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1. Introduction

The existence of large classes of soliton solutions in string theory is intimately con-

nected with the presence of various dualities in string theory (for recent reviews of string

solitons, see [1,2]). Most of the solitonic solutions found so far break half of the space-

time supersymmetries of the theory in which they arise. Examples of string-like solitons

in this class are the fundamental string solution of [3] and the dual string solution of [4],

which are interchanged once the roles of the strong/weak coupling S-duality and target

space T -duality are interchanged. For N = 4, D = 4 compacti�cations of heterotic string

theory, T -duality corresponds to the discrete group O(6; 22;Z) and is known to be an

exact symmetry of the full string theory. For a review, see [5]. There is now a good deal

of evidence in favour of the conjecture that the S-duality group SL(2; Z) is also an exact

symmetry of the full string theory. For a review, see [6]. The dual string of [4] thus belongs

to an O(6; 22;Z) family of dual strings just as there is an SL(2; Z) family of fundamen-

tal strings [7]. This accords with the observation that string/string duality interchanges

the roles of strong/weak coupling duality and target space duality [8]. For earlier discus-

sions of the string/string duality conjecture see [9,4,10,11,12,1]; for recent rami�cations see

[13,14,15,16,17].

Interesting examples of solutions which break more than half of the spacetime super-

symmetries are the D = 10 double-instanton string soliton of [18] (which breaks 3/4), the

D = 10 octonionic string soliton of [19] (which breaks 15/16) and theD = 11 extreme black

fourbrane and sixbrane of [20] (which break 3/4 and 7/8 respectively). In this paper we

present new classes of string-like solutions which arise in heterotic string theory toroidally

compacti�ed to four dimensions. Connections are made between the solution-generating

subgroup of the T -duality group and the number of spacetime supersymmetries broken

in the N = 4 theory. Analogous solutions are also seen to arise in N = 2 and N = 1

compacti�cations.

Next, the conjecture [21,22,23,24] that S- and T -duality can be united into O(8; 24;Z)

is discussed. In a recent paper by Sen [23], the fundamental string is related to the stringy

cosmic string [25] by an O(8; 24;Z) transformation. In this paper, we �nd an O(8; 24;Z)

transformation relating the fundamental string to the dual string of [4], thus supporting

the above conjecture.

Finally, we speculate on the signi�cance of these solutions to string/string duality.
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2. Generalized T Solutions in N = 4

We adopt the following conventions for N = 1, D = 10 heterotic string theory com-

pacti�ed toN = 4,D = 4 heterotic string theory: (0123) is the four-dimensional spacetime,

z = x2 + ix3 = rei� , (456789) are the compacti�ed directions, S = e�2� + ia = S1 + iS2,

where � and a are the four-dimensional dilaton and axion and

T (1) = T
(1)

1 + iT
(1)

2 =
p
detgmn � iB45; m; n = 4; 5;

T (2) = T
(2)

1 + iT
(2)

2 =
p
detgpq � iB67; p; q = 6; 7;

T (3) = T
(3)

1 + iT
(3)

2 =
p
detgrs � iB89; r; s = 8; 9

(2:1)

are the moduli. Throughout this section, and unless speci�ed otherwise in the rest of the

paper, we assume dependence only on the coordinates x2 and x3 (i.e. x0 and x1 are Killing

directions), and that no other moduli than the ones above are nontrivial.

The canonical four-dimensional bosonic action for the above compacti�cation ansatz

in the gravitational sector can be written in terms of g�� (�; � = 0; 1; 2; 3), S and T (a); a =

1; 2; 3 as

S4 =

Z
d4x
p�g

�
R� g��

2S21
@�S@� �S

� g��

2T
(1)2

1

@�T
(1)@� �T

(1) � g��

2T
(2)2

1

@�T
(2)@� �T

(2) � g��

2T
(3)2

1

@�T
(3)@� �T

(3)

�
:

(2:2)

A solution for this action for S = 1 (� = a = 0) is given by the metric

ds2 = �dt2 + dx21 + T
(1)

1 T
(2)

1 T
(3)

1 (dx22 + dx23); (2:3)

where three cases with di�erent nontrivial T -duality arise depending on the number n of

nontrivial T moduli:

n = 1 : T (1) = � 1

2�
ln

z

r0
; T (2) = T (3) = 1;

n = 2 : T (1) = T (2) = � 1

2�
ln

z

r0
; T (3) = 1;

n = 3 : T (1) = T (2) = T (3) = � 1

2�
ln

z

r0
:

(2:4)

In each of the expressions for T (a), z may be replaced by �z independently (i.e. there is a

freedom in changing the sign of the axionic part of the modulus). Note that the n = 1
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case is simply the dual string solution of [4]. Since S4 has manifest SL(2; R) duality in

each of the moduli (broken to SL(2; Z) in string theory), we can generate from the n = 2

case an SL(2; Z)2 family of �[5 solutions and from the n = 3 case an SL(2; Z)3 family of

solutions. Note that the full T -duality group in all three cases remainsO(6; 22;Z), but that

the subgroup with nontrivial action on the particular solutions (or the solution-generating

subgroup referred to above) for n = 1; 2; 3 is given by SL(2; Z)n [26,27].

From the ten-dimensional viewpoint, the n = 3 solution, for example, can be rewritten

in the string sigma-model metric frame as

e2� = (� 1

2�
ln

r

r0
)3;

ds2 = �dt2 + dx21 + e2�(dx22 + dx23) + e2�=3(dx24 + :::+ dx29);

B45 = �B67 = �B89 = � �

2�
;

(2:5)

where � is the ten-dimensional dilaton.

The solution (2.4) can in fact be generalized to include an arbitrary number of string-

like sources in each T (i)

ds2 = �dt2 + dx21 + T
(1)

1 T
(2)

1 T
(3)

1 (dx22 + dx23)

T (1) = � 1

2�

MX
j=1

mj ln
(z � bj )
rj0

;

T (2) = � 1

2�

PX
k=1

pk ln
(z � ck)
rk0

;

T (3) = � 1

2�

QX
l=1

ql ln
(z � dl)
rl0

;

(2:6)

where M;P and Q are arbitrary numbers of string-like solitons in T (1); T (2) and T (3)

respectively each with arbitrary location bj ; ck and dl locations in the complex z-plane

and arbitrary winding number mj ; pk and ql respectively. The solutions with 1; 2 and 3

nontrivial T �elds break 1=2; 3=4 and 7=8 of the spacetime supersymmetries respectively.

Again, one can make the replacement z ! �z independently in each of the moduli, so that

each T (i) is either analytic or anti-analytic in z.
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3. Supersymmetry Breaking

We claim that the above solutions for the massless �elds in the gravitational sector

when combined with a Yang-Mills �eld given by A
PQ
M = 


PQ
M = !

PQ
M � 1=2HM

PQ (the

usual expedient of equating the gauge to the generalized connection) solve the tree-level

supersymmetry equations of the heterotic string for zero fermi �elds and can be argued

to be exact solutions of heterotic string theory [28,4]. The supersymmetry equations in

D = 10 are given by

� M =
�
@M + 1

4

MAB�

AB
�
� = 0;

�� =
�
�A@A�� 1

12
HABC�

ABC
�
� = 0;

�� = FAB�
AB� = 0;

(3:1)

where A;B;C;M = 0; 1; 2; :::; 9 and where  M ; � and � are the gravitino, dilatino and

gaugino �elds. The Bianchi identity is given by

dH =
�0

4

�
trR ^R � 1

30
TrF ^ F

�
; (3:2)

and is satis�ed automatically for this ansatz. We further claim that the n = 1; 2; 3 solutions

break 1=2; 3=4 and 7=8 of the spacetime supersymmetries respectively. We will show this

to be true for the most general case of n = 3.

�� = 0 follows from scaling, since the dilaton can be written as the sum of three parts

(the moduli) each of which produces a contribution which cancels against the contribution

of the H term coming from the appropriate four-dimensional subspace. In other words,

each of the subspaces (2345), (2367) and (2389) e�ectively contains a four-dimensional

axionic (anti) instanton [29,30,31] with the appropriate (anti) self-duality in the generalized

connection in the respective subspace, depending on whether the corresponding modulus is

analytic or anti-analytic in z. Another way of saying this is that there are three independent

parts of ��, each of which vanishes as in the simple n = 1 case, for the appropriate chirality

choice of � in the respective four-dimensional subspace.

� M = 0 is a little more subtle. For the n = 1 case, the generalized connection is an

instanton [30,31], and for constant chiral spinor � with chirality in the four-space of the

instanton opposite to that of the instanton (e.g. negative for instanton and positive for

anti-instanton), it is easy to show that 
ABM �AB� = 0. In the more general n = 3 case, we

proceed as follows. It is su�cient to show that � M = 0 for M = 2 and M = 4 (i.e. for

a spacetime and for a compacti�ed index), as for M = 0; 1 the supersymmetry variation

4



is trivial, while for the rest of the indices the arguments are identical to one of the above

two representative cases. For M = 2 this can be written out explicitly as

4� 2 =

�
1

3
!232 �23 + !242 �24 + !252 �25 � 1

2
H2

45�45

�
�

+

�
1

3
!232 �23 + !262 �26 + !272 �27 � 1

2
H2

67�67

�
�

+

�
1

3
!232 �23 + !282 �28 + !292 �29 � 1

2
H2

89�89

�
�:

(3:3)

Each line in (3.3) acts on only a four-dimensional component of � and can be shown to

exactly correspond to the contribution of the supersymmetry equation of a single n = 1

axionic instanton. So in e�ect the con�guration carries three such instantons in the gen-

eralized curvature in the spaces (2345), (2367) and (2389). Therefore for the appropriate

chirality of the four-dimensional components of � (depending on the choices of analyticity

of the T �elds), � 2 = 0. Since we are making three such choices, 1=8 of the spacetime

supersymmetries are preserved and 7=8 are broken. Another, perhaps simpler, way to

understand this is to write � = �(01) 
 �(23) 
 �(45) 
 �(67) 
 �(89). Then the chiralities

of �(45); �(67) and �(89) are all correlated with that of �(23), so it follows that 7=8 of the

supersymmetries are broken.

We also need to check � 4 = 0. In this case, it is easy to show that the whole term

reduces exactly to the contribution of a single n = 1 axionic instanton:

4� 4 =

�
!424 �42 + !434 �43 � 1

2
H4

25�25 � 1

2
H4

35�35

�
� = 0; (3:4)

as in this case there is only the contribution of the instanton in the (2345) subspace. � 4

then vanishes for the same chirality choice of � as in the paragraph above.

There remains to show that �� = 0. This can be easily seen by noting that, as in the

� M case, the term F23�
23 splits into three equal pieces, each of which combines with the

rest of a D = 4 instanton (since the Yang-Mills connection is equated to the generalized

connection and is also e�ectively an instanton in each of the three four-dimensional sub-

spaces) to give a zero contribution for the same chirality choices in the four-dimensional

subspaces as above.

For the n = 2 case, it is even easier to show that 3=4 of the supersymmetries are

broken. Tree-level neutral versions (AM = 0) of these solutions also follow immediately

and reduce to (2.3) and (2.4) on compacti�cation to D = 4, where, of course, the same

degree of supersymmetry breaking for each class of solutions may be veri�ed directly.

Henceforth we will consider only neutral solutions.
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4. Generalized Solutions with Nontrivial S

It turns out that these solutions generalize even further to solutions which include a

nontrivial S �eld. The net result of adding a nontrivial S (with SL(2; Z) symmetry) is

to break half again of the remaining spacetime supersymmetries preserved by the corre-

sponding T con�guration with trivial S, except for the case of n = 3 nontrivial moduli,

which is a bit more subtle and will be discussed below. In particular, the simplest solution

of the action (2.2) with one nontrivial S and three nontrivial T moduli has the form

ds2 = �dt2 + dx21 + S1T
(1)

1 T
(2)

1 T
(3)

1 (dx22 + dx23);

S = T (1) = T (2) = T (3) = � 1

2�
ln

z

r0
;

(4:1)

where again we have an SL(2; Z) symmetry in S and in each of the T �elds.

It is interesting to note that the real parts of the S and T �elds can be arbitrary as long

as they satisfy the box equation in the two-dimensional subspace (23). In particular, each

can be generalized to multi-string con�gurations independently, with arbitrary number of

strings each with arbitrary winding number. The corresponding imaginary part can most

easily be found by going to ten dimensions, where the corresponding B-�eld follows from

the modulus. So there is nothing special about the choice ln z. It is merely the simplest

case.

The ten-dimensional form of the most general solution can be written in the string

sigma-model metric frame as

ds2 = e2�(�dt2 + dx21) + e2(�1+�2+�3)(dx22 + dx23)

+ e2�1(dx24 + dx25) + e2�2(dx26 + dx27) + e2�3(dx28 + dx29);

S = e�2� + ia = � 1

2�

NX
i=1

ni ln
(z � ai)
ri0

;

T (1) = e2�1 � iB45 = � 1

2�

MX
j=1

mj ln
(z � bj )
rj0

;

T (2) = e2�2 � iB67 = � 1

2�

PX
k=1

pk ln
(z � ck)
rk0

;

T (3) = e2�3 � iB89 = � 1

2�

QX
l=1

ql ln
(z � dl)
rl0

;

� = �+ �1 + �2 + �3;

(4:2)
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where � is the ten-dimensional dilaton, � is the four-dimensional dilaton, �i are the metric

moduli, a is the axion in the four-dimensional subspace (0123) and N;M;P and Q are

arbitrary numbers of string-like solitons in S; T (1); T (2) and T (3) respectively each with

arbitrary location ai; bj ; ck and dl in the complex z-plane and arbitrary winding number

ni;mj ; pk and ql respectively. Again one can replace z by �z independently in S and in each

of the moduli.

The solutions with nontrivial S and 0; 1 and 2 nontrivial T �elds preserve 1=2; 1=4 and

1=8 spacetime supersymmetries respectively. This follows from the fact that the nontrivial

S �eld breaks half of the remaining supersymmetries by imposing a chirality choice on the

spinor � in the (01) subspace of the ten-dimensional space. The solution with nontrivial

S and 3 nontrivial T �elds breaks 7=8 of the spacetime supersymmetries for one chirality

choice of S, and all the spacetime supersymmetries for the other. This can be seen as

follows: the three nontrivial T �elds, when combined with an overall chirality choice of the

Majorana-Weyl spinor in ten dimensions, impose a chirality choice on �01. If this choice

agrees with the chirality choice imposed by S, then no more supersymmetries are broken,

and so 1=8 are preserved (or 7=8 are broken). When these two choices are not identical,

all the supersymmetries are broken, although the ansatz remains a solution to the bosonic

action.

5. Dyonic Strings in D = 6 and D = 10

A special case of the above generalized S and T solutions is the one with nontrivial S

and only one nontrivial T . This is in fact a \dyonic" solution which interpolates between

the fundamental S string of [3] and the dual T string of [4]. It turns out that in going

to higher dimensions, one still has a solution even if the box equation covers the whole

transverse four-space (2345) (the remaining four directions are at even in D = 10, as

�2 = �3 = 0). The D = 10 form in fact reduces to a D = 6 dyonic solution (i = 2; 3; 4; 5)

� = �E +�M ;

ds2 = e2�E (�dt2 + dx21) + e2�M dxidx
i;

e�2�E = 1 +
QE

y2
; e2�M = 1 +

QM

y2
;

H3 = 2QM�3; e�2��H3 = 2QE�3

(5:1)

for the special case of a single electric and single magnetic charge at y = 0. Again this

solution generalizes to one with an arbitrary number of arbitrary (up to dyonic quantization
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conditions) charges at arbitrary locations in the transverse four-space. For QM = 0 (5.1)

reduces to the solution of [3] in D = 6, while for QE = 0 (5.1) reduces to the D = 6 dual

string of [10] (which can be obtained from the �vebrane soliton [32] simply by compactifying

four at directions). This solution breaks 3=4 of the spacetime supersymmetries. The self-

dual limit QE = QM of this solution has already been found in [10] in the context of

N = 2, D = 6 self-dual supergravity, where the solution was shown to break 1=2 the

spacetime supersymmetries. This corresponds precisely to breaking 3=4 of the spacetime

supersymmetries in the non self-dual theory in this paper [1].

Finally, one can generalize the dyonic solution to the following solution in D = 10:

ds2 = e2�E (�dt2 + dx21) + e2�M1�ijdx
idxj + e2�M2�abdx

adxb;

� = �E +�M1 +�M2; �E = �E1 +�E2;

e2�E1 1 e
�2�E1 = e2�E2 2 e

�2�E2 = e�2�M1

1 e
2�M1 = e�2�M2

2 e
2�M2 = 0;

B01 = e2�E ; Hijk = 2�ijkm@
m�M1; Habc = 2�abcd@

d�M1;

(5:2)

where i; j; k; l = 2; 3; 4; 5, a; b; c; d = 6; 7; 8; 9, 1 and 2 represent the Laplacians in the

subspaces (2345) and (6789) respectively and � is the ten-dimensional dilaton. This

solution with all �elds nontrivial breaks 7=8 of the spacetime supersymmetries. For

�E2 = �M2 = 0 we recover the dyonic solution (5.1) which breaks 3=4 of the super-

symmetries, for �E1 = �E2 = 0 we recover the double-instanton solution of [18] which

also breaks 3=4 of the supersymmetries, while for �M1 = �M2 = 0 we obtain the dual of the

double-instanton solution, and which, however, breaks only 1=2 of the supersymmetries.

6. Solutions in N = 1 and N = 2

It turns out that most of the above solutions that break 1=2; 3=4; 7=8 or all of the

spacetime supersymmetries in N = 4 have analogs in N = 1 or N = 2 that break only 1=2

the spacetime supersymmetries.

For simplicity, let us consider the case of N = 1, as the N = 2 case is similar.

It turns out that the number of nontrivial T �elds with the same analyticity and the

inclusion of a nontrivial S �eld with the same analyticity does not a�ect the number

of supersymmetries broken, as in the supersymmetry equations the contribution of each

�eld is independent. In particular, the presence of an additional �eld produces no new

condition on the chiralities, so that the number of supersymmetries broken is the same for

8



any number of �elds, provided the �elds have the same analyticity or anti-analyticity in

z, corresponding to di�erent chirality choices on the four-dimensional spinor. This can be

seen as follows below.

The supersymmetry transformations in N = 1 for nonzero metric, S and moduli �elds

are given by [33,34]

� �L =

�
@� +

1

2
!�mn�

mn

�
�L � �L

4

�
@G

@zi
@�zi � @G

@�zi
@��zi

�
= 0;

��iL =
1

2
D̂zi�R = 0;

(6:1)

where ! is the spin connection, �mn = (1=4)[m; n], �L;R = (1=2)(1 � 5)�, D̂ = �D�,

zi = S; T (1); T (2); T (3), and where

G = � ln(S + �S)�
3X

j=1

ln(T (j) + �T (j)): (6:2)

Consider the case of a single nontrivial T = T (1) �eld (i.e. the dual string) in N = 1;D = 4

ds2 = �dt2 + dx21 + T1(dx
2
2 + dx23);

T = T1 + iT2 = � 1

2�
ln z:

(6:3)

Then it is easy to show that this con�guration breaks precisely half the spacetime super-

symmetries of (6.1) by imposing two conditions on the components of �. A quick check

shows that the presence of additional nontrivial S and T �elds with the same analytic-

ity behaviour also lead to solutions of (6.1), and this scenario generalizes to multi-string

solutions. The number, location and winding numbers of the multi-string solitons is not

relevant, but the fact the �elds have ln z or ln �z behaviour is. Provided the S and various

T �elds all have the same analyticity (i.e. either all analytic or all anti-analytic) in z, then

no new chirality choice is imposed by the addition of more �elds. This can be seen simply

from the fact that the spin connection and potential G both scale logarithmically with the

�elds, while ��iL is satis�ed in the identical manner for each i. Unlike the N = 4 case, the

presence of these additional �elds produces no new conditions on �, as the supersymmetry

variations act on � in precisely the same manner for all the �elds. It follows then that the

N = 1 analogs of these particular N = 4 solutions discussed above break only half the

spacetime supersymmetries in N = 1, and in some sense are realized naturally as stable

solitons only in this context. When at least one of the �elds, either S or one of the T

�elds, has a di�erent analyticity behaviour from the rest, opposite chirality conditions are

imposed on �, and no supersymmetries are preserved.

A similar analysis can be done in the N = 2 case, at least for those solutions which

can arise in N = 2.
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7. S, T and O(8; 24;Z) Duality

We now turn to the issue of whether S-duality and T -duality can be combined in

a larger duality group O(8; 24;Z) [21,22,23,24]. Their combination into O(2; 2;Z) was

discussed in [35]. In particular, in heterotic string theory compacti�ed on a seven-torus

the SL(2; Z) S-duality should be combined with the O(7; 23;Z) T -duality into the group

O(8; 24;Z). The existence of a Killing direction in all of the solitons discussed in this

paper means that they may all be viewed as point-like solutions of three-dimensional

heterotic string theory. Thus from the viewpoint of three-dimensional heterotic string

theory O(8; 24;Z) appears as a duality group, whereas from the point of view of four-

dimensional heterotic string theory it appears as a solution-generating group.

Central to the issue of combiningS and T -duality is whether there exists anO(8; 24;Z)

transformation that maps the fundamental S string of [3] to the dual T string of [4]. In

[23], Sen �nds a transformation that takes the fundamental string to a limit of the stringy

\cosmic" string solution of [25] (with the slight subtlety that the two strings point in

di�erent directions from the ten-dimensional viewpoint). We call this solution the U

string, since its nontrivial �eld is (with a change of coordinates) U = g�144 (
p
detgmn� ig45)

with m;n = 4; 5. This modulus �eld transforms under SL(2; Z) U-duality, just like S and

T do under S- and T -duality. It is related to the T �eld by an O(2; 2;Z) transformation.

Therefore, it is no surprise that we can map the S string to the T string by an O(8; 24;Z)

transformation. The explicit transformation doing this is given as follows. Following Sen's

notation [23],MT , the 32� 32 matrix that corresponds to the T string, is obtained from

MS , the 32 � 32 matrix that corresponds to the S string, simply by exchanging (rows

and columns) 1 with 10, 2 with 31, 3 with 8 and 9 with 32. The transformation matrix is

therefore, e�ectively, an O(4; 4;Z) matrix. It follows that all three strings, fundamental,

dual and cosmic are related by O(8; 24;Z). As will be discussed in a subsequent publication

[36], the S, T and U strings are related by a four-dimensional string/string/string triality.

Repeating Sen's and other arguments on three-dimensional reduction for N = 2 su-

perstring theory, we can infer that the larger duality group (or solution-generating group)

for N = 2 containing S and T -duality is connected to a dual quaternionic manifold. In

the case of n moduli, this group is SO(n+ 2; 4;Z) [37,38].

Of course, all the N = 4 soliton discussed in this paper (and many other solutions)

are related by generalized Geroch group transformations, because the D = 4 space-time

admits two Killing directions. Therefore, the theory is e�ectively two-dimensional and the

equations of motion have an a�ne o(8; 24) symmetry [39,22].
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8. Conclusions

The previously-known string soliton solutions, which break half of the supersymme-

tries, have played a crucial part in understanding heterotic/Type IIA string/string duality.

It is not yet clear what part will be played by the new string soliton solutions presented here

which break more than half the supersymmetries. These solutions are in some sense realized

naturally as stable solitons only in the context of either N = 1 or N = 2 compacti�cations,

and should lead to a better understanding of duality in N = 1 and N = 2 compacti�ca-

tions and to the construction of the Bogomol'nyi spectra of these theories. In these two

cases, however, the situation is complicated by the absence of non-renormalization theo-

rems present in the N = 4 case which guarantee the absence of quantum corrections. An

exception to this scenario arises for N = 2 compacti�cations with vanishing �-function.

The construction of these spectra remains a problem for future research.

In heterotic/Type IIA duality, we have dH 6= 0, but d ~H = 0. It is tempting to specu-

late that the dyonic solution, for which both dH and d ~H are non-zero, will be important for

the conjectured [11], but as yet little explored, six-dimensional heterotic/heterotic duality.
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