
d
er
th
e
su
b
stitu
tio
n

L
n

!
L
�
n
.

A
ssu
m
in
g
in
d
ep
en
d
en
ce
o
f
th
e
V
ira
so
ro
d
escen
d
a
n
ts,
w
e
g
et:

Xf
m
g

S
f
n
g
;
f
m
g�

(h
i ;h
j ;h
k
;f
ng
)
=

f
(h
i ;h
j ;h
k
;f
ng
)
;

(4
.4
.1
0
)

w
h
ere
th
e
su
m
is
ov
er
a
ll
p
a
rtitio
n
s
o
f
N
.
T
h
is
eq
u
a
tio
n
d
eterm
in
es
th
e
�
-co
e�
cien
ts

a
t
lev
el
N

co
m
p
letely,
u
n
less
th
e
m
a
trix
S
is
sin
g
u
la
r.
T
h
e
sin
g
u
la
r
v
ecto
rs
o
f
S

co
rresp
o
n
d
to
p
rim
a
ry
V
ira
so
ro
d
escen
d
a
n
ts.
C
lea
rly,
th
eir
co
e�
cien
ts
ca
n
n
o
t
b
e

d
eterm
in
ed
b
y
th
e
J
a
co
b
i
id
en
tities
w
ith
T
.
T
h
is
co
rresp
o
n
d
s
to
th
e
p
o
les
in
th
e

�
-co
e�
cien
ts.

In
t
e
r
m
e
z
z
o
4
.4
.2

F
ro
m
th
e
p
rev
io
u
s
in
term
ezzo
,
w
e
ca
n
g
iv
e
th
e
�
-co
ef�
cien
ts
a
t
lev
el
tw
o
:

�
(h
i ;h
j ;h
k
;f
1
;1g
)

=

�
c
(h
i �
h
j
+
h
k
)
(1
+
h
i �
h
j
+
h
k
)
+

4
h
k ��
4
h
i
+
2
h
i
2
+
h
j �
4
h
i h
j
+
2
h
j
2�

h
k
+
4
h
i h
k �
4
h
j h
k
+
2
h
k
2 � �.

�
4
h
k
(c
(1
+
2
h
k
)
+
2
h
k
(�
5
+
8
h
k
)) �

�
(h
i ;h
j ;h
k
;f
2g
)

=

�
h
i �
3
h
i
2
+
h
j
+
6
h
i h
j �
3
h
j
2�
h
k

+
2
h
i h
k
+
2
h
j h
k
+
h
k
2 � .

�
c
(1
+
2
h
k
)
+
2
h
k
(�
5
+
8
h
k
) �
:

T
h
ese
ex
p
ressio
n
s
a
re
a
lrea
d
y
co
m
p
lica
ted
.
T
h
e
co
e�
cien
t
o
f
L
�
1
2	

k

is
u
n
d
eterm
in
ed

w
h
en
h
k

=
0
b
eca
u
se
@
	
k

is
a
p
rim
a
ry
o
f
d
im
en
sio
n
1
in
th
is
ca
se.
A
lso
,
w
h
en

c
=
2
(5�
8
h
k
)
h
k

1
+
2
h
k

th
e
q
u
a
sip
rim
a
ry
co
m
b
in
a
tio
n
:

[T
	
k
]0 �
3
@
2	

k

2
(1
+
2
h
k
)

tu
rn
s
o
u
t
to
b
e
p
rim
a
ry,
w
h
ich
ex
p
la
in
s
th
e
seco
n
d
p
o
le
in
th
e
�
-co
ef�
cien
ts.

W
h
en
try
in
g
to
w
o
rk
o
u
t
th
e
�
-co
e�
cien
ts
a
t
h
ig
h
er
lev
el,
th
e
m
a
in
p
ro
b
lem
lies

in
so
lv
in
g
eq
.
(4
.4
.1
0
).
S
ta
n
d
a
rd
n
u
m
erica
l
a
lg
o
rith
m
s
ca
n
n
o
t
b
e
u
sed
,
a
s
th
e
m
a
trix

S
co
n
ta
in
s
th
e
co
n
sta
n
t
c,
w
h
ich
w
e
w
a
n
t
to
k
eep
a
s
a
free
p
a
ra
m
eter.
A
lso
,
th
e

d
im
en
sio
n
p
(N
)
o
f
th
e
m
a
trix
in
crea
ses
ra
p
id
ly
w
ith
th
e
req
u
ired
lev
el,
w
h
ich
m
a
k
es

so
lv
in
g
eq
.
(4
.4
.1
0
)
fo
r
h
ig
h
lev
els
u
n
fea
sib
le.
In
th
e
n
ex
t
su
b
sectio
n
,
w
e
w
ill
w
o
rk

in
a
b
a
sis
o
f
q
u
a
sip
rim
a
ries.
T
h
is
w
ill
in
crea
se
th
e
co
m
p
lex
ity
o
f
co
m
p
u
tin
g
S
,
b
u
t

b
rin
g
s
it
to
b
lo
ck
-d
ia
g
o
n
a
l
fo
rm
,
m
a
k
in
g
th
e
so
lu
tio
n
o
f
eq
u
a
tio
n
eq
.
(4
.4
.1
0
)
m
u
ch

ea
sier.
A
lso
,
th
e
p
rim
a
ry
d
escen
d
a
n
ts
a
re
o
f
co
u
rse
n
ecessa
rily
q
u
a
sip
rim
a
ries,
so

th
ey
a
re
m
u
ch
ea
sier
to
�
n
d
in
th
is
b
a
sis.

W
e
w
ish
to
stress
th
a
t
th
is
a
n
a
ly
sis
fo
r
V
ira
so
ro
-p
rim
a
ry
o
p
era
to
rs
ca
n
n
o
t
b
e

ex
ten
d
ed
to
h
ig
h
est
w
eig
h
t
o
p
era
to
rs.
In
d
eed
,
to
d
eterm
in
e
th
e
co
e�
cien
ts
o
f
th
e

V
ira
so
ro
d
escen
d
a
n
ts
in
a
n
O
P
E
,
w
e
ex
p
licitly
u
sed
ex
tra
in
fo
rm
a
tio
n
a
b
o
u
t
L
�

1
o
n

a
p
rim
a
ry
o
p
era
to
r,
n
a
m
ely
th
a
t
L
�

1 	
=
@
	
(see
eq
.
(4
.4
.5
)).
A
s
w
e
d
o
n
o
t
h
av
e

su
ch
in
fo
rm
a
tio
n
a
t
p
resen
t
fo
r
n
o
n
lin
ea
r
a
lg
eb
ra
s,
it
is
n
o
t
y
et
p
o
ssib
le
to
w
rite

d
ow
n
W
-cova
ria
n
t
O
P
E
s.
S
ee
a
lso
sectio
n
4
.1
.1
in
[1
7
7
].

4
.4
.2

V
ira
so
ro
d
e
sc
e
n
d
a
n
ts
in
a
q
u
a
sip
rim
a
ry
b
a
sis

O
u
r
a
im
in
th
is
su
b
sectio
n
is
to
u
se
th
e
in
fo
rm
a
tio
n
o
f
sectio
n
4
.3
to
b
rin
g
th
e
sy
stem

o
f
eq
u
a
tio
n
s
in
eq
.
(4
.4
.1
0
)
in
a
b
lo
ck
-d
ia
g
o
n
a
l
fo
rm
.
T
h
is
w
ill
b
e
d
o
n
e
b
y
ch
a
n
g
in
g

to
a
b
a
sis
o
f
q
u
a
sip
rim
a
ry
V
ira
so
ro
d
escen
d
a
n
ts
a
n
d
th
eir
d
eriva
tiv
es.
T
h
is
b
a
sis
is

d
e�
n
ed
in
term
s
o
f
o
p
era
to
rs
~L
m

a
n
d
L
�

1 ,
w
h
ere:

~L
m
	
�
Q
P
m
+
2(T
;	
)
;

(4
.4
.1
1
)

fo
r
	
q
u
a
sip
rim
a
ry
(see
eq
s.
(4
.3
.1
5
)
a
n
d
(4
.3
.2
1
))
6

T
h
e
d
e�
n
itio
n
o
f
~L
m

d
ep
en
d
s
o
n

th
e
d
im
en
sio
n
o
f
th
e
o
p
era
to
r
o
n
w
h
ich
it
is
a
ctin
g
.
T
h
is
ca
n
b
e
a
v
o
id
ed
b
y
u
sin
g
L
0 .

H
ow
ev
er,
in
th
e
n
o
rm
a
lisa
tio
n
w
e
ch
o
se,
o
n
e
n
eed
s
to
in
tro
d
u
ce
fa
cto
rs
(2
L
0
+
i)
�

1.

T
o
av
o
id
th
is,
w
e
w
ill
w
rite
~L
m
(h
)
w
h
en
co
n
fu
sio
n
ca
n
a
rise.

T
h
e
a
ctio
n
o
f
~L
m

is
w
ell-d
e�
n
ed
fo
r
a
n
y
q
u
a
sip
rim
a
ry
�
.
W
h
en
m

<

�
1
,
th
e

su
m

in
eq
.
(4
.3
.1
5
)
co
n
ta
in
s
o
n
ly
a
�
n
ite
n
u
m
b
er
o
f
term
s
b
eca
u
se
a
m
+
2

n

(2
;h
j )
=
0

fo
r
n
�
2�
m
.
W
h
en
m

>
1
,
L
n
+
m
�
=
[T
�
]n
+
m
+
2
is
zero
fo
r
n
la
rg
e
en
o
u
g
h
.
In

p
a
rticu
la
r,
w
h
en
�
is
a
lev
el
N

d
escen
d
a
n
t
o
f
a
p
rim
a
ry
o
p
era
to
r,
L
n
+
m
�
=
0
if

n
+
m

>
N
.

6
T
h
ese
o
p
era
to
rs
w
ere
a
lso
d
e�
n
ed
in
[1
3
1
],
b
u
t
a
p
p
a
ren
tly
n
o
t
u
sed
.
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C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

W
e
w
ill
d
en
o
te
p
a
rtitio
n
s
w
h
ich
d
o
n
o
t
co
n
ta
in
th
e
n
u
m
b
er
1
a
sf
~ng
,
a
n
d
w
rite

p
1 (N
)
fo
r
th
e
n
u
m
b
er
o
f
su
ch
p
a
rtitio
n
s.
N
o
te
th
a
t
a
ll
p
a
rtitio
n
s
o
f
lev
el
N

w
h
ich

d
o
co
n
ta
in
a
1
ca
n
b
e
o
b
ta
in
ed
b
y
a
d
d
in
g
a
1
to
th
e
n
o
rm
a
l
p
a
rtitio
n
s
o
f
lev
el
N
�
1
.

T
h
is
im
p
lies
p
1 (N
)
=
p
(N
)�
p
(N
�
1
).

T
h
e
d
escen
d
a
n
ts

L
�

1
N
�

N
k

~L
�

f
~n
k

g 	
j

(4
.4
.1
2
)

(w
h
ere
th
e
p
a
rtitio
n
f
~n
k g
h
a
s
lev
el
N
k
)
fo
r
N
k

=

0
;2
;3
;:::N

sp
a
n
th
e
sp
a
ce
o
f

a
ll
V
ira
so
ro
d
escen
d
a
n
ts
a
t
lev
el
N
.
W
h
en
n
o
p
rim
a
ry
d
escen
d
a
n
ts
ex
ist,
th
ey
a
re

in
d
ep
en
d
en
t.

O
n
ce
w
e
k
n
ow
th
e
co
e�
cien
ts
o
f
th
e
q
u
a
sip
rim
a
ries
a
t
a
ll
lev
els
M

�
N
,
w
e
ca
n

u
se
th
e
resu
lts
o
f
th
e
p
rev
io
u
s
sectio
n
to
�
n
d
th
e
co
m
p
lete
O
P
E
:

	
i (z
)	
j (w
)
= X

k Xf
~n
g

C
ij
k

~�(h
i ;h
j ;h
k ;f
~ng
)

Xm
�

0
�
(h
i ;h
j ;h
k
+
N
;m
)
@
m

~L
�

f
n
g 	
k
(w
)
(z
�
w
)
N
+
m
�

h
i
j
k

:

(4
.4
.1
3
)

T
o
d
eterm
in
e
th
e
~�-co
e�
cien
ts,
w
e
p
ro
ceed
a
s
b
efo
re,
a
fter
a
p
ro
jectio
n
o
n
th
e

q
u
a
sip
rim
a
ries
in
eq
.
(4
.4
.1
3
).
W
e
a
ct
w
ith
a
seq
u
en
ce
o
f
~L
m

o
p
era
to
rs,
m

�
2
,
o
n

eq
.
(4
.4
.1
3
).
F
o
r
th
e
rh
s,
w
e
n
eed
th
e
m
a
trix
~S
w
h
ich
a
p
p
ea
rs
in
:

~L
f
~m
g

~L
�

f
~n
g 	
k
=

~S
f

~m
g
;
f
~n
g(h

k
;c)
	
k
;

(4
.4
.1
4
)

T
o
co
m
p
u
te
~S
,
w
e
h
a
v
e
to
k
n
o
w
th
e
co
m
m
u
ta
tio
n
ru
les
fo
r
th
e
~L
n

o
p
era
to
rs.
W
e

w
ill
n
eed
o
n
ly
th
e
ca
se
w
h
ere
w
e
co
m
m
u
te
a
p
o
sitiv
e
m
o
d
e
th
ro
u
g
h
a
n
eg
a
tiv
e
m
o
d
e.

W
e
�
n
d
fo
r
m
;n
>
1
:

~L
m
(h
+
n
)
~L
�

n
(h
)
=

�
m
�

n
f
1 (h
;m
)
+
~L
m
�

n
f
2 (h
;m
;�
n
)

+

X
p
�

2
�

m
in
(n
;m
)

~L
�

n
�

p (h�
m
�
p
)
~L
m
+
p
(h
)
f
3 (h
;m
;�
n
;p
)
;

(4
.4
.1
5
)

w
h
ere
w
e
ta
k
e
~L
�

1
=
0
a
n
d
~L
0
=
L
0 .
T
h
e
co
e�
cien
ts
f
i
a
p
p
ea
rin
g
in
eq
.
(4
.4
.1
5
)

a
re
q
u
ite
in
v
o
lv
ed
a
n
d
a
re
g
iv
en
in
a
p
p
en
d
ix
4
.A
,
see
eq
s.
(4
.A
.1
0
,
4
.A
.1
6
).
T
h
e
su
m

in
eq
.
(4
.4
.1
5
)
co
n
ta
in
s
a
n
in
�
n
ite
n
u
m
b
er
o
f
term
s,
b
u
t
w
e
h
a
v
e
to
k
eep
o
n
ly
th
e

term
s
w
ith
p
+
m

�
N

w
h
en
a
ctin
g
o
n
a
V
ira
so
ro
d
escen
d
a
n
t
o
f
lev
el
N
.

A
p
p
ly
in
g
~L
f
~m
g

to
th
e
lh
s
o
f
eq
.
(4
.4
.1
3
),
a
fter
p
ro
jectin
g
o
n
th
e
q
u
a
sip
rim
a
ries,

w
e
g
et
th
e
a
n
a
lo
g
u
e
o
f
eq
.
(4
.4
.7
):

~L
f
~n
g �
Q
P
h
i
j
k

�

~N
(	
i ;	
j ) �
=

~f(h
i ;h
j ;h
k
;f
~ng
)Q
P
h
i
j
k

(	
i ;	
j )
;

(4
.4
.1
6
)

w
h
ere
th
e
~f(h
i ;h
j ;h
k
;f
~ng
a
re
g
iv
en
in
th
e
a
p
p
en
d
ix
,
eq
.
(4
.A
.2
5
).

W
e
h
a
v
e
th
e
�
n
a
l
eq
u
a
tio
n
:

Xf

~m
g

~S
f
~n
g
;
f

~m
g

~�(h
i ;h
j ;h
k
;f
~ng
)
=

~f(h
i ;h
j ;h
k
;f
~ng
)
;

(4
.4
.1
7
)

w
h
ere
th
e
su
m
is
o
v
er
a
ll
p
a
rtitio
n
s
o
f
N
,
n
o
t
co
n
ta
in
in
g
th
e
n
u
m
b
er
1
.

In
t
e
r
m
e
z
z
o
4
.4
.3

A
s
a
n
ex
a
m
p
le,
a
t
lev
el
2
w
e
�
n
d
:

~S f
2g
;f
2g
(h
;c)
=

c�
1
0
h
+
2
ch
+
1
6
h
2

2
(1
+
2
h
)

:

(4
.4
.1
8
)

T
h
is
g
iv
es
fo
r
~�(h
i ;h
j ;h
k
;f
2g
)
im
m
ed
ia
tely
th
e
resu
lt
o
f
in
term
ezzo
4
.4
.2
.
In
co
n
tra
st

to
w
h
en
u
sin
g
th
e
L
�
f
ng
b
a
sis,
n
o
p
ro
b
lem

o
f
in
v
ertin
g
~S
o
ccu
rs
w
h
en
w
e
co
n
sid
er
a

d
im
en
sio
n
0
o
p
era
to
r
7.
W
e
�
n
d
:

~�(h
i ;h
j ;0
;f
2g
)
=
h
i �
3
h
2i
+
h
j
+
6
h
i h
j �
3
h
2j

c

;

(4
.4
.1
9
)

w
h
ich
red
u
ces
to
2
h
i =
c
fo
r
h
j
=
h
i .

A

p
a
rticu
la
r
ex
a
m
p
le
o
f
a
d
im
en
sio
n
zero
o
p
era
to
r
is
th
e
u
n
it
o
p
era
to
r

.
W
e
see

th
a
t
th
e
co
n
v
en
tio
n
a
l
n
o
rm
a
lisa
tio
n
o
f
a
p
rim
a
ry
o
p
era
to
r
o
f
d
im
en
sio
n
h
w
ith
O
P
E

	
(z
)
	
(w
)
=
c=
h
(z�
w
) �
2
h

+
:::
g
iv
es
a
s
lev
el
tw
o
d
escen
d
a
n
t
sim
p
ly
2
T
,
i.e
.
w
ith
a

c-in
d
ep
en
d
en
t
co
e�
cien
t.

T
h
e
co
m
p
lex
ity
o
f
th
e
co
e�
cien
ts
in
eq
s.
(4
.4
.1
5
)
a
n
d
(4
.4
.1
6
)
m
a
k
es
th
ese
fo
r-

m
u
la
s
u
n
su
ited
fo
r
p
en
a
n
d
p
a
p
er
ca
lcu
la
tio
n
s,
b
u
t
is
n
o
p
ro
b
lem

w
h
en
u
sin
g
a

sy
m
b
o
lic
m
a
n
ip
u
la
tio
n
p
ro
g
ra
m
.
A
s
d
iscu
ssed
in
in
term
ezzo
4
.4
.4
,
it
tu
rn
s
o
u
t
th
a
t

th
e
ca
lcu
la
tio
n
o
f
S
ta
k
es
ev
en
m
o
re
tim
e
th
a
n
n
eed
ed
fo
r
~S
.
A
ctu
a
lly,
w
e
a
re
m
o
re

in
terested
in
th
e
q
u
a
sip
rim
a
ry
b
a
sis,
so
w
e
d
o
n
o
t
n
eed
S
a
t
a
ll.
E
v
en
m
o
re
im
-

p
o
rta
n
t
fo
r
co
m
p
u
ter
im
p
lem
en
ta
tio
n
[1
9
4]
is
th
a
t
w
e
red
u
ced
th
e
d
im
en
sio
n
o
f
th
e

sy
stem

o
f
eq
u
a
tio
n
s
eq
.
(4
.4
.1
7
)
fro
m
p
(N
)
to
p
1 (N
)
=
p
(N
)�
p
(N
�
1
).
T
h
a
t
th
is

is
a
sig
n
i�
ca
n
t
sim
p
li�
ca
tio
n
is
ea
sily
seen
o
n
a
few
ex
a
m
p
les.
F
o
r
lev
els
2
th
ro
u
g
h

8
,
p
(N
)
isf
2
;3
;5
;7
;11
;1
5
;2
2g
w
h
ile
p
1 (N
)
isf
1
;1
;2
;2
;4
;4
;7g
.

In
t
e
r
m
e
z
z
o
4
.4
.4

A
s
a
n
illu
stra
tio
n
o
f
th
e
a
b
ov
e
a
rg
u
m
en
ts,
w
e
w
ill
p
resen
t
so
m
e
tim
in
g
s
w
h
en
u
sin
g

a
n
im
p
lem
en
ta
tio
n
in
M

a
t
h
e
m

a
t
ic
a

o
f
th
e
fo
rm
u
la
s
in
th
is
a
n
d
th
e
p
rev
io
u
s
sectio
n
.

T
im
in
g
s
w
ere
d
o
n
e
in
M

a
t
h
e
m

a
t
ic
a

2
.2
ru
n
n
in
g
o
n
a
4
8
6
(5
0
M
H
z).

T
o
co
m
p
a
re
th
e
co
m
p
u
ta
tio
n
o
f
th
e
S
a
n
d
~S
m
a
trices,
w
e
co
m
p
u
te
th
e
ca
se
o
f
a
n
O
P
E

7
~f(h
i ;h
j
;
h
j �
h
k

�
2
;f
2g
)
a
s
g
iv
en
in
eq
.
(4
.A
.2
5
)
d
o
es
h
a
v
e
a
n
a
p
p
a
ren
t
fa
cto
r
h
k

in
th
e

d
en
o
m
in
a
to
r,
b
u
t
th
is
is
a
co
n
seq
u
en
ce
o
f
w
ritin
g
~f
in
a
clo
sed
fo
rm
.
N
o
fa
cto
r
h
�
1

k

a
p
p
ea
rs
in

th
e
d
e�
n
itio
n
o
f
~f(h
i ;
h
j
;
h
j �
h
k �
2
;2
),
see
eq
.
(4
.A
.2
3
).
In
d
eed
,
th
e
fa
cto
r
h
�
1

k

d
isa
p
p
e
a
rs
a
fter

fa
cto
risa
tio
n
.

5
0



4
.4
.
C
o
n
seq
u
en
ces
o
f
th
e
fu
ll
co
n
fo
rm
a
l
g
ro
u
p

w
h
ere
d
escen
d
a
n
ts
o
f
a
p
rim
a
ry
o
ccu
r
u
p
to
lev
el
7
,
i.e
.
w
e
n
eed
th
e
m
a
trices
fo
r
lev
el

1
to
7
.
A
s
th
e
m
a
trices
a
re
co
m
p
u
ted
recu
rsiv
ely,
w
e
u
se
a
n
a
lg
o
rith
m

th
a
t
sto
res
a
n
d

reu
ses
its
resu
lts.
F
o
r
S
,
th
e
to
ta
l
tim
e
n
eed
ed
is
2
0
s,
w
h
ile
fo
r
~S
it
is
o
n
ly
4
s.
F
o
r
lev
el

9
,
th
e
tim
in
g
s
b
eco
m
e
1
1
0
s
a
n
d
4
0
s
resp
ectiv
ely.
W
h
en
g
o
in
g
to
ev
en
h
ig
h
er
lev
el,
th
e

d
i�
eren
ce
in
tim
in
g
d
ecrea
ses.
H
o
w
ev
er,
fo
r
th
e
m
o
st
co
m
p
lica
ted
a
lg
eb
ra
s
ex
p
licitly

co
n
stru
cted
u
p
to
n
o
w
(
e
.g
.W
A
5

in
[1
1
3
])
th
e
m
a
x
im
u
m

lev
el
o
f
a
d
escen
d
a
n
t
o
f
a

p
rim
a
ry
(n
o
t
eq
u
a
l
to
th
e
u
n
it
o
p
era
to
r)
is
8
.

T
h
e
a
d
v
a
n
ta
g
e
o
f
u
sin
g
th
e
q
u
a
sip
rim
a
ry
b
a
sis
sh
o
w
s
u
p
ev
en
m
o
re
w
h
en
so
lv
in
g
th
e

eq
u
a
tio
n
s
fo
r
th
e
�
;
~�-co
e�
cien
ts,
eq
s.
(4
.4
.1
0
)
a
n
d
(4
.4
.1
7
).
W
e
co
m
p
u
ted
th
e
co
e�
-

cien
ts
fo
r
h
i
=
6
;
h
j

=
7
;
h
k

=
1
0
a
n
d
c
a
rb
itra
ry.
A
lth
o
u
g
h
th
e
eq
u
a
tio
n
s
w
e
n
eed
to

so
lv
e
a
re
lin
ea
r
eq
u
a
tio
n
s,
serio
u
s
p
ro
b
lem
s
o
ccu
red
fo
r
m
o
d
era
tely
h
ig
h
lev
el.

T
h
e
M

a
t
h
e
m

a
t
ic
a

(v
ersio
n
2
.2
o
r
lo
w
er)
fu
n
ctio
n
S
o
l
v
e
h
a
s
a
serio
u
s
d
e�
cien
cy
in
th
a
t

it
d
o
es
n
o
t
sim
p
lify
in
term
ed
ia
te
resu
lts.
T
h
is
m
ea
n
s
th
a
t
w
h
en
a
rb
itra
ry
co
n
sta
n
ts

a
re
p
resen
t
in
th
e
eq
u
a
tio
n
s,
th
e
so
lu
tio
n
is
u
su
a
lly
a
q
u
ite
b
ig
ex
p
ressio
n
w
h
ich
sim
-

p
li�
es
d
ra
stica
lly
a
fter
fa
cto
risa
tio
n
.
U
n
fo
rtu
n
a
tely,
th
is
fa
cto
risa
tio
n
ca
n
ta
k
e
a
v
ery

lo
n
g
tim
e.
F
o
r
ev
en
m
o
re
co
m
p
lica
ted
eq
u
a
tio
n
s
S
o
l
v
e
ru
n
s
in
to
p
ro
b
lem
s
b
eca
u
se
th
e

in
term
ed
ia
te
resu
lts
g
ro
w
to
o
fa
st.
K
.
H
o
rn
feck
a
n
d
I
w
ro
te
a
sep
a
ra
te
p
a
cka
g
e
to
so
lv
e

lin
ea
r
eq
u
a
tio
n
s
u
sin
g
G
a
u
ssia
n
elim
in
a
tio
n
,
sim
p
lify
in
g
th
e
co
e�
cien
ts
o
f
th
e
va
ria
b
les

a
t
ea
ch
step
.

W
e
�
n
d
th
e
fo
llow
in
g
C
P
U
-tim
es
fo
r
th
e
so
lu
tio
n
o
f
th
e
eq
u
a
tio
n
s
(4
.4
.1
0
)
a
n
d
(4
.4
.1
7
).

lev
el

�
w
ith
S
o
l
v
e

�
w
ith
L
i
n
S
o
l
v
e

~�
w
ith
S
o
l
v
e

~�
w
ith
L
i
n
S
o
l
v
e

4

6
.3
s

4
.7
s

1
.6
s

1
.9
s

5

*
1
8
.4
s

1
4
.5
s

1
.6
s

1
.9
s

6

*
>
4
0
0
s

6
9
.6
s

*
1
5
.3
s

5
4
.6
s

In
th
is
ta
b
le,
a
sta
r
m
ea
n
s
th
a
t
fa
cto
risa
tio
n
o
f
th
e
resu
lt
o
f
S
o
l
v
e
d
id
n
o
t
su
cceed
in
a

rea
so
n
a
b
le
a
m
o
u
n
t
o
f
tim
e.

A
s
b
efo
re,
eq
.
(4
.4
.1
7
)
o
n
ly
d
eterm
in
es
th
e
~�-co
e�
cien
ts
w
h
en
~S
is
n
o
n
sin
g
u
la
r.

C
lea
rly,
a
n
y
sin
g
u
la
r
v
ecto
rs
o
f
~S
co
rresp
o
n
d
to
p
rim
a
ry
d
escen
d
a
n
ts,
w
h
o
se
co
e�
-

cien
ts
rem
a
in
u
n
�
x
ed
b
y
J
a
co
b
i
id
en
tities
w
ith
T
.
T
h
ese
free
co
e�
cien
t
w
ill
a
p
p
ea
r

a
u
to
m
a
tica
lly
w
h
en
so
lv
in
g
th
e
lin
ea
r
eq
u
a
tio
n
s.

4
.4
.3

V
ira
so
ro
d
e
sc
e
n
d
a
n
ts
o
f
th
e
u
n
it
o
p
e
ra
to
r

W
e
n
ow
co
n
sid
er
th
e
ca
se
o
f
th
e
V
ira
so
ro
d
escen
d
a
n
ts
o
f
th
e
u
n
it
o
p
era
to
r,
w
h
ich
is

a
p
rim
a
ry
o
f
d
im
en
sio
n
zero
.
In
th
is
ca
se,
it
tu
rn
s
o
u
t
th
a
t
th
e
m
a
trix
~S
h
a
s
a
la
rg
e

a
m
o
u
n
t
o
f
sin
g
u
la
r
v
ecto
rs,
ev
en
fo
r
g
en
era
l
c.
W
e
u
su
a
lly
n
eed
th
e
d
escen
d
a
n
ts
o
f

to
a
m
u
ch
h
ig
h
er
lev
el,
b
eca
u
se
m
o
stW
{
a
lg
eb
ra
s
stu
d
ied
u
p
to
n
ow
h
av
e
p
rim
a
ry

g
en
era
to
rs
w
ith
d
im
en
sio
n
la
rg
er
th
a
n
2
.
T
h
is
m
ea
n
s
w
e
sh
o
u
ld
red
u
ce
th
e
n
u
m
b
er
o
f

(lin
ea
r)
eq
u
a
tio
n
s
in
eq
.
(4
.4
.1
7
)
a
s
m
u
ch
a
s
p
o
ssib
le
w
h
en
co
m
p
u
tin
g
�
(h
i ;h
j ;0
;m
).

T
h
e
sin
g
u
la
r
v
ecto
rs
o
f
~S
fo
r
a
d
im
en
sio
n
zero
�
eld
a
re
in
g
en
era
l
p
rim
a
ry
�
eld
s.

F
o
r
th
e
u
n
it
o
p
era
to
r
h
o
w
ev
er,
th
e
sin
g
u
la
r
v
ecto
rs
a
re
ex
a
ctly
zero
.
T
h
ere
is
th
u
s

n
o
u
se
in
k
eep
in
g
th
em

in
th
e
ca
lcu
la
tio
n
.
T
h
is
p
rov
id
es
a
n
a
d
d
itio
n
a
l
rea
so
n
fo
r

stu
d
y
in
g
th
e
sin
g
u
la
r
v
ecto
rs
o
f
~S
fo
r
d
im
en
sio
n
zero
.

S
o
m
e
ex
a
m
p
les
o
f
th
ese
sin
g
u
la
r
v
ecto
rs
a
re
ea
sily
co
n
stru
cted
.
O
b
v
io
u
sly
w
e

h
av
e
th
a
t
L
�

1

=
@

=
0
.
~L
�

n

is
zero
fo
r
n
>
2
a
s
w
ell.
In
d
eed
,
th
e
d
e�
n
itio
n

(4
.3
.2
)
sh
ow
s
th
a
t
~L
�

n

is
p
ro
p
o
rtio
n
a
l
to
@
n
�

2
T
,
w
h
ich
is
clea
rly
n
o
t
q
u
a
sip
rim
a
ry

u
n
less
n
=
2
,
h
en
ce
it
is
zero
fo
r
n
6=
2
.
O
n
e
ca
n
a
lso
p
rov
e
th
a
t
~L
�

n
T
is
zero
fo
r

o
d
d
n
.
M
o
re
co
m
p
lica
ted
rela
tio
n
s
a
t
h
ig
h
er
lev
el
ex
ist.

B
efo
re
d
iscu
ssin
g
h
o
w
to
�
n
d
a
b
a
sis
fo
r
th
e
q
u
a
sip
rim
a
ry
d
escen
d
a
n
ts
o
f

,
let

u
s
d
eterm
in
e
th
e
n
u
m
b
er
o
f
in
d
ep
en
d
en
t
q
u
a
sip
rim
a
ries
a
t
lev
el
N
,
w
h
ich
w
e
w
ill

d
en
o
te
a
s
p
2 (N
).
F
irst,
th
e
n
u
m
b
er
o
f
in
d
ep
en
d
en
t
d
escen
d
a
n
ts
is
sim
p
ly
p
1 (N
).

In
d
eed
,
w
h
en
o
rd
erin
g
th
e
L
�

f
n
g

a
s
b
efo
re,
th
e
L
�

1
w
ill
a
ct
o
n

�
rst,
g
iv
in
g
zero
.

H
en
ce,
a
ll
p
a
rtitio
n
s
co
n
ta
in
in
g
1
sh
o
u
ld
b
e
d
ro
p
p
ed
.
F
o
r
g
en
era
l
cen
tra
l
ch
a
rg
e,
n
o

fu
rth
er
rela
tio
n
s
b
etw
een
th
e
rem
a
in
in
g
d
escen
d
a
n
ts
ex
ist.
T
o
co
m
p
u
te
th
e
n
u
m
b
er
o
f

q
u
a
sip
rim
a
ry
d
escen
d
a
n
ts
o
f

a
t
lev
el
N
,
w
e
ta
k
e
a
ll
d
escen
d
a
n
ts,
a
n
d
\
su
b
stra
ct"

th
o
se
w
h
ich
a
re
d
eriva
tiv
es
o
f
th
e
d
escen
d
a
n
ts
a
t
th
e
p
rev
io
u
s
lev
el,
i.e.
p
2 (N
)
=

p
1 (N
)�
p
1 (N
�
1
).

W
e
ca
n
u
se
th
is
in
fo
rm
a
tio
n
to
�
n
d
o
th
er
sin
g
u
la
r
v
ecto
rs
th
a
n
th
e
o
n
es
g
iv
en

a
lrea
d
y.
B
eca
u
se
p
2 (7
)
=
0
,
th
ere
a
re
n
o
d
escen
d
a
n
ts
a
t
lev
el
7
,
w
h
ich
m
ea
n
s
th
a
t

~L
�

3
~L
�

2
~L
�

2

is
zero
,
w
h
ich
ca
n
b
e
ch
eck
ed
ex
p
licitly.
A
t
lev
el
9
,
th
ere
is
o
n
ly
o
n
e

in
d
ep
en
d
en
t
q
u
a
sip
rim
a
ry.
E
lim
in
a
tin
g
th
e
zero
es
w
e
fo
u
n
d
a
t
p
rev
io
u
s
lev
els,
tw
o

ca
n
d
id
a
tes
rem
a
in
.
W
e
�
n
d
:~L

�

f
3
;2
;2
;2
g

=
�

85
~L
�

f
5
;2
;2
g

:

(4
.4
.2
0
)

S
im
ila
r
rela
tio
n
s
ex
ist
a
t
h
ig
h
er
(n
o
t
n
ecessa
rily
o
d
d
)
lev
els.

R
em
em
b
erin
g
th
e
ru
le
fo
r
th
e
n
u
m
b
er
p
2 (N
)
o
f
in
d
ep
en
d
en
t
q
u
a
sip
rim
a
ry
d
e-

scen
d
a
n
ts
o
f

,
w
e
p
ro
p
o
se
8:

C
o
n
je
c
t
u
r
e
4
.4
.1
T
h
e
pa
rtitio
n
s
w
h
ich
give
th
e
in
d
epen
d
en
t
d
escen
d
a
n
ts
o
f
th
e
u
n
it

o
pera
to
r
a
t
level
N

ca
n
be
fo
u
n
d
a
s
fo
llo
w
s:

�
T
a
ke
th
e
pa
rtitio
n
s
(n
o
t
co
n
ta
in
in
g
th
e
n
u
m
ber
1
)
a
t
level
N

�
1
a
n
d
o
rd
er

th
em

in
in
crea
sin
g
lexicogra
p
h
ic
o
rd
er
(f
3
2g
<

f
3
3g
).

�
\
In
crem
en
t"
th
ese
pa
rtitio
n
s
o
n
e
by
o
n
e,
su
ch
th
a
t
n
o
pa
rtitio
n
o
f
level
N

is

o
bta
in
ed
tw
ice.

�
T
h
e
V
ira
so
ro
d
escen
d
a
n
ts
o
f

a
t
level
N

co
rrespo
n
d
to
pa
rtitio
n
s
a
t
level
N

w
h
ich
a
re
n
o
t
in
th
e
list
co
n
stru
cted
in
th
e
p
revio
u
s
step
.

8
T
h
is
co
n
jectu
re
w
a
s
esta
b
lish
ed
to
g
eth
er
w
ith
K
.
H
o
rn
feck
a
fter
su
g
g
estio
n
s
o
f
M
.
F
lo
h
r.
In
[8
3
],

th
e
sa
m
e
co
n
jectu
re
is
m
a
d
e,
b
u
t
n
o
t
in
d
eta
il.
A
ctu
a
lly,
[8
3
]
cla
im
s
to
h
a
v
e
p
ro
v
ed
th
e
co
n
jectu
re,

b
u
t
h
is
a
rg
u
m
en
t
seem
s
to
b
e
so
lely
b
a
sed
o
n
co
u
n
tin
g
th
e
n
u
m
b
er
o
f
in
d
ep
en
d
en
t
d
escen
d
a
n
ts.
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C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

W
ith
\
in
crem
en
tin
g
"
a
p
a
rtitio
n
f
n
1 ;n
2 ;:::n
k g
,
w
e
m
ea
n
a
d
d
in
g
a
1
a
t
a
p
o
sitio
n
i

w
h
ere
n
i
�

1 �
n
i +
1
.
A
s
a
n
ex
a
m
p
le,
in
crem
en
tin
gf
3
;2
;2g
g
iv
esf
3
;3
;2g
o
rf
4
;2
;2g
.

T
h
e
�
rst
n
o
n
triv
ia
lex
a
m
p
le
o
f
th
is
p
ro
ced
u
re
is
a
t
lev
el
9
.
A
t
lev
el
8
th
e
p
a
rtitio
n
s

a
ref
2
2
2
2
3
3
2
4
4
5
3
6
2
8g
.
In
crem
en
tin
g
th
e
�
rst
th
ree
p
a
rtitio
n
s
g
iv
esf
3
2
2
2
3
3
3
5
4g
.

W
e
n
o
w
h
a
v
e
to
in
crem
en
t
th
e
p
a
rtitio
n
f
5
3g
.
T
h
e
p
a
rtitio
n
f
5
4g
is
a
lrea
d
y
in
o
u
r

list,
so
w
e
sh
o
u
ld
ta
k
e
f
6
3g
.
In
th
e
n
ex
t
step
s
f
7
2g
a
n
d
f
9g
a
re
fo
u
n
d
.
T
h
e
o
n
ly

p
a
rtitio
n
o
f
lev
el
9
th
a
t
rem
a
in
s
isf
5
2
2g
,
in
a
g
reem
en
t
w
ith
eq
.
(4
.4
.2
0
).

T
h
is
co
n
jectu
re
w
a
s
ch
eck
ed
u
p
to
lev
el
1
6
.

4
.4
.4

F
in
d
in
g
th
e
p
rim
a
rie
s
in
a
n
O
P
E

E
n
tirely
a
n
a
lo
g
o
u
sly
to
eq
.
(4
.3
.1
3
),
w
e
ca
n
d
e�
n
e:

P
m

(	
i ;	
j )
=
Q
P
m

(A
;B
)�

Xf
~n
g

~�(h
i ;h
j ;h
i +
h
j �
m
�
N
;f
ng
)
~L
�

f
~n
g P
m
+
N

(�
i ;�
j )
:

(4
.4
.2
1
)

T
h
is
ca
n
b
e
rew
ritten
a
s:

P
m

(	
i ;	
j )
= Xf

~n
g

a
mf

~n
g (h
i ;h
j )
~L
�

f
~n
g Q
P
m
+
N

(	
i ;	
j )
;

(4
.4
.2
2
)

w
h
ere
th
e
su
m

is
ov
er
a
ll
p
a
rtitio
n
s
o
f
lev
el
n
o
t
eq
u
a
l
to
o
n
e.
W
e
h
av
e
n
o
t
fo
u
n
d

a
clo
sed
fo
rm

fo
r
th
is
ex
p
ressio
n
.
E
v
en
d
eterm
in
in
g
th
e
recu
rsio
n
rela
tio
n
s
fo
r
th
e

co
e�
cien
ts
a
mf

~n
g (h
i ;h
j )
seem
s
u
n
fea
sib
le
in
g
en
era
l.

In
m
a
n
y
ca
ses,
th
e
a
ctio
n
o
f
P
m

w
ill
g
iv
e
zero
,
a
s
th
ere
sim
p
ly
is
n
o
p
rim
a
ry
a
t

a
certa
in
p
o
le.

T
h
e
o
p
era
to
rs
P
m

a
re
p
a
rticu
la
rly
co
n
v
en
ien
t
to
co
n
stru
ct
p
rim
a
ry
co
m
p
o
sites.

In
d
eed
,
fo
r
m

�
2
,
th
e
o
p
era
to
r
P
�

m
(	
i ;	
j )
co
n
ta
in
s
[	
i 	
j ]
�

m

�
[@
m

	
i
	
j ]0 .
In

[2
0
1
],
a
fo
rm
u
la
is
g
iv
en
to
co
u
n
t
th
e
n
u
m
b
er
o
f
p
rim
a
ries
th
a
t
ca
n
b
e
co
n
stru
cted
.

4
.5

A
n
o
v
e
rv
ie
w

o
f
W
{
a
lg
e
b
ra
s

In
th
is
sectio
n
,
w
e
p
resen
t
a
ov
erv
iew
o
n
th
e
W
{
a
lg
eb
ra
s
w
h
ich
a
re
k
n
ow
n
.
F
o
r

a
m
o
re
in
-d
ep
th
rev
iew
,
see
[3
1],
w
h
ich
w
e
a
lso
fo
llo
w
fo
r
th
e
n
o
m
en
cla
tu
re
o
f
th
e

W
{
a
lg
eb
ra
s.

W
e
�
rst
d
istin
g
u
ish
d
i�
eren
t
cla
sses
o
fW
{
a
lg
eb
ra
s.
\
D
efo
rm
a
b
le"
a
lg
eb
ra
s
a
re

a
lg
eb
ra
s
th
a
t
ex
ist
fo
r
g
en
eric
v
a
lu
es
o
f
th
e
cen
tra
l
ch
a
rg
e.
W
{
a
lg
eb
ra
s
w
h
ich
a
re

o
n
ly
a
sso
cia
tiv
e
fo
r
sp
eci�
c
v
a
lu
es
o
f
c
a
re
ca
lled
n
o
n
-d
efo
rm
a
b
le.
In
a
"
freely
g
en
-

era
ted
"
W
{
a
lg
eb
ra
,
fo
r
g
en
eric
c
n
o
rela
tio
n
s
ex
ist
b
etw
een
th
e
g
en
era
to
rs,
i.e.
n
o

n
u
ll
o
p
era
to
rs
a
p
p
ea
r.

U
p
to
n
ow
,
a
ll
e�
o
rts
h
a
v
e
b
een
co
n
cen
tra
ted
o
n
a
lg
eb
ra
s
in
th
e
fo
llo
w
in
g
cla
ss:

A
s
s
u
m
p
t
io
n
4
.5
.1

�
T
h
e
O
P
A
is
gen
era
ted
by
a
set
o
f
p
rim
a
ry
o
pera
to
rs
a
n
d

th
e
V
ira
so
ro
o
pera
to
r.

�
A
ll
gen
era
to
rs
h
a
ve
strictly
po
sitive
co
n
fo
rm
a
l
d
im
en
sio
n
.

�
T
h
e
u
n
it
o
pera
to
r
occu
rs
o
n
ly
in
O
P
E
s
betw
een
p
rim
a
ries
o
f
th
e
sa
m
e
co
n
fo
r-

m
a
l
d
im
en
sio
n
.

�
G
en
era
to
rs
w
h
ich
a
re
n
u
ll
o
pera
to
rs
a
re
d
isca
rd
ed
.

N
o
t
a
llW
-a
lg
eb
ra
s
o
f
in
terest
fa
ll
w
ith
in
th
is
cla
ss.
F
o
r
in
sta
n
ce,
it
w
a
s
recen
tly

sh
o
w
n
[1
3
6]
th
a
t
th
e
(n
o
n
lin
ea
r)W
3
a
lg
eb
ra
a
n
d
th
e
B
ersh
a
d
sk
y
a
lg
eb
ra
[1
6
0,
2
1]

w
ith
b
o
so
n
ic
g
en
era
to
rs
o
f
d
im
en
sio
n
s
(2
;3
=
2
;3
=
2
;2
)
ca
n
b
e
v
iew
ed
a
s
su
b
a
lg
eb
ra
s

o
f
lin
ea
r
a
lg
eb
ra
s
w
ith
a
n
u
ll
o
p
era
to
r
a
s
g
en
era
to
r,
a
n
d
a
n
o
n
-p
rim
a
ry
d
im
en
sio
n

1
o
p
era
to
r.
Y
et
ev
en
w
ith
th
e
restrictio
n
s
4
.5
.1
,
n
o
co
m
p
lete
cla
ssi�
ca
tio
n
h
a
s
b
een

fo
u
n
d
y
et,
see
[6
2
].

T
h
e
cu
rren
t
sta
tu
s
in
o
u
r
k
n
ow
led
g
e
o
fW
{
a
lg
eb
ra
s
ca
n
b
e
co
m
p
a
red
to
th
e
stu
d
y

o
f
L
ie
a
lg
eb
ra
s
b
efo
re
C
a
rta
n
p
resen
ted
h
is
cla
ssi�
ca
tio
n
.
D
i�
eren
t
co
n
stru
ctio
n

m
eth
o
d
s
o
fW
{
a
lg
eb
ra
s
a
re
k
n
ow
n
,
g
iv
in
g
rise
to
series
o
fW
{
a
lg
eb
ra
s
w
ith
co
m
-

m
o
n
fea
tu
res.
In
a
sen
se,
th
ey
a
re
a
n
a
lo
g
o
u
s
to
th
e
\
cla
ssica
l
L
ie
a
lg
eb
ra
s"
,
w
h
ich

w
ere
a
lso
k
n
ow
n
v
ia
a
rea
lisa
tio
n
.
A
few
iso
la
ted
ca
ses
h
av
e
a
lso
b
een
co
n
stru
cted
,

a
lth
o
u
g
h
th
ey
cu
rren
tly
seem
to
�
t
in
th
e
g
en
era
l
p
a
ttern
.

W
e
w
ill
n
o
w
co
m
m
en
t
o
n
so
m
e
o
f
th
e
m
o
re
im
p
o
rta
n
t
co
n
stru
ctio
n
m
eth
o
d
s
a
n
d

en
d
w
ith
th
e
(in
co
m
p
lete)
cla
ssi�
ca
tio
n
p
ro
p
o
sed
in
[3
4].

4
.5
.1

D
ire
c
t
c
o
n
stru
c
tio
n

O
n
e
ca
n
sta
rt
w
ith
a
list
o
f
p
rim
a
ries
o
f
a
certa
in
d
im
en
sio
n
a
n
d
a
ttem
p
t
to
co
n
stru
ct

a
W
{
a
lg
eb
ra
.
O
n
e
h
a
s
th
en
to
d
eterm
in
e
th
e
stru
ctu
re
co
n
sta
n
ts
o
f
th
e
p
rim
a
ries.

S
ev
era
l
m
eth
o
d
s
a
re
in
u
se
to
ch
eck
th
a
t
th
e
O
P
A
is
a
sso
cia
tiv
e.

A
�
rst
m
eth
o
d
is
b
a
sed
o
n
th
e
cla
im

in
[1
3]
th
a
t
it
is
su
�
cien
t
to
ch
eck
w
h
eth
er

a
ll
th
ree-
a
n
d
fo
u
r-p
o
in
t
fu
n
ctio
n
s
a
re
cro
ssin
g
sy
m
m
etric.
In
th
e
p
ertu
rb
a
tiv
e
co
n
-

fo
rm
a
l
b
o
o
tstra
p
m
eth
o
d
[1
3,
2
9,
7
6
],
o
n
e
a
n
a
ly
ses:

G
lknm

(x
)�
lim

z
!

1

"
!

0
z
2
h
kh	
j (z
)	
l (1
)	
n
(x
)	
m
(")i
:

(4
.5
.1
)

T
h
e
stru
ctu
re
co
n
sta
n
ts
a
re
th
en
co
n
stra
in
ed
b
y
req
u
irin
g
cro
ssin
g
sy
m
m
etry
o
f
th
e

G
lknm

(x
).
T
h
is
ca
n
b
e
ch
eck
ed
p
ertu
rb
a
tiv
ely
a
ro
u
n
d
x
=
0
.
T
h
e
cro
ssin
g
sy
m
m
etry

co
n
stra
in
ts
ca
n
b
e
im
p
lem
en
ted
u
sin
g
a
g
ro
u
p
th
eo
retica
l
m
eth
o
d
d
u
e
to
B
o
u
w
k
n
eg
t

[2
9],
th
a
t
w
a
s
g
en
era
lised
in
[7
6].

T
h
e
eq
u
a
tio
n
s
resu
ltin
g
fro
m
th
is
m
eth
o
d
sim
p
lify
d
ra
stica
lly
w
h
en
co
n
sid
erin
g
th
e

c!
1
lim
it.
T
h
is
is
u
sed
in
[2
0
1
]
to
ch
eck
in
a
v
ery
e�
cien
t
w
ay
if
a
n
a
lg
eb
ra
ex
ists

in
th
is
lim
it,
w
h
ich
ca
n
b
e
co
n
sid
ered
to
b
e
a
n
ecessa
ry
co
n
d
itio
n
fo
r
th
e
a
lg
eb
ra
to

5
2



4
.5
.
A
n
o
v
erv
iew
o
fW
{
a
lg
eb
ra
s

ex
ist
a
t
g
en
eric
v
a
lu
es
o
f
th
e
cen
tra
l
ch
a
rg
e
c
(see
a
lso
su
b
sectio
n
4
.5
.5
).
O
f
co
u
rse,

th
is
m
eth
o
d
g
iv
es
th
e
stru
ctu
re
co
n
sta
n
ts
o
n
ly
in
th
e
la
rg
e
c
lim
it.

A
n
o
th
er
a
p
p
ro
a
ch
is
to
ch
eck
th
e
J
a
co
b
i
id
en
tities
w
ith
th
e
h
elp
o
f
th
e
m
o
d
e

a
lg
eb
ra
.
In
[3
3],
th
e
n
ecessa
ry
fo
rm
u
la
s
a
re
g
iv
en
to
co
m
p
u
te
th
e
co
m
m
u
ta
to
r
o
f
tw
o

q
u
a
sip
rim
a
ries
in
a
b
a
sis
o
f
m
o
d
es
o
f
q
u
a
sip
rim
a
ries.
T
h
is
w
a
s
u
sed
in
[2
6
,
1
3
1,
1
2
9]

to
ex
p
licitly
co
n
stru
ct
th
e
W
{
a
lg
eb
ra
s
w
ith
a
sm
a
ll
n
u
m
b
er
o
f
p
rim
a
ry
o
p
era
to
rs
o
f

low
d
im
en
sio
n
s.

F
in
a
lly,
o
n
e
ca
n
u
se
O
P
E
s
to
co
n
stru
ct
th
e
O
P
A
,
a
n
d
u
se
th
e
fo
rm
u
la
s
o
f
su
b
-

sectio
n
2
.3
.2
(in
p
a
rticu
la
r
eq
.
(2
.3
.2
1
)
fo
r
q
;p
>

0
)
to
ch
eck
th
e
a
sso
cia
tiv
ity.
In

[1
1
3
]
O
P
E
d
efs
w
a
s
u
sed
to
co
n
stru
ct
a
ll
a
lg
eb
ra
s
w
ith
p
rim
a
ry
g
en
era
to
rs
w
ith
d
i-

m
en
sio
n
s
3
;4
;5
a
n
d
3
;4
;5
;6
.
T
h
ese
a
re
th
e
m
o
st
co
m
p
lica
ted
W
{
a
lg
eb
ra
s
ex
p
licitly

co
n
stru
cted
u
p
to
n
ow
.

It
is
clea
r
th
a
t
n
o
n
e
o
f
th
ese
m
eth
o
d
s
ca
n
g
iv
e
a
cla
ssi�
ca
tio
n
.
D
irect
co
n
stru
ctio
n

is
h
ow
ev
er
th
e
o
n
ly
k
n
ow
n
w
a
y
th
a
t
ca
n
g
iv
e
a
n
ex
h
a
u
stiv
e
list
o
f
a
lg
eb
ra
s
w
ith
a

certa
in
o
p
era
to
r-co
n
ten
t.

4
.5
.2

S
u
b
a
lg
e
b
ra
s
o
f
k
n
o
w
n
W

{
a
lg
e
b
ra
s

A
n
y
su
b
a
lg
eb
ra
o
f
a
n
O
P
A
triv
ia
lly
sa
tis�
es
th
e
a
sso
cia
tiv
ity
co
n
d
itio
n
s.
T
w
o
m
a
in

m
eth
o
d
s
ex
ist
to
co
n
stru
ct
su
b
a
lg
eb
ra
s.
F
irst,
w
e
ca
n
fa
cto
r
o
u
t
a
n
y
free
ferm
io
n
s

a
n
d
b
o
so
n
s,
a
s
is
d
iscu
ssed
in
ch
a
p
ter
5
.
T
h
is
is
a
p
ow
erfu
l
resu
lt,
a
s
th
e
cla
ssi�
ca
tio
n

ca
n
n
ow
b
e
restricted
to
W
{
a
lg
eb
ra
s
w
h
ere
su
ch
o
p
era
to
rs
a
re
n
o
t
p
resen
t.

A
seco
n
d
m
eth
o
d
to
co
n
stru
ct
a
su
b
a
lg
eb
ra
is
b
y
\
o
rb
ifo
ld
in
g
"
.
If
a
certa
in
d
is-

crete
sy
m
m
etry
ex
ists
in
th
eW
{
a
lg
eb
ra
,
th
e
elem
en
ts
w
h
ich
a
re
in
va
ria
n
t
u
n
d
er
th
is

sy
m
m
etry
n
ecessa
rily
fo
rm
a
su
b
a
lg
eb
ra
.
A
s
a
n
ex
a
m
p
le,
th
e
N

=
1
su
p
erco
n
fo
rm
a
l

a
lg
eb
ra
is
in
v
a
ria
n
t
u
n
d
er
a
sig
n
ch
a
n
g
e
o
f
th
e
su
p
ersy
m
m
etry
g
en
era
to
r
G
.
T
h
e

co
rresp
o
n
d
in
g
su
b
a
lg
eb
ra
is
p
u
rely
b
o
so
n
ic
a
n
d
is
g
en
era
ted
b
y
T

a
n
d
tw
o
m
o
re

o
p
era
to
rs
o
f
d
im
en
sio
n
4
a
n
d
6
resp
ectiv
ely
[1
1
1,
1
3
0
].

D
efo
rm
a
b
le
W
{
a
lg
eb
ra
s
w
ill
co
n
ta
in
n
u
ll
o
p
era
to
rs
a
t
a
certa
in
v
a
lu
e
o
f
c.
T
h
is

g
iv
es
rise
to
a
q
u
o
tien
t
a
lg
eb
ra
.
In
m
a
n
y
ca
ses,
th
is
a
lg
eb
ra
is
o
n
ly
a
sso
cia
tiv
e
fo
r
th
is

v
a
lu
e
o
f
c.
It
is
a
co
m
m
o
n
b
elief
th
a
t
a
ll
n
o
n
-d
efo
rm
a
b
le
a
lg
eb
ra
s
ca
n
b
e
o
b
ta
in
ed

in
th
is
w
a
y.
A
n
ex
a
m
p
le
o
f
th
is
m
ech
a
n
ism

w
ill
b
e
g
iv
en
in
sectio
n
4
.6
.
R
ecen
tly,

it
h
a
s
b
een
fo
u
n
d
th
a
t
in
so
m
e
ca
ses,
a
n
ew
d
efo
rm
a
b
le
a
lg
eb
ra
resu
lts
[2
7].
In
th
e

q
u
a
n
tu
m
ca
se,
th
ese
n
ew
a
lg
eb
ra
s
a
re
�
n
itely
b
u
t
n
o
n
-freely
g
en
era
ted
,
i.e.
co
n
ta
in

n
u
ll
o
p
era
to
rs
fo
r
a
ll
va
lu
es
o
f
c.
In
th
e
cla
ssica
l
ca
se,
a
n
in
�
n
ite
n
u
m
b
er
o
f
g
en
era
to
rs

is
n
eed
ed
to
co
n
stru
ct
th
e
co
m
p
lete
O
P
A
.
A
p
a
rticu
la
r
fea
tu
re
is
th
a
t
th
e
W
{
a
lg
e-

b
ra
s
b
a
sed
o
n
L
ie-a
lg
eb
ra
s
in
th
e
sa
m
e
C
a
rta
n
series
(see
n
ex
t
su
b
sectio
n
)
seem

to

co
n
ta
in
th
e
sa
m
e
su
b
a
lg
eb
ra
o
f
th
is
n
ew
ty
p
e
(fo
r
d
i�
eren
t
v
a
lu
es
o
f
c).
T
h
e
stu
d
y

o
f
th
ese
\
u
n
ify
in
g
"
W
{
a
lg
eb
ra
s
is
b
a
sed
o
n
a
fo
rm
u
la
fo
r
th
e
stru
ctu
re
co
n
sta
n
ts
o
f

th
e
o
p
era
to
rs
o
f
th
e
lo
w
est
d
im
en
sio
n
s
in
th
e
W
{
a
lg
eb
ra
[1
1
4
].

4
.5
.3

C
o
n
stru
c
tin
g
a
W

{
a
lg
e
b
ra
v
ia
a
re
a
lisa
tio
n

If
a
n
a
lg
eb
ra
is
fo
u
n
d
th
a
t
is
rea
lised
in
term
s
o
f
th
e
g
en
era
to
rs
o
f
a
n
a
sso
cia
tiv
e

a
lg
eb
ra
,
th
e
J
a
co
b
i
id
en
tities
a
re
a
u
to
m
a
tica
lly
sa
tis�
ed
.
O
n
e
h
a
s
to
p
rov
e
th
a
t
th
e

a
lg
eb
ra
clo
ses
o
n
a
�
n
ite
n
u
m
b
er
o
f
o
p
era
to
rs.

T
h
e
m
a
in
a
d
va
n
ta
g
e
o
f
u
sin
g
a
rep
resen
ta
tio
n
is
th
a
t
th
e
rep
resen
ta
tio
n
th
eo
ry
o
f
th
e

u
n
d
erly
in
g
O
P
A
ca
n
b
e
u
sed
to
stu
d
y
th
e
rep
resen
ta
tio
n
s
o
f
th
eW
{
a
lg
eb
ra
itself.
A
s

w
e
w
ill
d
iscu
ss
b
elo
w
,
a
w
h
o
le
series
o
fW
{
a
lg
eb
ra
s
h
a
s
b
een
fo
u
n
d
v
ia
rea
lisa
tio
n
s

in
a
K
a�c{
M
o
o
d
y
a
lg
eb
ra
.
U
sin
g
th
e
rep
resen
ta
tio
n
th
eo
ry
o
f
th
e
K
a
�c{
M
o
o
d
y
a
lg
e-

b
ra
s,
th
e
m
in
im
a
l
m
o
d
els
fo
r
th
e
co
rresp
o
n
d
in
g
W
{
a
lg
eb
ra
s
h
av
e
b
een
co
m
p
letely

ch
a
ra
cterised
[3
1].

A
�
rst
ex
a
m
p
le
is
g
iv
en
b
y
th
e
co
set
co
n
stru
ctio
n
[9
9
,
6
].
F
o
r
a
K
a�c{
M
o
o
d
y
a
lg
e-

b
ra
^g
o
f
lev
el
k
w
h
ich
h
a
s
a
su
b
a
lg
eb
ra
^g
0,

o
n
e
d
e�
n
es
th
e
co
set
a
lg
eb
ra
W
c
[^g=
^g
0;k

]

a
s
th
e
set
o
f
elem
en
ts
in
^g
w
h
ich
co
m
m
u
te
w
ith
th
e
elem
en
ts
o
f
^g
0.

T
h
e
stru
ctu
re

o
f
th
e
a
lg
eb
ra
g
en
erica
lly
d
ep
en
d
s
o
n
k
,
d
u
e
to
th
e
a
p
p
ea
ra
n
ce
o
f
n
u
ll
o
p
era
to
rs
a
t

sp
eci�
c
lev
els.
F
o
r
certa
in
ca
ses,
a
rep
resen
ta
tio
n
o
f
th
e
sa
m
e
d
efo
rm
a
b
le
a
lg
eb
ra
is

fo
u
n
d
fo
r
a
ll
k
,
e.g
.
fo
r
a
d
ia
g
o
n
a
l
co
setW
c
[^g�
^g
=
^g
d
ia
g ;k
].

O
n
e
ca
n
d
e�
n
e
a
seco
n
d
ty
p
e
o
f
co
set
a
lg
eb
ra
s
b
y
co
n
sid
erin
g
a
ll
elem
en
ts
in
^g

w
h
ich
co
m
m
u
te
w
ith
th
e
o
rig
in
a
tin
g
L
ie
a
lg
eb
ra
g
.
T
h
ese
a
lg
eb
ra
s
ca
n
b
e
o
b
ta
in
ed

in
a
certa
in
lim
it
fro
m
th
e
d
ia
g
o
n
a
l
co
set
a
lg
eb
ra
s
[6].
F
o
r
a
sim
p
ly
-la
ced
L
ie
a
lg
eb
ra

�g
a
n
d
a
t
lev
el
k
=
1
,
th
e
resu
ltin
g
W
{
a
lg
eb
ra
s
a
re
th
e
sa
m
e
a
s
th
e
C
a
sim
ir
a
lg
eb
ra
s

d
e�
n
ed
in
[5
].
T
h
is
is
p
ro
v
en
in
[3
1]
u
sin
g
ch
a
ra
cter
tech
n
iq
u
es.
F
o
r
n
o
n
-sim
p
ly

la
ced
a
lg
eb
ra
s,
th
e
situ
a
tio
n
is
m
o
re
co
m
p
lica
ted
.
N
ev
erth
eless,
o
n
e
still
refers
to

W
c
[^g=
g
;k
]
a
s
th
e
C
a
sim
ir
a
lg
eb
ra
o
f
^g
a
t
lev
el
k
.

A
s
a
n
ex
a
m
p
le,
th
e
C
a
sim
ir
a
lg
eb
ra
fo
r
B
n

a
t
lev
el
1
tu
rn
s
o
u
t
to
b
e
th
e
b
o
so
n
ic

p
ro
jectio
n
o
f
a
n
a
lg
eb
ra
g
en
era
ted
b
y
th
e
C
a
sim
ir
o
p
era
to
rs
o
f
^B
n

a
n
d
a
ferm
io
n
ic

o
p
era
to
r
o
f
d
im
en
sio
n
n
+
1
=
2
.
F
o
r
co
n
v
en
ien
ce,
w
e
ca
ll
th
e
u
n
d
erly
in
g
W
{
a
lg
eb
ra
,

th
e
C
a
sim
ir
a
lg
eb
ra
o
f
^B
n
,W
c
B
n
.
S
ectio
n
4
.6
co
n
ta
in
s
a
n
ex
p
licit
co
n
stru
ctio
n
o
f

W
c
B
2 .

A

th
ird
m
eth
o
d
to
co
n
stru
ct
rea
lisa
tio
n
s
o
f
W
{
a
lg
eb
ra
s
is
b
y
u
sin
g
D
rin
feld
-

S
o
k
o
lov
red
u
ctio
n
.
T
h
is
m
eth
o
d
w
a
s
d
ev
elo
p
ed
fo
r
cla
ssica
lW
{
a
lg
eb
ra
s
in
[6
0,
7
],

q
u
a
n
tisa
tio
n
is
d
iscu
ssed
in
ch
a
p
ter
6
.
G
iv
en
a
(su
p
er)
K
a�c{
M
o
o
d
y
a
lg
eb
ra
,
o
n
e

ch
o
o
ses
a
n
sl(2
)
em
b
ed
d
in
g
.
O
n
e
th
en
p
u
ts
certa
in
co
n
stra
in
ts
o
n
th
e
cu
rren
ts
o
f

th
e
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
.
T
h
ese
co
n
stra
in
ts
a
re
ch
a
ra
cterised
b
y
th
e
sl(2
).
A
s
su
ch
,

o
n
e
�
n
d
s
a
rea
lisa
tio
n
o
f
a
�
n
itely
g
en
era
ted
W
{
a
lg
eb
ra
fo
r
a
n
y
sl(2
)-em
b
ed
d
in
g

o
f
a
(su
p
er)
L
ie
a
lg
eb
ra
.
T
h
e
d
im
en
sio
n
s
o
f
th
e
o
p
era
to
rs
a
re
g
iv
en
b
y
j
�

+
1
,

w
h
ere
th
e
a
d
jo
in
t
rep
resen
ta
tio
n
o
f
th
e
L
ie
a
lg
eb
ra
co
n
ta
in
s
th
e
sl(2
)
-irred
u
cib
le

rep
resen
ta
tio
n
s
j
�
.
C
lea
rly,
n
o
d
im
en
sio
n
1
=
2
o
p
era
to
rs
ca
n
b
e
p
resen
t
in
a
W
{
a
l-

g
eb
ra
a
risin
g
fro
m
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
.
T
h
is
is
n
o
sev
ere
restrictio
n
,
a
s
it
is

sh
o
w
n
in
ch
a
p
ter
5
th
a
t
a
n
y
W
{
a
lg
eb
ra
ca
n
b
e
w
ritten
a
s
th
e
d
irect
p
ro
d
u
ct
o
f
so
m
e

free
o
p
era
to
rs
w
ith
a
W
{
a
lg
eb
ra
w
ith
o
u
t
d
im
en
sio
n
1
=
2
o
p
era
to
rs.

A
ll
k
n
o
w
n
�
n
itely
g
en
era
ted
W
{
a
lg
eb
ra
s
in
th
e
cla
ss
4
.5
.1
ca
n
b
e
o
b
ta
in
ed
fro
m

5
3



C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
,
eith
er
d
irectly
o
r
b
y
a
p
p
ly
in
g
th
e
m
eth
o
d
s
o
f
th
e
p
rev
io
u
s

su
b
sectio
n
,
see
[7
1].
A
s
a
n
ex
a
m
p
le,
it
is
a
rg
u
ed
in
[3
1]
th
a
t,
fo
r
sim
p
ly
la
ced
a
lg
eb
ra
s,

th
e
d
ia
g
o
n
a
l
co
set
a
lg
eb
ra
sW
c
[^g�
^g
=
^g
d
ia
g ;k
]
a
re
th
e
sa
m
e
a
s
th
e
D
rin
feld
-S
o
k
o
lov

red
u
ctio
n
sW
D
S
[^g
;k
0]

if
o
n
e
ta
k
es
th
e
p
rin
cip
a
l
sl(2
)
em
b
ed
d
in
g
o
f
g
9.

F
o
r
n
o
n
-sim
p
ly

la
ced
a
lg
eb
ra
s,
th
e
rela
tio
n
b
etw
een
co
set
a
n
d
D
S
-a
lg
eb
ra
s
is
m
o
re
co
m
p
lica
ted
.
A
s

a
n
ex
a
m
p
le,
o
n
e
�
n
d
s
a
t
lea
st
cla
ssica
lly,
th
a
t
W
c
B
n

=
W
D
S
[B
(0
;n
);k
]
[1
2
1,
2
0
5
],

fo
r
g
en
eric
n
,
see
a
lso
sectio
n
4
.6
.

B
efo
re
th
e
D
rin
feld
-S
o
k
o
lo
v
red
u
ctio
n
w
a
s
q
u
a
n
tised
,
sev
era
l
o
th
er
a
ttem
p
ts
h
a
v
e

b
een
m
a
d
e
to
�
n
d
a
m
eth
o
d
to
co
n
stru
ct
rea
lisa
tio
n
s
o
f
q
u
a
n
tu
m

W
{
a
lg
eb
ra
s.
W
e

m
en
tio
n
o
n
ly
th
e
w
o
rk
o
f
F
a
teev
a
n
d
L
u
k
y
a
n
ov
[6
3,
6
4,
6
5
],
w
h
ich
is
b
a
sed
o
n

a
q
u
a
n
tisa
tio
n
o
f
th
e
M
iu
ra
tra
n
sfo
rm
a
tio
n
.
T
h
is
tra
n
sfo
rm
a
tio
n
rela
tes
d
i�
eren
t

g
a
u
g
e
ch
o
ices
in
th
e
co
n
stra
in
ed
p
h
a
se
sp
a
ce,
a
n
d
g
iv
es
a
rea
lisa
tio
n
in
term
s
o
f

\
sim
p
ler"
o
p
era
to
rs
[4
5
],
in
p
a
rticu
la
r
in
term
s
o
f
free
o
p
era
to
rs
fo
r
th
e
sim
p
ly
la
ced

a
lg
eb
ra
s.
In
sectio
n
4
.6
,
a
free
o
p
era
to
r
rea
lisa
tio
n
o
fW
c
B
2
is
co
n
stru
cted
w
h
ich
is

sh
ow
n
to
co
rresp
o
n
d
to
th
e
F
a
teev
-L
u
k
y
a
n
ov
co
n
stru
ctio
n
.

4
.5
.4

S
u
p
e
rc
o
n
fo
rm
a
l
a
lg
e
b
ra
s

F
o
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s,
th
e
ex
tra
stru
ctu
re
g
iv
en
b
y
th
e
su
p
ersy
m
m
etry
tra
n
s-

fo
rm
a
tio
n
s
p
u
ts
stro
n
g
restrictio
n
s
o
n
th
e
n
u
m
b
er
o
f
p
rim
a
ry
o
p
era
to
rs
in
th
e
th
eo
ry.

B
y
stu
d
y
in
g
th
e
J
a
co
b
i
id
en
tities
fo
r
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
w
ith
n
o
n
zero

cen
tra
l
ex
ten
sio
n
,
w
e
w
ere
a
b
le
to
cla
ssify
a
ll
p
o
ssib
le
lin
ea
r
a
lg
eb
ra
s
w
ith
g
en
era
to
rs

o
f
p
o
sitiv
e
d
im
en
sio
n
[1
0
9].
T
h
e
o
n
ly
su
ch
a
lg
eb
ra
s
th
a
t
ex
ist
h
a
v
e
a
n
u
m
b
er
o
f
su
-

p
ersy
m
m
etry
g
en
era
to
rs
N

�
4
.
T
h
e
N

=
3
a
n
d
th
e
\
la
rg
e"
N

=
4
a
lg
eb
ra
s
a
p
p
ea
r

in
sectio
n
5
.3
.
T
h
e
N

=
1
;2
;3
a
n
d
th
e
\
sm
a
ll"
N

=
4
a
lg
eb
ra
a
re
a
ll
su
b
a
lg
eb
ra
s

o
f
th
e
la
rg
e
N

=
4
.
T
h
e
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
w
ith
q
u
a
d
ra
tic
n
o
n
lin
ea
rity
w
ere

cla
ssi�
ed
in
[8
5].

4
.5
.5

A
tte
m
p
ts
to
w
a
rd
s
a
c
la
ssi�
c
a
tio
n

T
h
e
m
eth
o
d
s
w
h
ich
rely
o
n
a
co
n
stru
ctio
n
o
f
a
W
{
a
lg
eb
ra
,
eith
er
d
irectly
o
r
v
ia
a

rea
lisa
tio
n
,
ca
n
g
iv
e
n
o
clu
e
if
a
llW
{
a
lg
eb
ra
s
a
re
o
b
ta
in
ed
.
In
[3
4
],
a
�
rst
a
ttem
p
t

is
m
a
d
e
to
cla
ssify
a
ll
cla
ssica
l
p
o
sitiv
e-d
e�
n
ite
W
{
a
lg
eb
ra
s,
w
h
ich
a
re
a
lg
eb
ra
s
in

th
e
cla
ss
4
.5
.1
w
ith
th
e
a
d
d
itio
n
a
l
co
n
d
itio
n
th
a
t
th
e
cen
tra
l
ex
ten
sio
n
s
d
e�
n
e
a

p
o
sitiv
e-d
e�
n
ite
m
etric.
It
is
p
rov
en
th
a
t
th
e
�
n
ite-d
im
en
sio
n
a
l
a
lg
eb
ra
d
e�
n
ed
b
y

th
e
lin
ea
rised
co
m
m
u
ta
to
rs
o
f
th
e
\
v
a
cu
u
m
p
reserv
in
g
m
o
d
es"
(	
i )
m

fo
rjm
j
<
h
i ,
is

th
e
d
irect
su
m
o
f
a
sem
isim
p
le
L
ie
a
lg
eb
ra
w
ith
a
n
a
b
elia
n
a
lg
eb
ra
1
0.

M
o
reov
er,
th
is

L
ie
a
lg
eb
ra
n
ecessa
rily
co
n
ta
in
s
a
n
sl(2
)
fo
rm
ed
b
y
th
e
�
1
;0
;+
1
m
o
d
es
o
f
T
.
T
h
e

v
a
cu
u
m
p
reserv
in
g
m
o
d
es
o
f
	
i
fo
rm
a
sp
in
h
i �
1
rep
resen
ta
tio
n
o
f
th
e
sl(2
).
T
h
is

9
T
h
e
p
rin
cip
a
l
s
l(2
)
o
f
g
is
d
e�
n
ed
b
y
ta
k
in
g
fo
r
e�
th
e
su
m

o
f
a
ll
p
o
sitiv
e
(resp
.
n
eg
a
tiv
e)

sim
p
le
ro
o
ts.

1
0
F
ree
ferm
io
n
s
h
a
v
e
d
im
en
sio
n
1
=
2
a
n
d
h
en
ce
d
o
n
o
t
co
n
trib
u
te
to
th
is
L
ie
a
lg
eb
ra
.

m
ea
n
s
th
a
t
b
y
cla
ssify
in
g
a
ll
p
o
ssib
le
s
l(2
)-em
b
ed
d
in
g
s,
th
e
d
im
en
sio
n
s
w
h
ich
ca
n

o
ccu
r
in
a
cla
ssica
l
p
o
sitiv
e-d
e�
n
iteW
{
a
lg
eb
ra
a
re
o
b
ta
in
ed
.
R
ef.
[3
4
]
th
en
p
ro
ceed
s

b
y
in
v
estig
a
tin
g
u
n
d
er
w
h
ich
co
n
d
itio
n
s
a
q
u
a
n
tu
m
W
{
a
lg
eb
ra
h
a
s
a
p
o
sitiv
e-d
e�
n
ite

cla
ssica
l
lim
it
(c!
1
).

T
h
e
a
lg
eb
ra
s
a
risin
g
fro
m

D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
(b
o
th
q
u
a
n
tu
m

a
n
d
cla
s-

sica
l)
sa
tisfy
th
e
criteria
o
f
[3
4
],
p
rov
in
g
th
a
t
a
t
lea
st
o
n
e
a
lg
eb
ra
ex
ists
fo
r
ev
ery

sl(2
)-em
b
ed
d
in
g
.
It
is
n
o
t
p
ro
v
en
th
a
t
th
is
a
lg
eb
ra
is
u
n
iq
u
e.
M
o
reo
v
er,
fo
r
m
a
n
y

a
lg
eb
ra
s
co
n
stru
cted
b
y
o
rb
ifo
ld
in
g
n
o
cla
ssica
l
lim
it
ca
n
b
e
fo
u
n
d
,
a
n
d
h
en
ce
th
ey

fa
ll
o
u
tsid
e
th
is
a
ttem
p
t
to
w
a
rd
s
cla
ssi�
ca
tio
n
.
F
o
r
m
o
re
d
eta
ils,
see
[7
0
,
4
3].

4
.6

A
n
e
x
a
m
p
le
:
W
c B
2

In
th
is
sectio
n
w
e
w
ill
co
n
stru
ct
W
c
B
2 ,
th
e
C
a
sim
ir
a
lg
eb
ra
o
f
^B
2 .
W
e
refer
to

su
b
sectio
n
4
.5
.3
fo
r
th
e
term
in
o
lo
g
y.
T
h
is
a
lg
eb
ra
co
n
ta
in
s,
b
esid
es
T
,
a
n
ex
tra

d
im
en
sio
n
4
o
p
era
to
r
a
n
d
a
ferm
io
n
ic
d
im
en
sio
n
5
=
2
o
p
era
to
r.
T
h
e
a
lg
eb
ra
w
ill
b
e

w
ritten
d
o
w
n
in
term
s
o
f
q
u
a
sip
rim
a
ry
fa
m
ilies.
W
e
w
ill
co
n
stru
ct
th
e
m
o
st
g
en
era
l

rea
lisa
tio
n
o
f
th
is
a
lg
eb
ra
w
ith
tw
o
free
b
o
so
n
s
a
n
d
o
n
e
free
ferm
io
n
a
n
d
sh
ow
th
a
t

it
is
eq
u
iv
a
len
t
to
th
e
rea
lisa
tio
n
p
ro
p
o
sed
b
y
F
a
teev
a
n
d
L
u
k
y
a
n
ov
[6
5].
F
in
a
lly,

u
sin
g
th
is
rea
lisa
tio
n
,
w
e
ch
eck
th
a
t
th
e
screen
in
g
o
p
era
to
rs
a
re
rela
ted
to
th
e
lo
n
g

a
n
d
sh
o
rt
ro
o
t
o
f
B
2
lea
d
in
g
to
th
e
d
eg
en
era
te
rep
resen
ta
tio
n
s.

4
.6
.1

T
h
e
W

c B
2 -
a
lg
e
b
ra

T
h
e
L
ie
a
lg
eb
ra
B
2
h
a
s
tw
o
in
d
ep
en
d
en
t
C
a
sim
ir
o
p
era
to
rs
o
f
o
rd
er
tw
o
a
n
d
fo
u
r.

T
h
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
o
fW
c B
2
co
rresp
o
n
d
s
to
th
e
seco
n
d
o
rd
er
C
a
sim
ir.

T
h
e
W
{
a
lg
eb
ra
co
n
ta
in
s
a
lso
a
V
ira
so
ro
p
rim
a
ry
o
p
era
to
r
W

o
f
d
im
en
sio
n
4
,
w
h
ich

co
rresp
o
n
d
s
to
th
e
fo
u
rth
o
rd
er
C
a
sim
ir.
A
lth
o
u
g
h
th
ere
ex
ists
a
d
efo
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=

1
p

1
0

(3
'
1 �
'
2 );

�'
2

=

1
p

1
0

('
1
+
3
'
2 );

(4
.6
.1
3
)

o
n
e
ca
n
rew
rite:

Q
=
5  r

25
�
0 @
+
@
�'
1 ! r

25
�
0 @
+
@
�'2 !
 
;

(4
.6
.1
4
)

w
h
ich
is
ex
a
ctly
th
e
sta
rtin
g
p
o
in
t
o
f
th
e
a
n
a
ly
sis
o
f
F
a
teev
a
n
d
L
u
k
y
a
n
ov
[6
5].
O
u
r

co
n
stru
ctio
n
h
en
ce
p
rov
es
th
a
t
th
e
a
lg
eb
ra
g
en
era
ted
b
y
(4
.6
.1
4
)
is
in
d
eed
�
n
itely

g
en
era
ted
fo
r
a
ll
va
lu
es
o
f
th
e
cen
tra
l
ch
a
rg
e,
a
s
w
a
s
co
n
jectu
red
in
[6
5].

A
seco
n
d
rem
a
rk
co
n
cern
s
th
e
fa
ct
th
a
t,
(u
p
to
so
m
e
d
iscrete
a
u
to
m
o
rp
h
ism
s),

th
ere
is
(u
p
to
so
m
e
d
iscrete
a
u
to
m
o
rp
h
ism
s)
o
n
ly
o
n
e
free
�
eld
rea
lisa
tio
n
o
fW
c

B
2

w
ith
tw
o
free
b
o
so
n
s
a
n
d
o
n
e
free
ferm
io
n
.
In
th
e
ca
se
o
f
W
3 ,
F
a
teev
a
n
d

Z
a
m
o
lo
d
ch
ik
ov
fo
u
n
d
tw
o
in
eq
u
iva
len
t
free
�
eld
rea
lisa
tio
n
s
w
ith
tw
o
free
b
o
so
n
s
[6
6].

T
h
e
sim
p
lest
o
n
e
w
a
s
rela
ted
to
su
(3
)
a
n
d
led
F
a
teev
a
n
d
L
u
k
y
a
n
ov
to
g
en
era
lise

th
is
to
th
e
W
A
n

a
lg
eb
ra
s
u
sin
g
n
free
b
o
so
n
s
[6
3].
T
h
e
m
o
re
co
m
p
lica
ted
o
n
e
h
a
s

5
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4
.7
.
D
iscu
ssio
n

b
een
[1
5
5]
sh
ow
n
to
b
e
rela
ted
to
p
a
ra
ferm
io
n
s
(a
t
lea
st
fo
r
a
sp
eci�
c
v
a
lu
e
o
f
th
e

cen
tra
l
ch
a
rg
e).
In
fa
ct,
it
w
a
s
a
rg
u
ed
in
[1
5
5]
th
a
t
su
ch
a
rea
lisa
tio
n
ex
ists
(fo
r
�
x
ed

c)
fo
r
a
llW
A
n

a
lg
eb
ra
s,
a
n
d
th
a
t
in
th
e
lim
it
n
!
1
it
co
rresp
o
n
d
s
to
th
e
c
=
2
free

�
eld
rea
lisa
tio
n
o
fW
1

b
y
B
a
k
a
s
a
n
d
K
iritsis
[8].
F
o
rW
c B
2
,
th
ere
d
o
es
n
o
t
seem
to

b
e
a
sim
ila
r
co
n
stru
ctio
n
1
4.

4
.6
.3

H
ig
h
e
st
w
e
ig
h
t
re
p
re
se
n
ta
tio
n
s

E
x
a
m
p
les
o
fW
c B
2 -h
ig
h
est
w
eig
h
t
o
p
era
to
rs
a
re
ea
sily
co
n
stru
cted
in
th
e
C
o
u
lo
m
b

g
a
s
rea
lisa
tio
n
.
T
h
ey
a
re
g
iv
en
b
y
th
e
v
ertex
o
p
era
to
rs
d
e�
n
ed
in
su
b
sectio
n
2
.6
.1
:

V
~�
(z
)
=
e
~�
:~'

(z
)
;

(4
.6
.1
5
)

w
ith
~�
�
(�
1 ;�
2 )
a
n
d
~'
(z
)�
('
1 (z
);'
2 (z
)).
V
~�
(z
)
h
a
s
V
ira
so
ro
d
im
en
sio
n
:

�
~�
=

12
�
21

+
12

�
22 �
�
1 �
0 ;

(4
.6
.1
6
)

T
o
w
rite
d
o
w
n
th
e
W
-w
eig
h
t,
w
e
in
tro
d
u
ce
th
e
fo
llow
in
g
n
o
ta
tio
n
,
co
n
n
ected
to
th
e

ro
o
t
sy
stem

o
f
B
2 .
~e
L

� q
25

(1
;�
2
)
a
n
d
~e
S

� q
11

0
(1
;3
)
a
re
th
e
p
o
sitiv
e
sim
p
le

ro
o
ts.
~�
=
12

(3~e
L
+
4~e
S
)
is
h
a
lf
th
e
su
m
o
f
th
e
p
o
sitiv
e
ro
o
ts;
n
o
te
th
a
t
~�
0 �
(�
0 ;0
)

is
p
a
ra
llel
to
~�
.
F
in
a
lly,
W

d
en
o
tes
th
e
W
ey
l
g
ro
u
p
o
f
B
2 .
W
ith
th
is
n
o
ta
tio
n
,
th
e

W
-w
eig
h
t
o
f
th
e
v
ertex
o
p
era
to
r
(4
.6
.1
5
)
ca
n
b
e
w
ritten
a
s:

w
~�

=

�4
8
0 �

(4
0
�
20 �

2
3
)  Yw

2
W

w
( ~�
�
~�
0 ):~� !

1
=
2

+
8
(1
2
8
�
20 �

2
5
)�
~�
+
1
9
4
4
�
2~� �
;

(4
.6
.1
7
)

w
h
ere
�
w
a
s
d
e�
n
ed
in
eq
.
(4
.6
.1
2
).
F
ro
m
th
is
fo
rm
u
la
,
it
fo
llow
s
im
m
ed
ia
tely
th
a
t

th
e
w
eig
h
ts
�
~�

a
n
d
w
~�

a
re
in
v
a
ria
n
t
u
n
d
er
~�
!
w
( ~�
�
~�
0 )
+
~�
0 ,
w
ith
w
2
W
[6
5].

In
th
e
ca
se
a
t
h
a
n
d
,
o
n
e
�
n
d
s
a
t
th
e
th
ird
o
rd
er
p
o
le
[W

V
~�
]3
a
n
ew
V
ira
so
ro

p
rim
a
ry
o
p
era
to
r,
p
ro
p
o
rtio
n
a
l
to
(�
2 @
'
1
+
(2
�
0 �
�
1 )@
'
2
))V
~�
.
A
s
m
en
tio
n
ed
in

sectio
n
4
.2
,
w
e
h
a
v
e
n
o
in
trin
sic
g
eo
m
etric
w
a
y
to
ex
p
ress
th
is
n
ew
V
ira
so
ro
p
rim
a
ry

a
s
w
ell
a
s
th
e
o
n
es
a
p
p
ea
rin
g
in
th
e
�
rst
a
n
d
seco
n
d
o
rd
er
p
o
les.

U
sin
g
th
e
rea
lisa
tio
n
in
term
s
o
f
free
�
eld
s
o
f
th
e
p
rev
io
u
s
sectio
n
,
o
n
e
ca
n
co
n
-

stru
ct
tw
o
d
i�
eren
t
k
in
d
s
o
f
screen
in
g
o
p
era
to
rs.
T
h
ey
ca
n
b
e
w
ritten
in
su
ch
a
w
ay

1
4
In
[7
8
]
it
w
a
s
co
n
jectu
red
th
a
t
n
o
rea
lisa
tio
n
o
fW
D
S
B
2
[2
9
]
ex
ists
fo
r
g
en
eric
c
u
sin
g
tw
o
free

sca
la
rs.
T
h
is
w
a
s
b
a
sed
o
n
a
n
ex
p
licit
ca
lcu
la
tio
n
w
ith
n
o
b
a
ck
g
ro
u
n
d
ch
a
rg
e
�
0
.
H
o
w
ev
er,
it
w
a
s

p
ro
v
en
in
[1
3
2
]
th
a
t
su
ch
a
rea
lisa
tio
n
d
o
es
ex
ist,
ex
cep
t
a
t
iso
la
ted
v
a
lu
es
o
f
�
0
,
in
clu
d
in
g
�
0
=
0
.

th
a
t
th
eir
rela
tio
n
w
ith
th
e
ro
o
t
sy
stem
o
f
B
2
is
m
a
n
ifest:

V
L�

=

ex
p
(�
�

~e
L
:~'
)

V
S�

=

 
ex
p
(�
�

~e
S
:~'
)
;

(4
.6
.1
8
)

w
ith
�
+

+
�
�

= q
25
�
0
a
n
d
�
+
�
�

=
�
1
.
T
h
ey
a
re
th
u
s
seen
to
b
e
eq
u
a
l
to
th
e

screen
in
g
ch
a
rg
es
p
resen
ted
in
[6
5].

G
iv
en
th
e
screen
in
g
o
p
era
to
rs,
it
is
a
sta
n
d
a
rd
co
n
stru
ctio
n
to
d
eriv
e
th
e
d
eg
en
-

era
te
rep
resen
ta
tio
n
s,
see
[1
2
8,
6
6
,
6
5,
2
0
3
]
to
w
h
ich
w
e
refer
fo
r
d
eta
ils.

4
.7

D
isc
u
ssio
n

In
th
is
ch
a
p
ter
w
e
a
n
a
ly
sed
in
d
eta
il
w
h
a
t
th
e
co
n
seq
u
en
ces
a
re
o
f
th
e
g
lo
b
a
l
a
n
d

lo
ca
l
co
n
fo
rm
a
l
g
ro
u
p
o
n
th
e
O
P
E
s
in
a
W
{
a
lg
eb
ra
s.
W
e
p
rov
id
ed
ex
p
licit
fo
rm
u
la
s

fo
r
w
o
rk
in
g
w
ith
p
rim
a
ries
a
n
d
q
u
a
sip
rim
a
ries.
A
lth
o
u
g
h
so
m
e
o
f
th
e
fo
rm
u
la
s
a
re

q
u
ite
co
m
p
lica
ted
,
co
m
p
u
ter
im
p
lem
en
ta
tio
n
p
resen
ts
n
o
p
ro
b
lem
[1
9
4].
A
fu
rth
er

step
w
o
u
ld
b
e
to
im
p
lem
en
t
th
e
fo
rm
u
la
s
o
f
w
o
rk
in
g
w
ith
O
P
E
s
o
f
(q
u
a
si)p
rim
a
ries

in
a
fu
tu
re
v
ersio
n
o
f
O
P
E
d
efs,
i.e.
w
ith
o
u
t
ex
p
a
n
d
in
g
th
e
(q
u
a
si)p
rim
a
ries
in
o
rd
er

to
ca
lcu
la
te
a
n
O
P
E
.

A
s
a
n
ex
a
m
p
le
o
f
th
e
p
ow
er
o
f
u
sin
g
th
e
tech
n
iq
u
es
o
f
p
rim
a
ry
q
u
a
sip
rim
a
ry

o
p
era
to
rs,
co
m
b
in
ed
w
ith
a
u
to
m
a
ted
O
P
E
s,
w
e
h
av
e
p
rov
en
th
e
ex
isten
ce,
fo
r
g
en
eric

c,
o
f
th
e
C
a
sim
ir
a
lg
eb
ra
o
f
B
2
b
y
ex
p
licitly
co
n
stru
ctin
g
it.
U
sin
g
a
C
o
u
lo
m
b
g
a
s

rea
lisa
tio
n
in
term
s
o
f
tw
o
free
b
o
so
n
s
a
n
d
o
n
e
free
ferm
io
n
,
w
e
h
av
e
b
een
a
b
le
to

sh
o
w
th
e
eq
u
iva
len
ce
w
ith
th
e
resu
lts
co
n
jectu
red
b
y
F
a
teev
a
n
d
L
u
k
y
a
n
ov
[6
5].

4
.A

A
p
p
e
n
d
ix

T
h
is
a
p
p
en
d
ix
co
llects
so
m
e
o
f
th
e
m
o
re
tech
n
ica
l
d
eta
ils
o
f
th
is
ch
a
p
ter.

A

fe
w
fo
rm
u
la
s
w
ith
th
e
m
o
d
e
s
o
f
th
e
e
n
e
rg
y
{
m
o
m
e
n
tu
m

te
n
-

so
r

F
irst
w
e
g
iv
e
a
n
u
m
b
er
o
f
id
en
tities
w
h
ich
fo
llow
fro
m
th
e
V
ira
so
ro
a
lg
eb
ra
o
f
th
e

m
o
d
es
o
f
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
(2
.4
.5
).

F
o
r
a
ll
m

2
Z
;
n
2
N

w
e
h
a
v
e:

L
m

L
n�

1

=

m
+
1

Xk
=
0 �

nk �
(m
�
k
+
2
)
k

L
�

1
n
�

k
L
m
�

k

(4
.A
.1
)

L
n�

1
L
m

=

m
+
1

Xk
=
0 �

nk �
(�
m
�
1
)
k
L
m
�

k
L
�

1
n
�

k
:

(4
.A
.2
)
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C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

D
e
riv
a
tio
n
o
f
e
q
.
(4
.4
.1
5
)

W
e
rep
ea
t
eq
.
(4
.4
.1
5
)
h
ere
fo
r
co
n
v
en
ien
ce:

~L
m
(h
+
n
)
~L
�

n
(h
)
=

�
m
�

n
f
1 (h
;m
)
+
~L
m
�

n
f
2 (h
;
m
;�
n
)+

X
p
�

2
�

m
in
(n
;m
)

~L
�

n
�

p (h�
m
�
p
)
~L
m
+
p
(h
)
f
3 (h
;m
;�
n
;p
)
;

(4
.A
.3
)

w
h
ere
n
;m
>
1
fo
r
th
e
rem
a
in
d
er
o
f
th
is
a
p
p
en
d
ix
.

W
e
a
lso
in
tro
d
u
ce
a
sh
o
rter
n
o
ta
tio
n
fo
r
th
e
co
e�
cien
ts
in
eq
.
(4
.4
.1
1
):

~L
m
(�
)
= Xn

�

0
b
mn

(h
)L
�

1
n
L
n
+
m

�
;

m

2
Z

nf
1
;0
;�
1g
;

(4
.A
.4
)

w
h
ere
w
e
d
e�
n
ed
:

b
mn

(h
)
�
a
m
+
2

n

(2
;h
)
=

(�
1
)
n

(2�
n
�
m
)
n

n
!(2
h
�
2
m
�
n
�
1
)
n

:

(4
.A
.5
)

W
e
w
ill
n
eed
th
e
fo
llow
in
g
lem
m
a.

L
e
m
m
a
4
.A
.1
O
n
a
qu
a
sip
rim
a
ry
�
o
f
d
im
en
sio
n
h
,
th
e
a
ctio
n
o
f
~L
m

ca
n
be
w
rit-

ten
a
s:

~L
�

m
(�
)
= Xn

�

0
~b
mn

(h
)L
n
�

m

L
�

1
n

�
;

m

>
1
;

(4
.A
.6
)

w
h
ere:

~b
mn

(h
)
=

(�
1
)
n �
1
+
m

n

�
(2
h
+
n
)
m
�

n
�

2

(2
h
+
m
+
1
)
m
�

2
:

(4
.A
.7
)

T
h
e
p
ro
o
f
fo
llo
w
s
im
m
ed
ia
tely
fro
m
th
e
d
e�
n
itio
n
s
eq
.
(4
.A
.4
)
a
n
d
eq
.
(4
.A
.5
)
o
f
~L

a
n
d
eq
.
(4
.A
.2
).

W
e
n
o
w
set
o
u
t
to
p
rov
e
eq
.
(4
.A
.3
).
O
u
r
stra
teg
y
co
n
sists
o
f
o
rd
erin
g
a
ll
L
k

m
o
d
es
in
(4
.A
.3
)
su
ch
th
a
t
h
ig
h
er
m
o
d
es
a
re
m
o
v
ed
to
th
e
rig
h
t.
A
fter
reo
rd
erin
g
,

w
e
lo
o
k
o
n
ly
a
t
term
s
w
h
ich
d
o
n
o
t
co
n
ta
in
L
�

1 .
T
h
is
is
su
�
cien
t
a
s
th
e
o
th
er
term
s

a
re
�
x
ed
b
y
req
u
irin
g
th
a
t
b
o
th
lh
s
a
n
d
rh
s
o
f
eq
.
(4
.A
.3
)
a
re
q
u
a
sip
rim
a
ry.

F
o
r
th
e
term
s
in
th
e
rh
s
o
f
eq
.
(4
.A
.3
),
th
e
lem
m
a
im
m
ed
iately
g
iv
es:

~L
�

n
(h
�
m
)
~L
m
(h
)

!

(2
h
�
2
m
)
n
�

2

(2
h
�
2
m
+
n
+
1
)
n
�

2
L
�

n
L
m

;

(4
.A
.8
)

w
h
ere
th
e
rig
h
ta
rro
w
m
ea
n
s
th
a
t
w
e
d
ro
p
term
s
co
n
ta
in
in
g
L
�

1 .

F
o
r
th
e
lh
s
o
f
eq
.
(4
.A
.3
),
w
e
�
n
d
:

~L
m
(h
+
n
)
~L
�

n
(h
)

= Xi;j
�

0
b
mi

(h
+
n
)
~b
nj

(h
)
L
�

1
i �
L
�

n
+
j L
m
+
i
+

(m
+
i
+
n
�
j)L
m
+
i
�

n
+
j
+
c2 �
m
+
i

3 �
�
m
+
i
�

n
+
j �
L
�

1
j

!
Xi;j

�

0
b
mi

(h
+
n
)
~b
nj

(h
)

�
(n�
j�
1
)
i
(m
+
i�
j
+
2
)
j
L
�

n
+
j
�

i L
m
+
i
�

j
+
c2 �
m3 �
�
m
�

n
�
i �
j

+
(m
+
i+
n�
j)L
m
�

n

�

�
(m
�
n�
2
)
j
�
i �
m
�

n
+
j
�

0
+
(n�
m
�
i�
1
)
i
�
j �
m
�

n
+
i<
0 � �
:

(4
.A
.9
)

L
et
u
s
lo
o
k
a
t
th
e
term
w
ith
L
�

n
+
j
�

i L
m
+
i
�

j .
A
n
a
d
d
itio
n
a
l
reo
rd
erin
g
o
f
th
e
m
o
d
es

is
n
ecessa
ry
w
h
en
�
n
+
j�
i
>
m
+
i�
j,
w
h
ich
ca
n
o
n
ly
h
a
p
p
en
if
n
>
m
.
T
h
is

reo
rd
erin
g
w
ill
g
iv
e
a
n
a
d
d
itio
n
a
l
co
n
trib
u
tio
n
to
th
e
term
p
ro
p
o
rtio
n
a
l
to
L
m
�

n

in

eq
.
(4
.A
.9
).

W
e
w
ill
n
o
w
�
n
d
th
e
lo
w
er
b
o
u
n
d
a
ry
fo
r
p
in
th
e
su
m

~L
�

n
�

p
~L
m
+
p
in
eq
.
(4
.A
.3
).

W
e
n
o
tice
th
a
t
th
e
co
e�
cien
t
o
f
L
�

n
+
j
�

i L
m
+
i
�

j

is
zero
u
n
less
m
+
i�
j
+
2
>

0

o
r
j
=
0
.
T
h
is
m
ea
n
s
th
a
t
th
e
lo
w
est
p
th
a
t
o
ccu
rs
is
certa
in
ly
la
rg
er
th
a
n
�
2�
m
.

F
u
rth
erm
o
re,
p
=
�
1�
m

g
iv
es
a
L
�

1
co
n
trib
u
tio
n
w
h
ich
w
e
d
ro
p
p
ed
,
p
=
1
�
m

g
iv
es
L
1
w
h
ich
is
zero
o
n
a
q
u
a
sip
rim
a
ry
a
n
d
so
d
o
es
n
o
t
co
n
trib
u
te
eith
er.
F
in
a
lly,

th
e
term

p
=
�
m

sim
p
ly
g
iv
es
L
0 ,
a
n
d
h
en
ce
h
,
a
n
d
sh
o
u
ld
b
e
a
d
d
ed
to
th
e
lin
ea
r

term

in
eq
.
(4
.A
.3
).
W
e
ca
n
co
n
clu
d
e
th
a
t
th
e
low
est
p
w
h
ich
g
iv
es
a
q
u
a
d
ra
tic

co
n
trib
u
tio
n
is
la
rg
er
th
a
n
o
r
eq
u
a
l
to
2�
m
,
su
ch
th
a
t
th
e
rig
h
tm
o
st
~L
m
o
d
e
o
f
th
e

q
u
a
d
ra
tic
term

is
a
lw
ay
s
a
p
o
sitiv
e
m
o
d
e.
O
n
th
e
o
th
er
h
a
n
d
,
fro
m

th
e
d
e�
n
itio
n

o
f
~b
nj

eq
.
(4
.A
.7
),
w
e
h
av
e
th
a
t
j
�
n
+
1
.
T
o
g
eth
er
w
ith
th
e
fa
cto
r
(n�
j�
1
)
i ,
th
is

m
ea
n
s
th
a
t
fo
r
th
e
leftm
o
st
~L
th
e
h
ig
h
est
p
o
ssib
le
m
o
d
e
h
a
s
p
=
�
n
.
F
o
r
th
e
sa
m
e

rea
so
n
s
a
s
b
efo
re,
w
e
ca
n
co
n
clu
d
e
th
a
t
th
e
m
in
im
a
l
p
sh
o
u
ld
a
lso
b
e
la
rg
er
th
a
n
o
r

eq
u
a
l
to
2�
n
(m
a
k
in
g
th
e
leftm
o
st
~L
a
lw
ay
s
a
n
eg
a
tiv
e
m
o
d
e).
In
th
is
w
ay,
w
e
see

th
a
t
eq
.
(4
.A
.3
)
h
a
s
th
e
co
rrect
fo
rm
.

T
o
d
eterm
in
e
th
e
co
e�
cien
ts
in
eq
.
(4
.A
.3
),
w
e
co
m
p
a
re
eq
.
(4
.A
.9
)
to
eq
.
(4
.A
.8
).

S
o
m
e
o
f
th
e
su
m
s
in
th
ese
co
e�
cien
ts
ca
n
b
e
fo
u
n
d
u
sin
g
M
a
th
em
a
tica
.
W
e
�
n
d
fo
r

f
1
a
n
d
f
2 :

f
1 (h
;m
)
=

c1
2

(m
�
1
)m
(m
+
1
)

(2
h
)
m
�

2

(2
h
+
m
+
1
)
m
�

2

f
2 (h
;m
;�
n
)
=

�
(�
1
)
m

(�
2�
2
h
+
2
h
2

+
m
�
3
h
m
+
2
h
2
m
+
m
2�
h
m
2�
n
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4
.A
.
A
p
p
en
d
ix

+
2
h
n�
2
m
n
+
2
h
m
n
+
n
2

)
(2�
m
+
n
)
m

+

(2�
m
+
2
h
m
�
m
2�
n
+
2
h
n
+
2
m
n
+
n
2

)
(�
2
+
2
h�
m
+
n
)
m

�.
(�
2
+
2
h�
m
+
2
n
)
1
+
m

;

fo
r
n
�
m

(4
.A
.1
0
)

In
th
e
ca
se
n
<
m
,
f
2
ca
n
b
e
d
eterm
in
ed
fro
m
th
e
fo
llow
in
g
lem
m
a
.

L
e
m
m
a
4
.A
.2

f
2 (h
;m
;�
n
)
=
f
2 (h
�
m
+
n
;n
;�
m
)
:

fo
r
n
<
m

(4
.A
.1
1
)

P
r
o
o
f
:

T
h
is
rela
tio
n
is
m
o
st
ea
sily
p
ro
v
en
b
y
co
n
sid
erin
g
th
e
in
p
ro
d
u
ct
(fo
r
n
>
m
):

<
	j
~L
n�
m

(h
)
~L
m

(h
+
n
)
~L
�
n
(h
)	
>
=

f
2 (h
;m
;�
n
)
<
	j
~L
n�
m

(h�
m
+
n
)
~L
m
�
n
(h
)	
>
;

(4
.A
.1
2
)

w
h
ere
	
is
a
p
rim
a
ry
o
f
d
im
en
sio
n
h
(w
ith
<
	j	
>
n
o
n
zero
)
a
n
d
w
e
u
sed
eq
.
(4
.A
.3
)

o
n
th
e
tw
o
la
st
o
p
era
to
rs
o
f
th
e
lh
s.
T
h
e
in
p
ro
d
u
ct
is
d
e�
n
ed
in
eq
.
(4
.2
.1
).
W
e
ca
n

co
m
p
u
te
th
e
in
p
ro
d
u
ct
in
th
e
lh
s
o
f
eq
.
(4
.A
.1
2
)
a
s:

<
	j �
~L
�
n
(h
) �
+ �
~L
m

(h
+
n
) �
+ �
~L
n�
m

(h
) �
+

	
>

:

(4
.A
.1
3
)

N
o
w
,
su
b
stitu
tin
g
th
e
d
e�
n
itio
n
eq
.
(4
.4
.1
1
)
fo
r
th
e
rig
h
tm
o
st
o
p
era
to
r,
o
n
ly
th
e
term

L
m
�
n

o
f
th
e
su
m

rem
a
in
s,
a
s
L
1 	
is
zero
.
A
lso
,
th
e
�
rst
tw
o
o
p
era
to
rs
a
ctin
g
o
n
th
e

left
sta
te
crea
te
a
q
u
a
sip
rim
a
ry
sta
te,
w
h
ich
is
a
n
n
ih
ila
ted
(fro
m

th
e
rig
h
t)
b
y
L
�
1 .

H
en
ce,
w
e
ca
n
e�
ectiv
ely
rep
la
ce �
~L
n�
m

(h
) �
+

b
y
~L
m
�
n
(h
)
in
eq
.
(4
.A
.1
3
).
T
h
e
sa
m
e

rea
so
n
in
g
ca
n
b
e
fo
llo
w
ed
fo
r
th
e
o
th
er
o
p
era
to
rs,
b
u
t
w
e
h
av
e
to
sh
ift
th
e
d
im
en
sio
n
s
1
5
.

W
e
g
et:

<
	j
~L
n
(h
+
n
)
~L
�
m

(h�
m
+
n
)
~L
m
�
n
(h
)	
>

:

(4
.A
.1
4
)

H
o
w
ev
er,
u
sin
g
eq
.
(4
.A
.3
)
o
n
th
e
tw
o
�
rst
o
p
era
to
rs,
th
is
is
a
lso
eq
u
a
l
to
:

f
2 (h�
m
+
n
;n
;�
m
)
<
	j
~L
n�
m

(h�
m
+
n
)
~L
m
�
n
(h
)	
>
;

(4
.A
.1
5
)

w
h
ich
p
ro
v
es
eq
.
(4
.A
.1
1
).

T
o
co
n
clu
d
e
th
e
co
m
p
u
ta
tio
n
o
f
eq
.
(4
.A
.3
),
w
e
g
iv
e
th
e
ex
p
ressio
n
fo
r
f
3 :

f
3 (h
;n
;m
;p
)
=
f
4 (h
;n
;m
;p
)

(1
+
2
h�
2
m
+
n�
p
)
�

2
+
n
+
p

(2
h�
2
m
�
2
p
)
�

2
+
n
+
p

;

(4
.A
.1
6
)

1
5
W
h
en

co
m
p
u
tin
g
co
rrela
tio
n
fu
n
ctio
n
s
o
f
q
u
a
sip
rim
a
ries,
a
sim
ila
r
rea
so
n
in
g
sh
o
w
s
th
a
t

(
~L
n
(h
))
+

=

~L
�
n
(h
�
n
).

w
h
ere

f
4 (h
;m
;n
;p
)
=

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
(�
1
)
n

(1
+
n
)
(2
+
m
�
n
)
n
=
(�
1
+
2
h
+
n
)
n

if
p
=
�
n

(�
2
+
m
+
m
2�
n�
h
n
+
2
h
2
n�
m
n�
2
h
m

+
3
h
n
2�
m
n
2

+
n
3)
(
�

1
)
n

(1+
n
)(3+
m
�
n
)
�

1+
n

2
(1
�
h+
m
�
n
)(
�

1+
2
h+
n
)
n

if
p
=
1�
n

(�
1
)
p

4 F
3 (�
1
+
m
;2
+
m
;�
1�
n�
p
;2�
n�
p
;

2�
2
h
+
2
m
�
2
n
;1�
p
;2
h�
p
;1
)

(2
h
�
p
)
1+
n
+
p

(2+
m
+
p
)
�

p

(2+
n
+
p
)
�

p

(
�

p
)!(
�

2+
2
h+
n
)
1+
n

if
1�
n
<
p
<
0

4 F
3 (�
1�
n
;2�
n
;�
1
+
m
+
p
;2
+
m
+
p
;

2
h
;1
+
p
;2�
2
h
+
2
m
�
2
n
+
p
;1
)

(2
h
)
�

2+
n

(
�

1+
m
)
p

(
�

1+
n
)
p

p
!(1+
2
h+
n
)
�

2+
n

(
�

1+
2
h
�
2
m
+
2
n
�
p
)
p

if
p
�
0

(4
.A
.1
7
)

W
e
d
id
n
o
t
�
n
d
a
sim
p
le
ex
p
ressio
n
fo
r
th
e
su
m
s
th
a
t
a
re
in
v
o
lv
ed
.
W
e
rew
ro
te
th
em

in
term
s
o
f
g
en
era
lised
h
y
p
erg
eo
m
etric
fu
n
ctio
n
s:

p F
q (n
i ;m
j ;
z
)
= Xk

�

0 Q
i
(n
i )
k

k
! Q
j
(m
j )
k
z
k
;

(4
.A
.1
8
)

w
h
ere
i
ru
n
s
fro
m
1
to
p
a
n
d
j
fro
m
1
to
q.
In
f
4 ,
th
e
in
�
n
ite
su
m
a
lw
ay
s
red
u
ces
to
a

�
n
ite
n
u
m
b
er
o
f
term
s
b
eca
u
se
o
n
e
o
f
th
e
n
i
is
n
eg
a
tiv
e.
O
n
e
ca
n
n
ow
u
se
id
en
tities

fo
r
th
e
g
en
era
lised
h
y
p
erg
eo
m
etric
fu
n
ctio
n
s
[1
8
8]
to
p
rov
e
th
a
t:

f
3 (h
;m
;�
n
;p
)
=
f
3 (h
+
n
�
m
;n
;�
m
;p
)
:

(4
.A
.1
9
)

A
ltern
a
tiv
ely,
th
is
ca
n
b
e
ch
eck
ed
u
sin
g
a
n
in
p
ro
d
u
ct
w
ith
fo
u
r
~L
o
p
era
to
rs.

D
e
te
rm
in
a
tio
n
o
f
th
e
c
o
e
�
c
ie
n
t
in
e
q
.
(4
.4
.1
6
)

W
e
�
rst
p
rov
e:

~L
n
(h
j �
m
)Q
P
h
i +
m

(	
i ;	
j )
=
f
5 (h
i ;h
j ;m
;n
)
Q
P
h
i +
m
+
n

(	
i ;	
j )
;

n
�
2
:

(4
.A
.2
0
)

a
lo
n
g
th
e
sa
m
e
lin
es
a
s
eq
.
(4
.A
.3
),
i.e.
w
e
w
ill
o
rd
er
th
e
m
o
d
es,
a
n
d
d
ro
p
L
�

1

co
n
trib
u
tio
n
s.
W
e
w
rite
d
ow
n
th
e
d
e�
n
itio
n
o
f
th
e
lh
s
u
sin
g
m
o
d
es:

Xk
;l
�

0
a
n
+
2

k

(2
;h
j �
m
)L
�

1
k
L
n
+
k

a
m
+
h
i

l

(h
i ;h
j )L
�

1
ld(	

i )
m
+
l 	
j
;

(4
.A
.2
1
)
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C
h
a
p
ter
4
.
W
-a
lg
eb
ra
s

w
h
ere
th
e
a
mn

a
re
g
iv
en
in
eq
.
(4
.3
.2
1
).
W
e
m
o
v
e
th
e
L
�

1
to
th
e
left
u
sin
g
eq
.
(4
.A
.1
),

a
n
d
d
ro
p
term
s
co
n
ta
in
in
g
L
�

1 :

Xl
�

0
a
m
+
h
i

l

(h
i ;h
j )
(n
�
l
+
2
)
l

L
n
�

l c	
i
m
+
l 	
j
:

(4
.A
.2
2
)

N
ow
,
th
e
fa
cto
r
(n
�
l
+
2
)
l
restricts
l
to
b
e
sm
a
ller
th
a
n
n
+
2
.
In
fa
ct,
fo
r
l
=
n
+
1

w
e
g
et
a
L
�

1
term

w
h
ich
w
e
sh
o
u
ld
d
ro
p
.
F
o
r
l
less
th
a
n
n
,
w
e
ca
n
co
m
m
u
te
L
n
�

l

th
ro
u
g
h
th
e
	
i
m
o
d
e.
O
n
ly
th
e
co
m
m
u
ta
to
r
eq
.
(2
.4
.7
)
rem
a
in
s,
a
s
L
n
�

l
a
n
n
ih
ila
tes

th
e
p
rim
a
ry
o
p
era
to
r
	
j .
W
e
g
et
fo
r
th
e
lh
s
o
f
eq
.
(4
.A
.2
0
),
d
ro
p
p
in
g
L
�

1
term
s:

�
n
�

1

Xl=
0

a
m
+
h
i

l

(h
i ;h
j )
(n
�
l
+
2
)
l
(n
(h
i �
1
)�
m
�
l)

+
a
m
+
h
i

n

(h
i ;h
j )
(2
)
n
(h
j �
m
�
n
) �c	
i
m
+
n
	
j
:

(4
.A
.2
3
)

T
h
e
co
e�
cien
t
o
f c	
i
m
+
n
	
j
in
th
is
eq
u
a
tio
n
is
f
5 ,
a
s
th
e
o
n
ly
term

in
th
e
rh
s
o
f
eq
.

(4
.A
.2
0
)
w
ith
o
u
t
L
�

1
is
sim
p
ly c	
i
m
+
n
	
j .
A
fter
su
m
m
a
tio
n
,
w
e
�
n
d
:

f
5 (h
i ;h
j ;m
;n
)
=

�
(�
1
)
n ��
h
i (h
i �
1
)
+
h
j (h
j �
1
)
+
M
(M

�
1
)
+

h
j n
(2
M

+
n
�
1
) �
(h
i �
h
j
+
M
)
n

+
(h
i (h
i �
1
)�
h
j (h
j �
1
)
+
M
(M

�
1
)
+

h
i n
(2
M

+
n
�
1
))
(�
h
i
+
h
j
+
M
)
n

�.
(2
M

+
n
�
2
)
n
+
1

(4
.A
.2
4
)

w
h
ere
M

=
h
j �
m
�
n
.

A
lth
o
u
g
h
w
e
o
n
ly
lo
o
k
ed
a
t
th
e
term

free
o
f
L
�

1 ,
th
e
o
th
ers
h
a
v
e
to
b
e
su
ch
th
a
t

th
e
rh
s
o
f
eq
.
(4
.A
.2
0
)
is
q
u
a
sip
rim
a
ry.
M
o
reo
v
er,
w
e
see
th
a
t
th
e
lh
s
o
f
eq
.
(4
.A
.2
0
)

is
o
f
th
e
fo
rm P
x
l L
�

1
ld(	
i )
m
+
n
+
l 	
j .
W
e
fo
u
n
d
in
su
b
sectio
n
4
.3
.2
th
a
t
req
u
irin
g

th
is
fo
rm
to
b
e
q
u
a
sip
rim
a
ry
�
x
ed
a
ll
x
j
in
term
s
o
f
x
0 .

It
is
n
ow
clea
r
th
a
t
th
e
p
ro
p
o
rtio
n
a
lity
co
n
sta
n
t
in
eq
.
(4
.4
.1
6
)
is
g
iv
en
b
y
:

~f(h
i ;h
j ;h
k
;f
~ng
)� Y

l

f
5 (h
i ;h
j ;h
j �
h
k � Xk

�

l
n
k
;
n
l )
:

(4
.A
.2
5
)
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C
h
a
p
te
r
5

F
a
c
to
r
in
g
o
u
t
F
r
e
e
F
ie
ld
s

A
n
O
p
era
to
r
P
ro
d
u
ct
A
lg
eb
ra
(O
P
A
)
is
fa
cto
red
in
tw
o
p
a
rts
if
w
e
ca
n
w
rite
it
a
s

a
d
irect
p
ro
d
u
ct
stru
ctu
re
A


A
0.

A
ll
o
p
era
to
rs
o
fA
h
av
e
n
o
n
sin
g
u
la
r
O
P
E
s
w
ith

o
p
era
to
rs
o
fA
0,

o
r
eq
u
iv
a
len
tly,
th
eir
m
o
d
es
co
m
m
u
te.
S
o
m
e
y
ea
rs
a
g
o
,
G
o
d
d
a
rd
a
n
d

S
ch
w
im
m
er
[1
0
3
]
p
rov
ed
th
a
t
ev
ery
O
P
A
ca
n
b
e
fa
cto
rised
in
to
a
p
a
rt
w
ith
o
n
ly
free

ferm
io
n
s
(o
f
d
im
en
sio
n
12

)
a
n
d
a
p
a
rt
co
n
ta
in
in
g
n
o
free
ferm
io
n
s.
A
s
a
co
n
seq
u
en
ce,

in
th
e
cla
ssi�
ca
tio
n
o
fW
{
a
lg
eb
ra
s,
sp
in
12

ferm
io
n
s
n
eed
n
ev
er
b
e
co
n
sid
ered
.
T
h
is

is
v
ery
fo
rtu
n
a
te,
sin
ce
th
e
m
a
in
m
eth
o
d
o
f
co
n
stru
ctin
g
a
la
rg
e
n
u
m
b
er
o
fW
{
a
lg
e-

b
ra
s,
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
(see
ch
a
p
ter
7
),
d
o
es
n
o
t
y
ield
d
im
en
sio
n
12

�
eld
s.

(S
u
p
ersy
m
m
etric
red
u
ctio
n
,
see
[8
6],
d
o
es
g
iv
e
w
eig
h
t
12

�
eld
s.)

T
h
e
�
rst
sectio
n
o
f
th
is
ch
a
p
ter
ex
ten
d
s
th
e
resu
lt
o
f
G
o
d
d
a
rd
a
n
d
S
ch
w
im
m
er
fo
r

o
th
er
free
�
eld
s.
W
e
p
resen
t
a
n
a
lg
o
rith
m
ic
p
ro
ced
u
re
fo
r
th
e
fa
cto
risa
tio
n
.
W
e
sta
rt

w
ith
a
d
eriva
tio
n
o
f
th
e
resu
lt
o
f
[1
0
3
]
in
o
u
r
fo
rm
a
lism
.
W
e
th
en
trea
t
b
o
so
n
ic
�
eld
s

o
f
w
eig
h
t
12

,
w
h
ich
w
ere
n
o
t
trea
ted
in
[1
0
3
].
It
w
a
s
a
lrea
d
y
n
o
ticed
in
[1
0
3]
th
a
t
in

so
m
e
ca
ses
(e.g
.
th
e
N

=
4
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
)
d
im
en
sio
n
1
b
o
so
n
s
ca
n

a
lso
b
e
d
eco
u
p
led
fro
m
a
co
n
fo
rm
a
l
th
eo
ry.
T
h
is
is
certa
in
ly
n
o
t
a
g
en
era
l
p
ro
p
erty,

a
n
d
th
e
fa
cto
risa
tio
n
-a
lg
o
rith
m
p
resen
ted
a
t
th
e
en
d
o
f
th
e
�
rst
sectio
n
g
iv
es
a
n
ea
sy

criteriu
m
to
d
ecid
e
w
h
en
free
b
o
so
n
s
ca
n
b
e
d
eco
u
p
led
.

In
th
e
seco
n
d
sectio
n
o
f
th
is
ch
a
p
ter,
w
e
sh
o
w
h
o
w
th
e
g
en
era
tin
g
fu
n
ctio
n
a
ls
o
f

th
e
a
lg
eb
ra
o
b
ta
in
ed
b
y
fa
cto
rin
g
o
u
t
free
�
eld
s
ca
n
b
e
fo
u
n
d
.
A
lso
,
th
e
criteriu
m

fo
r
fa
cto
risa
b
le
d
im
en
sio
n
1
b
o
so
n
s
is
red
eriv
ed
fro
m
W
a
rd
id
en
tities.

F
in
a
lly,
th
e
lin
ea
r
a
n
d
n
o
n
lin
ea
r
N

=
3
;4
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
a
re
d
iscu
ssed

a
s
a
n
ex
a
m
p
le.

T
h
e
�
rst
a
n
d
seco
n
d
sectio
n
o
f
th
is
ch
a
p
ter
co
n
ta
in
s
m
a
teria
l
p
u
b
lish
ed
in
[4
7
],

see
a
lso
[4
5
].
H
ow
ev
er,
th
e
fa
cto
risa
tio
n
a
lg
o
rith
m
is
co
n
sid
era
b
ly
sim
p
li�
ed
.
S
ectio
n

5
.3
is
b
a
sed
o
n
[1
8
2].

5
.1

A
lg
o
rith
m
s
fo
r
fa
c
to
risa
tio
n

In
th
e
fo
llo
w
in
g
su
b
sectio
n
s,
w
e
w
ill
sh
ow
h
ow
va
rio
u
s
free
�
eld
s
ca
n
b
e
d
eco
u
p
led

b
y
in
tro
d
u
cin
g
certa
in
p
ro
jectio
n
o
p
era
to
rs
o
n
th
e
v
ecto
rsp
a
ce
o
f
�
eld
s
in
th
e
O
P
A
.

T
h
ese
o
p
era
to
rs
w
ere
fo
u
n
d
in
[4
7],
b
u
t
w
e
w
ill
sh
ow
so
m
e
a
d
d
itio
n
a
l
p
ro
p
erties

w
h
ich
m
a
k
e
th
e
fo
rm
u
la
tio
n
o
f
th
e
a
lg
o
rith
m
sim
p
ler.

T
h
e
m
eth
o
d
ex
p
la
in
ed
in
th
is
sectio
n
is
va
lid
in
a
n
y
O
P
A
.
In
fa
ct,
w
e
d
o
n
o
t

req
u
ire
th
e
p
resen
ce
o
f
a
V
ira
so
ro
o
p
era
to
r.
T
h
erefo
re,
w
e
d
e�
n
e
th
e
m
o
d
es
^A
m

in

th
is
ch
a
p
ter
b
y
:

^A
m
B
�
[A
B
]m
;

m

2
Z

:

(5
.1
.1
)

T
h
is
is
a
sh
ift
w
ith
resp
ect
to
th
e
u
su
a
l
d
e�
n
itio
n
(2
.4
.1
).

5
.1
.1

F
re
e
fe
rm
io
n
s

F
o
r
co
m
p
leten
ess,
w
e
�
rst
red
eriv
e
th
e
resu
lt
o
f
[1
0
3
]
in
o
u
r
fo
rm
a
lism
a
n
d
g
iv
e
a
n

ex
p
licit
a
lg
o
rith
m
fo
r
th
e
d
eco
u
p
lin
g
.
C
o
n
sid
er
a
th
eo
ry
co
n
ta
in
in
g
a
free
ferm
io
n

 
,
see
sectio
n
2
.6
.2
.
F
ro
m
th
e
O
P
E
(2
.6
.2
6
)
w
e
�
n
d
th
e
fo
llow
in
g
a
n
tico
m
m
u
ta
tio
n

rela
tio
n
s
fo
r
th
e
m
o
d
es:

^ 
m

^ 
n

=
�
^ 
n
^ 
m

+
�
�
m
+
n
�

1
;

m
;n
2
N

;

(5
.1
.2
)

w
h
ere
�
is
a
n
o
rm
a
lisa
tio
n
co
n
sta
n
t.

O
u
r
m
eth
o
d
co
n
sists
o
f
d
e�
n
in
g
a
set
o
f
p
ro
jectio
n
o
p
era
to
rs
P
n

in
th
e
O
P
A
.

P
n

p
ro
jects
o
n
th
e
k
ern
el
o
f
th
e
m
o
d
e
^ 
n
.
T
o
g
eth
er,
th
ey
p
ro
ject
th
e
O
P
A
to
a

su
b
a
lg
eb
ra
w
h
ich
co
m
m
u
tes
w
ith
 
.
It
is
th
en
ea
sy
to
sh
ow
th
a
t
th
e
O
P
A
is
th
e

d
irect
p
ro
d
u
ct
o
f
th
is
su
b
a
lg
eb
ra
w
ith
th
e
O
P
A
g
en
era
ted
b
y
 
.

T
h
e
p
ro
jectio
n
o
p
era
to
rs
a
re
in
th
e
ca
se
o
f
free
ferm
io
n
s
d
e�
n
ed
b
y
:

P
n

�
1�

1�
^ 
1
�

n
^ 
n
;

n
>
0
:

(5
.1
.3
)



5
.1
.
A
lg
o
rith
m
s
fo
r
fa
cto
risa
tio
n

F
ro
m
eq
.
(5
.1
.2
)
w
e
see
th
a
t:

^ 
n P
n

=

0

P
n
^ 
1
�

n

=

0

^ 
n P
m

=

P
m

^ 
n
;

m

6=
n
;1�
n
:

(5
.1
.4
)

T
h
ese
rela
tio
n
s
lea
d
to
:

P
n P
n

=

P
n

P
n P
m

=

P
m
P
n
:

(5
.1
.5
)

T
o
g
eth
er,
eq
s.
(5
.1
.4
)
a
n
d
(5
.1
.5
)
sh
ow
th
a
tP
n

is
a
p
ro
jectio
n
o
p
era
to
r
in
th
e
k
ern
el

o
f
^ 
n
.
M
o
reo
v
er,
th
e
d
i�
eren
t
p
ro
jectio
n
o
p
era
to
rs
co
m
m
u
te.
C
lea
rly,
th
e
p
ro
jectio
n

o
p
era
to
r:

P
� Yn

>
0 P
n

(5
.1
.6
)

is
su
ch
th
a
t
fo
r
a
n
y
�
eld
A
o
f
th
e
O
P
A
,
th
e
O
P
E
(P
A
)(z
)
 
(w
)
is
n
o
n
sin
g
u
la
r.
B
y

u
sin
g
th
e
rela
tio
n
(2
.3
.1
4
)
fo
r
th
e
reg
u
la
r
p
a
rt
o
f
a
n
O
P
E
,
w
e
see
th
a
tP
A
is
eq
u
a
l

to
A
p
lu
s
co
m
p
o
sites
co
n
ta
in
in
g
 
.

A
s
a
n
ex
a
m
p
le,
it
is
ea
sy
to
ch
eck
th
a
t
a
n
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
fo
r
w
h
ich

 
is
a
p
rim
a
ry
�
eld
w
ith
d
im
en
sio
n
1
=
2
g
ets
th
e
ex
p
ected
co
rrectio
n
:

P
T

=

T
�

12
�
@
 
 
;

(5
.1
.7
)

i.e.
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
o
f
a
free
ferm
io
n
is
su
b
stra
cted
.
T
h
is
m
ea
n
s
th
a
t

th
e
cen
tra
l
ch
a
rg
e
o
fP
T
is
eq
u
a
l
to
�
1
=
2
th
e
cen
tra
l
ch
a
rg
e
o
f
T
.

W
h
en
th
e
O
P
A
is
g
en
era
ted
b
y
o
p
era
to
rs
T
i,

w
e
see
th
a
tP
T
i

g
en
era
te
a
su
b
a
l-

g
eb
ra
w
h
ere
a
ll
�
eld
s
co
m
m
u
te
w
ith
 
.
F
in
a
lly,
b
eca
u
se
P
A
=
A
+
:::,
th
e
co
m
p
lete

O
P
A
is
g
en
era
ted
b
y
P
T
i

a
n
d
 
.
T
h
is
p
rov
es
th
e
fa
cto
risa
tio
n
.

5
.1
.2

S
y
m
p
le
c
tic
b
o
so
n
s

S
u
p
p
o
se
w
e
h
a
v
e
a
p
a
ir
o
f
sy
m
p
lectic
b
o
so
n
s
�
+
;�
�

w
ith
O
P
E
s
g
iv
en
in
sectio
n
2
.6
.3
.

T
h
e
m
o
d
es
(5
.1
.1
)
sa
tisfy
th
e
co
m
m
u
ta
tio
n
rela
tio
n
s:

^�
�m

^�
�n

=

^�
�n

^�
�m
;

^�
+m

^�
�n

=

^�
�n

^�
+m

+
�
�
m
+
n
�

1
:

(5
.1
.8
)

T
h
e
m
eth
o
d
w
e
a
p
p
ly
is
co
m
p
letely
sim
ila
r
to
th
e
p
rev
io
u
s
ca
se.
W
e
d
e�
n
e
th
e

o
p
era
to
rs:

P
�n

� Xi
�

0
(�
1
)
i

i!�
i �

^�
�1
�

n �
i �

^�
�n �
i

;

n
>
0
:

(5
.1
.9
)

T
h
e
a
ctio
n
o
f
th
ese
o
p
era
to
rs
o
n
a
�
eld
�
o
f
th
e
O
P
A
is
w
ell-d
e�
n
ed
w
h
en
o
n
ly
a

�
n
ite
n
u
m
b
er
o
f
term
s
in
th
e
su
m

is
n
o
n
-zero
w
h
en
P
�n

a
cts
o
n
�
.
F
o
r
a
g
ra
d
ed

O
P
A
(see
d
e�
n
itio
n
2
.3
.7
),
a
su
�
cien
t
co
n
d
itio
n
is
th
a
t
d
im
(�
�

)
=
1
=
2
,
a
n
d
th
a
t

th
ere
is
a
lo
w
er
b
o
u
n
d
o
n
th
e
d
im
en
sio
n
o
f
th
e
�
eld
s
in
th
e
a
lg
eb
ra
.
In
th
e
ca
se
th
a
t

h
+

=
d
im
(�
+

)�
1
,
a
sim
ila
r
a
rg
u
m
en
t
d
o
es
n
o
t
ex
ist.
In
d
eed
,
if
n
�
h
+

,
it
ca
n
n
o
t

b
e
a
rg
u
ed
o
n
d
im
en
sio
n
a
l
g
ro
u
n
d
s
th
a
t �
^�
+n �
i

o
n
a
�
eld
h
a
s
to
b
e
zero
fo
r
i
la
rg
e

en
o
u
g
h
,
b
eca
u
se
d
im �
^�
+n

� �
=
d
im
(�
)
+
h
+
�
n
�
d
im
(�
).
H
ow
ev
er,
w
e
ex
p
ect
th
a
t

th
e
p
ro
jectio
n
o
p
era
to
rs
(5
.1
.9
)
ca
n
b
e
u
sed
in
m
o
st
ca
ses.

A
ssu
m
in
g
th
a
t
th
e
in
�
n
ite
su
m
s
g
iv
e
n
o
p
ro
b
lem
s,
w
e
p
ro
ceed
a
s
in
th
e
p
rev
io
u
s

su
b
sectio
n
.
U
sin
g
(5
.1
.8
),
w
e
�
n
d
:

^�
�n P
�m

=

(1�
�
m
�

n
)P
�m

^�
�n

P
�m

^�
�n

=

(1�
�
m
+
n
�

1 ) ^�
�n P
�m

:

(5
.1
.1
0
)

T
h
is
a
llo
w
s
u
s
to
p
ro
v
e
th
a
tP
�n

is
a
p
ro
jectio
n
o
p
era
to
r
o
n
th
e
k
ern
el
o
f
�
�n

,
a
n
d
a
ll

th
ese
p
ro
jectio
n
o
p
era
to
rs
co
m
m
u
te.
N
o
te
th
a
t
w
e
ca
n
rew
rite
th
e
d
e�
n
itio
n
(5
.1
.9
)

a
s:

P
�n

=
:
ex
p ��

1�
^�
�1
�

n
^�
�n �

:;

(5
.1
.1
1
)

w
h
ere
n
o
rm
a
l
o
rd
erin
g
w
ith
resp
ect
to
th
e
m
o
d
es
is
u
sed
.
T
h
e
co
m
p
lete
p
ro
jectio
n

o
p
era
to
r
is:

P
� Yn

>
0 P

+n P
�n

:

(5
.1
.1
2
)

T
h
is
p
ro
v
es
th
a
t
sy
m
p
lectic
b
o
so
n
s
ca
n
a
ll
b
e
d
eco
u
p
led
w
h
en
th
e
a
ctio
n
o
f
th
e

o
p
era
to
rs
(5
.1
.9
)
is
w
ell-d
e�
n
ed
in
th
e
O
P
A
.
T
h
is
is
a
lw
ay
s
th
e
ca
se
fo
r
d
im
en
sio
n

1
=
2
sy
m
p
lectic
b
o
so
n
s.
N
o
te
th
a
t
w
h
en
th
e
d
im
en
sio
n
h
+

6=
1
=
2
,
�
eld
s
w
ith
zero

o
r
n
eg
a
tiv
e
d
im
en
sio
n
a
re
p
resen
t
in
th
e
O
P
A
.
F
o
r
a
p
p
lica
tio
n
s
in
co
n
fo
rm
a
l
�
eld

th
eo
ry
th
is
is
u
n
d
esira
b
le.
O
f
co
u
rse,
�

{
sy
stem
s
u
sed
in
B
R
S
T
q
u
a
n
tisa
tio
n
a
re

a
lrea
d
y
fa
cto
red
fro
m
th
e
rest
o
f
th
e
O
P
A
.

A
s
a
n
ex
a
m
p
le,
co
n
sid
er
a
V
ira
so
ro
o
p
era
to
r
T
.
�
+

a
n
d
�
�

a
re
p
rim
a
ries
o
f

d
im
en
sio
n
h
+

a
n
d
1�
h
+

resp
ectiv
ely
w
ith
resp
ect
to
T
.
W
e
�
n
d
:

P
+1 P
�1
T
=
T
�
h
+�

�
+
@
�
�

+
h
�

�
@
�
+
�
�

:

(5
.1
.1
3
)

P
+1 P
�1
T

a
lrea
d
y
co
m
m
u
tes
w
ith
�
�

,
so
n
o
fu
rth
er
p
ro
jectio
n
s
a
re
n
ecessa
ry.
T
h
e

cen
tra
l
ex
ten
sio
n
o
f
th
e
n
ew
V
ira
so
ro
o
p
era
to
r
is
g
iv
en
b
y
c�
2
(6
(h
+

)
2�

6
h
+

+
1
).

F
in
a
lly,
w
e
co
n
sid
er
th
e
ca
se
o
f
a
ferm
io
n
ic
bc-sy
stem
.
It
ca
n
b
e
d
eco
u
p
led
u
sin
g

a
fo
rm
u
la
sim
ila
r
to
(5
.1
.1
1
).
H
ere,
a
ll
su
m
s
a
re
red
u
ce
to
o
n
ly
tw
o
term
s,
p
rov
in
g

th
a
t
ferm
io
n
ic
b;c
ca
n
a
lw
ay
s
b
e
fa
cto
red
o
u
t.
A
ltern
a
tiv
ely,
o
n
e
ca
n
d
e�
n
e
tw
o
free

6
3



C
h
a
p
ter
5
.

F
a
cto
rin
g
o
u
t
F
ree
F
ield
s

ferm
io
n
s
b�
c
fo
r
w
h
ich
th
e
resu
lts
o
f
th
e
p
rev
io
u
s
su
b
sectio
n
ca
n
b
e
u
sed
.
T
h
is
ca
n

b
e
d
o
n
e
ev
en
if
b
a
n
d
c
h
av
e
d
i�
eren
t
d
im
en
sio
n
s,
a
s
su
b
sectio
n
5
.1
.1
d
o
es
n
o
t
rely

o
n
th
e
d
im
en
sio
n
a
t
a
ll.

5
.1
.3

U
(1)
c
u
rre
n
ts

A
(b
o
so
n
ic)
U
(1
)
cu
rren
t
J
h
a
s
th
e
O
P
E
(th
e
n
o
ta
tio
n
fo
r
O
P
E
s
is
in
tro
d
u
ced
in

su
b
sectio
n
2
.3
.4
):

J
�
J
=
<<
�
j
0
>>

:

(5
.1
.1
4
)

T
h
e
d
eriva
tiv
e
o
f
a
free
sca
la
r
trea
ted
in
sectio
n
2
.6
.1
p
ro
v
id
es
a
rea
lisa
tio
n
o
f
th
is

O
P
E
.
T
h
e
co
m
m
u
ta
tio
n
ru
les
fo
r
th
e
m
o
d
es
a
re:

^Jm
^Jn
=

^Jn
^Jm
+
�
(m
�
1
)�
m
+
n
�

2
:

(5
.1
.1
5
)

F
ro
m
eq
.
(5
.1
.1
5
),
w
e
ca
n
see
th
a
t
th
e
d
esired
p
ro
jectio
n
o
p
era
to
rs
a
re:

P
n

�
:
ex
p �

1

(1�
n
)�

^J2
�

n
^Jn �
:;

(5
.1
.1
6
)

ex
cep
t
fo
r
n
=
1
.
N
o
tice
th
a
t
in
a
g
ra
d
ed
O
P
A
(see
d
ef.
2
.3
.7
)
d
im
(J
)
=
1
,
su
ch
th
a
t

d
im
(
^J1 A
)
=
d
im
(A
).
H
en
ce,
w
e
ca
n
n
o
t
a
rg
u
e
o
n
d
im
en
sio
n
a
l
g
ro
u
n
d
s
th
a
t
(
^J1 )
iA

is
zero
ev
en
fo
r
v
ery
la
rg
e
i.
H
ow
ev
er,
th
e
situ
a
tio
n
is
d
isctin
ctly
d
i�
eren
t
fro
m

p
rev
io
u
s
su
b
sectio
n
,
w
h
ere
w
e
co
u
ld
still
h
o
p
e
th
a
t
fo
r
m
o
st
O
P
A
s
th
e
p
ro
jectio
n

o
p
era
to
rs
(5
.1
.9
)
a
re
w
ell-d
e�
n
ed
.
In
th
e
ca
se
o
f
a
U
(1
)-sca
la
r,P
1
sim
p
ly
d
o
es
n
o
t

ex
ist.

T
h
e
o
r
e
m

5
.1
.1
A
U
(1
)
cu
rren
t
J
ca
n
be
d
eco
u
p
led
if
a
n
d
o
n
ly
if:

^J1 A
=
[J
A
]1
=
0

(5
.1
.1
7
)

fo
r
a
ll
�
eld
s
A
o
f
th
e
O
P
A
.
O
r
in
w
o
rd
s,
a
ll
�
eld
s
h
a
ve
zero
[U
(1
)]
ch
a
rge
w
ith
respect

to
th
e
cu
rren
t
J
.

P
r
o
o
f
:

T
h
e
fa
ct
th
a
t
eq
.
(5
.1
.1
7
)
is
a
su
�
cien
t
co
n
d
itio
n
fo
llo
w
s
b
eca
u
se
w
e
ca
n
d
e�
n
e
th
e

p
ro
jectio
n
o
p
era
to
rs
(5
.1
.1
6
).

W
e
n
ow

sh
o
w

th
a
t
(5
.1
.1
7
)
is
a
lso
a
n
ecessa
ry
co
n
d
itio
n
u
sin
g
a
sp
ecia
l
ca
se
o
f
th
e

J
a
co
b
i
id
en
tity
(2
.3
.2
1
):

[J
[B
C
]n
]1
=
[[J
B
]1 C
]n
+
[B
[J
C
]1 ]n

(5
.1
.1
8
)

a
n
d

[J
@
A
]1
=
@
([J
A
]1 )
:

(5
.1
.1
9
)

S
u
p
p
o
se
th
e
cu
rren
ts
J
a
n
d
T
k

g
en
era
te
th
e
a
lg
eb
ra
a
n
d
[J
T
k
]1
is
n
o
n
zero
fo
r
so
m
e
k
.

W
e
lo
o
k
fo
r
a
n
a
ltern
a
tiv
e
set
~T
k

w
h
ich
still
g
en
era
te
th
e
a
lg
eb
ra
(to
g
eth
er
w
ith
J
)
a
n
d

fo
r
w
h
ich
[J
~T
k
]1
=
0
.
W
e
ca
n
a
lw
ay
s
ch
o
o
se

~T
k

=
T
k
+
X
k
;

(5
.1
.2
0
)

w
h
ere
X
k

h
a
s
strictly
p
o
sitiv
e
d
eriv
a
tiv
e-n
u
m
b
er
(see
eq
.
(3
.3
.1
4
)),
o
r
a
co
m
p
o
site-

n
u
m
b
er
(see
eq
.
(3
.3
.1
6
))
la
rg
er
th
a
n
1
.
W
e
d
e�
n
e:

D
=
m
in

k

d
([J
T
k
]1 )

C
=
m
ink

c([J
T
k
]1 )
:

(5
.1
.2
1
)

W
e
w
ill
n
ow
p
rov
e
th
a
t
d
([J
X
k
]1 )
>
D

o
r
c([J
X
k]1 )
>
C
.
If
d
(X
k
)
>
0
,
eq
.
(5
.1
.1
9
)

p
rov
es
th
e
�
rst
in
eq
u
a
lity.
If
d
(X
k
)
=
0
,
w
e
n
ecessa
rily
h
a
v
e
th
a
t
c(X
k
)
>
1
.
In
th
is

ca
se
th
e
seco
n
d
in
eq
u
a
lity
fo
llow
s
fro
m

eq
.
(5
.1
.1
8
)
w
ith
n
=
0
.
T
h
is
m
ea
n
s
th
a
t
it
is

n
o
t
p
o
ssib
le
to
�
n
d
X
k

w
h
ich
ca
n
cel
th
e
co
n
trib
u
tio
n
s
o
f
T
k

co
m
p
letely.

T
h
e
co
n
d
itio
n
(5
.1
.1
7
)
is
n
o
t
eq
u
iva
len
t
to
[A
J
]1
=
0
b
eca
u
se,
see
eq
.
(2
.3
.1
6
):

[A
J
]1
=
[J
A
]1
+ Xi

�

2
(�
1
)
i

i!

[A
J
]i
:

(5
.1
.2
2
)

In
a
W
{
a
lg
eb
ra
g
en
era
ted
b
y
p
rim
a
ry
�
eld
s
(ex
cep
t
T
itself),
th
e
criterio
n
b
eco
m
es

th
a
t
fo
r
a
n
y
p
rim
a
ry
g
en
era
to
r
A
,
[A
J
]1
m
ay
n
o
t
co
n
ta
in
a
n
y
p
rim
a
ry
�
eld
s.
In
d
eed
,

if
J
a
n
d
C
a
re
p
rim
a
ries
w
ith
resp
ect
to
T
,
w
e
see
fro
m
eq
.
(5
.1
.1
8
)
w
ith
B
=
T
th
a
t

[J
C
]1
is
p
rim
a
ry.
B
eca
u
se
th
e
p
rim
a
ry
a
t
[J
C
]1
is
th
e
sa
m
e
a
s
th
e
o
n
e
in
[C
J
]1 ,
eq
.

(5
.1
.1
7
)
tra
n
sla
tes
in
th
e
req
u
irem
en
t
th
a
t
th
ere
is
n
o
p
rim
a
ry
�
eld
in
[A
J
]1 .

F
in
a
lly,
w
e
rem
a
rk
th
a
t
th
e
co
n
d
itio
n
eq
.
(5
.1
.1
7
)
is
in
fa
ct
q
u
ite
n
a
tu
ra
l,
a
s

U
(1
)-sca
la
rs
ca
n
b
e
v
iew
ed
a
s
th
e
d
eriv
a
tiv
e
o
f
a
d
im
en
sio
n
zero
�
eld
,
a
n
d
fo
r
a
n
y

�
eld
s
A
a
n
d
B
,
eq
.
(2
.3
.1
2
)
im
p
lies
th
a
t
[@
A
B
]1
=
0
.

5
.2

G
e
n
e
ra
tin
g
fu
n
c
tio
n
a
ls

In
th
is
sectio
n
,
w
e
stu
d
y
th
e
rela
tio
n
b
etw
een
th
e
g
en
era
tin
g
fu
n
ctio
n
a
ls
o
f
th
e

a
lg
eb
ra
s
rela
ted
b
y
fa
cto
rin
g
o
u
t
a
free
�
eld
.
T
h
e
resu
lts
a
re
esp
ecia
lly
im
p
o
rta
n
t

a
s
th
ese
fu
n
ctio
n
a
ls
d
e�
n
e
th
e
in
d
u
ced
a
ctio
n
s
o
f
th
e
co
rresp
o
n
d
in
g
W
-g
rav
ities
(see

ch
a
p
ter
7
).

R
eca
ll
th
e
d
e�
n
itio
n
o
f
th
e
g
en
era
tin
g
fu
n
ctio
n
s
(2
.5
.1
)
a
n
d
(2
.5
.4
)
fo
r
a
n
O
P
A

w
ith
g
en
era
to
rs
T
k:Z

[�
]
=
ex
p
(�
�
[�
])
= �
ex
p ��

1� Z
�
k
T
k ��
:

(5
.2
.1
)

S
u
p
p
o
se
th
e
O
P
A

co
n
ta
in
s
a
free
�
eld
F

th
a
t
ca
n
b
e
fa
cto
red
o
u
t.
W
e
w
ill

d
en
o
te
b
y
~T
k

th
e
red
e�
n
ed
g
en
era
to
rs
(a
n
ti-)
co
m
m
u
tin
g
w
ith
F
.
B
y
in
v
ertin
g
th
e

a
lg
o
rith
m
s
o
f
th
e
p
rev
io
u
s
sectio
n
,
w
e
ca
n
w
rite:

T
k

=

~T
k

+
P
k[ ~T
;F
]
;

(5
.2
.2
)
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5
.3
.
E
x
a
m
p
les

w
h
ere
th
e
P
k

[
~T
;F
]
a
re
so
m
e
d
i�
eren
tia
l
p
o
ly
n
o
m
ia
ls
w
ith
a
ll
term
s
a
t
lea
st
o
f
o
rd
er

1
in
F
.
W
e
n
ow
p
rov
id
e
so
m
e
h
eu
ristic
a
rg
u
m
en
ts
{
i.e.
b
a
sed
o
n
p
a
th
in
teg
ra
ls
{

th
a
t
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l
~Z
[~�
]
o
f
th
e
red
u
ced
g
ra
v
ity
th
eo
ry,
w
h
ich
is
d
e�
n
ed

sim
ila
rly
to
eq
.
(5
.2
.1
),
ca
n
b
e
o
b
ta
in
ed
fro
m
Z
[�
]
b
y
in
teg
ra
tin
g
o
v
er
th
e
so
u
rce
o
f

th
e
free
�
eld
�
F
:

~Z
[~�
]
= Z
[d
�
F
]
Z
[~�
;�
F
]
:

(5
.2
.3
)

W
e
ca
n
co
m
p
u
te
Z
a
s
fo
llo
w
s

Z
[~�
;�
F
]
= �
ex
p ��

1� Z
~�
k
(
~T
k

+
P
k

[ ~T
;F
])
+
�
F
F ��

O
P
E

:

(5
.2
.4
)

W
e
a
ssu
m
e
th
a
t
th
ere
ex
ists
a
p
a
th
in
teg
ra
l
fo
rm
u
la
tio
n
fo
r
th
is
ex
p
ressio
n
,
i.e.
th
e
~T
k

a
re
ex
p
ressed
in
term
s
o
f
so
m
e
m
a
tter
�
eld
s
'
.
In
th
is
ca
se,
th
e
p
o
ly
n
o
m
ia
ls
P
k

in
th
e

p
a
th
in
teg
ra
l
w
o
u
ld
b
e
th
e
cla
ssica
l
lim
it
o
f
th
o
se
in
(5
.2
.2
),
a
n
d
so
m
e
reg
u
la
risa
tio
n

p
ro
ced
u
re
h
a
s
to
b
e
a
p
p
lied
to
�
n
d
(5
.2
.4
).
In
p
a
rticu
la
r,
sh
o
rt
d
ista
n
ce
sin
g
u
la
rities

sh
o
u
ld
b
e
reso
lv
ed
fo
r
ex
a
m
p
le
b
y
p
o
in
t
sp
littin
g
.
W
e
h
av
e:

Z
[~�
;�
F
]
= Z
[d
'
][d
F
]

ex
p� �
S
['
]
+
S
F
[F
]
+

1� Z
~�
k �
~T
k

['
]
+
P
k

[
~T
['
];F
] �
+
�
F
F �
:
(5
.2
.5
)

H
ere
S
F

is
th
e
free
�
eld
a
ctio
n
w
h
ich
g
iv
es
th
e
co
rrect
O
P
E
fo
r
F
.
F
o
r
�
k
=
0
th
e

m
a
tter
�
eld
s
a
n
d
F
a
re
n
o
t
co
u
p
led
.
T
h
is
im
p
lies
th
a
t
~T
k

a
n
d
F
h
av
e
a
n
o
n
-sin
g
u
la
r

O
P
E
a
s
is
req
u
ired
.

W
e
n
o
w
in
teg
ra
te
eq
.
(5
.2
.5
)
o
v
er
�
F

a
n
d
in
terch
a
n
g
e
th
e
o
rd
er
o
f
in
teg
ra
tio
n
.
T
h
e

la
st
term

in
th
e
ex
p
o
n
en
tia
l
g
iv
es
u
s
�
(F
),
su
ch
th
a
t
a
ll
term
s
co
n
ta
in
in
g
F
ca
n
b
e

d
ro
p
p
ed
.
T
h
e
rem
a
in
in
g
ex
p
ressio
n
is
ex
a
ctly
~Z
.

G
o
in
g
to
th
e
e�
ectiv
e
th
eo
ry
(see
ch
a
p
ter
7
),
w
e
d
e�
n
e:

ex
p ��
W
[
�T
] �
= Z
[d
�
]Z
[�
]ex
p �

1� Z
�
k
�T
k �
:

(5
.2
.6
)

F
ro
m
rela
tio
n
(5
.2
.3
),
w
e
im
m
ed
ia
tely
see:

~W
[ �T
]
=
W
[
�T
;
�T
F

=
0
]:

(5
.2
.7
)

T
h
erefo
re,
th
e
tw
o
th
eo
ries
a
re
rela
ted
b
y
a
qu
a
n
tu
m
H
a
m
ilto
n
ia
n
red
u
ctio
n
.

F
in
a
lly,
let
u
s
see
h
ow
th
e
cla
ssica
l
lim
its
o
f
th
e
W
a
rd
id
en
tities
fo
r
th
e
g
en
era
tin
g

fu
n
ctio
n
a
ls
(2
.5
.1
8
)
a
re
rela
ted
.
T
h
e
�
rst
step
is
to
n
o
te
th
a
t
fo
r
b
o
th
th
eo
ries,
th
e

sa
m
e
W
a
rd
id
en
tities
a
re
sa
tis�
ed
b
y
th
e
L
eg
en
d
re
tra
n
sfo
rm
1
W
(0
)

o
f
th
e
cla
ssica
l

1
S
ee
th
e
in
tro
d
u
ctio
n
o
f
ch
a
p
ter
7
fo
r
th
e
d
e�
n
itio
n
o
f
th
ese
fu
n
ctio
n
a
ls.

lim
it
o
f
�
b
y
rep
la
cin
g
f
�
;��
(0
)=
�
�g
w
ith
f
�
W
(0
)=
�
�T
;
�Tg
.
F
u
rth
erm
o
re,
W
(0
)

is
th
e

cla
ssica
l
lim
it
o
f
W

(u
p
to
so
m
e
fa
cto
rs),
a
s
it
is
th
e
sa
d
d
le-p
o
in
t
va
lu
e
in
(5
.2
.6
).

F
ro
m
eq
.
(5
.2
.7
),
w
e
see
th
a
t
th
e
cla
ssica
l
lim
it
o
f
th
e
W
a
rd
id
en
tities
o
f
th
e
red
u
ced

th
eo
ry
ca
n
b
e
o
b
ta
in
ed
b
y
p
u
ttin
g
��
(0
)=
�
�
F

=
0
in
th
e
o
rig
in
a
l
id
en
tities.

In
d
eed
,
w
h
en
w
e
fa
cto
r
o
u
t
a
ferm
io
n
,th
e
W
a
rd
id
en
tity
co
rresp
o
n
d
in
g
to
�
i
=
�
 

is,
see
(2
.5
.1
8
):

�@u
 

=
�
��
�
 

+
F
[�
;u
;u
 
]
;

(5
.2
.8
)

w
h
ere:

u
i�
��

�
�
i
:

(5
.2
.9
)

S
ettin
g
u
 

=
0
,
w
e
ca
n
so
lv
e
fo
r
�
 

a
n
d
su
b
stitu
te
th
e
so
lu
tio
n
in
th
e
o
th
er
W
a
rd

id
en
tities.
In
th
is
w
ay,
th
e
ferm
io
n
 
co
m
p
letely
d
isa
p
p
ea
rs
fro
m
th
e
th
eo
ry.
T
h
e

sa
m
e
ca
n
b
e
d
o
n
e
fo
r
a
co
u
p
le
(�
+
;�
�

)
o
f
sy
m
p
lectic
b
o
so
n
s,
b
y
lo
o
k
in
g
a
t
th
e

eq
u
a
tio
n
s
w
ith
�
i
=
�
�

.

W
e
n
ow
trea
t
th
e
d
eco
u
p
lin
g
o
f
a
U
(1
)-sca
la
r
J
.
T
h
e
W
a
rd
id
en
tity
(2
.5
.1
8
)
o
f
�
J

h
a
s
a
n
a
n
o
m
a
lo
u
s
term

p
ro
p
o
rtio
n
a
l
to
@
�
J
.
T
h
is
m
ea
n
s
th
a
t
w
e
w
ill
o
n
ly
b
e
a
b
le

to
rem
ov
e
th
e
sca
la
r
�
eld
if
�
J

n
ev
er
a
p
p
ea
rs
u
n
d
eriv
ed
.
S
o
o
u
r
criteriu
m

fo
r
th
e

fa
cto
rin
g
o
u
t
o
f
a
sca
la
r
�
eld
J
sh
o
u
ld
b
e
th
a
t
in
a
ll
W
a
rd
id
en
tities
o
f
th
e
th
eo
ry,

th
e
co
e�
cien
t
o
f
�
J
,
w
ith
o
u
t
d
eriv
a
tiv
e,
va
n
ish
es.
If
w
e
lo
o
k
a
t
eq
.
(2
.5
.1
8
)
fo
r
so
m
e

so
u
rce
�
i ,
th
is
term
is
g
iv
en
b
y
:

�
1�

�
J �
[J
T
i ]1
ex
p ��

1� Z
�
k
T
k ��
:

(5
.2
.1
0
)

W
e
see
th
a
t
req
u
irin
g
th
is
term

to
va
n
ish
,
y
ield
s
p
recisely
th
e
cla
ssica
l
lim
it
o
f
th
e

co
n
d
itio
n
(5
.1
.1
7
).

5
.3

E
x
a
m
p
le
s

In
th
is
sectio
n
w
e
d
iscu
ss
th
e
N

=
3
;4
lin
ea
r
[1,
1
7
1,
1
8
5]
a
n
d
n
o
n
lin
ea
r
[2
0,
1
3
3,

1
0
3]
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s.
F
o
r
b
o
th
ca
ses,
th
e
fa
cto
risa
tio
n
s
w
ere
p
erfo
rm
ed
in

[1
0
3].
T
h
e
rela
tio
n
(5
.2
.3
)
b
etw
een
th
e
in
d
u
ced
a
ctio
n
s
w
ill
b
e
d
eriv
ed
h
ere
in
a

m
o
re
ex
p
licit
w
ay
w
ith
o
u
t
rely
in
g
o
n
a
n
u
n
d
erly
in
g
p
a
th
in
teg
ra
l
fo
rm
a
lism
fo
r
th
e

fa
cto
rised
a
lg
eb
ra
.
In
th
is
sectio
n
,
w
e
d
o
n
o
t
fo
llow
th
e
co
n
v
en
tio
n
s
o
f
a
p
p
en
d
ix

B
fo
r
su
m
m
a
tio
n
in
d
ices.
N
o
sig
n
s
a
re
im
p
lied
in
th
e
su
m
m
a
tio
n
s
a
n
d
in
d
ices
a
re

ra
ised
a
n
d
low
ered
w
ith
th
e
K
ro
n
eck
er
d
elta
.

5
.3
.1

N

=
3
su
p
e
rc
o
n
fo
rm
a
l
a
lg
e
b
ra
s

B
o
th
N

=
3
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
co
n
ta
in
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
,
su
-

p
erch
a
rg
es
G
a,
a
2
f
1
;2
;3g
a
n
d
a
n
so(3
)
a
�
n
e
L
ie
a
lg
eb
ra
w
ith
g
en
era
to
rs
U
a,
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C
h
a
p
ter
5
.

F
a
cto
rin
g
o
u
t
F
ree
F
ield
s

a
2
f
1
;2
;3g
.
T
h
e
lin
ea
r
a
lg
eb
ra
[1
]
co
n
ta
in
s
in
a
d
d
itio
n
a
d
im
en
sio
n
1
=
2
ferm
io
n
Q
.

T
h
e
O
P
E
s
o
f
th
e
g
en
era
to
rs
a
re
(w
e
u
se
tild
es
fo
r
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
a
n
d
o
m
it

O
P
E
s
w
ith
T
a
n
d eT
):

G
a
G
b

=

�
a
b
2
c3

[
]�
"
a
b
c2

[U
c] eG
aeG
b

=

�
a
b
2
(
~c
�

1
)

3

[
]�
2
(~c
�

1
)

~c+
1
=
2
"
a
b
c[ eU
c]

+

3

~c+
1
=
2
[ eU
(aeU
b
)�
2
~c+
1

3
~c

�
a
beT

]

U
a
U
b

=

�
c3
�
a
b[

]
+
"
a
b
c[U
c] eU
aeU
b

=

�
~c+
1
=
2

3

�
a
b[

]
+
"
a
b
c[ eU
c]

U
a
G
b

=

�
a
b[Q

]
+
"
a
b
c[G
c]

eU
aeG
b

=

"
a
b
c[ eG
c]

Q
G
a

=

[U
a]

Q
Q

=

�
c3

[
];

(5
.3
.1
)

w
h
ere
w
e
list
o
n
ly
th
e
p
rim
a
ries
in
th
e
O
P
E
s
(see
sectio
n
4
.4
).

T
h
e
rela
tio
n
[1
0
3]
b
etw
een
th
e
lin
ea
r
a
n
d
n
o
n
lin
ea
r
a
lg
eb
ra
s
is
th
a
t
Q
co
m
m
u
tes

w
ith
th
e
co
m
b
in
a
tio
n
s
th
a
t
co
n
stitu
te
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
:

eT
�
T
+

32
c
@
Q
Q
;

eG
a

�
G
a

+
3c

U
a
Q
;

eU
a

�
U
a
;

(5
.3
.2
)

w
h
ile
th
e
cen
tra
l
ch
a
rg
es
a
re
rela
ted
b
y
~c
=
c�
1
=
2
.
T
h
ese
rela
tio
n
s
a
re
ea
sily
fo
u
n
d

b
y
a
p
p
ly
in
g
th
e
a
lg
o
rith
m
s
o
f
sectio
n
5
.1
.

W
e
d
eriv
e
th
e
W
a
rd
id
en
tities
fo
r
th
e
in
d
u
ced
a
ctio
n
s
(2
.5
.4
)
�
a
n
d
~�
b
y
co
n
sid
-

erin
g
th
eir
tra
n
sfo
rm
a
tio
n
p
ro
p
erties
u
n
d
er
N

=
3
su
p
erg
ra
v
ity
tra
n
sfo
rm
a
tio
n
s.
W
e

w
ill
u
se
th
e
n
o
ta
tio
n
s
h
�
�
T
; 
a

�
�
G
a

;A
a

�
�
U
a

;�
�
�
Q
.
T
h
e
tra
n
sfo
rm
a
tio
n
s

rea
d
,
fo
r
th
e
lin
ea
r
ca
se:

�
h

=

�@"
+
"@
h
�
@
"h
+
2
�
a
 
a
;

�
 
a

=

�@�
a

+
"@
 
a
�

12
@
" 
a

+
12

�
a
@
h
�
@
�
a
h
�
"
a
b
c(�

b A
c
+
!
b  
c )

�
A
a

=

�@!
a

+
"@
A
a�
"
a
b
c(@
�
b  
c �
�
b @
 
c )
+
�
a
�
�
"
a
b
c!

b A
c �
@
!
a
h
+
�
 
a

�
�

=

�@�
+
"@
�
+

12
@
"�
+
�
a
@
A
a �
@
!
a
 
a �

12
�
@
h
�
@
�
h
:

(5
.3
.3
)

T
h
ey
a
re
th
e
sa
m
e
fo
r
th
e
n
o
n
lin
ea
r
ca
se,
ex
cep
t
th
a
t
th
ere
is
n
o
�
eld
�
a
n
d
n
o

p
a
ra
m
eter
�
,
a
n
d
�
A
a

co
n
ta
in
s
a
~c
d
ep
en
d
en
t
ex
tra
term
:

�
ex
tra A
a

=

32
~c
"
a
b
c(@
�
b  
c �
�
b @
 
c )
:

(5
.3
.4
)

T
h
e
a
n
o
m
a
ly
fo
r
th
e
lin
ea
r
th
eo
ry
is:

��
[h
; 
;A
;�
]
=
�
c

1
2
� Z
"@
3
h
�
c3

� Z
�
a
@
2 

a
+

c3
� Z
!
a
@
A
a
+

c3
� Z
�
�
:
(5
.3
.5
)

D
e�
n
in
g
2:

t
=

1
2
�c

���
h

g
a

=
3
�c

��
�
 
a

u
a

=
�

3
�c

��
�
A
a

q
=
�

3
�c
���

�

(5
.3
.6
)

w
e
o
b
ta
in
th
e
W
a
rd
id
en
tities
fo
r
th
e
lin
ea
r
th
eo
ry
b
y
co
m
b
in
in
g
eq
s.
(5
.3
.3
)
a
n
d

(5
.3
.5
):@

3h

=

r
t�
(2
 
a
@
+
6
@
 
a )
g
a

+
4
@
A
a
u
a�

(2
�
@
�
2
@
�
)
q

@
2 
a

=

r
g
a�
12

 
a
t
+
"
a
b
cA

b g
c

+
�
u
a

+
"
a
b
c

(2
@
 
b
+
 
b @
)
u
c
+
@
A
a
q

@
A
a

=

r
u
a�
"
a
b
c 

b g
c
+
"
a
b
cA

b u
c �
( 
a
@
+
@
 
a

)
q

�

=

r
q�
 
a
u
a
;

(5
.3
.7
)

w
h
ere:

r
�
= �
�@�
h
@
�
h
�
@
h �
�
;

(5
.3
.8
)

w
ith
h
�

=
2
;
32
;
1
;
12

fo
r
�
=
t;
g
a
;
u
a
;
q.

B
eca
u
se
th
ese
fu
n
ctio
n
a
l
d
i�
eren
tia
l
eq
u
a
tio
n
s
h
av
e
n
o
ex
p
licit
d
ep
en
d
en
ce
o
n
c,

th
e
in
d
u
ced
a
ctio
n
ca
n
b
e
w
ritten
a
s:

�
[h
; 
;A
;�
]
=
c
�
(0
)[h
; 
;A
;�
]
;

(5
.3
.9
)

w
h
ere
�
(0
)

is
c-in
d
ep
en
d
en
t.

T
h
e
n
o
n
lin
ea
r
th
eo
ry
ca
n
b
e
trea
ted
in
a
p
a
ra
llel
w
ay.
T
h
e
a
n
o
m
a
ly
is
n
ow
:

� e�
[h
; 
;A
]

=

�
~c

1
2
� Z
"@
3
h
�

~c�
1

3
� Z
�
a
@
2 

a
+

~c
+
1
=
2

3
�

Z
!
a
@
A
a

�

3

�
(~c
+
1
=
2
) Z
�
a
 
b �
U
(a
U
b
) �

e�
:

(5
.3
.1
0
)

T
h
e
la
st
term
,
w
h
ich
is
d
u
e
to
th
e
n
o
n
lin
ea
r
term
in
th
e
a
lg
eb
ra
eq
.
(5
.3
.1
),
ca
n
b
e

rew
ritten
a
s:

�
U
(a
U
b
) �

e�
(x
)
= DeU
(aeU
b
)(x

)
ex
p �
�

1� Z�
h eT
+
 
a eG
a

+
A
a eU
a ��E.

2
A
ll
fu
n
ctio
n
a
l
d
eriv
a
tiv
es
a
re
left
d
eriv
a
tiv
es.
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5
.3
.
E
x
a
m
p
les

ex
p �
� e� �

(5
.3
.1
1
)

= �
~c
+
1
=
2

3

�
2

u
a

(x
)
u
b(x

)
+

(~c
+
1
=
2
)�

6

lim
y
!

x �
@
u
a

(x
)

@
A
b (y
)
�
@�@

�
(2
)(x
�
y
)�
a
b

+
a



b �
:

T
h
e
lim
it
in
th
e
la
st
term
o
f
eq
.
(5
.3
.1
1
)
re
ects
th
e
p
o
in
t-sp
littin
g
reg
u
la
risa
tio
n
o
f

th
e
co
m
p
o
site
term
s
in
th
e eG eG
O
P
E
(5
.3
.1
).
O
n
e
n
o
tices
th
a
t
in
th
e
lim
it
~c!
1
,

u
b
eco
m
es
~c
in
d
ep
en
d
en
t
a
n
d
o
n
e
h
a
s
sim
p
ly
:

lim
~c
!

1 �
3

~c
+
1
=
2 �

2�
U
(aU
b
) �

e�
(x
)
=
u
a

(x
)
u
b(x

)
:

(5
.3
.1
2
)

U
sin
g
eq
.
(5
.3
.1
1
),
w
e
�
n
d
th
a
t
eq
.
(5
.3
.1
0
)
ca
n
b
e
rew
ritten
a
s:

� e�
[h
; 
;A
]

=

�
~c

1
2
� Z
"@
3h
�

~c�
1

3
� Z
�
a
@
2 

a
+

~c
+
1
=
2

3
�

Z
!
a
@
A
a

�
~c
+
1
=
2

3
�

Z
�
a
 
b u
a
u
b

�
lim

y
!

x Z
�
(a
 
b
) �
@
u
a

(x
)

@
A
b (y
)
�
@�@

�
(2
)(x
�
y
)�
a
b �
;

(5
.3
.1
3
)

w
h
ere
th
e
la
st
term

d
isa
p
p
ea
rs
in
th
e
la
rg
e
~c
lim
it.
T
h
e
term

p
ro
p
o
rtio
n
a
l
to

R
�
a
 
b u
a
u
b

in
eq
.
(5
.3
.1
3
)
ca
n
b
e
a
b
so
rb
ed
b
y
a
d
d
in
g
a
�
eld
d
ep
en
d
en
t
term

in

th
e
tra
n
sfo
rm
a
tio
n
ru
le
fo
r
A
:

�
n
l

ex
tra A
a
=
�
�
a
 
b u
b
:

(5
.3
.1
4
)

D
o
in
g
th
is,
w
e
�
n
d
th
a
t
in
th
e
la
rg
e
~c
lim
it,
th
e
a
n
o
m
a
ly
red
u
ces
to
th
e
m
in
im
a
l

o
n
e.C

o
m
b
in
in
g
th
e
n
o
n
lin
ea
r
tra
n
sfo
rm
a
tio
n
s
w
ith
eq
.
(5
.3
.1
3
),
a
n
d
d
e�
n
in
g
:

~t
=

1
2
�~c

� e��
h

~g
a

=

3
�

~c�
1

� e��
 
a

~u
a

=
�

3
�

~c
+
1
=
2

� e��
A
a
;

(5
.3
.1
5
)

w
e
�
n
d
th
e
W
a
rd
id
en
tities
fo
r e�
[h
; 
;A
]
(th
ey
ca
n
a
lso
b
e
fo
u
n
d
in
[5
4
]):

@
3h

=

r
~t� �
1�

1~c �
(2
 
a
@
+
6
@
 
a

)
~g
a

+
4 �
1
+

12
~c �
@
A
a
~u
a

@
2 

a

=

r
~g
a� �
12

+

1
2
~c�
2 �
 
a
~t
+
"
a
b
cA

b ~g
c

+
"
a
b
c

(2
@
 
b
+
 
b @
)
~u
c

� �
1
+

3
2
~c�
2 ��

3

~c
+
1
=
2 �

2
 
b �
U
(a
U
b
) �

e�

@
A
a

=

r
~u
a� �

1�

3
2
~c
+
1 �
"
a
b
c 

b ~g
c

+
"
a
b
cA

b ~u
c
:

(5
.3
.1
6
)

T
h
e
n
o
rm
a
lisa
tio
n
o
f
th
e
cu
rren
ts
h
a
s
b
een
ch
o
sen
su
ch
th
a
t
th
e
a
n
o
m
a
lo
u
s
term
s

o
n
th
e
lh
s
h
av
e
co
e�
cien
t
o
n
e.
T
h
e
ex
p
licit
~c
d
ep
en
d
en
ce
o
f
th
e
W
a
rd
id
en
tities

a
rises
fro
m

sev
era
l
so
u
rces:
so
m
e
co
u
p
lin
g
s
in
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
eq
.
(5
.3
.1
)
a
re

ex
p
licitly
~c-d
ep
en
d
en
t,
th
e
tra
n
sfo
rm
a
tio
n
ru
les
eq
.
(5
.3
.4
)
a
re
~c-d
ep
en
d
en
t,
a
n
d
th
e

�
eld
-n
o
n
lin
ea
rity.
T
h
e
d
ep
en
d
en
ce
im
p
lies
th
a
t
th
e
in
d
u
ced
a
ctio
n
is
g
iv
en
b
y
a
1
=
~c

ex
p
a
n
sio
n
:

e�
[h
; 
;A
]
= Xi

�

0
~c
1
�

ie�
(i)[h
; 
;A
]
:

(5
.3
.1
7
)

R
etu
rn
in
g
to
th
e
W
a
rd
id
en
tities
fo
r
th
e
lin
ea
r
th
eo
ry
eq
.
(5
.3
.7
),
w
e
o
b
serv
e
th
a
t

w
h
en
w
e
ta
k
e
~c
=
c
+
1
=
2
a
n
d
p
u
t
q
=
0
,
w
e
�
n
d
fro
m
th
e
la
st
id
en
tity
in
eq
.
(5
.3
.7
)

th
a
t
�
=
�
 
a
u
a.

S
u
b
stitu
tin
g
th
is
in
to
th
e
�
rst
th
ree
id
en
tities
o
f
eq
.
(5
.3
.7
)
y
ield
s

p
recisely
th
e
W
a
rd
id
en
tities
fo
r
th
e
n
o
n
lin
ea
r
th
eo
ry
eq
.
(5
.3
.1
6
)
in
th
e
c
!
1

lim
it.
A
lso
,
th
e
ex
tra
term

in
th
e
n
o
n
lin
ea
r
�
A
a

(eq
.
(5
.3
.4
)),
th
a
t
w
a
s
a
d
d
ed
to

b
rin
g
th
e
a
n
o
m
a
ly
to
a
m
in
im
al
fo
rm
,
n
ow
e�
ectiv
ely
rein
serts
th
e
�
a
�
term

th
a
t

d
isa
p
p
ea
red
fro
m
th
e
lin
ea
r
tra
n
sfo
rm
a
tio
n
,
eq
.
(5
.3
.3
).
T
h
is
is
in
a
cco
rd
a
n
ce
w
ith

th
e
o
b
serva
tio
n
s
a
t
th
e
en
d
o
f
th
e
p
rev
io
u
s
sectio
n
.

W
e
w
ill
n
ow
p
ro
v
e
rela
tio
n
(5
.2
.3
)
b
etw
een
Z
a
n
d
~Z
.
F
irst
w
e
rew
rite
th
e
d
e�
-

n
itio
n
o
f
Z

(2
.5
.1
)
u
sin
g
eq
.
(5
.3
.2
),
th
e
cru
cia
l
in
g
red
ien
t
b
ein
g
th
a
t
Q

co
m
m
u
tes

w
ith
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
,
th
u
s
fa
cto
risin
g
th
e
a
v
era
g
es:

Z
[h
; 
;A
;�
]
= �
ex
p �
�

1� Z
(h eT
+
 
a eG
a

+
A
a eU
a) �

D
ex
p �
�

1� Z
(h
T
Q

+
^�Q
) �E

Q �

= �
ex
p �
�

1� Z
(h eT
+
 
a eG
a

+
A
a eU
a)�

�
[h
;
^�] � �
(5
.3
.1
8
)

w
h
ere:

T
Q

=

32
c Q
@
Q
;

^�
=
��

13
c
 
a eU
a
:

(5
.3
.1
9
)

T
h
e
Q
in
teg
ra
l
ca
n
b
e
ex
p
ressed
in
term
s
o
f
th
e
P
o
ly
a
k
ov
a
ctio
n
(2
.5
.1
5
):

�
[h
;
^�]
=

1
4
8
�

�
P
o
l [h
]�
c6

� Z
^�

1r
^�
;

(5
.3
.2
0
)
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C
h
a
p
ter
5
.

F
a
cto
rin
g
o
u
t
F
ree
F
ield
s

w
h
erer
=
�@�
h
@
�
12
@
h
a
n
d

�
P
o
l [h
]
= Z
@
2h
1�@

1

1�
h
@
�@
�

1
1@

@
2h
:

(5
.3
.2
1
)

U
sin
g
eq
s.
(5
.3
.1
8
)
a
n
d
(5
.3
.2
0
),
w
e
�
n
d
:

ex
p �
� e�
[h
; 
;A
] �
=

(5
.3
.2
2
)

ex
p �
�
[h
;
^�
=
�
+

�3
c
 
b

�
�
A
b

] �
ex
p �
�
�
[h
; 
;A
;�
] �
:

W
e
ch
eck
ed
th
is
fo
rm
u
la
ex
p
licitly
o
n
th
e
low
est
o
rd
er
co
rrela
tio
n
fu
n
ctio
n
s
u
sin
g

O
P
E
d
efs.
In
tro
d
u
cin
g
th
e
F
o
u
rier
tra
n
sfo
rm
o
f
�
w
ith
resp
ect
to
A
:

ex
p �
�
�
[h
; 
;A
;�
] �
= Z
[d
u
]ex
p �
�
�
[h
; 
;u
;�
]+

c3
� Z
u
a
A
a �
;

(5
.3
.2
3
)

eq
.
(5
.3
.2
3
)
fu
rth
er
red
u
ces
to
:

ex
p �
� e�
[h
; 
;A
] �
=

ex
p �

1
4
8
�

�
P
o
l [h
] � Z
[d
u
]ex
p �
�
�
[h
; 
;u
;�
]

(5
.3
.2
4
)

�
c6

� Z�
�
+
 
a
u
a �
1r �

�
+
 
b u
b �

+

c3
� Z
u
aA

a �
:

A
s
th
e
lh
s
o
f
eq
.
(5
.3
.2
5
)
is
�
-in
d
ep
en
d
en
t,
th
e
rh
s
sh
o
u
ld
a
lso
b
e.
W
e
ca
n
in
teg
ra
te

b
o
th
sid
es
ov
er
�
w
ith
a
m
ea
su
re
ch
o
sen
su
ch
th
a
t
th
e
in
teg
ra
l
is
eq
u
a
l
to
o
n
e:

ex
p �
�

1
4
8
�

�
P
o
l [h
] � Z
[d
�
]ex
p �
c6

� Z�
�
+
 
a
u
a �
1r �

�
+
 
b u
b � �

=
1
:

(5
.3
.2
5
)

C
o
m
b
in
in
g
th
is
w
ith
eq
.
(5
.3
.2
5
),
w
e
�
n
a
lly
o
b
ta
in
eq
.
(5
.2
.3
).

5
.3
.2

N

=
4
su
p
e
rc
o
n
fo
rm
a
l
a
lg
e
b
ra
s

N
ow
w
e
ex
ten
d
th
e
m
eth
o
d
a
p
p
lied
fo
r
N

=
3
to
th
e
ca
se
o
f
N

=
4
.
A
g
a
in
,
th
ere
is

a
lin
ea
r
N

=
4
a
lg
eb
ra
a
n
d
a
n
o
n
lin
ea
r
o
n
e,
o
b
ta
in
ed
[1
0
3]
b
y
d
eco
u
p
lin
g
fo
u
r
free

ferm
io
n
s
a
n
d
a
U
(1
)
cu
rren
t.
In
th
e
p
rev
io
u
s
ca
se
w
e
m
a
d
e
u
se
in
th
e
d
eriv
a
tio
n

o
f
th
e
ex
p
licit
fo
rm

o
f
th
e
a
ctio
n
in
d
u
ced
b
y
in
teg
ra
tin
g
o
u
t
th
e
ferm
io
n
s.
In
th
e

p
resen
t
ca
se
n
o
ex
p
licit
ex
p
ressio
n
is
a
v
a
ila
b
le
fo
r
th
e
co
rresp
o
n
d
in
g
q
u
a
n
tity,
b
u
t

w
e
w
ill
see
th
a
t
it
is
n
o
t
n
eed
ed
.

T
h
e
N

=
4
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
[1
7
1
,
1
8
5
]
is
g
en
era
ted
b
y
th
e
en
erg
y
{
m
o
m
en
-

tu
m
ten
so
r
T
,
fo
u
r
su
p
erch
a
rg
es
G
a

,
a
2
f
1
;2
;3
;4g,
a
n
so
(4
)
a
�
n
e
L
ie
a
lg
eb
ra
w
ith

g
en
era
to
rs
U
a
b

=
�
U
b
a

,
a
;b
2
f
1
;2
;3
;4g,
4
free
ferm
io
n
s
Q
a

a
n
d
a
U
(1
)
cu
rren
t

P
.
T
h
e
tw
o
su
(2
)-
a
lg
eb
ra
s
h
a
v
e
lev
els
k
+

a
n
d
k
�

.
T
h
e
su
p
erch
a
rg
es
G
a

a
n
d
th
e

d
im
en
sio
n
1
=
2
�
eld
s
Q
a

fo
rm
tw
o
(2
;2
)
rep
resen
ta
tio
n
s
o
f
su
(2
)

su
(2
).
T
h
e
cen
tra
l

ch
a
rg
e
is
g
iv
en
b
y
:

c
=

6
k
+
k
�

k
+

+
k
�

:

(5
.3
.2
6
)

T
h
e
O
P
E
s
a
re
(w
e
o
m
it
th
e
O
P
E
s
o
f
T
):

G
a
G
b

=

3
c2

�
a
b[

]
+
[�
2
U
a
b

+
�
"
a
b
c
dU
c
d]

U
a
b
U
c
d

=

k2 ��
a
d
�
b
c�
�
a
c
�
b
d�
�
"
a
b
c
d �

[
]

+
[�
b
d
U
a
c�
�
b
c
U
a
d�
�
a
d
U
b
c

+
�
a
c
U
b
d]

U
a
b
G
c

=

�
� ��
b
c

[Q
a]�
�
a
c

[Q
b] �

+
"
a
b
c
d

[Q
d]�

(�
b
c

[G
a]�
�
a
c

[G
b])

Q
a
G
b

=

�
a
b

[P
]�

12
"
a
b
c
d

[U
c
d]

Q
a
U
b
c

=

�
a
c

[Q
b]�
�
a
b

[Q
c]

P
G
a

=

[Q
a]

P
P

=

�
k2

[
]

Q
a
Q
b

=

�
k2

�
a
b[

]

(5
.3
.2
7
)

w
h
ere
k
=
k
+
+
k
�

a
n
d
�
=
(k
+
�
k
�

)=
k
.
N
o
te
th
a
t
[P
A
]1
=
0
fo
r
a
ll
p
rim
a
ries,
a
n
d

h
en
ce
fo
r
a
ll
elem
en
ts
o
f
th
e
O
P
A
.

W
e
w
ill
w
rite
th
e
in
d
u
ced
a
ctio
n
(2
.5
.4
)
a
s
�
[h
; 
;A
;b;
�
].
A
ll
th
e
stru
ctu
re

co
n
sta
n
ts
o
f
th
e
lin
ea
r
a
lg
eb
ra
(5
.3
.2
7
)
d
ep
en
d
o
n
ly
o
n
th
e
ra
tio
k
+
=
k
�

.
A
p
a
rt
fro
m

th
is
ra
tio
,
k
en
ters
a
s
a
p
ro
p
o
rtio
n
a
lity
co
n
sta
n
t
fo
r
a
ll
tw
o
-p
o
in
t
fu
n
ctio
n
s.
A
s
a

co
n
seq
u
en
ce,
�
d
ep
en
d
s
o
n
th
a
t
ra
tio
in
a
n
o
n
triv
ia
l
w
ay,
b
u
t
its
k
-d
ep
en
d
en
ce
is

sim
p
ly
a
n
ov
era
ll
fa
cto
r
k
.

U
sin
g
th
e
fo
llo
w
in
g
d
e�
n
itio
n
s:

t
=

1
2
�c

���
h
;

g
a

=
3
�c

��
�
 
a
;

u
a
b

=
�
�k

��
�
A
a
b
;

(5
.3
.2
8
)

q
a

=
�

2
�k

��
�
�
a
;

p
=
�

2
�k
���

b

(5
.3
.2
9
)

a
n
d

=
6
k
=
c,
th
e
W
a
rd
id
en
tities
a
re:

@
3h

=

r
t�
2
( 
a
@
+
3
@
 
a )
g
a

+
2

@
A
a
b u
a
b

+
2

(@
�
a �
�
a
@
)
q
a

+

@
b
p
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5
.3
.
E
x
a
m
p
les

@
2 

a

=

r
g
a�

2
A
a
b g
b�
12

 
a
t
+
4

@
b
q
a

+
2

�
@
A
a
b q
b

+
4

"
a
b
c
d
@
A
b
c q
d

+
4

"
a
b
c
d
�
b u
c
d

+
4

( 
b @
+
2
@
 
b )
(2
u
a
b�
�
"
a
b
c
d
u
c
d)

+
4

�
a p

@
A
a
b

+

�2
"
a
b
c
d
@
A
c
d
=
r
u
a
b�

4
A
c
[a
u
b
]c�
4

 
[a
g
b
]

+
�
[a
q
b
]

�
� � 
[a
@
+
@
 
[a �
q
b
]�
12

"
a
b
c
d
( 
c @
+
@
 
c )
q
d

�
a

=

r
q
a�

2
A
a
b q
b�
 
a
p
+
"
a
b
c
d
 
b u
c
d

@
b

=

r
p�
( 
a
@
+
@
 
a
)
q
a
:

(5
.3
.3
0
)

N
o
te
th
a
t
b
a
p
p
ea
rs
o
n
ly
w
ith
a
t
lea
st
o
n
e
d
eriva
tiv
e.
T
h
e
b
ra
ck
ets
d
en
o
te
a
n
tisy
m
-

m
etrisa
tio
n
in
th
e
in
d
ices.

T
h
e
n
o
n
lin
ea
r
N

=

4
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
h
a
s
th
e
sa
m
e
stru
ctu
re
a
s
eq
.

(5
.3
.2
7
)
b
u
t
th
ere
is
n
o
P
a
n
d
Q
a.

T
h
e
cen
tra
l
ch
a
rg
e
is
rela
ted
to
th
e
su
(2
)-lev
els

b
y
~c
=
3
(
~k
+
2
~k
+
~k
�

)

2
+
~k

.
W
e
o
n
ly
g
iv
e
th
e eG eG
O
P
E
ex
p
licitly
:

eG
aeG
b

=

4
~k
+
~k
�

~k
+
2
�
a
b

[
]�

2
~k

~k
+
2

[ eU
a
b]

+
~k
+

�
~k
�

~k
+
2

"
a
b
c
d
[ eU
c
d]

(5
.3
.3
1
)

+
[

2
~k

~k
+
2
~k
+
~k
�

�
a
beT

+

1

4
( ~k
+
2
)
"
a
c
d
g
"
b
e
f
g
( eU
c
deU
e
f

+ eU
e
feU
c
d)]:

T
o
w
rite
d
o
w
n
th
e
W
a
rd
id
en
tities
in
th
is
ca
se,
w
e
d
e�
n
e:

~t
=

1
2
�~c

� e��
h
;

~g
a

=
( ~k
+
2
)�

2
~k
+
~k
�

� e��
 
a
;

~u
a
b

=
�
�~k

� e��
A
a
b
;

(5
.3
.3
2
)

a
n
d

~
=

~k
( ~k
+
2
)

~k
+
~k
�

;

~�
=

6
~k~c

;

~�
=

~k
+

�
~k
�

~k

:

(5
.3
.3
3
)

@
3h

=

r
~t�
2
~�~

( 
a
@
+
3
@
 
a
)
~g
a

+
2
~�
@
A
a
b
~u
a
b

@
2 

a

=

r
~g
a�

2
A
a
b ~g
b�
~2

~�
 
a
~t

�

~

4
~k
( ~k
+
2
)
"
a
c
d
g
"
b
e
f
g
 
b ��eU
c
deU
e
f �

e
�

+ �eU
e
feU
c
d �

e
� �

+

~
~k

4
( ~k
+
2
)

( 
b @
+
2
@
 
b )(2
~u
a
b�
~�
"
a
b
c
d
~u
c
d)

@
A
a
b

+

~�2
"
a
b
c
d
@
A
c
d
=
r
~u
a
b�

4
A
c
[a
~u
b
]c�
4~

 
[a
~g
b
]:

(5
.3
.3
4
)

A
s
in
th
e
p
rev
io
u
s
su
b
sectio
n
,
w
e
w
ill
u
se
th
e
resu
lts
o
f
sectio
n
5
.1
o
r
[1
0
3
]
to

elim
in
a
te
th
e
free
ferm
io
n
�
eld
s
a
n
d
th
e
U
(1
)-�
eld
P
.
T
h
e
n
ew
cu
rren
ts
a
re:

eT
=

T
+

1k
P
P
+

1k
@
Q
cQ
c

eG
a

=

G
a

+
2k

P
Q
a

+
"
a
b
c
d �

2
3
k
2
Q
bQ
cQ
d

+
1k

Q
beU
c
d �

eU
a
b

=

U
a
b�
2k

Q
a
Q
b

(5
.3
.3
5
)

a
n
d
th
e
co
n
sta
n
ts
in
th
e
a
lg
eb
ra
s
a
re
rela
ted
b
y
~k
�

=
k
�

�
1
,
a
n
d
th
u
s
~c
=
c�
3
.

A
g
a
in
,
w
e
�
n
d
a
g
reem
en
t
b
etw
een
th
e
la
rg
e
k
-lim
it
o
f
th
e
W
a
rd
id
en
tities
p
u
ttin
g

q
a

a
n
d
p
to
zero
,
a
n
d
so
lv
in
g
�
a

a
n
d
@
b
fro
m
th
e
tw
o
la
st
id
en
tities
o
f
(5
.3
.3
0
).

W
e
n
o
w
�
n
d
th
e
n
o
n
lin
ea
r
e�
ectiv
e
a
ctio
n
in
term
s
o
f
th
e
e�
ectiv
e
a
ctio
n
o
f
th
e

lin
ea
r
th
eo
ry.
In
a
n
a
lo
g
y
w
ith
th
e
N

=
3
ca
se,
it
seem
s
th
a
t
th
e
o
p
era
to
rs
o
f
th
e

n
o
n
lin
ea
r
th
eo
ry
ca
n
b
e
w
ritten
a
s
th
e
d
i�
eren
ce
o
f
th
e
o
p
era
to
rs
o
f
th
e
lin
ea
r
th
eo
ry,

a
n
d
a
rea
lisa
tio
n
o
f
th
e
lin
ea
r
th
eo
ry
g
iv
en
b
y
th
e
free
ferm
io
n
s
a
n
d
P
.
In
th
e
p
resen
t

ca
se,
th
is
sim
p
le
lin
ea
r
co
m
b
in
a
tio
n
is
va
lid
fo
r
th
e
in
teg
er
sp
in
cu
rren
ts eT
a
n
d eU
,

b
u
t
n
o
t
fo
r eG
.
A
seco
n
d
co
m
p
lica
tio
n
is
th
a
t,
d
u
e
to
th
e
p
resen
ce
o
f
a
trilin
ea
r
term

(in
Q
)
in
th
e
rela
tio
n
b
etw
een eG
a
n
d
G
,
in
teg
ra
tin
g
o
u
t
th
e
Q
-�
eld
s
is
m
o
re
in
v
o
lv
ed
.

N
ev
erth
eless,
w
e
ca
n
still
o
b
ta
in
(5
.2
.3
).

T
h
ere
is
a
va
riety
o
f
w
ay
s
to
d
eriv
e
th
is
rela
tio
n
,
sta
rtin
g
b
y
rew
ritin
g
th
e
d
e-

co
m
p
o
sitio
n
s
o
f
(5
.3
.3
5
)
in
d
i�
eren
t
w
ay
s.
W
e
w
ill
u
se
th
e
fo
llow
in
g
fo
rm
:

G
a

+
1k

"
a
b
c
d Q
bU
c
d

= eG
a�
2k

P
Q
a

+

4
3
k
2
"
a
b
c
d
Q
bQ
cQ
d
:

(5
.3
.3
6
)

T
h
is
lea
d
s
im
m
ed
ia
tely
to
3:

D
ex
p �
�

1� Z�
h
T
+
 
a
G
a

+
A
a
b U
a
b

+
bP
+
�
a
Q
a

+
1k

"
a
b
c
d
 
a
Q
bU
c
d � �E

=

D
ex
p �
�

1� Z��
h eT
+
 
a eG
a

+
A
a
b eU
a
b �

(5
.3
.3
7
)

3
T
h
ere
a
re
n
o
n
o
rm
a
l
o
rd
erin
g
p
ro
b
lem
s
a
s
th
e
O
P
E
s
o
f
th
e
relev
a
n
t
o
p
era
to
rs
tu
rn
o
u
t
to
b
e

n
o
n
sin
g
u
la
r
(e
.g
.
th
e
term

cu
b
ic
in
th
e
Q
a

is
a
n
a
n
tisy
m
m
etric
co
m
b
in
a
tio
n
).
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C
h
a
p
ter
5
.

F
a
cto
rin
g
o
u
t
F
ree
F
ield
s

+
1k ��

h
P
2�
h
@
Q
a
Q
a �
2
 
a
P
Q
a

+
2
A
a
b Q
aQ
b

+
bP
+
�
a Q
a �

+

4
3
k
2
"
a
b
c
d
 
a
Q
bQ
cQ
d � �E
:

A
g
a
in
th
e
cru
cia
l
step
is
th
a
t
in
th
e
rh
s,
th
e
ex
p
ecta
tio
n
va
lu
e
fa
cto
rises:
th
e
a
v
era
g
e

o
v
er
Q
a

a
n
d
P

ca
n
b
e
co
m
p
u
ted
sep
a
ra
tely,
sin
ce
th
ese
�
eld
s
co
m
m
u
te
w
ith
th
e

n
o
n
lin
ea
r
S
U
S
Y
-a
lg
eb
ra
.
T
h
is
av
era
g
e
is
in
fa
ct
clo
sely
rela
ted
to
th
e
p
a
rtitio
n

fu
n
ctio
n
fo
r
th
e
lin
ea
r
N

=

4
a
lg
eb
ra
w
ith
k
+

=

k
�

=

1
a
n
d
c
=

3
,
u
p
to
th
e

ren
o
rm
a
lisa
tio
n
o
f
so
m
e
co
e�
cien
ts.
W
e
h
a
v
e:

Z
c
=
3[h
; 
;A
;b;�
]
= D
ex
p �
�

1� Z��
h2 �

^P
^P
+
@
^Q
a
^Q
a �

(5
.3
.3
8
)

�
 
a �
^P
^Q
a

+
16

"
a
b
c
d
^Q
b
^Q
c
^Q
d �

+
A
a
b
^Q
a
^Q
b

+
b
^P
+
�
a
^Q
a � �E

w
h
ere
th
e
a
v
era
g
e
v
a
lu
e
is
ov
er
free
ferm
io
n
s
^Q
a

a
n
d
a
free
U
(1
)-cu
rren
t
^P
.
T
h
ese

a
re
n
o
rm
a
lised
in
a
k
-in
d
ep
en
d
en
t
fa
sh
io
n
:

^P
�
^P
!
�
[
]

^Q
a�
^Q
b!
�
�
a
b[

]

(5
.3
.3
9
)

a
n
d
th
e
ex
p
licit
fo
rm
[1
7
0,
1
7
1,
1
8
5]
o
f
th
e
cu
rren
ts
m
a
k
in
g
u
p
th
e
c
=
3
a
lg
eb
ra
h
a
s

b
een
u
sed
.
T
h
e
av
era
g
e
ca
n
b
e
rep
resen
ted
a
s
a
fu
n
ctio
n
a
l
in
teg
ra
l
w
ith
m
ea
su
re:

[d
^Q
][d
^P
]ex
p �
�

12
�

(
^P

�@@
^P
+

^Q
a
�@
^Q
a
) �
:

(5
.3
.4
0
)

T
h
e
(n
o
n
lo
ca
l)
fo
rm

o
f
th
e
free
a
ctio
n
fo
r
^P
fo
llow
s
fro
m

its
tw
o
-p
o
in
t
fu
n
ctio
n
:
it

is
th
e
u
su
a
l
(lo
ca
l)
free
sca
la
r
�
eld
a
ctio
n
if
o
n
e
w
rites
^P
=
@
X
.
T
h
e
co
n
n
ectio
n

b
etw
een
th
e
lin
ea
r
th
eo
ry,
th
e
n
o
n
lin
ea
r
th
eo
ry,
a
n
d
th
e
c
=
3
rea
lisa
tio
n
is
th
en
:

ex
p �
�
�k

"
a
b
c
d
 
a

��
�
b

�
�
A
c
d �
Z
[ 
;A
;�
;b]
=

eZ
[ 
;A
]

�

(5
.3
.4
1
)

ex
p �
�
2

3
k
2
(4
+
p

2
k
)"
a
b
c
d
 
a

��
�
b

��
�
c

�
�
�
d �
Z
c
=
3[h
; 
;A
;� p
k
=
2
;b p
k
=
2
]:

C
o
n
tra
ry
to
th
e
N

=
3
ca
se,
w
h
ere
th
e
P
o
ly
a
k
o
v
p
a
rtitio
n
fu
n
ctio
n
w
a
s
o
b
ta
in
ed
v
ery

ex
p
licitly,
th
is
co
n
n
ectio
n
is
n
o
t
p
a
rticu
la
rly
u
sefu
l,
b
u
t
th
e
rep
resen
ta
tio
n
(5
.3
.4
0
)

o
f
Z
c
=
3

a
s
a
fu
n
ctio
n
a
l
in
teg
ra
l
ca
n
b
e
u
sed
e�
ectiv
ely.
In
d
eed
,
w
h
en
w
e
ta
k
e
th
e

F
o
u
rier
tra
n
sfo
rm
o
f
eq
.
(5
.3
.4
1
),
i.e.
w
e
in
teg
ra
te
(5
.3
.4
1
)
w
ith
:

Z
[d
h
][d
 
][d
A
][d
b][d
�
]ex
p �

1� Z�
h
t
+
 
a
g
a

+
A
a
b
u
a
b

+
b
p
+
�
a
q
a � �
;
(5
.3
.4
2
)

w
e
o
b
ta
in
u
sin
g
eq
s.
(5
.3
.3
8
)
a
n
d
(5
.3
.4
0
)
4:

ex
p �
�
W
[t;
g
a�
1k
"
a
b
c
d q
bu
c
d;
u
;
p
;
q] �
=
ex
p �
�

1�
k

(p
�@@

p
+
q
a
�@
q
a ) �

ex
p �
� fW
[t
+

1k �p
2

+
@
q
q �
;
g
a

+
2k

p
q
a�
4

3
k
2
"
a
b
c
d
q
bq
cq
d
;u
a
b�
2k

q
a
q
b] �(5

.3
.4
3
)

g
iv
in
g
th
e
co
n
cise
rela
tio
n
:

fW
[t;
g
a
;
u
a
b]

+

1�
k

(p
�@@

p
+
q
a
�@q
a )

=

W
[t�

1k �p
2

+
@
q
a
q
a �
;

g
a�
2k

p
q
a�
1k

"
a
b
c
d q
bu
c
d�
23

k
2
"
a
b
c
d q
bq
cq
d;

u
a
b

+
2k

q
a
q
b;
p
;
q
a]
:

(5
.3
.4
4
)

P
u
ttin
g
th
e
free
p
a
n
d
q
a-cu

rren
ts
eq
u
a
l
to
zero
,
w
e
o
b
ta
in
(5
.2
.7
).

5
.4

D
isc
u
ssio
n

W
e
h
av
e
g
iv
en
ex
p
licit
a
lg
o
rith
m
s
fo
r
th
e
fa
cto
rin
g
o
u
t
o
f
free
�
eld
s,
in
clu
d
in
g
a

sim
p
le
criterio
n
fo
r
th
e
fa
cto
risa
tio
n
o
f
U
(1
){
sca
la
rs.
W
e
h
av
e
w
o
rk
ed
p
u
rely
a
t
th
e

q
u
a
n
tu
m
m
ech
a
n
ica
l
lev
el,
b
u
t
th
e
a
lg
o
rith
m
s
d
o
n
o
t
n
eed
a
n
y
m
o
d
i�
ca
tio
n
fo
r
th
e

cla
ssica
l
ca
se
if
w
e
u
se
th
e
d
e�
n
itio
n
eq
.
(2
.3
.3
2
)
fo
r
th
e
n
eg
a
tiv
e
m
o
d
es.
In
fa
ct,

recen
tly
[7
1
,
1
6
7]
a
n
u
m
b
er
o
f
cla
ssica
lW
{
a
lg
eb
ra
s
w
ere
co
n
stru
cted
b
y
h
a
m
ilto
n
ia
n

red
u
ctio
n
,
co
n
ta
in
in
g
b
o
so
n
s
o
f
d
im
en
sio
n
s
1
a
n
d
12

th
a
t
co
u
ld
b
e
d
eco
u
p
led
.

R
ecen
tly
[5
2],
it
w
a
s
sh
o
w
n
th
a
t
fa
cto
rin
g
o
u
t
a
ll
d
im
en
sio
n
1
�
eld
s
o
f
a
cla
ssica
l

W
{
a
lg
eb
ra
g
iv
es
rise
to
a
lg
eb
ra
s
w
h
ich
a
re
�
n
itely
g
en
era
ted
b
y
ra
tio
n
a
l
p
o
ly
n
o
m
ia
ls,

i.e.
fra
ctio
n
s
o
f
g
en
era
to
rs
a
re
a
llow
ed
.
W
h
en
reg
a
rd
in
g
th
e
fra
ctio
n
s
a
s
n
ew
g
en
er-

a
to
rs,
a
n
o
n
lin
ea
rW
{
a
lg
eb
ra
w
ith
a
n
in
�
n
ite
n
u
m
b
er
o
f
g
en
era
to
rs
resu
lts.
In
th
e

q
u
a
n
tu
m
ca
se
o
n
ly
a
�
n
ite
n
u
m
b
er
o
f
g
en
era
to
rs
a
re
n
eed
ed
,
d
u
e
to
th
e
a
p
p
ea
ra
n
ce

o
f
n
u
ll
�
eld
s.

T
h
e
ex
a
m
p
les
in
sectio
n
5
.3
h
av
e
sh
ow
n
th
a
t
fa
cto
risin
g
a
lin
ea
r
a
lg
eb
ra
g
iv
es

in
g
en
era
l
rise
to
n
o
n
lin
ea
r
a
lg
eb
ra
s.
C
o
n
v
ersely,
o
n
e
co
u
ld
a
ttem
p
t
to
lin
ea
rise
a

4
T
h
e
e�
ectiv
e
a
ctio
n
W

is
d
e�
n
ed
b
y
th
e
F
o
u
rier
tra
n
sfo
rm
o
f
Z
,
a
n
d
sim
ila
rly
fo
r eW
.

7
0



5
.4
.
D
iscu
ssio
n

W
{
a
lg
eb
ra
b
y
a
d
d
in
g
free
�
eld
s
a
n
d
p
erfo
rm
in
g
a
b
a
sis
tra
n
sfo
rm
a
tio
n
.
T
h
is
w
a
s

a
ch
iev
ed
fo
r
W
3
a
n
d
th
e
b
o
so
n
ic
N

=
2
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
in
ref.
[1
3
6].
S
o
m
e

im
p
o
rta
n
t
fea
tu
res
o
f
th
e
co
n
stru
ctio
n
a
re
th
a
t
th
e
free
�
eld
s
a
re
n
o
t
q
u
a
sip
rim
a
ry

w
ith
resp
ect
to
th
e
o
rig
in
a
l
en
erg
y
{
m
o
m
en
tu
m
ten
so
r,
a
n
d
th
a
t
th
e
lin
ea
r
a
lg
eb
ra

co
n
ta
in
s
a
\
n
u
ll"
�
eld
G

in
th
e
sen
se
th
a
t
it
h
a
s
n
o
O
P
E
w
h
ere

o
ccu
rs.
In
fa
ct,

fo
r
W
3
th
e
�
eld
G
is
eq
u
a
l
to
W

�
W
J
,
w
h
ere
W
J

is
th
e
ex
p
ressio
n
o
f
th
e
o
n
e
sca
la
r

rea
lisa
tio
n
o
f
W
3 .
C
lea
rly,
th
is
lin
ea
r
a
lg
eb
ra
is
o
n
ly
o
f
in
terest
if
o
n
e
d
o
es
n
o
t
p
u
t

G
to
zero
.

T
h
e
resu
lts
o
f
th
is
ch
a
p
ter
ca
n
b
e
u
sed
to
see
if
th
e
e�
ectiv
e
a
ctio
n
o
f
a
n
o
n
lin
-

ea
r
th
eo
ry
is
rela
ted
to
its
cla
ssica
l
lim
it
b
y
in
tro
d
u
cin
g
so
m
e
ren
o
rm
a
lisa
tio
n
s,
see

sectio
n
7
.4
.
If
w
e
ta
k
e
fo
r
g
ra
n
ted
th
a
t
th
is
is
tru
e
fo
r
th
e
lin
ea
r
th
eo
ry,
eq
.
(5
.2
.7
)

im
m
ed
ia
tely
tra
n
sfers
th
is
p
ro
p
erty
to
th
e
n
o
n
lin
ea
r
th
eo
ry.
M
o
reov
er,
sin
ce
th
e

'cla
ssica
l'
p
a
rts
a
re
eq
u
a
l
a
lso
(a
s
im
p
lied
b
y
th
e
c!
1
lim
it
o
f
th
e
W
a
rd
id
en
tities)

th
e
ren
o
rm
a
lisa
tio
n
fa
cto
rs
fo
r
b
o
th
th
eo
ries
a
re
th
e
sa
m
e
(fo
r
co
u
p
lin
g
s
a
s
w
ell
a
s

fo
r
�
eld
s)
if
o
n
e
ta
k
es
in
to
a
cco
u
n
t
th
e
sh
ifts
in
th
e
va
lu
es
fo
r
th
e
cen
tra
l
ex
ten
sio
n
s

c,
k
+

a
n
d
k
�

.
T
h
is
fa
ct
ca
n
b
e
co
n
�
rm
ed
b
y
lo
o
k
in
g
a
t
ex
p
licit
ca
lcu
la
tio
n
s
o
f
th
ese

ren
o
rm
a
lisa
tio
n
fa
cto
rs,
see
ch
a
p
ter
7
.
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C
h
a
p
te
r
6

E
x
te
n
sio
n
s
o
f
th
e
V
ir
a
so
r
o
a
lg
e
b
r
a
a
n
d
g
a
u
g
e
d

W

Z
N
W

{
m
o
d
e
ls

O
n
e
o
f
th
e
m
o
st
g
en
era
l
m
eth
o
d
s
to
o
b
ta
in
a
rea
lisa
tio
n
o
f
a
n
ex
ten
d
ed
V
ira
so
ro

a
lg
eb
ra
is
D
rin
feld
-S
o
k
o
lo
v
red
u
ctio
n
[6
0
,
7].

T
h
is
m
eth
o
d
co
n
sists
o
f
im
p
o
sin
g

certa
in
co
n
stra
in
ts
o
n
th
e
cu
rren
ts
o
f
a
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
�g.
T
h
e
co
n
stra
in
ts
a
re

a
sso
cia
ted
to
a
n
em
b
ed
d
in
g
o
f
sl(2
)
in
th
e
L
ie
a
lg
eb
ra
g
.
In
th
e
cla
ssica
l
ca
se,
th
e

red
u
ced
p
h
a
se
sp
a
ce
th
en
fo
rm
s
a
rea
lisa
tio
n
o
f
a
W
{
a
lg
eb
ra
[6
0
,
7
],
a
s
rev
iew
ed
in

sectio
n
6
.1
.

In
[7],
it
w
a
s
sh
o
w
n
th
a
t
th
e
co
n
stra
in
ts
red
u
ce
th
e
cla
ssica
l
W
Z
N
W

W
a
rd
id
en
-

tities
to
th
o
se
o
f
th
e
ex
ten
d
ed
V
ira
so
ro
a
lg
eb
ra
.
T
h
is
p
o
in
ts
to
w
a
rd
s
a
co
n
n
ectio
n

b
etw
een
th
e
in
d
u
ced
a
ctio
n
s
o
f
th
e
K
a�c{
M
o
o
d
y
a
lg
eb
ra
a
n
d
th
e
W
{
a
lg
eb
ra
.
T
h
is

co
n
n
ectio
n
w
a
s
m
a
d
e
ex
p
licit
in
th
e
ca
se
o
fW
3
in
[3
9
].
In
sectio
n
6
.2
th
is
is
g
en
er-

a
lised
to
a
rb
itra
ry
(su
p
er)
K
a�c{
M
o
o
d
y
a
lg
eb
ra
s
[1
8
1
].
T
h
e
m
a
in
id
ea
is
to
im
p
lem
en
t

th
e
co
n
stra
in
ts
o
n
a
g
a
u
g
ed
W
Z
N
W
{
m
o
d
el.
T
h
is
lea
d
s
to
a
p
a
th
in
teg
ra
l
fo
rm
u
la
-

tio
n
in
th
e
B
a
ta
lin
-V
ilk
o
v
isk
y
fo
rm
a
lism
o
f
th
e
in
d
u
ced
a
ctio
n
o
f
th
e
W
{
a
lg
eb
ra
in

term
s
o
f
th
e
W
Z
N
W

a
ctio
n
.

T
o
co
m
p
lete
th
e
co
n
stru
ctio
n
,
w
e
sh
ow
in
sectio
n
6
.4
th
a
t
th
e
q
u
a
n
tu
m

cu
r-

ren
ts
o
f
th
e
co
n
stra
in
ed
W
Z
N
W
{
m
o
d
el
fo
rm
a
rea
lisa
tio
n
o
f
a
q
u
a
n
tu
m
W
{
a
lg
eb
ra
.

T
h
ese
resu
lts
a
re
u
sed
in
sectio
n
6
.6
to
�
n
d
th
e
q
u
a
n
tu
m
co
rrectio
n
s
to
th
e
B
a
ta
lin
-

V
ilk
o
v
isk
y
a
ctio
n
.

T
h
e
o
sp
(N
j2
)
a
�
n
e
L
ie
a
lg
eb
ra
w
ill
b
e
u
sed
a
s
a
n
ex
a
m
p
le
in
sectio
n
s
6
.3
a
n
d

6
.5
.
T
h
e
sl(2
)
em
b
ed
d
in
g
w
e
u
se,
g
iv
es
a
rea
lisa
tio
n
o
f
th
e
N
-ex
ten
d
ed
so(N
)
su
-

p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
[1
3
3
,
2
0
].

T
h
is
ch
a
p
ter
co
n
ta
in
s
resu
lts
p
u
b
lish
ed
in
[1
8
1,
1
8
3
].
S
ev
era
l
resu
lts
p
resen
ted

h
ere
a
re
n
ew
.
F
o
r
co
n
v
en
tio
n
s
o
n
W
Z
N
W
{
m
o
d
els,
w
e
refer
to
sectio
n
2
.6
.4
.
A
p
-

p
en
d
ix
B
�
x
es
o
u
r
co
n
v
en
tio
n
s
fo
r
(su
p
er)
L
ie
a
lg
eb
ra
s
a
n
d
su
m
m
a
tio
n
in
d
ices.

6
.1

C
la
ssic
a
l
D
rin
fe
ld
-S
o
k
o
lo
v
re
d
u
c
tio
n

In
th
is
sectio
n
w
e
w
ill
b
rie
y
ex
p
la
in
th
e
cla
ssica
l
H
a
m
ilto
n
ia
n
red
u
ctio
n
th
a
t
g
iv
es
a

rea
lisa
tio
n
o
f
a
(cla
ssica
l)W
{
a
lg
eb
ra
in
term
s
o
f
a
K
a�c{
M
o
o
d
y
a
lg
eb
ra
.
R
eferen
ces

[6
0,
7,
6
9
,
8
6
,
4
5
]
ca
n
b
e
co
n
su
lted
fo
r
fu
rth
er
d
eta
ils.

C
o
n
sid
er
a
K
a�c{
M
o
o
d
y
a
lg
eb
ra
^g
w
ith
lev
el
�
,
w
ith
a
(su
p
er)
L
ie
a
lg
eb
ra
�g

va
lu
ed
�
eld
J
z (z
)
=

J
az (z

)
a
t,
w
h
ere
t
a

a
re
m
a
trices
rep
resen
tin
g
�g.
F
o
r
a
g
iv
en

sl(2
)-em
b
ed
d
in
g
,
w
e
im
p
o
se
a
set
o
f
co
n
stra
in
ts
o
n
th
e
cu
rren
ts
J
az :

�
� �
J
z �
�2

e
� �
=
0
:

(6
.1
.1
)

T
h
ese
co
n
stra
in
ts
a
re
a
ll
�
rst
cla
ss
in
th
e
term
in
o
lo
g
y
o
f
D
ira
c
[5
7],
ex
cep
t
�
�

1
=
2 J
z
=

0
.
It
is
m
o
re
co
n
v
en
ien
t
to
h
a
v
e
a
ll
co
n
stra
in
ts
�
rst
cla
ss.
F
o
r
a
(b
o
so
n
ic)
L
ie
a
lg
eb
ra
,

th
is
ca
n
b
e
a
ch
iev
ed
b
y
ta
k
in
g
o
n
ly
h
a
lf
o
f
th
e
co
n
stra
in
ts
a
t
g
ra
d
in
g
�
1
=
2
.
It
is

p
o
ssib
le
[6
9
]
to
d
o
th
is
b
y
ch
o
o
sin
g
a
n
a
ltern
a
tiv
e
in
teg
ra
l
g
ra
d
in
g
.
H
o
w
ev
er,
th
is

p
ro
ced
u
re
d
o
es
n
o
t
w
o
rk
fo
r
m
o
st
su
p
er
L
ie
a
lg
eb
ra
s.
T
h
erefo
re
w
e
w
ill
in
tro
d
u
ce

a
u
x
ilia
ry
�
eld
s
in
stea
d
.
W
e
p
o
stp
o
n
e
th
e
d
iscu
ssio
n
o
f
th
is
ca
se
w
ith
h
a
lf-in
teg
ra
l

sl(2
)
g
ra
d
in
g
to
th
e
n
ex
t
sectio
n
.
S
o
w
e
ig
n
o
re
in
th
is
sectio
n
a
n
y
sig
n
issu
es
fo
r
th
e

su
p
er
ca
se.

In
th
e
red
u
ced
p
h
a
se
sp
a
ce,
th
ere
is
a
g
a
u
g
e
freed
o
m

b
eca
u
se
elem
en
ts
a
re
co
n
-

sid
ered
eq
u
iv
a
len
t
m
o
d
u
lo
th
e
co
n
stra
in
ts.
T
h
e
in
�
n
itesim
a
l
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s

(2
.6
.4
3
):

�
�
J
z (x
)

=

� Zn
str
(�
(y
)J
z (y
))
;J
z (x
) o

P
B

=

�2
@
�
(x
)
+
[�
(x
);J
z (x
)];

�
2
�
+
�g

(6
.1
.2
)
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6
.1
.
C
la
ssica
l
D
rin
feld
-S
o
k
o
lo
v
red
u
ctio
n

ca
n
b
e
u
sed
to
im
p
o
se
su
ita
b
le
g
a
u
g
e
co
n
d
itio
n
s.
S
ev
era
l
ch
o
ices
a
re
p
o
ssib
le,
b
u
t

w
e
w
ill
m
a
in
ly
u
se
th
e
h
ig
h
est
w
eig
h
t
g
a
u
g
e:

�
1�
�
h
w ��
J
z �
�2

e
� �
=
0
:

(6
.1
.3
)

W
e
w
ill
n
ow
co
m
p
u
te
th
e
red
u
ced
P
o
isso
n
a
lg
eb
ra
in
th
e
h
ig
h
est
w
eig
h
t
g
a
u
g
e.

T
h
is
ca
n
b
e
d
o
n
e
in
sev
era
l
w
a
y
s.
F
irst,
o
n
e
ca
n
v
iew
th
e
g
a
u
g
e
co
n
d
itio
n
s
a
s
a
n

ex
tra
set
o
f
co
n
stra
in
ts.
B
eca
u
se
th
e
co
n
stra
in
ts
a
re
th
en
seco
n
d
cla
ss,
D
ira
c
b
ra
ck
ets

sh
o
u
ld
b
e
u
sed
.
H
ow
ev
er,
th
is
a
p
p
ro
a
ch
req
u
ires
in
v
ertin
g
th
e
m
a
trix
o
f
th
e
P
o
isso
n

b
ra
ck
ets
o
f
th
e
co
n
stra
in
ts,
w
h
ich
is
in
g
en
era
l
q
u
ite
d
i�
cu
lt.

A
seco
n
d
w
a
y
is
b
y
u
sin
g
g
a
u
g
e
in
v
a
ria
n
t
p
o
ly
n
o
m
ia
ls.
T
h
ese
a
re
p
o
ly
n
o
m
ia
ls
in

th
e
cu
rren
ts
w
h
ich
a
re
g
a
u
g
e
in
v
a
ria
n
t
u
n
d
er
eq
.
(6
.1
.2
)
u
p
to
th
e
co
n
stra
in
ts
(6
.1
.1
).

It
ca
n
b
e
sh
o
w
n
[9
]
th
a
t
fo
r
ea
ch
h
ig
h
est
w
eig
h
t
cu
rren
t,
th
ere
is
a
g
a
u
g
e
in
va
ria
n
t

p
o
ly
n
o
m
ia
l
1:

~J
(j
;�
j
)

z

=
J
(j
j
;�
j
)

z

���co
n
stra
in
ts
eq
.
(6
.1
.3
)
:

(6
.1
.4
)

T
h
e
~J
(j
;�
j
)

z

a
re
u
n
iq
u
e
m
o
d
u
lo
th
e
co
n
stra
in
ts
(6
.1
.1
).
T
h
ey
g
en
era
te
a
ll
g
a
u
g
e
in
-

v
a
ria
n
t
p
o
ly
n
o
m
ia
ls
b
y
u
sin
g
a
d
d
itio
n
a
n
d
m
u
ltip
lica
tio
n
.
T
h
e
p
o
ly
n
o
m
ia
ls
(6
.1
.4
)

ca
n
b
e
co
m
p
u
ted
b
y
�
n
d
in
g
th
e
u
n
iq
u
e
(�
n
ite)
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
w
h
ich
b
rin
g
s

th
e
co
n
stra
in
ed
cu
rren
t
eq
.
(6
.1
.1
)
to
th
e
g
a
u
g
e
�
x
ed
fo
rm
eq
.
(6
.1
.3
).
T
h
is
is
u
sed

in
[4
5,
4
6
,
1
8
7
]
to
co
n
stru
ct
a
n
a
lg
o
rith
m
to
o
b
ta
in
th
e
p
o
ly
n
o
m
ia
ls
~J
(j
;�
j )

z

.

B
eca
u
se
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s
a
re
co
m
p
a
tib
le
w
ith
th
e
P
o
isso
n
b
ra
ck
ets,
th
e

g
a
u
g
e
in
v
a
ria
n
t
p
o
ly
n
o
m
ia
ls
fo
rm
a
(n
o
n
lin
ea
r)
su
b
a
lg
eb
ra
w
ith
resp
ect
to
th
e
o
rig
-

in
a
l
P
o
isso
n
b
ra
ck
et.
M
o
reo
v
er,
w
e
ca
n
see
th
a
t
th
is
a
lg
eb
ra
is
iso
m
o
rp
h
ic
to
th
e

red
u
ced
P
o
isso
n
a
lg
eb
ra
.

P
r
o
o
f
:

T
o
sh
o
w
th
a
t
th
e
P
o
isso
n
a
lg
eb
ra
o
f
th
e
g
a
u
g
e
in
va
ria
n
t
p
o
ly
n
o
m
ia
ls
is
iso
m
o
rp
h
ic
to

th
e
red
u
ced
P
o
isso
n
a
lg
eb
ra
,
w
e
o
b
serv
e
th
a
t
th
eir
D
ira
c
a
n
d
P
o
isso
n
b
ra
ck
ets
a
re
th
e

sa
m
e
(m
o
d
u
lo
(6
.1
.1
)).
R
eca
ll
th
e
d
e�
n
itio
n
o
f
th
e
D
ira
c
b
ra
ck
et
fo
r
so
m
e
seco
n
d
cla
ss

co
n
stra
in
ts
�
�
:

f
F
(x
);G
(y
)g
D

=
f
F
(x
);G
(y
)g
P
B �

Z
d
2x

0 d
2y

0 f
F
(x
);�
�
(x
0 )g
P
B
�
�
�
(x
0 ;y
0 )f
�
�
(y
0 );G
(y
)g
P
B

;

w
ith
�
�
�

th
e
in
v
erse
m
a
trix
o
ff
�
�
;�
�g

P
B
.
W
h
en
F
(x
)
is
g
a
u
g
e
in
va
ria
n
t,
i.e
.f
F
;�
�g

P
B

is
zero
m
o
d
u
lo
co
n
stra
in
ts,
w
e
see
th
a
tf
F
;Gg
D

=
f
F
;Gg
P
B

m
o
d
u
lo
co
n
stra
in
ts.

A
th
ird
w
a
y
to
co
m
p
u
te
th
e
red
u
ced
p
h
a
se
sp
a
ce
is
to
u
se
co
h
o
m
o
lo
g
ica
l
tech
-

n
iq
u
es
[1
3
8].
F
o
r
ev
ery
co
n
stra
in
t
�
�

in
(6
.1
.1
),
w
e
in
tro
d
u
ce
a
g
h
o
st
c
�

a
n
d
a
n
tig
h
o
st

1
S
ee
a
p
p
en
d
ix
B
fo
r
th
e
b
a
sis
fo
r
th
e
g
en
era
to
rs
o
f
th
e
su
p
er
L
ie
a
lg
eb
ra
.

b
�

p
a
ir,
to
w
h
ich
w
e
a
ssig
n
g
h
o
st
n
u
m
b
er
+
1
a
n
d
�
1
resp
ectiv
ely.
W
e
d
e�
n
e
th
e

P
o
isso
n
b
ra
ck
ets:

f
b
�

(x
);c
�
(y
)g
P
B

=
�
�

�

�
2(x
�
y
)
:

(6
.1
.5
)

T
h
e
B
R
S
T
o
p
era
to
r
Q
a
ctin
g
in
th
e
co
m
p
lex
A
g
en
era
ted
b
y
f
J
az
;b
�g

is
d
e�
n
ed
b
y
:

Q
(A
)(x
)
= Z
d
2y
fJ
(y
);A
(x
)g
P
B
;

A
2 bA
;

(6
.1
.6
)

w
h
ere
th
e
g
h
o
st
n
u
m
b
er
+
1
B
R
S
T
cu
rren
t:

J
=
c
�
(x
)
�
�
(x
)
+
h
ig
h
er
o
rd
er
in
g
h
o
st�
eld
s
;

(6
.1
.7
)

is
d
eterm
in
ed
b
y
req
u
irin
g
th
a
t
Q
2

=
0
.
B
eca
u
se
th
e
co
n
stra
in
ts
(6
.1
.1
)
fo
rm
a
lin
ea
r

P
o
isso
n
a
lg
eb
ra
,
w
e
k
n
ow
th
a
t
th
is
ex
tra
p
a
rt
co
n
ta
in
s
o
n
ly
g
h
o
sts.
W
e
n
ow
stu
d
y

th
e
co
h
o
m
o
lo
g
y
o
f
Q
:

H
�(Q

; bA)
=

k
er(Q
)

im
(Q
)
;

(6
.1
.8
)

i.e.
w
e
lo
o
k
fo
r
�
eld
s
a
n
n
ih
ila
ted
b
y
Q
,
b
u
t
a
s
Q
2

=
0
,
w
e
u
se
th
e
eq
u
iva
len
ce
rela
tio
n
:

A
�
A
+
Q
(B
)
:

(6
.1
.9
)

L
et
u
s
see
h
ow
th
is
is
rela
ted
to
th
e
co
n
stra
in
ts.
Q
o
n
a
�
eld
f
,
w
h
ich
d
o
es
n
o
t
co
n
ta
in

b
o
r
c,
g
iv
es
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
(6
.1
.2
)
w
ith
p
a
ra
m
eter
c
o
f
f
.
O
b
v
io
u
sly,
w
e
a
re

o
n
ly
in
terested
in
�
eld
s
m
o
d
u
lo
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s,
i.e.
m
o
d
u
lo
im
(Q
).
N
ow

co
n
sid
er
a
g
h
o
st
n
u
m
b
er
zero
fu
n
ctio
n
a
l
o
f
th
e
cu
rren
ts
a
n
d
(a
n
ti)g
h
o
sts
F
[J
;b;c].

W
e
w
ill
ca
ll
f
[J
]�
F
[J
;b
=
0
;c
=
0
].
B
eca
u
se
Q

a
cts
a
s
a
d
eriva
tio
n
,
th
e
B
R
S
T

tra
n
sfo
rm
a
tio
n
o
f
F
is
sch
em
a
tica
lly
g
iv
en
b
y
:

Q
(F
)
=
Q
(f
)
+
G
�
Q
(b
�

)
+
H
�
Q
(c
�
)
+
Q
(J
)I
;

(6
.1
.1
0
)

w
h
ere
G
;H
;I
a
re
o
th
er
fu
n
ctio
n
a
ls
w
ith
I
d
ep
en
d
in
g
o
n
b;c.
B
eca
u
se
o
f
th
e
P
o
isso
n

b
ra
ck
ets
(6
.1
.5
)
th
is
g
iv
es:

Q
(F
)
=
�
c (f
)
+
G
�
�
�

+

term
s
w
ith
a
n
tig
h
o
sts
;

(6
.1
.1
1
)

w
h
ere
�
c
d
en
o
tes
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
(6
.1
.2
)
w
ith
p
a
ra
m
eter
c.
T
h
is
m
ea
n
s
th
a
t

if
Q
(F
)
=
0
,
its
g
h
o
st{
free
p
a
rt
f
is
g
a
u
g
e
in
va
ria
n
t
m
o
d
u
lo
co
n
stra
in
ts.
M
o
reov
er,

it
ca
n
b
e
sh
o
w
n
th
a
t
th
e
\
d
ressin
g
"
o
f
a
g
a
u
g
e
in
va
ria
n
t
p
o
ly
n
o
m
ia
l
to
a
n
elem
en
t

o
f
th
e
co
h
o
m
o
lo
g
y
is
u
n
iq
u
e,
see
e.g
.
[1
1
0].
H
en
ce,
co
m
p
u
tin
g
th
e
co
h
o
m
o
lo
g
y
o
f
Q

co
rresp
o
n
d
s
to
�
n
d
in
g
th
e
g
a
u
g
e
in
va
ria
n
t
p
o
ly
n
o
m
ia
ls,
a
n
d
th
e
g
a
u
g
e
ch
o
ice
(6
.1
.3
)

co
rresp
o
n
d
s
to
a
ch
o
ice
o
f
rep
resen
ta
tiv
e
fo
r
a
n
eq
u
iva
len
ce
cla
ss
(6
.1
.9
).
In
[4
3],
a
n

itera
tiv
e
m
eth
o
d
w
a
s
p
rov
id
ed
to
co
n
stru
ct
th
e
g
en
era
to
rs
o
f
th
e
co
h
o
m
o
lo
g
y
fo
r
th
e

ca
se
o
f
b
o
so
n
ic
L
ie
a
lg
eb
ra
s.
W
e
w
ill
d
iscu
ss
th
e
g
en
era
lisa
tio
n
o
f
th
is
m
eth
o
d
in

sectio
n
6
.4
.
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C
h
a
p
ter
6
.
W
{
a
lg
eb
ra
s
a
n
d
g
a
u
g
ed
W
Z
N
W

m
o
d
els

Q
u
a
n
tisa
tio
n
o
f
th
e
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
u
sin
g
a
B
R
S
T
a
p
p
ro
a
ch
w
a
s
in
itia
ted

in
[2
4].
T
h
e
g
en
era
l
ca
se
fo
r
b
o
so
n
ic
K
a�c{
M
o
o
d
y
a
lg
eb
ra
s,
w
a
s
trea
ted
in
[4
3].
W
e

w
ill
trea
t
su
p
era
lg
eb
ra
s
in
sectio
n
6
.4
.

H
av
in
g
ch
a
ra
cterised
th
e
red
u
ced
p
h
a
se
sp
a
ce,
w
e
n
o
w
g
iv
e
so
m
e
g
en
era
l
co
m
-

m
en
ts
a
b
o
u
t
its
stru
ctu
re.
T
h
e
cu
rren
t
co
rresp
o
n
d
in
g
to
e
+

(w
h
ich
h
a
s
j
=
1
)
is

co
m
m
o
n
to
a
ll
red
u
ctio
n
s
(a
s
w
e
a
re
trea
tin
g
sl(2
)
em
b
ed
d
in
g
s).
It
tu
rn
s
o
u
t
th
a
t

it
sa
tis�
es
a
V
ira
so
ro
P
o
isso
n
b
ra
ck
et.
T
h
is
is
still
th
e
ca
se
if
w
e
a
d
d
th
e
S
u
g
aw
a
ra

ten
so
r
T
(0
)

S

fo
r
th
e
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
fo
rm
ed
b
y
th
e
h
ig
h
est
w
eig
h
t
j
=
0
cu
rren
ts.

W
e
d
e�
n
e:

T
s
=
2
y
~J
(1
;0
)

z

+
sT
(0
)

S

;

(6
.1
.1
2
)

w
h
ich
is
a
V
ira
so
ro
cu
rren
t
fo
r
s
=
0
;1
.
W
ith
resp
ect
to
T
1 ,
a
ll
th
e
o
th
er
cu
rren
ts

~J
(j
;�
j
)

z

a
re
p
rim
a
ry
a
n
d
h
av
e
sp
in
j
+
1
[6
9
],
see
a
lso
sectio
n
6
.4
.
S
o
,
w
e
h
a
v
e
fo
u
n
d

a
rep
resen
ta
tio
n
o
f
a
cla
ssica
lW
{
a
lg
eb
ra
fo
r
a
n
y
sl(2
)
em
b
ed
d
in
g
in
a
(su
p
er)
L
ie

a
lg
eb
ra
.
S
ee
[8
7
]
fo
r
a
cla
ssi�
ca
tio
n
o
f
a
ll
em
b
ed
d
in
g
s
a
n
d
th
e
d
im
en
sio
n
s
o
f
th
e

g
en
era
to
rs
o
f
th
e
resu
ltin
g
W
{
a
lg
eb
ra
.

6
.2

Q
u
a
n
tu
m

re
d
u
c
tio
n

In
th
is
sectio
n
,
th
e
p
rev
io
u
s
sch
em
e
fo
r
co
n
stra
in
in
g
th
e
cu
rren
ts
o
f
a
K
a
�c{
M
o
o
d
y

a
lg
eb
ra
is
im
p
lem
en
ted
b
y
g
a
u
g
in
g
a
W
Z
N
W
{
m
o
d
el.
T
h
is
w
ill
en
a
b
le
u
s
to
q
u
a
n
tise

th
e
red
u
ctio
n
a
n
d
to
g
iv
e
a
p
a
th
in
teg
ra
l
ex
p
ressio
n
fo
r
th
e
in
d
u
ced
a
ctio
n
o
f
th
e

W
{
a
lg
eb
ra
w
h
ich
resu
lts
fro
m
th
e
co
n
stru
ctio
n
.

6
.2
.1

G
a
u
g
e
d
W
Z
N
W

M
o
d
e
l

T
h
e
a
�
n
e
L
ie
a
lg
eb
ra
^g
is
rea
lised
b
y
a
W
Z
N
W
{
m
o
d
el
w
ith
a
ctio
n
�
S
�

[g
].
T
h
is

a
ctio
n
h
a
s
th
e
g
lo
b
a
l
sy
m
m
etry
(2
.6
.4
2
).
T
o
m
a
k
e
p
a
rt
o
f
th
e
sy
m
m
etries
lo
ca
l,
w
e

in
tro
d
u
ce
g
a
u
g
e
�
eld
s
A
z 2
�
�

�g
a
n
d
A
�z 2
�
+
�g
a
n
d
th
e
a
ctio
n
:

S
0

=

�
S
�

[g
]�
�

2
�
x Z
str �A
z
g
�

1
�@g �
+

�
2
�
x Z
str �A
�z @
g
g
�

1 �
+

�
2
�
x Z
str �A
�z g
A
z
g
�

1 �
:

(6
.2
.1
)

P
a
ra
m
etrisin
g
th
e
g
a
u
g
e
�
eld
s
a
s
A
z
�
@
h
�

h
�

1
�

a
n
d
A
�z �
�@h
+
h
�

1
+

w
h
ere
h
�

2
�
�

�g
,

w
e
see
th
a
tS
0
is
in
v
a
ria
n
t
u
n
d
er:h

�

!


�

h
�

g

!


+
g

�

1
�

;

(6
.2
.2
)

w
h
ere


�

2
�
�

�g
:

(6
.2
.3
)

T
h
is
ca
n
b
e
sh
ow
n
b
y
u
sin
g
th
e
P
o
ly
a
k
ov
-W
ieg
m
a
n
fo
rm
u
la
(2
.6
.3
6
)
to
b
rin
g
eq
.

(6
.2
.1
)
in
th
e
fo
rm
S
0
=
�
S
�

[h
�

1
+

g
h
�

]
a
n
d
n
o
tin
g
th
a
t
S
�

[h
�

]
=
0
.
W
e
w
ill
a
lw
ay
s

w
o
rk
in
th
e
g
a
u
g
e
A
z
=
0
a
n
d
h
en
ce
d
ro
p
a
ll
co
n
trib
u
tio
n
s
o
f
th
is
g
a
u
g
e
�
eld
.

In
o
rd
er
to
im
p
o
se
th
e
co
n
stra
in
ts
(6
.1
.1
),
w
e
w
o
u
ld
lik
e
to
a
d
d
th
e
fo
llow
in
g

term
to
th
e
a
ctio
n
:

S
e
x
tra
=
�
�

2
�
x Z
str
(A
�z e
�

)
;

(6
.2
.4
)

u
sin
g
th
e
g
a
u
g
e
�
eld
a
s
a
L
a
g
ra
n
g
e
m
u
ltip
lier.
T
h
e
v
a
ria
tio
n
o
f
th
is
term
u
n
d
er
th
e

g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s
eq
.
(6
.2
.2
)
is:

�S
e
x
tra
=
�
�

2
�
x Z
str
([�
;A
�z ]e
�

)
:

(6
.2
.5
)

T
h
e
va
ria
tio
n
is
n
o
n
zero
w
h
en
�
1
=
2 �g
is
n
o
t
em
p
ty.
W
e
w
o
u
ld
lik
e
to
p
reserv
e
th
e

g
a
u
g
e
in
va
ria
n
ce.
A
s
a
lrea
d
y
m
en
tio
n
ed
,
th
is
ca
n
b
e
d
o
n
e
fo
r
b
o
so
n
ic
a
lg
eb
ra
s
b
y

ch
o
o
sin
g
a
n
in
teg
ra
l
g
ra
d
in
g
.
T
h
is
is
u
sed
in
[4
3
]
to
q
u
a
n
tise
th
e
D
rin
feld
-S
o
k
o
lov

red
u
ctio
n
fo
r
b
o
so
n
ic
a
lg
eb
ra
s.
H
ow
ev
er,
fo
r
a
su
p
er
L
ie
a
lg
eb
ra
,
a
n
o
th
er
m
eth
o
d

h
a
s
to
b
e
u
sed
.
W
e
resto
re
g
a
u
g
e
in
va
ria
n
ce
b
y
in
tro
d
u
cin
g
th
e
\
a
u
x
ilia
ry
"
�
eld

�
2
�
1
=
2 �g
a
n
d
d
e�
n
e:

S
1

=

�
S
�

[g
]+

1�
x Z
str �
A
�z �
J
z �
�2

e
�

�
�2

[�
;e
�

] ��

+

�
4
�
x Z
str �[�
;e
�

] �@� �
;

(6
.2
.6
)

w
ith
th
e
a
�
n
e
cu
rren
ts
(2
.6
.4
0
)
J
z
=
�2
@
g
g
�

1.
If
�
tra
n
sfo
rm
s
u
n
d
er
(6
.2
.2
)
a
s:

�
!
�
+
�
1
=
2 �
;

(6
.2
.7
)

w
h
ere
ex
p
�
�

+

,
th
e
a
ctio
n
S
1
tu
rn
s
o
u
t
to
b
e
in
va
ria
n
t.
T
o
p
rov
e
th
is
w
e
n
eed
:

str
([�
;
A
�z ][�
;e
�

])
=
0
;

(6
.2
.8
)

w
h
ich
fo
llow
s
fro
m
�
�

1
=
2 [�
;A
�z ]
=
0
.

T
h
e
L
a
g
ra
n
g
e
m
u
ltip
liers
A
�z
im
p
o
se
n
ow
th
e
co
n
stra
in
ts:

�
�

J
z �
�2

e
�

�
�2

[�
;e
�

]
=

0
:

(6
.2
.9
)

U
sin
g
th
e
g
a
u
g
e
sy
m
m
etry
w
e
ca
n
fu
rth
er
red
u
ce
th
e
cu
rren
t
b
y
ch
o
o
sin
g
�
�

0 J
z
2

K
+

a
n
d
�
=
0
,
th
u
s
in
d
eed
rep
ro
d
u
cin
g
th
e
h
ig
h
est
w
eig
h
t
g
a
u
g
e
eq
.
(6
.1
.3
).
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6
.2
.
Q
u
a
n
tu
m

red
u
ctio
n

A
s
d
iscu
ssed
in
th
e
p
rev
io
u
s
sectio
n
,
th
e
p
o
ly
n
o
m
ia
ls
in
th
e
a
�
n
e
cu
rren
ts
a
n
d

�
w
h
ich
a
re
g
a
u
g
e
in
v
a
ria
n
t
m
o
d
u
lo
th
e
co
n
stra
in
ts,
i.e.
th
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
o
f

A
�z ,
fo
rm

a
rea
lisa
tio
n
o
f
a
cla
ssica
l
ex
ten
d
ed
V
ira
so
ro
a
lg
eb
ra
.
T
h
e
W
{
a
lg
eb
ra
is

g
en
era
ted
b
y
th
e
p
o
ly
n
o
m
ia
ls
~J
(j
;�
j
)

z

(6
.1
.4
).
O
f
co
u
rse,
w
e
ca
n
ta
k
e
a
d
i�
eren
t
set

o
f
g
en
era
to
rs.
F
o
r
ex
a
m
p
le,
it
is
cu
sto
m
a
ry
to
u
se
th
e
V
ira
so
ro
o
p
era
to
r
T
1
(6
.1
.1
2
).

W
e
w
ill
d
en
o
te
th
e
n
ew
g
en
era
to
rs
a
sT
(j
;�
j
),

a
n
d
a
ssem
b
le
th
em
fo
r
co
n
v
en
ien
ce
in

a
m
a
trix
:

T
�
T
(j
;�
j
)

(j
j
;�
j
) t2
K
+
:

(6
.2
.1
0
)

6
.2
.2

T
h
e
in
d
u
c
e
d
a
c
tio
n

W
e
co
u
p
le
th
e
g
en
era
to
rsT
o
f
th
e
W
{
a
lg
eb
ra
to
so
u
rces
�
2
K
�

a
n
d
a
d
d
th
is
term

to
th
e
a
ctio
n
S
1
(6
.2
.6
):

S
2
=
S
1
+

1
4
�
x
y Z
str
(�T
)
:

(6
.2
.1
1
)

H
ow
ev
er,T
is
o
n
ly
in
v
a
ria
n
t
u
p
to
th
e
co
n
stra
in
ts
(6
.2
.9
),
i.e.
eq
u
a
tio
n
s
o
f
m
o
tio
n
s

o
f
th
e
g
a
u
g
e
�
eld
s
A
�z .
T
o
m
a
k
e
S
2
g
a
u
g
e
in
v
a
ria
n
t,
w
e
m
o
d
ify
th
e
tra
n
sfo
rm
a
tio
n

ru
les
o
f
th
e
A
�z
w
ith
�
-d
ep
en
d
en
t
term
s.
A
s
th
e
g
a
u
g
e
�
eld
s
a
p
p
ea
r
lin
ea
rly
in
th
e

a
ctio
n
,
n
o
fu
rth
er
m
o
d
i�
ca
tio
n
s
a
re
n
eed
ed
.
T
h
e
a
ctio
n
is
th
en
in
va
ria
n
t
u
n
d
er
�
+
�g

g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s.
D
u
e
to
th
e
n
ew
tra
n
sfo
rm
a
tio
n
ru
les
o
f
A
�z ,
th
e
g
a
u
g
e
a
lg
eb
ra

n
ow
clo
ses
o
n
ly
o
n
-sh
ell.

P
rov
id
ed
th
a
t
a
t
q
u
a
n
tu
m
lev
el
th
e
cu
rren
ts
T
(j
;�
j
),

u
p
to
m
u
ltip
lica
tiv
e
ren
o
r-

m
a
lisa
tio
n
s
a
n
d
n
o
rm
a
l
o
rd
erin
g
,
sa
tisfy
a
q
u
a
n
tu
m

v
ersio
n
o
f
th
e
W
{
a
lg
eb
ra
,
w
e

o
b
ta
in
a
rea
lisa
tio
n
o
f
th
e
in
d
u
ced
a
ctio
n
fo
r
th
isW
{
a
lg
eb
ra
:

ex
p
(�
�
[�
])
= Z
[�
g
g
�

1][d
�
][d
A
�z ](V
o
l(�
+
�g))
�

1
ex
p
(�
S
2 [g
;�
;A
�z ;�
])
:

(6
.2
.1
2
)

O
f
co
u
rse,
w
e
sh
o
u
ld
p
ro
p
erly
d
e�
n
e
th
e
a
b
ov
e
ex
p
ressio
n
.
T
h
e
g
a
u
g
e
�
x
in
g
p
ro
ce-

d
u
re
is
m
o
st
ea
sily
p
erfo
rm
ed
u
sin
g
th
e
B
a
ta
lin
{
V
ilk
o
v
isk
y
(B
V
)
m
eth
o
d
[1
1].
W
e

sk
ip
th
e
d
eta
ils
h
ere,
a
rea
d
a
b
le
a
cco
u
n
t
o
f
th
e
B
V

m
eth
o
d
ca
n
b
e
fo
u
n
d
in
e.g
.

[5
1,
1
9
6
,
1
9
7
,
1
9
9
].
F
o
r
ev
ery
g
en
era
to
r
o
f
th
e
g
a
u
g
e
a
lg
eb
ra
,
w
e
in
tro
d
u
ce
a
g
h
o
st

�
eld
c
a

w
ith
sta
tistic
(�
1
)
1
+
a

,
c
2
�
+
�g.
F
u
rth
erm
o
re,
fo
r
ev
ery
�
eld
w
e
in
tro
d
u
ce

a
n
a
n
ti�
eld
o
f
o
p
p
o
site
sta
tistics,
J
�z

2
�g,
A
��z
2
�
�

�g,
�
�

2
�
�

1
=
2 �g
a
n
d
c
�

2
�
�

�g
.

W
e
d
en
o
te
a
ll
�
eld
sf
J
z ;�
;A
�z ;cg
co
llectiv
ely
w
ith
�
�

w
ith
co
rresp
o
n
d
in
g
a
n
ti�
eld
s

�
��

.
T
h
e
�
rst
step
o
f
th
e
B
V
m
eth
o
d
co
n
sists
o
f
ex
ten
d
in
g
th
e
a
ctio
n
S
2 :

S
B
V

=
S
2
+

1� Z
�
��
�
c �
�

+
:::
;

(6
.2
.1
3
)

w
h
ere
�
c
d
en
o
tes
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s
w
ith
th
e
p
a
ra
m
eter
�
rep
la
ced
b
y
th
e

g
h
o
st
c.
T
h
e
ellip
sis
d
en
o
tes
ex
tra
term
s
a
t
lea
st
q
u
a
d
ra
tic
in
th
e
g
h
o
sts
a
n
d
a
n
ti�
eld
s

su
ch
th
a
t
th
e
cla
ssica
l
B
V
m
a
ster
eq
u
a
tio
n
is
sa
tis�
ed
:

(S
B
V
;S
B
V
)
=
0
;

(6
.2
.1
4
)

w
h
ere
th
e
b
ra
ck
et
d
en
o
tes
th
e
B
V
a
n
tib
ra
ck
et:

(A
;B
)� Z
d
2x  
 �

A

��
�
(x
)

!�
B

�
� �
�(x
) �

 �
A

��
��
(x
)

!�
B

�
��
(x
) !
:

(6
.2
.1
5
)

T
h
e
m
a
ster
eq
u
a
tio
n
is
g
u
a
ra
n
teed
to
h
av
e
a
so
lu
tio
n
b
y
clo
su
re
o
f
th
e
g
a
u
g
e
a
lg
eb
ra

[1
0,
8
2,
1
1
0,
1
9
8].
N
o
te
th
a
t
th
e
m
a
ster
eq
u
a
tio
n
(6
.2
.1
4
),
to
g
eth
er
w
ith
J
a
co
b
i

id
en
tities
fo
r
th
e
a
n
tib
ra
ck
et,
im
p
lies
th
a
t
th
e
o
p
era
to
r
Q
B
V

d
e�
n
ed
b
y
:

Q
B
V
(A
)
=

(S
B
V
;A
)

(6
.2
.1
6
)

is
n
ilp
o
ten
t.
T
h
is
is
p
ro
v
id
es
a
lin
k
to
th
e
B
R
S
T
o
p
era
to
r.
In
p
a
rticu
la
r,
fo
r
g
a
u
g
e

a
lg
eb
ra
s
w
h
ich
clo
se
w
ith
o
u
t
u
sin
g
th
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
,
th
is
d
e�
n
itio
n
co
in
cid
es

w
ith
eq
.
(6
.1
.6
)
fo
r
Q
a
ctin
g
o
n
�
eld
s.

W
e
�
n
d
th
a
t
th
e
so
lu
tio
n
to
th
e
m
a
ster
eq
u
a
tio
n
is
g
iv
en
b
y
:

S
B
V

=

S
1
+

1
2
�
x Z
str �
�
c
�cc

+
J
�z �
�2

@
c
+
[c;J
z ] �
+
�
�c

+
A
��z �
�@c
+
[c;
A
�z ] �
+

12
y
�
^T �
;

(6
.2
.1
7
)

w
h
ere
�
(j
;�
j )
a
p
p
ea
rs
lin
ea
rly
in
th
e
ex
ten
d
ed
a
ctio
n
.
^T
(j
;�
j )
red
u
ces
to
th
e
g
a
u
g
e

in
va
ria
n
t
p
o
ly
n
o
m
ia
lsT
(j
;�
j ),
w
h
en
a
n
ti�
eld
s
a
n
d
g
h
o
sts
a
re
set
to
zero
,
see
[4
6
,
1
8
7].

W
e
w
ill
d
eterm
in
e
th
e
ex
a
ct
fo
rm
o
f
^T
(j
;�
j )
a
t
th
e
en
d
o
f
th
is
sectio
n
.

T
h
e
g
a
u
g
e
is
�
x
ed
in
th
e
B
V
m
eth
o
d
b
y
p
erfo
rm
in
g
a
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n

a
n
d
b
y
p
u
ttin
g
th
e
n
ew

a
n
ti�
eld
s
to
zero
.

A

ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
b
etw
een

�
eld
s
a
n
d
a
n
ti�
eld
s
lea
v
es
th
e
a
n
tib
ra
ck
et
in
va
ria
n
t.
O
n
e
sh
o
u
ld
u
se
a
ca
n
o
n
ica
l

tra
n
sfo
rm
a
tio
n
su
ch
th
a
t
th
e
n
ew
�
eld
s
h
av
e
a
w
ell-d
e�
n
ed
p
ro
p
a
g
a
to
r.

W
h
en
g
o
in
g
to
th
e
q
u
a
n
tu
m

th
eo
ry,
a
q
u
a
n
tu
m

term

h
a
s
to
b
e
a
d
d
ed
to
th
e
B
V

m
a
ster
eq
u
a
tio
n
(6
.2
.1
4
)
in
o
rd
er
to
en
su
re
th
a
t
th
e
resu
lts
o
f
th
e
th
eo
ry
a
re
g
a
u
g
e-in
-

d
ep
en
d
en
t.
T
h
is
im
p
lies
th
a
t
q
u
a
n
tu
m
co
rrectio
n
s
h
a
v
e
to
b
e
a
d
d
ed
to
th
e
ex
ten
d
ed

a
ctio
n
.
W
e
w
ill
n
o
t
m
a
k
e
a
fu
lly
reg
u
la
rised
q
u
a
n
tu
m
�
eld
th
eo
ry
co
m
p
u
ta
tio
n
,
a
s

th
is
d
o
es
n
o
t
seem
fea
sib
le
fo
r
th
e
g
en
era
l
ca
se.
In
stea
d
,
w
e
u
se
B
R
S
T
in
va
ria
n
ce
a
s

a
g
u
id
e.
W
e
w
ill
u
se
O
P
E
-tech
n
iq
u
es
w
ith
o
u
t
sp
ecify
in
g
a
reg
u
la
risa
tio
n
u
n
d
erly
in
g

th
is
m
eth
o
d
in
ren
o
rm
a
lised
p
ertu
rb
a
tio
n
th
eo
ry.
T
h
e
O
P
E
s
w
ill
en
a
b
le
u
s
to
p
resen
t

resu
lts
to
a
ll
o
rd
ers
in
th
e
co
u
p
lin
g
co
n
sta
n
t
�
.

T
o
b
e
a
b
le
to
u
se
O
P
E
s,
w
e
sh
o
u
ld
ch
o
o
se
a
g
a
u
g
e
w
h
ere
w
e
ca
n
a
ssig
n
d
e�
n
ite

O
P
E
s
to
th
e
�
eld
s.
W
e
w
ill
p
u
t
A
�z
=
0
,
w
h
ich
is
d
i�
eren
t
fro
m
th
e
h
ig
h
est
w
eig
h
t

7
5



C
h
a
p
ter
6
.
W
{
a
lg
eb
ra
s
a
n
d
g
a
u
g
ed
W
Z
N
W

m
o
d
els

g
a
u
g
e.
In
th
e
B
V
fo
rm
a
lism
,
th
is
a
m
o
u
n
ts
to
u
sin
g
a
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
w
h
ich

sim
p
ly
in
terch
a
n
g
es
A
��z

a
n
d
A
�z .
M
o
reo
v
er,
w
e
ren
a
m
e
th
e
o
ld
a
n
tig
a
u
g
e
�
eld
s
A
��z

to

B
R
S
T
-a
n
tig
h
o
sts
b.
T
h
e
g
a
u
g
e-�
x
ed
a
ctio
n
rea
d
s:

S
g
f

=

�
S
�

[g
]
+

�
4
�
x Z
str �[�
;e
�

] �@� �
+

1
2
�
x Z
str �b
�@
c �

+

1
4
�
x
y Z
str �
�
^T �
:

(6
.2
.1
8
)

In
t
e
r
m
e
z
z
o
6
.2
.1

U
sin
g
th
e
resu
lts
o
f
sectio
n
2
.6
,
w
e
see
th
a
t
th
e
�
eld
s
sa
tisfy
th
e
O
P
E
s:

�
a
�
b

=

<<

2�
a
h
b
>>

b
a
c
b

=

<<
a
g
b
>>
;

(6
.2
.1
9
)

w
h
ere
a
h
b

is
th
e
in
v
erse
o
f:

a
h
b
=
(e�
)
c

c
a
f
d

d
g
b
:

(6
.2
.2
0
)

T
h
e
cu
rren
ts
J
az

sa
tisfy
th
e
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
^g
w
ith
lev
el
�
(in
th
e
cla
ssica
l
a
n
d

q
u
a
n
tu
m

ca
se).
T
h
e
ten
so
rs
g
a
n
d
f
a
re
d
e�
n
ed
in
a
p
p
en
d
ix
B
.

C
o
rresp
o
n
d
in
g
to
th
e
n
ilp
o
ten
t
o
p
era
to
r
eq
.
(6
.2
.1
6
),
w
e
h
a
v
e
th
e
B
R
S
T
ch
a
rg
e
2:

Q
=

1
4
�
ix I
str �
c �
J
z �
�2

e
�

�
�2

[�
;e
�

]
+

14 f
b;cg ��
:

(6
.2
.2
1
)

It
is
ea
sy
to
see
th
a
t
in
d
eed
Q
(�
�

)
=
�
c �
�

.

W
e
n
o
w
co
m
m
en
t
o
n
th
e
ex
p
licit
fo
rm
o
f
th
e
cu
rren
ts
^T
(j
;�
j ).
B
R
S
T
in
va
ria
n
ce

o
f
th
e
a
ctio
n
req
u
ires
^T
to
b
e
B
R
S
T
in
v
a
ria
n
t.
T
h
is
d
eterm
in
es
^T
(j
;�
j )
u
p
to
B
R
S
T

ex
a
ct
p
ieces.
T
h
is
w
ill
lea
d
u
s
to
th
e
stu
d
y
o
f
th
e
B
R
S
T
co
h
o
m
o
lo
g
y
in
sectio
n

6
.4
.
In
p
a
rticu
la
r,
w
e
w
ill
p
rov
e
in
su
b
sectio
n
6
.4
.2
th
a
t
th
e
cla
ssica
l
co
h
o
m
o
lo
g
y
is

g
en
era
ted
b
y
th
e
g
a
u
g
e
in
v
a
ria
n
t
p
o
ly
n
o
m
ia
ls
~J
(j
;�
j
)

z

a
fter
rep
la
cin
g
th
e
cu
rren
t
J
z

w
ith
th
e
\
to
ta
l
cu
rren
t"
^J
(j
;�
j
)

z

:
^Jz
�
J
z
+

12 f
b;cg
:

(6
.2
.2
2
)

T
h
is
m
ea
n
s
th
a
t
in
th
e
g
a
u
g
e
A
�z

=

0
,
^T
(j
;�
j
)

is
g
iv
en
b
y
p
erfo
rm
in
g
th
e
sa
m
e

su
b
stitu
tio
n
in
th
e
in
v
a
ria
n
t
p
o
ly
n
o
m
ia
lsT
(j
;�
j
).

T
h
is
resu
lt
d
eterm
in
es
^T
j

in
th
e

ex
ten
d
ed
a
ctio
n
(6
.2
.1
7
),
i.e.
b
efo
re
p
u
ttin
g
a
n
ti�
eld
s
to
zero
:

^T
[J
z ;�
;A
��z ;c]

=

T
[J
z
+

12 f
A
��z ;cg
;�
];

(6
.2
.2
3
)

2
N
o
te
th
a
tf
b;
cg
d
en
o
tes
a
n
a
n
tico
m
m
u
ta
to
r,
n
o
t
a
P
o
isso
n
b
ra
ck
et.

w
h
ere
w
e
in
d
ica
ted
th
e
fu
n
ctio
n
a
l
d
ep
en
d
en
ce
o
f
th
e
g
a
u
g
e
in
va
ria
n
t
p
o
ly
n
o
m
ia
ls
a
s

T
[J
z ;�
].
A
n
eleg
a
n
t
a
rg
u
m
en
t
fo
r
th
is
fo
rm
u
la
p
u
rely
rely
in
g
o
n
B
V
m
eth
o
d
s
ca
n

b
e
fo
u
n
d
in
[1
8
7].

W
e
ca
n
n
ow
ch
eck
,
u
sin
g
th
e
cla
ssica
l
O
P
E
s
g
iv
en
in
in
term
ezzo
6
.2
.1
,
th
a
t
th
e

cu
rren
ts
�
+

^Jz
d
e�
n
ed
in
(6
.2
.2
2
)
sa
tisfy
th
e
sa
m
e
P
o
isso
n
b
ra
ck
ets
a
s
�
+
J
z .
B
eca
u
se

T
is
a
fu
n
ctio
n
a
l
o
f
o
n
ly
th
e
p
o
sitiv
ely
g
ra
d
ed
cu
rren
ts
(a
n
d
�
),
th
e
p
o
ly
n
o
m
ia
ls

^T
(j
;�
j
)

still
fo
rm
a
rep
resen
ta
tio
n
o
f
th
e
W
{
a
lg
eb
ra
.

W
e
a
re
n
ow
in
a
p
o
sitio
n
to
g
o
to
th
e
q
u
a
n
tu
m
th
eo
ry.
B
R
S
T
in
va
ria
n
ce
w
ill
b
e

o
u
r
g
u
id
elin
e.
W
e
n
o
tice
th
a
t
th
e
ex
p
ressio
n
eq
.
(6
.2
.2
1
)
fo
r
th
e
B
R
S
T
ch
a
rg
e
h
a
s

n
o
n
o
rm
a
l
o
rd
erin
g
a
m
b
ig
u
ities.
W
e
w
ill
ta
k
e
it
a
s
th
e
d
e�
n
itio
n
fo
r
th
e
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
r,
a
n
d
w
e
w
ill
d
eterm
in
e
a
n
y
q
u
a
n
tu
m
co
rrectio
n
s
to
ex
ten
d
ed
a
ctio
n

b
y
req
u
irin
g
in
va
ria
n
ce
u
n
d
er
th
e
q
u
a
n
tu
m

B
R
S
T
tra
n
sfo
rm
a
tio
n
s.
F
o
r
�
=
0
,
th
e

g
a
u
g
e
�
x
ed
a
ctio
n
(6
.2
.1
8
)
is
q
u
a
n
tu
m
B
R
S
T
in
va
ria
n
t.
H
en
ce,
a
n
y
co
rrectio
n
s
fo
r

th
e
g
a
u
g
e
�
x
ed
a
ctio
n
resid
e
o
n
ly
in
th
e
^T
(j
;�
j ).
T
h
e
q
u
a
n
tu
m

co
rrectio
n
s
to
th
e

g
en
era
to
rs
o
f
th
e
cla
ssica
lW
{
a
lg
eb
ra
w
ill
b
e
d
eterm
in
ed
in
sectio
n
6
.4
b
y
stu
d
y
in
g

th
e
q
u
a
n
tu
m
co
h
o
m
o
lo
g
y.

6
.3

A
n
e
x
a
m
p
le
:
o
s
p
(N
j2
)

In
th
is
sectio
n
w
e
p
resen
t
a
n
ex
p
licit
ex
a
m
p
le
to
m
a
k
e
o
u
r
trea
tm
en
t
o
f
th
e
cla
ssica
l

ca
se
m
o
re
co
n
crete.

T
h
e
L
ie
a
lg
eb
ra
o
sp
(N
j2
)
is
g
en
era
ted
b
y
a
set
o
f
b
o
so
n
ic
g
en
era
to
rs:

t
=j ;t
0 ;t
=
;t
a
b ;

t
a
b
=
�
t
b
a

a
n
d
a
;b2
f
1
;���;N
g
;

(6
.3
.1
)

w
h
ich
fo
rm
a
n
sl(2
)�
so(N
)
L
ie
a
lg
eb
ra
a
n
d
a
set
o
f
ferm
io
n
ic
g
en
era
to
rs:

t
+
a
;t
�

a
;

a
2
f
1
;���;N
g
:

(6
.3
.2
)

W
e
w
ill
rep
resen
t
a
L
ie
a
lg
eb
ra
va
lu
ed
�
eld
X

b
y
X
=j

=j t+
X
0

0 t+
X
=

=
t+
12
X
a
b
a
b t+

X
+
a

+
a
t
+
X
�

a

�

a
t,
w
h
ere
th
e
m
a
trices
a
t
a
re
in
th
e
fu
n
d
a
m
en
ta
l
rep
resen
ta
tio
n

(w
h
ich
h
a
s
in
d
ex
x
=
1
=
2
):

X

� 0@
X
0

X
=j

X
+
b

X
=

�
X
0

X
�

b

X
�

a

�
X
+
a

X
a
b 1A
;

(6
.3
.3
)

a
n
d
X
a
b

=
�
X
b
a

.
F
ro
m

th
is,
o
n
e
rea
d
s
th
e
g
en
era
to
rs
o
f
o
sp
(N
j2
)
in
th
e
fu
n
d
a
-

m
en
ta
l
rep
resen
ta
tio
n
a
n
d
o
n
e
ca
n
ea
sily
co
m
p
u
te
th
e
(a
n
ti)co
m
m
u
ta
tio
n
rela
tio
n
s.

T
h
e
d
u
a
l
C
ox
eter
n
u
m
b
er
fo
r
th
is
a
lg
eb
ra
is
~h
=

12
(4
�
N
).
In
th
e
fu
n
d
a
m
en
ta
l

rep
resen
ta
tio
n
,
th
e
su
p
ertra
ce
(B
.8
)
o
f
tw
o
�
eld
s
is:

str(X
Y
)

=

2
X
0
Y
0

+
X
=j
Y
=

+
X
=
Y
=j�
X
a
b
Y
b
a

+

(�
1
)
Y

2
X
�

a
Y
+
a�

(�
1
)
Y

2
X
+
a
Y
�

a
;

(6
.3
.4
)
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6
.3
.
A
n
ex
a
m
p
le
:
o
sp
(N
j2
)

w
ith
(�
1
)
Y

a
p
h
a
se
fa
cto
r
d
ep
en
d
in
g
o
n
th
e
p
a
rity
o
f
Y
,
w
h
ich
is
(�
1
)
fo
r
(a
n
ti)g
h
o
sts

a
n
d
(+
1
)
fo
r
a
ll
o
th
er
�
eld
s.
In
th
is
eq
u
a
tio
n
w
e
in
serted
th
e
p
h
a
se
fa
cto
r
ex
p
lic-

itly.
In
th
is
sectio
n
,
a
n
d
in
sectio
n
6
.5
,
th
e
su
m
m
a
tion
co
n
v
en
tio
n
is
a
p
p
lied
w
ith
o
u
t

in
tro
d
u
cin
g
ex
tra
sig
n
s.
A
lso
,
in
d
ices
a
re
ra
ised
a
n
d
low
ered
u
sin
g
th
e
K
ro
n
eck
er

d
elta
.

In
t
e
r
m
e
z
z
o
6
.3
.1

W
e
list
th
e
o
s
p
(N
j2
)
cla
ssica
l
O
P
E
s
fo
r
co
n
v
en
ien
ce:

J
0z J
0z

=
<<

�8

j
0
>>

J
iz J
jz

=
<<

�8
�
ijj
�
p

2
4

f
ij

k
J
kz

>>

J
=jz J
=z

=
<<

�4

j
J
0z

>>

J
iz J
�
a

z

=
<<

p
2

4

�
a
b
iJ
�
b

z

>>

J
0z J
=j=z

=
<<
�
12
J

=j=z
>>

J
�
a

z

J
�
b

z

=
<<
�
14
�
a
bJ
=j=z

>>

J
0z J
�
a

z

=
<<
�
14
J
�
a

z

>>

J
=j=z

J
�
a

z

=
<<

12
J
�
a

z

>>

J
+
a

z

J
�
b

z

=
<<

�8
�
a
bj
14 �
�
a
bJ
0z

+
p

2
�
ia

b J
iz �
>>
;

w
h
ere
th
e
in
d
ex
i
sta
n
d
s
fo
r
a
p
a
ir
o
f
in
d
ices
(p
q)
w
ith
1�
p
<
q�
N
,
a
n
d
�
(
p
q
)(
r
s
)
=

�
p
r
�
q
s.
T
h
e
seco
n
d
o
rd
er
\
p
o
les"
a
re
g
iv
en
b
y�
�
=
2
a
g
b
w
h
ere
th
e
m
etric
a
g
rees
w
ith
eq
.

(6
.3
.4
).
T
h
e
n
o
rm
a
lisa
tio
n
s
a
re
su
ch
th
a
t
�
a
b
(
p
q
)�
1
= p
2
(�
pa
�
qb �
�
qa �
pb
),
[�
i;�
j]
=
f
ij

k
�
k
,

t
r
(�
i�
j)
=
�
�
ij,
f
ik

l f
j
l

k

=
�
(N
�
2
)�
ij

w
h
ere
f
ij

k

a
re
th
e
stru
ctu
re
co
n
sta
n
ts
o
f
th
e

s
o
(N
)
su
b
a
lg
eb
ra
.
N
o
te
th
a
t
th
e
cla
ssica
l
a
n
d
q
u
a
n
tu
m

O
P
E
s
a
re
th
e
sa
m
e.

W
e
co
n
sid
er
th
e
em
b
ed
d
in
g
co
rresp
o
n
d
in
g
to
th
e
sl(2
)
su
b
a
lg
eb
ra
fo
rm
ed
b
y

f
t
=j ;t
0 ;t
= g
.
It
h
a
s
in
d
ex
o
f
em
b
ed
d
in
g
(B
.1
2
)
y
=
1
.
T
h
e
co
n
stra
in
ts
eq
.
(6
.2
.9
)
a
re

in
o
u
r
ex
a
m
p
le
sim
p
ly
3:

J
=z

=
�2

J
�

a
z

=
�
�2

�
+
a
:

(6
.3
.5
)

T
h
e
elem
en
ts
o
f
th
e
cla
ssica
l
ex
ten
d
ed
V
ira
so
ro
a
lg
eb
ra
a
re
p
o
ly
n
o
m
ia
ls
w
h
ich

a
re
in
v
a
ria
n
t
(u
p
to
eq
u
a
tio
n
s
o
f
m
o
tio
n
o
f
th
e
g
a
u
g
e
�
eld
s)
u
n
d
er
th
e
�
+
O
S
p
(N
j2
)

g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s.
T
h
e
g
en
era
to
rs
a
re
fo
u
n
d
b
y
ca
rry
in
g
o
u
t
th
e
u
n
iq
u
e
(�
n
ite)

�
+
O
S
p
(N
j2
)
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
w
h
ich
b
rin
g
s
th
e
cu
rren
ts
J
z
a
n
d
�
in
th
e
h
ig
h
est

w
eig
h
t
g
a
u
g
e,
i.e.
~J
0z

=
~�
+
a

=
0
fo
r
th
e
tra
n
sfo
rm
ed
cu
rren
ts.
W
e
�
n
d
:

~J
=jz

=

J
=jz

+
2�

J
0z J
0z

+
2
J
+
a

z

�
+
a�
p

2
�
a
b
iJ
iz �
+
a
�
+
b�
@
J
0z �
�2

@
�
+
a
�
+
a
;

~J
+
a

z

=

J
+
a

z

+
p

2
�
a
b
iJ
iz �
+
b

+
J
0z �
+
a�
�2

@
�
+
a

~J
iz

=

J
iz

+

�
2 p
2
�
a
b
i�
+
a
�
+
b
:

(6
.3
.6
)

3
�
+
a

ch
a
n
g
ed
sig
n
w
ith
resp
ect
to
[1
8
1
]
b
eca
u
se
[�
;e�
]
=
�
[1
8
1
] .

W
e
refer
to
[1
8
1]
fo
r
th
e
g
a
u
g
e
tra
n
sfo
rm
a
tio
n
s
o
f
th
ese
p
o
ly
n
o
m
ia
ls,
a
n
d
g
iv
e
o
n
ly

o
n
e
ex
a
m
p
le:

�
~J
iz

=

�
�

2 p
2
�
a
b
i�
+
a

�S
1

�
A
+
b

�z

:

(6
.3
.7
)

C
o
m
p
u
tin
g
th
e
P
o
isso
n
b
ra
ck
ets
o
f
th
e
g
en
era
to
rs,
w
e
�
n
d
th
a
t
th
e
o
p
era
to
r
T
s

(6
.1
.1
2
)
is
g
iv
en
b
y
:

T
s
=
2 �
~J
=jz

+
s

2�
~J
iz
~J
iz �
:

(6
.3
.8
)

It
sa
tis�
es
th
e
V
ira
so
ro
P
o
isso
n
b
ra
ck
ets
fo
r
s
=
0
a
n
d
1
(w
ith
cen
tra
l
ch
a
rg
e
�
6
�
).

T
h
e
la
tter
ch
o
ice
is
to
b
e
p
referred
a
s
th
e
o
th
er
g
en
era
to
rs
~J
jz

a
re
th
en
p
rim
a
ry
�
eld
s

[6
9].
W
e
ca
n
n
ow
rea
d
ily
id
en
tify
:

T
�
T
1 ;

G
a�

4
i
~J
+
a

z

;

U
i

=
�
2 p
2
~J
iz
;

(6
.3
.9
)

a
s
th
e
g
en
era
to
rs
o
f
th
e
cla
ssica
l
N
-ex
ten
d
ed
so(N
)
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
,
w
ith

th
e
lev
el
k
o
f
th
e
so(N
)
cu
rren
ts
g
iv
en
b
y
k
=
�
2
�
,
see
in
term
ezzo
6
.3
.2
.

In
t
e
r
m
e
z
z
o
6
.3
.2

T
h
e
N
-ex
ten
d
ed
s
o
(N
)
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s
[1
3
3
,
2
0
]
a
re
g
en
era
ted
b
y
th
e
en
-

erg
y
{
m
o
m
en
tu
m

ten
so
r
T
,
N

d
im
en
sio
n
3
/
2
su
p
ersy
m
m
etry
cu
rren
ts
G
a

a
n
d
a
�
n
e

s
o
(N
)
cu
rren
ts
U
i.
F
o
r
N

=

1
a
n
d
N

=

2
th
ese
a
re
ju
st
th
e
sta
n
d
a
rd
N

=

1
a
n
d

N

=
2
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s.
F
o
r
N

�
3
,
th
e
a
lg
eb
ra
is
n
o
n
lin
ea
rly
g
en
era
ted
.
T
h
e

su
b
a
lg
eb
ra
o
f
tra
n
sfo
rm
a
tio
n
s
g
lo
b
a
lly
d
e�
n
ed
o
n
th
e
sp
h
ere,
fo
rm
a
n
o
s
p
(N
j2
)
a
lg
eb
ra
.

T
h
e
n
o
n
triv
ia
l
(cla
ssica
l
a
n
d
q
u
a
n
tu
m
)
O
P
E
s
a
re
g
iv
en
b
y
:

G
a
G
b

=

<<
�
a
b�
j
�k

�
a
b
iU
ij
2
�
a
bT
+

�2
k
�
a
b
i@
U
i
+

�
ija

b (U
iU
j)
>>

U
iU
j

=

<<
�
k2

�
ijj
f
ij

k
U
k

>>

U
iG
a

=

<<
�
b
a
iG
b
>>
;

(6
.3
.1
0
)

w
h
ere
k
is
th
e
lev
el
o
f
th
e
s
o
(N
)
K
a�c{
M
o
o
d
y
a
lg
eb
ra
.
�
a
b
i

a
n
d
f
ij

k

a
re
d
e�
n
ed
in

in
term
ezzo
6
.3
.1
,
a
n
d
�
ija

b

=

�
ijb

a

=

�
j
i

a
b

=

�
a
c
i�

c
b
j
+
�
a
c
j�

c
b
i
+
�
a
b �
ij.
T
h
e
o
n
ly

d
i�
eren
ce
b
etw
een
th
e
cla
ssica
l
a
n
d
q
u
a
n
tu
m
O
P
E
s
o
f
th
e
g
en
era
to
rs
is
in
th
e
co
n
sta
n
ts

c;�
a
n
d

.
A
lth
o
u
g
h
w
e
n
eed
o
n
ly
th
e
cla
ssica
l
O
P
E
s
h
ere,
w
e
g
iv
e
th
e
ex
p
ressio
n
s
fo
r

th
e
q
u
a
n
tu
m

ca
se
to
a
v
o
id
rep
etitio
n
:

c
=

k2
6
k
+
N
2�
1
0

k
+
N
�
3

�

=

k
2
k
+
N

�
4

k
+
N
�
3



=

2

k
+
N
�
3
:

T
h
e
va
lu
es
o
f
c;�
a
n
d

fo
r
cla
ssica
l
O
P
E
s
a
re
g
iv
en
b
y
th
e
la
rg
e
k
lim
it
o
f
th
ese

ex
p
ressio
n
s.

7
7



C
h
a
p
ter
6
.
W
{
a
lg
eb
ra
s
a
n
d
g
a
u
g
ed
W
Z
N
W

m
o
d
els

W
e
ch
o
o
se
fo
r
th
e
g
en
era
to
rs
T
(j
;�
j
)

o
f
th
e
so
(N
)
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
th
e

�
eld
s
a
p
p
ea
rin
g
in
eq
.
(6
.3
.9
)
T
s ;G
a
;U
i,

k
eep
in
g
s
a
rb
itra
ry.
W
e
co
u
p
le
th
ese
g
en
-

era
to
rs
to
so
u
rces
h
; 
a
;A
i
a
n
d
a
d
d
th
is
term

to
th
e
a
ctio
n
S
1
a
s
in
eq
.
(6
.2
.1
1
):

S
2
=
S
1
+

1� Z
h
T
s
+
 
a
G
a

+
A
i U
i
;

(6
.3
.1
1
)

T
o
p
reserv
e
th
e
g
a
u
g
e
in
v
a
ria
n
ce
o
f
th
e
resu
ltin
g
a
ctio
n
,
w
e
h
av
e
to
m
o
d
ify
th
e

tra
n
sfo
rm
a
tio
n
o
f
th
e
g
a
u
g
e
�
eld
s
A
�z

su
ch
th
a
t
th
e
eq
u
a
tio
n
o
f
m
o
tio
n
term
s
in

(6
.3
.7
)
a
re
ca
n
celed
.
T
h
is
re
ects
itself
in
th
e
term
s
p
ro
p
o
rtio
n
a
l
to
th
e
a
n
ti�
eld
s
A
��z

in
th
e
B
a
ta
lin
-V
ilk
o
v
isk
y
a
ctio
n
.
B
eca
u
se
th
e
n
ew
g
a
u
g
e
a
lg
eb
ra
clo
ses
o
n
ly
o
n
-sh
ell,

w
e
n
eed
term
s
q
u
a
d
ra
tic
in
th
e
a
n
ti�
eld
s
to
�
n
d
a
n
ex
ten
d
ed
a
ctio
n
sa
tisfy
in
g
th
e

B
V
m
a
ster
eq
u
a
tio
n
.
T
h
e
resu
lt
is
(see
eq
.
(6
.2
.1
7
),
a
n
d
eq
.
(4
.2
0
)
o
f
[1
8
1])
4:

S
B
V

=

(term
s
in
d
ep
en
d
en
t
o
f
h
; 
a ;A
i )

+
1� Z

A
=j
�

�z �
�
c
=j@
h
�

4�
c
=jh
J
0z �

2
ic
=j 

a
�
+
a �

�
2� Z

A
+
b
�

�z

 
�

12
c
+
b@
h
+
c
=jh
�
+
b�
2�

c
+
bh
J
0z

+
s

2 p
2

�

�
a
b
ic
+
a
J
iz h

�
ic
=j 

b
+
ic
+
a
 
a
�
+
b�
ic
+
b 

a
�
+
a�
ic
+
a
 
b �
+
a�
�
a
b
ic
+
a
A
i !

�
2�

� Z
A
=j
�

�z

A
+
a
�

�z

c
+
a
c
=jh

+
s

1�
� Z
A
+
a
�

�z

A
+
a
�

�z

c
+
bc
+
bh
:

(6
.3
.1
2
)

W
e
n
o
w
�
x
th
e
g
a
u
g
e
w
ith
th
e
co
n
d
itio
n
A
�z
=
0
.
R
en
a
m
in
g
th
e
a
n
ti-g
a
u
g
e
�
eld
s

in
to
a
n
tig
h
o
sts:

A
+
a
�

�z

=
b
�

a
;

A
=j
�

�z

=
b
=
;

(6
.3
.1
3
)

w
e
en
d
u
p
w
ith
th
e
g
a
u
g
e-�
x
ed
a
ctio
n
eq
.
(6
.2
.1
8
):

S
g
f

=

�
S
�

[g
]�
�� Z

�
+
a
�@�
+
a

+
1� Z

b
=
�@c
=j�
2� Z

b
�

a
�@
+
a

+

1� Z�
h
^Ts
+
 
a
^G
a

+
A
i
^U
i �
;

(6
.3
.1
4
)

4
W
e
u
se
a
m
o
re
co
n
v
en
ien
t
n
o
rm
a
lisa
tio
n
fo
r
th
e
a
n
ti�
eld
s
h
ere
co
m
p
a
red
to
[1
8
1
].
W
e
h
a
v
e

(A
+
a�

�z

)
=
�
�2
(A
+
a�

�z

)
[1
8
1
]
a
n
d
(A
=j�

�z

)
=
�
(A
=j�
)
�z )
[1
8
1
] .

w
h
ere
^T
s ,
^G
a
a
n
d
^U
i
h
av
e
p
recisely
th
e
sa
m
e
fo
rm
a
s
in
eq
s.
(6
.3
.8
)
a
n
d
(6
.3
.9
),
b
u
t

th
e
cu
rren
ts
J
a
re
rep
la
ced
b
y
th
eir
h
a
tted
co
u
n
terp
a
rts
(6
.2
.2
2
):

^J
=jz

=

J
=jz

^J
+
a

z

=

J
+
a

z

�
12
c
=jb
�

a

^J
0z

=

J
0z �
12

b
=
c
=j

+
12

b
�

a
+
a

^J
iz

=

J
iz

+

1p2
�
a
b
ib
�

a

+
b
:

(6
.3
.1
5
)

T
h
is
su
b
stitu
tio
n
ru
le
is
v
a
lid
in
d
ep
en
d
en
t
o
f
th
e
va
lu
e
o
f
s
o
n
e
ta
k
es.
T
h
e
h
a
tted

g
en
era
to
rs
a
re
cla
ssica
lly
in
va
ria
n
t
u
n
d
er
th
e
a
ctio
n
o
f
th
e
B
R
S
T
-ch
a
rg
e
eq
.
(6
.2
.2
1
).

6
.4

C
o
h
o
m
o
lo
g
y

In
[1
8
1],
th
e
q
u
a
n
tu
m

co
h
o
m
o
lo
g
y
o
f
th
e
B
R
S
T

o
p
era
to
r
(6
.2
.2
1
)
w
a
s
stu
d
ied
.

R
ef.
[1
8
4]
co
m
p
letely
ch
a
ra
cterised
th
e
co
h
o
m
o
lo
g
y.
T
h
is
sectio
n
su
m
m
a
rises
th
e

resu
lts
a
n
d
ex
ten
d
s
th
e
stu
d
y
to
th
e
cla
ssica
l
ca
se.
In
a
d
d
itio
n
w
e
p
rov
e
th
a
t
th
e

co
n
stru
ctio
n
m
eth
o
d
a
s
g
iv
en
in
(6
.2
.2
1
)
is
n
o
t
u
n
iq
u
e.

W
h
en
trea
tin
g
th
e
q
u
a
n
tu
m
ca
se,
a
ll
p
ro
d
u
cts
o
f
�
eld
s
a
re
co
n
sid
ered
reg
u
la
rised

u
sin
g
p
o
in
t
sp
littin
g
,
a
n
d
n
o
rm
a
l
o
rd
erin
g
is
p
erfo
rm
ed
fro
m
rig
h
t
to
left.
W
h
ere
a
l-

g
eb
ra
ic
ex
p
ressio
n
s
a
re
in
v
o
lv
ed
{
lik
e
w
h
en
ta
k
in
g
th
e
su
p
ertra
ce
o
r
th
e
co
m
m
u
ta
to
r

o
f
tw
o
�
eld
s
{
it
is
a
lw
ay
s
u
n
d
ersto
o
d
th
a
t
th
e
�
eld
s
a
re
n
o
t
reo
rd
ered
:

[X
;Y
]�
�
(�
1
)
a
Y

[X
a
Y
b]0

b
a
f
c

c t
:

(6
.4
.1
)

6
.4
.1

C
o
m
p
u
tin
g
th
e
q
u
a
n
tu
m

c
o
h
o
m
o
lo
g
y

C
o
n
sid
er
th
e
O
P
A
A
g
en
era
ted
b
y
th
e
b
a
sic
�
eld
sf
b;
^J
z ;�
;
cg
.
In
th
e
q
u
a
n
tu
m
ca
se

th
e
cu
rren
ts
�
�

0
^Jz
sa
tisfy
th
e
sa
m
e
O
P
E
s
a
s
�
�

0
J
z ,
ex
cep
t
fo
r
th
e
cen
tra
l
ex
ten
sio
n
.

F
o
r
tw
o
cu
rren
ts
o
f
zero
sl(2
)
g
ra
d
in
g
w
e
�
n
d
5

:

^J
az

^J
bz

=
<<
�
�2
a
g
b

+
(�
1
)
c

c f
a
d

d
f
b
c

j
^J
cz

c f
a
b
>>
;

(6
.4
.2
)

w
h
ere
a
n
in
d
ex
c
is
lim
ited
to
g
en
era
to
rs
o
f
strictly
n
eg
a
tiv
e
g
ra
d
in
g
.
S
im
ila
rly,
w
e

w
ill
u
se
c
fo
r
a
n
in
d
ex
restra
in
ed
to
strictly
p
o
sitiv
e
g
ra
d
in
g
.

5
In
[1
8
4
]
th
is
fo
rm
u
la
w
a
s
cla
im
ed
to
b
e
tru
e
a
lso
w
h
en
^J
az

a
n
d
^J
bz
d
o
n
o
t
h
a
v
e
zero
s
l(2
)
g
ra
d
in
g
.

T
h
is
is
n
o
t
co
rrect
a
s
su
ch
a
n
O
P
E
in
v
o
lv
es
ex
p
licit
(a
n
ti)g
h
o
sts.
H
o
w
ev
er,
th
ese
O
P
E
s
a
re
n
e
v
er

n
eed
ed
in
th
e
co
m
p
u
ta
tio
n
o
f
th
e
co
h
o
m
o
lo
g
y,
so
th
e
resu
lts
o
f
[1
8
4
]
a
re
n
o
t
in

u
e
n
ce
d
.
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6
.4
.
C
o
h
o
m
o
lo
g
y

T
o
ev
ery
�
eld
�
,
w
e
a
ssig
n
a
d
o
u
b
le
g
ra
d
in
g
[�
]
=
(k
;l),
w
h
ere
k
2
12
Z

is
th
e

sl(2
)
g
ra
d
in
g
a
n
d
k
+
l2
Z

is
th
e
g
h
o
st
n
u
m
b
er.
T
h
e
\
a
u
x
ilia
ry
"
�
eld
s
�
a
re
a
ssig
n
ed

th
e
g
ra
d
in
g
(0
;0
).
T
h
e
a
lg
eb
ra
A
a
cq
u
ires
a
d
o
u
b
le
g
ra
d
in
g
:

A
=

Mm
;n
2

12
Z

m
+
n
2
Z

A
(m
;n
)

(6
.4
.3
)

a
n
d
O
P
E
s
p
reserv
e
th
e
g
ra
d
in
g
.
T
h
e
B
R
S
T
ch
a
rg
e
(6
.2
.2
1
)
d
eco
m
p
o
ses
in
to
th
ree

p
a
rts
o
f
d
e�
n
ite
g
ra
d
in
g
,
Q
=
Q
0
+
Q
1
+
Q
2 ,
w
ith
[Q
0 ]
=
(1
;0
),
[Q
1 ]
=
(
12
;
12

)
a
n
d

[Q
2 ]
=
(0
;1
):

Q
0

=

�
�

8
�
ix I
str
(ce
�

)

Q
1

=

�
�

8
�
ix I
str
(c
[�
;e
�

])
:

(6
.4
.4
)

A
s
illu
stra
ted
in
�
g
.
6
.1
,
th
e
o
p
era
to
rs
Q
0 ,
Q
1

a
n
d
Q
2 ,
m
a
p
A
(m
;n
)
to
A
(m
+
1
;n
) ,

A
(m
+
12
;n
+
12
)
a
n
d
A
(m
;n
+
1
)
resp
ectiv
ely.

F
ig
u
re
6
.1
:
Q
0 ,
Q
1
a
n
d
Q
2
a
ctin
g
o
n
A
(
12
;
32
) .

It
fo
llo
w
s
fro
m
Q
2

=
0
th
a
t
Q
20

=
Q
22

=
f
Q
0 ;Q
1 g
=
f
Q
1 ;Q
2 g
=
Q
21

+
f
Q
0 ;Q
2 g
=

0
,
b
u
t:

Q
21

=
�
f
Q
0 ;Q
2 g
=

�
3
2
�
ix I
str �c ��
1
=
2 c;e
� ��

(6
.4
.5
)

d
o
es
n
o
t
v
a
n
ish
.
T
h
e
p
resen
ce
o
f
Q
1
is
th
e
m
a
in
d
i�
eren
ce
w
ith
th
e
ca
se
o
f
b
o
so
n
ic

K
a
�c{
M
o
o
d
y
a
lg
eb
ra
s
trea
ted
in
[4
3
],
a
s
th
e
a
u
x
ilia
ry
�
eld
�
w
a
s
n
o
t
in
tro
d
u
ced
th
ere.

F
ig
u
re
6
.2
: bA
a
n
d
its
�
ltra
tio
n bA
n

.

T
h
e
a
ctio
n
o
f
Q
0 ,
Q
1
a
n
d
Q
2
o
n
th
e
b
a
sic
�
eld
s
is
g
iv
en
in
ta
b
le
6
.1
.
N
o
te
th
a
t
d
u
e

to
eq
.
(2
.3
.2
1
),
th
e
B
R
S
T
ch
a
rg
es
Q
i
a
ct
a
s
d
eriva
tio
n
s
o
n
a
n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct

o
f
�
eld
s.

Q
0

Q
1

Q
2

b

!
�
�2
e�

b

!
�
�2
[�
;e�
]

b

!
�
�
^J
z

c

!
0

c

!
0

c

!
12
cc

^J
z !
�
�4
[e�
;c]

^J
z !
�
�4
[[�
;e�
];c]

^J
z !
12
[c;�
�
0
^J
z ]
+
�4
@
c

�
12
@
c
a

a
f
b
c

c
b f
d

d
t

�

!
0

�

!
12
�
+
1
=
2 c

�

!
0

T
a
b
le
6
.1
:
T
h
e
a
ctio
n
o
f
Q
i

T
h
e
su
b
co
m
p
lex
A
(1
),

g
en
era
ted
b
y
f
b;
�
�

^Jz �
�2

[�
;e
�

]g
h
a
s
a
triv
ia
l
co
h
o
m
o
lo
g
y

H
�(A
(1
);Q

)
=
C
.
M
o
reov
er,
its
elem
en
ts
d
o
n
o
t
a
p
p
ea
r
in
th
e
a
ctio
n
o
f
th
e
ch
a
rg
es

Q
i
o
n
th
e
o
th
er
�
eld
s.
O
n
e
ca
n
sh
ow
th
a
t
th
e
co
h
o
m
o
lo
g
y
o
fA
is
th
en
eq
u
a
l
to

th
e
co
h
o
m
o
lo
g
y
o
f
th
e
red
u
ced
co
m
p
lex bA
=
A
=A
(1
),

g
en
era
ted
b
y
f
�
�

0
^Jz ;�
;cg
:

H
�(A

;Q
)
=
H
�( bA

;Q
).
B
eca
u
se bA
co
n
ta
in
s
o
n
ly
p
o
sitiv
ely
g
ra
d
ed
o
p
era
to
rs,
th
e

O
P
E
s
clo
se
o
n
th
e
red
u
ced
co
m
p
lex
.
O
b
v
io
u
sly
th
e
d
o
u
b
le
g
ra
d
in
g
o
n
A
is
in
h
erited

b
y bA
.
A
t
th
is
p
o
in
t,
th
e
th
eo
ry
o
f
sp
ectra
l
seq
u
en
ces
[3
2
]
is
a
p
p
lied
to
co
m
p
u
te
th
e

co
h
o
m
o
lo
g
y
o
n bA
.
W
e
su
m
m
a
rise
th
e
resu
lts.
D
eta
ils
ca
n
b
e
fo
u
n
d
in
[1
8
4].
T
h
e
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C
h
a
p
ter
6
.
W
{
a
lg
eb
ra
s
a
n
d
g
a
u
g
ed
W
Z
N
W

m
o
d
els

�
ltra
tio
n bA
m

,
m

2
12
Z
o
f bA
(see
�
g
.
6
.2
):

bA
m

� Mk
2

12
Z Ml
�

m bA
(k
;l)
;

(6
.4
.6
)

lea
d
s
to
a
sp
ectra
l
seq
u
en
ce
E
r
=
H
�(E
r
�

1 ;d
r
�

1 ),
r
�
1
w
h
ich
co
n
v
erg
es
toH
�( bA

;Q
).

T
h
e
seq
u
en
ce
sta
rts
w
ith
E
0
= bA
;d
0
=
Q
0 .
T
h
e
d
eriva
tio
n
d
r
rep
resen
ts
th
e
a
ctio
n

o
f
Q
a
t
th
a
t
lev
el.
O
n
e
sh
ow
s
th
a
t
E
1
=
H
�

( bA
;Q
0 )' bA h
�
h
w

^Jz i
 bA
[�
]
 bA h�
12
c i,

w
h
ere bA
[�
]
d
en
o
tes
th
e
su
b
a
lg
eb
ra
o
f bA
g
en
era
ted
b
y
�
.
T
h
e
sp
ectra
l
seq
u
en
ce

co
lla
p
ses
a
fter
th
e
n
ex
t
step
a
n
d
w
e
�
n
d
:

H
�(A

;Q
)'
E
2
=
H
�(E

1 ;Q
1 )
= bA h
�
h
w �
^Jz
+
�4

[�
;[e
�

;�
]] �i
:

(6
.4
.7
)

T
h
is
resu
lt
m
ea
n
s
th
a
t
th
e
d
im
en
sio
n
o
f
th
e
co
h
o
m
o
lo
g
y
eq
u
a
ls
th
e
n
u
m
b
er
n
j

o
f

sl(2
)
irred
u
cib
le
rep
resen
ta
tio
n
s
in
th
e
b
ra
n
ch
in
g
o
f
th
e
a
d
jo
in
t
rep
resen
ta
tio
n
o
f
�g.

F
u
rth
erm
o
re,
th
e
g
en
era
to
rs
o
f
th
e
co
h
o
m
o
lo
g
y
h
a
v
e
g
h
o
st
n
u
m
b
er
zero
.
B
eca
u
se

th
e
red
u
ced
co
m
p
lex
h
a
s
n
o
a
n
tig
h
o
sts,
th
e
g
en
era
to
rs
co
n
sist
o
n
ly
o
f
th
e
cu
rren
ts

�
�

0
^Jz
a
n
d
�
.

W
e
n
o
w
o
u
tlin
e
a
recu
rsiv
e
p
ro
ced
u
re
to
o
b
ta
in
ex
p
licitly
th
e
g
en
era
to
rs
o
f
th
e

co
h
o
m
o
lo
g
y
:
th
e
tic-ta
c-to
e
co
n
stru
ctio
n
[3
2
]
(see
�
g
.
6
.3
).
T
h
e
g
en
era
to
rs
o
f
th
e

co
h
o
m
o
lo
g
y
a
re
sp
lit
u
p
a
s:

W
(j
;�
j
)

=

2
j
Xr

=
0
W
(j
;�
j
)

r

;

(6
.4
.8
)

w
h
ere
W
(j
;�
j
)

r

h
a
s
g
ra
d
in
g
(j�
r2
;�
j
+
r2

).
T
h
e
lea
d
in
g
term
W
(j
;�
j )

0

is
g
iv
en
b
y
:

W
(j
;�
j
)

0

=

^J
(j
j
;�
j
)

z

+
�
j
;0
�4

[�
;[e
�

;�
]] (0
0
;�
j )

(6
.4
.9
)

a
n
d
th
e
rem
a
in
in
g
term
s
a
re
recu
rsiv
ely
d
eterm
in
ed
b
y
:

Q
0 W
(j
;�
j
)

r

=
�
Q
1 W
(j
;�
j
)

r
�

1

�
Q
2 W
(j
;�
j )

r
�

2

;

(6
.4
.1
0
)

w
h
ere
W
(j
;�
j
)

r

=
0
fo
r
r
<

0
o
r
r
>

2
j.
A
s
a
n
ex
a
m
p
le,
o
n
e
ca
n
ch
eck
th
a
t
fo
r

j
>
1
=
2
:

W
(j
;�
j
)

1

=
�
[�
;�
�

0
^J] (j
j
;�
j
)
:

(6
.4
.1
1
)

F
o
r
j
=
1
=
2
th
is
eq
u
a
tio
n
g
ets
a
co
rrectio
n
term

th
a
t
d
ep
en
d
s
o
n
ly
o
n
�
su
ch
th
a
t

eq
.
(6
.4
.1
0
)
is
sa
tis�
ed
,
see
[1
8
4],
a
n
d
a
lso
eq
.
(6
.5
.1
).

T
h
ere
is
a
certa
in
a
m
b
ig
u
ity
in
th
is
co
n
stru
ctio
n
b
eca
u
se
a
n
y
co
m
b
in
a
tio
n
o
f
th
e

g
en
era
to
rs
W
(j
;�
j
)

is
still
B
R
S
T
in
v
a
ria
n
t
(a
n
d
n
o
n
-triv
ia
l).
T
h
is
co
rresp
o
n
d
s
to
th
e

F
ig
u
re
6
.3
:
T
h
e
tic-ta
c-to
e
co
n
stru
ctio
n
fo
r
a
co
n
fo
rm
a
l
d
im
en
sio
n
2
cu
rren
t.

fa
ct
th
a
t
Q
0

a
n
n
ih
ila
tes
^J
(j
j
;�
j )

z

,
a
n
d
th
u
s
o
n
e
ca
n
freely
a
d
d
a
t
ea
ch
step
in
th
e

itera
tio
n
(6
.4
.1
0
)
a
n
y
co
m
b
in
a
tio
n
o
f
co
rrect
g
ra
d
in
g
o
f
th
ese
cu
rren
ts
to
W
(j
;�
j )

r

.

W
e
w
ill
u
se
th
e
n
o
ta
tio
n
W
(j
;�
j )
fo
r
th
e
elem
en
ts
o
f
th
e
co
h
o
m
o
lo
g
y
w
h
ich
red
u
ce
to

a
sin
g
le
h
ig
h
est
w
eig
h
t
cu
rren
t
w
h
en
d
isca
rd
in
g
n
o
n
-h
ig
h
est
w
eig
h
t
cu
rren
ts,
m
o
re

p
recisely
:

W
(j
;�
j )

=

^J
(j
;�
j )

z

���(�
+

�
�
h
w
)
^J

=

�

=

0
:

(6
.4
.1
2
)

A
n
im
p
o
rta
n
t
step
fo
r
p
ra
ctica
l
a
p
p
lica
tio
n
s
o
f
th
is
co
n
stru
ctio
n
,
is
th
e
\
in
v
er-

sio
n
"
o
f
Q
0
in
(6
.4
.1
0
).
T
a
b
le
6
.1
sh
ow
s
th
a
t
it
is
n
ecessa
ry
to
�
n
d
a
�
eld
X

su
ch

th
a
t
Q
0 (X
)
=
�
�

1 c.
T
o
�
n
d
th
is
�
eld
,
w
e
in
tro
d
u
ce
a
n
o
p
era
to
r
L
[4
0]
in
�g,
w
h
ich

is
d
e�
n
ed
b
y
:

(
L
(
a
t)
=
0
;

if
a
t2
�
h
w
�g

[e
�

;L
(
a
t)]
=

a
t;

o
th
erw
ise
:

(6
.4
.1
3
)

U
sin
g
ta
b
le
6
.1
w
e
see
th
a
t:

Q
0 (L
^Jz )
=
�4

�
�

1 c
:

(6
.4
.1
4
)

W
e
w
ill
n
eed
L
in
su
b
sectio
n
6
.4
.3
to
co
n
stru
ct
W
(1
;0
).

6
.4
.2

C
la
ssic
a
l
c
o
h
o
m
o
lo
g
y

B
efo
re
d
iscu
ssin
g
th
e
ex
ten
d
ed
V
ira
so
ro
a
lg
eb
ra
in
th
is
co
h
o
m
o
lo
g
y,
let
u
s
see
h
ow

th
ese
resu
lts
a
re
m
o
d
i�
ed
w
h
en
co
m
p
u
tin
g
th
e
cla
ssica
l
co
h
o
m
o
lo
g
y.

T
h
e
a
ctio
n
o
f
Q
i
o
n
th
e
�
eld
s,
ta
b
le
6
.1
,
rem
a
in
s
th
e
sa
m
e
ex
cep
t
fo
r
Q
2 (
^Jz ).

H
ere
th
e
la
st
a
n
d
m
o
st
co
m
p
lica
ted
term

d
isa
p
p
ea
rs
a
s
it
o
rig
in
a
tes
fro
m

d
o
u
b
le

8
0



6
.4
.
C
o
h
o
m
o
lo
g
y

co
n
tra
ctio
n
s.
T
h
is
m
ea
n
s
th
a
t
ex
a
ctly
th
e
sa
m
e
rea
so
n
in
g
ca
n
b
e
fo
llow
ed
a
s
in

th
e
q
u
a
n
tu
m

ca
se.
T
h
e
co
h
o
m
o
lo
g
y
ca
n
b
e
co
m
p
u
ted
in
th
e
red
u
ced
co
m
p
lex bA

g
en
era
ted
b
y
f
�
�

0
^Jz ;�
;cg
.
B
eca
u
se
th
e
g
en
era
to
rs
W
(j
;�
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b
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b
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b
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c
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b
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=
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b
ra

T
h
e
g
en
era
to
rs
W
(j
;�
j
)

o
f
th
e
q
u
a
n
tu
m
co
h
o
m
o
lo
g
y
fo
rm
(a
rea
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b
ta
in
ed
a
q
u
a
n
tu
m
v
ersio
n
o
f
th
e
cla
ssica
lW
{

a
lg
eb
ra
.
O
n
e
ca
n
ch
eck
th
a
t:

2
yC
W
(1
;0
)

(6
.4
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=

�
�
+
~h
;
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b
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ra
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p
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p
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b
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+
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a
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e
im
p
rov
ed
en
erg
y
{
m
o
m
en
tu
m

ten
so
r,

eq
.
(6
.4
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:
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c
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.
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=
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+
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+
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p
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e
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w
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c
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b
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e
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u
e
d

W
e
n
o
w
co
n
tin
u
e
o
u
r
ex
a
m
p
le
o
f
sectio
n
6
.3
fo
r
th
e
q
u
a
n
tu
m
ca
se
u
sin
g
th
e
resu
lts

o
f
th
e
p
rev
io
u
s
sectio
n
.
F
o
r
th
is
w
e
n
eed
th
e
O
P
E
s
o
f
�
a
n
d
th
e
(a
n
ti)g
h
o
sts.
T
h
ey

fo
llo
w
fro
m

th
e
a
ctio
n
S
g
f
(6
.3
.1
4
),
see
in
term
ezzo
6
.2
.1
a
n
d
[1
8
1].
W
e
ca
n
u
se
th
e

resu
lts
fo
r
th
e
co
h
o
m
o
lo
g
y
o
f
th
e
B
R
S
T
o
p
era
to
r
o
f
th
e
p
rev
io
u
s
sectio
n
.
In
th
e

o
sp
(N
j2
)
ca
se,
L
^Jz
is
g
iv
en
b
y
�
^J
0z t

=j .
W
e
g
et
th
e
fo
llo
w
in
g
rep
resen
ta
n
ts
o
f
th
e

co
h
o
m
o
lo
g
y
o
f
Q
:

W
(0
;i)

=

^J
iz

+

�
2 p
2
�
a
b
i�
+
a
�
+
b

W
(1
=
2
;a
)

=

^J
+
a

z

+
p

2
�
a
b
i
^J
iz �
+
b

+

^J
0z �
+
a�
�
+
1

2

@
�
+
a

W
(1
;0
)

s

=

^J
=jz

+
2�

^J
0z
^J
0z

+
2
^J
+
a

z

�
+
a�
p

2
�
a
b
i
^J
iz �
+
a
�
+
b�
�
+
1

�

@
^J
0z

�
2
�
+
3

4

@
�
+
a
�
+
a

+
s

2�
W
(0
;i)W
(0
;i)
:

(6
.5
.1
)

T
h
ese
ex
p
ressio
n
s
a
re
th
e
sa
m
e
a
s
th
e
cla
ssica
l
o
n
es
(eq
s.
(6
.3
.6
)
a
n
d
(6
.3
.8
)
w
ith

J
z

!
^Jz ),
u
p
to
�
n
ite
ren
o
rm
a
lisa
tio
n
fa
cto
rs
rela
ted
to
n
o
rm
a
l
o
rd
erin
g
.
T
h
e

o
p
era
to
r
2
�
=
(�
+
~h
)
^T
(1
;0
)

s

sa
tis�
es
th
e
V
ira
so
ro
a
lg
eb
ra
fo
r
s
=
1
o
r
(�
2
�
+
N
�
3
)
�

1,

w
h
ich
co
rresp
o
n
d
s
to
th
e
cla
ssica
l
va
lu
es
(6
.3
.8
)
in
th
e
la
rg
e
�
lim
it.

W
e
ch
eck
ed
u
sin
g
O
P
E
d
efs
(w
ith
a
n
ex
ten
sio
n
to
u
se
d
u
m
m
y
a
rg
u
m
en
ts),
th
a
t

th
ese
cu
rren
ts
(w
ith
s
=
1
)
fo
rm
a
rep
resen
ta
tio
n
o
f
th
e
q
u
a
n
tu
m

so(N
)
su
p
erco
n
-

fo
rm
a
l
a
lg
eb
ra
(6
.3
.1
0
)
w
ith
th
e
n
o
rm
a
lisa
tio
n
fa
cto
rs:

G
a

=
4
i r
�

�
+
~h
W
(1
=
2
;a
)

a
n
d

U
i

=
�
2 p
2
W
(0
;i)
;

(6
.5
.2
)

a
n
d
th
e
va
lu
e
fo
r
th
e
cen
tra
l
ch
a
rg
e
a
s
g
iv
en
b
y
eq
.
(6
.4
.2
6
).
A
ltern
a
tiv
ely,
w
e
ca
n

ex
p
ress
th
e
lev
el
o
f
th
e
so(N
)
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
in
term
s
o
f
�
:

k
=
�
2
�
�
1
:

(6
.5
.3
)

C
o
m
p
a
rin
g
eq
.
(6
.5
.2
)
to
eq
.
(6
.3
.9
)
w
e
see
th
a
t
th
e
q
u
a
n
tu
m

cu
rren
ts
h
av
e
a
n

ov
era
ll
ren
o
rm
a
lisa
tio
n
fa
cto
rC
j,

w
h
ere
C
is
d
e�
n
ed
in
eq
.
(6
.4
.1
7
).

6
.6

Q
u
a
n
tu
m

c
o
rr
e
c
tio
n
s
to
th
e
e
x
te
n
d
e
d
a
c
tio
n

U
sin
g
th
e
resu
lts
o
n
th
e
co
h
o
m
o
lo
g
y
o
f
th
e
B
R
S
T
o
p
era
to
r
(6
.2
.2
1
)
in
sectio
n
6
.4
,

w
e
w
ill
n
o
w
d
eterm
in
e
th
e
q
u
a
n
tu
m

co
rrectio
n
s
to
th
e
g
a
u
g
e-�
x
ed
a
ctio
n
(6
.2
.1
8
).

8
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6
.7
.
D
iscu
ssio
n

A
s
a
lrea
d
y
ex
p
la
in
ed
,
w
e
�
n
d
th
e
co
rrectio
n
s
b
y
req
u
irin
g
B
R
S
T
in
va
ria
n
ce
o
f
th
e

g
a
u
g
e-�
x
ed
a
ctio
n
in
a
p
o
in
t-sp
littin
g
reg
u
la
risa
tio
n
sch
em
e.

N
o
m
o
d
i�
ca
tio
n
s
to
th
e
term
s
w
h
ich
a
re
in
d
ep
en
d
en
t
o
f
�
a
re
n
eed
ed
.
T
h
e
�
eld
s

^T
(j
;�
j
)

p
ro
p
o
rtio
n
a
l
to
�
(j
;�
j
)
in
eq
.
(6
.2
.1
8
)
h
av
e
to
b
e
elem
en
ts
o
f
th
e
q
u
a
n
tu
m

co
h
o
m
o
lo
g
y.
T
h
e
cla
ssica
l
^T
(j
;�
j
)

ca
n
b
e
v
iew
ed
a
s
fu
n
ctio
n
a
ls
o
f
th
e
g
en
era
to
rs
o
f

th
e
cla
ssica
l
co
h
o
m
o
lo
g
y
W
(j
;�
j
)

cla
ssica
l .
T
o
�
n
d
th
e
q
u
a
n
tu
m
co
rrectio
n
s
to
^T
,
w
e
ca
n
n
o
t

sim
p
ly
su
b
stitu
te
th
e
g
en
era
to
rs
o
f
th
e
cla
ssica
l
co
h
o
m
o
lo
g
y
W

b
y
th
eir
q
u
a
n
tu
m

co
u
n
terp
a
rts.
In
d
eed
,
fo
r
th
e
V
ira
so
ro
o
p
era
to
r
w
e
p
ro
v
ed
in
su
b
sectio
n
6
.4
.3
th
a
t
a
n

a
d
d
itio
n
a
l
ren
o
rm
a
lisa
tio
n
fa
cto
rC
,
g
iv
en
in
eq
.
(6
.4
.1
7
),
is
n
ecessa
ry
to
p
reserv
e
th
e

V
ira
so
ro
O
P
E
.
T
h
e
ex
a
m
p
le
o
f
sectio
n
6
.5
su
g
g
ests
th
a
t
a
co
n
v
en
ien
t
ren
o
rm
a
lisa
tio
n

fo
r
th
e
o
th
er
g
en
era
to
rs
is
g
iv
en
b
y
7:

^W
(j
;�
j
)

=

C
jW
(j
;�
j
)
;

(6
.6
.1
)

w
h
ere
th
e
n
o
rm
a
lisa
tio
n
o
f
th
e
�
eld
s
W
(j
;�
j
)

is
�
x
ed
in
eq
.
(6
.4
.1
2
).
In
su
m
m
a
ry,

th
e
q
u
a
n
tu
m
co
rrectio
n
s
to
th
e
g
a
u
g
e-�
x
ed
a
ctio
n
(6
.2
.1
8
)
in
th
e
g
a
u
g
e
A
�z
=
0
a
re

o
b
ta
in
ed
b
y
rep
la
cin
g
th
e
cla
ssica
l
W

cu
rren
ts
w
ith
th
e
q
u
a
n
tu
m

^W

in
^T
(j
;�
j
),

w
h
ich

w
e
w
rite
a
s
^T
[
^W
].

B
eca
u
se
^T
d
o
es
n
o
t
co
n
ta
in
J
�z ;c
�;�
�

o
r
A
�z ,
w
e
ca
n
ex
ten
d
th
ese
resu
lts
to
th
e

ex
ten
d
ed
a
ctio
n
.
A
lso
,
n
o
m
o
d
i�
ca
tio
n
s
to
th
e
term
s
w
h
ich
a
rise
fro
m
th
e
q
u
a
n
tu
m

tra
n
sfo
rm
a
tio
n
la
w
s
a
re
n
eed
ed
,
see
ta
b
le
6
.1
.
In
th
is
w
a
y,
w
e
h
av
e
d
eterm
in
ed
th
e

q
u
a
n
tu
m

B
V
a
ctio
n
co
m
p
letely
in
a
n
O
P
E
reg
u
la
risa
tio
n
.
G
iv
in
g
th
e
a
n
tig
h
o
sts
b

th
eir
o
rig
in
a
l
n
a
m
e
A
��z ,

w
e
�
n
d
:

S
qB

V

=

�
S
�

[g
]
+

1�
x Z
str
A
�z �
J
z
+

12 f
A
��z ;cg�
�2

e
�

�
�2

[�
;e
�

] �

+

�
2
�
x Z
str �

12
[�
;e
�

] �@�
�
c
�cc

+
�
�c

+
A
��z
�@
c �

+

�
2
�
x Z
str �
J
�z �
�2

@
c
+
[c;J
z ] ��

+

1
4
�
x
y Z
str �
�
^T
[
^W
] �
:

(6
.6
.2
)

W
e
feel
co
n
�
d
en
t
th
a
t
Q
2

=
0
g
u
a
ra
n
tees
th
e
g
a
u
g
e
in
v
a
ria
n
ce
o
f
th
e
q
u
a
n
tu
m
th
eo
ry.

T
h
erefo
re
w
e
w
ill
u
se
eq
.
(6
.6
.2
)
a
s
it
sta
n
d
s,
a
lso
fo
r
a
d
i�
eren
t
g
a
u
g
e
in
ch
a
p
ter
7
.

6
.7

D
isc
u
ssio
n

W
e
h
a
v
e
p
rov
en
th
a
t
a
n
y
(su
p
er)
L
ie
a
lg
eb
ra
w
ith
a
n
sl(2
)
em
b
ed
d
in
g
g
iv
es
rise
to
a

rea
lisa
tio
n
o
f
a
(cla
ssica
l
a
n
d
q
u
a
n
tu
m
)W
{
a
lg
eb
ra
,
w
h
ich
is
g
en
era
ted
b
y
n
j (a
d
jo
in
t)

7
T
h
is
is
a
slig
h
tly
d
i�
eren
t
ch
o
ice
a
s
u
sed
in
[1
8
4
].

g
en
era
to
rs
o
f
co
n
fo
rm
a
l
d
im
en
sio
n
j
+
1
.
W
{
a
lg
eb
ra
s
w
ith
d
im
en
sio
n
1
=
2
�
eld
s

ca
n
n
o
t
b
e
rea
lised
b
y
a
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
.
H
ow
ev
er,
th
is
is
n
o
sh
o
rtco
m
in
g

o
f
th
e
p
resen
t
a
p
p
ro
a
ch
sin
ce
su
ch
�
eld
s
ca
n
a
lw
ay
s
b
e
fa
cto
red
o
u
t,
a
s
w
e
h
av
e

ex
p
la
in
ed
in
ch
a
p
ter
5
.

F
o
r
a
cla
ssica
l
b
o
so
n
ic
W
{
a
lg
eb
ra
,
it
w
a
s
sh
ow
n
in
[3
4,
7
0
]
th
a
t
o
n
e
ca
n
id
en
tify

a
�
n
ite
L
ie
a
lg
eb
ra
w
ith
a
n
em
b
ed
d
ed
sl(2
)
in
th
e
m
o
d
e
a
lg
eb
ra
,
ca
lled
th
e
\
v
a
c-

u
u
m

p
reserv
in
g
a
lg
eb
ra
"
,
see
a
lso
su
b
sectio
n
4
.5
.5
.
F
u
rth
erm
o
re,
fo
r
a
W
{
a
lg
eb
ra

co
n
stru
cted
b
y
a
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
o
f
a
L
ie
a
lg
eb
ra
�g,
th
is
L
ie
a
lg
eb
ra
is

iso
m
o
rp
h
ic
to
�g.
W
e
ex
p
ect
th
a
t
th
e
resu
lts
o
f
sectio
n
6
.4
o
n
th
e
q
u
a
n
tu
m
D
rin
feld
-

S
o
k
o
lov
red
u
ctio
n
ca
n
b
e
u
sed
to
p
ro
v
e
th
a
t
th
e
va
cu
u
m

p
reserv
in
g
a
lg
eb
ra
o
f
th
e

q
u
a
n
tu
m
W
{
a
lg
eb
ra
a
n
d
th
e
cla
ssica
lW
{
a
lg
eb
ra
a
re
th
e
sa
m
e.

F
o
r
a
n
y
q
u
a
n
tu
m

W
{
a
lg
eb
ra
a
risin
g
in
a
D
rin
feld
-S
o
k
o
lov
red
u
ctio
n
,
w
e
h
av
e

co
n
stru
cted
a
p
a
th
in
teg
ra
l
fo
rm
u
la
tio
n
o
f
th
e
in
d
u
ced
a
ctio
n
in
term
s
o
f
a
g
a
u
g
ed

W
Z
N
W
{
m
o
d
el.
In
a
p
o
in
t-sp
littin
g
reg
u
la
risa
tio
n
,
th
e
resu
lts
o
n
th
e
q
u
a
n
tu
m

co
-

h
o
m
o
lo
g
y
g
iv
e
th
e
q
u
a
n
tu
m
co
rrectio
n
s
to
th
e
g
a
u
g
e
�
x
ed
a
ctio
n
to
a
ll
o
rd
ers.
T
h
is

w
ill
b
e
u
sed
in
th
e
n
ex
t
ch
a
p
ter
to
d
iscu
ss
th
e
e�
ectiv
e
a
ctio
n
o
f
th
e
co
rresp
o
n
d
in
g

in
d
u
ced
W
{
g
rav
ity
th
eo
ry.
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C
h
a
p
te
r
7

R
e
n
o
r
m
a
lisa
tio
n
fa
c
to
r
s
in
W

{
G
r
a
v
ity

In
th
is
ch
a
p
ter,
w
e
w
ill
stu
d
y
in
d
u
ced
g
rav
ity
th
eo
ries
in
th
e
lig
h
t-co
n
e
g
a
u
g
e.

F
o
rW
{
a
lg
eb
ra
s
w
h
ich
ca
n
b
e
rea
lised
in
term
s
o
f
a
co
n
stra
in
ed
W
Z
N
W
{
m
o
d
el,
w
e

p
rov
e
in
sectio
n
7
.2
th
a
t
th
e
e�
ectiv
e
a
ctio
n
ca
n
b
e
co
m
p
u
ted
b
y
sim
p
ly
in
sertin
g

ren
o
rm
a
lisa
tio
n
fa
cto
rs
in
th
e
cla
ssica
l
resu
lt.
W
e
g
iv
e
ex
p
licit
ex
p
ressio
n
s
fo
r
th
ese

fa
cto
rs
to
a
ll
o
rd
ers
in
th
e
co
u
p
lin
g
co
n
sta
n
t.

A
s
a
n
ex
a
m
p
le,
th
e
su
p
erg
rav
ity
th
eo
ries
b
a
sed
o
n
th
e
N
-ex
ten
d
ed
so(N
)
su
p
er-

co
n
fo
rm
a
l
a
lg
eb
ra
s
w
ill
b
e
p
resen
ted
in
sectio
n
7
.3
.

In
sectio
n
7
.4
th
e
ren
o
rm
a
lisa
tio
n
fa
cto
rs
fo
r
th
e
lin
ea
r
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
s

a
re
co
m
p
u
ted
in
a
sem
icla
ssica
l
a
p
p
rox
im
a
tio
n
.
T
h
ese
resu
lts
a
re
co
m
p
a
red
w
ith
th
e

a
ll{
o
rd
er
ex
p
ressio
n
s
o
f
7
.3
.

T
h
e
d
iscu
ssio
n
relies
o
n
th
e
resu
lts
o
f
ch
a
p
ter
6
.
C
o
n
v
en
tio
n
s
o
n
W
Z
N
W
{
m
o
d
els

a
re
g
iv
en
in
sectio
n
2
.6
.4
.

T
h
is
ch
a
p
ter
is
b
a
sed
o
n
[1
8
1].
H
ow
ev
er,
sev
era
l
to
p
ics
h
av
e
b
een
ex
p
a
n
d
ed
,

esp
ecia
lly
in
sectio
n
7
.2
.

7
.1

In
tro
d
u
c
tio
n

In
tw
o
d
im
en
sio
n
s,
th
e
E
in
stein
-H
ilb
ert
a
ctio
n
fo
r
th
e
m
etric
g
ij:

Z
d
2x
p

g
R
;

(7
.1
.1
)

w
h
ere
R
is
th
e
R
iem
a
n
n
cu
rva
tu
re
sca
la
r,
is
a
to
p
o
lo
g
ica
l
in
v
a
ria
n
t
a
n
d
h
en
ce
triv
ia
l.

T
h
is
m
ea
n
s
th
a
t
a
n
y
a
ctio
n
w
h
ere
th
e
m
a
tter
�
eld
s
a
re
co
v
a
ria
n
tly
co
u
p
led
to
th
e

m
etric
ca
n
b
e
reg
a
rd
ed
a
s
a
n
a
ctio
n
fo
r
th
e
m
a
tter
co
u
p
led
to
g
ra
v
ity.
C
o
n
sid
er
a
s

a
n
ex
a
m
p
le
fo
r
th
e
m
a
tter
sy
stem

a
sca
la
r
b
o
so
n
:

S
[X
;g
]
=
�

14
� Z
d
x
2 p
g
g
ijr

i X
(x
)r
j X
(x
)
;

(7
.1
.2
)

w
h
ere
r
i
d
en
o
tes
a
cova
ria
n
t
d
eriva
tiv
e.
In
th
e
lig
h
t-co
n
e
g
a
u
g
e
d
s
2

=

2
d
z
d
�z
+

2
�
d
�zd
�z,
th
is
a
ctio
n
red
u
ces
to
th
e
free
�
eld
a
ctio
n
w
ith
a

a
t
m
etric
(2
.6
.1
)
S
s (X
;�
ij)

p
lu
s
a
co
u
p
lin
g
o
f
th
e
m
etric
to
th
e
h
o
lo
m
o
rp
h
ic
co
m
p
o
n
en
t
o
f
th
e
en
erg
y
{
m
o
m
en
-

tu
m
ten
so
r:

S
[X
;g
]
=
S
s (X
;�
ij)

+
1� Z
�
T
:

(7
.1
.3
)

B
y
in
teg
ra
tin
g
o
u
t
th
e
m
a
tter
�
eld
X
,
w
e
o
b
ta
in
a
n
in
d
u
ced
a
ctio
n
fo
r
g
rav
ity
in

tw
o
d
im
en
sio
n
s.
W
e
see
th
a
t
th
e
in
d
u
ced
a
ctio
n
is
eq
u
a
l
to
th
e
g
en
era
tin
g
fu
n
ctio
n
a
l

�
(2
.5
.4
)
o
f
th
e
V
ira
so
ro
a
lg
eb
ra
.
S
im
ila
rly,
w
h
en
th
e
m
a
tter
sy
stem

sp
eci�
es
a

co
n
fo
rm
a
l
in
va
ria
n
t
sy
stem
,
th
e
o
n
ly
rem
n
a
n
t
o
f
th
e
m
a
tter
sy
stem

in
th
e
in
d
u
ced

a
ctio
n
is
th
e
cen
tra
l
ch
a
rg
e
o
f
T
.

C
o
n
sid
er
n
ow
a
m
a
tter
sy
stem
,
w
h
ere
w
e
d
en
o
te
m
a
tter
�
eld
s
co
llectiv
ely
b
y
'
,

w
ith
a
set
o
f
h
o
lo
m
o
rp
h
ic
g
lo
b
a
l
sy
m
m
etries
g
en
era
ted
b
y
T
i['

].
W
e
w
ill
a
ssu
m
e

th
a
t
th
e
m
a
tter
sy
stem
is
co
n
fo
rm
a
lly
in
va
ria
n
t,
a
n
d
th
e
T
i['

]
g
en
era
te
a
W
{
a
lg
eb
ra
.

T
h
e
sy
m
m
etries
ca
n
b
e
g
a
u
g
ed
to
m
a
k
e
th
em
lo
ca
l.
T
h
e
g
a
u
g
e
�
eld
s
�
i
co
rresp
o
n
d

to
th
e
rem
n
a
n
t
o
f
th
e
m
etric
a
n
d
its
g
en
era
lisa
tio
n
s
fo
r
th
e
h
ig
h
er
d
im
en
sio
n
�
eld
s

in
th
e
lig
h
t-co
n
e
g
a
u
g
e.
T
h
e
in
d
u
ced
a
ctio
n
fo
rW
{
g
rav
ity
co
u
p
led
to
th
e
m
a
tter
'

in
th
e
lig
h
t-co
n
e
g
a
u
g
e
is
d
e�
n
ed
b
y
:

ex
p
(�
�
in
d
[�
])
= Z
[d
'
]ex
p ��
S
['
]�

1� Z
�
i T
i['

] �
:

(7
.1
.4
)

T
h
e
g
a
u
g
e
�
eld
s
�
i
a
re
ca
lled
g
en
era
lised
B
eltra
m
i
d
i�
eren
tia
ls.
W
h
en
a
fter
q
u
a
n
ti-

sa
tio
n
,
th
e
T
i

fo
rm
a
q
u
a
n
tu
m
W
{
a
lg
eb
ra
,
th
e
in
d
u
ced
a
ctio
n
(7
.1
.4
)
is
eq
u
a
l
to
th
e

g
en
era
tin
g
fu
n
ctio
n
a
l
�
(2
.5
.4
)
o
f
th
e
W
{
a
lg
eb
ra
.

F
o
rW
3 {
g
rav
ity,
it
w
a
s
sh
o
w
n
in
[1
7
2]
th
a
t
th
e
in
d
u
ced
a
ctio
n
(7
.1
.4
)
�
in
d
ca
n
b
e

ex
p
a
n
d
ed
in
a
p
ow
er
series
o
f
th
e
in
v
erse
cen
tra
l
ch
a
rg
e
1
=
c:

�
[�
]
= Xi

�

0
c
1
�

i�
(i)[�

]:

(7
.1
.5
)



C
h
a
p
ter
7
.
R
en
o
rm
a
lisa
tio
n
fa
cto
rs
in
W
{
G
ra
v
ity

A
sim
ila
r
ex
p
ressio
n
w
ill
b
e
tru
e
fo
r
o
th
er
n
o
n
lin
ea
r
W
{
a
lg
eb
ra
s
fo
r
w
h
ich
a
cla
s-

sica
l
lim
it
c
!
1
ex
ists,
w
h
ile
fo
r
m
o
st
lin
ea
r
a
lg
eb
ra
s
o
n
ly
�
(0
)

is
n
o
n
-zero
.
T
h
e

su
b
lea
d
in
g
term
s
in
1
=
c
in
eq
.
(7
.1
.5
)
a
rise
fro
m

a
p
ro
p
er
trea
tm
en
t
o
f
th
e
co
m
-

p
o
site
term
s
in
th
e
O
P
E
s.
In
[1
5
7],
a
n
ex
p
licit
fo
rm

fo
r
th
e
cla
ssica
l
term

�
(0
)

o
f

W
3
w
a
s
o
b
ta
in
ed
th
ro
u
g
h
th
e
cla
ssica
l
red
u
ctio
n
o
f
a
n
S
l(3
;
R
)
W
Z
N
W
{
m
o
d
el.
T
h
e

h
ig
h
er
o
rd
er
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h
o
m
o
lo
g
y
:
^T
[
^W
(j
;�
j )].
T
h
e
eq
u
a
tio
n
s
(6
.6
.1
),
(6
.4
.1
2
)
a
n
d
(6
.2
.2
2
)

sh
o
w
th
a
t
2:

^W
(j
;�
j )[�
h
w
J
z ;�
=
0
;A
��z

=
0
;
c
=
0
]
=
C
jJ
(j
j
;�
j )

z

;

(7
.2
.4
)

w
h
ere
th
e
ren
o
rm
a
lisa
tio
n
co
n
sta
n
tC
is
d
e�
n
ed
in
eq
.
(6
.4
.1
7
).
W
e
w
ill
in
d
ica
te
th
is

resu
lt
w
ith
th
e
slig
h
tly
m
islea
d
in
g
n
o
ta
tio
n
^T
[C
�
h
w
J
z ].

W
e
ca
n
n
ow
p
erfo
rm
th
e
ch
a
n
g
e
o
f
va
ria
b
les
a
llu
d
ed
to
in
th
e
in
tro
d
u
ctio
n
.
P
a
ss-

in
g
fro
m
th
e
H
a
a
r
m
ea
su
re
[�
g
g
�

1]
to
th
e
m
ea
su
re
[d
J
z ],
w
e
p
ick
u
p
a
J
a
co
b
ia
n
:

[�
g
g
�

1]
=
[d
J
z ]ex
p ��
2
~h
S
�

[g
] �
:

(7
.2
.5
)

2
A
n
y
q
u
a
n
tu
m
co
rrectio
n
s
in

^W

a
rise
fro
m

th
e
reo
rd
erin
g
o
f
n
o
n
h
ig
h
est
w
eig
h
t
cu
rre
n
ts,
w
h
ich

ca
n
n
o
t
p
ro
d
u
ce
a
h
ig
h
est
w
eig
h
t
cu
rren
t.
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C
h
a
p
ter
7
.
R
en
o
rm
a
lisa
tio
n
fa
cto
rs
in
W
{
G
ra
v
ity

C
o
m
b
in
in
g
th
e
eq
s.
(7
.2
.3
),
(7
.2
.4
)
a
n
d
(7
.2
.5
),
w
e
o
b
ta
in
th
e
in
d
u
ced
a
ctio
n
in

a
p
a
th
in
teg
ra
l
fo
rm
u
la
tio
n
fo
r
th
e
W
Z
N
W
{
m
o
d
el
in
th
e
h
ig
h
est
w
eig
h
t
g
a
u
g
e:

ex
p
(�
�
[�
])
=

Z
[d
J
z ]
� �
(1�
�
h
w
)(J
z �
�2

e
�

) �

ex
p ��
�
c S
�

[g
]�

1
4
�
x
y Z
str �
�
^T
[C
J
z ] ��
;

(7
.2
.6
)

w
h
ere:

�
c
=
�
+
2
~h
:

(7
.2
.7
)

W
e
a
re
n
o
w
in
a
p
o
sitio
n
to
stu
d
y
th
e
e�
ectiv
e
th
eo
ry
o
f
th
e
(su
p
er)g
ra
v
ity
th
eo
ry.

T
h
e
e�
ectiv
e
a
ctio
n
W
[
�T
]
(7
.1
.6
)
is,
fo
r
th
e
p
a
rticu
la
r
ch
o
ice
o
f
m
a
tter
secto
r,
g
iv
en

b
y
:

ex
p ��
W
[
�T
] �
= Z
[d
J
z ][d
�
]
� �
(1�
�
h
w
)(J
z �
�2

e
�

) �

ex
p ��
�
c S
�

[g
]�

1
4
�
x
y Z
str �
�
(
^T
[C
J
z ]�
�T
) ��
;

(7
.2
.8
)

w
h
ere
�T
2
K
+
.
T
h
e
in
teg
ra
tio
n
o
v
er
�
g
iv
es
a
n
a
d
d
itio
n
a
l
d
elta
fu
n
ctio
n
:

� �
^T
[C
J
z ]�
�T �
:

(7
.2
.9
)

T
h
is
m
ea
n
s
th
a
t
w
e
�
n
d
fo
r
th
e
e�
ectiv
e
a
ctio
n
W
[ �T
]
sim
p
ly
�
c S
�

[g
]
w
h
ere
th
e

g
ro
u
p
elem
en
ts
g
a
re
d
eterm
in
ed
b
y
th
e
co
n
stra
in
ts
im
p
o
sed
v
ia
th
e
d
elta
-fu
n
ctio
n
s.

T
o
m
a
k
e
th
is
m
o
re
ex
p
licit,
w
e
h
av
e
to
sp
ecify
w
h
ich
set
o
f
g
en
era
to
rsT
w
e
ch
o
o
se

fo
r
th
e
W
{
a
lg
eb
ra
.
A
s
d
iscu
ssed
in
su
b
sectio
n
6
.4
.3
,
it
is
co
n
v
en
ien
t
to
ch
o
o
se
T
E
M

,

d
e�
n
ed
in
(6
.4
.1
8
),
fo
r
th
e
V
ira
so
ro
o
p
era
to
r
a
t
(j;�
j )
=
(1
;0
).
W
e
ta
k
e
a
ll
o
th
er

g
en
era
to
rs
^T
(j
;�
j
)

eq
u
a
l
to
th
e
g
en
era
to
rs
o
f
th
e
co
h
o
m
o
lo
g
y
^W
(j
;�
j
).

W
e
ca
n
w
rite

th
is
ch
o
ice
o
f
g
en
era
to
rs
a
s
3:

^T
[C
J
z ]

=

ex
p �p
C
e
0 �
�
h
w
J
z
ex
p ��
p

C
e
0 �
+

C
2
x
y
�
str �(�
h
w
�
0 J
z )
(�
h
w
�
0 J
z ) �e
+
:

(7
.2
.1
0
)

T
o
ex
p
ress
th
e
co
n
stra
in
s
im
p
o
sed
o
n
th
e
W
Z
N
W
{
m
o
d
el
b
y
eq
.
(7
.2
.9
)
in
term
s

o
f
th
e
g
ro
u
p
elem
en
ts
o
f
th
e
W
Z
N
W
{
m
o
d
el,
w
e
sh
o
u
ld
ta
k
e
in
to
a
cco
u
n
t
th
a
t
th
e

q
u
a
n
tu
m
cu
rren
ts
J
z
a
re
ren
o
rm
a
lised
,
see
eq
s.
(2
.6
.4
0
)
a
n
d
(2
.6
.4
5
):

J
z
=
�
�2
@
g
g
�

1
:

(7
.2
.1
1
)

3
In
fa
ct,
w
e
ta
k
e
^T
(
1
;0
)
=

12
y
T
E
M

to
a
v
o
id
n
o
ta
tio
n
a
l
d
i�
cu
lties.
W
e
w
ill
sh
o
w
in
in
term
ezzo

7
.2
.1
th
a
t
n
o
rm
a
lisa
tio
n
fa
cto
rs
o
f
th
e
g
en
era
to
rs
w
h
ich
d
o
n
o
t
d
ep
en
d
o
n
�
,
d
o
n
o
t
in

u
en
ce
th
e

co
u
p
lin
g
co
n
sta
n
t
o
r
w
a
v
e
fu
n
ctio
n
ren
o
rm
a
lisa
tio
n
.

C
o
m
b
in
in
g
th
is
la
st
eq
u
a
tio
n
w
ith
eq
s.
(7
.2
.8
),
(7
.2
.9
),
(7
.2
.1
0
),
w
e
�
n
d
th
e
�
n
a
l

resu
lt:

W
[ �T
]
=
�
c S
�

[g
]
;

(7
.2
.1
2
)

w
h
ere
�
c
is
d
e�
n
ed
in
eq
.
(7
.2
.7
).
T
h
e
W
Z
N
W
{
m
o
d
el
in
eq
.
(7
.2
.1
2
)
is
co
n
stra
in
ed

b
y
:

�
�2
@
g
g
�

1
+

�
�
2

4
x
y
�
str �
�
N
A �@
g
g
�

1 �
�
N
A �@
g
g
�

1 � �
e
+

=

�2
e
�

+
ex
p ��
ln p
C
e
0 �
�T
ex
p �
ln p
C
e
0 �
:

(7
.2
.1
3
)

�
N
A
�g
a
re
th
o
se
elem
en
ts
o
f
�
0
�g
w
h
ich
a
re
h
ig
h
est
w
eig
h
t,
i.e.
th
e
cen
tra
liser
o
f
s
l(2
)

in
�g
.
U
sin
g
a
g
lo
b
a
l
g
ro
u
p
tra
n
sfo
rm
a
tio
n
:

g
!
ex
p �
ln � r
�
�

� �
e
0 �
g
;

(7
.2
.1
4
)

w
h
ich
leav
es
S
�

[g
]
in
va
ria
n
t,
w
e
b
rin
g
th
e
co
n
stra
in
ts
in
th
e
sta
n
d
a
rd
fo
rm
u
sed
in

[7]:

@
g
g
�

1
+

1
4
x
y
str �
�
N
A �@
g
g
�

1 �
�
N
A �@
g
g
�

1 � �
e
+

=

e
�

+ Xj
;�
j

2
�
j

C
j�
�
j
+
1

�T
(j
;�
j
)

(j
j
;�
j ) t
:

(7
.2
.1
5
)

F
ro
m
eq
.
(6
.4
.2
6
),
w
e
g
et
th
e
lev
el
�
a
s
a
fu
n
ctio
n
o
f
th
e
cen
tra
l
ch
a
rg
e:

1
2
y
�
=
�
1
2
y
~h
� �
c�

12
c
c
rit �
� s�
c�

12
c
c
rit �

2�
2
4
(d
B

�
d
F
) ~h
y

(7
.2
.1
6
)

W
e
w
ill
n
ow
refo
rm
u
la
te
th
ese
resu
lts
in
term
s
o
f
th
e
L
eg
en
d
re
tra
n
sfo
rm

W
(0
)

o
f
th
e
cla
ssica
l
lim
it
o
f
th
e
in
d
u
ced
a
ctio
n
,
eq
.
(7
.1
.7
),
a
n
d
p
ro
v
e
th
e
co
n
jectu
re
eq
.

(7
.1
.8
):

W
[ �T
]
=
Z
W

W
(0
) h
Z
(
�T
)
�T i
:

It
is
p
o
ssib
le,
u
sin
g
th
e
resu
lts
o
f
[7
],
to
�
n
d
W
(0
)

b
y
co
m
p
a
rin
g
th
e
W
a
rd
id
en
tities

o
f
th
e
co
n
stra
in
ed
W
Z
N
W
{
m
o
d
el
to
th
o
se
o
f
th
e
cla
ssica
l
ex
ten
d
ed
V
ira
so
ro
a
lg
eb
ra
.

W
e
w
ill
fo
llo
w
a
d
i�
eren
t
ro
a
d
.
B
eca
u
se:

W
c
l [ �T
]
=
cW
(0
)[ 1c
�T
];

(7
.2
.1
7
)
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7
.3
.
A
n
ex
a
m
p
le
:
so
(N
){
su
p
erg
ra
v
ity

w
e
ca
n
o
b
ta
in
W
(0
)

b
y
ta
k
in
g
th
e
la
rg
e
c
lim
it
o
f
eq
s.
(7
.2
.1
2
)
a
n
d
(7
.2
.1
5
).
W
e
b
eg
in

b
y
o
b
serv
in
g
th
a
t:

�
j

C
j�
�
j
+
1
�
�
�

1�
�
c6

y
;

fo
r
la
rg
e
c
;

(7
.2
.1
8
)

w
h
ere
w
e
u
sed
eq
.
(7
.2
.1
6
)
in
th
e
seco
n
d
step
.
E
q
.
(7
.2
.1
8
)
is
va
lid
w
h
a
tev
er
th
e
va
lu
es

o
fC
a
n
d
�
�

tu
rn
o
u
t
to
b
e,
a
s
th
eir
cla
ssica
l
lim
it
is
�
x
ed
to
1
a
n
d
�
resp
ectiv
ely.

T
o
g
eth
er
w
ith
(7
.2
.1
2
)
a
n
d
(7
.2
.1
5
),
th
is
g
iv
es
4:

W
[
�T
]
=
�

6
y
(�
+
2
~h
)

c

W
c
l [�
c6

y

�
j

C
j�
�
j
+
1

�T
(j
;�
j
)

(j
;�
j
) t]:

(7
.2
.1
9
)

C
o
m
b
in
in
g
th
is
resu
lt
w
ith
eq
.
(7
.2
.1
7
),
w
e
�
n
d
:

Z
W

=

�
6
y �
�
+
2
~h �
;

(7
.2
.2
0
)

Z
(
�T
(
j
;
�

j
)
)

=

�

�
j

6
yC
j�
�
j
+
1
:

(7
.2
.2
1
)

T
o
g
eth
er
w
ith
eq
.
(7
.2
.1
6
),
th
is
p
rov
id
es
a
n
a
ll-o
rd
er
ex
p
ressio
n
fo
r
ren
o
rm
a
lisa
tio
n

fa
cto
rs
fo
r
th
e
ch
o
sen
n
o
rm
a
lisa
tio
n
eq
.
(7
.2
.1
0
)
o
f
th
e
g
en
era
to
rs
o
f
th
e
W
{
a
lg
eb
ra
.

In
t
e
r
m
e
z
z
o
7
.2
.1

W
e
n
ow
d
iscu
ss
th
e
ca
se
w
h
ere
a
d
i�
eren
t
n
o
rm
a
lisa
tio
n
fro
m
eq
.
(7
.2
.1
0
)
fo
r
th
e
g
en
-

era
to
rs
o
f
th
eW
{
a
lg
eb
ra
is
u
sed
.
S
u
p
p
o
se
th
a
t
th
ere
is
a
n
a
d
d
itio
n
a
l
fa
cto
r
^n
(
j
;�
j
):

^T
(
j
;�
j
)
=
^n
(
j
;�
j
)
^W
(
j
;�
j
)
:

T
h
is
ex
tra
fa
cto
r
ca
n
d
ep
en
d
o
n
�
.
If
w
e
d
en
o
te
its
cla
ssica
l
lim
it
a
s
n
(
j
;�
j
),
w
e
see
th
a
t

th
e
w
av
efu
n
ctio
n
ren
o
rm
a
lisa
tio
n
is
ch
a
n
g
ed
to
:

Z
(
�T
(
j
;
�

j
)
)
=
�
n
(
j
;�
j
)

^n
(
j
;�
j
)

�
j

6
yC
j�
�
j
+
1

:

A
s
d
iscu
ssed
in
sectio
n
6
.6
,
w
e
ex
p
ect
th
a
t
a
ll
�
{
d
ep
en
d
en
ce
o
f
th
e
n
o
rm
a
lisa
tio
n
fa
cto
r

is
a
b
so
rb
ed
in
C
,
eq
.
(6
.6
.1
),
su
ch
th
a
t
th
e
w
av
efu
n
ctio
n
ren
o
rm
a
lisa
tio
n
fa
cto
r
is
n
o
t

ch
a
n
g
ed
w
ith
resp
ect
to
eq
.
(7
.2
.2
1
).

W
e
w
a
n
t
to
stress
h
ere
th
a
t
w
h
ile
th
e
v
a
lu
e
o
f
th
e
co
u
p
lin
g
co
n
sta
n
t
ren
o
rm
a
lisa
-

tio
n
is
u
n
a
m
b
ig
u
o
u
sly
d
eterm
in
ed
,
th
e
co
m
p
u
ta
tio
n
o
f
th
e
va
lu
e
o
f
th
e
w
av
efu
n
ctio
n

ren
o
rm
a
lisa
tio
n
is
v
ery
d
elica
te.
In
d
eed
,
w
h
en
th
e
g
a
u
g
ed
W
Z
W

m
o
d
el
serv
es
a
s
a

g
u
id
elin
e
[1
8
0],
w
e
ex
p
ect
th
a
t
th
e
p
recise
v
a
lu
e
o
f
th
e
w
a
v
efu
n
ctio
n
ren
o
rm
a
lisa
tio
n

4
W
e
h
o
p
e
th
a
t
th
ere
ca
n
b
e
n
o
co
n
fu
sio
n
b
etw
een
�
�

a
n
d
�
j .

d
ep
en
d
s
o
n
th
e
ch
o
sen
reg
u
la
risa
tio
n
sch
em
e.
A
s
m
en
tio
n
ed
b
efo
re,
th
e
co
m
p
u
ta
-

tio
n
s
lea
d
in
g
to
th
e
q
u
a
n
tu
m
e�
ectiv
e
a
ctio
n
a
re
p
erfo
rm
ed
in
th
e
o
p
era
to
r
fo
rm
a
lism

u
sin
g
p
o
in
t-sp
littin
g
reg
u
la
risa
tio
n
.
W
ith
in
th
is
fra
m
ew
o
rk
,
w
e
sh
o
u
ld
u
se
�
�
=
�
+
~h

(2
.6
.4
6
),
a
n
d
C
=
�
=
(�
+
~h
)
(6
.4
.1
7
).
T
h
e
w
av
efu
n
ctio
n
ren
o
rm
a
lisa
tio
n
fa
cto
r
eq
.

(7
.2
.2
1
)
sim
p
li�
es
to
:

Z
(
�T
(
j
;
�

j
))

=

�

1

6
y
(�
+
~h
)
:

(7
.2
.2
2
)

W
e
ex
p
ect
th
a
t
th
is
resu
lt
is
fu
lly
co
n
sisten
t
w
h
en
u
sin
g
th
e
o
p
era
to
r
fo
rm
a
lism
.
T
o

p
ro
v
id
e
fu
rth
er
su
p
p
o
rt
fo
r
th
is
cla
im
,
w
e
w
ill
co
m
p
a
re
th
e
resu
lts
fo
r
so(N
)
su
p
er-

g
rav
ity
o
f
sectio
n
7
.3
to
p
ertu
rb
a
tiv
e
co
m
p
u
ta
tio
n
s
in
sectio
n
7
.4
.
T
h
e
p
ertu
rb
a
tiv
e

ca
lcu
la
tio
n
s
a
lso
rely
o
n
o
p
era
to
r
m
eth
o
d
s
a
n
d
g
iv
e
resu
lts
w
h
ich
a
re
fu
lly
co
n
sis-

ten
t
w
ith
b
o
th
eq
s.
(7
.2
.2
0
)
a
n
d
(7
.2
.2
2
).
S
ee
[1
8
7]
fo
r
a
fu
rth
er
d
iscu
ssio
n
o
f
th
e

w
av
efu
n
ctio
n
ren
o
rm
a
lisa
tio
n
fa
cto
rs.

7
.3

A
n
e
x
a
m
p
le
:
s
o(N
){
su
p
e
rg
ra
v
ity

W
e
w
illu
se
th
e
su
p
erg
rav
ity
th
eo
ries
b
a
sed
o
n
th
e
N
-ex
ten
d
ed
so(N
)
su
p
erco
n
fo
rm
a
l

a
lg
eb
ra
[1
3
3,
2
0
]
a
s
a
n
ex
a
m
p
le.
A

rea
lisa
tio
n
o
f
th
e
m
a
tter
secto
r,
referred
to

a
b
ov
e,
is
co
n
stru
cted
fro
m
g
a
u
g
ed
O
S
p
(N
j2
)
W
Z
N
W
{
m
o
d
el
in
sectio
n
s
6
.3
a
n
d
6
.5
.

A
p
p
ly
in
g
th
e
resu
lts
o
f
th
e
p
rev
io
u
s
sectio
n
,
w
e
ca
n
g
iv
e
a
ll{
lo
o
p
resu
lts
fo
r
th
e

e�
ectiv
e
th
eo
ry
fo
r
a
rb
itra
ry
N
.
A
sp
ects
o
f
N

=
1
a
n
d
N

=
2
su
p
erg
rav
ity
w
ere

stu
d
ied
in
[1
0
7,
1
6
2,
2
5
].
F
ea
tu
res
o
f
th
e
N

=
3
th
eo
ry
w
ere
ex
a
m
in
ed
in
[5
4],
w
h
ere

o
n
e{
lo
o
p
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�
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]
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�
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a
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b
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l
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�
.
A
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d
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O
P
E
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.
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).
W
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lt.
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=
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=

r
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+
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=
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n
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�
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2

2
�

�
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j �
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�

�

�
ijab

lim
y
!

x �
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)

@
A
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�
@�@

�
(2
)(x
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y
)�
ij �

@
A
i
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r
u
i

+
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�
a
b
i 
a
g
b

+
f
ij

k
A
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k
;
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.3
.3
)

w
h
ere:

r
�
= �
�@�
h
@
�
h
�
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h
) �
�
;

(7
.3
.4
)

w
ith
:

h
�

=
2
;
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;
1

fo
r

�
=
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a
;
u
a
:
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.3
.5
)

T
h
e
W
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rd
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en
tities
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s
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f
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n
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d
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.
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e
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p
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e
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rd
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e
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e
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n
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iv
en
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a
1
=
k
ex
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n
sio
n
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�
[h
; 
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�

0
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1
�
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(7
.3
.6
)

T
h
is
d
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n
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n
o
f
�
(i)
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d
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eren
t
fro
m
eq
.
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.1
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w
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ex
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n
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e
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ch
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.
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h
e
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n
b
etw
een
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ese
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p
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(see
in
term
ezzo

6
.3
.2
):

c
=

k2
6
k
+
N
2�

1
0
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N
�
3
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.3
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)
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g
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is
fo
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a
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e
W
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b
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]
=
k
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].

If
o
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d
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L
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�
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]
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W
(0
)[t;g
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;A
g �

�
(0
)[h
; 
;A
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� Z�h
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a
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2
A
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(7
.3
.8
)

w
e
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W
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.3
.3
)
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e
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e
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n
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l

eq
u
a
tio
n
s
fo
r
W
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.1
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).
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S
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W
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d
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�
S
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].
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e
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W
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w
e
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th
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W
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id
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so
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)
su
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ra
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eq
.
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T
h
e
W
a
rd
id
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tities
o
f
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{
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d
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.
(2
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e
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n
d
itio
n
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n
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n
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A
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R
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z �
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u
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3
).
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e
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n
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.1
0
)
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ra
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�
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a
�
N
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b
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=
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=
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=
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=
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=

0
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.
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)
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e
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k
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1
u
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:
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ra
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=
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=
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.
S
em
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n
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p
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�
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]
is
th
e
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n
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th
e
W
Z
N
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{
m
o
d
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e
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g
iv
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in
eq
.
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.1
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).

T
h
e
e�
ectiv
e
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ctio
n
W
[t;g
;u
]
is
d
e�
n
ed
b
y
:

ex
p �
�
W
[t;g
;u
] �
= Z
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h
][d
 
][d
A
]

ex
p �
�
�
[h
; 
;A
]
+

14
� Z�
h
t
+
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a
g
a �
2
A
i
u
i � �
:

(7
.3
.1
6
)

O
n
e
�
n
d
s
to
lea
d
in
g
o
rd
er
in
k
(co
m
p
a
re
w
ith
eq
.
(7
.2
.1
7
)):

W
[t;g
;u
]
=
k
W
(0
)[t=
k
;g
=
k
;u
=
k
]
=
�
S
�

[g
]

(7
.3
.1
7
)

a
n
d
th
e
lev
el
�
o
f
th
e
o
sp
(N
j2
)
K
a
�c{
M
o
o
d
y
a
lg
eb
ra
is
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ted
to
th
e
so(N
)
lev
el
k

a
s
k
�
�
2
�
in
th
e
la
rg
e
k
lim
it.

W
e
ca
n
n
o
w
p
erfo
rm
th
e
a
n
a
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g
iv
en
in
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n
7
.2
to
�
n
d
th
e
a
ll{
o
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er
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fo
r
th
e
e�
ectiv
e
a
ctio
n
.
T
h
e
cla
ssica
l
a
n
d
q
u
a
n
tu
m

ex
p
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n
s
fo
r
th
e
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n

o
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th
e
so
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)W
{
a
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ra
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o
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)
cu
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s
6
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6
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a
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b
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u
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d
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(6
.3
.6
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.3
.8
)
a
n
d
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.5
.2
).

W
e
d
o
n
o
t
g
iv
e
th
e
ex
p
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d
eriva
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n
o
f
eq
s.
(7
.2
.8
)
a
n
d
(7
.2
.9
)
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a
s
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m
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p
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a
n
a
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g
o
u
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e
g
en
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o
d
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r
a
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n
.
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e
�
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t
W
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b
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�
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(k
�
7
+
2
N
)
;

(7
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.5
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).
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1 �
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1 �
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1 �
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1 �
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).
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.
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a
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e
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)

w
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=
�
2
�
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=
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�
7
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2
N
)
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.2
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)

Z
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=
Z
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=
Z
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=

1
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+
N
�
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)
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h
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7
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b
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1
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w
e
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eq
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b
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6
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b
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c
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b
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b
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w
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b
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=
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=
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)[h
; 
]�

1
1
2
� Z
h
^t�
13

� Z
^g
 �
:

(7
.4
.2
7
)

P
u
ttin
g
ev
ery
th
in
g
to
g
eth
er
in
eq
.
(7
.4
.1
5
)
w
e
�
n
d
,
fo
r
N

=
1
,
c
0

=
3
=
2
:

W
[t;g
]'
cW
(0
) �
tc

;
gc �
�

1
52

�
(0
)[h
; 
]�
9
W
(0
) �
tc

;
gc �

:

(7
.4
.2
8
)

W
ritin
g
th
ese
resu
lts
a
s:

W
(N
)[�

]'
Z
(N
)

W

W
(0
)[Z
(N
)

�

�
]

w
e
h
a
v
e:

Z
(1
)

W

'
c�

3
32

Z
(1
)

t

=
Z
(1
)

g

'
1c

(1
+

1
52

c
)
:

(7
.4
.2
9
)

F
o
r
referen
ce,
th
e
co
rresp
o
n
d
in
g
eq
u
a
tio
n
s
fo
r
N

=
0
a
re
(c
0

=
2
),

W
[t]

=

cW
(0
)[t=
c]�

2
62

�
(0
)[h

]�
1
2
W
(0
)[t=
c]

Z
(0
)

W

=

c�
2
5

Z
(0
)

t

=

1c
(1
+

1
3c

)
:

(7
.4
.3
0
)

T
h
ese
v
a
lu
es
a
re
in
co
m
p
lete
a
g
reem
en
t
w
ith
[2
1
2,
1
3
4
,
1
6
2
,
1
4
9]
a
n
d
w
ith
o
u
r
eq
s.

(7
.4
.2
),
(7
.4
.2
)
a
n
d
eq
.
(7
.4
.3
).

B
efo
re
g
o
in
g
to
N

=

2
,
w
e
co
m
m
en
t
o
n
th
e
tech
n
iq
u
e
w
e
u
sed
to
o
b
ta
in
eq
s.

(7
.4
.1
3
)
a
n
d
(7
.4
.2
4
).
T
h
e
ea
siest
w
ay
is
to
ex
p
a
n
d
th
e
�
eld
s
�
;'
in
so
lu
tio
n
s
o
f
th
e

free
�
eld
eq
u
a
tio
n
s:

�
(z
;
�z)

=

�
(0
)(�z)

+
z
�
(1
)(�z)

+
z
22

�
(2
)(�z)

'
(z
;
�z)

=

'
(0
)(�z)

+
z
'
(1
)(�z)

(7
.4
.3
1
)

a
n
d
rea
d
o
�
th
e
O
P
E
s
fo
r
th
e
a
n
tih
o
lo
m
o
rp
h
ic
co
e�
cien
ts
fro
m
eq
s.
(7
.4
.1
0
),(7
.4
.2
3
).

T
h
en
a
ll
sin
g
u
la
r
term
s
a
re
g
iv
en
in
eq
.
(7
.4
.2
4
).
A
n
a
ltern
a
tiv
e
w
o
u
ld
b
e
to
u
se

W
ick
's
m
eth
o
d
,
w
ith
th
e
co
n
tra
ctio
n
s
g
iv
en
b
y
th
e
p
ro
p
a
g
a
to
rs.
T
h
e
resu
ltin
g
b
ilo
-

ca
ls
th
en
g
iv
e,
u
p
o
n
T
ay
lo
r-ex
p
a
n
d
in
g
,
th
e
sa
m
e
a
lg
eb
ra
a
s
in
eq
.
(7
.4
.2
4
),
u
p
to

term
s
p
ro
p
o
rtio
n
a
l
to
eq
u
a
tio
n
s
o
f
m
o
tio
n
.
T
h
is
a
m
b
ig
u
ity
w
a
s
a
lrea
d
y
p
resen
t
in

[2
1
2],
see
a
lso
[1
7
3].
W
e
h
a
v
e
sim
p
ly
u
sed
a
n
a
n
tih
o
lo
m
o
rp
h
ic
m
o
d
e
ex
p
a
n
sio
n
lik
e

in
eq
.
(7
.4
.3
1
)
in
th
e
fo
llow
in
g
ca
lcu
la
tio
n
.
A
d
isa
d
va
n
ta
g
e
is,
th
a
t
in
th
is
w
ay
o
n
e

lo
ses
co
n
tro
l
o
v
er
eq
u
a
tio
n
o
f
m
o
tio
n
term
s.

L
et
u
s
clo
se
th
e
N

=
1
ca
se
b
y
n
o
tin
g
th
a
t,
ju
st
a
s
th
e
a
n
tih
o
lo
m
o
rp
h
ic
m
o
d
es

co
rresp
o
n
d
in
g
to
eq
.
(7
.4
.1
3
)
g
en
era
te
a
n
sl(2
)
K
a�c{
M
o
o
d
y
a
lg
eb
ra
,
w
e
g
et
a
n
a
�
n
e

o
sp
(1j2
)
fro
m
th
e
m
o
d
es
o
f
H

a
n
d
	
o
f
eq
.
(7
.4
.2
4
).

7
.4
.2

N

=
2

F
o
r
N

=
2
th
e
ex
ten
sio
n
o
f
th
e
sch
em
e
a
b
ov
e
h
a
s
tw
o
	
-�
eld
s
a
n
d
a
free
ferm
io
n
�
,

w
ith
<
�
(x
)�
(0
)
>
=
�
1�x

.
T
h
is
la
st
�
eld
d
o
es
n
o
t
co
n
trib
u
te
to
H
:

H

=

14
�
@
�
+

14

2
Xa

=
1
�
2a

	
a

=

�
12

(@
�
)�
a
+
�
@
�
a �
"
a
b �
b �

A

=

"
a
b @
�
a
�
b
+
�
@
�
:

(7
.4
.3
2
)

N
o
te
th
a
t
@
A
is
p
ro
p
o
rtio
n
a
l
to
th
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
fo
r
�
a

a
n
d
�
.
N
eg
lectin
g

term
s
p
ro
p
o
rtio
n
a
l
to
eq
u
a
tio
n
s
o
f
m
o
tio
n
,
w
e
�
n
d
th
a
t
in
th
e
a
lg
eb
ra
o
f
eq
.
(7
.4
.2
4
)

th
e
�
rst
tw
o
eq
u
a
tio
n
s
a
re
su
p
p
lem
en
ted
w
ith
:

H
(z
;
�z)A
(0
)

=

0
+
���

	
a
(z
;
�z)	
b (0
)

=

�
a
b �

2
c
0z

�z
2

�
4
H
(0
)

�z

�
2
z�z

@
H
(0
) �
+
"
a
b
z�z

A
(0
)
+
���

A
(z
;
�z)	
a
(0
)

=

"
a
b

�z
	
b (0
)
+
���

A
(z
;
�z)A
(0
)

=

c
0

�z
2
+
���
;

(7
.4
.3
3
)

9
4



7
.5
.
D
iscu
ssio
n

a
n
d
c
0

=
2�
2
�
12

=
1
.
W
ith
th
e
cen
tra
l
ch
a
rg
e
o
f
th
e
g
h
o
sts
b
ein
g
c
g
h
o
s
t
=
+
6
,
w
e

ca
n
im
m
ed
ia
tely
w
rite
d
ow
n
th
e
Z
-fa
cto
rs
fo
r
N

=
2
:

Z
(2
)

W

=
c�
9

Z
(2
)

t

=
Z
(2
)

g

=
Z
a
'

1c
(1
+
3
=
c)
;

(7
.4
.3
4
)

w
h
ich
a
g
rees
w
ith
eq
s.
(7
.4
.1
)
a
n
d
(7
.4
.2
)
u
sin
g
eq
.
(7
.4
.3
).
T
h
e
a
lg
eb
ra
o
f
a
n
tih
o
lo
-

m
o
rp
h
ic
co
e�
cien
ts
o
f
H
;	
a
a
n
d
A
is
n
ow
o
sp
(2j2
).

It
sh
o
u
ld
b
e
rem
a
rk
ed
th
a
t
fo
r
N

=

2
(a
n
d
h
ig
h
er)
th
e
a
lg
eb
ra
eq
.
(7
.4
.3
3
)

d
o
es
n
o
t
q
u
ite
rep
ro
d
u
ce
th
e
W
a
rd
id
en
tities
fo
r
th
e
in
d
u
ced
a
ctio
n
.
H
ere
a
lso
,
th
e

eq
u
a
tio
n
s
o
f
m
o
tio
n
a
re
in
v
o
lv
ed
.
T
h
e
d
i�
eren
ce
is
in
th
e
W
a
rd
id
en
tity
:

14
(@
3

+
2
t@
+
(@
t))h
�

12
((@
g
a
)
+
3
g
a
@
) 
a�

(@
A
)�
u
=
@
t
:

(7
.4
.3
5
)

T
h
e
la
st
term
,
a
s
n
o
ted
b
elow
eq
.
(7
.4
.3
2
),
is
p
ro
p
o
rtio
n
a
l
to
eq
u
a
tio
n
s
o
f
m
o
tio
n

o
f
th
e
free
p
a
rt
o
f
th
e
a
ctio
n
o
f
th
e
a
u
x
ilia
ry
sy
stem
,
a
n
d
is
n
o
t
reco
v
ered
fro
m
th
e

p
ro
ced
u
re
o
u
tlin
ed
a
b
ov
e.
W
e
su
rm
ise
th
a
t,
a
s
fo
r
N

=
0
a
n
d
1
,
th
ese
term
s
d
o
n
o
t

ch
a
n
g
e
th
e
resu
lt.

7
.4
.3

N

=
3
;4

F
o
r
N

=
3
a
n
d
4
,
w
e
refra
in
fro
m

w
ritin
g
o
u
t
th
e
a
ctio
n
a
n
d
tra
n
sfo
rm
a
tio
n
la
w
s,

b
u
t
th
e
sa
m
e
p
ro
ced
u
re
a
s
b
efo
re
is
v
a
lid
(see
[1
8
1
]
fo
r
N

=
3
).
T
h
e
a
lg
eb
ra
o
f
eq
.

(7
.4
.3
3
)
o
n
ly
ch
a
n
g
es
in
th
a
t
m
o
re
	
a

a
n
d
A

�
eld
s
a
re
p
resen
t.
T
h
e
v
a
lu
e
o
f
th
e

cen
tra
l
ch
a
rg
e
c
0(N
)

in
th
a
t
a
lg
eb
ra
ca
n
m
o
st
sim
p
ly
b
e
o
b
ta
in
ed
fro
m

H
(z
)H
(0
),

sin
ce
o
n
ly
�
a
n
d
'
a

�
eld
s
co
n
trib
u
te
to
it:

c
0(N
)

=
2�
N2

:

(7
.4
.3
6
)

T
h
e
resu
ltin
g
a
n
tih
o
lo
m
o
rp
h
ic
co
e�
cien
ts
co
n
stitu
te
th
e
o
sp
(N
j2
)
K
a
�c{
M
o
o
d
y
a
l-

g
eb
ra
:
th
e
d
im
en
sio
n
1
=
2
�
eld
co
n
trib
u
tes
n
o
a
n
tih
o
lo
m
orp
h
ic
m
o
d
es.

T
h
e
g
h
o
st
sy
stem
cen
tra
l
ch
a
rg
es
v
a
n
ish
fo
r
N

=
3
;4
.
A
s
a
resu
lt,
fo
r
N

=
3
:

Z
(3
)

W

=
c�
3
;

Z
(3
)

t

'
1c

;

(7
.4
.3
7
)

a
n
d
fo
r
N

=
4
,
a
ll
Z
-fa
cto
rs
a
re
eq
u
a
l
to
th
eir
cla
ssica
l
v
a
lu
es.

N
ow
w
e
co
m
p
a
re
th
ese
resu
lts
fo
r
th
e
ren
o
rm
a
lisa
tio
n
fa
cto
rs
w
ith
th
e
resu
lts
o
f

eq
s.
(7
.4
.1
)
a
n
d
(7
.4
.2
)
fo
r
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
s,
u
sin
g
th
e
resu
lt
o
f
sectio
n
5
.3
.

A
cco
rd
in
g
to
sectio
n
5
.3
,
th
e
resp
ectiv
e
e�
ectiv
e
a
ctio
n
s
a
re
eq
u
a
l
u
p
o
n
p
u
ttin
g
th
e

a
p
p
ro
p
ria
te
cu
rren
ts
to
zero
.
T
h
is
m
ea
n
s
th
a
t
th
e
o
th
er
ren
o
rm
a
lisa
tio
n
fa
cto
rs
a
re

th
e
sa
m
e
fo
r
th
e
lin
ea
r
a
n
d
th
e
n
o
n
lin
ea
r
th
eo
ry.

R
eca
ll
th
a
t
th
e
lin
ea
r
a
lg
eb
ra
s
red
u
ce
to
th
e
n
o
n
lin
ea
r
o
n
es
w
h
en
elim
in
a
tin
g
o
n
e

sp
in
1
=
2
�
eld
fo
r
N

=
3
,
a
n
d
fo
u
r
sp
in
1
=
2
�
eld
s
a
n
d
o
n
e
sp
in
1
�
eld
fo
r
N

=
4
.
In

th
is
p
ro
cess,
th
e
cen
tra
l
ch
a
rg
e
is
m
o
d
i�
ed
:

c
(3
)

n
o
n
lin
e
a
r

=

c
(3
)

lin
e
a
r �
1
=
2

c
(4
)

n
o
n
lin
e
a
r

=

c
(4
)

lin
e
a
r �
3
:

(7
.4
.3
8
)

F
u
rth
erm
o
re,
th
e
so(4
)
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
is
a
sp
ecia
l
ca
se
o
f
th
e
n
o
n
lin
ea
r
N

=

4
a
lg
eb
ra
d
iscu
ssed
in
su
b
sectio
n
5
.3
.2
.
W
e
�
n
d
th
a
t
th
ey
co
in
cid
e
fo
r
k
s
o
(4
)

=
~k
+

=

~k
�

,
w
h
ere
~k
�

a
re
th
e
su
(2
)-lev
els
u
sed
in
su
b
sectio
n
5
.3
.2
.
W
ith
th
ese
su
b
stitu
tio
n
s,

th
e
a
g
reem
en
t
is
co
m
p
lete,
b
o
th
fo
r
th
e
o
v
era
ll
ren
o
rm
a
lisa
tio
n
fa
cto
r
a
n
d
fo
r
th
e

�
eld
ren
o
rm
a
lisa
tio
n
s.

F
o
r
N

=
3
a
sim
ila
r
co
m
p
u
ta
tio
n
w
a
s
m
a
d
e
[5
4]
d
irectly
fo
r
th
e
n
o
n
lin
ea
r
su
-

p
erg
rav
ity,
u
sin
g
F
ey
n
m
a
n
d
ia
g
ra
m
s
to
co
m
p
u
te
th
e
d
eterm
in
a
n
ts.
In
th
a
t
ca
se
th
e

cla
ssica
l
a
p
p
rox
im
a
tio
n
is
n
o
t
lin
ea
r
in
c,
b
u
t
ca
n
b
e
w
ritten
a
s
a
p
o
w
er
series.
T
h
e

d
eterm
in
a
n
t
rep
la
cin
g
o
u
r
sd
et D
1
is
n
o
t
d
irectly
p
ro
p
o
rtio
n
a
l
to
th
e
in
d
u
ced
a
ctio
n

�
(0
)

a
s
in
eq
.
(7
.4
.8
).
In
fa
ct,
th
is
p
a
rt
v
a
n
ish
es
sin
ce
c
g
h
o
s
t
=
0
fo
r
N

=
3
.
In
stea
d
,

th
e
d
eterm
in
a
n
t
co
n
ta
in
s
ex
tra
term
s.
T
h
ese
term
s
a
re
co
m
p
u
ted
in
[5
4
].
T
h
ey
ca
n
-

cel
th
e
n
o
n
-lea
d
in
g
term
s
o
f
th
e
cla
ssica
l
in
d
u
ced
a
ctio
n
,
a
t
lea
st
to
th
e
ex
ten
t
th
ey

a
re
releva
n
t
h
ere
(n
ex
t-to
-lea
d
in
g
o
rd
er).
A
sim
ila
r
ca
n
cella
tio
n
w
a
s
a
lso
o
b
serv
ed
in

th
e
co
m
p
u
ta
tio
n
o
f
th
e
W
3
e�
ectiv
e
a
ctio
n
[1
5
7
].
T
h
e
n
o
n
-lea
d
in
g
co
n
trib
u
tio
n
a
n
d

its
ca
n
cella
tio
n
w
ith
so
m
e
o
f
th
e
lo
o
p
co
n
trib
u
tio
n
s
seem
s
to
h
a
v
e
b
een
ov
erlo
o
k
ed
in

[5
4].
W
e
h
av
e
reco
m
p
u
ted
th
e
ren
o
rm
a
lisa
tio
n
fa
cto
rs
fo
r
th
e
n
o
n
lin
ea
r
a
lg
eb
ra
w
ith

th
e
m
eth
o
d
o
f
[5
4],
ta
k
in
g
in
to
a
cco
u
n
t
th
e
n
o
n
-lea
d
in
g
term
s
a
lso
.
W
e
a
g
a
in
�
n
d

a
g
reem
en
t
w
ith
th
e
resu
lts
o
b
ta
in
ed
a
b
ov
e.
N
o
te
in
p
a
rticu
la
r
th
a
t
a
ll
�
eld
ren
o
rm
a
l-

isa
tio
n
fa
cto
rs
a
re
eq
u
a
l.
T
h
is
a
ltern
a
tiv
e
co
m
p
u
ta
tio
n
o
f
th
e
d
eterm
in
a
n
ts,
u
sin
g

F
ey
n
m
a
n
n
d
ia
g
ra
m
s,
im
p
licitely
co
n
�
rm
s
o
u
r
trea
tm
en
t
o
f
eq
u
a
tio
n
o
f
m
o
tio
n
term
s

in
th
e
W
a
rd
id
en
tities.

7
.5

D
isc
u
ssio
n

F
ro
m

eq
.
(7
.2
.1
6
),
o
n
e
d
ed
u
ces
th
a
t
fo
r
g
en
eric
va
lu
es
o
f
�
,
n
o
ren
o
rm
a
lisa
tio
n
o
f

th
e
co
u
p
lin
g
co
n
sta
n
t
b
ey
o
n
d
o
n
e
lo
o
p
o
ccu
rs
if
a
n
d
o
n
ly
if
eith
er
d
B

=

d
F

o
r

~h
=
0
(o
r
b
o
th
).
W
e
g
et
d
B

=
d
F

fo
r
su
(m
�
1jm
),
o
sp
(m
jm
)
a
n
d
o
sp
(m
+
1jm
)

a
n
d
~h
=
0
,
fo
r
su
(m
jm
),
o
sp
(m
+
2jm
)
a
n
d
D
(2
;1
;�
).
N
o
te
th
a
t
P
(m
)
a
n
d
Q
(m
)

h
av
e
n
o
t
b
een
co
n
sid
ered
,
sin
ce
w
e
n
eed
a
n
a
n
in
va
ria
n
t
m
etric
o
n
�g.
T
h
e
n
o
n
-

ren
o
rm
a
lisa
tio
n
o
f
th
e
co
u
p
lin
g
s
is
rem
in
iscen
t
o
f
th
e
N

=

2
n
o
n
-ren
o
rm
a
lisa
tio
n

th
eo
rem
s
[1
0
6]
a
n
d
[9
4]
(p
.3
5
8
)
fo
r
ex
ten
d
ed
su
p
ersy
m
m
etry.

T
h
ese
im
p
ly
th
a
t

u
n
d
er
su
ita
b
le
circu
m
sta
n
ces
a
t
m
o
st
o
n
e
lo
o
p
co
rrectio
n
s
to
th
e
co
u
p
lin
g
co
n
sta
n
ts

a
re
p
resen
t
(th
e
w
av
e
fu
n
ctio
n
ren
o
rm
a
lisa
tio
n
m
a
y
h
av
e
h
ig
h
er
o
rd
er
co
n
trib
u
tio
n
s).

C
o
m
p
a
rin
g
o
u
r
list
w
ith
th
e
ta
b
u
la
tio
n
[8
6
]
o
f
su
p
er
W
{
a
lg
eb
ra
s
o
b
ta
in
ed
fro
m

a
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C
h
a
p
ter
7
.
R
en
o
rm
a
lisa
tio
n
fa
cto
rs
in
W
{
G
ra
v
ity

(cla
ssica
l)
red
u
ctio
n
o
f
su
p
era
lg
eb
ra
s,
w
e
�
n
d
th
a
t
m
a
n
y
o
f
th
em
,
th
o
u
g
h
n
o
t
a
ll,

h
av
e
N

=
2
su
p
ersy
m
m
etry.

W
e
�
rst
g
iv
e
a
n
ex
a
m
p
le
o
f
a
th
eo
ry
w
h
ere
n
o
ren
o
rm
a
lisa
tio
n
s
o
ccu
r,
a
lth
o
u
g
h
th
ere

is
n
o
N

=
2
su
b
a
lg
eb
ra
.
T
h
ere
is
a
n
sl(2
)
em
b
ed
d
in
g
in
o
sp
(3j2
)
w
h
ich
g
iv
es
th
e

N

=
1
su
p
er-W
2
a
lg
eb
ra
o
f
[7
7
],
w
h
ich
co
n
ta
in
s
fo
u
r
�
eld
s
(d
im
en
sio
n
s
5
/
2
,
2
,
2
,
3
/
2
).

A
lth
o
u
g
h
o
sp
(3j2
)
is
in
o
u
r
list,
th
e
N

=
1
su
p
er-W
2

a
lg
eb
ra
d
o
es
n
o
t
co
n
ta
in
a
n

N

=
2
su
b
a
lg
eb
ra
.
S
till,
th
e
d
im
en
sio
n
s
seem
to
�
t
in
a
n
N

=
2
m
u
ltip
let.
H
o
w
ev
er,

w
e
ch
eck
ed
u
sin
g
a
M
a
th
em
a
tica
p
a
ck
a
g
e
fo
r
su
p
er
O
P
E
s
in
N

=
2
su
p
erco
n
fo
rm
a
l

th
eo
ry
[1
3
7
]
th
a
t
it
is
n
o
t
p
o
ssib
le
to
�
n
d
a
n
a
sso
cia
tiv
e
a
lg
eb
ra
in
N

=
2
su
p
ersp
a
ce

w
ith
o
n
ly
a
d
im
en
sio
n
3
=
2
su
p
er�
eld
w
ith
S
O
P
E
clo
sin
g
o
n
itself
a
n
d
a
cen
tra
l

ex
ten
sio
n
.

A
s
a
n
ex
a
m
p
le
o
f
th
e
o
p
p
o
site
ca
se
(ren
o
rm
a
lisa
tio
n
b
u
t
N

=
2
),
it
seem
s
th
a
t
a
ll

su
p
era
lg
eb
ra
s
b
a
sed
o
n
th
e
red
u
ctio
n
o
f
th
e
u
n
ita
ry
su
p
era
lg
eb
ra
s
su
(m
jn
)
co
n
ta
in

a
n
N

=
2
su
b
a
lg
eb
ra
,
h
ow
ev
er
o
u
r
list
co
n
ta
in
s
o
n
ly
th
e
seriesjm
�
nj�
1
.
C
lea
rly,

th
e
stru
ctu
ra
l
rea
so
n
b
eh
in
d
th
e
la
ck
o
f
ren
o
rm
a
lisa
tio
n
b
ey
o
n
d
o
n
e
lo
o
p
rem
a
in
s
to

b
e
cla
ri�
ed
.
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C
h
a
p
te
r
8

C
r
itic
a
l
W

{
str
in
g
s

In
th
is
ch
a
p
ter
so
m
e
a
sp
ects
o
f
critica
lW
{
strin
g
s
a
re
stu
d
ied
.
In
a
n
in
tro
d
u
ctio
n

w
e
rev
iew
so
m
e
b
a
sic
k
n
o
w
led
g
e
a
b
o
u
t
th
e
b
o
so
n
ic
strin
g
w
h
ich
serv
es
a
s
a
n
ex
a
m
p
le

fo
r
th
e
g
en
era
lisa
tio
n
in
sectio
n
8
.2
to
strin
g
s
b
a
sed
o
n
a
n
o
n
lin
ea
r
g
a
u
g
e
a
lg
eb
ra
.

W
e
d
iscu
ss
th
e
B
R
S
T
-q
u
a
n
tisa
tio
n
o
fW
{
strin
g
s.
In
sectio
n
8
.3
th
e
sim
p
lest
p
o
ssib
le

cla
ssica
lW
{
a
lg
eb
ra
sW
2
;s
a
re
d
iscu
ssed
.
T
h
ese
a
re
g
en
era
ted
b
y
a
V
ira
so
ro
o
p
era
to
r

a
n
d
a
b
o
so
n
ic
p
rim
a
ry
�
eld
w
ith
d
im
en
sio
n
s.
W
e
co
n
stru
ct
rea
lisa
tio
n
s
fo
r
a
ll
th
e

cla
ssica
lW
2
;s
a
lg
eb
ra
s,
a
n
d
o
b
ta
in
th
e
co
rresp
o
n
d
in
g
cla
ssica
l
B
R
S
T
o
p
era
to
rs.
W
e

sh
ow
b
y
ex
a
m
p
le
th
a
t
a
g
ra
d
ed
stru
ctu
re
ca
n
b
e
g
iv
en
to
th
ese
B
R
S
T
o
p
era
to
rs
b
y

p
erfo
rm
in
g
ca
n
o
n
ica
l
�
eld
red
e�
n
itio
n
s
in
v
o
lv
in
g
th
e
g
h
o
st
a
n
d
th
e
m
a
tter
�
eld
s.
W
e

�
n
d
th
a
t
th
ese
g
ra
d
ed
cla
ssica
l
B
R
S
T
o
p
era
to
rs
ca
n
b
e
p
ro
m
o
ted
to
fu
lly
q
u
a
n
tu
m
-

n
ilp
o
ten
t
o
p
era
to
rs
b
y
th
e
a
d
d
itio
n
o
f
~
-d
ep
en
d
en
t
term
s.
F
o
r
s
�
7
,
th
e
sp
ectra
o
f

th
ese
th
eo
ries
h
a
v
e
b
een
stu
d
ied
in
[1
4
3,
1
4
7
].
S
ectio
n
8
.4
ex
p
lo
res
th
e
rela
tio
n
o
f
th
e

resu
ltin
g
e�
ectiv
e
V
ira
so
ro
strin
g
th
eo
ries
to
certa
in
W
m
in
im
a
l
m
o
d
els.
E
x
p
licit

resu
lt
a
re
g
iv
en
fo
r
s
=
4
;5
;6
.
In
p
a
rticu
la
r,
w
e
sh
o
w
h
o
w
th
e
h
ig
h
est
w
eig
h
t
sta
tes

o
f
th
e
W
m
in
im
a
l
m
o
d
els
d
eco
m
p
o
se
in
to
V
ira
so
ro
p
rim
a
ries.

T
h
e
co
h
o
m
o
lo
g
ies
o
fW
{
strin
g
th
eo
ries,
a
n
d
th
eir
co
n
n
ectio
n
to
m
in
im
al
m
o
d
els,

a
re
in
d
ica
tiv
e
o
f
a
k
in
d
o
f
h
iera
rch
ica
l
stru
ctu
re
o
f
strin
g
th
eo
ries,
w
h
ich
w
a
s
�
rst

a
rticu
la
ted
in
th
e
ca
se
o
f
su
p
ersy
m
m
etric
ex
ten
sio
n
s
o
f
strin
g
th
eo
ries
b
y
B
erk
ov
its

a
n
d
V
a
fa
[1
4
].
W
e
ex
a
m
in
e
th
e
p
o
ssib
ility
o
f
ferm
io
n
ic
h
ig
h
er-d
im
en
sio
n
ex
ten
sio
n
s

o
f
th
e
h
iera
rch
ica
l
stru
ctu
re
in
sectio
n
8
.5
.

T
h
e
resu
lts
o
f
sectio
n
8
.4
a
re
p
u
b
lish
ed
in
[1
4
4].
S
ectio
n
s
8
.3
a
n
d
8
.5
a
re
b
a
sed

o
n
[1
4
8].

8
.1

T
h
e
b
o
so
n
ic
strin
g

B
efo
re
stu
d
y
in
g
critica
lW
{
strin
g
s,
w
e
b
rie
y
d
iscu
ss
th
e
b
o
so
n
ic
strin
g
,
co
n
cen
tra
t-

in
g
o
n
th
e
B
R
S
T
a
p
p
ro
a
ch
to
strin
g
th
eo
ry.
T
h
e
rea
d
er
m
a
y
co
n
su
lt
th
e
g
en
era
l

referen
ces
[1
0
5
,
1
2
7
]
fo
r
fu
rth
er
d
eta
ils.
O
u
r
d
iscu
ssio
n
w
ill
b
e
restricted
to
strin
g
s

w
ith
a
w
o
rld
sh
eet
w
h
ich
is
a
R
iem
a
n
n
su
rfa
ce
o
f
zero
g
en
u
s.

T
h
e
P
o
ly
a
k
ov
a
ctio
n
[1
5
8]
fo
r
a
b
o
so
n
ic
strin
g
in
D

d
im
en
sio
n
s
is
g
iv
en
b
y
:

S
[X
�
;g
ij]

=
�

14
� Z
d
x
2 p
g
(x
)g
ij(x

)@
i X
�

(x
)@
j X
�

(x
)�
�
�
;

(8
.1
.1
)

w
h
ere
g
is
th
e
a
b
so
lu
te
v
a
lu
e
o
f
th
e
d
eterm
in
a
n
t
o
f
g
ij
a
n
d
�
�
�
is
th
e
D
-d
im
en
sio
n
a
l

M
in
k
ow
sk
i
m
etric.
x
a
re
co
o
rd
in
a
tes
o
n
th
e
tw
o
-d
im
en
sio
n
a
l
w
o
rld
sh
eet
a
n
d
th
e

va
lu
es
o
f
th
e
�
eld
s
X
�

a
re
co
o
rd
in
a
tes
in
a
D
-d
im
en
sio
n
a
l
a
t
sp
a
ce.
T
h
e
m
etric
g
ij
is

reg
a
rd
ed
a
s
a

u
ctu
a
tin
g
�
eld
,
a
lth
o
u
g
h
it
is
cla
ssica
lly
n
o
t
p
ro
p
a
g
a
tin
g
b
eca
u
se
th
ere

a
re
n
o
d
eriva
tiv
es
o
f
it
in
th
e
a
ctio
n
.
In
th
e
ca
se
o
f
n
o
n
critica
l
strin
g
s,
co
n
sid
erin
g

g
ij
is
essen
tia
l
fo
r
a
co
n
sisten
t
th
eo
ry.
D
u
e
to
th
e
d
e�
n
itio
n
o
f
th
e
en
erg
y
{
m
o
m
en
-

tu
m

ten
so
r
T
ij

(2
.2
.8
),
th
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
o
f
th
e
w
o
rld
sh
eet
m
etric
p
recisely

co
n
stra
in
T
ij

to
zero
.
O
n
e
ca
n
u
se
th
ese
eq
u
a
tio
n
s
o
f
m
o
tio
n
to
sh
o
w
th
a
t
th
e

a
ctio
n
(8
.1
.1
)
is
cla
ssica
lly
eq
u
iva
len
t
to
th
e
N
a
m
b
u
-G
o
to
a
ctio
n
[1
5
2,
1
0
4],
w
h
ich
is

p
ro
p
o
rtio
n
a
l
to
th
e
su
rfa
ce
a
rea
o
f
th
e
w
o
rld
sh
eet
o
f
th
e
strin
g
.

T
h
e
a
ctio
n
(8
.1
.1
)
clea
rly
h
a
s
g
en
era
l
(w
o
rld
sh
eet)
co
o
rd
in
a
te
in
va
ria
n
ce.
It
is

a
lso
in
va
ria
n
t
u
n
d
er
lo
ca
l
W
ey
l
resca
lin
g
s
o
f
th
e
m
etric
if
X
�

is
a
ssig
n
ed
a
zero
sca
lin
g

d
im
en
sio
n
a
n
d
sp
in
.
In
th
e
co
n
fo
rm
a
l
g
a
u
g
e,
th
ese
g
a
u
g
e
in
va
ria
n
ces
a
re
�
x
ed
b
y
1:

g
ij

=
ex
p
(�
)�
ij
;

(8
.1
.2
)

w
ith
�
a
n
a
rb
itra
ry
�
eld
.
T
h
e
g
a
u
g
e
�
x
in
g
p
ro
ced
u
re
is
co
n
v
en
ien
tly
ca
rried
o
u
t
in

th
e
B
R
S
T
fo
rm
a
lism
.
W
e
in
tro
d
u
ce
tw
o
g
h
o
st
p
a
irs
(b;c)
a
n
d
( �b;�c),
o
n
e
fo
r
ea
ch

g
a
u
g
e
�
x
in
g
co
n
d
itio
n
in
eq
.
(8
.1
.2
).
T
h
e
to
ta
l
a
ctio
n
b
eco
m
es
(in
th
e
co
m
p
lex
b
a
sis

o
n
th
e
w
o
rld
sh
eet):

S
g
f
[X
�
;�
;b;c; �b;�c]
=
S
[X
�
;ex
p
(�
)�
ij]

+
1� Z

c
�@b
+
�c@
�b
:

(8
.1
.3
)

1
A
fter
a
W
ick
ro
ta
tio
n
to
th
e
eu
clid
ea
n
p
la
n
e.



8
.2
.
W
{
strin
g
s

T
h
e
�
eld
�
fo
rm
a
lly
d
ro
p
s
o
u
t
o
f
th
e
a
ctio
n
.
H
ow
ev
er,
o
n
th
e
q
u
a
n
tu
m
lev
el
th
is
is

o
n
ly
tru
e
w
h
en
th
e
g
a
u
g
e
sy
m
m
etries,
a
n
d
in
p
a
rticu
la
r
th
e
W
ey
l
sy
m
m
etry,
su
rv
iv
es

a
t
th
e
q
u
a
n
tu
m

lev
el.
In
d
ep
en
d
en
ce
o
f
th
e
q
u
a
n
tu
m

th
eo
ry
o
n
th
e
m
etric
im
p
lies

th
a
t
th
e
to
ta
l
en
erg
y
{
m
o
m
en
tu
m

ten
so
r
T
ij

to
t
h
a
s
a
zero
ex
p
ecta
tio
n
v
a
lu
e.
T
h
e

h
o
lo
m
o
rp
h
ic
co
m
p
o
n
en
t
T
ij

to
t
is
g
iv
en
b
y
:

T
to
t
=
T
m
a
t
+
T
b
c
;

(8
.1
.4
)

w
h
ere
T
m
a
t
=
12
@
X
�
@
X
�

is
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
o
f
th
e
X
�

a
n
d
:

T
b
c
=
c@
b
+
2
(@
c)b
;

(8
.1
.5
)

w
h
ich
g
iv
es
b
co
n
fo
rm
a
l
d
im
en
sio
n
2
a
n
d
c
d
im
en
sio
n
�
1
.
T
to
t
h
a
s
a
cen
tra
l
ch
a
rg
e

c
m
a
t �
2
6
,
see
sectio
n
2
.6
.
E
x
a
ctly
th
e
sa
m
e
is
tru
e
fo
r
th
e
a
n
tih
o
lo
m
o
rp
h
ic
p
a
rt

�T
to
t ,
a
n
d
w
e
w
ill
d
ro
p
th
e
a
n
tih
o
lo
m
orp
h
ic
sy
m
m
etry
g
en
era
to
rs
in
th
e
rest
o
f
th
is

ch
a
p
ter.
A
s
ea
ch
X
�

co
n
trib
u
tes
1
to
th
e
cen
tra
l
ch
a
rg
e,
w
e
see
th
a
t
it
is
o
n
ly
in

2
6
d
im
en
sio
n
s
th
a
t
th
e
m
etric
d
eco
u
p
les
fro
m

th
e
th
eo
ry.
W
h
en
th
is
co
n
d
itio
n
is

sa
tis�
ed
,
th
e
strin
g
th
eo
ry
is
sa
id
to
b
e
\
critica
l"
,
o
th
erw
ise
th
e
th
eo
ry
su
�
ers
fro
m

a
n
a
n
o
m
a
ly,
w
h
ich
ca
n
b
e
ca
n
celed
b
y
in
tro
d
u
cin
g
a
n
a
ctio
n
fo
r
th
e
L
io
u
v
ille
m
o
d
e

�
[1
5
8].
W
e
w
ill
n
o
t
stu
d
y
n
o
n
-critica
l
strin
g
th
eo
ry
h
ere.

T
h
e
g
a
u
g
e
�
x
ed
a
ctio
n
(8
.1
.3
)
is
a
su
m
o
f
free
�
eld
a
ctio
n
s,
a
n
d
it
is
su
p
p
lem
en
ted

b
y
a
B
R
S
T
o
p
era
to
r
o
f
w
h
ich
w
e
g
iv
e
o
n
ly
th
e
h
o
lo
m
o
rp
h
ic
p
a
rt:

Q
= I
c(T
m
a
t
+

12
T
b
c )
;

(8
.1
.6
)

Q

is
o
n
ly
n
ilp
o
ten
t
w
h
en
th
e
to
ta
l
cen
tra
l
ch
a
rg
e
c
m
a
t �
2
6
va
n
ish
es.
R
eq
u
irin
g

B
R
S
T
in
v
a
ria
n
ce
o
f
th
e
p
h
y
sica
l
sta
tes
im
p
lem
en
ts
th
e
cla
ssica
l
co
n
stra
in
t
T
=
0

w
h
ich
a
ro
se
fro
m

th
e
eq
u
a
tio
n
s
o
f
m
o
tio
n
o
f
th
e
m
etric.
O
n
e
th
en
id
en
ti�
es
p
h
y
s-

ica
l
sta
tes
w
ith
th
e
elem
en
ts
o
f
th
e
co
h
o
m
o
lo
g
y
o
f
Q

in
th
e
co
m
p
lex
g
en
era
ted
b
y

f
@
X
�
;ex
p
(k
�
X
�

);b;cg
,
w
h
ere
th
e
v
ertex
o
p
era
to
rs
w
ere
d
e�
n
ed
in
su
b
sectio
n
2
.6
.1
.

A
s
a
n
ex
a
m
p
le,
u
sin
g
th
e
O
P
E
s
o
f
sectio
n
2
.6
,
w
e
ca
n
co
m
p
u
te:

Q
(b)
=
T
to
t
:

(8
.1
.7
)

T
h
is
m
ea
n
s
th
a
t
T
to
t
is
B
R
S
T
-triv
ia
l.
B
eca
u
se
th
e
o
p
era
to
rs
in
a
n
O
P
E
b
etw
een
tw
o

B
R
S
T
-triv
ia
l
o
p
era
to
rs
a
re
triv
ia
l
th
em
selv
es,
w
e
a
g
a
in
�
n
d
th
a
t
T
to
t
sh
o
u
ld
h
a
v
e

n
o
cen
tra
l
ex
ten
sio
n
.

T
h
e
co
h
o
m
o
lo
g
y
o
f
th
e
b
o
so
n
ic
strin
g
ca
n
b
e
co
m
p
u
ted
a
s
fo
llo
w
s.
L
et
X
b
e
a
n

o
p
era
to
r
d
ep
en
d
in
g
o
n
ly
o
n
X
�

,
a
n
d
G
o
n
(b;c).
T
h
e
a
ctio
n
o
f
Q
(8
.1
.6
)
o
n
th
e

n
o
rm
a
l
o
rd
ered
p
ro
d
u
ct
o
fX
a
n
d
G
is
g
iv
en
b
y
:

Q
(X
G
)
= Xn

�

0 [TX
]n
+
1 @
n
c
G
+
X
Q
(G
)
:

(8
.1
.8
)

N
ow
,
o
n
e
h
a
s:

Q
(c)
=
�
@
cc

a
n
d

Q
(@
cc)
=
0
:

(8
.1
.9
)

C
o
m
b
in
in
g
th
ese
th
ree
eq
u
a
tio
n
s,
w
e
see
th
a
t
th
e
�
eld
:

X
c

(8
.1
.1
0
)

is
p
h
y
sica
l
w
h
en
X
is
a
p
rim
a
ry
�
eld
o
f
d
im
en
sio
n
1
.
A
lso
,
fo
r
a
p
rim
a
ry
X
o
f

d
im
en
sio
n
h
,

X
@
cc

(8
.1
.1
1
)

is
B
R
S
T
in
va
ria
n
t.
H
o
w
ev
er,
u
n
less
h
=
1
,
it
is
a
triv
ia
l
�
eld
a
s
it
is
p
ro
p
o
rtio
n
a
l

to
Q
(X
c).
H
en
ce,
fo
r
a
p
rim
a
ry
�
eld
o
f
d
im
en
sio
n
1
,X
@
cc
is
a
lso
a
p
h
y
sica
l
sta
te.

O
n
e
ca
n
p
ro
v
e
th
a
t
a
ll
elem
en
ts
o
f
th
e
co
h
o
m
o
lo
g
y
ca
n
b
e
w
ritten
in
o
n
e
o
f
th
ese

fo
rm
s,
(8
.1
.1
0
)
o
r
(8
.1
.1
1
)
2

[8
8,
8
4,
9
0].
O
f
co
u
rse,
to
stu
d
y
th
e
sp
ectru
m
,
w
e
sh
o
u
ld

co
n
stru
ct
th
e
�
eld
s
o
f
d
im
en
sio
n
1
g
en
era
ted
b
y
f
@
X
�
;ex
p
(k
�
X
�

)g
.
T
h
is
p
ro
b
lem

w
a
s
so
lv
ed
in
[5
3]
b
y
in
tro
d
u
cin
g
th
e
sp
ectru
m
g
en
era
tin
g
D
D
F
-o
p
era
to
rs.
W
e
o
n
ly

m
en
tio
n
th
e
ta
ch
y
o
n
ic
sta
te
ex
p
(k
�
X
�

),
w
h
ich
h
a
s
m
a
ss
sq
u
a
red
�
k
2

=
�
2
.

A
strin
g
sca
tterin
g
a
m
p
litu
d
e
o
n
th
e
sp
h
ere
o
f
p
h
y
sica
l
�
eld
s
�
i
is
g
iv
en
in
a

p
a
th
in
teg
ra
l
fo
rm
a
lism
b
y
:

Z
[d
X
][d
b][d
c]
ex
p
(�
S
g
f
)
b
@
b
@
2b

�
1 (x
1 )�
2 (x
2 )
:
::
;

(8
.1
.1
2
)

w
h
ere
w
e
o
n
ly
w
ro
te
th
e
h
o
lo
m
o
rp
h
ic
a
n
tig
h
o
sts
ex
p
licitly.
T
h
e
in
sertio
n
o
f
th
e

a
n
tig
h
o
sts
co
rresp
o
n
d
s
to
th
e
zero
-m
o
d
es
o
f
th
e
g
a
u
g
e
�
x
in
g
d
eterm
in
a
n
t.
T
h
is

in
sertio
n
restricts
n
o
n
-zero
co
rrela
tio
n
fu
n
ctio
n
s
to
�
eld
s
�
i
w
h
ere
th
e
to
ta
l
g
h
o
st

n
u
m
b
er
a
d
d
s
u
p
to
3
.
B
y
co
n
sid
erin
g
tw
o
-p
o
in
t
fu
n
ctio
n
s,
w
e
see
th
a
t
th
e
ex
p
ressio
n

(8
.1
.1
2
)
va
n
ish
es
u
n
less
�
1

�
X
c
a
n
d
�
2

�
Y
@
cc
(fo
r
so
m
e
X
�

d
ep
en
d
en
t
�
eld
s

X
;Y
),
o
r
v
ice
v
ersa
.
T
h
is
lea
d
s
u
s
to
id
en
tify
th
e
sta
tes
in
th
e
d
i�
eren
t
secto
rs
o
f

th
e
co
h
o
m
o
lo
g
y
:

X
c�
X
@
cc
:

(8
.1
.1
3
)

F
o
r
n
-p
o
in
t
fu
n
ctio
n
s,
a
n
in
teg
ra
tio
n
ov
er
th
e
m
o
d
u
li
o
f
th
e
w
o
rld
sh
eet
w
ith
p
u
n
c-

tu
res
a
t
th
e
x
i
is
im
p
lied
in
eq
.
(8
.1
.1
2
).

W
e
d
o
n
o
t
p
u
rsu
e
th
is
to
p
ic
h
ere,
see

[1
0
5,
1
2
7
].

8
.2

W
{
strin
g
s

T
h
e
b
o
so
n
ic
strin
g
ca
n
b
e
g
en
era
lised
b
y
co
n
sid
erin
g
a
cla
ssica
l
th
eo
ry
w
ith
lo
ca
l

g
a
u
g
e
sy
m
m
etries,
g
en
era
ted
b
y
tra
celess
sy
m
m
etric
ten
so
rs.
T
h
e
a
n
a
lo
g
u
es
o
f
th
e

2
N
o
te
th
a
t
a
n
y
d
eriv
a
tiv
e
o
f
a
p
h
y
sica
l
sta
te
�
is
B
R
S
T
triv
ia
l.
In
d
eed
,
w
e
h
a
v
e
th
a
t
Q
([b;�
]1
)
=

[T
to
t �
]1
=
@
�
.

9
9



C
h
a
p
ter
8
.
C
ritica
lW
{
strin
g
s

W
ey
l
in
v
a
ria
n
ce
im
p
ly
th
a
t
th
e
g
en
era
to
rs
ca
n
b
e
sp
lit
in
h
o
lo
m
o
rp
h
ic
a
n
d
a
n
ti-

h
o
lo
m
o
rp
h
ic
co
m
p
o
n
en
ts,
fo
rm
in
g
ea
ch
a
co
p
y
o
f
a
cla
ssica
lW
{
a
lg
eb
ra
.
T
h
e
lo
ca
l

sy
m
m
etries
a
re
th
en
g
a
u
g
e
�
x
ed
,
lea
d
in
g
to
th
e
in
tro
d
u
ctio
n
o
f
g
h
o
st
�
eld
s.
T
h
e

g
a
u
g
e-�
x
ed
a
ctio
n
h
a
s
a
n
ilp
o
ten
t
sy
m
m
etry
g
en
era
ted
b
y
th
e
cla
ssica
l
B
R
S
T
o
p
-

era
to
r.
T
o
q
u
a
n
tise
th
e
th
eo
ry,
o
n
e
m
u
st
ren
o
rm
a
lise
th
e
sy
m
m
etry
tra
n
sfo
rm
a
tio
n

ru
les
a
n
d
in
tro
d
u
ce
co
u
n
terterm
s,
o
rd
er
b
y
o
rd
er
in
p

~
,
su
ch
th
a
t
B
R
S
T
in
va
ria
n
ce

o
f
th
e
e�
ectiv
e
a
ctio
n
is
p
reserv
ed
a
t
th
e
q
u
a
n
tu
m
lev
el.
T
h
e
th
eo
ry
is
q
u
a
n
tisa
b
le
if

o
n
e
ca
n
ca
rry
o
u
t
th
e
p
ro
ced
u
re
in
a
ll
o
rd
ers
o
f p
~
.
If
su
ch
p
ro
ced
u
re
is
n
o
t
p
o
ssib
le,

th
e
th
eo
ry
th
en
su
�
ers
fro
m
a
n
a
n
o
m
a
ly.

In
a
b
o
so
n
ic
strin
g
th
eo
ry
w
ith
2
6
sca
la
rs,
th
ere
is
n
o
n
eed
to
a
d
d
q
u
a
n
tu
m

co
u
n
terterm
s
o
r
to
m
o
d
ify
th
e
tra
n
sfo
rm
a
tio
n
ru
les.
T
h
is
is
b
eca
u
se
a
cen
tra
l
ch
a
rg
e

c
=

�
2
6
fro
m

th
e
g
h
o
sts
is
ca
n
celled
b
y
th
e
co
n
trib
u
tio
n
s
o
f
th
e
m
a
tter
sca
la
rs.

If
th
ere
w
ere
d
6=
2
6
sca
la
rs
in
th
e
th
eo
ry,
it
w
o
u
ld
still
b
e
a
n
o
m
a
ly
free
a
fter

a
d
d
in
g
p

~

d
ep
en
d
en
t
co
u
n
terterm
s
a
n
d
m
o
d
i�
ca
tio
n
s
o
f
th
e
tra
n
sfo
rm
a
tio
n
ru
les.

T
h
ese
co
u
n
terterm
s
h
a
v
e
th
e
in
terp
reta
tio
n
o
f
b
a
ck
g
ro
u
n
d
ch
a
rg
es
in
th
e
m
a
tter
en
-

erg
y
{
m
o
m
en
tu
m
ten
so
r,
w
ith
th
e
critica
lity
co
n
d
itio
n
c
=
2
6
a
ch
iev
ed
b
y
ch
o
o
sin
g

a
p
p
ro
p
ria
te
b
a
ck
g
ro
u
n
d
ch
a
rg
es.
A
lso
in
th
is
ca
se,
th
e
m
a
tter
en
erg
y
{
m
o
m
en
tu
m

ten
so
r
fo
rm
s
a
q
u
a
n
tu
m

V
ira
so
ro
a
lg
eb
ra
w
ith
c
=
2
6
.
T
h
u
s
o
n
e
ca
n
co
n
stru
ct
th
e

q
u
a
n
tu
m
B
R
S
T
o
p
era
to
r
d
irectly
fro
m
th
e
q
u
a
n
tu
m
V
ira
so
ro
a
lg
eb
ra
,
eq
.
(8
.1
.6
).

F
o
r
th
e
sim
p
lest
n
o
n
lin
ea
r
a
lg
eb
ra
,
o
n
e
b
eg
in
s
w
ith
a
th
eo
ry
w
ith
cla
ssica
lW
3

sy
m
m
etry
g
en
era
ted
b
y
�
eld
s
T
;W

o
f
d
im
en
sio
n
2
a
n
d
d
im
en
sio
n
3
.
T
h
e
cla
ssica
l

O
P
E
o
f
th
e
p
rim
a
ry
cu
rren
t
W

is
g
iv
en
b
y
:

W

�
W

=
<<
2
T
2
j
@
(T
2)
>>

:

(8
.2
.1
)

D
esp
ite
th
e
n
o
n
lin
ea
rity,
it
is
stra
ig
h
tfo
rw
a
rd
to
o
b
ta
in
th
e
cla
ssica
l
B
R
S
T
o
p
era
to
r.

O
n
e
w
a
y
to
rea
lise
th
e
cla
ssica
l
a
lg
eb
ra
is
in
term
s
o
f
a
sca
la
r
�
eld
'
3

a
n
d
a
n
a
rb
itra
ry

en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
X

[1
6
8
]:

T

=

�
12

(@
'
)
2

+
T
X

W

=

i
p

2 �
13

(@
'
)
3

+
2
@
'
T
X �
:

(8
.2
.2
)

H
ere,
T
X

ca
n
b
e
rea
lised
in
term
s
o
f
a
n
y
sy
stem

w
ith
a
tra
celess
sy
m
m
etric
en
-

erg
y
{
m
o
m
en
tu
m
ten
so
r,
e.g
.
fo
r
th
e
m
u
ltisca
la
r
rea
lisa
tio
n
o
fW
3
it
is
th
e
su
m

o
f

a
n
u
m
b
er
o
f
en
erg
y
{
m
o
m
en
tu
m

ten
so
rs
o
f
free
sca
la
rs
(p
o
ssib
ly
w
ith
b
a
ck
g
ro
u
n
d

ch
a
rg
e).
W
ith
th
e
rea
lisa
tio
n
eq
.
(8
.2
.2
),
th
e
th
eo
ry
ca
n
b
e
q
u
a
n
tised
b
y
a
d
d
in
g

co
u
n
terterm
s
a
n
d
m
o
d
ify
in
g
th
e
tra
n
sfo
rm
a
tio
n
ru
les.
T
h
e
co
rresp
o
n
d
in
g
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
r
is
th
e
sa
m
e
a
s
th
e
o
n
e
th
a
t
w
a
s
co
n
stru
cted
b
y
T
h
ierry
-M
ieg
[1
9
5]

fro
m

a
n
a
b
stra
ct
q
u
a
n
tu
m

W
3

a
lg
eb
ra
w
ith
critica
l
cen
tra
l
ch
a
rg
e
c
=
1
0
0
.
T
h
e

3
T
h
ro
u
g
h
o
u
t
th
is
ch
a
p
ter
w
e
u
se
a
n
o
rm
a
lisa
tio
n
'
�
'
=
<<

�
1
j
0
>>

to
co
n
fo
rm

w
ith
th
e

litera
tu
re.

q
u
a
n
tu
m
co
rrectio
n
s
o
f
th
e
th
eo
ry
ca
n
b
e
in
terp
reted
a
s
a
d
d
in
g
b
a
ck
g
ro
u
n
d
ch
a
rg
es

to
th
e
cla
ssica
l
cu
rren
ts,
lea
d
in
g
to
a
q
u
a
n
tu
m
rea
lisa
tio
n
o
f
th
e
q
u
a
n
tu
m
W
3
a
lg
eb
ra

a
t
c
=

1
0
0
[1
6
3].
U
n
lik
e
th
e
V
ira
so
ro
a
lg
eb
ra
,
th
e
q
u
a
n
tu
m

m
o
d
i�
ca
tio
n
o
f
th
e

cla
ssica
lW
3

a
lg
eb
ra
is
n
o
t
m
erely
re
ected
b
y
in
tro
d
u
cin
g
a
cen
tra
l
ch
a
rg
e.
T
h
e

(q
u
a
n
tu
m
)
O
P
E
o
f
th
e
p
rim
a
ry
cu
rren
t
W
is
g
iv
en
b
y
th
e
W
3 -a
lg
eb
ra
,
w
h
ich
is,

w
ith
ex
p
licit
in
sertio
n
s
o
f
~
,
g
iv
en
b
y
:

~
�

1W
(z
)
W
(w
)
=

1
6

(2
2
+
5
c) �

2
�

(z�
w
)
2
+

@
�

z�
w �

+
~ �

2
T

(z�
w
)
4
+

@
T

(z�
w
)
3
+

31
0
@
2
T

(z�
w
)
2
+

11
5
@
3T

z�
w �

+
~
2

c=
3

(z�
w
)
6
;
(8
.2
.3
)

w
ith
:

�
=
(T
T
)�
31

0
~
@
2
T
:

(8
.2
.4
)

In
tera
ctio
n
s
fo
r
th
e
critica
lW
3 {
strin
g
w
ere
stu
d
ied
b
y
a
n
a
lo
g
y
to
th
e
b
o
so
n
ic
strin
g

in
[1
4
2,
8
9
].
Its
sp
ectru
m

w
a
s
�
n
a
lly
d
eterm
in
ed
in
[1
4
6].

T
h
e
a
b
ov
e
co
n
sid
era
tio
n
s
ca
n
b
e
ex
ten
d
ed
to
m
o
re
co
m
p
lica
ted
W
{
a
lg
eb
ra
s.
A

d
iscu
ssio
n
o
f
th
e
cla
ssica
l
B
R
S
T
o
p
era
to
rs
fo
r
th
eW
N

a
lg
eb
ra
s,
a
n
d
th
e
stru
ctu
re
o
f

th
e
q
u
a
n
tu
m
B
R
S
T
o
p
era
to
rs,
m
ay
b
e
fo
u
n
d
in
[1
7
4,
1
7
,
1
8].
D
eta
iled
resu
lts
fo
r
th
e

q
u
a
n
tu
m
B
R
S
T
o
p
era
to
r
fo
rW
4
w
ere
o
b
ta
in
ed
in
[1
1
2,
2
1
3].
In
g
en
era
l,
th
e
q
u
a
n
tu
m

W
N

B
R
S
T
o
p
era
to
r
ca
n
b
e
reg
a
rd
ed
a
s
th
e
a
p
p
ro
p
ria
te
q
u
a
n
tu
m
ren
o
rm
a
lisa
tio
n
o
f

th
e
cla
ssica
l
o
p
era
to
r
th
a
t
a
rises
in
a
n
a
n
o
m
a
ly
-free
q
u
a
n
tisa
tio
n
o
f
th
e
th
eo
ry.

T
h
e
cla
ssica
l
B
R
S
T
o
p
era
to
r
is
d
eriv
ed
fro
m
th
e
sy
m
m
etry
a
lg
eb
ra
a
n
d
ca
n
th
u
s

b
e
w
ritten
in
term
s
o
f
th
e
sy
m
m
etry
g
en
era
to
rs,
irresp
ectiv
e
o
f
th
e
m
o
d
el
o
n
w
h
ich

th
e
W
-sy
m
m
etry
is
rea
lised
.
T
h
is
is
n
o
t
n
ecessa
rily
tru
e
a
fter
q
u
a
n
tisa
tio
n
.
A
n

ex
a
m
p
le
o
f
th
is
ca
n
b
e
fo
u
n
d
in
th
e
W
3 {
strin
g
.
In
a
d
d
itio
n
to
th
e
sta
n
d
a
rd
m
u
lti-

sca
la
r
cla
ssica
l
rea
lisa
tio
n
s
(8
.2
.2
),
th
ere
a
re
fo
u
r
sp
ecia
l
cla
ssica
l
rea
lisa
tio
n
s
a
sso
-

cia
ted
w
ith
fo
u
r
J
o
rd
a
n
a
lg
eb
ra
s
[1
6
8].
It
h
a
s
b
een
sh
ow
n
[1
6
8,
1
5
0
,
7
9
]
th
a
t
th
ese

rea
lisa
tio
n
s
ca
n
n
o
t
b
e
ex
ten
d
ed
to
rea
lisa
tio
n
s
o
f
th
e
q
u
a
n
tu
m

W
3

a
lg
eb
ra
.
T
h
is

d
o
es
n
o
t
p
reclu
d
e
th
e
p
o
ssib
ility
to
b
u
ild
q
u
a
n
tu
m
-co
n
sisten
t
W
3 {
strin
g
th
eo
ries

b
a
sed
o
n
th
ese
cla
ssica
l
rea
lisa
tio
n
s
o
f
th
e
sy
m
m
etry.
In
o
th
er
w
o
rd
s,
th
e
p
o
ssib
il-

ity
ex
ists
th
a
t
o
n
e
co
u
ld
still
�
n
d
q
u
a
n
tu
m

n
ilp
o
ten
t
B
R
S
T
o
p
era
to
rs
h
av
in
g
th
e

cla
ssica
l
B
R
S
T
o
p
era
to
rs
b
u
ilt
fro
m
th
e
J
o
rd
a
n
rea
lisa
tio
n
s
a
s
th
eir
cla
ssica
l
lim
its.

W
e
ex
p
licitly
ch
eck
ed
th
a
t
fo
r
th
e
sim
p
lest
ca
se
b
a
sed
o
n
th
e
rea
l
J
o
rd
a
n
a
lg
eb
ra
,

m
a
k
in
g
a
5
sca
la
r
rea
lisa
tio
n
o
f
th
e
cla
ssica
lW
3 ,
it
is
n
o
t
p
o
ssib
le
to
a
d
d
o
rd
er

p
~

co
rrectio
n
s
to
th
e
cla
ssica
lW
3

B
R
S
T
o
p
era
to
r,
su
ch
th
a
t
th
e
resu
ltin
g
q
u
a
n
-

tu
m
B
R
S
T
o
p
era
to
r
is
n
ilp
o
ten
t
[1
4
8].
T
h
u
s
it
a
p
p
ea
rs
th
a
t
o
n
e
ca
n
n
o
t
co
n
sisten
tly

q
u
a
n
tise
W
3 {
strin
g
s
b
a
sed
o
n
th
e
cla
ssica
l
J
o
rd
a
n
rea
lisa
tio
n
s
o
f
th
e
W
3

a
lg
eb
ra
.

T
h
is
resu
lt
w
a
s
o
b
ta
in
ed
fo
r
a
ll
fo
u
r
J
o
rd
a
n
rea
lisa
tio
n
s
b
y
V
a
n
d
o
ren
et
a
l.
u
sin
g

th
e
B
a
ta
lin
-V
ilk
ov
isk
y
q
u
a
n
tisa
tio
n
sch
em
e
[1
9
8].

T
h
e
o
b
serva
tio
n
th
a
t
th
e
q
u
a
n
tisa
tio
n
o
f
a
th
eo
ry
w
ith
g
a
u
g
e
sy
m
m
etries
d
ep
en
d
s

o
n
th
e
p
a
rticu
la
r
m
o
d
el,
lea
d
s
u
s
to
stu
d
y
strin
g
th
eo
ries
w
h
ere
n
o
q
u
a
n
tu
m
W
{
a
l-

1
0
0



8
.3
.
W
2
;s {
strin
g
s

g
eb
ra
co
rresp
o
n
d
in
g
to
th
e
cla
ssica
l
g
a
u
g
e
a
lg
eb
ra
ex
ists.
In
[1
4
3
,
1
4
7]
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
rs
w
ere
co
n
stru
cted
fo
r
th
eo
ries
w
ith
a
sy
m
m
etry
a
lg
eb
ra
fo
rm
ed
b
y
T

a
n
d
a
d
im
en
sio
n
s
cu
rren
t.
B
eca
u
se
th
e
�
eld
-co
n
ten
t
o
f
a
W
2
;s
cla
ssica
lW
{
a
lg
eb
ra

is
th
e
sm
a
llest
p
o
ssib
le,
it
seem
s
sim
p
ler
to
stu
d
y
W
2
;s {
strin
g
s
th
a
n
W
N
{
strin
g
s.

W
h
ile
th
e
q
u
a
n
tu
m

W
N

W
{
a
lg
eb
ra
d
o
es
ex
ist
fo
r
a
rb
itra
ry
va
lu
es
o
f
th
e
cen
tra
l

ch
a
rg
e,
d
efo
rm
a
b
le
q
u
a
n
tu
m
a
lg
eb
ra
s
w
ith
th
e
sa
m
e
�
eld
-co
n
ten
t
a
sW
2
;s
ex
ist
o
n
ly

fo
r
s
=
3
;4
;6
.
W
e
w
ill
stu
d
y
a
p
a
rticu
la
r
ty
p
e
o
f
rea
lisa
tio
n
o
f
critica
lW
2
;s {
strin
g
s

in
th
is
ch
a
p
ter.

F
o
r
m
o
re
d
eta
ils
a
b
o
u
tW
{
strin
g
s,
th
e
rea
d
er
ca
n
co
n
su
lt
th
e
rev
iew
s
[1
1
7
,
1
6
5,

2
0
6
,
3
1
].

8
.3

W
2
;s {
strin
g
s

In
th
is
sectio
n
,
w
e
sh
a
ll
in
v
estig
a
te
h
ig
h
er-sp
in
strin
g
th
eo
ries
b
a
sed
o
n
th
e
cla
ssica
l

sy
m
m
etry
a
lg
eb
ra
g
en
era
ted
b
y
T
a
n
d
a
b
o
so
n
ic
p
rim
a
ry
�
eld
W

o
f
d
im
en
sio
n
s,

w
h
ere
s
is
a
n
in
teg
er.
S
u
ch
a
clo
sed
,
n
o
n
lin
ea
r,W
2
;s
a
lg
eb
ra
ex
ists
cla
ssica
lly
fo
r
a
ll

s
�
3
.
T
h
e
cla
ssica
l
O
P
E
s
o
f
th
e
g
en
era
to
rs
T
a
n
d
W

a
re
g
iv
en
b
y
4:

T
�
T

=

<<
2
T
j
@
T
>>

T
�
W

=

<<
s
W

j
@
W

>>

W

�
W

=

<<
2
T
s
�

1
j
@
T
s
�

1
>>

:

(8
.3
.1
)

It
is
stra
ig
h
tfo
rw
a
rd
to
v
erify
th
a
t
th
is
a
lg
eb
ra
sa
tis�
es
th
e
J
a
co
b
i
id
en
tity
a
t
th
e

cla
ssica
l
lev
el.

In
th
e
ca
se
o
f
a
lin
ea
r
a
lg
eb
ra
[T
i ;T
j ]
=
f
ij
k
T
k
,
o
n
e
k
n
ow
s
th
a
t
th
e
B
R
S
T
ch
a
rg
e

w
ill
h
av
e
th
e
fo
rm

Q

=

c
i
T
i
+

12
f
ij
k
c
i
c
j
b
k
.
In
o
u
r
ca
se,
w
e
m
ay
in
terp
ret
th
e

n
o
n
lin
ea
rity
o
n
th
e
rh
s
o
f
th
e
O
P
E
W
(z
)W
(w
)
a
s
T
{
d
ep
en
d
en
t
stru
ctu
re
co
n
sta
n
ts,

lea
d
in
g
to
th
e
ex
p
ecta
tio
n
th
a
t
th
e
B
R
S
T
cu
rren
t
sh
o
u
ld
h
av
e
th
e
fo
rm
:

J
=
c
(T
+
T
�

+
12
T
b
c )
+

W

�
@


b
T
s
�

2
;

(8
.3
.2
)

w
h
ere
th
e
(b;c)
a
re
th
e
a
n
tig
h
o
st
a
n
d
g
h
o
st
fo
r
T
,
a
n
d
(�
;
)
a
re
th
e
a
n
tig
h
o
st
a
n
d

g
h
o
st
fo
r
W
.
T
h
ey
a
re
a
n
tico
m
m
u
tin
g
,
a
n
d
h
av
e
d
im
en
sio
n
s
(2
;�
1
)
a
n
d
(s;1�
s)

resp
ectiv
ely.
T
h
e
g
h
o
st
V
ira
so
ro
o
p
era
to
rs
a
re
g
iv
en
b
y
eq
.
(8
.1
.5
)
a
n
d
:

T
�

=
�
s
�
@

�
(s�
1
)
@
�

:

(8
.3
.3
)

4
F
o
r
ev
en
s,
a
g
en
era
lisa
tio
n
seem
s
p
o
ssib
le
b
y
a
d
d
in
g
2
�
T
s
=
2�
1
W

to
th
e
seco
n
d
o
rd
er
p
o
le
in

th
e
O
P
E
W
(z
)W
(w
)
a
n
d
�
@
(T
s
=
2�
1W
)
to
th
e
�
rst
o
rd
er
p
o
le,
w
ith
�
so
m
e
a
rb
itra
ry
co
n
sta
n
t.

In
th
is
fo
rm

th
e
a
lg
eb
ra
w
a
s
ca
lled
W
s
=
s�
2

in
[1
1
6
].
H
o
w
ev
er,
o
n
e
ca
n
a
lw
a
y
s
ch
o
o
se
g
en
era
to
rs

T
;
~W

=
W

�
�
=
s
2
T
s
=
2
su
ch
th
a
t
�
is
zero
fo
r
~W
(z
)
~W
(w
).

P
erfo
rm
in
g
th
e
cla
ssica
l
O
P
E
,
w
e
�
n
d
th
a
t
(8
.3
.2
)
is
in
d
eed
n
ilp
o
ten
t
(th
e
co
e�
cien
t

�
1
in
th
e
la
st
term
in
(8
.3
.2
)
is
d
eterm
in
ed
b
y
th
e
n
ilp
o
ten
cy
req
u
irem
en
t).

In
o
rd
er
to
co
n
stru
ct
a
strin
g
th
eo
ry
b
a
sed
o
n
th
e
cla
ssica
lW
2
;s
sy
m
m
etry,
w
e

n
eed
a
n
ex
p
licit
rea
lisa
tio
n
fo
r
th
e
m
a
tter
cu
rren
ts.
S
u
ch
a
rea
lisa
tio
n
m
ay
b
e
o
b
-

ta
in
ed
in
term
s
o
f
a
sca
la
r
�
eld
'
a
n
d
a
n
a
rb
itra
ry
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
X
,

w
h
ich
m
a
y
itself
b
e
rea
lised
,
fo
r
ex
a
m
p
le,
in
term
s
o
f
sca
la
r
�
eld
s
X
�

:

T

=

�
12

(@
'
)
2

+
T
X

W

=

N
Xn

=
0
g
n
(s)
(@
'
)
s
�

2
n
T
nX

;

(8
.3
.4
)

w
h
ere
N

=
[s=
2
].
T
h
e
co
n
sta
n
ts
g
n
(s)
a
re
d
eterm
in
ed
b
y
d
em
a
n
d
in
g
th
a
t
W

sa
tis�
es

(8
.3
.1
),
a
n
d
w
e
�
n
d
th
a
t
th
ey
a
re
g
iv
en
b
y
:

g
n
(s)
=
s
�

1(�
2
)
�

s
=
22
n
+
1 �
s2

n �
:

(8
.3
.5
)

A
ctu
a
lly,
a
s
w
e
sh
a
ll
d
iscu
ss
la
ter,
w
h
en
s
is
ev
en
th
ere
is
a
lso
a
seco
n
d
so
lu
tio
n
fo
r

th
e
co
n
sta
n
ts
g
n
(s),
w
h
ich
is
a
sso
cia
ted
w
ith
a
\
triv
ia
l"
strin
g
th
eo
ry.

In
o
rd
er
to
d
iscu
ss
th
e
q
u
a
n
tisa
tio
n
o
f
th
e
cla
ssica
lW
2
;s {
strin
g
th
eo
ries,
th
e
tra
d
i-

tio
n
a
l
p
ro
ced
u
re
w
o
u
ld
b
e
to
u
n
d
erta
k
e
a
n
o
rd
er-b
y
-o
rd
er
co
m
p
u
ta
tio
n
o
f
th
e
q
u
a
n
-

tu
m
e�
ectiv
e
a
ctio
n
,
in
tro
d
u
cin
g
co
u
n
terterm
s
a
n
d
co
rrectio
n
s
to
th
e
tra
n
sfo
rm
a
tio
n

ru
les
in
ea
ch
o
rd
er
in
th
e
lo
o
p
-co
u
n
tin
g
p
a
ra
m
eter p
~
,
su
ch
th
a
t
B
R
S
T
in
va
ria
n
ce
is

p
reserv
ed
.
S
u
ch
a
p
ro
ced
u
re
is
cu
m
b
erso
m
e
a
n
d
erro
r
p
ro
n
e,
b
u
t
fo
rtu
n
a
tely
a
m
o
re

stra
ig
h
tfo
rw
a
rd
m
eth
o
d
is
ava
ila
b
le
to
u
s
h
ere.
W
e
ca
n
sim
p
ly
p
a
ra
m
etrise
a
ll
th
e

p
o
ssib
le
q
u
a
n
tu
m
co
rrectio
n
s
to
th
e
B
R
S
T
o
p
era
to
r,
a
n
d
so
lv
e
fo
r
th
e
co
e�
cien
ts
o
f

th
ese
term
s
b
y
d
em
a
n
d
in
g
n
ilp
o
ten
ce
a
t
th
e
q
u
a
n
tu
m
lev
el
u
sin
g
O
P
E
d
efs.
B
efo
re

ca
rry
in
g
o
u
t
th
is
p
ro
ced
u
re,
w
e
sh
a
ll
�
rst
d
iscu
ss
a
sim
p
li�
ca
tio
n
o
f
th
e
stru
ctu
re

o
f
th
e
B
R
S
T
o
p
era
to
r
th
a
t
ca
n
b
e
a
ch
iev
ed
b
y
p
erfo
rm
in
g
a
ca
n
o
n
ica
l
red
e�
n
itio
n

in
v
o
lv
in
g
th
e
g
h
o
st
a
n
d
th
e
m
a
tter
�
eld
s.

W
e
co
n
jectu
re
th
a
t
th
e
B
R
S
T
o
p
era
to
r
in
(8
.3
.2
)
ca
n
b
e
tra
n
sfo
rm
ed
b
y
ca
n
o
n
ica
l

�
eld
red
e�
n
itio
n
in
to
th
e
fo
llow
in
g
g
ra
d
ed
fo
rm
:

Q

=

Q
0
+
Q
1

(8
.3
.6
)

Q
0

=

I
c(T
+
T
�

+
12
T
b
c )

(8
.3
.7
)

Q
1

=

I
 �
@
'
)
s

+
s
22

(@
'
)
s
�

2�
@
 �
:

(8
.3
.8
)

H
ere
Q
0
h
a
s
g
ra
d
e
(1
;0
)
a
n
d
Q
1
h
a
s
g
ra
d
e
(0
;1
),
w
ith
(p
;q)
d
en
o
tin
g
th
e
g
ra
d
in
g

o
f
a
n
o
p
era
to
r
w
ith
g
h
o
st
n
u
m
b
er
p
fo
r
th
e
d
im
en
sio
n
2
g
h
o
st
sy
stem

a
n
d
g
h
o
st

n
u
m
b
er
q
fo
r
th
e
d
im
en
sio
n
s
g
h
o
st
sy
stem
.
W
e
h
av
e
Q
0
2

=
Q
1
2

=
f
Q
0 ;Q
1 g
=
0
.

1
0
1



C
h
a
p
ter
8
.
C
ritica
lW
{
strin
g
s

T
h
is
co
n
jectu
re
is
b
a
sed
o
n
th
e
fo
llow
in
g
ex
a
m
p
les.
F
o
r
th
e
ca
se
o
fW
2
;3 ,
th
e

�
eld
red
e�
n
itio
n
w
h
ich
a
co
m
p
lish
es
th
is
w
a
s
�
rst
d
escrib
ed
in
[1
4
2].
A
t
th
e
cla
ssica
l

lev
el,
th
e
red
e�
n
itio
n
is
g
iv
en
b
y
:

c

�!

c�
b
@


+
p

2
i
@
'


b

�!

b



�!



�

�!

�
�
@
b
b

�
p

2
i
@
'
b

'

�!

'
+
p

2
i
b


T
X

�!

T
X

:

(8
.3
.9
)

In
th
e
ca
se
o
f
s
=
4
,
w
e
ex
p
licitly
co
n
stru
cted
th
e
�
eld
red
e�
n
itio
n
s
th
a
t
tu
rn
th
e

B
R
S
T
o
p
era
to
r
in
(8
.3
.2
)
in
to
th
e
fo
rm
(8
.3
.6
),(8
.3
.7
),(8
.3
.8
):

c
�!
c�
2
�
@


�
74

(@
'
)
2

+
2
18

(@
'
)
2
b@


�
12
T
X

�
54
T
X
b@



b
�!
b



�!

+
2
b
@



�

�!
�
+
4
b
�
@

+
2
b
@
�

+
74

(@
'
)
2
b
+
4
98

(@
'
)
2
@
b
b


+
12
T
X

b�
14
T
X

@
b
b

+
4
@
b
b
�
@


+
2
@
b
�


'

�!
'
�
72
@
'
b


T
X

�!
T
X

+
T
X

b
@

+
T
X

@
b

+
12
T
X

@
b
b
@


+
12
@
T
X

b

:

(8
.3
.1
0
)

T
h
e
�
eld
red
e�
n
itio
n
b
eco
m
es
m
o
re
co
m
p
lica
ted
w
ith
in
crea
sin
g
s.
P
resu
m
a
b
ly,
th
is

co
n
jectu
re
ca
n
b
e
p
ro
v
en
a
lo
n
g
th
e
lin
es
o
f
[1
7
,
1
8].

It
is
w
o
rth
m
en
tio
n
in
g
th
a
t
fo
r
s
=

2
k
th
ere
ex
ists
a
n
o
th
er
so
lu
tio
n
fo
r
th
e

rea
lisa
tio
n
o
f
W

g
iv
en
in
(8
.3
.4
)
in
w
h
ich
W

ca
n
b
e
w
ritten
a
s
1k
T
k.

In
th
is
ca
se,

th
ere
ex
ists
a
ca
n
o
n
ica
l
�
eld
red
e�
n
itio
n
u
n
d
er
w
h
ich
th
e
B
R
S
T
o
p
era
to
r
in
(8
.3
.2
)

b
eco
m
es
sim
p
ly
Q

=

Q
0 .
It
is
n
o
t
su
rp
risin
g
th
a
t
th
e
B
R
S
T
o
p
era
to
r
w
ith
th
is

rea
lisa
tio
n
d
escrib
es
th
e
o
rd
in
a
ry
b
o
so
n
ic
strin
g
sin
ce
in
th
is
ca
se
th
e
co
n
stra
in
t

W

=
0
is
im
p
lied
b
y
th
e
co
n
stra
in
t
T
=
0
.
W
e
sh
a
ll
n
o
t
co
n
sid
er
th
is
ca
se
fu
rth
er.

T
o
q
u
a
n
tise
th
e
cla
ssica
lW
2
;s {
strin
g
a
n
d
o
b
ta
in
th
e
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
r,

w
e
a
d
d
p

~
-d
ep
en
d
en
t
co
u
n
terterm
s
to
th
e
cla
ssica
l
B
R
S
T
.
In
o
rd
er
to
d
o
th
is
in
a

sy
stem
a
tic
w
a
y,
it
is
u
sefu
l
to
id
en
tify
th
e
~

d
im
en
sio
n
s
o
f
th
e
q
u
a
n
tu
m
�
eld
s.
A
n

a
ssig
n
m
en
t
th
a
t
is
co
n
sisten
t
w
ith
th
e
O
P
E
s
is:

f
T
X
;@
'
;b;c;�
;g
�
f
~
; p
~
;
~
;1
;
~
s
=
2;
~
1
�

s
=
2g
:

(8
.3
.1
1
)

W
e
sh
a
ll
m
a
k
e
th
e
a
ssu
m
p
tio
n
th
a
t
th
e
g
ra
d
ed
stru
ctu
re
o
f
th
e
cla
ssica
l
B
R
S
T

o
p
era
to
r
is
p
reserv
ed
a
t
th
e
q
u
a
n
tu
m
lev
el.
F
o
rW
2
;3 ,
th
is
h
a
s
b
een
ex
p
licitly
fo
u
n
d

to
b
e
tru
e
[1
4
2
].
F
o
r
s
�
4
,
th
ere
certa
in
ly
ex
ist
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
rs
w
ith

th
e
g
ra
d
ed
stru
ctu
re,
a
s
w
e
sh
a
ll
d
iscu
ss
b
elow
.
W
h
eth
er
th
ere
co
u
ld
ex
ist
fu
rth
er

q
u
a
n
tu
m
B
R
S
T
o
p
era
to
rs
th
a
t
d
o
n
o
t
p
o
sses
th
e
g
ra
d
in
g
is
a
n
o
p
en
q
u
estio
n
.

F
o
r
th
e
sca
la
r
�
eld
'
,
th
e
q
u
a
n
tu
m
co
rrectio
n
s
th
a
t
ca
n
b
e
a
d
d
ed
to
Q
0
sim
p
ly

ta
k
e
th
e
fo
rm
o
f
a
b
a
ck
g
ro
u
n
d
-ch
a
rg
e
term

p
ro
p
o
rtio
n
a
l
to
a
co
n
sta
n
t
�
.
Its
en
er-

g
y
{
m
o
m
en
tu
m
ten
so
r
b
eco
m
es:

T
'

�
�
12

(@
'
)
2�
�
@
2'
:

(8
.3
.1
2
)

S
im
ila
r
m
o
d
i�
ca
tio
n
s
to
T
X

ca
n
o
ccu
r
5.

T
h
e
eq
u
a
tio
n
Q
0
2

=

0
req
u
ires
th
a
t
th
e

to
ta
l
cen
tra
l
ch
a
rg
e
va
n
ish
es:

0
=
�
2
6�
2
(6
s
2�

6
s
+
1
)
+
1
+
1
2
�
2

+
c
X

;

(8
.3
.1
3
)

w
ith
c
X

th
e
cen
tra
l
ch
a
rg
e
o
f
T
X
.
In
Q
1 ,
th
e
p
o
ssib
le
q
u
a
n
tu
m
co
rrectio
n
s
a
m
o
u
n
t

to
:

Q
1
= I
d
z

F
('
;�
;
)
;

(8
.3
.1
4
)

w
h
ere
F
('
;�
;
)
is
a
d
im
en
sio
n
s
o
p
era
to
r
w
ith
g
h
o
st
n
u
m
b
er
zero
su
ch
th
a
t
its

lea
d
in
g
-o
rd
er
(i.e.
cla
ssica
l)
term
s
a
re
g
iv
en
in
(8
.3
.8
).
T
h
e
p
recise
fo
rm

o
f
th
e

o
p
era
to
r
F
('
;�
;
)
is
d
eterm
in
ed
b
y
th
e
n
ilp
o
ten
cy
co
n
d
itio
n
sf
Q
0 ;Q
1 g
=
Q
1
2

=
0
.

T
h
e
q
u
a
n
tu
m
B
R
S
T
o
p
era
to
rs
fo
rW
2
;s
th
eo
ries
w
ith
s
=
4
,
5
a
n
d
6
w
ere
co
n
stru
cted

in
[1
4
3],
a
n
d
th
e
resu
lts
w
ere
ex
ten
d
ed
to
s
=
7
in
[1
4
7]
a
n
d
s
=
8
in
[1
4
8].
T
h
e

co
n
clu
sio
n
o
f
th
ese
v
a
rio
u
s
in
v
estig
a
tio
n
s
is
th
a
t
th
ere
ex
ists
a
t
lea
st
o
n
e
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
r
fo
r
ea
ch
va
lu
e
o
f
s.
If
s
is
o
d
d
,
th
en
th
ere
is
ex
a
ctly
o
n
e
B
R
S
T

o
p
era
to
r
o
f
th
e
ty
p
e
d
iscu
ssed
.
If
s
is
ev
en
,
th
en
th
ere
a
re
tw
o
o
r
m
o
re
in
eq
u
iva
len
t

q
u
a
n
tu
m
B
R
S
T
o
p
era
to
rs.
O
n
e
o
f
th
ese
is
a
n
a
tu
ra
l
g
en
era
lisa
tio
n
to
ev
en
s
o
f
th
e

u
n
iq
u
e
o
d
d
-s
seq
u
en
ce
o
f
B
R
S
T
o
p
era
to
rs,
see
a
lso
sectio
n
8
.4
.

A
s
w
e
d
iscu
ssed
ea
rlier,
th
e
ca
se
s
=

3
co
rresp
o
n
d
s
to
th
e
W
3 =
W
D
S
A
2

a
lg
e-

b
ra
,
w
h
ich
ex
ists
a
s
a
clo
sed
q
u
a
n
tu
m

a
lg
eb
ra
fo
r
a
ll
va
lu
es
o
f
th
e
cen
tra
l
ch
a
rg
e,

in
clu
d
in
g
,
in
p
a
rticu
la
r,
th
e
critica
l
va
lu
e
c
=

1
0
0
.
F
o
r
s
=

4
,
it
w
a
s
sh
ow
n
in

[1
4
7]
th
a
t
th
e
tw
o
W
2
;4
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
rs
co
rresp
o
n
d
to
B
R
S
T
o
p
era
to
rs

fo
r
th
e
W
D
S
B
2
a
lg
eb
ra
,
w
h
ich
a
g
a
in
ex
ists
a
t
th
e
q
u
a
n
tu
m
lev
el
fo
r
a
ll
va
lu
es
o
f
th
e

cen
tra
l
ch
a
rg
e.
T
h
e
rea
so
n
w
h
y
th
ere
a
re
tw
o
in
eq
u
iva
len
t
B
R
S
T
o
p
era
to
rs
in
th
is

ca
se
is
th
a
t
B
2
is
n
o
t
sim
p
ly
-la
ced
a
n
d
so
th
ere
a
re
tw
o
in
eq
u
iva
len
t
ch
o
ices
fo
r
th
e

b
a
ck
g
ro
u
n
d
ch
a
rg
es
th
a
t
g
iv
e
rise
to
th
e
sa
m
e
critica
l
va
lu
e
c
=
1
7
2
fo
r
th
e
cen
tra
l

ch
a
rg
e
[1
4
7].
T
w
o
o
f
th
e
fo
u
rW
2
;6
B
R
S
T
o
p
era
to
rs
ca
n
sim
ila
rly
b
e
u
n
d
ersto
o
d
a
s

co
rresp
o
n
d
in
g
to
th
e
ex
isten
ce
o
f
a
clo
sed
q
u
a
n
tu
m
W
D
S
G
2
a
lg
eb
ra
fo
r
a
ll
va
lu
es
o
f

th
e
cen
tra
l
ch
a
rg
e,
in
clu
d
in
g
in
p
a
rticu
la
r
th
e
critica
l
v
a
lu
e
c
=
3
8
8
[1
4
7].
H
ow
ev
er,

th
e
rem
a
in
in
g
q
u
a
n
tu
m
W
2
;s
B
R
S
T
o
p
era
to
rs
ca
n
n
o
t
b
e
a
sso
cia
ted
w
ith
a
n
y
clo
sed

d
efo
rm
a
b
le
q
u
a
n
tu
m

W
2
;s

a
lg
eb
ra
s.
F
o
r
ex
a
m
p
le,
th
e
q
u
a
n
tu
m

W
2
;5

a
lg
eb
ra
[2
9]

o
n
ly
sa
tis�
es
th
e
J
a
co
b
i
id
en
tities
(u
p
to
n
u
ll
�
eld
s)
fo
r
a
d
iscrete
set
o
f
cen
tra
l-

ch
a
rg
e
va
lu
es,
n
a
m
ely
c
=
f�
7
;
67
;�
3
5
0

1
1
;1
3
4�
6
0 p
5g
.
S
in
ce
n
o
n
e
o
f
th
ese
cen
tra
l

5
F
o
r
ea
se
o
f
n
o
ta
tio
n
,
w
e
still
w
rite
T
X

fo
r
th
e
q
u
a
n
tu
m
en
erg
y
{
m
o
m
en
tu
m
ten
so
r.

1
0
2



8
.4
.
M
in
im
a
l
m
o
d
els
a
n
d
W
2
;s {
strin
g
s

ch
a
rg
es
in
clu
d
es
th
e
va
lu
e
c
=
2
6
8
n
eed
ed
fo
r
critica
lity,
w
e
see
th
a
t
a
lth
o
u
g
h
th
e

q
u
a
n
tu
m

W
2
;5
B
R
S
T
o
p
era
to
r
ca
n
certa
in
ly
b
e
v
iew
ed
a
s
p
ro
p
erly
d
escrib
in
g
th
e

q
u
a
n
tised
W
2
;5 {
strin
g
,
it
is
n
o
t
th
e
ca
se
th
a
t
th
ere
is
a
q
u
a
n
tu
m
W
2
;5
sy
m
m
etry
in

th
e
W
2
;5 {
strin
g
.
T
h
is
is
a
n
ex
p
licit
ex
a
m
p
le
o
f
th
e
fa
ct
th
a
t
a
cla
ssica
l
th
eo
ry
ca
n

b
e
su
ccessfu
lly
q
u
a
n
tised
,
w
ith
o
u
t
a
n
o
m
a
lies,
ev
en
w
h
en
a
q
u
a
n
tu
m

v
ersio
n
o
f
th
e

sy
m
m
etry
a
lg
eb
ra
d
o
es
n
o
t
ex
ist.
It
a
p
p
ea
rs
th
a
t
th
e
ex
isten
ce
o
f
clo
sed
q
u
a
n
tu
m

W
{
a
lg
eb
ra
s
is
in
essen
tia
l
fo
r
th
e
ex
isten
ce
o
f
co
n
sisten
t
W
{
strin
g
th
eo
ries.

A
s
u
su
a
l,
p
h
y
sica
l
�
eld
s
�
a
re
d
eterm
in
ed
b
y
th
e
req
u
irem
en
t
th
a
t
th
ey
b
e
a
n
n
i-

h
ila
ted
b
y
th
e
B
R
S
T
o
p
era
to
r,
a
n
d
th
a
t
th
ey
b
e
B
R
S
T
n
o
n
-triv
ia
l.
In
o
th
er
w
o
rd
s,

Q
�
=
0
a
n
d
�
6=
Q
	
fo
r
a
n
y
	
.
T
h
ere
a
re
tw
o
d
i�
eren
t
secto
rs
[1
4
3].
T
h
e
\
d
iscrete"

p
h
y
sica
l
�
eld
s,
w
ith
zero
m
o
m
en
tu
m
in
th
e
X
�

,
w
ill
n
o
t
b
e
co
n
sid
ered
h
ere
[1
4
3].

T
h
e
o
th
er
secto
r
co
n
sists
o
f
�
eld
s
w
ith
co
n
tin
u
o
u
s
X
�

m
o
m
en
tu
m
.
B
o
th
secto
rs

h
av
e
o
n
ly
p
h
y
sica
l
�
eld
s
fo
r
p
a
rticu
la
r
va
lu
es
o
f
th
e
'
-m
o
m
en
tu
m
.
In
th
is
sen
se,
'

is
co
n
sid
ered
a
\
fro
zen
"
co
o
rd
in
a
te,
a
n
d
th
e
X
�

fo
rm

co
o
rd
in
a
tes
in
th
e
e�
ectiv
e

sp
a
cetim
e.

It
w
a
s
co
n
jectu
red
in
[1
4
2
]
a
n
d
[1
4
3]
th
a
t
a
ll
co
n
tin
u
o
u
s-m
o
m
en
tu
m
p
h
y
sica
l
sta
tes

fo
r
m
u
lti-sca
la
rW
2
;s
strin
g
th
eo
ries
ca
n
b
e
d
escrib
ed
b
y
p
h
y
sica
l
o
p
era
to
rs
o
f
th
e

fo
rm
:

�
�

=
c
U
('
;�
;
)
V
�
(X
)
;

(8
.3
.1
5
)

w
h
ere
�
d
en
o
tes
th
e
co
n
fo
rm
a
l
d
im
en
sio
n
o
f
th
e
o
p
era
to
r
V
�
(X
)
w
h
ich
crea
tes
a
n

e�
ectiv
e
sp
a
cetim
e
p
h
y
sica
l
sta
te
w
h
ich
is
a
h
ig
h
est
w
eig
h
t
�
eld
w
ith
resp
ect
to
T
X
.

F
o
r
sim
p
licity,
o
n
e
ca
n
a
lw
a
y
s
ta
k
e
th
e
e�
ectiv
e-sp
a
cetim
e
o
p
era
to
r
V
�
(X
)
to
b
e

ta
ch
y
o
n
ic,
sin
ce
th
e
d
iscu
ssio
n
o
f
p
h
y
sica
l
sta
tes
w
ith
ex
cita
tio
n
s
in
th
e
e�
ectiv
e

sp
a
cetim
e
p
ro
ceed
s
id
en
tica
lly
to
th
a
t
o
f
b
o
so
n
ic
strin
g
th
eo
ry.
T
h
e
in
terestin
g
n
ew

fea
tu
res
o
f
th
e
W
{
strin
g
th
eo
ries
a
re
a
sso
cia
ted
w
ith
ex
cita
tio
n
s
in
th
e
('
;�
;
)

�
eld
s.
T
h
u
s
w
e
a
re
p
rim
a
rily
co
n
cern
ed
w
ith
so
lv
in
g
fo
r
th
e
o
p
era
to
rs
U
('
;�
;
)

th
a
t
a
re
h
ig
h
est
w
eig
h
t
u
n
d
er
T
'
+
T

;�

w
ith
co
n
fo
rm
a
l
w
eig
h
ts
h
=
1�
�
,
a
n
d
th
a
t

in
a
d
d
itio
n
sa
tisfy
Q
1 (U
)
=
0
.
S
o
lv
in
g
th
ese
co
n
d
itio
n
s
fo
r
U
('
;�
;
),
w
ith
V
�
(X
)

b
ein
g
h
ig
h
est
w
eig
h
t
u
n
d
er
T
X

w
ith
co
n
fo
rm
a
l
w
eig
h
t
�
=
1
�
h
,
is
eq
u
iv
a
len
t
to

so
lv
in
g
th
e
p
h
y
sica
l-sta
te
co
n
d
itio
n
s
fo
r
�
�

in
eq
.
(8
.3
.1
5
).

8
.4

M
in
im
a
l
m
o
d
e
ls
a
n
d
W
2
;s {
strin
g
s

It
h
a
s
b
een
k
n
ow
n
fo
r
so
m
e
tim
e
th
a
t
th
ere
is
a
clo
se
co
n
n
ectio
n
b
etw
een
th
e
sp
ectra

o
f
p
h
y
sica
l
sta
tes
in
W
{
strin
g
th
eo
ries,
a
n
d
certa
in
V
ira
so
ro
o
rW
m
in
im
a
l
m
o
d
els.

T
h
is
co
n
n
ectio
n
�
rst
ca
m
e
to
lig
h
t
in
th
e
ca
se
o
f
th
e
W
3 {
strin
g
[3
7
,
1
4
0
,
1
4
1
,
8
9
],

w
h
ere
it
w
a
s
fo
u
n
d
th
a
t
th
e
p
h
y
sica
l
sta
tes
in
a
m
u
lti-sca
la
r
rea
lisa
tio
n
ca
n
b
e
v
iew
ed

a
s
th
e
sta
tes
o
f
V
ira
so
ro
-ty
p
e
b
o
so
n
ic
strin
g
s
w
ith
cen
tra
l
ch
a
rg
e
c
X

=

2
5
12

a
n
d

in
tercep
ts
�
=
f
1
;
1
5

1
6
;
12 g

.
T
h
ese
q
u
a
n
tities
a
re
d
u
a
l
to
th
e
cen
tra
l
ch
a
rg
e
c
m
m

=
12

a
n
d
w
eig
h
ts
h
=
f
0
;
11

6
;
12 g

fo
r
th
e
(p
;q
)
=
(3
;4
)
V
ira
so
ro
m
in
im
a
l
m
o
d
el,
th
e
Isin
g

m
o
d
el,
in
th
e
sen
se
th
a
t
2
6
=

c
X

+
c
m
m
,
a
n
d
1
=

�
+
h
.
In
fa
ct,
th
e
p
h
y
sica
l

o
p
era
to
rs
o
f
th
e
m
u
lti-sca
la
r
W
{
strin
g
h
av
e
th
e
fo
rm

eq
.
(8
.3
.1
5
)
w
ith
V
�
(X
)
a

d
im
en
sio
n
�

�
eld
.
F
u
rth
er
su
p
p
o
rt
fo
r
th
is
co
n
n
ectio
n
w
a
s
fo
u
n
d
in
[1
4
2,
8
9
]
b
y

co
n
sid
erin
g
th
e
sca
tterin
g
o
f
p
h
y
sica
l
sta
tes.
U
sin
g
certa
in
id
en
ti�
ca
tio
n
s
sim
ila
r
to

eq
.
(8
.1
.1
3
),
it
w
a
s
fo
u
n
d
th
a
t
th
e
S
-m
a
trix
elem
en
ts
o
f
th
e
low
estW
3 {
strin
g
sta
tes

o
b
ey
selectio
n
ru
les
a
lso
fo
u
n
d
in
th
e
Isin
g
m
o
d
el.

If
o
n
e
w
ere
to
lo
o
k
a
t
th
e
m
u
lti-sca
la
rW
N
{
strin
g
,
o
n
e
w
o
u
ld
ex
p
ect
th
a
t
a
n
a
lo
-

g
o
u
sly
th
e
p
h
y
sica
l
sta
tes
w
o
u
ld
b
e
o
f
th
e
fo
rm
o
f
e�
ectiv
e
V
ira
so
ro
strin
g
sta
tes
fo
r

a
c
X

=
2
6� �1�

6

N
(N
+
1
) �
th
eo
ry,
ten
so
red
w
ith
o
p
era
to
rs
U
(~'
;
~�
;~
)
th
a
t
a
re
p
ri-

m
a
ries
o
f
th
e
c
m
m

=
1�

6

N
(N
+
1
)
V
ira
so
ro
m
in
im
a
lm
o
d
el,
i.e.
th
e
(p
;q)
=
(N
;N
+
1
)

u
n
ita
ry
m
o
d
el.
H
ere,
~'
d
en
o
tes
th
e
set
o
f
(N
�
2
)
sp
ecia
l
sca
la
rs
w
h
ich
,
to
g
eth
er

w
ith
th
e
X
�

a
p
p
ea
rin
g
in
T
X
,
p
rov
id
e
th
e
m
u
lti-sca
la
r
rea
lisa
tio
n
o
f
th
eW
N

a
lg
eb
ra
.

S
im
ila
rly,
~�
a
n
d
~
d
en
o
te
th
e
sets
o
f
(N
�
2
)
a
n
tig
h
o
sts
a
n
d
g
h
o
sts
fo
r
th
e
d
im
en
sio
n

3
;4
;5
;:::;N

cu
rren
ts.
T
h
e
id
en
ti�
ca
tio
n
w
ith
a
p
a
rticu
la
r
m
in
im
a
lm
o
d
el
is
in
th
ese

ca
ses
b
a
sed
so
lely
o
n
th
e
set
o
f
co
n
fo
rm
a
l
d
im
en
sio
n
s
th
a
t
o
ccu
r
fo
r
th
e
U

�
eld
in

eq
.
(8
.3
.1
5
).
T
h
e
ra
p
id
g
row
th
o
f
th
e
co
m
p
lex
ity
o
f
th
eW
N

a
lg
eb
ra
s
w
ith
in
crea
sin
g

N

m
ea
n
s
th
a
t
o
n
ly
in
co
m
p
lete
resu
lts
a
re
ava
ila
b
le
fo
r
N

�
4
,
b
u
t
p
a
rtia
l
resu
lts

a
n
d
g
en
era
l
a
rg
u
m
en
ts
h
a
v
e
p
rov
id
ed
su
p
p
o
rtin
g
ev
id
en
ce
fo
r
th
e
a
b
ov
e
co
n
n
ectio
n
.

A
sim
p
ler
ca
se
to
co
n
sid
er
is
a
W
2
;s {
strin
g
,
co
rresp
o
n
d
in
g
to
th
e
q
u
a
n
tisa
tio
n
o
f

th
e
cla
ssica
l
th
eo
ries
d
escrib
ed
in
th
e
p
rev
io
u
s
sectio
n
.
A
s
a
lrea
d
y
m
en
tio
n
ed
,
th
ere

is
fo
r
a
n
y
s
a
\
reg
u
la
r"
B
R
S
T
o
p
era
to
r,
w
h
ich
h
a
s
th
e
fea
tu
re
th
a
t
th
e
a
sso
cia
ted

m
in
im
a
lm
o
d
el,
w
ith
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
m
m

=
T
'
+
T
�

,
h
a
s
cen
tra
l
ch
a
rg
e:

c
m
m

=
2
(s�
2
)

(s
+
1
)
:

(8
.4
.1
)

T
h
is
is
th
e
cen
tra
l
ch
a
rg
e
o
f
th
e
low
est
u
n
ita
ry
W
s
�

1
m
in
im
a
l
m
o
d
el.
W
e
w
ill
stu
d
y

th
e
ca
se
s
=
4
,
5
a
n
d
6
in
fu
rth
er
d
eta
il
in
th
e
su
b
sectio
n
s
w
h
ich
fo
llow
.
W
e
w
ill

m
a
k
e
u
se
o
f
th
e
resu
lts
o
f
[1
4
3]
fo
r
th
e
q
u
a
n
tu
m

B
R
S
T
o
p
era
to
rs
a
n
d
th
e
low
est

p
h
y
sica
l
sta
tes.
O
u
r
ca
lcu
la
tio
n
s
cla
rify
th
e
co
n
n
ectio
n
w
ith
th
e
m
in
im
a
l
m
o
d
els

[1
4
4].

W
h
en
s
is
ev
en
,
th
ere
a
re
fu
rth
er
\
ex
cep
tio
n
a
l"
B
R
S
T
o
p
era
to
rs
in
a
d
d
itio
n
to

th
e
reg
u
la
r
o
n
e
d
escrib
ed
a
b
ov
e.
W
h
en
s
=

4
,
th
ere
is
o
n
e
ex
cep
tio
n
a
l
ca
se,
fo
r

s
=
6
th
ree
[1
4
3]
a
n
d
fo
r
s
=
8
fo
u
r
[1
4
8].
T
h
e
sp
ectra
o
f
th
ese
th
eo
ries
a
re
stu
d
ied

in
[1
4
7,
1
4
8].
T
h
ey
sh
a
re
th
e
fea
tu
re
th
a
t
a
n
eg
a
tiv
e
w
eig
h
t
fo
r
U
('
;�
;
)
o
ccu
rs.

T
h
is
im
p
lies
co
rresp
o
n
d
in
g
ly
a
n
in
tercep
t
va
lu
e
�

>

1
fo
r
th
e
e�
ectiv
e
sp
a
cetim
e

V
ira
so
ro
strin
g
,
a
n
d
h
en
ce
th
e
ex
isten
ce
o
f
so
m
e
n
eg
a
tiv
e-n
o
rm
p
h
y
sica
l
sta
tes.
F
o
r

so
m
e
o
f
th
e
ex
cep
tio
n
a
l
th
eo
ries
th
e
d
im
en
sio
n
s
o
f
th
e
p
h
y
sica
l
sta
tes
p
o
in
t
tow
a
rd
s

a
co
rresp
o
n
d
en
ce
w
ith
V
ira
so
ro
o
r
W
D
S

B
n

m
in
im
a
l
m
o
d
els,
w
h
ile
fo
r
o
th
ers
n
o

co
n
n
ectio
n
w
ith
m
in
im
a
l
m
o
d
els
h
a
s
b
een
fo
u
n
d
y
et.
W
e
w
ill
n
o
t
stu
d
y
th
e
th
eo
ries

rela
ted
to
th
e
ex
cep
tio
n
a
l
B
R
S
T
o
p
era
to
rs
h
ere.

W
e
n
o
w
o
u
tlin
e
th
e
p
ro
ced
u
re
w
h
ich
w
ill
b
e
fo
llow
ed
in
th
e
stu
d
y
o
fW
2
;s

fo
r

s
=
4
;5
;6
.
T
h
e
�
eld
s
in
a
m
in
im
a
l
m
o
d
el
o
f
a
W
{
a
lg
eb
ra
W
a
re
g
iv
en
b
y
th
e
W
-

d
escen
d
a
n
ts
o
f
so
m
e
h
ig
h
est
w
eig
h
t
�
eld
s,
a
m
o
n
g
w
h
ich
is
th
e
u
n
it
o
p
era
to
r
o
f
th
e

1
0
3



C
h
a
p
ter
8
.
C
ritica
lW
{
strin
g
s

O
P
A
.
T
h
is
im
p
lies
th
a
t
th
e
g
en
era
to
rs
o
fW
a
re
co
n
ta
in
ed
in
th
e
set
o
f
�
eld
s,
a
s
th
ey

a
re
d
escen
d
a
n
ts
o
f

.
H
en
ce,
if
th
e
p
h
y
sica
l
sta
tes
(8
.3
.1
5
)
a
re
co
n
n
ected
w
ith
th
e

W
-m
in
im
al
m
o
d
el,
th
ere
sh
o
u
ld
b
e
p
h
y
sica
l
sta
tes
su
ch
th
a
t
th
e
'
;�
;
d
ep
en
d
en
t

p
a
rts
U
i

fo
rm
a
rea
lisa
tio
n
o
f
th
e
g
en
era
to
rs
o
fW
.
In
th
is
resp
ect
it
is
im
p
o
rta
n
t
to

n
o
te
th
a
t
w
e
a
re
lo
o
k
in
g
fo
r
a
rea
lisa
tio
n
o
f
th
eW
{
a
lg
eb
ra
in
th
e
B
R
S
T
co
h
o
m
o
lo
g
y,

i.e.
u
p
to
B
R
S
T
ex
a
ct
term
s.

T
h
e
U
i

w
h
ich
g
en
era
te
th
e
W
{
a
lg
eb
ra
sh
o
u
ld
h
av
e
g
h
o
st
n
u
m
b
er
zero
.
T
h
is
is

b
eca
u
se
W
h
a
s
a
lw
a
y
s
n
o
n
-zero
cen
tra
l
ch
a
rg
e
(8
.4
.1
)
a
n
d
th
e
g
en
era
to
rs
g
en
era
lly

sa
tisfy
[U
iU
i]2
h
i

�
.
F
u
rth
erm
o
re,
th
ey
sh
o
u
ld
d
ep
en
d
o
n
'
in
su
ch
a
w
ay
th
a
t

th
ey
h
av
e
w
ell-d
e�
n
ed
O
P
E
s,
i.e.
th
e
O
P
E
o
f
'
w
ith
a
n
y
o
th
er
p
h
y
sica
l
sta
te
sh
o
u
ld

b
e
m
ero
m
o
rp
h
ic.
T
h
is
p
o
in
ts
to
zero
'
-m
o
m
en
tu
m

sta
tes.
T
h
is
cla
im

is
fu
rth
er

su
p
p
o
rted
b
y
a
n
a
n
a
ly
sis
o
f
th
e
sp
ectru
m

w
h
ich
sh
ow
s
th
a
t
'
;�
;
d
ep
en
d
en
t
p
a
rts

U
o
f
th
eW
-h
ig
h
est
w
eig
h
t
�
eld
s
a
n
d
th
eir
d
escen
d
a
n
ts
h
av
e
th
e
sa
m
e
'
-m
o
m
en
tu
m
.

T
o
su
m
m
a
rise,
w
e
sh
o
u
ld
lo
o
k
fo
r
o
p
era
to
rs
U
i('
;�
;
)
a
n
n
ih
ila
ted
b
y
Q
1 .
T
h
ey

h
av
e
g
h
o
st
n
u
m
b
er
a
n
d
'
-m
o
m
en
tu
m
zero
.
F
o
r
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
o
fW

th
e
o
b
v
io
u
s
ca
n
d
id
a
te
fo
r
U
is:

T
m
m

=
T
'
+
T
�

;

(8
.4
.2
)

w
h
ere
T
'

a
n
d
T
�


a
re
g
iv
en
in
(8
.3
.1
2
)
a
n
d
(8
.3
.3
).

8
.4
.1

T
h
e
W

2
;4 {
strin
g

L
et
u
s
co
n
sid
er
�
rst
th
e
W
2
;4 {
strin
g
.
T
h
e
B
R
S
T
o
p
era
to
r
is
th
en
g
iv
en
b
y
(8
.3
.6
),

(8
.3
.7
),
(8
.3
.1
2
),
(8
.3
.1
4
),
w
ith
�
2

=
2
4
3

2
0

a
n
d
th
e
o
p
era
to
r
F
('
;�
;
)
g
iv
en
b
y
:

F
('
;�
;
)
=
(@
'
)
4

+
4
�
@
2'

(@
'
)
2

+
4
15

(@
2'

)
2

+
1
2
4

1
5
@
3'
@
'
+

4
6

1
3
5
�
@
4'

+
8
(@
'
)
2
�
@

�
1
69
�
@
2'
�
@

�
3
29
�
@
'
�
@
2

�
45
�
@
3

+
1
63
@
2�
@

:

(8
.4
.3
)

In
[1
4
3
],
a
ll
p
h
y
sica
l
sta
tes
u
p
to
a
n
d
in
clu
d
in
g
lev
el 6
`
=
9
in
('
;�
;
)
ex
cita
tio
n
s

w
ere
stu
d
ied
fo
r
th
e
W
2
;4 {
strin
g
.
It
w
a
s
fo
u
n
d
th
a
t
a
ll
th
e
co
n
tin
o
u
s-m
o
m
en
tu
m

p
h
y
sica
l
sta
tes
fa
ll
in
to
a
set
o
f
d
i�
eren
t
secto
rs,
ch
a
ra
cterised
b
y
th
e
va
lu
e
�
o
f
th
e

e�
ectiv
e
sp
a
cetim
e
in
tercep
t,
eq
.
(8
.3
.1
5
).
S
p
eci�
ca
lly,
fo
r
th
e
W
2
;4
strin
g
,
�

ca
n

ta
k
e
v
a
lu
es
in
th
e
set
�
=
f
1
;
1
4

1
5
;
35
;
13
;�
25
;�
2g
.
A
s
o
n
e
g
o
es
to
h
ig
h
er
a
n
d
h
ig
h
er

lev
els
`,
o
n
e
ju
st
en
co
u
n
ters
rep
etitio
n
s
o
f
th
ese
sa
m
e
in
tercep
t
v
a
lu
es,
w
ith
m
o
re

a
n
d
m
o
re
co
m
p
lica
ted
o
p
era
to
rs
U
('
;�
;
).
T
h
ese
o
p
era
to
rs
co
rresp
o
n
d
in
g
ly
h
a
v
e

co
n
fo
rm
a
l
w
eig
h
ts
h
th
a
t
a
re
co
n
ju
g
a
te
to
�
,
i.e.
h
=

1
�
�

=
f
0
;
11

5
;
25
;
23
;
75
;3g
.

F
o
r
co
n
v
en
ien
ce,
ta
b
le
8
.1
rep
ro
d
u
ces
th
e
resu
lts
u
p
to
lev
el
9
,
g
iv
in
g
th
e
(�
;
)

g
h
o
st
n
u
m
b
er
g
o
f
th
e
o
p
era
to
rs
U
('
;�
;
),
th
eir
co
n
fo
rm
a
l
w
eig
h
ts
h
,
a
n
d
th
eir
'

m
o
m
en
ta
�
.

6
T
h
e
lev
el
`
o
f
a
sta
te
is
d
e�
n
ed
w
ith
resp
ect
to
th
e
sta
n
d
a
rd
g
h
o
st
v
a
cu
u
m

c
1

1 ���

s�
1 ��0 �
.

g

h

�
(
In
u
n
its
o
f
�
=
2
7
)

`
=
0

3

115

0

�

2
6

�

2
4

`
=
0

3

115

0

�

2
8

�

3
0

`
=
1

2

23

25

115

�

2
0

�

1
8

�

1
6

`
=
2

2

75

23

�

1
8

�

1
4

`
=
3

1

23

11
5

�

1
0

�

8

`
=
4

1

25

�

6

`
=
5

1

75

23

�

6

�

4

`
=
6

0

0

0

`
=
7

0

115

2

`
=
8

0

11
5

4

`
=
9

0

3

0

0

6

T
a
b
le
8
.1
:
U
('
;�
;
)
o
p
era
to
rs
fo
r
th
eW
2
;4
strin
g
o
f
lev
el
`,
g
h
o
stn
u
m
b
er
g
,
d
im
en
-

sio
n
h
a
n
d
'
-m
o
m
en
tu
m
�
.

T
h
e
ex
p
licit
ex
p
ressio
n
s
fo
r
th
e
o
p
era
to
rs
U
('
;�
;
)
ca
n
b
e
q
u
ite
co
m
p
lica
ted
,

a
n
d
w
e
sh
a
ll
n
o
t
g
iv
e
th
em

a
ll
h
ere.
S
o
m
e
sim
p
le
ex
a
m
p
les
a
re
a
s
fo
llow
s.
W
e
�
n
d

U

=
@
2
@


e
�
'

a
t
lev
el
`
=
0
;
U

=
@


e
�
'

a
t
`
=
1
;
U

= �
1
0
@
'
@


�
(�
+

2
�
)@
2
 �
e
�
'

a
t
`
=
2
;
a
n
d
U

=

a
t
`
=
6
.
T
h
e
va
lu
es
o
f
th
e
m
o
m
en
tu
m
�
a
re

g
iv
en
in
ta
b
le
8
.1
.

W
e
w
ish
to
id
en
tify
th
e
d
im
en
sio
n
3
g
en
era
to
r
W
m
m

o
f
th
e
a
sso
cia
ted
W
3
a
lg
eb
ra
,

rea
lised
o
n
th
e
('
;�
;
)
sy
stem
.
W
e
o
b
serv
e
fro
m
th
e
resu
lts
in
[1
4
3
]
th
a
t
a
t
lev
el

`
=
9
th
ere
is
a
n
o
p
era
to
r
U
('
;�
;
)
w
ith
co
n
fo
rm
a
l
w
eig
h
t
3
,
g
h
o
st
n
u
m
b
er
g
=
0
,

a
n
d
m
o
m
en
tu
m
�
=
0
.
C
lea
rly
th
is
is
th
e
req
u
ired
p
rim
a
ry
d
im
en
sio
n
3
o
p
era
to
r.

Its
d
eta
iled
fo
rm
is:

W
m
m

=

q
21

3 �
53

(@
'
)
3

+
5
�
@
2'
@
'
+
2
54

@
3
'
+
2
0
@
'
�
@


+
1
2
@
'
@
�

+
1
2
@
2'
�

+
5
�
@
�
@

+
3
�
@
2�
 �
;

(8
.4
.4
)

w
h
ere
w
e
h
a
v
e
g
iv
en
it
th
e
ca
n
o
n
ica
l
n
o
rm
a
lisa
tio
n
in
w
h
ich
:

W
m
m
(z
)W
m
m
(w
)�
c
m
m
=
3

(z�
w
)
6
+
m
o
re
;

(8
.4
.5
)

w
ith
th
e
cen
tra
l
ch
a
rg
e
c
m
m

=
45

.
It
is
n
ow
a
stra
ig
h
tfo
rw
a
rd
m
a
tter
to
co
m
p
u
te
th
e

O
P
E
s
o
f
th
e
T
m
m

a
n
d
W
m
m

cu
rren
ts
w
ith
O
P
E
d
efs
a
n
d
v
erify
th
a
t
th
ey
d
o
in
d
eed

g
en
era
te
th
e
W
3
a
lg
eb
ra
a
t
c
m
m

=
45

.
T
h
e
o
n
ly
n
o
tew
o
rth
y
p
o
in
t
in
th
e
v
eri�
ca
tio
n

1
0
4



8
.4
.
M
in
im
a
l
m
o
d
els
a
n
d
W
2
;s {
strin
g
s

is
th
a
t
a
t
th
e
seco
n
d
-o
rd
er
p
o
le
in
th
e
O
P
E
o
f
W
m
m

w
ith
W
m
m

th
ere
is
a
n
a
d
d
itio
n
a
l

d
im
en
sio
n
4
p
rim
a
ry,
b
u
t
B
R
S
T
-triv
ia
l
cu
rren
t,f
Q
1 ;�g
.

H
av
in
g
fo
u
n
d
th
e
cu
rren
ts
th
a
t
g
en
era
te
th
eW
3
a
lg
eb
ra
,
w
e
a
re
n
ow
in
a
p
o
sitio
n

to
see
h
o
w
th
ey
a
ct
o
n
th
e
o
p
era
to
rs
U
('
;�
;
)
o
ccu
rin
g
in
th
e
p
h
y
sica
l
sta
tes
o
f
th
e

W
2
;4
strin
g
.
O
f
co
u
rse,
w
e
a
lrea
d
y
k
n
o
w
th
a
t
th
e
o
p
era
to
rs
U
('
;�
;
)
a
re
p
rim
a
ry

�
eld
s
u
n
d
er
T
m
m
.

A
ctin
g
w
ith
W
m
m
,
w
e
�
n
d
th
a
t
w
h
en
h
ta
k
es
va
lu
es
in
th
e

set
f
0
;
11

5
;
25
;
23 g

,
th
e
co
rresp
o
n
d
in
g
o
p
era
to
rs
a
re
h
ig
h
est
w
eig
h
t
u
n
d
er
W
m
m
,
i.e.

d(W
m
m
)
n
U

=
0
fo
r
n
>

0
,
a
n
d

d(W
m
m
)
n
U

=
w
U
.
W
e
�
n
d
th
a
t
th
e
w
eig
h
ts
a
re
a
s

fo
llow
s:

T
m
m

:

f
0
;
11

5
;
25
;
23 g

2
4
3

� q
1
38

W
m
m

:

f
0
;�
1
;0
;�
2
6g
:

(8
.4
.6
)

In
t
e
r
m
e
z
z
o
8
.4
.1

T
o
b
e
p
recise,
w
e
�
n
d
th
a
t
fo
r
h
=

11
5

th
e
W
m
m

w
eig
h
t
is
p
o
sitiv
e
fo
r
th
o
se
o
p
era
to
rs

U
('
;�
;
)
th
a
t
h
av
e
2
7�

�
=
4
m
o
d
6
,
a
n
d
n
eg
a
tiv
e
w
h
en
(
�2

7
) �
1�
=
2
m
o
d
6
.
S
im
ila
rly,

fo
r
o
p
era
to
rs
w
ith
h
=

23
,
w
e
�
n
d
th
e
W
m
m

w
eig
h
t
is
p
o
sitiv
e
w
h
en
(
�2

7
) �
1�
=
2
m
o
d
6
,

a
n
d
n
eg
a
tiv
e
w
h
en
(
�2

7
) �
1�
=

4
m
o
d
6
.
T
h
ese
resu
lts
a
cco
rd
w
ith
th
e
o
b
serva
tio
n
in

[1
4
3
]
th
a
t
th
ere
a
re
tw
o
in
d
ep
en
d
en
t
tow
ers
o
f
h
=

11
5

o
p
era
to
rs,
a
n
d
tw
o
in
d
ep
en
d
en
t

to
w
ers
o
f
h
=

23

o
p
era
to
rs,
w
ith
th
e
screen
in
g
o
p
era
to
r
�
ex
p
(
29
�
'
)
g
en
era
tin
g
ea
ch

to
w
er
fro
m
its
lo
w
est-lev
el
m
em
b
er.

C
o
m
p
a
rin
g
w
ith
th
e
resu
lts
in
[6
6],
w
e
see
th
a
t
th
ese
T
m
m

a
n
d
W
m
m

w
eig
h
ts
a
re

p
recisely
th
o
se
fo
r
th
e
lo
w
est
W
3

m
in
im
a
l
m
o
d
el,
w
ith
c
m
m

=

45
.
T
h
e
rem
a
in
in
g

o
p
era
to
rs
U
('
;�
;
)
in
th
e
p
h
y
sica
l
sta
tes
o
f
th
eW
2
;4
strin
g
h
av
e
T
m
m

w
eig
h
ts
h
=
75

a
n
d
3
.
W
e
�
n
d
th
a
t
th
ese
a
re
n
o
t
h
ig
h
est
w
eig
h
t
u
n
d
er
th
e
W
m
m

cu
rren
t.
In
fa
ct,

th
ey
a
re
W
3
d
escen
d
a
n
t
�
eld
s;
th
o
se
w
ith
h
=
75

ca
n
b
e
w
ritten
a
s

d(W
m
m
)
�

1
+
���

a
ctin
g
o
n
o
p
era
to
rs
U
('
;�
;
)
w
ith
h
=

25
,
a
n
d
th
o
se
w
ith
h
=
3
ca
n
b
e
w
ritten
a
s

d(W
m
m
)
�

3
+
���
a
ctin
g
o
n
o
p
era
to
rs
U
('
;�
;
)
w
ith
h
=
0
.

T
h
e
co
n
clu
sio
n
o
f
th
e
a
b
ov
e
d
iscu
ssio
n
is
th
a
t
th
e
U
('
;�
;
)
o
p
era
to
rs
a
p
p
ea
rin
g

in
th
e
p
h
y
sica
l
sta
tes
o
f
th
e
W
2
;4

strin
g
a
re
p
recisely
th
o
se
a
sso
cia
ted
w
ith
th
e

c
m
m

=

45

low
est
W
3
m
in
im
a
l
m
o
d
el.
T
h
o
se
w
ith
h
=
f
0
;
11

5
;
25
;
23 g

a
re
W
3
h
ig
h
est

w
eig
h
t
�
eld
s,
w
h
ilst
th
o
se
w
ith
h
=
75

a
n
d
3
a
re
W
3
d
escen
d
a
n
ts.
V
iew
ed
a
s
p
u
rely

V
ira
so
ro
�
eld
s,
th
ey
a
re
a
ll
p
rim
a
ries.
In
fa
ct,
w
h
a
t
w
e
a
re
seein
g
is
a
n
ex
p
licit

ex
a
m
p
le
o
f
th
e
p
h
en
o
m
en
o
n
u
n
d
er
w
h
ich
th
e
set
o
f
h
ig
h
est
w
eig
h
t
�
eld
s
o
f
a
W

m
in
im
a
l
m
o
d
el
d
eco
m
p
o
ses
in
to
a
la
rg
er
set
o
f
h
ig
h
est
w
eig
h
t
�
eld
s
w
ith
resp
ect
to

th
e
V
ira
so
ro
su
b
a
lg
eb
ra
.
In
th
is
ex
a
m
p
le,
sin
ce
c
m
m

is
less
th
a
n
1
,
th
e
W
m
m

h
ig
h
est

w
eig
h
t
�
eld
s
d
eco
m
p
o
se
in
to
a
�
n
ite
n
u
m
b
er
o
f
V
ira
so
ro
p
rim
a
ries
(n
a
m
ely
a
su
b
set

o
f
th
e
p
rim
a
ries
o
f
th
e
c
m
m

=

45

3
-sta
te
P
o
tts
m
o
d
el).
In
a
m
o
re
g
en
eric
ex
a
m
p
le,

w
h
ere
th
e
W
m
in
im
a
l
m
o
d
el
h
a
s
c
m
m

�
1
,
th
e
�
n
ite
n
u
m
b
er
o
fW
h
ig
h
est
w
eig
h
t

�
eld
s
w
ill
d
eco
m
p
o
se
in
to
a
n
in
�
n
ite
n
u
m
b
er
o
f
V
ira
so
ro
p
rim
a
ries,
w
ith
in
�
n
itely

m
a
n
y
o
f
th
em
a
risin
g
a
s
W
m
m

d
escen
d
a
n
ts.
W
e
sh
a
ll
en
co
u
n
ter
ex
p
licit
ex
a
m
p
les
o
f

th
is
w
h
en
w
e
stu
d
y
th
e
W
2
;s
strin
g
s
w
ith
s
=
5
a
n
d
s
=
6
.

8
.4
.2

T
h
e
W

2
;5
strin
g

L
et
u
s
n
ow
tu
rn
to
th
e
ex
a
m
p
le
o
f
th
eW
2
;5
strin
g
.
T
h
e
o
p
era
to
r
F
('
;�
;
)
a
p
p
ea
rin
g

in
eq
.
(8
.3
.1
4
)
is
g
iv
en
b
y
[1
4
3]:

F
(�
;
;'
)
=
(@
'
)
5

+
5
�
@
2'

(@
'
)
3

+
3
0
5

8

(@
2
'
)
2
@
'
+
1
1
5

6

@
3'

(@
'
)
2

+
1
03
�
@
3'
@
2'

+
5
5

4
8
�
@
4
'
@
'
+
2
5
1

5
7
6
@
5
'
+
2
52

(@
'
)
3
�
@

+
2
54
�
@
2'
@
'
�
@


+
1
2
5

1
6
@
3'
�
@

+
3
2
5

1
2
@
2'
@
�
@

+
3
7
5

1
6
@
'
@
2�
@

�
1
7
5

4
8
@
'
�
@
3

+
53
�
@
3�
@

�
3
5

4
8
�
@
�
@
3
;

(8
.4
.7
)

w
ith
�
2

=

1
2
1

6

.
H
ere,
w
e
h
av
e
c
X

=
2
5
,
a
n
d
th
e
a
sso
cia
ted
m
in
im
a
l
m
o
d
el,
w
ith

c
m
m

=
1
,
is
ex
p
ected
to
b
e
th
e
lo
w
estW
4
m
in
im
a
l
m
o
d
el
[1
4
3].
F
o
llow
in
g
th
e
sa
m
e

stra
teg
y
a
s
b
efo
re,
w
e
sh
o
u
ld
b
eg
in
b
y
lo
o
k
in
g
a
m
o
n
g
st
th
e
o
p
era
to
rs
U
('
;�
;

)

a
sso
cia
ted
w
ith
th
e
p
h
y
sica
l
sta
tes
eq
.
(8
.3
.1
5
)
w
ith
zero
'
m
o
m
en
tu
m
,
a
n
d
zero

g
h
o
st
n
u
m
b
er,
a
t
d
im
en
sio
n
s
3
a
n
d
4
.
T
h
ese
w
ill
b
e
th
e
ca
n
d
id
a
te
d
im
en
sio
n
3
a
n
d

4
p
rim
a
ry
�
eld
s
o
f
th
e
W
4
a
lg
eb
ra
.
In
[1
4
3],
a
ll
p
h
y
sica
l
sta
tes
o
f
th
e
W
2
;5
strin
g
u
p

to
lev
el
`
=
1
3
w
ere
o
b
ta
in
ed
.
In
fa
ct
o
n
e
ca
n
ea
sily
see
th
a
t
th
e
req
u
ired
p
h
y
sica
l

sta
tes
a
sso
cia
ted
w
ith
th
e
d
im
en
sio
n
3
a
n
d
4
g
en
era
to
rs
w
ill
o
ccu
r
a
t
lev
els
1
3
a
n
d
1
4

resp
ectiv
ely.
W
e
�
n
d
th
e
fo
llow
in
g
ex
p
ressio
n
s
fo
r
th
e
p
rim
a
ry
d
im
en
sio
n
3
cu
rren
t

W
m
m

a
n
d
d
im
en
sio
n
4
cu
rren
t
V
m
m

o
f
th
e
W
4
a
lg
eb
ra
a
t
c
m
m

=
1
:

W
m
m

=

12
(@
'
)
3

+
32
�
@
2'
@
'
+
3
1

1
2
@
3'

+
1
52
@
'
�
@


+
5
@
'
@
�

+
5
@
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�

+
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�
@
�
@

+
�
@
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;

(8
.4
.8
)

V
m
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=

�
2
5

p
8
6
4 �

(@
'
)
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+
4
�
@
2
'
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'
)
2

+
2
3
1
7

1
5
0
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2
'
)
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+
2
7
7

2
5
@
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@
'
+

6
1
7

1
6
5
0
�
@
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+
1
0
8

5

@
2'
@
'
�

+
2
0
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'
)
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@

+
2
9
2

2
5
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'
)
2
@
�

+
6
2

1
1
�
@
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�
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+
2
1
0
4

2
7
5
�
@
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@
�

+
2
1
6

5
5
�
@
'
@
2
�

+
3
7
8

5
5
�
@
'
@
�
@

+
1
0
8

5
5
�
@
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�
4
4

1
5
�
@
3

�
1
3
2

2
5
@
�
@
2

+
3
2
1

2
5
@
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@

+
5
4
4

7
5
@
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+
4
45
@
�
�
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 �
:
(8
.4
.9
)

W
e
h
av
e
n
o
rm
a
lised
th
ese
cu
rren
ts
ca
n
o
n
ica
lly,
so
th
a
t
th
e
co
e�
cien
t
o
f
th
e
h
ig
h
est-

o
rd
er
p
o
le
in
th
e
O
P
E
o
f
a
d
im
en
sio
n
s
o
p
era
to
r
w
ith
itself
is
c
m
m
=
s,
w
h
ere
th
e

cen
tra
l
ch
a
rg
e
c
m
m

=
1
in
th
e
p
resen
t
ca
se.

It
is
n
o
w
a
stra
ig
h
tfo
rw
a
rd
m
a
tter
to
ch
eck
th
a
t
T
m
m
,
W
m
m

a
n
d
V
m
m

in
d
eed

g
en
era
te
th
e
W
4
a
lg
eb
ra
a
t
c
m
m

=
1
.
W
e
�
n
d
co
m
p
lete
a
g
reem
en
t
w
ith
th
e
a
lg
eb
ra

g
iv
en
in
[2
6,
1
3
1]
a
g
a
in
m
o
d
u
lo
th
e
a
p
p
ea
ra
n
ce
o
f
certa
in
a
d
d
itio
n
a
l
p
rim
a
ry
�
eld
s

th
a
t
a
re
B
R
S
T
ex
a
ct.
S
p
eci�
ca
lly,
w
e
�
n
d
a
d
im
en
sio
n
5
n
u
ll
p
rim
a
ry
�
eld
Q
1 (�
)

1
0
5
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p
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=
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=
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=
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4
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1
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2
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1
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�
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`
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1
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`
=
1
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`
=
1
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0
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`
=
1
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0
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`
=
1
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1
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2
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T
a
b
le
8
.2
:
U
('
;�
;
)
o
p
era
to
rs
fo
r
th
e
W
2
;5
strin
g

a
n
d
its
V
ira
so
ro
d
escen
d
a
n
ts
in
th
e
O
P
E
o
f
W
m
m
(z
)V
m
m
(w
),
a
n
d
a
d
im
en
sio
n
6
n
u
ll

p
rim
a
ry
�
eld
Q
1 (3
0
@
'
�
+
1
1 p
6
@
�
)
a
n
d
its
d
escen
d
a
n
ts
in
th
e
O
P
E
V
m
m
(z
)V
m
m
(w
).

H
av
in
g
o
b
ta
in
ed
th
e
cu
rren
ts
th
a
t
g
en
era
te
th
eW
4
a
lg
eb
ra
,
w
e
m
ay
n
o
w
ex
a
m
in
e

th
e
U
('
;�
;
)
o
p
era
to
rs
in
th
e
p
h
y
sica
l
sta
tes
o
f
th
eW
2
;5
strin
g
,
in
o
rd
er
to
co
m
p
a
re

th
eir
w
eig
h
ts
w
ith
th
o
se
o
f
th
e
lo
w
est
W
4
m
in
im
a
l
m
o
d
el.
S
p
eci�
ca
lly,
th
is
m
o
d
el

h
a
s
h
ig
h
est
w
eig
h
t
�
eld
s
w
ith
co
n
fo
rm
a
l
w
eig
h
ts
h
=

f
0
;
11

6
;
11

2
;
13
;
91

6
;
34
;1g
.
T
h
e

resu
lts
p
resen
ted
in
[1
4
3],
ex
ten
d
ed
to
lev
el
`
=
1
4
,
a
re
g
iv
en
in
ta
b
le
8
.2
.
O
n
e
ca
n

see
fro
m
th
e
resu
lts
in
ta
b
le
8
.2
th
a
t
in
d
eed
a
ll
th
e
co
n
fo
rm
a
l
w
eig
h
ts
o
f
th
e
p
rim
a
ry

�
eld
s
o
f
th
e
low
est
W
4
m
in
im
a
l
m
o
d
el
o
ccu
r
in
th
e
W
2
;5
strin
g
.
W
e
�
n
d
th
a
t
th
e

co
rresp
o
n
d
in
g
w
eig
h
ts
u
n
d
er
th
e
W
4
cu
rren
ts
(8
.4
.8
)
a
n
d
(8
.4
.9
)
a
re:

T
m
m

:

f
0
;
11

6
;
11

2
;
13
;
91

6
;
34
;1g
;

3
5
2

�

W
m
m

:

f
0
;�
1
;0
;0
;�
1
1
;�
3
2
;0g
;

6
9
1
2 p
6
V
m
m

:

f
0
;2
7
;�
6
4
;1
2
8
;�
4
0
5
;1
7
2
8
;�
6
9
1
2g
:

(8
.4
.1
0
)

In
t
e
r
m
e
z
z
o
8
.4
.2

If
h
=

11
6
,
th
e
W
m
m

{
w
eig
h
t
is
p
o
sitiv
e
w
h
en
(
�2

2
) �
1�
=
3
m
o
d
4
,
a
n
d
n
eg
a
tiv
e
w
h
en

(
�2

2
) �
1�
=
1
m
o
d
4
.
If
h
=

91
6
,
th
e
W
m
m

-w
eig
h
t
is
p
o
sitiv
e
w
h
en
(
�2

2
) �
1
�
=
1
m
o
d
4
,

a
n
d
n
eg
a
tiv
e
w
h
en
(
�2

2
) �
1
�
=
3
m
o
d
4
.
If
h
=

34
,
fo
r
w
h
ich
(
�2

2
) �
1
�
=

1
2
n
�
1
8
o
r

1
2
n�
1
4
,
w
ith
n
a
n
o
n
-n
eg
a
tiv
e
in
teg
er
(see
[1
4
3
]),
th
e
W
m
m

w
eig
h
t
is
p
o
sitiv
e
w
h
en
n

is
o
d
d
,
a
n
d
n
eg
a
tiv
e
w
h
en
n
is
ev
en
.

W
e
h
av
e
ch
eck
ed
th
a
t
th
ese
w
eig
h
ts
a
g
ree
w
ith
th
o
se
th
a
t
o
n
e
�
n
d
s
u
sin
g
th
e
h
ig
h
est

w
eig
h
t
v
ertex
-o
p
era
to
rs
o
f
th
e
W
N

m
in
im
a
l
m
o
d
els
in
th
e
\
M
iu
ra
"
rea
lisa
tio
n
s
d
is-

cu
ssed
in
[6
3
] 7.
T
h
e
rem
a
in
in
g
U
('
;
�
;
)
o
p
era
to
rs
o
b
ta
in
ed
h
ere
a
n
d
in
[1
4
3
],
w
ith

co
n
fo
rm
a
l
w
eig
h
ts
h
th
a
t
lie
o
u
tsid
e
th
e
set
o
f
w
eig
h
ts
fo
r
th
e
W
4
m
in
im
al
m
o
d
el,

co
rresp
o
n
d
to
W
m
m

a
n
d
V
m
m

d
escen
d
a
n
t
sta
tes.
In
o
th
er
w
o
rd
s,
th
ey
a
re
seco
n
-

d
a
ries
o
f
th
e
W
4

m
in
im
a
l
m
o
d
el,
b
u
t
th
ey
a
re
p
rim
a
ries
w
ith
resp
ect
to
a
p
u
rely

V
ira
so
ro
c
m
m

=
1
m
o
d
el.
In
th
is
m
o
re
g
en
eric
ca
se,
w
ith
c
m
m

�
1
,
th
e
n
u
m
b
er
o
f

p
rim
a
ries
in
th
e
p
u
rely
V
ira
so
ro
m
o
d
el
w
ill
b
e
in
�
n
ite.
T
h
u
s
if
w
e
w
o
u
ld
g
o
o
n
so
lv
-

in
g
th
e
p
h
y
sica
l
sta
te
co
n
d
itio
n
s
a
t
h
ig
h
er
a
n
d
h
ig
h
er
lev
els
`,
w
e
w
o
u
ld
�
n
d
a
set
o
f

o
p
era
to
rs
U
('
;�
;
)
w
ith
co
n
fo
rm
a
l
w
eig
h
ts
h
th
a
t
in
crea
sed
in
d
e�
n
itely.
A
ll
th
o
se

ly
in
g
o
u
tsid
e
th
e
set
h
=
f
0
;
11

6
;
11

2
;
13
;
91

6
;
34
;1g
w
o
u
ld
b
e
g
iv
en
b
y
certa
in
in
teg
ers

a
d
d
ed
to
va
lu
es
ly
in
g
in
th
e
set,
co
rresp
o
n
d
in
g
to
W
m
m

a
n
d
V
m
m

d
escen
d
a
n
t
�
eld
s.

8
.4
.3

T
h
e
W

2
;6
strin
g

In
[1
4
3],
it
w
a
s
fo
u
n
d
th
a
t
th
ere
a
re
fo
u
r
d
i�
eren
t
n
ilp
o
ten
t
B
R
S
T
o
p
era
to
rs
o
f
th
e

fo
rm

(8
.3
.6
),(8
.3
.7
),(8
.3
.1
4),
co
rresp
o
n
d
in
g
to
d
i�
eren
t
va
lu
es
o
f
�
,
a
n
d
h
en
ce
c
X
.

A
s
u
su
a
l,
w
e
sh
a
ll
b
e
co
n
cern
ed
w
ith
th
e
ca
se
w
h
ich
seem
s
to
b
e
a
sso
cia
ted
w
ith
a

u
n
ita
ry
strin
g
th
eo
ry.
T
h
is
is
g
iv
en
b
y
�
2

=

8
4
5

2
0
,
im
p
ly
in
g
c
X

=
1
7
4

7

a
n
d
h
en
ce
th
e

('
;�
;
)
sy
stem

d
escrib
es
a
m
o
d
el
w
ith
c
=

87
.
W
e
ex
p
ect
th
is
to
b
e
th
e
lo
w
estW
5

m
in
im
a
l
m
o
d
el.
T
h
e
o
p
era
to
r
F
('
;
�
;
)
in
th
is
ca
se
ta
k
es
th
e
fo
rm
[1
4
3]:
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(8
.4
.1
1
)

In
[1
4
3],
p
h
y
sica
l
sta
tes
in
th
e
th
eo
ry
u
p
to
a
n
d
in
clu
d
in
g
lev
el
`
=
6
w
ere
stu
d
ied
.

H
ere,
w
e
a
re
p
rim
a
rily
co
n
cern
ed
w
ith
�
n
d
in
g
th
e
p
h
y
sica
l
sta
tes
a
sso
cia
ted
w
ith
th
e

ex
p
ected
d
im
en
sio
n
3
;4
;5
,
p
rim
a
ry
�
eld
s
o
f
th
e
W
5
m
in
im
al
m
o
d
el.
T
h
ese
sh
o
u
ld

7
A
fter
co
n
v
ertin
g
fro
m

th
e
n
o
n
-p
rim
a
ry
b
a
sis
o
f
M
iu
ra
cu
rren
ts
to
th
e
p
rim
a
ry
b
a
sis
th
a
t
w
e

a
re
u
sin
g
h
ere.

1
0
6



8
.5
.
H
iera
rch
ies
o
f
strin
g
em
b
ed
d
in
g
s

o
ccu
r
a
t
lev
els
`
=
1
8
,
1
9
a
n
d
2
0
resp
ectiv
ely.
It
is
a
stra
ig
h
tfo
rw
a
rd
m
a
tter
to
so
lv
e

fo
r
su
ch
p
h
y
sica
l
sta
tes
eq
.
(8
.3
.1
5
)
w
ith
U
('
;�
;
)
h
a
v
in
g
zero
g
h
o
st
n
u
m
b
er
a
n
d

zero
'
m
o
m
en
tu
m
.
W
e
�
n
d
th
e
fo
llow
in
g
resu
lts
fo
r
th
e
d
im
en
sio
n
3
;4
;5
o
p
era
to
rs

W
m
m
,
V
m
m

a
n
d
Y
m
m
:

W
m
m

= q
25

7 �
73

(@
'
)
3

+
7
�
@
2'
@
'
+
1
8
5

1
2
@
3'

+
4
2
@
'
�
@


+
3
0
@
'
@
�

+
3
0
@
2'
�

+
7
�
@
�
@

+
5
�
@
2�
 �

V
m
m

=

� q
7

6
0
8
1
9 �
4
2
7

8

(@
'
)
4

+
4
2
7

2

�
@
2'

(@
'
)
2

+
1
0
6
1
9

8

(@
2'

)
2

+
7
4
3
@
3'
@
'

+
3
3
1
3

1
5
6
�
@
4'

+
1
4
5
5
@
2'
@
'
�

+
1
2
8
1
(@
'
)
2�
@

+
8
2
5
(@
'
)
2@
�


+
5
3
7
0

1
3

�
@
2'
�
@

+
6
9
0
0

1
3

�
@
2'
@
�

+
2
9
1
0

1
3

�
@
'
@
2
�

+
4
6
5
6

1
3

�
@
'
@
�
@


+
1
4
5
5

1
3

�
@
3'
�

�
2
4
7
�
@
3
�
4
9
4
@
�
@
2

+
6
8
9
1

7

@
2�
@


+
7
7
8
5

1
4

@
3�

+
1
1
7
0
@
�
�
@

 �

Y
m
m

= q
7

1
2
2 �
7
4
9

1
6
5
(@
'
)
5

+
7
4
9

3
3
�
(@
'
)
3@
2'

+
6
0
9
1

2
2

(@
2'

)
2@
'
+
1
3
6
1

6
6

�
@
3'
@
2'

+
1
4
3
5
1

1
3
2

@
3'

(@
'
)
2

+
2
3
3
0

4
2
9
�
@
4'
@
'
+
4
8
2
5

1
8
4
8
@
5'

+
1
4
9
8

1
1

(@
'
)
3
�
@


+
2
5
7
0

3
3

(@
'
)
3@
�

+
1
1
3
8
2

1
4
3

�
@
2'
@
'
�
@

+
1
5
6
7
0

1
4
3

�
@
2'
@
'
@
�


+
4
3
0

1
1
�
(@
2'

)
2�

+
4
2
7
0

1
4
3
�
@
3'
@
'
�

+
2
3
5
0

1
1

@
2'

(@
'
)
2�


+
7
8
4
0

1
4
3
�
(@
'
)
2@
�
@

+
4
3
8
0

1
4
3
�
(@
'
)
2@
2�

�
5
2
@
'
�
@
3
�
6
2
4

7

@
'
@
�
@
2


+
1
7
3
3
1

7
7

@
'
@
2�
@

+
9
7
7
5

7
7

@
'
@
3�

�
6
2
4

7

@
2'
�
@
2

+
1
8
5
4
1

7
7

@
2'
@
�
@


+
3
3
9
0

1
1

@
2'
@
2�

+
7
9
5
7

1
5
4
@
3'
�
@

+
7
7
7
0
5

4
6
2

@
3'
@
�

+
1
1
5
7
5

4
6
2

@
4'
�


�
2
63
�
@
�
@
3

�
1
0
4

7

�
@
2�
@
2

+
6
7
7
5

1
0
0
1
�
@
3�
@

+
5
3
6
5

1
0
0
1
�
@
4�


+
1
2
0
@
'
@
�
�
@


+
1
2
0

1
3
�
@
2�
�
@

 �
:

(8
.4
.1
2
)

W
e
h
a
v
e
a
s
u
su
a
l
g
iv
en
th
ese
cu
rren
ts
th
eir
ca
n
o
n
ica
l
n
o
rm
a
lisa
tio
n
s.
W
e
h
av
e

ch
eck
ed
th
a
t
th
ey
in
d
eed
,
to
g
eth
er
w
ith
T
m
m

=
T
'
+
T
�

,
g
en
era
te
th
e
W
5
a
lg
eb
ra
,

g
iv
en
in
[1
1
3
],
w
ith
cen
tra
l
ch
a
rg
e
c
m
m

=

87
.
A
g
a
in
,
o
n
e
�
n
d
s
a
d
d
itio
n
a
l
B
R
S
T

ex
a
ct
�
eld
s
a
p
p
ea
rin
g
o
n
th
e
rig
h
t-h
a
n
d
sid
es
o
f
th
e
O
P
E
s
o
f
th
e
p
rim
a
ry
g
en
era
to
rs.

T
h
ese
n
u
ll
�
eld
s
a
re
p
rim
a
ries
(a
n
d
th
eir
d
escen
d
a
n
ts)
ex
cep
t
in
th
e
ca
se
o
f
th
e
O
P
E

Y
m
m
(z
)Y
m
m
(w
).
T
h
e
n
ew
�
eld
o
ccu
rin
g
a
t
th
e
seco
n
d
o
rd
er
p
o
le
o
f
th
is
O
P
E
is
o
n
ly

p
rim
a
ry
u
p
to
B
R
S
T
ex
a
ct
term
s.

It
w
a
s
fo
u
n
d
in
[1
4
3]
th
a
t
th
e
p
h
y
sica
l
sta
tes
o
f
th
e
W
2
;6
strin
g
w
ere
a
sso
cia
ted

w
ith
o
p
era
to
rs
U
('
;�
;
)
w
h
o
se
co
n
fo
rm
a
l
w
eig
h
ts
in
clu
d
ed
th
o
se
o
f
th
e
h
ig
h
est

w
eig
h
t
�
eld
s
o
f
th
e
low
estW
5
m
in
im
al
m
o
d
el,
w
h
ich
h
a
s
c
=
87

.
In
d
eed
,
h
ere
w
e
�
n
d

th
a
t
th
e
h
ig
h
est
w
eig
h
t
�
eld
s
h
av
e
th
e
w
eig
h
ts

T
m
m

:

f
0
;
23

5
;
33

5
;
27
;
1
7

3
5
;
2
3

3
5
;
45
;
67
;
65 g

3
2
5

� q
5
78
W
m
m

:

f
0
;�
2
;�
1
;0
;�
1
3
;�
3
9
;�
7
6
;0
;�
3
8g

2
5 q
1
4
1
9
1
1

3

V
m
m

:

f
0
;1
1
;�
1
4
;5
0
;�
7
4
;66
;8
3
6
;�
1
1
0
0
;�
2
2
99g

8
9
3
7
5

� q
4
2
7

3
2

Y
m
m

:

f
0
;�
1
1
;�
4
8
;0
;�
3
1
4
;�
9
0
2
;�
1
4
52
;0
;�
1
6
62
1g
:

(8
.4
.1
3
)

N
o
te
th
a
t
th
e
�
sig
n
s
fo
r
th
e
w
eig
h
ts
u
n
d
er
th
e
d
im
en
sio
n
3
o
p
era
to
r
W
m
m

a
re

co
rrela
ted
w
ith
th
o
se
fo
r
th
e
w
eig
h
ts
u
n
d
er
th
e
d
im
en
sio
n
o
p
era
to
r
Y
m
m
.
A
g
a
in
w
e

h
av
e
ch
eck
ed
th
a
t
th
ese
w
eig
h
ts
a
g
ree
w
ith
th
o
se
ca
lcu
la
ted
fro
m
th
e
rea
lisa
tio
n
s
o
f

th
e
W
N

m
in
im
a
l
m
o
d
els
g
iv
en
in
[6
3].
A
ll
th
e
p
h
y
sica
l
sta
tes
o
f
th
e
W
2
;6
strin
g
a
re

p
resu
m
a
b
ly
a
sso
cia
ted
w
ith
o
p
era
to
rs
U
('
;�
;
)
th
a
t
a
re
eith
er
h
ig
h
est
w
eig
h
t
u
n
d
er

th
eW
5
a
lg
eb
ra
,
a
s
g
iv
en
in
eq
.
(8
.4
.1
3
),
o
r
th
ey
a
re
W
m
m
,
V
m
m

o
r
Y
m
m

d
escen
d
a
n
ts

o
f
su
ch
o
p
era
to
rs.
S
o
m
e
ex
a
m
p
les
o
f
d
escen
d
a
n
t
o
p
era
to
rs
ca
n
b
e
fo
u
n
d
in
[1
4
3].

A
g
a
in
o
n
e
ex
p
ects,
sin
ce
th
e
W
5
m
in
im
a
l
m
o
d
el
h
a
s
c
m
m

=

87

�
1
,
th
a
t
th
ere
w
ill

b
e
a
n
in
�
n
ite
n
u
m
b
er
o
f
d
escen
d
a
n
t
o
p
era
to
rs.

8
.5

H
ie
ra
rc
h
ie
s
o
f
strin
g
e
m
b
e
d
d
in
g
s

It
w
a
s
p
ro
p
o
sed
recen
tly
[1
4
]
th
a
t
a
s
p
a
rt
o
f
th
e
g
en
era
l
p
ro
g
ra
m
m
e
o
f
lo
o
k
in
g
fo
r

u
n
ify
in
g
p
rin
cip
les
in
strin
g
th
eo
ry,
o
n
e
sh
o
u
ld
lo
o
k
fo
r
w
ay
s
in
w
h
ich
strin
g
th
eo
ries

w
ith
sm
a
ller
w
o
rld
sh
eet
sy
m
m
etries
co
u
ld
b
e
em
b
ed
d
ed
in
to
strin
g
th
eo
ries
w
ith

la
rg
er
sy
m
m
etries.
In
p
a
rticu
la
r,
it
w
a
s
sh
ow
n
in
[1
4]
th
a
t
th
e
b
o
so
n
ic
strin
g
co
u
ld

b
e
em
b
ed
d
ed
in
th
e
N

=
1
su
p
erstrin
g
,
a
n
d
th
a
t
in
tu
rn
,
th
e
N

=
1
strin
g
co
u
ld
b
e

em
b
ed
d
ed
in
th
e
N

=
2
su
p
erstrin
g
.
In
su
b
seq
u
en
t
p
a
p
ers,
it
w
a
s
sh
ow
n
b
y
va
rio
u
s

m
eth
o
d
s
th
a
t
th
e
co
h
o
m
o
lo
g
ies
o
f
th
e
resu
ltin
g
th
eo
ries
w
ere
p
recisely
th
o
se
o
f
th
e

em
b
ed
d
ed
th
eo
ries
th
em
selv
es
[8
0,
1
2
0].

T
h
e
essen
tia
l
in
g
red
ien
t
in
th
e
em
b
ed
d
in
g
s
d
iscu
ssed
in
[1
4]
is
th
a
t
a
rea
lisa
tio
n

fo
r
th
e
cu
rren
ts
o
f
th
e
m
o
re
sy
m
m
etric
th
eo
ry
ca
n
b
e
fo
u
n
d
in
term
s
o
f
th
e
cu
rren
ts

o
f
th
e
less
sy
m
m
etric
th
eo
ry,
to
g
eth
er
w
ith
so
m
e
a
d
d
itio
n
a
l
m
a
tter
�
eld
s
w
h
o
se

ev
en
tu
a
l
r^o
le
fo
r
th
e
co
h
o
m
o
lo
g
y
is
to
su
p
p
ly
d
eg
rees
o
f
freed
o
m

th
a
t
a
re
ca
n
celled

b
y
th
e
a
d
d
itio
n
a
l
g
h
o
sts
o
f
th
e
la
rg
er
th
eo
ry.
F
o
r
ex
a
m
p
le,
th
e
N

=
1
su
p
erco
n
fo
rm
a
l

a
lg
eb
ra
,
a
t
critica
l
cen
tra
l
ch
a
rg
e
c
=
1
5
,
ca
n
b
e
rea
lised
in
term
s
o
f
a
c
=
2
6
en
er-

g
y
{
m
o
m
en
tu
m
ten
so
r
T
M

a
s:

T

=

T
M

�
32
b
1
@
c
1 �
12
@
b
1
c
1
+
12
@
2(c

1
@
c
1 )

G

=

b
1
+
c
1
(T
M

+
@
c
1
b
1 )
+
52
@
2c

1
;

(8
.5
.1
)

w
h
ere
b
1
a
n
d
c
1
a
re
g
h
o
st-lik
e
d
im
en
sio
n
(
32
;�
12

)
a
n
tico
m
m
u
tin
g
m
a
tter
�
eld
s.
T
h
e

co
h
o
m
o
lo
g
y
o
f
th
e
B
R
S
T
o
p
era
to
r
fo
r
th
e
N

=
1
su
p
erstrin
g
,
w
ith
th
is
rea
lisa
tio
n

1
0
7



C
h
a
p
ter
8
.
C
ritica
lW
{
strin
g
s

o
f
th
e
N

=
1
su
p
erco
n
fo
rm
a
l
a
lg
eb
ra
,
is
p
recisely
th
a
t
o
f
th
e
u
su
a
l
b
o
so
n
ic
strin
g

[1
4,
8
0
,
1
2
0
].
T
h
is
is
m
o
st
ea
sily
seen
u
sin
g
th
e
m
eth
o
d
o
f
[1
2
0],
w
h
ere
a
u
n
ita
ry

ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
Q
�!
e
R

Q
e
�

R

is
a
p
p
lied
to
th
e
N

=
1
B
R
S
T
o
p
era
to
r,

tra
n
sfo
rm
in
g
it
in
to
th
e
B
R
S
T
o
p
era
to
r
fo
r
th
e
b
o
so
n
ic
strin
g
p
lu
s
a
p
u
rely
to
p
o
lo
g
-

ica
l
B
R
S
T
o
p
era
to
r.
In
e�
ect,
th
e
d
eg
rees
o
f
freed
o
m
o
f
b
1
a
n
d
c
1
a
re
ca
n
celled
o
u
t

b
y
th
e
d
eg
rees
o
f
freed
o
m
o
f
th
e
co
m
m
u
tin
g
d
im
en
sio
n
(
32
;�
12

)
g
h
o
sts
fo
r
th
e
d
im
en
-

sio
n
32

cu
rren
t
G
.
T
h
e
cen
tra
l
ch
a
rg
e
o
f
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
fo
r
(b
1 ;c
1 )
is

c
=
1
1
,
w
h
ich
p
recisely
ca
n
cels
th
e
c
=
�
1
1
cen
tra
l
ch
a
rg
e
fo
r
th
e
d
im
en
sio
n
32

g
h
o
st

sy
stem

fo
r
th
e
d
im
en
sio
n
32

cu
rren
t
G
.

It
is
n
a
tu
ra
l
to
en
q
u
ire
w
h
eth
er
so
m
e
a
n
a
lo
g
o
u
s
seq
u
en
ce
o
f
em
b
ed
d
in
g
s
fo
rW
{

strin
g
s
m
ig
h
t
ex
ist,
w
ith
,
fo
r
ex
a
m
p
le,
th
e
u
su
a
l
V
ira
so
ro
strin
g
co
n
ta
in
ed
w
ith
in

th
e
W
3 {
strin
g
,
w
h
ich
in
tu
rn
is
co
n
ta
in
ed
in
th
e
W
4 {
strin
g
,
a
n
d
so
o
n
[1
4].
In
fa
ct,

a
s
w
a
s
o
b
serv
ed
in
[1
4
5],
su
ch
seq
u
en
ces
o
f
em
b
ed
d
in
g
s
a
re
a
lrea
d
y
w
ell
k
n
ow
n
fo
r

W
{
strin
g
s.
T
h
e
sim
p
lest
ex
a
m
p
le
is
p
rov
id
ed
b
y
th
e
W
3 {
strin
g
,
w
h
ere
th
e
W
3 {

cu
rren
ts
T
a
n
d
W

a
re
rea
lised
in
term
s
o
f
a
n
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
X
,
a
n
d
a

sca
la
r
�
eld
'
.
T
h
e
'
�
eld
h
ere
p
lay
s
a
ro
le
a
n
a
lo
g
o
u
s
to
th
e
(b
1 ;c
1 )
m
a
tter
�
eld
s
in

th
e
em
b
ed
d
in
g
o
f
th
e
b
o
so
n
ic
strin
g
in
th
e
N

=
1
su
p
erstrin
g
.
H
ere,
h
o
w
ev
er,
th
e

cen
tra
l
ch
a
rg
e
c
=

1
4
9

2

fo
r
th
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
o
f
'
d
o
es
n
o
t
q
u
ite
ca
n
cel

th
e
cen
tra
l
ch
a
rg
e
c
=
�
7
4
o
f
th
e
(�
;
)
g
h
o
sts
fo
r
th
e
d
im
en
sio
n
3
cu
rren
t
W
,
a
n
d
so

th
e
n
ilp
o
ten
ce
o
f
th
e
W
3
B
R
S
T
o
p
era
to
r
req
u
ires
th
a
t
T
X

h
a
s
cen
tra
l
ch
a
rg
e
c
=
5
12

ra
th
er
th
a
n
c
=
2
6
.
T
h
e
'
�
eld
h
a
s
n
o
a
sso
cia
ted
co
n
tin
u
o
u
s
d
eg
rees
o
f
freed
o
m

in
p
h
y
sica
l
sta
tes,
a
n
d
th
e
co
h
o
m
o
lo
g
y
o
f
th
e
W
3

strin
g
is
ju
st
th
a
t
o
f
a
c
=
2
5
12

V
ira
so
ro
strin
g
ten
so
red
w
ith
th
e
Isin
g
m
o
d
el.

It
h
a
s
a
lso
b
een
su
g
g
ested
th
a
t
o
n
e
m
ig
h
t
b
e
a
b
le
to
em
b
ed
th
e
c
=
2
6
V
ira
so
ro

strin
g
in
to
,
fo
r
ex
a
m
p
le,
th
e
W
3
strin
g
.
H
ow
ev
er,
it
w
o
u
ld
,
p
erh
a
p
s,
b
e
su
rp
risin
g

if
it
w
ere
p
o
ssib
le
to
em
b
ed
th
e
V
ira
so
ro
strin
g
in
to
th
e
W
3
strin
g
in
tw
o
d
i�
eren
t

w
a
y
s,
b
o
th
fo
r
c
X

=

5
12

a
n
d
a
lso
fo
r
c
X

=
2
6
.
In
d
eed
,
th
ere
is
n
o
k
n
ow
n
w
ay
o
f

rea
lisin
g
th
e
cu
rren
ts
o
f
th
e
W
3
a
lg
eb
ra
,
w
ith
th
e
cen
tra
l
ch
a
rg
e
c
=
1
0
0
n
eed
ed
fo
r

n
ilp
o
ten
ce
o
f
th
e
B
R
S
T
o
p
era
to
r,
in
term
s
o
f
a
c
=
2
6
en
erg
y
{
m
o
m
en
tu
m
ten
so
r

p
lu
s
o
th
er
�
eld
s
th
a
t
w
o
u
ld
co
n
trib
u
te
n
o
co
n
tin
u
o
u
s
d
eg
rees
o
f
freed
o
m
in
p
h
y
sica
l

sta
tes.

In
t
e
r
m
e
z
z
o
8
.5
.1

A
v
ery
d
i�
eren
t
a
p
p
ro
a
ch
w
a
s
p
ro
p
o
sed
in
[1
5
],
w
h
ere
it
w
a
s
sh
o
w
n
th
a
t
b
y
p
erfo
rm
in
g

a
seq
u
en
ce
o
f
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
s
o
n
th
e
B
R
S
T

o
p
era
to
r
o
f
th
e
W
3

strin
g
,
it

co
u
ld
b
e
tra
n
sfo
rm
ed
in
to
th
e
B
R
S
T
o
p
era
to
r
o
f
a
n
o
rd
in
a
ry
c
=
2
6
b
o
so
n
ic
strin
g
p
lu
s

a
p
u
rely
to
p
o
lo
g
ica
l
B
R
S
T
o
p
era
to
r.
H
o
w
ev
er,
a
s
w
a
s
sh
o
w
n
in
[1
4
7
],
a
n
d
su
b
seq
u
en
tly

reitera
ted
in
[2
0
7
],
o
n
e
step
in
th
e
seq
u
en
ce
o
f
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
s
in
v
o
lv
ed
a

n
o
n
lo
ca
l
tra
n
sfo
rm
a
tio
n
th
a
t
red
u
ced
th
e
o
rig
in
a
lW
3
B
R
S
T
o
p
era
to
r
to
o
n
e
w
ith
co
m
-

p
letely
triv
ia
l
co
h
o
m
o
lo
g
y.
A
la
ter
step
in
th
e
seq
u
en
ce
th
en
in
v
o
lv
ed
a
n
o
th
er
n
o
n
lo
ca
l

tra
n
sfo
rm
a
tio
n
th
a
t
ca
u
sed
th
e
u
su
a
l
co
h
o
m
o
lo
g
y
o
f
th
e
b
o
so
n
ic
strin
g
to
g
ro
w
o
u
t
o
f

th
e
p
rev
io
u
s
triv
ia
l
co
h
o
m
o
lo
g
y.
In
e�
ect
o
n
e
is
g
lu
ein
g
tw
o
triv
ia
lised
th
eo
ries
b
a
ck
to

b
a
ck
,
a
n
d
so
th
e
p
h
y
sica
l
sp
ectra
o
f
th
e
tw
o
th
eo
ries
p
rio
r
to
triv
ia
lisa
tio
n
a
re
d
isco
n
-

n
ected
fro
m
o
n
e
a
n
o
th
er,
m
a
k
in
g
th
e
em
b
ed
d
in
g
q
u
ite
m
ea
n
in
g
less.

A
n
in
terestin
g
p
o
ssib
ility
fo
r
g
en
era
lisin
g
th
e
id
ea
s
in
[1
4
]
is
to
co
n
sid
er
th
e
ca
se

w
h
ere
th
e
b
o
so
n
ic
strin
g
is
em
b
ed
d
ed
in
a
ferm
io
n
ic
h
ig
h
er-sp
in
strin
g
th
eo
ry.
T
h
e

sim
p
lest
su
ch
ex
a
m
p
le
w
o
u
ld
b
e
p
rov
id
ed
b
y
lo
o
k
in
g
a
t
a
th
eo
ry
w
ith
a
d
im
en
sio
n

52

cu
rren
t
in
a
d
d
itio
n
to
th
e
en
erg
y
{
m
o
m
en
tu
m

ten
so
r.
In
o
rd
er
to
p
resen
t
so
m
e

resu
lts
o
n
th
is
ex
a
m
p
le,
it
is
u
sefu
l
�
rst
to
reca
st
th
e
N

=
1
su
p
erstrin
g
,
w
ith
th
e

m
a
tter
cu
rren
ts
rea
lised
a
s
in
(8
.5
.1
),
in
a
sim
p
ler
fo
rm
.
W
e
d
o
th
is
b
y
p
erfo
rm
in
g
a

ca
n
o
n
ica
l
red
e�
n
itio
n
in
v
o
lv
in
g
th
e
d
im
en
sio
n
2
g
h
o
sts
(b;c),
th
e
d
im
en
sio
n
32

g
h
o
sts

(r;s),
a
n
d
th
e
g
h
o
st-lik
e
m
a
tter
�
eld
s
(b
1 ;
c
1 )
(w
h
ich
w
e
sh
a
ll
refer
to
a
s
p
seu
d
o
-

g
h
o
sts).
If
w
e
tra
n
sfo
rm
th
ese
a
cco
rd
in
g
to
:

c

�!

c�
s
c
1

r

�!

r�
b
c
1

b
1

�!

b
1
+
b
s
;

(8
.5
.2
)

(w
ith
b,
s
a
n
d
c
1
su
�
erin
g
n
o
tra
n
sfo
rm
a
tio
n
),
th
en
th
e
B
R
S
T
o
p
era
to
r
a
ssu
m
es
th
e

g
ra
d
ed
fo
rm
Q
=
Q
0
+
Q
1 ,
w
h
ere:

Q
0

=

I
c �
T
M

+
T
b
1
c
1

+
T
r
s
+
12
T
b
c
+
x
@
2(@
c
1 c
1 ) �

Q
1

=

I
s �
b
1 �
x
b
1 @
c
1 c
1
+
3
x
r
@
s
c
1
+
x
@
r
sc
1
+
2
x
2
@
2c

1
@
c
1 c
1 �
:
(8
.5
.3
)

H
ere
x
is
a
free
co
n
sta
n
t
w
h
ich
a
ctu
a
lly
ta
k
es
th
e
va
lu
e
�
12

w
h
en
o
n
e
tra
n
sfo
rm
s

(8
.5
.1
)
a
cco
rd
in
g
to
(8
.5
.2
),
b
u
t
ca
n
b
e
m
a
d
e
a
rb
itra
ry
b
y
p
erfo
rm
in
g
a
co
n
sta
n
t

O
P
E
-p
reserv
in
g
resca
lin
g
o
f
b
1
a
n
d
c
1 .
T
h
e
rea
so
n
fo
r
in
tro
d
u
cin
g
x
is
th
a
t
it
ca
n

b
e
v
iew
ed
a
s
a
p
ow
er-co
u
n
tin
g
p
a
ra
m
eter
fo
r
a
seco
n
d
g
ra
d
in
g
o
f
Q
0
a
n
d
Q
1 ,
u
n
d
er

th
e
(b
1 ;c
1 )
p
seu
d
o
-g
h
o
st
n
u
m
b
er.
T
h
u
s
Q
0
h
a
s
term
s
o
f
p
seu
d
o
-g
h
o
st
d
eg
rees
0
a
n
d

2
,
w
h
ilst
Q
1
h
a
s
term
s
o
f
p
seu
d
o
-g
h
o
st
d
eg
rees
�
1
,
1
a
n
d
3
.
(W
e
h
av
e
d
ro
p
p
ed
a
n

ov
era
ll
x
�

1
fa
cto
r
fro
m
Q
1
fo
r
co
n
v
en
ien
ce.
W
e
a
re
free
to
d
o
th
is
o
w
in
g
to
th
e
�
rst

g
ra
d
in
g
u
n
d
er
(r;s)
d
eg
ree,
w
h
ich
im
p
lies
th
a
t
Q
20

=
Q
21

=
f
Q
0 ;
Q
1 g
=
0
.)

B
efo
re
m
ov
in
g
o
n
to
th
e
g
en
era
lisa
tio
n
to
h
ig
h
er
d
im
en
sio
n
s,
it
is
u
sefu
l
to
p
resen
t

th
e
u
n
ita
ry
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
o
f
ref.
[1
2
0]
in
th
is
la
n
g
u
a
g
e,
w
h
ich
m
a
p
s
th
e

B
R
S
T
o
p
era
to
r
in
to
th
a
t
o
f
th
e
b
o
so
n
ic
strin
g
p
lu
s
a
to
p
o
lo
g
ica
l
term
.
T
h
u
s
w
e
�
n
d

th
a
t
th
e
ch
a
rg
e:

R
= I
c
1 �
�
c
@
r�
32
@
c
r�
x
r
s
@
c
1 �

(8
.5
.4
)

a
cts
o
n
th
e
B
R
S
T
o
p
era
to
r
Q
=
Q
0
+
Q
1
to
g
iv
e:

e
R

Q
e
�

R

= I
c
(T
M

�
b
@
c)
+ I
s
b
1
:

(8
.5
.5
)

1
0
8



8
.5
.
H
iera
rch
ies
o
f
strin
g
em
b
ed
d
in
g
s

T
h
e
�
rst
term
o
n
th
e
rh
s
is
th
e
u
su
a
l
B
R
S
T
o
p
era
to
r
o
f
th
e
b
o
so
n
ic
strin
g
,
a
n
d
th
e

seco
n
d
term
is
p
u
rely
to
p
o
lo
g
ica
l,
w
ith
n
o
co
h
o
m
o
lo
g
y.

W
e
m
ay
n
ow
seek
a
d
im
en
sio
n
(2
;
52

)
g
en
era
lisa
tio
n
o
f
th
is
d
im
en
sio
n
(2
;
32

)
th
eo
ry.

T
h
u
s
w
e
n
o
w
co
n
sid
er
co
m
m
u
tin
g
g
h
o
sts
(r;s)
o
f
d
im
en
sio
n
s
(
52
;�
32

)
fo
r
a
d
im
en
sio
n

52
cu
rren
t,
a
n
d
a
n
tico
m
m
u
tin
g
p
seu
d
o
-g
h
o
sts
(b
1 ;c
1 )
o
f
d
im
en
sio
n
s
(
52
;�
32

).
W
e
�
n
d

th
a
t
a
g
ra
d
ed
B
R
S
T
o
p
era
to
r
Q
=
Q
0
+
Q
1
a
g
a
in
ex
ists,
w
h
ere
Q
0
co
n
ta
in
s
term
s

w
ith
p
seu
d
o
-g
h
o
st
d
eg
rees
0
,
2
a
n
d
4
,
w
h
ilst
Q
1
h
a
s
term
s
o
f
p
seu
d
o
-g
h
o
st
d
eg
rees

�
1
,
1
,
3
a
n
d
5
.
T
h
e
co
e�
cien
ts
o
f
th
e
v
a
rio
u
s
p
o
ssib
le
stru
ctu
res
in
Q
0
a
n
d
Q
1
a
re

d
eterm
in
ed
b
y
th
e
n
ilp
o
ten
cy
co
n
d
itio
n
s
Q
20

=
Q
21

=
f
Q
0 ;Q
1 g
=
0
.
Q
0
ta
k
es
th
e

fo
rm
:

Q
0
= I
c �
T
M

+
T
b
1
c
1

+
T
r
s
+
12
T
b
c
+
x
@
2 �3
@
3c

1 c
1
+
7
@
2c

1 @
c
1 �

+
y
@
2 �@
3c

1 @
2c

1 @
c
1 c
1 � �
;

(8
.5
.6
)

w
h
ere
x
a
n
d
y
a
re
a
rb
itra
ry
co
n
sta
n
ts
a
sso
cia
ted
w
ith
th
e
term
s
in
Q
0
o
f
p
seu
d
o
-

g
h
o
st
d
eg
ree
2
a
n
d
4
resp
ectiv
ely.
T
h
e
fo
rm
o
f
Q
1
is
q
u
ite
co
m
p
lica
ted
:

Q
1
= I
s �
b
1 �
6
x
b
1 @
2c

1 @
c
1 �
4
x
b
1 @
3c

1 c
1 �
6
x
@
b
1 @
2c

1 c
1 �

2
x
@
2b

1 @
c
1 c
1
+
���

+
x �
2
63
x
2

+
2
56
y �
@
4c

1 @
3c

1 @
2c

1 @
c
1 c
1 �
;

(8
.5
.7
)

w
h
ere
th
e
ellip
sis
rep
resen
ts
1
3
term
s
o
f
p
seu
d
o
-g
h
o
st
d
eg
ree
3
.

O
n
e
m
a
y
a
g
a
in
lo
o
k
fo
r
a
ch
a
rg
e
R

th
a
t
a
cts
u
n
ita
rily
a
n
d
ca
n
o
n
ica
lly
o
n
th
e

B
R
S
T
o
p
era
to
r
to
g
iv
e
it
a
sim
p
ler
fo
rm
.
W
e
�
n
d
th
a
t
th
e
req
u
ired
ch
a
rg
e
is
g
iv
en

b
y
:

R
= I
c
1 �
�
c@
r�
52
@
cr�
x
c@
2c

1 @
c
1 @
r�
52
x
@
c@
2c

1 @
c
1 r

�
2
x
@
c
1 @
2r
s�
6
x
@
2c

1 @
r
s
+
2
x
@
3c

1 r
s�
12
y
@
3c

1 @
2c

1 @
c
1 r
s �
:

(8
.5
.8
)

A
ctin
g
o
n
th
e
B
R
S
T
o
p
era
to
r
Q

=
Q
0
+
Q
1 ,
th
is
g
iv
es
ex
a
ctly
eq
.
(8
.5
.5
),
w
h
ich

sh
ow
s
th
a
t
th
is
th
eo
ry
is
a
g
a
in
sim
p
ly
eq
u
iva
len
t
to
th
e
b
o
so
n
ic
strin
g
.

A
lth
o
u
g
h
th
e
d
im
en
sio
n
(2
;
52

)
th
eo
ry
th
a
t
w
e
h
av
e
d
escrib
ed
a
b
o
v
e
h
a
s
a
B
R
S
T

o
p
era
to
r
th
a
t
is
a
n
a
tu
ra
l
g
en
era
lisa
tio
n
o
f
th
e
N

=
1
su
p
erco
n
fo
rm
a
l
B
R
S
T
o
p
era
to
r

w
ith
th
e
rea
lisa
tio
n
(8
.5
.1
)
fo
r
th
e
m
a
tter
cu
rren
ts,
th
ere
is
o
n
e
im
p
o
rta
n
t
a
sp
ect

w
h
ich
w
e
sh
o
u
ld
co
n
sid
er.
F
ro
m
th
e
g
ra
d
ed
(2
;
32

)
B
R
S
T
o
p
era
to
r
g
iv
en
b
y
(8
.5
.3
),

o
n
e
ca
n
in
v
ert
th
e
ca
n
o
n
ica
l
tra
n
sfo
rm
a
tio
n
(8
.5
.2
),
a
n
d
g
et
b
a
ck
to
a
fo
rm
in
w
h
ich

o
n
e
ca
n
rep
la
ce
th
e
sp
eci�
c
rea
lisa
tio
n
(8
.5
.1
)
o
f
th
e
su
p
erco
n
fo
rm
a
l
cu
rren
ts
b
y
a
n

a
b
stra
ct
rea
lisa
tio
n
in
term
s
o
f
cu
rren
ts
T
a
n
d
G
.
In
th
is
sen
se,
o
n
e
ca
n
say
th
a
t

th
e
rea
lisa
tio
n
(8
.5
.1
)
d
escrib
es
a
n
em
b
ed
d
in
g
o
f
th
e
b
o
so
n
ic
strin
g
in
th
e
N

=
1

su
p
erstrin
g
.
L
et
u
s
lo
o
k
if
th
e
so
m
e
p
ro
ced
u
re
g
o
es
th
ro
u
g
h
fo
r
th
e
(2
;
52

)
B
R
S
T

o
p
era
to
r.

L
et
u
s
co
n
sid
er
th
e
W
2
;5
=
2
a
lg
eb
ra
in
m
o
re
d
eta
il.
C
la
ssica
lly,
th
e
p
rim
a
ry
d
i-

m
en
sio
n
52

cu
rren
t
G
sa
tis�
es
th
e
O
P
E
:

G
(z
)G
(w
)�
T
2

z�
w

:

(8
.5
.9
)

T
h
e
J
a
co
b
i
id
en
tity
is
sa
tis�
ed
m
o
d
u
lo
th
e
cla
ssica
l
n
u
ll
�
eld
:

N
1 �
4
T
@
G
�
5
@
T
G
:

(8
.5
.1
0
)

B
efo
re
sp
ecify
in
g
w
h
a
t
w
e
m
ea
n
w
ith
a
cla
ssica
l
n
u
ll
�
eld
,
w
e
w
ish
to
sh
ow
th
a
t
o
n
e

ca
n
rea
lise
th
e
a
lg
eb
ra
in
th
e
fo
llow
in
g
w
ay
:

T

=

�
12
 
@
� 
+
12
@
 
� 
;

G

=

12 � 
+
� �
T
;

(8
.5
.1
1
)

w
h
ere
 
is
a
co
m
p
lex
ferm
io
n
sa
tisfy
in
g
th
e
O
P
E
 
(z
)
� (w
)�
1
=
(z�
w
).
O
n
e
ca
n

ea
sily
v
erify
fo
r
th
is
rea
lisa
tio
n
th
a
t
th
e
n
u
ll
�
eld
H

va
n
ish
es.

W
e
ch
eck
ed
th
a
t
b
o
th
fo
r
th
e
a
b
stra
ct
a
lg
eb
ra
,
a
n
d
fo
r
th
e
rea
lisa
tio
n
n
o
B
R
S
T

o
p
era
to
r
ca
n
b
e
co
n
stru
cted
a
lo
n
g
th
e
fa
m
ilia
r
lin
es,
e.g
.
b
y
in
tro
d
u
cin
g
g
h
o
sts{

a
n
tig
h
o
st
p
a
irs
fo
r
T
a
n
d
G
,
a
n
d
co
n
stru
ctin
g
a
B
R
S
T
ch
a
rg
e
c
1T

+
c
2G

+
f
ij
k
c
ic
jb
k ,

w
h
ere
th
e
stru
ctu
re
co
n
sta
n
ts
f
ij
k

d
ep
en
d
o
n
T
.
T
o
ex
p
la
in
th
is
su
rp
risin
g
fa
ct,
w
e

n
eed
to
ela
b
o
ra
te
o
n
th
e
m
ea
n
in
g
o
f
a
n
u
ll
�
eld
in
a
P
o
isso
n
a
lg
eb
ra
.

W
e
u
se
ex
a
ctly
th
e
sa
m
e
d
e�
n
itio
n
fo
r
a
n
u
ll
�
eld
a
s
in
th
e
O
P
E
ca
se,
see
su
b
-

sectio
n
2
.3
.3
.
T
h
a
t
is,
a
ll
n
u
ll
�
eld
s
fo
rm

a
n
id
ea
l
in
th
e
P
o
isso
n
a
lg
eb
ra
.
W
e
ca
n

ch
eck
b
y
rep
ea
ted
ly
co
m
p
u
tin
g
P
o
isso
n
b
ra
ck
ets
w
ith
N
1
th
a
t
it
th
ere
is
a
n
id
ea
l
in

th
e
P
o
isso
n
a
lg
eb
ra
o
f
T
a
n
d
G
,
g
en
era
ted
b
y
N
1
a
n
d

N
2 �
4
T
3�

3
0
@
G
G
:

(8
.5
.1
2
)

M
o
re
p
recisely,
a
ll
o
th
er
n
u
ll
�
eld
s
ca
n
b
e
w
ritten
a
s:

f
1 (T
;G
)N
1
+
f
2 (T
;G
)N
2
;

(8
.5
.1
3
)

w
ith
f
i (T
;G
)
a
d
i�
eren
tia
l
p
o
ly
n
o
m
ia
l
in
T

a
n
d
G
.
W
e
see
th
a
t
th
e
p
h
a
se
sp
a
ce

o
f
th
e
P
o
isso
n
a
lg
eb
ra
is
n
o
t
sim
p
ly
th
e
sp
a
ce
o
f
d
i�
eren
tia
l
p
o
ly
n
o
m
ia
ls
in
T
a
n
d

G
,
b
u
t
th
e
a
d
d
itio
n
a
l
co
n
stra
in
ts
N
1
=
N
2
=
0
h
av
e
to
b
e
ta
k
en
in
to
a
cco
u
n
t.
In

su
ch
a
ca
se,
th
e
o
rd
in
a
ry
p
ro
ced
u
re
o
f
co
n
stru
ctin
g
a
(cla
ssica
l)
B
R
S
T
ch
a
rg
e
d
o
es

n
o
t
w
o
rk
.
In
d
eed
,
o
n
e
sh
o
u
ld
u
se
th
e
B
R
S
T
-fo
rm
a
lism

a
p
p
ro
p
ria
te
fo
r
red
u
cib
le

co
n
stra
in
ts,
w
h
ich
req
u
ires
th
e
in
tro
d
u
ctio
n
o
f
\
g
h
o
sts
fo
r
g
h
o
sts"
,
see
e.g
.
[1
1
0].

T
h
is
clea
rly
ex
p
la
in
s
w
h
y
n
o
\
o
rd
in
a
ry
"
B
R
S
T
ch
a
rg
e
ex
ists
fo
r
th
is
sy
stem
.

1
0
9



C
h
a
p
ter
8
.
C
ritica
lW
{
strin
g
s

T
h
u
s,
it
seem
s
th
a
t
th
e
W

2
;
52

strin
g
is
o
f
v
ery
d
i�
eren
t
ty
p
e
th
a
n
o
th
er
strin
g
s

co
n
sid
ered
u
p
to
n
ow
.
It
rem
a
in
s
to
b
e
seen
if
th
e
resu
ltin
g
B
R
S
T
-ch
a
rg
e
is
in
a
n
y

w
a
y
rela
ted
to
th
e
o
n
e
w
e
co
n
stru
cted
a
b
o
v
e,
eq
s,
(8
.5
.6
,8
.5
.7
).

W
e
h
a
v
e
ex
p
licitly
ch
eck
ed
fo
r
a
ll
h
ig
h
er
h
a
lf-in
teg
er
d
im
en
sio
n
s,
a
n
d
w
e
�
n
d

th
a
t
a
g
a
in
a
cla
ssica
lW
2
;n
=
2
a
lg
eb
ra
d
o
es
n
o
t
id
en
tica
lly
sa
tisfy
th
e
J
a
co
b
i
id
en
tity.

T
h
u
s
a
g
a
in
,
w
e
ex
p
ect
th
a
t
g
h
o
sts
fo
r
g
h
o
sts
sh
o
u
ld
b
e
in
tro
d
u
ced
to
en
a
b
le
a
p
ro
p
er

trea
tm
en
t
in
th
e
B
R
S
T
fo
rm
a
lism
o
f
su
ch
a
lg
eb
ra
s.

8
.6

C
o
n
c
lu
sio
n
a
n
d
d
isc
u
ssio
n

In
th
is
ch
a
p
ter
w
e
h
av
e
lo
o
k
ed
a
t
th
e
q
u
a
n
tisa
tio
n
o
fW
-strin
g
th
eo
ries
b
a
sed
o
n

th
e
cla
ssica
l
W
2
;s

h
ig
h
er-sp
in
a
lg
eb
ra
s.
O
n
e
o
f
th
e
m
o
re
n
o
tew
o
rth
y
fea
tu
res
o
f

th
ese
th
eo
ries
is
th
a
t
a
n
o
m
a
ly
-free
q
u
a
n
tisa
tio
n
is
p
o
ssib
le
ev
en
w
h
en
th
ere
d
o
es
n
o
t

ex
ist
a
clo
sed
q
u
a
n
tu
m
ex
ten
sio
n
o
f
th
e
cla
ssica
lW
2
;s
a
lg
eb
ra
a
t
th
e
critica
l
cen
tra
l

ch
a
rg
e.
W
e
ca
n
id
en
tify
q
u
a
n
tu
m

cu
rren
ts
a
s
th
e
co
e�
cien
ts
o
f
th
e
d
im
en
sio
n
�
1

a
n
d
1�
s
g
h
o
sts
in
th
e
B
R
S
T
cu
rren
t,
a
n
d
d
isca
rd
in
g
a
n
tig
h
o
sts.
O
f
co
u
rse,
th
ese

�
eld
s
d
o
g
en
era
te
a
rea
lisa
tio
n
o
f
a
q
u
a
n
tu
m
W
{
a
lg
eb
ra
.
H
ow
ev
er,
th
e
co
rresp
o
n
d
in
g

a
b
stra
ct
a
lg
eb
ra
is
p
ro
b
a
b
ly
in
�
n
itely
g
en
era
ted
.
A
p
rev
io
u
s
ex
a
m
p
le
o
f
th
is
k
in
d

o
f
p
h
en
o
m
en
o
n
,
w
h
ere
a
B
R
S
T
o
p
era
to
r
ex
ists
ev
en
w
h
en
th
e
m
a
tter
sy
stem

d
o
es

n
o
t
g
en
era
te
a
clo
sed
a
lg
eb
ra
a
t
th
e
q
u
a
n
tu
m
lev
el,
w
a
s
fo
u
n
d
in
th
e
co
n
tex
t
o
f
th
e

n
o
n
-critica
lW
3 {
strin
g
d
iscu
ssed
in
[1
9,
2
3
,
2
2
].

It
is
q
u
ite
p
u
zzlin
g
th
a
t
th
ere
ca
n
b
e
sev
era
l
in
eq
u
iva
len
t
q
u
a
n
tu
m
th
eo
ries
th
a
t

a
rise
fro
m

th
e
sa
m
e
cla
ssica
l
th
eo
ry,
co
rresp
o
n
d
in
g
to
d
i�
eren
t
p
o
ssib
le
ch
o
ices
fo
r

th
e
co
e�
cien
ts
o
f
th
e
q
u
a
n
tu
m
co
rrectio
n
s
to
th
e
cla
ssica
l
B
R
S
T
o
p
era
to
r.
A
stu
d
y

o
f
th
e
rela
tio
n
b
etw
een
th
e
cla
ssica
l
a
n
d
q
u
a
n
tu
m
co
h
o
m
o
lo
g
y
o
f
th
e
co
rresp
o
n
d
in
g

B
R
S
T
o
p
era
to
rs
sh
o
u
ld
b
e
a
b
le
to
sh
ed
so
m
e
lig
h
t
o
n
th
is
p
o
in
t.

In
a
m
u
lti-sca
la
r
rea
lisa
tio
n
,
th
e
sp
ectru
m

o
f
p
h
y
sica
l
sta
tes
fo
r
a
W
2
;s

strin
g

tu
rn
s
o
u
t
to
b
e
d
escrib
ed
b
y
th
e
ten
so
r
p
ro
d
u
ct
o
f
sets
o
f
b
o
so
n
ic-strin
g
sta
tes
in
th
e

e�
ectiv
e
sp
a
cetim
e
tim
es
certa
in
p
rim
a
ry
o
p
era
to
rs
b
u
ilt
fro
m

th
e
('
;
�
;

)
�
eld
s.

In
m
o
st
ca
ses
th
ese
p
rim
a
ry
�
eld
s
a
re
co
n
jectu
red
to
co
rresp
o
n
d
to
th
o
se
o
f
so
m
e

V
ira
so
ro
o
r
W
m
in
im
a
l
m
o
d
el.
F
o
r
ex
a
m
p
le,
th
e
reg
u
la
r
seq
u
en
ce
o
fW
2
;s

B
R
S
T

o
p
era
to
rs,
w
h
ich
ex
ist
fo
r
a
ll
s,
co
rresp
o
n
d
s
to
th
e
low
est
u
n
ita
ry
W
s
�

1

m
in
im
a
l

m
o
d
el,
w
ith
c
m
m

=
2
(s�
2
)=
(s
+
1
).
W
e
h
a
v
e
tested
th
e
a
b
o
v
e
co
n
jectu
re
in
d
eta
il

fo
r
th
e
ca
ses
s
=

4
,
5
a
n
d
6
o
f
th
e
W
2
;s {
strin
g
.
W
e
h
a
v
e
sh
o
w
n
,
fo
r
th
e
lo
w
est

few
lev
els,
th
a
t
in
d
eed
th
e
o
p
era
to
rs
U
('
;�
;
)
th
a
t
a
rise
in
th
e
p
h
y
sica
l
sta
tes,
a
re

a
sso
cia
ted
w
ith
th
e
h
ig
h
est
w
eig
h
t
�
eld
s
o
f
th
e
low
est
u
n
ita
ry
W
s
�

1
m
in
im
a
lm
o
d
els.

S
p
eci�
ca
lly,
w
e
�
n
d
in
a
ll
p
h
y
sica
l
sta
tes
th
a
t
U
('
;�
;
)
is
eith
er
a
h
ig
h
est
w
eig
h
t

�
eld
o
f
th
e
co
rresp
o
n
d
in
g
W
s
�

1
m
in
im
a
l
m
o
d
el,
o
r
else
it
is
a
d
escen
d
a
n
t
�
eld
in
th
e

sen
se
th
a
t
it
is
o
b
ta
in
ed
fro
m
a
h
ig
h
est
w
eig
h
t
�
eld
b
y
a
ctin
g
w
ith
th
e
n
eg
a
tiv
e
m
o
d
es

o
f
th
e
p
rim
a
ry
cu
rren
ts
o
f
th
e
W
s
�

1
a
lg
eb
ra
.
S
in
ce
th
e
cen
tra
l
ch
a
rg
e
c
=
2
(s
�

2
)

(s
+
1
)

o
f

th
e
('
;�
;
)
sy
stem

sa
tis�
es
c�
1
fo
r
s
�
5
,
it
fo
llow
s
th
a
t
in
th
ese
ca
ses
th
ere
a
re

in
�
n
ite
n
u
m
b
ers
o
f
su
ch
d
escen
d
a
n
t
�
eld
s
in
th
e
m
o
d
els.
T
h
u
s
th
e
W
s
�

1
g
en
era
to
rs

p
ro
v
id
e
a
strik
in
g
ly
p
ow
erfu
l
o
rg
a
n
isin
g
sy
m
m
etry
in
th
ese
ca
ses.

T
h
e
o
rig
in
a
l
rea
lisa
tio
n
s
o
f
th
e
W
N

a
lg
eb
ra
s
w
ere
th
e
(N
�
1
)-sca
la
r
rea
lisa
tio
n
s

fro
m
th
e
M
iu
ra
tra
n
sfo
rm
a
tio
n
,
in
tro
d
u
ced
in
[6
6,
6
3
].
B
y
co
n
tra
st,
th
e
rea
lisa
tio
n
s

o
f
th
e
low
est
u
n
ita
ry
W
s
�

1
m
in
im
a
l
m
o
d
els
th
a
t
w
e
�
n
d
h
ere
a
re
a
ll
g
iv
en
in
term
s

o
f
ju
st
o
n
e
sca
la
r
�
eld
'
,
a
n
d
th
e
(�
;
)
g
h
o
st
sy
stem

fo
r
d
im
en
sio
n
s.
T
h
is
g
h
o
st

sy
stem
ca
n
b
e
b
o
so
n
ised
,
y
ield
in
g
tw
o
-sca
la
r
rea
lisa
tio
n
s.
H
o
w
ev
er
ev
en
w
h
en
s
=
4
,

o
u
r
tw
o
-sca
la
r
rea
lisa
tio
n
is
q
u
ite
d
i�
eren
t
fro
m

th
e
u
su
a
l
M
iu
ra
rea
lisa
tio
n
o
fW
3 .

In
p
a
rticu
la
r,
o
u
r
rea
lisa
tio
n
s
clo
se
o
n
th
e
W
s
�

1
a
lg
eb
ra
s
m
o
d
u
lo
th
e
a
p
p
ea
ra
n
ce
o
f

certa
in
n
u
ll
p
rim
a
ry
�
eld
s
in
th
e
O
P
E
s
o
f
th
e
cu
rren
ts,
w
h
erea
s
n
o
su
ch
n
u
ll
�
eld
s

a
rise
in
th
e
M
iu
ra
rea
lisa
tio
n
s.
P
resu
m
a
b
ly
th
e
rea
lisa
tio
n
s
th
a
t
w
e
�
n
d
h
ere
a
re

v
ery
sp
eci�
c
to
th
e
p
a
rticu
la
r
u
n
ita
ry
m
in
im
a
l
m
o
d
els
th
a
t
a
rise
in
th
ese
h
ig
h
er-sp
in

strin
g
th
eo
ries.
A
s
a
n
ex
a
m
p
le,
w
e
p
resen
t
th
e
d
im
en
sio
n
2
a
n
d
d
im
en
sio
n
3
cu
rren
ts

eq
.
(8
.4
.2
)
a
n
d
(8
.4
.4
)
fo
r
th
e
W
3
a
lg
eb
ra
a
t
c
=
45

in
th
e
b
o
so
n
ised
la
n
g
u
a
g
e,
w
h
ere


=
ex
p
(i�
)
a
n
d
�
=
ex
p
(�
i�
):

T
m
m

=

�
12

(@
'
)
2�
12

(@
�
)
2�
�
@
2'

+
72
i
@
2�
;

W
m
m

=

q
21

3 �
53

(@
'
)
3

+
5
�
@
2'
@
'
+
2
54

@
3'

+
4
@
'
(@
�
)
2�

1
6
i
@
'
@
2�

�
1
2
i
@
2'
@
��
23
i�
(@
�
)
3�

3
�
@
2�
@
��
1
16
i�
@
3� �
;

(8
.6
.1
)

w
h
ere
�
2

=

2
4
3

2
0
.
It
is
in
terestin
g
to
n
o
te
th
a
t
th
is
rea
lisa
tio
n
o
f
th
e
W
3
a
lg
eb
ra
a
t

c
=
45

is
p
recisely
th
e
o
n
e
o
b
ta
in
ed
in
[1
6]
(ca
se
I
,
a
fter
a
n
S
O
(1
;1
)
ro
ta
tio
n
o
f
th
e

tw
o
sca
la
rs),
w
h
ere
m
o
re
g
en
era
l
sca
la
r
rea
lisa
tio
n
s
o
fW
3
m
o
d
u
lo
a
n
u
ll
d
im
en
sio
n

4
o
p
era
to
r
w
ere
co
n
sid
ered
.

If
th
ere
is
ju
st
o
n
e
X
�

co
o
rd
in
a
te
in
th
e
e�
ectiv
e
en
erg
y
{
m
o
m
en
tu
m
ten
so
r
T
X
,

th
e
sp
ectru
m

o
f
p
h
y
sica
l
sta
tes
fo
r
th
e
W
2
;s

strin
g
b
eco
m
es
m
o
re
co
m
p
lica
ted
,
a
s

o
b
serv
ed
in
[1
4
3].
In
p
a
rticu
la
r,
th
ere
a
re
a
d
d
itio
n
a
l
p
h
y
sica
l
sta
tes
o
v
er
a
n
d
a
b
ov
e

th
o
se
o
f
th
e
fo
rm

(8
.3
.1
5
),
w
h
ich
d
o
n
o
t
fa
cto
rise
in
to
th
e
p
ro
d
u
ct
o
f
e�
ectiv
e-

sp
a
cetim
e
p
h
y
sica
l
sta
tes
tim
es
o
p
era
to
rs
U
('
;�
;
).
E
x
a
m
p
les
o
f
th
ese
w
ere
fo
u
n
d

fo
r
th
e
W
3
strin
g
in
[1
6
4],
a
n
d
fo
rW
2
;s
strin
g
s
in
[1
4
3
].
A
g
en
era
l
d
iscu
ssio
n
o
f
th
e

B
R
S
T
co
h
o
m
o
lo
g
y
fo
r
th
e
tw
o
-sca
la
rW
3
strin
g
is
g
iv
en
in
[3
0].
It
m
ay
w
ell
b
e
th
a
t

th
e
W
2
;s

strin
g
s
w
ith
ju
st
o
n
e
a
d
d
itio
n
a
l
co
o
rd
in
a
te
X
�

ca
p
tu
re
th
e
m
o
re
su
b
tle

a
sp
ects
o
f
th
e
u
n
d
erly
in
g
h
ig
h
er-sp
in
g
eo
m
etry.

W
e
h
av
e
lo
o
k
ed
a
lso
a
t
strin
g
th
eo
ries
b
a
sed
o
n
cla
ssica
l
a
lg
eb
ra
s
in
v
o
lv
in
g
a

h
ig
h
er-sp
in
ferm
io
n
ic
cu
rren
t
in
a
d
d
itio
n
to
th
e
en
erg
y
{
m
o
m
en
tu
m

ten
so
r.
T
h
ese

cla
ssica
l
a
lg
eb
ra
s
d
o
n
o
t
sa
tisfy
th
e
J
a
co
b
i
id
en
tity
id
en
tica
lly,
b
u
t
o
n
ly
m
o
d
u
lo
n
u
ll

�
eld
s.
W
h
en
th
ere
ex
ists
a
cla
ssica
l
rea
lisa
tio
n
,
th
ese
n
u
ll
�
eld
s
a
re
id
en
tica
lly
zero
.

T
h
e
a
p
p
ea
ra
n
ce
o
f
(cla
ssica
l)
n
u
ll
�
eld
s
o
b
lig
es
o
n
e
to
in
tro
d
u
ce
\
g
h
o
sts
fo
r
g
h
o
sts"
.

T
h
is
to
p
ic
rem
a
in
s
to
b
e
stu
d
ied
fu
rh
er.

1
1
0



A
p
p
e
n
d
ix
A

G
r
e
e
n
's
fu
n
c
tio
n
fo
r
th
e
L
a
p
la
c
ia
n
in
tw
o
d
im
e
n
sio
n
s

In
th
is
a
p
p
en
d
ix
w
e
p
ro
v
id
e
so
m
e
u
sefu
l
fo
rm
u
la
s
th
a
t
ca
n
b
e
d
eriv
ed
fro
m
th
e

G
reen
's
fu
n
ctio
n
o
f
th
e
L
a
p
la
cia
n
1.

W
e
w
ill
�
rst
sh
ow
th
a
t
in
tw
o
d
im
en
sio
n
s
th
is

G
reen
's
fu
n
ctio
n
is
g
iv
en
b
y
14

lo
gjx
�
x
0 j 2.
W
e
n
eed
to
p
ro
v
e:

14 r
20 Z
d
x
2
f
(x
)
lo
gjx
�
x
0 j 2
=
�
f
(x
0
)
:

(A
.1
)

F
o
r
th
is
w
e
w
rite
th
e
in
teg
ra
l
in
cy
lin
d
er
co
o
rd
in
a
tes
a
ro
u
n
d
x
0 .
W
e
g
et
fo
r
th
e
lh
s:

14 r
20 Z
d
r
d
�
f
(x
+
x
0 )2
r
lo
g
r
:

W
e
ca
n
b
rin
g
th
e
L
a
p
la
cia
n
in
sid
e
th
e
in
teg
ra
l,
a
n
d
let
it
a
ct
o
n
x
:

12 Z
d
r
d
�
r
lo
g
r �

1r
@@

r
r
@
f
(x
+
x
0 )

@
r

+

1r
2
@
2f

(x
+
x
0 )

@
�
2

) �
:

T
h
e
seco
n
d
p
a
rt
o
f
th
e
in
teg
ra
l
is
zero
b
eca
u
se
o
f
th
e
to
ta
l
d
eriv
a
tiv
e
in
�.
T
h
e
�
rst

p
a
rt
ca
n
ea
sily
b
e
eva
lu
a
ted
to
:

12 Z
d
r
d
�
@@

r �
r
lo
g
r
@
f
(x
+
x
0 )

@
r

�
f
(x
+
x
0 ) �
:

A
ssu
m
in
g
th
a
t
f
d
eca
y
s
fa
st
en
o
u
g
h
to
zero
a
t
in
�
n
ity
(w
e
ca
ll
th
e
set
o
f
th
ese

fu
n
ctio
n
sS
),
w
e
g
et
th
e
d
esired
resu
lt
(A
.1
).

W
ritten
in
term
s
o
f
th
e
z
;
�z
co
o
rd
in
a
tes,
eq
.
(A
.1
)
b
eco
m
es:

@
@
�z
0

@@
z
0 Z
d
x
2
f
(z
;
�z)
lo
g
(z
�
z
0 )(�z�
�z
0 )
=
�
f
(z
0
;
�z
0 )
;

(A
.2
)

1
T
o
g
et
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ra
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�
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�
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d
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b
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;

(A
.4
)

w
h
ere
th
e
in
teg
ra
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.
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b
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b
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u
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.
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�
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�
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;

(A
.5
)

w
h
ere
th
e
co
n
to
u
r
C
0
su
rro
u
n
d
s
z
0
a
n
ti-clo
ck
w
ise
a
n
d
lies
in
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b
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b
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=
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;
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;
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�

1� Z
d
2x
f
(z
;
�z)
(z�
z
0 )
�

1
:
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d
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a
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d
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d
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d
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A
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1
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;
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h
ere
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en
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A
d
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e
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a
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\
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a
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a
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d
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a
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p
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b
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ra
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b
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b
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m
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b
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a
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=
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tio
n
s
b
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;
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b
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+
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ra
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A
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m
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en
ts
a
re:

i A
j

=
i (A
a

a
t)
j�
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a
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;
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w
h
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e
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eq
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a
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n
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e
co
n
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en
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n
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T
h
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g
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e
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d
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b
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T
h
e
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g
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b
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d
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a
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�
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)

w
h
ere
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e
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C
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u
m
b
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u
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b
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i(�

1
)
i�
�
x
a
b g
;
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d
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resen
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ra
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ra
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d
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d
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;
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b
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p
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p
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e
in
d
ex
o
f
th
e
fu
n
d
a
m
en
ta
l
(d
e�
n
in
g
)
rep
resen
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ta
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b
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p
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ra
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b
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�
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+
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�
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�
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+
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+
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+
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b
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p
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b
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b
ed
d
in
g
s
o
f
sl(2
)
in
a
(su
p
er)
L
ie
a
lg
eb
ra
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=
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+
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b
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resen
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= Mj

2

12
N

n
j (�
)
2
j
+
1
;

(B
.1
4
)

w
h
ere
n
j (�
)
d
en
o
tes
th
e
m
u
ltip
licity
o
f
th
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resen
ta
tio
n
.
T
a
k
in
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resen
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b
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0 ;a
]
=
2
m
ag
:

(B
.1
5
)

W
e
u
se
th
e
sy
m
b
o
l
�
fo
r
p
ro
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ro
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�
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u
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+
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h
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E
x
p
ressio
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t
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r
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b
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g
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a
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a
y
s
th
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u
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p
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]
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p
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p
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p
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p
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b
y
ev
a
lu
a
tin
g
�
rst
th
e
h
ea
d
,
th
en
th
e
a
rg
u
m
en
ts
(u
n
less

so
m
e
a
ttrib
u
tes
a
re
a
ssig
n
ed
to
th
e
h
ea
d
).
A
fter
th
is,
M
a
th
em
a
tica
ch
eck
s
if
a
n
y

tra
n
sfo
rm
a
tio
n
ru
les
fo
r
th
e
ex
p
ressio
n
ca
n
b
e
fo
u
n
d
.
It
�
rst
ch
eck
s
ru
les
a
ssig
n
ed

to
th
e
a
rg
u
m
en
ts
(U
p
V
a
l
u
e
s
),
a
n
d
th
en
ru
les
a
ssig
n
ed
to
th
e
h
ea
d
(D
o
w
n
V
a
l
u
e
s
).

P
ro
g
ra
m
m
in
g
in
M
a
th
em
a
tica
is
e�
ectiv
ely
d
o
n
e
b
y
sp
ecify
in
g
a
set
o
f
tra
n
sfo
r-

m
a
tio
n
ru
les.
W
h
en
th
e
lh
s
o
f
a
ru
le
m
a
tch
es
th
e
ex
p
ressio
n
th
a
t
is
b
ein
g
ev
a
lu
a
ted

(ta
k
in
g
in
to
a
cco
u
n
t
a
n
y
co
n
d
itio
n
s
sp
eci�
ed
w
ith
/
;
),
th
e
tra
n
sfo
rm
a
tio
n
ru
le
is

a
p
p
lied
a
n
d
th
e
resu
lt
is
a
g
a
in
eva
lu
a
ted
.
E
va
lu
a
tio
n
co
n
tin
u
es
u
n
til
n
o
fu
rth
er
ru
les

a
p
p
ly.
T
h
e
m
o
st
sp
eci�
c
ru
les
a
re
u
sed
�
rst
1,
i.e.
if
a
ru
le
is
g
iv
en
th
a
t
a
n
y
ex
p
ressio
n

w
ith
h
ea
d
f
is
zero
,
a
n
d
a
n
o
th
er
ru
le
sp
eci�
es
th
a
t
f
[
0
]
is
1
,
th
en
th
e
la
tter
ru
le

w
ill
b
e
ch
eck
ed
�
rst.

B
efo
re
g
iv
in
g
a
n
ex
a
m
p
le
it
is
n
ecessa
ry
to
d
iscu
ss
th
e
p
a
ttern
m
a
tch
in
g
w
h
ich
is

u
sed
in
M
a
th
em
a
tica
.
T
h
e
p
u
rp
o
se
o
f
a
p
a
ttern
is
to
sp
ecify
th
e
co
n
d
itio
n
s
w
h
en
a

certa
in
tra
n
sfo
rm
a
tio
n
ru
le
h
a
s
to
b
e
u
sed
.
W
e
g
iv
e
a
list
o
f
so
m
e
freq
u
en
tly
o
ccu
rin
g

1
W
h
en
M
a
th
e
m
a
tic
a
is
n
o
t
a
b
le
to
�
g
u
re
o
u
t
a
n
o
rd
er
b
etw
een
tw
o
ru
les,
it
ch
eck
s
th
e
ru
les
in

th
e
o
rd
er
th
ey
w
ere
d
e�
n
ed
.

p
a
ttern
s.
In
th
is
ta
b
le
p
1
,
p
2
sta
n
d
fo
r
a
n
y
p
a
ttern
.

p
a
ttern

ex
p
la
n
a
tio
n

ex
a
m
p
le

_

a
n
y
ex
p
ressio
n

f
[
1
]
[
1
,
2
,
3
]

_
f

a
n
y
ex
p
ressio
n
w
ith
h
ea
d
f

f
[
1
,
2
,
3
]

_
_

seq
u
en
ce
o
f
ex
p
ressio
n
s
(len
g
th
�
1
)

1
,
2
,
3

_
_
_

seq
u
en
ce
o
f
ex
p
ressio
n
s
(len
g
th
�
0
)

1
,
2
,
3

f
[
p
1
,
p
2
]

ex
p
ressio
n
w
ith
h
ea
d
f
w
h
o
se

f
[
x
,
1
]
m
a
tch
es

a
rg
u
m
en
ts
m
a
tch
p
1
,p
2

f
[
_
,
_
I
n
t
e
g
e
r
]

O
n
e
ca
n
g
iv
e
a
p
a
ttern
a
n
a
m
e
b
y
p
rep
en
d
in
g
it
w
ith
th
e
n
a
m
e
a
n
d
a
co
lo
n
,
e.g
.

a
:
f
[
_
,
_
]
.
A
n
a
b
b
rev
ia
tio
n
fo
r
th
is
sy
n
ta
x
is
p
o
ssib
le
w
h
en
th
e
p
a
ttern
b
eg
in
s

w
ith
a
n
u
n
d
ersco
re,
e.g
.
a
_
I
n
t
e
g
e
r
.
N
a
m
ed
p
a
ttern
s
a
re
u
sefu
l
�
rst
o
f
a
ll
to
n
a
m
e

a
rg
u
m
en
ts
o
f
a
tra
n
sfo
rm
a
tio
n
ru
le
(see
b
elow
).
A
d
d
itio
n
a
lly,
w
h
en
a
n
a
m
ed
p
a
t-

tern
o
ccu
rs
m
o
re
th
a
n
o
n
ce,
a
ll
m
a
tch
in
g
item
s
h
a
v
e
to
b
e
id
en
tica
l,
e.g
.
f
[
a
_
,
a
_
]

m
a
tch
es
f
[
1
,
1
]
,
b
u
t
n
o
t
f
[
1
,
2
]
.

L
et
u
s
p
resen
t
a
sm
a
ll
ex
a
m
p
le
to
sh
ow
h
ow
a
ll
th
ese
th
in
g
s
�
t
to
g
eth
er
to
m
a
k
e

a
v
ery
p
o
w
erfu
l
p
ro
g
ra
m
m
in
g
la
n
g
u
a
g
e.
T
h
e
fa
cto
ria
l
fu
n
ctio
n
co
u
ld
b
e
d
e�
n
ed
a
s

fo
llo
w
s:

In
[2
]
:=

f
a
c
t
o
r
i
a
l
[
n
_
I
n
t
e
g
e
r
]
:
=

n

f
a
c
t
o
r
i
a
l
[
n
-
1
]

In
[3
]
:=

f
a
c
t
o
r
i
a
l
[
0
]
=

1
;

A
s
ex
p
la
in
ed
a
b
ov
e,
th
e
o
rd
er
in
w
h
ich
th
ese
sta
tem
en
ts
a
re
g
iv
en
is
n
o
t
im
p
o
rta
n
t.

It
is
q
u
ite
sim
p
le
to
m
a
k
e
th
a
t
fa
cto
ria
ls
o
f
a
n
ex
p
ressio
n
p
lu
s
a
sm
a
ll
in
teg
er
sh
o
u
ld

b
e
tra
n
sfo
rm
ed
in
to
a
p
ro
d
u
ct:

In
[4
]
:=

f
a
c
t
o
r
i
a
l
[
n
_
+
m
_
I
n
t
e
g
e
r
]

:
=

f
a
c
t
o
r
i
a
l
[
n
]
P
r
o
d
u
c
t
[
n
+
i
,f
i
,
1
,
mg
]
/
;

0
<
=
m
<
=
1
0

H
ere
th
e
n
o
ta
tio
n
/
;
is
u
sed
to
sp
ecify
a
co
n
d
itio
n
.
T
h
ese
ru
les
w
ere
a
ll
co
n
cern
in
g

tra
n
sfo
rm
a
tio
n
s
o
f
ex
p
ressio
n
s
w
ith
h
ea
d
f
a
c
t
o
r
i
a
l
.
H
ow
ev
er,
w
e
ca
n
a
lso
a
tta
ch
a

ru
le
to
f
a
c
t
o
r
i
a
l
to
h
a
n
d
le
q
u
o
tien
ts:



A
p
p
en
d
ix
C
.
A
M
a
th
em
a
tica
p
rim
er

In
[5
]
:=

f
a
c
t
o
r
i
a
l

/
:

f
a
c
t
o
r
i
a
l
[
n
_
]
/

f
a
c
t
o
r
i
a
l
[
m
_
]
:
=

P
o
c
h
h
a
m
m
e
r
[
m
+
1
,
n
-
m
]

w
h
ere
P
o
c
h
h
a
m
m
e
r
is
a
n
in
tern
a
l
fu
n
ctio
n
co
rresp
o
n
d
in
g
to
th
e
P
o
ch
h
a
m
m
er
sy
m
b
o
l

d
e�
n
ed
in
a
p
p
en
d
ix
2
.A
.

N
o
te
th
a
t
M
a
th
em
a
tica
d
o
es
n
o
t
en
fo
rce
th
e
u
se
o
f
ty
p
es
lik
e
A
x
io
m
,
b
u
t
p
a
ttern
s

ca
n
b
e
u
sed
to
sim
u
la
te
th
is.

It
is
so
m
etim
es
u
sefu
l
to
h
a
v
e
a
set
o
f
tra
n
sfo
rm
a
tio
n
ru
les
w
h
ich
is
n
o
t
a
p
p
lied
a
u
-

to
m
a
tica
lly.
S
u
ch
lo
ca
l
ru
les
a
re
n
o
rm
a
l
M
a
th
em
a
tica
ex
p
ressio
n
s
R
u
l
e
[
p
a
t,
ex
p
r]
,

w
ith
a
ltern
a
tiv
e
n
o
ta
tio
n
p
a
t
-
>
ex
p
r.
T
h
ey
a
re
u
sed
a
s
fo
llow
s:

In
[6
]
:=

x

+

y

/
.

x

-
>

z

O
u
t[6
]
=

y

+

z

T
w
o
d
i�
eren
t
a
ssig
n
m
en
ts
a
re
p
o
ssib
le
in
M
a
th
em
a
tica
.
W
ith
S
e
t
(o
r
=
)
th
e
rh
s

is
eva
lu
a
ted
w
h
en
th
e
a
ssig
n
m
en
t
is
d
o
n
e
(u
sefu
l
fo
r
a
ssig
n
m
en
t
o
f
resu
lts),
w
h
ile

w
ith
S
e
t
D
e
l
a
y
e
d
(o
r
:
=
)
th
e
rh
s
is
ev
a
lu
a
ted
w
h
en
th
e
tra
n
sfo
rm
a
tio
n
ru
le
is
u
sed

(u
sefu
l
fo
r
fu
n
ctio
n
d
e�
n
itio
n
s).
A
sim
ila
r
d
i�
eren
ce
ex
ists
b
etw
een
R
u
l
e
(-
>
)
a
n
d

R
u
l
e
D
e
l
a
y
e
d
(:
>
).

W
e
a
lso
n
eed
so
m
e
lisp
a
n
d
A
P
L
-lik
e
fu
n
ctio
n
s
w
h
ich
a
re
h
ea
v
ily
u
sed
in
O
P
E
d
efs.

fu
n
ctio
n

a
b
b
rev
ia
tio
n

ex
a
m
p
le
in

ex
a
m
p
le
o
u
t

M
a
p

/
@

f

/
@

f
1
,
2
,
3g
f
f[1
],f[2
],f[3
]g

A
p
p
l
y

@

f

@

g
[
1
,
2
,
3
]

f[1
,2
,3
]

S
c
a
n
is
lik
e
M
a
p
b
u
t
h
a
s
o
n
ly
sid
e-e�
ects,
i.e.
th
e
fu
n
ctio
n
is
a
p
p
lied
o
n
th
e
elem
en
ts

o
f
th
e
list,
b
u
t
th
e
resu
lts
a
re
d
isca
rd
ed
.

F
in
a
lly,
w
h
en
d
e�
n
in
g
a
m
o
re
co
m
p
lica
ted
tra
n
sfo
rm
a
tio
n
ru
le,
w
e
w
ill
n
eed
lo
ca
l

v
a
ria
b
les.
T
h
is
is
d
o
n
e
w
ith
th
e
B
l
o
c
k
sta
tem
en
t
w
h
ich
h
a
s
th
e
sy
n
ta
x
B
l
o
c
k
[f
v
a
rsg
,

sta
tem
en
t]
,
w
h
ere
v
a
rs
is
a
list
o
f
lo
ca
l
va
ria
b
les
(p
o
ssib
ly
w
ith
a
ssig
n
m
en
ts)
a
n
d

sta
tem
en
t
ca
n
b
e
a
co
m
p
o
u
n
d
sta
tem
en
t,
i.e.
sta
tem
en
ts
sep
a
ra
ted
w
ith
a
sem
ico
lo
n
.

T
h
e
v
a
lu
e
o
f
th
e
b
lo
ck
is
resu
lt
o
f
th
e
sta
tem
en
t.
H
en
ce
a
fu
n
ctio
n
d
e�
n
itio
n
co
u
ld

b
e:In

[7
]
:=

f
[
x
_
]

:
=

B
l
o
c
k
[
a

=

g
[
x
]
,

a

+

a
^
2
]

N
o
te
th
a
t
M
a
th
em
a
tica
2
.0
in
tro
d
u
ced
a
sim
ila
r
sta
tem
en
t
M
o
d
u
l
e
.
It
m
a
k
es
su
re

th
a
t
th
ere
is
n
o
ov
erla
p
b
etw
een
g
lo
b
a
lly
d
e�
n
ed
sy
m
b
o
ls
a
n
d
th
e
lo
ca
l
va
ria
b
les.

H
ow
ev
er,
th
is
in
tro
d
u
ces
co
n
sid
era
b
le
ru
n
-tim
e
ov
erh
ea
d
co
m
p
a
red
to
B
l
o
c
k
.
W
h
en

a
fu
n
ctio
n
is
d
e�
n
ed
in
th
e
P
r
i
v
a
t
e
`
sectio
n
o
f
a
M
a
th
em
a
tica
p
a
cka
g
e,
n
o
co
n

ict

is
p
o
ssib
le,
a
n
d
B
l
o
c
k
is
to
b
e
p
referred
.

A
n
e
x
a
m
p
le
:
g
e
n
e
ra
tin
g
tu
b
e
p
lo
ts

W
e
w
ill
�
rst
d
e�
n
e
a
g
en
era
l
p
u
rp
o
se
fu
n
ctio
n
T
u
b
e
P
l
o
t
w
h
ich
g
en
era
tes
a
th
ree

d
im
en
sio
n
a
l
p
lo
t
o
f
a
tu
b
e,
w
h
ich
is
sp
eci�
ed
b
y
a
p
a
ra
m
etric
cu
rv
e
in
th
ree
d
i-

m
en
sio
n
s,
lik
e
in
P
a
r
a
m
e
t
r
i
c
P
l
o
t
3
D
.
T
h
en
,
w
e
w
ill
u
se
th
is
fu
n
ctio
n
to
g
en
era
te
a

su
rfa
ce
rep
resen
tin
g
a
seco
n
d
o
rd
er
F
ey
n
m
a
n
\
d
ia
g
ra
m
"
fo
r
th
e
in
tera
ctio
n
o
f
tw
o

clo
sed
strin
g
s,
w
h
ich
ca
n
b
e
fo
u
n
d
a
t
th
e
sta
rt
o
f
th
is
b
o
o
k
.

T
h
e
a
lg
o
rith
m
fo
r
T
u
b
e
P
l
o
t
is
to
co
n
stru
ct
a
t
so
m
e
p
o
in
ts
a
circle
p
erp
en
d
icu
la
r

to
th
e
ta
n
g
en
t
v
ecto
r
o
f
th
e
cu
rv
e
(T
u
b
e
C
i
r
c
l
e
).
T
h
ese
circles
a
re
th
en
sa
m
p
led
a
n
d

th
e
sa
m
p
les
a
re
retu
rn
ed
b
y
T
u
b
e
P
l
o
t
.
T
h
e
fu
n
ctio
n
L
i
s
t
S
u
r
f
a
c
e
G
r
a
p
h
i
c
s
3
D
ca
n

th
en
b
e
u
sed
to
v
isu
a
lise
th
e
p
lo
t.

N
e
e
d
s
[
"
G
r
a
p
h
i
c
s
`
G
r
a
p
h
i
c
s
3
D
`
"
]

r
o
t
M
a
t
r
i
x
[
{
a
_
,
b
_
,
c
_
}
]
:
=

B
l
o
c
k
[
{
s
q
r
a
b
=
S
q
r
t
[
a
^
2
+
b
^
2
]
,
s
q
r
a
b
c
=
S
q
r
t
[
a
^
2
+
b
^
2
+
c
^
2
]
}
,

I
f
[
N
[
s
q
r
a
b
/

s
q
r
a
b
c
]
<
1
0
^
-
6
,

{
{
-
1
,
1
,
0
}
/
S
q
r
t
[
2
]
,
{
-
1
,
-
1
,
0
}
/
S
q
r
t
[
2
]
,
{
0
,
0
,
1
}
}
,

{
{
-
b
,
a
,
0
}
/
s
q
r
a
b
,

{
-
a
c
,
-
b
c
,
a
^
2
+
b
^
2
}
/
s
q
r
a
b
/
s
q
r
a
b
c
,

{
a
,
b
,
c
}
/
s
q
r
a
b
c
}
/
/
T
r
a
n
s
p
o
s
e

]
]

T
u
b
e
C
i
r
c
l
e
[
r
0
_
,
r
p
0
_
,
R
_
]
:
=

E
v
a
l
u
a
t
e
[
r
o
t
M
a
t
r
i
x
[
r
p
0
]
.
{
R

C
o
s
[
#
]
,
R

S
i
n
[
#
]
,
0
}
+
r
0
]
&

O
p
t
i
o
n
s
[
T
u
b
e
P
l
o
t
]
=
{
P
l
o
t
P
o
i
n
t
s
-
>
1
5
,
R
a
d
i
u
s
-
>
.
5
,
P
o
i
n
t
s
O
n
C
i
r
c
l
e
-
>
5
}
;

T
u
b
e
P
l
o
t
[
f
_
,
{
t
_
,
s
t
a
r
t
_
,
e
n
d
_
}
,
o
p
t
s
_
_
_
R
u
l
e
]
:
=

T
u
b
e
P
l
o
t
[
f
,
D
[
f
,
t
]
,
{
t
,
s
t
a
r
t
,
e
n
d
}
,
o
p
t
s
]

T
u
b
e
P
l
o
t
[
f
_
,
f
p
_
,
{
t
_
,
s
t
a
r
t
_
,
e
n
d
_
}
,
o
p
t
s
_
_
_
R
u
l
e
]
:
=

B
l
o
c
k
[
{
n
r
t
p
o
i
n
t
s
,
n
r
c
p
o
i
n
t
s
,
R
,
t
c
i
r
c
l
e
,
c
i
r
c
l
e
p
o
i
n
t
s
,
t
v
a
l
}
,

{
n
r
t
p
o
i
n
t
s
,
n
r
c
p
o
i
n
t
s
,
R
}
=

{
P
l
o
t
P
o
i
n
t
s
,
P
o
i
n
t
s
O
n
C
i
r
c
l
e
,
R
a
d
i
u
s
}
/
.
{
o
p
t
s
}
/
.
O
p
t
i
o
n
s
[
T
u
b
e
P
l
o
t
]
;

c
i
r
c
l
e
p
o
i
n
t
s
=
N
[
R
a
n
g
e
[
0
,
n
r
c
p
o
i
n
t
s
]
/
n
r
c
p
o
i
n
t
s
2
P
i
]
;

T
a
b
l
e
[

t
c
i
r
c
l
e
=

N
[
T
u
b
e
C
i
r
c
l
e
[
f
/
.
t
-
>
t
v
a
l
,
f
p
/
.
t
-
>
t
v
a
l
,
R
]
]
;

t
c
i
r
c
l
e
/
@
c
i
r
c
l
e
p
o
i
n
t
s
,

{
t
v
a
l
,
N
[
s
t
a
r
t
]
,
e
n
d
,
N
[
(
e
n
d
-
s
t
a
r
t
)
/
n
r
t
p
o
i
n
t
s
]
}

]
]W

e
w
ish
to
u
se
T
u
b
e
P
l
o
t

w
ith
a
sm
o
o
th
cu
rv
e
th
ro
u
g
h
so
m
e
p
o
in
ts.

T
h
e

cu
rv
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