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Abstract

Using the integrability conditions that we recently obtained in QCD2 with massless fermions,
we arrive at a sufficient number of conservation laws to be able to fix the scattering am-
plitudes involving a local version of the Wilson loop operator.
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Two-dimensional QCD has been studied by several authors (see ref. [1] for a review).
The theory presents, in a clear way, several features expected to characterize strong inter-
actions, but besides such desirable physical features, it is possible to understand several
of its properties analytically. In fact, we claim that it may be possible to obtain its full
on-shell solution, as far as the scattering of closed loop (white) operators is concerned.

We represent the fermionic determinant in terms of a bosonic functional integral over
the (exponential of i times the) WZW action,2,3 and use the Polyakov–Wiegmann identity2

to split the action of the product of two fields in terms of the WZW action of each single
field and a contact term; this shows that, at the Lagrangian level, the dynamics factor-
izes in terms of several conformally invariant theories (WZW and ghost actions), and a
non-conformally invariant piece, given by a WZW action perturbed off criticality, which
contains the (main) dynamical information. Finally, these fields, decoupled at the La-
grangian level, are coupled via BRST constraints4 obeyed by the theory, implying that
only white objects appear in the physical subspace. The most important result imply-
ing the possibility of computing the S-matrix is the integrability of the afore-mentioned
off-critically perturbed WZW theory.5

Let us briefly summarize the known results. The two-dimensional QCD partition
function with massless quarks is given by

Z [iµ, η, η] =

∫
DψDψDAµDED[ghosts]

× eiSghosts+i
∫

d2x[ψi6Dψ− 1
2 trE2+ 1

2 trEF+−
+iµAµ+ηψ+ψη] . (1)

The fermion may be integrated out in terms of the gauge potentials U and V , intro-
duced as

A+ =
i

e
U−1∂+U , A− =

i

e
V ∂−V

−1 ; (2)

these in turn, are implemented in the quantum case via inclusion of the corresponding
Jacobian in (1). As a result one obtains the WZW action upon use of

det i6D = eiΓ[UV ]

and

det

(
∂A+

∂U

∂A−

∂V

)
= det i6Dadj = eicV Γ[UV ] , (3)

where a gauge-invariant regularization prescription has been chosen to evaluate the Ja-
cobian, fixing the contact term A+A−; therefore, the result is a function of the gauge-
invariant product UV ; the well-known WZW functional reads

Γ[U ] =
1

8π

∫
d2x ∂µU−1∂µU +

1

4π

∫ 1

0

dr

∫
d2x ǫµνŨ−1 ˙̃

UŨ−1∂µŨŨ
−1∂νŨ , (4a)

obeying the Polyakov–Wiegmann identity

Γ[UV ] = Γ[U ] + Γ[V ] +
1

4π
tr

∫
d2xU−1∂+UV ∂−V

−1 . (4b)
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In terms of the gauge-invariant field Σ = UV , the auxiliary E-field interaction becomes,
upon introduction of F+− as a function of U and V ,

trEF+− =
i

e
trUEU−1∂+

(
Σ∂−Σ−1

)
=
i

e
tr Ẽ∂+

(
Σ∂−Σ−1

)
. (5)

We change the auxiliary variable as

∂+Ẽ =
ie(cV + 1)

2π
β−1∂+β , (6)

and use again the Polyakov–Wiegmann identity. This procedure leads to a complete sep-
aration of variables at the Lagrangian level, as we see from

Z [iµ, η, η] =

∫
Dg̃ eiΓ[g̃]DUD [ghosts] eiSghosts

∫
DΣ̃ e−i(cV +1)Γ[Σ̃]

×

∫
Dβ eiΓ[β]+ µ2i

2 tr
∫

d2z [∂−1
+

(β−1∂+β)]2 ei
∫

d2z iµAµ−i
∫

d2z d2wη(z)(i6D)−1(z,w)η(w) , (7)

where g̃ = UgV , Σ̃ = βΣ and µ = (cV +1)e/2π. The quadratic and non-local piece, which
we symbolize by ∆, can be linearized and made local by the introduction of the identity

e
i
2µ

2∆ =

∫
DC− ei

∫
d2x 1

2 tr (∂+C−
)2−µtr

∫
d2xC

−
(β−1∂+β) , (8)

where C− plays the role of an auxiliary field. The theory contains hidden constraints, as
discussed elsewhere.4,5 Such constraints are essential to build the asymptotic states of the
theory, which cannot have colour.

The non-trivial dynamical content of the theory is described by the β field, which is
the only non-conformally invariant piece of the theory. It is useful to discuss the model
in parallel to its dual, obtained by rewriting the field C− appearing in eq. (8) as C− =
i

4πµ
W∂−W

−1. After a simple change of variables and use of (4b), one obtains for the

β , C− integration the following partition function (below, we use β̃ = βW ):

Z =

∫
Dβ̃ eiΓ[β̃]

∫
DW e

−i(cV +1)Γ[W ]− i

2(4πµ)2
tr

∫
d2z [∂+(W∂

−
W−1)]2

, (9a)

or equivalently, the dual action

S = −(cV + 1)Γ[W ] + tr
1

2

∫
d2x

(
−B2 +

1

2πµ
∂+B∂−WW−1

)
, (9b)

where the field B plays, in the dual case, the same role as C− did before, namely it is an
auxiliary field. The theory (7) and its dual (9) can be studied by simple methods. The β
(resp. W ) equations of motion correspond to a conservation law

∂+

(
Iβ,W−

)
= 0 , (10)

where
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Iβ−(x−) = 4πµ2Jβ−(x+, x−) + ∂+∂−J
β
−(x+, x−) + [Jβ−(x+, x−), ∂+J

β
−(x+, x−)] (10a)

IW− (x−) =
(cV + 1)

4π
JW− +

1

(4πµ)2
∂+∂−J

W
− +

1

(4πµ)2
[JW− , ∂JW− ] . (10b)

Notice that for the current IW− (x−) we have only local expressions. Concerning the

current Iβ−, the first class constraints are given by

ig̃∂−g̃
−1 − i(cV + 1)Σ∂−Σ−1 + J−(ghosts) ∼ 0 , (11a)

ig̃−1∂+g̃ − i(cV + 1)Σ−1∂+Σ + J+(ghosts) ∼ 0 , (11b)

leading to two BRST nilpotent charges Q(±), as discussed in refs. [4, 5]. Therefore we find
two first-class constraints. For the dual theory one finds a very similar structure (see [1,
5]). Second class constraints also show up, being given by

Ωβij = (β∂−β
−1)ij + 4iπµ(βC−β

−1)ij − (g̃∂−g̃
−1)ij , (12a)

ΩWij = (cV + 1)Σ−1∂+Σ − (cV + 1)W−1∂+W +
1

µ
W−1∂+BW = 0 . (12b)

To obtain the consequences of such a huge set of conservation laws and constraints,
we have to verify how the corresponding charges act on asymptotic states. This action
can be unravelled once one knows the Lorentz transformation properties of the charges. A
useful set of conserved charges is

Q(n) =

∫
dx (t− x)nI−(x) . (13)

It is not difficult to obtain
[T,Q(n)] = nQ(n) , (14)

where the Lorentz generator T acts on an asymptotic one-particle state as a derivative
with respect to the rapidity θ:

T =
d

dθ
, (15)

from which one obtains
Q(n) ≃ (p−)nJ , (16)

where J is the generator of the left transformations for the β fields. This would mean that
the first charge, Q(1), is the generator of right-SU(N) transformations for the β fields! In
the quantum theory there is no contribution from the short-distance expansion of J− and
∂µJ−, since divergences are too mild. The SU(N) transformation generators are simple
to compute. In the β language one has, for left-SU(N) transformations:

J
LSU(N)

+ = 0

J
LSU(N)

− = −
1

2π
∂−ββ

−1 + iµβC−β
−1

, (17a)

3



while for right-SU(N) transformations we obtain

J
RSU(N)

− = iµC− + [∂+C−, C−]

J
RSU(N)

+ = −
1

2π
β−1∂+β

. (17b)

For the first set, i.e. the left transformations, one finds that the currents are equivalent
to analogous chiral currents corresponding to free fields. On the other hand, the right
transformations lead to an infinite number of conservation laws due to the presence of the
Lax pair, and reproduce eq. (10); therefore we have confirmed the fact that (10) generates
the right-SU(N) transformations. For the left transformations, we obtain only left-moving
currents, which explain constraints such as (12), where they are expressed in terms of free
WZW currents.

The structure is even clearer in the W language, where the right-SU(N) transforma-
tions are

J
RSU(N)

+ = 0 ,

J
RSU(N)

− = −
cV + 1

2π
W−1∂+W +

1

4πµ
W−1∂+BW ,

(18)

while the left-SU(N) transformations are

J
LSU(N)

− =
cV + 1

4π
∂−WW−1 +

1

4πµ

[
B, ∂−WW−1

]
,

J
LSU(N)

+ = −
1

4πµ
∂+B .

(19)

In the βai language the left indices, such as a, b, c, d are thus free, described by a trivial
S-matrix, while the right indices, such as i, j, k, l are described by an SU(N) covariant
integrable S-matrix, which has a well-known classification.6 We thus write the (unique)
β-ansatz as

〈aiθ1, bjθ2|ckθ3dlθ4〉 = δ(θ1 − θ3)δ(θ2 − θ4)δacδbd(σ1(θ)δikδjl + σ2(θ)δilδjk)

+ δ(θ1 − θ4)δ(θ2 − θ3)δadδbc(σ1(θ)δilδjk + σ2(θ)δikδjl) , (20)

where θ = θ1 −θ2 is the relative rapidity. A similar result for the dual theory exists, where
the left/right definition has to be interchanged, namely the field is Wia in the dual case.

There are four classes of possible (non-trivial) S-matrices. Since the β field represents
a kind of Wilson-loop-type variable as given by (5), we suppose that, for large N , β2 ∼ β,
which implies an S-matrix of class II as classified in ref. [6], or σ2 = 2πi

N
σ1, and a bound

state

BN=∞(θ) =
sh(θ) + isin(π/3)

sh(θ) − isin(π/3)
. (21)

Finally, the only asymptotic states compatible with gauge SU(N) colour symmetry,
are those confining such degrees of freedom; therefore we have the scattering elements7

〈θ1θ2|θ3θ4〉 = BN (θ) [δ(θ1 − θ3)δ(θ2 − θ4) + δ(θ1 − θ4)δ(θ2 − θ3)] , (22)
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where, for large N , the amplitude is given by (21).
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