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Abstract

We consider a new 3-parameter class of exact 4-dimensional solutions in closed string the-
ory and solve the corresponding string model, determining the physical spectrum and the
partition function. The background fields (4-metric, antisymmetric tensor, two Kaluza-
Klein vector fields, dilaton and modulus) generically describe axially symmetric stationary
rotating (electro)magnetic flux-tube type universes. Backgrounds of this class include both

the ‘dilatonic’ (a = 1) and ‘Kaluza-Klein’ (a =
√

3) Melvin solutions and the uniform mag-
netic field solution, as well as some singular space-times. Solvability of the string σ-model
is related to its connection via duality to a simpler model which is a “twisted” product
of a flat 2-space and a space dual to 2-plane. We discuss some physical properties of this
model (tachyonic instabilities in the spectrum, gyromagnetic ratio, issue of singularities,
etc.). It provides one of the first examples of a consistent solvable conformal string model
with explicit D = 4 curved space-time interpretation.
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1. Introduction

Conformal σ-models describing the propagation of closed strings in curved space-times
are, unfortunately, so complicated that the spectrum of the physical string excitations is
known only in a few special cases. In this paper we will introduce a new class of exact
conformal string models representing non-trivial space-time backgrounds, for which the
corresponding CFT’s can be described in terms of free oscillators. The resulting world-
sheet Hamiltonian is quartic in the free creation/annihilation operators and is diagonal in
Fock space. This makes it possible to calculate the spectrum and the partition function.
The reason for solvability of these models is in their formal connection through world-sheet
(or target space) duality to a flat theory. Because of non-trivial boundary conditions the
duality does not leave us within flat CFT but leads to a new conformal theory.

The corresponding string backgrounds interpolate continuously between very different
configurations, e.g. between a homogeneous “rotating” universe with a uniform magnetic
field [1,2]

ds2
4 = −(dt + 1

2βρ2dϕ)2 + dρ2 + ρ2dϕ2 + dx2
3 , (1.1)

A = −B = 1
2βρ2dϕ , B = 1

2βρ2dϕ ∧ dt , φ = φ0 = const , σ = 0 ,

the dilatonic “a = 1” Melvin-type [3] static magnetic flux-tube universe [4,5]

ds2
4 = −dt2 + dρ2 + F 2(ρ)ρ2dϕ2 + dx2

3 , (1.2)

A = −B = βF (ρ)ρ2dϕ , B = 0 ,

e2(φ−φ0) = F , σ = 0 , F−1 = 1 + β2ρ2 ,

the “a =
√

3” (Kaluza-Klein) Melvin solution [4]

ds2
4 = −dt2 + dρ2 + F̃ (ρ)ρ2dϕ2 + dx2

3 , (1.3)

A = q+F̃ (ρ)ρ2dϕ , B = 0 , B = 0 ,

φ = φ0 , e2σ = F̃−1 = 1 + q2
+ρ2 ,

and singular “rotating” space-times with no gauge fields. Here A and B are the abelian
vector and axial vector 1-forms, B is the antisymmetric tensor 2-form, φ is the dilaton and
σ is the modulus scalar corresponding to the compact (x5 ≡ y ∈ (0, 2πR)) Kaluza-Klein
dimension.

Explicitly, our 3-parameter (α, β, q+ or a+, c+, c−) class of D = 4 axially symmetric
exact string solutions is represented by the following background fields:

ds2
4 = −f1(ρ)dt2 + f2(ρ)dϕdt + f3(ρ)dϕ2 + dρ2 + dx2

3 , (1.4)

f1 = 1 + 1
4
a2
+c2

−ρ4F (ρ)F̃ (ρ) , f2 = c−[1 + 1
4
(c2

+ − a2
+ − c2

−)ρ2]F (ρ)F̃ (ρ)ρ2,

f3 = (1 − 1
4
c2
−ρ2)F (ρ)F̃ (ρ)ρ2 ,

A = 1
2 F̃ (ρ)ρ2[(a+ + c+)dϕ + a+c−dt] , (1.5)

B = 1
2F (ρ)ρ2[(a+ − c+)dϕ + a+c−dt] , B = −1

2c−F (ρ)ρ2dϕ ∧ dt ,
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e2(φ−φ0) = F (ρ) , e2σ =
F (ρ)

F̃ (ρ)
, (1.6)

F (ρ) ≡ 1

1 + ρ2/ρ2
0

, F̃ (ρ) ≡ 1

1 + ρ2/ρ̃2
0

, (1.7)

ρ−2
0 ≡ 1

4
[(a+ − c+)2 − c2

−] = αβ ,

ρ̃−2
0 ≡ 1

4 [(a+ + c+)2 − c2
−] = q+(q+ + β − α) ,

a+ = q+ − α , c+ = q+ + β , c− = α − β .

The previously known magnetic solutions (1.1), (1.2) and (1.3) are obtained in the special
cases: a+ = 0, c+ = −c− = β; a+ = 0, c+ = 2β, c− = 0 and a+ = c+ = q+, c− = 0.

In general, the metric is stationary and describes a rotating electro-magnetic flux
tube universe. Asymptotically the space-time is that of a product of a flat space and a
rotating cylinder with radius going to zero at large ρ. These models can be interpreted, in
particular, as describing the geometry induced by the two magnetic fields (in dA and dB)
associated with the Kaluza-Klein gauge groups U(1)v and U(1)a,

Bv =
Bv0

(

1 + ρ2/ρ̃2
0

)2 , Ba =
Ba0

(

1 + ρ2/ρ2
0

)2 , (1.8)

Bv0 = a+ + c+ , Ba0 = a+ − c+ .

For generic values of the parameters there are also non-vanishing electric fields. When ρ2
0

or ρ̃2
0 are negative, the curvature has singularities at ρ2 = −ρ2

0 or ρ2 = −ρ̃2
0.

The important special cases correspond to

αβq+(q+ + β − α) = 0 , (1.9)

i.e. to ρ2
0 = ∞ or ρ̃2

0 = ∞, when at least one of the magnetic fields uniformly extends to
infinity. For these values of the parameters the corresponding CFT simplifies; in particular,
the quantum Hamiltonian becomes quadratic in oscillators and the partition function takes
the form of a modular integral and a sum over winding sectors of a left-right factorized
expression.

These string solutions represent typical flux tube type uniform electromagnetic back-
grounds in closed string theory. Such backgrounds are interesting for several reasons.
Strings in magnetic fields are expected to undergo phase transitions with a possible sym-
metry restoration in a way analogous to gauge theories [6]. This is suggested by the
emergence of tachyons in the spectrum for critical values of the magnetic field where the
partition function develops new divergences [2]. Similar electromagnetic backgrounds are
also related to a description of pair creation of charged black holes [7,8,9]. Knowing the
solution of the string model (i.e. of the conformal field theory) corresponding, e.g., to the
Melvin solution of the low-energy effective field theory, is a necessary step towards the
analysis of such processes at the level of string theory.

The present construction illustrates, in particular, how one can find complicated exact
string solutions without actually solving the equations of low-energy effective field theory
but instead looking directly for conformal 2d σ-models with the desired properties. The
world-sheet duality transformations relating complicated σ-models to simpler ones provide
a useful tool. For example, starting with a dimension D ≥ d+n flat model with a number
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d of periodic coordinates and making formal O(d + n, d + n; R) world-sheet duality trans-
formations (see e.g. [10,11,12]) with continuous parameters, one obtains new inequivalent
conformal theories (with O(d, d; Z) dualities as symmetries), corresponding to complicated
space-time backgrounds which solve the low-energy effective equations.

The contents of this paper, which is a sequel to [2,5], is the following.
We shall start in Section 2.1 with a construction of our string model by applying

coordinate shifts and simple duality (or, equivalently, a special O(3, 3; R) duality transfor-
mation) to a (dual to) flat model. This O(3, 3; R) duality leads to a non-trivial CFT since
two of our coordinates are compact. We shall also consider a simple duality transforma-
tion in the Kaluza-Klein coordinate which will act on our class of models relating members
with certain different values of the parameters. Next, in Section 2.2 we shall show that
the resulting σ-model is locally (ignoring topology) equivalent to a particular model with
two null Killing symmetries considered in [1] and, as such, is conformal to all orders in
α′. In Section 2.3 we shall discuss some special cases, namely plane-wave type models
(corresponding, e.g., to the solution (1.1)) and the model behind the Melvin solution [5].
Some generalizations, involving, in particular, the replacement of the (dual to) 2-plane by
a D = 2 black hole space and applying a similar (O(3, 3; R)) duality transformation, will
be briefly considered in Section 2.4.

Section 3 will be devoted to a space-time/low energy field theory interpretation of
our conformal string model. Rearranging the σ-model action in a Kaluza-Klein way (i.e.
separating terms with compact x5-coordinate) we shall determine the background fields
(1.4)–(1.7) which solve the equations of the corresponding D = 4 effective field theory. We
shall then discuss in turn various special cases, emphasizing, in particular, that differently
looking backgrounds which originate from σ-models related by simple duality in a compact
coordinate represent different “sides” of the same string solution, i.e. of the same CFT.
We shall also mention (in Section 3.7) some closely related exact string solutions which
may have an interpretation of (3+1)-dimensional black holes in external electromagnetic
fields (but for which we are unable to solve the corresponding string model).

In Section 4 we shall start the discussion of the solution of this string model. We shall
first explain (on a simple special case) how the theory can be effectively expressed in terms
of free fields and then proceed with a computation of the partition function Z on the torus
defined by the string path integral. Although the model is not gaussian, we will show that
all path integrals can be evaluated explicitly and obtain the expression for Z in terms of
the standard modular integral and sum over winding numbers and also of two additional
ordinary integrals. The latter integrals can be easily computed in the special cases (1.9).
We shall also discuss peculiar target space duality invariance properties of Z.

In Section 5 we shall systematically describe a solution of the string model using
the canonical operator quantization approach. We shall first (in Section 5.1) derive the
expression for the general solution of the classical equations of motion on the cylinder
(free string propagation) in terms of constant zero-mode parameters and free oscillators.
We shall then canonically quantize the theory (Section 5.2) using a light-cone type gauge
and derive the quantum Hamiltonian. The latter, in general, will be fourth order in
creation/annihilation operators (becoming quadratic only in the special case of (1.9)) but
will be diagonal in Fock space, enabling a straightforward determination of the string
spectrum. In Section 5.3 we shall illustrate this construction by considering its point-
particle limit in the Melvin model case, i.e. derive the expression for the zero level scalar
(tachyon) spectrum directly from the Klein-Gordon operator in the Melvin background
(1.2). In Section 5.4 we shall show that the operator approach leads to the same expression
for the partition function that was earlier obtained in the path integral approach.

Some physical properties of our class of string models will be considered in Section
6. In Section 6.1 we shall discuss the string spectrum in the special case when α = β
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(which includes the Melvin model). Such models turn out to have tachyonic instabilities
in the charged state sector of the spectrum. Implications for the value of the gyromagnetic
factor in closed string theory will be mentioned in Section 6.2. In Section 6.3 we shall
look at the string models with αβq+(q+ +β −α) < 0 corresponding to singular space-time
backgrounds and point out the existence of new tachyonic states related to the presence
of the quartic term in the string Hamiltonian. We will find that in these cases even the
state which is the counterpart of the usual graviton becomes tachyonic, what reflects a
strong instability of these backgrounds. We shall also comment on the relation of the
corresponding backgrounds to D = 3 black string and black hole geometries.

Section 7 contains some concluding remarks. In the Appendix we give the expression
for the curvature scalar for the metric (1.4).

2. String model

We shall start with a construction of our class of exact conformal D = 4 string solutions
directly at the string σ-model level, using duality transformations to relate simple σ-models
to a more complicated one. This will provide a clue to why the resulting string models,
describing complicated curved space-time backgrounds are actually exactly solvable.

2.1. Duality transformations

We shall consider axially-symmetric D = 4 string backgrounds which are direct prod-
ucts of a non-trivial three-dimensional (t, x1, x2) part and a line (x3-direction). We shall
also introduce a coupling of a closed string to an external gauge field background by using
a stringy version of the Kaluza-Klein approach, i.e. by adding an extra compact internal
direction x5 = y (with period 2πR). We shall often use the “light-cone” coordinates

u = y − t , v = y + t , y ∈ (0, 2πR) . (2.1)

Let us start with an auxiliary σ-model describing a string in D = 4 space-time which is a
direct product of a D = 2 space-time cylinder (t, y) and a space dual to a 2-plane1

I =
1

πα′

∫

d2σ
[

∂u∂̄v + ∂ρ∂̄ρ + ρ−2∂ϕ̃∂̄ϕ̃ + R(φ0 − 1
2

ln ρ2)
]

, (2.2)

1 The construction that follows can be repeated in the case when the dual plane is replaced by

a plane itself (with a trivial dilaton). The resulting backgrounds will also represent exact string

solutions. Their form can be obtained from the expressions that follow by replacing ρ by 1/ρ in

the functions (but not in derivatives or differentials). This class of backgrounds will generically

be singular at ρ = 0 (and will not contain solutions (1.1),(1.2),(1.3)). Moreover, in contrast to

the model (2.3) discussed below, the corresponding string model will not be exactly solvable by

our methods (for example, the partition function will not be explicitly computable). One may

also consider a generalization of (2.2) (or of a similar model with the 2-plane part) by adding

an arbitrary constant in front of the ρ∓2∂ϕ̃∂̄ϕ̃ term. The resulting models will have conical

singularities and do not seem to be well defined (for a discussion in a particular case see [5]).
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where R ≡ 1
4α′√gR(2) and ϕ̃ should have period 2πα′ to preserve equivalence of the “dual

plane” model to the flat 2-plane CFT [13]. A more general model is obtained from (2.2)
by making a coordinate shift and adding constant antisymmetric tensor terms

I =
1

πα′

∫

d2σ
[

(∂u + α∂ϕ̃)(∂̄v + β∂̄ϕ̃) + ∂ρ∂̄ρ + ρ−2∂ϕ̃∂̄ϕ̃ (2.3)

+ q1(∂u∂̄ϕ̃ − ∂̄u∂ϕ̃) + q2(∂v∂̄ϕ̃ − ∂̄v∂ϕ̃) + R(φ0 − 1
2 ln ρ2)] .

Here α, β, qi (i = 1, 2) are constant free parameters of dimension cm−1, i.e. the dimen-

sionless parameters of our model are
√

α′α,
√

α′β,
√

α′qi and r = R/
√

α′. Ignoring target
space topology, the two models (2.2) and (2.3) are of course “locally-equivalent”; in par-
ticular, (2.3) also solves the conformal invariance equations. The corresponding conformal
field theories will not, however, be equivalent because of the compactness of y = 1

2
(u + v)

and ϕ̃ (if R 6= ∞ the redefined coordinates u + αϕ̃ and v + βϕ̃ will be well-defined, i.e.
periodic, only for special values of α′α/R and α′β/R).

The string models we are going to discuss can be obtained from (2.3) by making
the duality transformation in the ϕ̃ direction. Gauging the corresponding isometry and
introducing the zero gauge field constraint with the Lagrange multiplier ϕ [14,13] we find
the dual action (we add also the flat x3-direction):

I =
1

πα′

∫

d2σ
[

∂u∂̄v + ∂ρ∂̄ρ

+ F (ρ)ρ2[∂ϕ + (q1 + β)∂u + q2∂v][∂̄ϕ + q1∂̄u + (q2 − α)∂̄v] (2.4)

+ ∂x3∂̄x3 + R(φ0 + 1
2

lnF )
]

, F ≡ (1 + αβρ2)−1 ,

or, equivalently (dropping the total derivative term ∂y∂̄t − ∂t∂̄y)

I =
1

πα′

∫

d2σ
[

− ∂t∂̄t + ∂y∂̄y + ∂ρ∂̄ρ

+ F (ρ)ρ2[∂ϕ + c+∂y + c−∂t][∂̄ϕ + a+∂̄y + a−∂̄t] (2.5)

+ ∂x3∂̄x3 + R(φ0 + 1
2

lnF )
]

,

F−1 = 1 + 1
4
[(a+ − c+)2 − (a− − c−)2]ρ2 .

We have introduced the following linear combinations of the parameters which will be
convenient to use below along with α, β, qi

a+ ≡ q+ − α , c+ ≡ q+ + β , a− ≡ −q− − α , c− ≡ −q− − β , q± ≡ q1 ± q2 ,

α = 1
2 (c+ − a+ + c− − a−) , β = 1

2 (c+ − a+ − c− + a−) , (2.6)

q+ = 1
2
(c+ + a+ + c− − a−) , q− = 1

2
(−c+ + a+ − c− − a−) .

The physical meaning of these parameters will become clear in the next section. The angle
ϕ in (2.5) has period 2π so that, in the trivial case of α, β, qi = 0, we get a flat 5-space
with coordinates t, y, x1 = ρ cosϕ, x2 = ρ sinϕ, x3.
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The σ-model (2.4) can be interpreted as a particular O(3, 3; R) (t, y, ϕ̃) duality trans-
formation (making shifts of t and y by ϕ̃, adding torsion terms, and performing the simple
duality in ϕ̃) of the direct product model (2.2) Rt × S1

y× (dual 2-plane)ρ,ϕ or, since the

latter itself is a duality rotation of a plane, directly of the flat model Rt × S1
y ×R2. Since

y and ϕ̃ are compact, this O(3, 3; R) duality transformation with continuous values of the
parameters is not a symmetry of one conformal theory (cf. [15]) but maps a trivial flat-
space CFT into a non-trivial one we shall discuss below. Members of the resulting class
of conformal theories parametrized by α, β, q± will be invariant only under some special
O(2, 2; Z) duality transformations.

Eq. (2.4) or (2.5) is the action of the string model investigated in this paper (another
form of the action is (2.13)). It contains four parameters but one of them, q− = q1 − q2,
can be removed by a coordinate transformation. In fact, the dependence on qi can be
formally eliminated by introducing the new coordinate

ϕ′ ≡ ϕ + q1u + q2v = ϕ + q+y − q−t . (2.7)

However, this transformation does not, in general, preserve the equivalence of the cor-
responding conformal models because of the different periods of the compact coordi-
nates ϕ and y = 1

2
(u + v) (the equivalence is preserved only in the special cases when

q+R = m = ±1,±2, ...). At the same time, assuming t is non-compact, we can, in fact,
shift ϕ → ϕ + λt, eliminating the dependence on q− by choosing λ = q−. As a result, the
models we shall discuss below will essentially depend only on the three parameters α, β
and q+ (as well as on R).

Different choices of q− correspond to different definitions of the coordinate ϕ (or
different choices of “frames” or “gauges”). For example, one may set q− = 0, i.e. (see
(2.6))

a+ = q+ − α , a− = −α , c+ = q+ + β , c− = −β , (2.8)

or q− = −α, i.e.

a− = 0 , c− = α − β , a+ = q+ − α, c+ = q+ + β . (2.9)

This second gauge may be called a “chiral gauge” since when a− = 0 there is no ∂̄y coupling
term in (2.5). Below it will be convenient to present some of the results in a general form
without specifying a particular gauge.

Since the models (2.3) and (2.5) are related by the simple ϕ - duality transformation
they should represent the same string solution, i.e. the corresponding CFT’s should be
completely equivalent [13] (see also [16,12]). We will explicitly demonstrate this in Sections
4,5 by solving the theory (computing the quantum Hamiltonian and the partition function)
starting directly with the action (2.5) and with the simpler dual action (2.3).

Let us now perform the duality transformation of the σ-model (2.5) in the compact
y-direction. We get2

Ĩ =
1

πα′

∫

d2σ
[

− ∂t∂̄t + ∂ỹ∂̄ỹ + ∂ρ∂̄ρ

+ F̃ (ρ)ρ2[∂ϕ + c+∂ỹ + c−∂t][∂̄ϕ − a+∂̄ỹ + a−∂̄t] (2.10)

2 If one adds to (2.5) the total derivative term C(∂y∂̄t − ∂t∂̄y), C = const, one gets Ĩ with ỹ

replaced by ỹ′ = ỹ − Ct. This leads to a redefinition of parameters a−, c−.
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+ ∂x3∂̄x3 + R(φ0 + 1
2 ln F̃ )

]

,

F̃−1(ρ) ≡ F−1(ρ)[1 + a+c+F (ρ)ρ2] = 1 + 1
4 [(a+ + c+)2 − (a− − c−)2]ρ2 .

This action is related to (2.5) by any of the two transformations

y → ỹ , a+ → −a+ , or y → −ỹ , c+ → −c+ . (2.11)

The same conclusion is reached by making the y-duality directly in our starting model
(2.3) (the duality transformations in ϕ̃ and y directions are independent). Note that the
σ-models with a+ = 0 or c+ = 0 are “self-dual”, i.e. preserve their form under y-duality.

Again, the two y-dual models (2.5) and (2.10) should represent the same conformal
theory (provided the period of the dual coordinate ỹ is taken to be 2πα′/R): the CFT
(Hamiltonian, spectrum, etc.) will be invariant under replacing R by α′/R, interchanging
the winding w and momentum m quantum numbers in the y-direction and transforming
a+ → −a+ (or w ↔ −m, c+ → −c+). The additional transformation of a parameter
a+ (or c+) is an interesting feature of this model. Naively, it may seem that the model
has just one non-trivial compact direction (y), so that the CFT should be invariant just
under the transformation R → α′/R and interchanging winding and momentum numbers
(a+ → −a+ should then be an additional symmetry of CFT). As we shall see in Sections
4,5 this is not the case; for example, the partition function Z(R, a+, c+, q+) is not invariant
just under R → α′/R (as happened in the “self-dual” a+ = 0, qi = 0 model of [2]) but
satisfies

Z(R, a+, c+, q+) = Z(α′/R,−a+, c+, q+) = Z(α′/R, a+,−c+, q+) . (2.12)

This may be compared to the case of 2-torus model, where one has 4 parameters trans-
forming under O(2, 2; Z) duality. The need to transform an extra parameter (a+ or c+)
under the y-duality is related to the presence in (2.5) (or (2.3)) of the couplings of y to
another angular variable ϕ (or ϕ̃).

2.2. Conformal invariance

Using the combination ϕ′ (2.7) the model (2.4) can be represented also as

I =
1

πα′

∫

d2σ
[

F (ρ)(∂u− 2αA)(∂̄v + 2βĀ) + ∂ρ∂̄ρ + ρ2∂ϕ′∂̄ϕ′ (2.13)

+ ∂x3∂̄x3 + R(φ0 + 1
2

lnF )
]

,

A = 1
2ρ2∂ϕ′ , Ā = 1

2ρ2∂̄ϕ′ . (2.14)

This form of the action is useful in order to demonstrate its exact conformal invariance.3 In
order to check the σ-model conformal invariance conditions (which are local and covariant

3 The argument about the duality to the simple model (2.3), which is itself formally (ignoring

topology) related to a flat space by a combination of a coordinate transformation and duality,

guarantees only that the leading-order β-function equations are satisfied, i.e. is not by itself

sufficient in order to prove that there exists a local scheme in which (2.4) is conformal to all

orders in α′.
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target space equations) one may ignore the difference between ϕ and ϕ′, or simply set
qi = 0. Then the Lagrangian in (2.5) becomes (I =

∫

d2σL/πα′)

L(qi = 0) = F (x)[∂u − 2αAi(x)∂xi][∂̄v + 2βAi(x)∂̄xi] (2.15)

+ ∂xa∂̄xa + R(φ0 + 1
2

lnF ) ,

Ai = −1
2 ǫijx

j , F−1 = 1 + αβxixi , xa = (xi, x3) ,

i.e. it corresponds to a special case of a generalized “F -model” considered in Section 5 of
ref. [1]

L = F (x)
[

∂u + 2Ba(x)∂xa][∂̄v + 2B̄a(x)∂̄xa
]

+ ∂xa∂̄xa + Rφ(x) . (2.16)

When the vectors Ba and B̄a have constant field strengths Fab and F̄ab this model was
shown to be conformally invariant to all loop orders provided [1]

∂a∂aF−1 + 2FabF̄ab = 0 , φ = φ0 + 1
2 lnF . (2.17)

In the case of (2.5)

Fij = −αǫij , F̄ij = βǫij , F−1 = 1 + αβxixi , i = 1, 2 , (2.18)

so that the condition (2.17) is indeed satisfied.

2.3. Special cases

The R = ∞ limit of our model (2.5) can also be represented by the Lagrangian
(2.15) corresponding to the choice of qi = 0. Indeed, when both y and t are non-compact
the transformation ϕ → ϕ′ (2.7) is completely legitimate and thus the resulting CFT
should depend only on the two parameters α, β.4 If we drop the trivial x3-direction, (2.15)
describes an interesting exact D = 4 string background (see Section 3.6) on which, as on
flat space, the string theory can be explicitly solved as discussed in Sections 4 and 5.

The simplicity of the qi = 0 model (2.15) is also reflected in the fact that the La-
grangian related to (2.15) by the y-duality transformation is quadratic in xi and thus
represents a straightforward generalization of the model of [1,2]. In fact, setting qi = 0

(F̃ (ρ) = 1) in (2.10) we get a generalized “non-chiral” plane-wave type model (see [17,1]
and references there)5

Ĩ =
1

πα′

∫

d2σ
(

∂ũ∂̄ṽ + αβρ2∂ũ∂̄ũ + αρ2∂ϕ∂̄ũ + βρ2∂̄ϕ∂ũ (2.19)

+ ∂ρ∂̄ρ + ρ2∂ϕ∂̄ϕ + ∂x3∂̄x3 + Rφ0

)

, ũ ≡ ỹ − t , ṽ ≡ ỹ + t ,

4 The finite R theory with qi = 0 and the R = ∞ theory are of course inequivalent as conformal

field theories.
5 To obtain this dual action directly from (2.15) one needs to add to (2.15) the total derivative

term (∂y∂̄t − ∂t∂̄y) which was dropped in going from (2.4) to (2.5). If one starts directly with

(2.15) one obtains Ĩ with ỹ replaced by ỹ + t.
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or, equivalently,

L̃ = ∂ũ∂̄ṽ +αβxixi∂ũ∂̄ũ+αǫijx
i∂xj ∂̄ũ+βǫijx

i∂̄xj∂ũ+∂xi∂̄xi +∂x3∂̄x3 +Rφ0 . (2.20)

Solving for ṽ one finds that ũ satisfies the free equation of motion and then the linear
equation for xi is also easily solvable. Thus the operator quantization of this model can
be carried out essentially in the same way as was done for its special case of α = 0 in [2].
Equivalently, in the path integral approach, the integral over ṽ implies the constraint that
ũ is given by the zero (winding) mode term only, so that, e.g., the partition function on
the torus is readily computable. Since the resulting CFT is duality-invariant, in this way
we get also the partition function of the equivalent qi = 0 model (2.15) (see Section 4.2).

Let us now consider some other special cases of models (2.4) or (2.5). When αβ = 0
the dilaton field is constant. For qi = 0 and α = 0 (β = 0 gives a similar model with
∂ → ∂̄) we get back to the constant magnetic field model of [1,2]

L(qi = 0, α = 0) = ∂u∂̄v + βρ2∂̄ϕ∂u + ∂ρ∂̄ρ + ρ2∂ϕ∂̄ϕ + ∂x3∂̄x3 + Rφ0 (2.21)

= ∂u∂̄v + βǫijx
i∂̄xj∂u + ∂xi∂̄xi + ∂x3∂̄x3 + Rφ0 .

More generally, let us choose the gauge a− = 0 (2.9) and consider the 2-parameter subclass
of models defined by the condition a+ = 0 (i.e. q1 = 0, q2 = α)

L(a± = 0) = ∂u∂̄v + ∂ρ∂̄ρ + F (ρ)ρ2(∂ϕ + β∂u + α∂v)∂̄ϕ (2.22)

+ ∂x3∂̄x3 + R[φ0 + 1
2 lnF (ρ)] , F−1 = 1 + αβρ2 ,

or, up to total derivative,

L(a± = 0) = −∂t∂̄t + ∂y∂̄y + ∂ρ∂̄ρ +
ρ2

1 + αβρ2
(∂ϕ + c+∂y + c−∂t)∂̄ϕ (2.23)

+ ∂x3∂̄x3 + R[φ0 − 1
2

ln(1 + αβρ2)] .

These models with a+ = 0 (or c+ = 0) are “chiral” (or “heterotic”) in the sense that the
background gauge field only couples to the left or to the right sector. The special case of
(2.23) with c− = 0 (i.e. with α = β) is the string model [5] corresponding to the dilatonic
Melvin solution [4] which describes a magnetic flux-tube background (1.2)

L(a± = c− = 0) = −∂t∂̄t + ∂ρ∂̄ρ + F (ρ)ρ2∂ϕ∂̄ϕ + ∂y∂̄y + 2βF (ρ)ρ2∂y∂̄ϕ

+∂x3∂̄x3 + R[φ0 + 1
2

lnF (ρ)] , F−1 = 1 + β2ρ2 , β = α = 1
2
c+ . (2.24)

In the non-compact case R = ∞ the non-trivial 3-dimensional (y, ρ, ϕ)-part of this model
can be considered [5] as a special singular limit of the SL(2, R) × R/R “charged black
string” coset model [18].6

Changing the parameter α in eq. (2.23) from 0 to β we thus interpolate between
the constant magnetic field model (2.21) and the flux-tube Melvin model (2.24). The
parameter 1/

√
αβ represents an effective width of the flux tube inside which the magnetic

field is approximately constant. As (2.21) and (2.24) all the members of the 2-parameter
class of models (2.23) are invariant with respect to the duality transformation in the
Kaluza-Klein y-direction (cf. (2.11)).

6 Correspondingly, the (ρ, ϕ)-part of the Melvin background (1.2) can be interpreted as a limit

of the Euclidean version of the charged D = 2 black hole. A.T. is grateful to A. Strominger for

this remark.
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2.4. Generalizations

The idea of constructing non-trivial D = 4 string backgrounds by starting with simple
σ-models such as (2.3) and applying duality transformations in angular coordinates can
be generalized in several ways. The model (2.3) admits the following generalization which
preserves the number of its isometries: if we shift v → v + κu, κ = const in (2.3) then
the new model will not be equivalent to the κ = 0 one as long as y is compact. The
corresponding dual σ-model action (2.4) will take the form

I =
1

πα′

∫

d2σ
[

∂u∂̄v + κ∂u∂̄u + ∂ρ∂̄ρ

+ F (ρ)ρ2[∂ϕ + (q′1 + β′)∂u + q2∂v][∂̄ϕ + q′1∂̄u + (q2 − α)∂̄v] (2.25)

+ ∂x3∂̄x3 + R(φ0 + 1
2 lnF )

]

.

κ will be a new parameter of the corresponding CFT. For example, in computing the
partition function on the torus u and v′ = v + κu = (1 + κ)y + (1 − κ)t will now have
different radii of their winding zero mode parts, namely, R and R′ = (1+κ)R. As a result,
Z will depend on R and R′ (as well as on α, β, q+). In the rest of this paper we shall
assume for simplicity that κ = 0.

One may also replace the “dual 2-plane” part of (2.3) by the σ-model representing
the (dual to the) Euclidean D = 2 black hole (i.e. the gauged WZW model SL(2, R)/U(1)
[19,20,21]),

I =
1

πα′

∫

d2σ
[

(∂u + α∂ϕ̃)(∂̄v + β∂̄ϕ̃) + ∂ρ∂̄ρ + f2(ρ)∂ϕ̃∂̄ϕ̃ (2.26)

+ q1(∂u∂̄ϕ̃ − ∂̄u∂ϕ̃) + q2(∂v∂̄ϕ̃ − ∂̄v∂ϕ̃) + R(φ0 − ln g(ρ))
]

,

with
f(ρ) = b coth bρ , g(ρ) = b−1 sinh bρ , (2.27)

or
f(ρ) = b−1 tanh bρ , g(ρ) = cosh bρ . (2.28)

The resulting σ-model is conformal to all orders in the “leading-order” scheme [22]. The
constant b (α′b2 = 1/k) is fixed by the condition of the vanishing of the total central charge,
2+3k/(k−2)−1+N −26 = 0, where N is a number of extra free bosonic dimensions. The
value of b can be made continuous by introducing a linear dilaton coupling in t direction.
The action (2.26) with (2.27) reduces to (2.3) in the limit b → 0 (i.e. N → 22). The
σ-model dual to (2.26),(2.27) is given by the following generalization of (2.5)

I =
1

πα′

∫

d2σ
[

∂u∂̄v + ∂ρ∂̄ρ

+ b−2tanh2bρ F (ρ)[∂ϕ + (q1 + β)∂u + q2∂v][∂̄ϕ + q1∂̄u + (q2 − α)∂̄v] (2.29)

+ ∂x3∂̄x3 + R(φ0 + 1
2 lnF ′(ρ))

]

,

F−1 = 1 +
αβ

b2
tanh2bρ , F ′ = F (ρ)cosh−2bρ . (2.30)
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The parameter b “regularizes” the large ρ form of the models (2.26) and (2.29) (cf. (2.3),
(2.4)): the target space becomes a product of a Minkowski 3-space (t, ρ, x3) and a “twisted”
2-torus (y, ϕ). The “mixing” of the Kaluza-Klein and angular ϕ coordinates makes the
corresponding conformal theory and its space-time interpretation quite non-trivial.

The σ-model (2.29) can be described as a particular O(3, 3; R) duality transformation
(shifting of t and y by ϕ̃, adding torsion, and performing duality in ϕ̃) of the direct product
model Rt × S1

y× [SL(2, R)/U(1)WZW]ρ,ϕ × Rx3
. As was already mentioned in Section

2, for general values of the parameters such O(3, 3; R) duality transformation is not a
symmetry of the original CFT, i.e. it gives a new conformal theory.

For special values of the parameters the 3-dimensional (y, ρ, ϕ) part of this model is
equivalent to the [SL(2, R)k × U(1)k′ ]/U(1) gauged WZW model (or, for non-compact
y and ϕ, to the “charged black string” model of [18]). For b 6= 0 the conformal theory
corresponding to (2.26) or (2.29) is much more complicated than the b = 0 one discussed
in the main part of the present paper.7

3. Space-time/low energy field theory interpretation

To give a space-time interpretation to the string models (2.5), i.e. to determine the
corresponding string background geometry, we shall make the Kaluza-Klein–type rear-
rangement of terms in the above σ-model actions (see, e.g., [23,1])

I5 =
1

πα′

∫

d2σ
[

(GMN + BMN )(X)∂XM ∂̄XN + Rφ(X)
]

=
1

πα′

∫

d2σ
[

(Ĝµν + Bµν)(x)∂xµ∂̄xν + e2σ(x)[∂y + Aµ(x)∂xµ][∂̄y + Aν(x)∂̄xν ]

+ Bµ(x)(∂xµ∂̄y − ∂̄xµ∂y) + Rφ(x)
]

, (3.1)

where XM = (xµ, x5), xµ = (t, xi, x3), x5 ≡ y and 8

Ĝµν ≡ Gµν − G55AµAν , G55 ≡ e2σ , Aµ ≡ G55Gµ5 , Bµ ≡ Bµ5 . (3.2)

From the point of view of the low-energy effective field theory, this decomposition corre-
sponds to starting with the D = 5 bosonic string effective action and assuming that one

7 Another generalization which will not be explored here is to consider the coordinate t in (2.3)

to be periodic. It may be of interest in connection with a finite temperature description as well

as for construction of related (e.g. by analytic continuation) models where the role of time can

be assigned to one of the other coordinates. This may permit, in particular, to obtain models

with expressions for the electric and magnetic fields being interchanged. One more possibility

is to start with the Euclidean D = 4 model which is a combination of the two “dual 2-planes”,

make coordinate shifts preserving the number of isometries, apply the duality in two angular

coordinates and then look for the range of parameters (or analytic continuations) for which the

resulting σ-model has Minkowski signature.
8 The modulus field σ should not be confused with the world-sheet coordinates σα.
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spatial dimension x5 is compactified on a small circle. Dropping the massive Kaluza-Klein
modes one finds the following dimensionally reduced D = 4 action (see, e.g., [24])

S4 =

∫

d4x
√

Ĝ e−2φ+σ
[

R̂ + 4(∂µφ)2 − 4∂µφ∂µσ (3.3)

− 1

12
(Ĥµνλ)2 − 1

4
e2σ(Fµν(A))2 − 1

4
e−2σ(Fµν(B))2 + O(α′)

]

,

where, in addition to (3.2), we have defined

Fµν(A) = 2∂[µAν] , Fµν(B) = 2∂[µBν] , Ĥλµν = 3∂[λBµν] − 3A[λFµν](B) . (3.4)

As follows from (3.1), the σ-model duality transformation in y induces the following target
space transformation

A → ±B , B → ±A , σ → −σ , φ → φ − σ , (3.5)

Ĝµν → Ĝµν , Bµν → Bµν + AµBν − BµAν , Ĥµνλ → Ĥµνλ ,

which is obviously the invariance of (3.3). Dual backgrounds related by (3.5) correspond
to the same string solution (CFT).

3.1. 3-parameter class of new string solutions

Let us define the two functions F and F̃ (which already appeared in (2.5), (2.10))

F (ρ) ≡ (1 +
ρ2

ρ2
0

)−1 , F̃ (ρ) ≡ (1 +
ρ2

ρ̃2
0

)−1 , (3.6)

ρ−2
0 = 1

4 [(a+ − c+)2 − (a− − c−)2] = αβ , (3.7)

ρ̃−2
0 = 1

4 [(a+ + c+)2 − (a− − c−)2] = q+(q+ + β − α) ,

F̃ (ρ) = [F (ρ)]a+→−a+
= [F (ρ)]c+→−c+

.

Note that ρ2
0 and ρ̃2

0 can take both positive and negative values. Starting with (2.5) we
find the following expressions for the D = 4 background fields:
dilaton and modulus scalars

e2(φ−φ0) = F (ρ) , e2σ =
F (ρ)

F̃ (ρ)
, (3.8)

abelian vector and axial-vector potentials

A = Aµdxµ = 1
2 F̃ (ρ)ρ2[(a+ + c+)dϕ + (a+c− + c+a−)dt] , (3.9)

B = Bµdxµ = 1
2F (ρ)ρ2[(a+ − c+)dϕ + (a+c− − c+a−)dt] ,
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with field strengths

dA = F̃ 2(ρ)ρdρ ∧ [(a+ + c+)dϕ + (a+c− + c+a−)dt] , (3.10)

dB = F 2(ρ)ρdρ ∧ [(a+ − c+)dϕ + (a+c− − c+a−)dt] ,

the effective D = 4 metric

ds2
4 ≡ Ĝµνdxµdxν = −dt2 + F (ρ)ρ2(dϕ + c−dt)(dϕ + a−dt) (3.11)

− 1
4 F̃ (ρ)F (ρ)ρ4

[

(a+ + c+)dϕ + (a+c− + c+a−)dt
]2

+ dρ2 + dx2
3 ,

det Ĝ = −ρ2F (ρ)F̃ (ρ) , (3.12)

and the antisymmetric tensor

B = 1
2Bµνdxµ ∧ dxν = 1

2 (a− − c−)F (ρ)ρ2dϕ ∧ dt . (3.13)

Note that the invariant antisymmetric tensor field strength Ĥµνλ in (3.4), is, like B itself,
proportional to a− − c− = β − α. The duality transformation in the y direction (3.5) is

indeed induced by a+ → −a+ (i.e. F → F̃ , etc.) in agreement with (2.10),(2.11). The
duality invariant ‘shifted’ D = 4 dilaton which determines the effective coupling in the
D = 4 action (3.3) is given by

Φ ≡ φ − 1
2
σ = φ0 + 1

4
ln[F (ρ)F̃ (ρ)] . (3.14)

In general, we get a stationary (“rotating”) metric of the form

ds2
4 = −f1(ρ)dt2 + f2(ρ)dϕdt + f3(ρ)dϕ2 + dρ2 + dx2

3 , (3.15)

and the gauge field strengths which have both magnetic and electric components. There
are pure magnetic solutions but no purely electric ones, except in special limits.9

Using the expressions for F , F̃ in (3.6) and (3.7) one finds that for generic values of
the parameters the metric becomes degenerate at ρ → ∞ and the asymptotic ρ → 0 and
ρ → ∞ forms of the metric are

(ds2
4)ρ→0 = −dt2 + (a− + c−)ρ2dϕdt + dρ2 + ρ2dϕ2 + dx2

3 , (3.16)

(ds2
4)ρ→∞ = −k0(dt + k1dϕ)2 + ρ−2k2dϕ2 + dρ2 + dx2

3 , ks = const , (3.17)

i.e. the 2-space (ρ, ϕ) which looks like a 2-plane near the origin ρ = 0 at large ρ becomes
a (rotating) cylinder with radius going to zero as ρ → ∞. This is similar to the topology
of the Melvin solution [4].

9 It is possible to formally exchange the roles of the electric and magnetic fields by assigning

the role of time to the ϕ coordinate (e.g. by the rotation ϕ → iϕ, or by specifying to the regions

where ϕ has a time-like signature).
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In the special cases when F = 1 (or F̃ = 1) the determinant of the metric (3.12) at
large ρ approaches a finite value and, for α 6= β, we get instead a rotating Rindler-type
asymptotic space

(ds2
4)ρ→∞ = −ρ2(dt + n1dϕ)2 + ρ−2n2dϕ2 + dρ2 + dx2

3 , ns = const . (3.18)

For α = β the asymptotics is that of a cylinder, (ds2
4)ρ→∞ = −dt2 + n′dϕ2 + dρ2 + dx2

3. F

or F̃ are equal to 1 when either αβ = 0 or q+(q+ + β −α) = 0 (see (2.6)), i.e. when either
of the axial or vector field strengths (cf. (3.9)) is constant (uniformly extends to infinity).

When both F = 1 and F̃ = 1 the asymptotic form of the metric is that of the plane.
For αβ < 0 or q+(q+ +β−α) < 0 the determinant (3.12) has singularities at ρ2 = −ρ2

0

or ρ2 = −ρ̃2
0, respectively. These are, in fact, curvature singularities, as can be seen

from the general expression for the curvature scalar of metric (3.11) which is given in the
Appendix.

Excluding the singular cases (and considering, e.g., the case when the electric fields
vanish, i.e. a− = c− = 0) the resulting geometry admits a straightforward physical
interpretation as the one induced by the two Kaluza-Klein (U(1)v and U(1)a) magnetic
fields of strengths Bv0 = a+ + c+ and Ba0 = a+ − c+ which are non-vanishing inside the

regions of characteristic scales ρ0 and ρ̃0 (their profile functions are F̃ 2 and F 2, see (3.10)).
As will be discussed in Section 6.3, the singular configurations can be related to black or
naked strings.

We have mentioned in Section 2 that one combination of the parameters a− and c−
can be fixed by a coordinate transformation (cf. (2.7)). Below we shall use the “chiral”
gauge a− = 0 (2.9) in which the metric (3.11) can be put into the following form:

ds2
4 = −[1 + 1

4a2
+c2

−ρ4F (ρ)F̃ (ρ)]dt2 + c−[1 + 1
4 (c2

+ − a2
+ − c2

−)ρ2]F (ρ)F̃ (ρ)ρ2dϕdt (3.19)

+ (1 − 1
4c2

−ρ2)F (ρ)F̃ (ρ)ρ2dϕ2 + dρ2 + dx2
3 .

To clarify the properties of this 3-parameter class of solutions (3.8)–(3.13) correspond-
ing to the action (3.3) let us now consider some special choices of the free parameters
a+, c+, c−.

3.2. Chiral magnetic backgrounds with constant modulus σ (a+ = 0)

The solutions with a+ = 0 (or c+ = 0) are precisely the ones which are self-dual,
i.e. invariant under (2.11), (3.5). They have zero modulus, σ = 0, and are “chiral” (cf.
(2.23)): the two vector fields A and B in (3.9) are equal up to sign (and have only magnetic
components). In the a− = 0 gauge

A = −B = 1
2
c+F (ρ)ρ2dϕ , dA = c+F 2(ρ)ρdρ ∧ dϕ , c± = α ± β , (3.20)

e2(φ−φ0) = F = F̃ =
1

1 + 1
4 (c2

+ − c2
−)ρ2

, σ = 0 , B = −1
2c−F (ρ)ρ2dϕ ∧ dt , (3.21)

ds2
4 = −[dt − 1

2c−F (ρ)ρ2dϕ]2 + dρ2 + F 2(ρ)ρ2dϕ2 + dx2
3 . (3.22)

The Melvin solution (1.2) corresponds to c− = 0. Then the metric is static and the
antisymmetric tensor vanishes. The solution of [1] (eq. (1.1)) is obtained for c+ = c− = β:
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then F = 1 so that the magnetic field strength and the dilaton become constant everywhere
in space, the metric is of “rotating” type and Bµν 6= 0.

Among other members of this a+ = 0 subclass there is a special solution with c+ =
0, c− 6= 0 (i.e. with α = −β). In this case both gauge fields vanish identically, but the
metric, dilaton and Bµν remain non-trivial,

ds2
4 = −dt2 + F (ρ)ρ2(dϕ + c−dt)dϕ + dρ2 + dx2

3 , (3.23)

B = −1
2c−F (ρ)ρ2dϕ ∧ dt , e2(φ−φ0) = F = (1 − 1

4c2
−ρ2)−1 .

Dropping the trivial x3-direction we get a D = 3 string solution which (like the α = β
Melvin model [5]) can be formally (ignoring the issue of different periodicities of coordi-
nates) identified with a special singular limit of the charged black string background of [18].
The corresponding string model (given by (2.23) with c+ = 0, c− 6= 0) is an “antipode” of
the Melvin model (which has c− = 0, c+ 6= 0) being connected to it by a change of sign
of α and formal replacement of y by t. Thus, like the Melvin model [5], it can be related
(ignoring the global issues) to a special limit of the SL(2, R)×R/R gauged WZW model.
Equivalently, if all the coordinates are formally taken to be non-compact, this model is the
same as the D = 3 σ-model corresponding to Ec

2/U(1) gauged WZW theory [25].
Solutions with |c−| > |c+| (i.e. αβ < 0 ) correspond to singular geometries. In fact,

the derivatives of φ and Bµν and the curvature blow up on a (x3, ϕ)-cylinder with radius
ρ2 = 4/(c2

− − c2
+) where F → ∞. Computing the curvature for the metric (3.22) in the

obvious vierbein basis, one finds the following non-vanishing vierbein components

R0101 = R0202 =
1

4
c2
−F 2(ρ) , R0112 = R1201 = −1

4
c−(c2

+ − c2
−)ρF 2(ρ) , (3.24)

R1212 =
1

8
[12c2

+ − 6c2
− − (c2

+ − c2
−)2ρ4]F 2(ρ) .

Note that the duality-invariant shifted dilaton (3.14) is also singular at the points where
F = ∞, i.e. where thus the effective string coupling diverges.

3.3. Static magnetic backgrounds with vanishing antisymmetric tensor field

According to (3.9) the subclass of solutions for which the vector field strengths have
only magnetic components is determined (in the gauge a− = 0) by the condition c−a+ = 0.
We have already discussed the case of a+ = 0 so let us now assume that c− = 0. As follows
from (2.5), for c− = a− = 0 (i.e. for α = β) the time direction decouples and one gets
a static D = 4 metric and zero antisymmetric tensor (in fact, α = β is the only case
when the metric (3.19) becomes of non-rotating type). Indeed, in this case we get from
(3.8),(3.19),(3.9)

e2(φ−φ0) = F (ρ) , e2σ =
F (ρ)

F̃ (ρ)
, (3.25)

F−1 = 1 + 1
4 (a+ − c+)2ρ2 , F̃−1 = 1 + 1

4 (a+ + c+)2ρ2 ,

A = 1
2 (a+ + c+)F̃ (ρ)ρ2dϕ , B = 1

2 (a+ − c+)F (ρ)ρ2dϕ , B = 0 , (3.26)

ds2
4 = −dt2 + dρ2 + F (ρ)F̃ (ρ)ρ2dϕ2 + dx2

3 . (3.27)
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The metric (3.27) is flat near ρ = 0 and, for α 6= β, it becomes effectively 3-dimensional
at large ρ, (ds2

4)ρ→∞ = −dt2 + dρ2 + kρ−2dϕ2 + dx2
3. An interesting simple special case is

α = β = 0, q+ 6= 0, i.e.

e2(φ−φ0) = 1 , e2σ = F̃−1(ρ) = 1 + q2
+ρ2 , (3.28)

A = q+F̃ (ρ)ρ2dϕ , B = 0 , B = 0 , (3.29)

ds2
4 = −dt2 + dρ2 + F̃ (ρ)ρ2dϕ2 + dx2

3 , (3.30)

which corresponds to the “a =
√

3” (or “Kaluza-Klein”) Melvin solution [4].10

3.4. Backgrounds with uniform magnetic field

We have seen in Section 2 that the string model with qi = 0 (2.15) and its dual (2.20)
have a particularly simple form. More generally, a simplification occurs for F = 1 or
F̃ = 1 when one of the two parameters ρ0 or ρ̃0 in (3.7) is infinite, i.e. when αβ = 0 or
q+(q+ + β − α) = 0.

Let us first consider the case of F̃ = 1, i.e. q+(q+ + β − α) = 0, or, in particular,
q+ = 0, corresponding to the case when the magnetic field associated with the vector U(1)v
is constant. To present the expressions for the corresponding background fields we shall
use the gauge q1−q2 = 0 (2.8) (as discussed in Section 2, different gauges are related by the
coordinate transformation ϕ → ϕ+λt). For qi = 0 we have a+ = a− = −α , c+ = −c− = β
and thus find from (3.8)–(3.13) that the modulus is equal to the (non-constant part of the)
dilaton

e2σ = e2(φ−φ0) = F (ρ) = (1 + αβρ2)−1 , F̃ (ρ) = 1 , (3.31)

the vector A has a constant magnetic field strength

A = 1
2
(β − α)ρ2dϕ , B = −1

2
F (ρ)ρ2[(α + β)dϕ − 2αβdt] , (3.32)

and the metric and the antisymmetric tensor have the following simple form

ds2
4 = −F (ρ)[dt + 1

2 (α + β)ρ2dϕ]2 + dρ2 + ρ2dϕ2 + dx2
3 , (3.33)

B = 1
2
(β − α)F (ρ)ρ2dϕ ∧ dt .

This class of backgrounds is another generalization of the constant magnetic field solution
(1.1) different from the Melvin-type generalization (3.20)–(3.22): here the deformation is
in the a+ = −α direction. It induces nontrivial scalars σ and φ, and makes B different
from −A (while still preserving the “rotational” structure of the metric).

10 As was pointed out in [9], it is possible to obtain the dilatonic Melvin solution (with arbitrary

value of the coupling parameter a) by applying the duality transformation in the angular coor-

dinate to the flat space solution of the dilaton-Einstein-Maxwell theory. For a = 1 and a =
√

3

(which are the only cases that can be embedded into the string effective action (3.3)) this is the

effective field theory analogue of our construction of the corresponding string theory in Section 2.
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The curvature components corresponding to (3.33) are proportional (as in (3.24)) to
the powers of F so that for αβ < 0 they are singular on a cylinder corresponding to the
special value of ρ2 = −ρ̃2

0 where F = ∞, and where φ and Φ (3.14) also blow up.
An interesting special case of this subclass is obtained for α = −β. Then A has only

magnetic component while B has only the electric one,

e2σ = e2(φ−φ0) = F (ρ) = (1 − β2ρ2)−1 , B = βF (ρ)ρ2dϕ ∧ dt , (3.34)

A = βρ2dϕ , B = −β2F (ρ)ρ2dt = −F (ρ)dt + dt , (3.35)

ds2
4 = −F (ρ)dt2 + dρ2 + ρ2dϕ2 + dx2

3 . (3.36)

The vierbein components of the corresponding Riemann tensor and curvature scalar (see
the Appendix) are

R0101 = β(2β4ρ4 −β2ρ2 − 1)F 3(ρ), R0202 = β2F (ρ), R = −2β2(2+β2ρ2)F 2(ρ), (3.37)

so that ρ2 = 1/β2 is the singularity.
The solutions with αβ = 0 are y-dual (3.5) to (3.31)–(3.33). These are the solutions

with constant dilaton,

e2(φ−φ0) = F (ρ) = 1 , e2σ = F̃−1(ρ) = 1 + α̃β̃ρ , (3.38)

B = 1
2 (α̃ − β̃)ρ2dϕ , A = 1

2 F̃ (ρ)ρ2[(α̃ + β̃)dϕ − 2α̃β̃dt] , (3.39)

ds2
4 = −F̃ (ρ)[dt + 1

2
(α̃ + β̃)ρ2dϕ]2 + dρ2 + ρ2dϕ2 + dx2

3 , (3.40)

B = 1
2
(β̃ − α̃)ρ2dϕ ∧ dt , α̃ ≡ q+ , β̃ ≡ q+ + β − α .

Indeed, this background corresponds to the “plane-wave-type” string model (2.20) which
is dual to (2.15). Thus the two backgrounds (3.31)–(3.33) and (3.38)–(3.40) are different
“faces” of the same string solution (they correspond to the same CFT).

The metric (3.33) or (3.40) is that of a homogeneous space only when both F and F̃
are equal to 1, i.e. when both magnetic fields are uniform (both ρ0 and ρ̃0 are infinite).
This requires that αβ = 0 and q+(q+ + β − α) = 0, i.e. that c+ = ±a+, leaving only one
free parameter (representing the magnetic field strength). This is essentially the solution
(1.1) of [1] investigated in [2] with the metric representing the space of the Heisenberg
group.

3.5. Backgrounds corresponding to the ϕ-dual model (2.3)

In addition to y-dual backgrounds related by (3.5) (i.e. by a+ → −a+ or c+ → −c+)
which represent two different “sides” of the same string solution as “seen” by point-like
modes with linear or winding Kaluza-Klein momentum (charge) there is another “face” of
our string solution (CFT) which is described by the ϕ-dual σ-model (2.3). Representing
(2.3) in the form (3.1) we find another D = 4 solution of the equations for the action (3.3)
(we drop the exact pure-gauge O(dt) and O(dϕ̃ ∧ dt) parts of the 1-forms A,B and the
2-form B)

e2(φ−φ0) = ρ−2 , e2σ = 1 , (3.41)

A = −1
2(a+ − c+)dϕ̃ , B = 1

2 (a+ + c+)dϕ̃ , B = 0 , (3.42)
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ds2
4 = −[dt + 1

2 (c− − a−)dϕ̃]2 + dρ2 + ρ−2dϕ̃2 + dx2
3 . (3.43)

The metric (3.43) can be called a “rotating dual 2-plane”. While A and B are locally trivial
and have zero field strengths, their configuration is globally non-trivial: dϕ̃ is closed but
not exact since ϕ̃ is periodic and ρ = 0 is the curvature singularity.11 It is remarkable that
the two such different D = 4 backgrounds as (3.8)–(3.13) and (3.41)–(3.43) correspond to
the same string solution.

3.6. D = 4 solution associated with non-compact R = ∞ model (2.15)

When the coordinate y is non-compact (i.e. R = ∞) the model is characterised by
the two parameters α, β. Dropping the trivial x3 direction we then get from (2.15) the
following D = 4 (u = y − t, v = t + y, x1, x2) exact string solution:

ds2 = F (ρ)[dudv + ρ2dϕ(βdu − αdv) + ρ2dϕ2] + dρ2 , (3.44)

B = −1
2ρ2F (ρ)dϕ ∧ (βdu + αdv) , e2(φ−φ0) = F (ρ) = (1 + αβρ2)−1 .

This is a special case of the class of solutions represented by (2.16),(2.17) which were found
in [1]. The metric (3.44) has two null Killing vectors which become covariantly constant if
αβ = 0. In the case of α = 0 this background corresponds to the Ec

2 WZW model of [26]
with (3.44) representing (in proper coordinates) the metric of a monochromatic left-moving
plane wave. Similarly, for β = 0 (3.44) describes a right-moving plane wave. For αβ 6= 0
the metric is static, as can be seen by the coordinate transformation u′ = 2βu, v′ = −2αv,
i.e. y′ = βu − αv. It may be possible to interpret this background as describing a
“superposition” of two interacting gravitational waves moving in opposite directions. The
corresponding curvature asymptotically (in transverse space) goes to zero (and is singular
at finite ρ if αβ < 0).

As in the compact (R < ∞) case the corresponding conformal field theory can be
studied explicitly. We shall show in Sections 4 and 5 that the Hamiltonian of the R =
∞ model is quadratic in oscillators (but still non-trivial) and the partition function is
equivalent to the partition function of the free closed string theory.

3.7. Generalizations

Starting with the generalizations (2.25) and (2.29) of our model (2.4) we obtain two
different one-parameter extensions of the class of solutions (3.8)–(3.13). The second one
(2.29) may be of particular interest since the introduction of the parameter b changes the
large ρ behaviour of the background fields (while for small ρ the form of the background
fields remains the same as for b = 0). In particular, we obtain generalizations of the Melvin
(1.2) and the constant magnetic field (1.1) solutions. For example, in the latter case:

ds2
4 = −(dt + 1

2βb−2tanh2bρ dϕ)2 + dρ2 + b−2tanh2bρ dϕ2 + dx2
3 , (3.45)

A = −B = 1
2βb−2tanh2bρ dϕ ,

11 The “regularized” version of the dual 2-plane – the dual D = 2 black hole – has a “trumpet”

topology (with the radius of the ϕ̃-circle being nonvanishing everywhere), suggesting that ϕ̃ should

be considered as a “true” angular coordinate.
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B = 1
2βb−2tanh2bρ dϕ ∧ dt , eφ−φ0 = cosh−1 bρ , σ = 0 .

The magnetic field is no longer uniform everywhere but decays asymptotically with a
characteristic scale b−1, the space is not homogeneous and the dilaton is non-constant.

It is possible also to construct new exact string solutions by generalizing the qi = 0
model (2.15). Indeed, as was pointed out in [1], the model (2.16) is conformal for any F
satisfying (2.17). Thus we may consider solutions of (2.17) more general than (2.18). In
particular, we may add to F−1 = 1 + αβρ2 a solution of the homogeneous D = 3 (ρ, ϕ, x3)
Laplace equation, obtaining, e.g.,

F−1(ρ) = 1 + µ ln
ρ

ρ0
+ αβρ2 . (3.46)

Another possibility is

F−1(ρ, x3) = 1 +
M

r
+ αβρ2 , r2 ≡ ρ2 + x2

3 . (3.47)

Dimensionally reducing the resulting string model along the y-direction we obtain again an
exact solution similar to (3.31)–(3.33) with F now being given by (3.46) or (3.47). These
backgrounds seem to represent (3+1)-dimensional string and black-hole type configurations
in external electromagnetic fields (cf. [1]). The corresponding string model, however, is no
longer solvable by our methods.

For example, the qi = 0 background (3.31),(3.32),(3.33) with F given by (3.47) rep-
resents a generalisation to the case of α 6= 0 of the solution in [1] which was an extension

(β 6= 0) of the extremal Kaluza-Klein (a =
√

3) black hole [4].12

4. Solution of the string model: path integral approach

Looking at the world-sheet action of our model (2.4) or (2.5) it may seem unlikely that
such a complicated interacting 2d theory may have explicitly solvable classical equations
and computable path integral. The reason for the solvability of this model is that it is
ϕ-dual to a much simpler theory (2.3) which, in turn, is locally (ignoring topology) related
(by ϕ-duality and coordinate transformation) to a flat free-field model. This explains, in
particular, why the classical equations corresponding to (2.4) can be solved in terms of the
free fields: the classical solutions of the two dual σ-models are related in a simple way. It is
the topology (periodicity of y in (2.1) and ϕ) that makes the model nontrivial, and it turns
out to be possible to take the boundary conditions into account in a rather straightforward
way.

Below we shall first discuss the reduction to free fields (on a simple example of the
qi = 0 model) and then present the computation of the general expression for the partition
function in the path integral approach.

12 At the same time, the solutions in our class with F given by (3.47) do not include a gener-

alization of the extremal a = 1 dilatonic black hole [4,27] since the model (2.13) does not contain

the term K∂u∂̄u (or K∂v∂̄v) which is necessary in order to obtain the a = 1 extremal black hole

by dimensional reduction [28,1]. In fact, for αβ 6= 0 such a term (or, e.g., its “gauge-invariant”

generalization K(∂u−2αA)(∂̄u−2αĀ)) cannot be added to (2.13) whithout spoiling its conformal

invariance (this can be shown following the discussion in [1]).
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4.1. Reduction to free fields

To clarify why this model can be effectively transformed (up to zero modes) into a
free-field one, it is helpful to consider first a particularly simple case of the qi = 0 model.13

As was already noted in Section 2.2, the qi = 0 model (2.15) is y-dual to (2.20) which
is quadratic in xi and in which integrating out ṽ restricts ũ to the free classical solution.
As a result, this model is essentially “gaussian”, like the constant magnetic field model
(2.21) solved in [2]. A similar conclusion can be reached by starting directly with (2.15).
In Minkowski world-sheet notation (σ± ≡ τ ± σ; in this section we shall ignore the trivial
direction x3)

L(qi = 0) = F (x)[∂+u − 2αA+(x)][∂−v + 2βA−(x)] + ∂+x∂−x∗ + α′Rφ(x) , (4.1)

A± =
1

4
i(x∂±x∗ − x∗∂±x) , F = e2(φ−φ0) = (1 + αβxx∗)−1 ,

x = x1 + ix2 = ρeiϕ , x∗ = x1 − ix2 = ρe−iϕ . (4.2)

The classical equations for u and v can be integrated once, giving

F (x)[∂+u − 2αA+(x)] = h+(σ+) , F (x)[∂−v + 2βA−(x)] = h−(σ−) , (4.3)

where h± are arbitrary functions. Then the equation for x becomes linear

∂+∂−x + iβh+∂−x − iαh−∂+x + αβh+h−x = 0 , (4.4)

and is readily solved

x = eiαg−−iβg+X , ∂±g± ≡ h± , X = X+ + X− , X± = X±(σ±) , (4.5)

where X satisfies the free wave equation, ∂+∂−X = 0.14 The functions h±(σ±) can
be fixed to be constants by using the remaining freedom of conformal transformations
(σ± → f±(σ±)). This is a natural light-cone type gauge in this model, in which

x = eiαh−σ−−iβh+σ+X , h± = const . (4.6)

As in the special case of the α = 0 model (2.21) discussed in [2] the transformation x → X
in (4.5) or (4.6) makes the theory effectively a free one and is a key to its solution. Using
(4.5) one finds that the equations for u and v (4.3) take a very simple form (because of
the special quadratic form of F−1 all XX∗-terms cancel out)

∂+u = h+ + 1
2 iα(X∂+X∗ − X∗∂+X) , ∂−v = h− − 1

2 iβ(X∂−X∗ − X∗∂−X). (4.7)

To proceed, one needs to specify the boundary conditions. Let us first consider the case of
the cylindrical world sheet. The closed string periodicity condition x(σ + π, τ) = x(σ, τ)
is solved if X satisfies the “twisted” boundary condition (see also [2])

X(σ + π, τ) = eiγπX(σ, τ) , γ ≡ βh+ + αh− , (4.8)

13 Similar simplifications occur also in the models with either α, β or q+ + β −α equal to zero.
14 Note that in the general case of αβq+(q+ + β − α) 6= 0 the equation for x will no longer be

linear but will still be solvable, see Section 5.1.
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implying
X+ = eiγσ+X+ , X− = e−iγσ−X− , (4.9)

where X± = X±(σ±) are single-valued free fields

X+ = i
√

α′/2
∞
∑

n=−∞

ãn exp(−2inσ+) , X− = i
√

α′/2
∞
∑

n=−∞

an exp(−2inσ−) . (4.10)

One can then solve (4.7) expressing u and v in terms of momentum and winding y-modes
and oscillators in (4.10) (see Section 5.1).

The solution of the general model (2.5) or (2.13) with qi 6= 0 can be essentially reduced
to that of the qi = 0 case. Since the only difference between (2.13) and the qi = 0 model
(2.15) is in the substitution (2.7), i.e. ϕ → ϕ′ = ϕ + q1u + q2v, starting with (2.13) we get
(4.1),(4.3),(4.5), etc., with x = ρeiϕ replaced by

x′ = ei(q1u+q2v)x . (4.11)

If y were non-compact, x′ would be single-valued like x and the qi 6= 0 theory would be
equivalent to the qi = 0 one. The only subtlety is thus to take into account the winding
mode part of y, which should be treated separately, while the single-valued part of y and
q−t-term in (2.7) can be eliminated by the transformation (4.11) with u, v replaced by
u′, v′, which do not contain the winding part of y. A systematic way of doing this will be
discussed below in Section 5.1 using angular coordinates.

4.2. Path integral computation of the partition function on the torus

Let us now illustrate the solvability of the model by computing the partition function
on the torus Z using the path integral approach. It turns out to be possible to compute
all the path integrals explicitly expressing Z(R, α, β, q+) in terms of sums over winding
numbers and two extra (in addition to modular) ordinary integrals. The latter will be
absent (easily computable) in the special cases when αβq+(q+ + β − α) = 0.

The fields x and t are single-valued, i.e., on the torus, x(σ1 + n, σ2 + m) = x(σ1, σ2),
t(σ1 + n, σ2 + m) = t(σ1, σ2) (n, m are integers).15 Since y = 1

2
(u + v) has period 2πR it

should satisfy the condition

y(σ1 + n, σ2 + m) = y(σ1, σ2) + 2πR(nw + mw′) , (4.12)

where w, w′ are two integer winding numbers. Then

y = y∗ + y′ , y∗ = y0 + 2πR(wσ1 + w′σ2) , y′ =
∑

n,n′

ynn′e2πi(nσ1+n′σ2) , (4.13)

15 We shall follow the notation of [2] with the following exceptions: we use y and not φ

for the compact coordinate, and c+ instead of f for the (“left”) magnetic strength param-

eter. In particular, for the torus ds2 = |dσ1 + τdσ2|2, 0 < σα ≤ 1 , τ = τ1 + iτ2,

gαβ =

(

1 τ1

τ1 |τ |2
)

,
√

ggαβ = τ−1

2

(

|τ |2 −τ1

−τ1 1

)

. Also, ∂ = 1

2
(∂2 − τ∂1), ∂̄ = 1

2
(∂2 − τ̄ ∂1).
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where y′ is the single-valued part of y. The computation in the general case of q+ 6= 0
turns out to be a simple generalization of the q+ = 0 case. If one starts with the qi = 0
action (2.15) and separates the single-valued parts in u, v (u = y∗ + u′, v = y∗ + v′) one
obtains

I =
1

πα′τ2

∫

d2σ
[

F (x)(∂u′ + A1)(∂̄v′ + A2) + ∂x∂̄x∗ + τ2R(φ0 + 1
2

lnF )
]

, (4.14)

A1 ≡ ∂y∗ − 1
2 iα(x∂x∗ − x∗∂x) , (4.15)

A2 ≡ ∂̄y∗ + 1
2 iβ(x∂̄x∗ − x∗∂̄x) , F−1 = 1 + αβxx∗ ,

∂y∗ = πR(w′ − τw) , ∂̄y∗ = πR(w′ − τ̄w) . (4.16)

For A1,2 = 0 the integral over u′, v′ would lead to the conclusion that the dilaton term is
cancelled out [29] and that the partition function is thus given by the free-theory one [30].
For A1,2 6= 0 the integral over u′, v′ gives also the product of the “zero-mode” parts of Ai,
i.e. the term ∼ 〈F 〉〈A1〉〈A2〉, (〈...〉 ≡

∫

d2σ...) which is non-gaussian in x, x∗. To be able
to then integrate over x, x∗, it is convenient to “split” this term into quadratic parts using
an ordinary integral over two auxiliary parameters. Equivalently, one may introduce from
the very beginning an auxiliary vector field (C, C̄) representing e−I as16

e−I =

∫

[dCdC̄] exp
(

− 1

πα′τ2

∫

d2σ
[

F−1(x)CC̄ (4.17)

+ C̄(∂u′ + A1) − C(∂̄v′ + A2) + ∂x∂̄x∗
])

.

Integrating over u′, v′ we find that (on the torus) C and C̄ are constrained to be equal
to constants. We shall denote these constants as C0 and C̄0 (the integral over C0, C̄0 will
contain the factor of τ−1

2 in the measure). The remaining action is then quadratic in x, x∗

so that the expression for the partition function takes the following form17

Z(r, α, β, q+) =

∫

d2τ τ−12
2 e11πτ2/3|f0(e

2πiτ )|−44 Z(τ, τ̄) ,

Z = r
∞
∑

w,w′=−∞

∫

dC0dC̄0 τ−1
2 exp[− 1

πα′τ2
(C0C̄0 + C̄0∂y∗ − C0∂̄y∗)] Zx , (4.18)

16 We omit the dilaton term which is cancelled out at the end after one integrates over u, v, C, C̄.

Note also that the measure of integration over u, v, which originally contained the
√
−G = F (x)

factor, becomes trivial after the introduction of (C, C̄) (the F -factor is “exponentiated”).
17 The modular measure contains the contribution of the 22 extra free scalar degrees of free-

dom added to satisfy the zero central charge condition. In general, the integrand of the partition

function is modular invariant (as it should be, being derived from a reparametrisation invari-

ant world-sheet theory): the transformations τ → τ + 1 and τ → −1/τ are “undone” by the

redefinitions of other integration and summation parameters.
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Zx =

∫

[dxdx∗] exp(−I ′[x, x∗; C0, C̄0, w, w′, τ, τ̄ ]) ,

I ′ =
1

πα′τ2

∫

d2σ
[

αβC0C̄0xx∗ − 1
2 iαC̄0(x∂x∗ − x∗∂x) (4.19)

− 1
2 iβC0(x∂̄x∗ − x∗∂̄x) + ∂x∂̄x∗

]

.

The factor r = R/
√

α′ in (4.18) as usual comes from the integral over the compact constant
mode y0 (we drop out an infinite integral over t0). Expanding

x = x0 + x′ = x0 +
∑

(n,n′)6=0

ann′e2πi(nσ1+n′σ2) , (4.20)

one finds that the gaussian integral over x′, x′∗ leads to the following simple result (cf. ref.
[2])

Z ′
x = c0[det′∆0]

−1 Y −1(τ, τ̄ , χ, χ̃) , (4.21)

det′∆0 = τ2
2 η2η̄2 , η = eiπτ/12

∞
∏

n=1

(1 − e2πinτ ) ≡ eiπτ/12f0(e
2πiτ ) , (4.22)

Y (τ, τ̄ , χ, χ̃) =
∏

(n,n′)6=(0,0)

(

1 +
χ

n′ − τn

)

∏

(n,n′)6=(0,0)

(

1 +
χ̃

n′ − τ̄n

)

, (4.23)

χ ≡ 1

π
βC0 , χ̃ ≡ 1

π
αC̄0 . (4.24)

The factorized “chiral” form of G is spoiled by a diffeomorphism (modular) invariant
regularisation. To define explicitly the formal expression (4.23) consider

U(τ, τ̄ , χ, χ̃) ≡
∏

(n,n′)6=(0,0)

(n′ − τn + χ)(n′ − τ̄n + χ̃) (4.25)

=
∏

k 6=0

(k + χ)(k + χ̃)
∏

n6=0,n′

(n′ − τn + χ)(n′ − τ̄n + χ̃) .

Computing first the product over k and n′ using

∞
∏

n=−∞

(n + χ) = χ

∞
∏

n=1

(−n2)(1 − χ2

n2
) = 2i sin πχ ,

one gets the product of sin-functions. Separating the factor

∏

n6=0

exp(−iπτn + iπχ) exp(iπτ̄n − iπχ̃) ,

and defining it as

exp
[

2πτ2

∑

n6=0

(

n + i
χ − χ̃

2τ2

)]

,
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one should compute the sum using the generalised ζ-function regularisation

∞
∑

n=1

(n + c) = lim
s→−1

∞
∑

n=1

(n + c)−s = − 1

12
+

1

2
c(1 − c) . (4.26)

As a result,

Y (τ, τ̄ , χ, χ̃) ≡ U(τ, τ̄ , χ, χ̃)

U(τ, τ̄ , 0, 0)
= exp[

π(χ − χ̃)2

2τ2
] (4.27)

×
[ sin πχ

πχ

∞
∏

n=1

(1 − ρ−1qn)(1 − ρqn)

(1 − qn)2
] [sin πχ̃

πχ̃

∞
∏

n=1

(1 − ρ̃−1q̄n)(1 − ρ̃q̄n)

(1 − q̄n)2
]

,

ρ ≡ exp(2πiχ) , ρ̃ ≡ exp(2πiχ̃) , q = exp(2πiτ) ,

or, finally,

Y (τ, τ̄ , χ, χ̃) = exp[
π(χ− χ̃)2

2τ2
]

θ1(χ|τ)

χθ′1(0|τ)

θ1(χ̃|τ̄)

χ̃θ′1(0|τ̄)
. (4.28)

The contribution of the integral over the constant parts x0, x
∗
0 is

Zx0 =

∫

dx0dx∗
0 exp[−(πα′τ2)

−1αβC0C̄0x0x
∗
0] =

α′π2τ2

αβC0C̄0
=

α′τ2

χχ̃
. (4.29)

For αβ = 0 this expression gives a divergent factor corresponding to the area of the x1, x2

plane.18 If one defines Z using the factor (4.29) then the free-theory limit becomes singular.
Alternatively, one may leave the integral over x0, x

∗
0 to the end so that the limit αβ → 0 is

regular in the integrand.19 Another possibility to obtain Z with a regular free-theory limit
(equal to the standard partition function of a free string compactified on a circle) is to
project out the constant mode factor (4.29) (e.g. by inserting the δ-functions δ(x0)δ(x

∗
0)).

Using the latter prescription we find

Z(r, α, β, q+) = c1

∫

[d2τ ]1 W (r, α, β, q+|τ, τ̄) , (4.30)

[d2τ ]1 ≡ d2τ τ−14
2 e4πτ2 |f0(e

2πiτ )|−48 , (4.31)

18 For αβ 6= 0 the external fields break down the translational invariance on the x1, x2-plane

(in particular, xcl = x0 is no longer a classical solution for the σ-model action (4.14) when

ucl = vcl = y∗ and w, w′ 6= 0) and thus “regularize” the divergent area factor
∫

dx0dx∗
0 in Z.

19 In general, the σ-model partition function on the torus is Z =
∫

dDX0Z1(X0), Z1 =
√

−G(X0)Z
′
1(X0), where XM

0 are the constant parts of all σ-model coordinates. The σ-

model path integral
∫

[dX] exp(−
∫

GMN (X)∂XM ∂̄XN ) is defined using the measure |δX|2 =

τ2

∫

d2σGMN (X)δXMδXN . In the present case of (4.14) (before one introduces C, C̄) the vol-

ume
∫

dDX0

√

−G(X0) = 2πR
∫

dt0
∫

dx0dx∗
0(1 + αβx0x

∗
0)

−1 is divergent in the x0, x
∗
0 direction:

logarithmically if αβ 6= 0 and quadratically – if αβ = 0.
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W (r, α, β, q+ = 0) = r(α′αβτ2)
−1

∞
∑

w,w′=−∞

∫

dχdχ̃ (4.32)

× exp
(

− π(α′αβτ2)
−1[χχ̃ +

√
α′rβ(w′ − τw)χ̃ −

√
α′rα(w′ − τ̄w)χ]

)

× exp
[

−π(χ − χ̃)2

2τ2

] χχ̃|θ′1(0|τ)|2
θ1(χ|τ)θ1(χ̃|τ̄)

.

When α = 0 this expression reduces to the partition function for the “chiral” α = q+ = 0
theory (2.21) found in [2]: for α → 0 the integral over C̄0 = πχ̃/α produces the δ-function

constraint χ = −χ0 = −
√

α′rβ(w′ − τw) so that

W (r, α = 0, β, q+ = 0) =

∞
∑

w,w′=−∞

exp[−I0(r)] exp[−πχ2
0

2τ2
]

χ0θ
′
1(0|τ)

θ1(χ0|τ)
, (4.33)

I0(r) ≡ πr2τ−1
2 (w′ − τw)(w′ − τ̄w) , (4.34)

χ0 =
√

α′βr(w′ − τw) . (4.35)

The representation (4.32) is not the simplest one possible for Z in the case when q+ = 0 (the
sums over w, w′ give δ-functions, and thus the integrals over χ, χ̃ in (4.32) can be computed
explicitly, see below) but its advantage is that it has a straightforward generalization to
the case of q+ 6= 0. Indeed, according to (2.13) to include the dependence on q+ one
is to make the transformation (4.11) in the action (4.14). This transformation can be
represented as x → exp(iq+y∗)x̂, x̂ = exp(iq1u

′ + iq2v
′)x, where u′, v′ are single-valued

parts of u, v. Then x̂ is also single-valued and can be used as a new integration variable
instead of x. The q+-dependent analogues of (4.14), (4.17),(4.19) are thus obtained by the
formal substitution x → exp(iq+y∗)x. One finds that (4.19), and thus (4.21)–(4.24), have
the same form with

βC0 → βC0 + q+∂y∗ , αC̄0 → αC̄0 + q+∂̄y∗ , (4.36)

χ → χ + q+R(w′ − τw) , χ̃ → χ̃ + q+R(w′ − τ̄w) ,

χ ≡ 1

π
βC0 + q+R(w′ − τw), χ̃ ≡ 1

π
αC̄0 + q+R(w′ − τ̄w) . (4.37)

Then the general expression for the partition function is given by (4.30) with (4.32) replaced
by20

W (r, α, β, q+) = r(α′αβτ2)
−1

∞
∑

w,w′=−∞

∫

dχdχ̃ (4.38)

× exp
(

− π(α′αβτ2)
−1[χχ̃ +

√
α′r(q+ + β)(w′ − τw)χ̃ +

√
α′r(q+ − α)(w′ − τ̄w)χ

+ α′r2q+(q+ + β − α)(w′ − τw)(w′ − τ̄w)]
)

20 In considering formal singular limits of the partition function (like R = ∞, see below) it is

more convenient to use the original integration parameters C0, C̄0 instead of χ, χ̃ (cf. eq. (4.37)).
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× exp[−π(χ − χ̃)2

2τ2
]

χχ̃|θ′1(0|τ)|2
θ1(χ|τ)θ1(χ̃|τ̄)

.

Like the measure in (4.30) this expression is SL(2, Z) modular invariant (to show this
one needs to shift w, w′ and redefine χ, χ̃). The expression in the approach where the
integrals over the constant parts x0, x

∗
0 are left until the very end is obtained by an obvious

modification: the χχ̃ term in the exponential in (4.38) is replaced by χχ̃(1 + αβx0x
∗
0). If

one explicitly integrates over x0, x
∗
0, then the integrand in (4.38) is multiplied by the factor

in (4.29). In all cases the integrands of Z are modular invariant.
Given that the model (2.5) is ϕ-dual to the model (2.3), the two should lead to the

same partition function. Starting with (2.3) one should thus be able to reproduce the
same expression (4.30),(4.38) in a simpler way. Separating u and v into the “winding”
and single-valued parts (u = y∗ + u′, v = y∗ + v′) and integrating over u′, v′ in (2.3) one
again must introduce the integral over the auxiliary constant parameters C0, C̄0 in order
to “split” the zero mode factor 〈∂ϕ̃〉〈∂̄ϕ̃〉. Then (2.3) is transformed into

L = C0C̄0 + C̄0(∂y∗ + α∂ϕ̃) − C0(∂̄y∗ + β∂̄ϕ̃) (4.39)

−q+∂ϕ̃∂̄y∗ + q+∂̄ϕ̃∂y∗ + ∂ρ∂̄ρ + ρ−2∂ϕ̃∂̄ϕ̃ + τ2R(φ0 − 1
2

ln ρ2) .

Making now the path integral duality transformation ϕ̃ → ϕ one obtains the same action
as in (4.19),(4.36) which is quadratic in x, x∗. The resulting expression for Z is thus
equivalent to (4.30),(4.38).

To conclude, we have found the explicit representation for the partition function in
terms of the two auxiliary ordinary integrals. In general, Z(r, α, β, q+) depends on four real

dimensionless parameters (R/
√

α′, Rα, Rβ, Rq+) and has several symmetry properties
which follow from (4.38). Z is symmetric under α ↔ −β as well as under the simultaneous
changing of the signs of α, β and q+

Z(r, α, β, q+) = Z(r,−β,−α, q+) = Z(r,−α,−β,−q+) = Z(r, β, α,−q+) . (4.40)

It is also invariant under the y-duality which transforms the theory with y-period 2πR
and parameters a+ = q+ − α, c+ = q+ + β, c− − a− = α − β into the theory with
y-period 2πα′/R and parameters −a+, c+, c− − a− or parameters a+, −c+, c− − a−

(see (2.10),(2.11),(2.6)). This is seen explicitly from the representation (4.38): doing the
Poisson resummation (see (5.55)) in w or in w′ (which is equivalent to performing the
duality transformation in y) one obtains the same expression for the exponential in (4.38)
with the parameters interchanged according to the above relations, namely,

Z(r, α, β, q+) = Z(r−1, q+, β − α + q+, α) = Z(r−1, α − β − q+,−q+,−β) . (4.41)

Combining (4.40) and (4.41) we also learn that

Z(r, α, β, q+) = Z(r,−β,−α, α − β − q+) = Z(r, α, β, α− β − q+) . (4.42)

When α = q+ (a+ = 0) or β = −q+ (c+ = 0) the duality relations (4.41) retain their
standard “circle” form

Z(r, α, β, α) = Z(r−1, α, β, α) , Z(r, α, β,−β) = Z(r−1, α, β,−β) . (4.43)
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These duality relations will be manifest also in the representation for Z derived in the
operator approach in Section 5.3.

As follows from (4.38), the expression for Z (4.30),(4.38) simplifies substantially when
αβq+(q+ +β−α) = 0, i.e. when one of the parameters α, β, q+ or q+ +β−α vanishes (i.e.
when at least one of the two magnetic fields in (3.10),(3.6),(3.7) is uniform). Then the
integrals over C0, C̄0 can be computed explicitly and one obtains a direct generalization
of (4.33). In view of the relations (4.40),(4.41),(4.42) these four cases are equivalent. For
example, when q+ = 0 the integrals over χ, χ̃ in (4.32) can be easily computed if one notes
that the sums over w, w′ produce δ-functions when there is no quadratic term in w, w′. The
result, of course, is the same as the one found by starting directly with the model (2.20)
which is y-dual to the qi = 0 model (2.15). The path integral for (2.20) can be computed
without need to introduce the auxiliary fields C, C̄ in (4.17): as in the α = 0, qi = 0 model

[2] the integral over ṽ restricts ũ to the zero-mode value ũ∗ = ỹ∗ = 2πR̃(wσ1 +w′σ2), R̃ =
α′/R, and one finishes with the partition function (4.30) with (cf. (4.32),(4.33),(4.43))21

W (r, α, β, q+ = 0) = r−1
∞
∑

w,w′=−∞

exp[−I0(r
−1)] (4.44)

× exp[−π(χ0 − χ̃0)
2

2τ2
]

χ0χ̃0|θ′1(0|τ)|2
θ1(χ0|τ)θ1(χ̃0|τ̄)

,

χ0 =
√

α′βr−1(w′ − τw) , χ̃0 =
√

α′αr−1(w′ − τ̄w) . (4.45)

Starting directly with (4.38) or using (4.44) and (4.41) (i.e. Z(r, α, β, 0) = Z(r−1, 0, β −
α, α)) we can find also a simple form of Z in the case when α = 0 or when β = 0, i.e. when
αβ = 0 (cf. (4.44),(4.38))

W (r, α, β, q+)|αβ=0 = r

∞
∑

w,w′=−∞

exp[−I0(r)] (4.46)

× exp[−π(χ0 − χ̃0)
2

2τ2
]

χ0χ̃0|θ′1(0|τ)|2
θ1(χ0|τ)θ1(χ̃0|τ̄)

,

χ0 =
√

α′(q+ + β)r(w′ − τw) , χ̃0 =
√

α′(q+ − α)r(w′ − τ̄w) , αβ = 0 .

Another interesting special case is a+ = c+ = 0 (i.e. α = q+ = −β) when the modular
integrand W (4.38) formally factorises into the r-dependent part W0(r) and an α-dependent
part W1(α).22 As follows from (4.38),

Z(r, α,−α, α) = c1

∫

[d2τ ]1 W0(r) W1(α) , (4.47)

21 As before in (4.38), we have projected out the contribution ∼ τ2(χ0χ̃0)
−1 (which is present

in the winding (w, w′) sector) of the integral over x0, x
∗
0.

22 This factorization is valid under certain analytic continuation assumption since the contour

of integration over χ, χ̃ depends on w, w′ according to (4.37).
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W0 = r

∞
∑

w,w′=−∞

exp[−I0(r)] , (4.48)

W1 = −(α′α2τ2)
−1

∫

dχdχ̃ exp
( πχχ̃

α′α2τ2

)

(4.49)

× exp[−π(χ − χ̃)2

2τ2
]

χχ̃|θ′1(0|τ)|2
θ1(χ|τ)θ1(χ̃|τ̄)

.

W0 is the same as the partition function of a free boson on a circle. Clearly, in this case
Z(r, α) = Z(r−1, α).

Finally, let us note that in the limit of non-compact y-dimension (R → ∞) Z
(4.30),(4.38) reduces to the partition function of the free bosonic closed string theory.
A simple way to see this is to note that for the non-compact y the parameters qi can be set
equal to zero by a coordinate transformation (equivalently, in the case of R = ∞ the wind-
ing sector becomes trivial (w = w′ = 0) and thus according to (4.36) Z does not depend
on q+). Then taking R → ∞ in (4.44) one finds that Z takes the flat space expression.
To show this in general starting directly with (4.30),(4.38) one should first use (4.37) to
return to the integral over the variables C0, C̄0, rescale the latter by R and then take the
limit R = ∞ (in (4.47) this effectively corresponds to shrinking the contour of integration
over χ, χ̃ to zero so that W1 → 1).

Z(R → ∞) = Zfree is also clear directly from the form of the path integral for the
y-dual to qi = 0 theory (2.20): in the non-compact case the zero mode of ũ is constant and
after integrating out ṽ one gets a free x, x∗-theory. This generalizes a similar observation
for the α = q+ = 0 model [2].23

5. Solution of the string model: canonical operator approach

In this section we shall first derive the expression for the solution of the classical
equations of motion for the general values of parameters of our model (2.5) in terms of
constant zero-mode parameters and free oscillators. We shall then canonically quantize
the model using a light-cone type gauge and derive the quantum Hamiltonian (which
will be fourth order in oscillators but diagonal in Fock space). The possibility to choose
the light-cone gauge combined with conformal invariance guarantees the unitarity of the
model. Finally, we will show that the operator approach leads to the same expression for
the partition function that was found above in the path integral approach.

5.1. General solution of the classical equations of motion and light-cone gauge

Let us now return to the discussion of the solution of the classical equations of motion
corresponding to our model (2.4) (we shall consider the flat cylindrical Minkowski world
sheet with σ ∈ [0, π), −∞ < τ < ∞, σ± = τ ± σ)

L = ∂+u∂−v + ∂+ρ∂−ρ (5.1)

+ F (ρ)ρ2[∂+ϕ + (β + q1)∂+u + q2∂+v][∂−ϕ + q1∂−u + (q2 − α)∂−v] ,

23 In the limit R = ∞ the α = q+ = 0 model (2.21) is equivalent to the model of [26] which has

trivial (free) partition function [31].
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F−1(ρ) = 1 + αβρ2 .

To solve the corresponding equations of motion

∂+[F (ρ)ρ2∂−(ϕ + (q2 − α)v + q1u)] + ∂−[F (ρ)ρ2∂+(ϕ + q2v + (q1 + β)u)] = 0 , (5.2)

∂+∂−ρ − ρF 2(ρ)∂+[ϕ + (β + q1)u + q2v]∂−[ϕ + (q2 − α)v + q1u] = 0 , (5.3)

∂+∂−v = −β∂+[F (ρ)ρ2∂−(ϕ + q1u + (q2 − α)v)] , (5.4)

∂+∂−u = α∂−[F (ρ)ρ2∂+(ϕ + (q1 + β)u + q2v)] , (5.5)

we shall utilize the ϕ-duality relation between (5.1) and the model (2.3) or

L̃ = ∂+(u + αϕ̃)∂−(v + βϕ̃) + ∂+ρ∂−ρ + ρ−2∂+ϕ̃∂−ϕ̃ (5.6)

+∂+(q1u + q2v)∂−ϕ̃ − ∂−(q1u + q2v)∂+ϕ̃ ,

which has the equations of motion

∂+∂−(u + αϕ̃) = 0 , ∂+∂−(v + βϕ̃) = 0 , (5.7)

∂+∂−ρ + ρ−3∂+ϕ̃∂−ϕ̃ = 0 , ∂+(ρ−2∂−ϕ̃) + ∂−(ρ−2∂+ϕ̃) = 0 . (5.8)

Eqs. (5.8) are the equations of motion for the “dual 2-plane” model

L̃0 = ∂+ρ∂−ρ + ρ−2∂+ϕ̃∂−ϕ̃ . (5.9)

Since the solutions of the equations of motion for two dual σ-models are in general related
(locally) by (Gµν + Bµν)∂axν = ǫab∂

bx̃µ, we can express the solution of (5.8) in terms
of the solution of the free model dual to (5.9)

L0 = ∂+ρ∂−ρ + ρ2∂+ϕ̂∂−ϕ̂ = ∂+X∂−X∗ , X ≡ ρeiϕ̂ . (5.10)

We get24

ρ2 = XX∗ , ϕ̂ =
1

2i
ln

X

X∗
, X = X+(σ+) + X−(σ−) , (5.11)

∂±ϕ̃ = ∓ρ2∂±ϕ̂ = ± i

2
(X∗∂±X − X∂±X∗) ,

and thus

ϕ̃(σ, τ) = 2πα′[J−(σ−) − J+(σ+)] +
i

2

(

X+X∗
− − X∗

+X−

)

, (5.12)

J±(σ±) ≡ i

4πα′

∫ σ±

0

dσ±

(

X±∂±X∗
± − X∗

±∂±X±

)

. (5.13)

The solution of (5.7) is then

u = U+ + U− − αϕ̃ , v = V+ + V− − βϕ̃ , (5.14)

24 For a discussion of a relation between 2-plane and dual 2-plane models see [13,20,32].
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where U± and V± are arbitrary functions of σ±. Returning now to the system (5.2)–
(5.5) we conclude that since it is ϕ-dual to (5.7)–(5.8), u, v, ρ have the same expressions
(5.11),(5.14) while ϕ is found to be given by

ϕ + q1u + q2v = −βU+ + αV− + ϕ̂ . (5.15)

Thus
x ≡ ρeiϕ = exp[−i(q1u + q2v)] exp(iαV− − iβU+)X , (5.16)

in agreement with our previous discussion (4.5),(4.11).
Let us now take into account the boundary conditions. The physical coordinate x =

ρeiϕ is single-valued, i.e. x(σ + π, τ) = x(σ, τ). This implies that the free field X =
X+ + X− must satisfy the “twisted” condition as in (4.8),(4.9) (see also [2])

X(σ + π, τ) = eiγπX(σ, τ) , X± = e±iγσ±X± , X±(σ± ± π) = X±(σ±) , (5.17)

where X± = X±(σ±) are as defined in eq. (4.10). Since the scalar field y = 1
2 (u + v) is

compactified on a circle of radius R,

u(σ + π, τ) = u(σ, τ) + 2πwR , v(σ + π, τ) = v(σ, τ) + 2πwR , (5.18)

where w is an integer winding number. Let us now determine γ. Eqs. (5.12),(5.13) and
(5.17) imply

ϕ̃(σ + π, τ) = ϕ̃(σ, τ) − 2πα′J , J = JL + JR , JL ≡ J+(π) , JR ≡ J−(π) . (5.19)

We shall see below that after the quantization J becomes the total angular momentum op-
erator and has integer eigenvalues. This is consistent with the fact that ϕ̃ has period 2πα′,
as implied by its duality to ϕ or ϕ̂ which have periods 2π. As follows from (5.14),(5.19)
the boundary conditions (5.18) are satisfied by setting

U± = σ±pu
± + U ′

± , V± = σ±pv
± + V ′

± , (5.20)

pu
± = ±(wR − αα′J) + pu , pv

± = ±(wR − βα′J) + pv , (5.21)

pu ≡ 1
2
(s − p) , pv ≡ 1

2
(s + p) , (5.22)

where U ′
± and V ′

± are single-valued functions of σ± and s and p are arbitrary parameters
(later they will be expressed in terms of the Kaluza-Klein momentum and the energy of
the string). Then it follows from (5.16) that (5.17) is satisfied provided γ (which is defined
modulo 2) is given by

γ = 2[q1 + q2 + 1
2(β − α)]wR + βpu + αpv

= (c+ + a+)wR + 1
2
(β + α)s + 1

2
(α − β)p , (5.23)

where a+ = q+ − α, c+ = q+ + β (see (2.6)).
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Starting from the general expression for the classical stress-energy tensor of the theory
(5.1) and evaluating it on the general solution (5.11), (5.16) one finds that it takes the
“free-theory” form25

T±± = ∂±U±∂±V± + ∂±X∂±X∗ . (5.24)

This of course is not surprising since the on-shell values of the stress-energy tensors in the
two dual σ-models should be the same ((5.24) is precisely T±± corresponding to the theory
(5.6), see (5.11), (5.14)). It is convenient to fix the light-cone gauge, using the residual
symmetry to gauge away, e.g., U ′

±. Then the classical constraints T−− = T++ = 0 can be
solved as usual and determine the remaining oscillators of V ′

± in terms of the free fields
X±. It is also straightforward to quantize the model in the covariant formalism (which is
more suitable, e.g., for a study of scattering amplitudes in the operator approach) but in
order to determine the physical spectrum the light-cone gauge is as usual more convenient.

After using (5.20),(5.17) T±± takes the form

T±± = pu
±pv

± + pu
±∂±V ′

± ± iγ(X±∂±X ∗
± − X ∗

±∂±X±) + γ2X±X ∗
± + ∂±X∂±X ∗ , (5.25)

where X± have the standard mode expansions (4.10). The classical expressions for the

Virasoro operators L0, L̃0 are obtained by integrating over σ

L0 ≡ 1

4πα′

∫ π

0

dσ T−− =
pu
−pv

−

4α′
+ 1

2

∑

n

(

n + 1
2γ

)2
a∗

nan, (5.26)

L̃0 ≡ 1

4πα′

∫ π

0

dσ T++ =
pu
+pv

+

4α′
+ 1

2

∑

n

(

n − 1
2γ

)2
ã∗

nãn . (5.27)

Hence the Hamiltonian is given by

H = L0 + L̃0 = 1
8α′ (4w2R2 + s2 − p2) (5.28)

+1
2

∑

n

(

n + 1
2γ

)2
a∗

nan + 1
2

∑

n

(

n − 1
2γ

)2
ã∗

nãn − 1
2wR(α + β)J + 1

2α′αβJ2 ,

where we have used (5.21). J is the angular momentum defined in (5.19),(5.13) which has
the following mode expansion:

J = JR + JL , JR = −1
2

∑

n

(n + 1
2γ)a∗

nan , JL = −1
2

∑

n

(n − 1
2γ)ã∗

nãn . (5.29)

5.2. Operator quantization

We can now quantize the theory using the light-cone operator approach by imposing
the canonical commutation relations, in particular,

[Px(σ, τ), x∗(σ′, τ)] = [P ∗
x (σ, τ), x(σ′, τ)] = −iδ(σ − σ′) , (5.30)

25 The dilaton term is ignored in this section since its role is only to maintain the conformal

invariance of the quantum theory. This term cancels out anyway once one performs the transfor-

mation to the free-theory variables.
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[xi(σ, τ), ∂σxj(σ′, τ)] = 0 ,

where Px = 1
2(P1 + iP2), P ∗

x = 1
2 (P1 − iP2) are the canonical momenta corresponding to

x and x∗ in (5.1). As a result, s, p in (5.22) and the Fourier modes an, ãn will become
operators acting in a Hilbert space. Again, the duality between (5.1) and (5.6) and between
(5.9) and (5.10) implies that imposing (5.30) is equivalent to demanding the canonical
commutation relations for the fields X, X∗ of the free (but globally non-trivial, cf. (5.17))
theory

[PX(σ, τ), X∗(σ′, τ)] = [P ∗
X(σ, τ), X(σ′, τ)] = −iδ(σ − σ′) , (5.31)

[X i(σ, τ), ∂σXj(σ′, τ)] = 0 ,

where PX(σ, τ) = 1
4πα′ ∂τX . Using (5.17), eq.(5.31) implies

[an, a∗
m] = 2(n + 1

2γ)−1δnm , [ãn, ã∗
m] = 2(n − 1

2γ)−1δnm . (5.32)

One also finds that s and p in (5.21) and thus γ in (5.23) commute with the mode operators.
It is then easy to check directly that (5.30) are indeed satisfied.

The string energy and the Kaluza-Klein linear momentum operators are given by26

E =

∫ π

0

dσPt , py =

∫ π

0

dσPy =
m

R
, m = 0,±1,±2, ... . (5.33)

Pt, Py are the canonical momenta which correspond to (5.1), or, equivalently (on the
solution of the equations of motion), to (5.6) (we use again a±, c± defined in (2.6))27

Pt =
1

2πα′
(−∂τ t − a−∂+ϕ̃ + c−∂−ϕ̃) , Py =

1

2πα′
(∂τy − a+∂+ϕ̃ + c+∂−ϕ̃) . (5.34)

Using (5.12),(5.14),(5.20),(5.21) and integrating over σ we get

E = − 1

2α′
[p − α′(c− + a−)Ĵ ] , py =

1

2α′
[s + α′(c+ + a+)Ĵ ] . (5.35)

Here Ĵ is the angular momentum operator obtained by symmetrizing the classical expres-
sion J = JR + JL in (5.29)

Ĵ = ĴR + ĴL = −1
4

∑

n

(n + 1
2γ)(a∗

nan + ana∗
n) − 1

4

∑

n

(n − 1
2γ)(ã∗

nãn + ãnã∗
n) . (5.36)

Expressing s and p in terms of E, py and Ĵ

p = −2α′[E − 1
2 (c− + a−)Ĵ ] , s = 2α′[py − 1

2(c+ + a+)Ĵ ] , (5.37)

26 As usual, the eigenvalue of py is quantized since [py, y0] = −i, where y0 is the compact zero

mode of y.
27 We assume that the free ∂u∂v term in the Lagrangian is taken in the “symmetrized” form,

i.e. the total derivative term 1

2
(∂−u∂+v − ∂+u∂−v) is added to (5.1),(5.6). If one does not add

such term the expression for E is shifted by wR-term.
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we can represent γ (5.23) in the form

γ = (a+ + c+)wR + α′[(c+ − a+)py + (a− − c−)E] (5.38)

+ 1
2α′(a2

+ − a2
− − c2

+ + c2
−)Ĵ ,

which is consistent with the property that γ commutes with the mode operators in (5.32).

The Virasoro operators L̂0 and ˆ̃L0 are obtained by symmetrizing the mode operator
products in (5.26),(5.27). In particular, starting from (5.28) and using (5.37) we get the
quantum Hamiltonian

Ĥ = L̂0 + ˆ̃L0 = −1
2
α′[E − 1

2
(c− + a−)Ĵ ]2 + 1

2
α′[py − 1

2
(c+ + a+)Ĵ ]2 (5.39)

+1
2α′[α′−1

wR − 1
2(c+ − a+)Ĵ ]2 − 1

8α′(c− − a−)2Ĵ2

+ 1
4

∑

n

(

n + 1
2
γ
)2

(a∗
nan + ana∗

n) + 1
4

∑

n

(

n − 1
2
γ
)2

(ã∗
nãn + ãnã∗

n) .

The sectors of states of the model can be labeled by conserved quantum numbers: the
energy E, the angular momentum Ĵ in the x1, x2 plane, the linear py = m/R and wind-
ing wR Kaluza-Klein momenta or “charges” (and also by momenta in additional spatial

dimensions). The value of γ (5.38) in a given sector depends on E, Ĵ, m, w as well as on
the parameters a±, c±, R which determine the strength of the corresponding background
fields.

In agreement with the defining relations in (5.17) the expressions for Ĥ, Ĵ and the
commutation relations (5.32) are invariant under γ → γ+2 combined with the correspond-
ing renaming of the mode operators an → an+1, ãn → ãn−1.

28

The states belonging to the γ = 0 (in general, |γ| = 2n, n = 0, 1, ...,) “hyperplane”
in the (m, w, E, J) space are special. For these states the translational invariance on the
plane is restored: the zero-mode oscillators a0, a

∗
0, ã0, ã

∗
0 are replaced by the zero mode

coordinate and conjugate linear momentum.29

Restricting for the moment the consideration to the sector of states with 2 > γ > 0,
where γ is defined by eq. (5.38), one can introduce (as in [2]) the normalized creation
and annihilation operators which will be used to define the Fock space of our model (the
subindices ± correspond to the components with spin “up” and “down” respectively)

[bn±, b†m±] = δnm , [b̃n±, b̃†m±] = δnm , [b0, b
†
0] = 1 , [b̃0, b̃

†
0] = 1 , (5.40)

28 Let us note that the region of |γ| ≈ 2 corresponds to values of field strengths or quantum

numbers which are of Planck order. The fact that the mass spectrum depends on γ only modulo

2 suggests that physics at strong fields with γ = 2 + ǫ is equivalent to the weak field regime with

γ = ǫ, i.e. implies certain periodicity in dependence on the field strengths.
29 Strictly speaking, this is true provided γ = 0 is satisfied with no constraint imposed on the

orbital part of the angular momentum J . Otherwise one gets just one continuous (radial) quantum

number in the “plane” part of the spectrum (see Section 5.3).
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b†n+ = a−nω− , bn+ = a∗
−nω− , b†n− = a∗

nω+ , bn− = anω+ , (5.41)

b̃†n+ = ã−nω+ , b̃n+ = ã∗
−nω+ , b̃†n− = ã∗

nω− , b̃n− = ãnω− , (5.42)

b†0 = 1
2

√
γa∗

0, b0 = 1
2

√
γa0, b̃†0 = 1

2

√
γã0, b̃0 = 1

2

√
γã∗

0 , (5.43)

ω± ≡
√

1
2

(

n ± 1
2γ

)

, n = 1, 2, ..., 0 < γ < 2 . (5.44)

Then the angular momenta operators (5.36) become (after normal ordering)

Ĵ = ĴR + ĴL = b̃†0b̃0 − b†0b0 + SR + SL = J , (5.45)

ĴR = −b†0b0 − 1
2

+
∞
∑

n=1

(

b†n+bn+ − b†n−bn−

)

≡ JR − 1
2

, (5.46)

ĴL = b̃†0b̃0 + 1
2

+
∞
∑

n=1

(

b̃†n+b̃n+ − b̃†n−b̃n−

)

≡ JL + 1
2

.

The operators L0 and L̃0 will be normal ordered with the ordering constant being
fixed by the Virasoro algebra. The Virasoro operators Ln, L̃n, n 6= 0 can be ob-
tained in the standard way as the Fourier components of the stress-energy tensor, e.g.,
Ln = (4πα′)−1

∫

dσe−i2σnT−− = pu
−Vn + Ln. In the light-cone gauge Ln are required to

vanish so that their “transverse” parts Ln are proportional to the modes of the operator
V ′
±,

V ′
+ = 2iα′

∑

n6=0

1

n
Ṽn exp(−2inσ+) , V ′

− = 2iα′
∑

n6=0

1

n
Vn exp(−2inσ−) . (5.47)

One finds for the “transverse” parts of Ln

Ln ≡ −pu
−Vn = 1

2

∑

k

(k + 1
2
γ)(k − n + 1

2
γ)aka∗

k−n (5.48)

=

∞
∑

k=1

[(k − 1
2γ)(n + k − 1

2γ)]1/2b†k+b(n+k)+ +

∞
∑

k=0

[(k + 1
2γ)(n + k + 1

2γ)]1/2b†k−b(n+k)−

−
n−1
∑

k=0

[(k + 1
2γ)(n− k − 1

2γ)]1/2bk−b(n−k)+ ,

L−n ≡ −pu
−V−n = L†

n , n = 1, 2, 3, ... ,

and similarly for L̃n. It is an easy exercise to verify that after adding the contribution
of the remaining 22 free scalar fields, the operators Ln satisfy the Virasoro algebra with
the central charge equal to 24 and a trivial cocycle which shifts the free-theory normal
ordering constant in L0 from 1 to 1− 1

4γ(1− 1
2γ) (or to 1− 1

4γ′(1− 1
2γ′), where γ′ = γ−2k

and k is integer, in the case when 2k < γ < 2k + 2). This corresponds to regularizing
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the infinite sums arising in the normal ordering process by the using the generalised ζ-
function regularisation (4.26). Similar result is found in the open string theory in a constant
magnetic field [33] and is typical to the case of a free scalar field with twisted boundary
conditions (which appear also in orbifold or “cone” models, see, e.g., [34,35,36]). We will
see that this shift is also consistent with the modular invariant path integral approach
discussed in Section 4.

Inserting (5.38),(5.35) into (5.26)–(5.28) and replacing the zero mode operators E
and py by their eigen-values we obtain the expressions for the Virasoro operators and the
Hamiltonian

L̂0 = 1
4
α′

(

− E2 + p2
a + Q2

−

)

+ 1
2
H + N − c0 , (5.49)

ˆ̃L0 = 1
4α′

(

− E2 + p2
a + Q2

+

)

+ 1
2H + Ñ − c0 , (5.50)

Ĥ = 1
2α′

(

− E2 + p2
a + 1

2Q2
+ + 1

2Q2
−

)

+ H + N + Ñ − 2c0 , (5.51)

H ≡ −α′[(c+Q+ − c−E)JR + (a+Q− − a−E)JL] (5.52)

+1
2α′

[

(c2
+ − c2

−)J2
R + (a2

+ − a2
−)J2

L + (a2
+ + c2

+ − c2
− − a2

−)JRJL

]

.

Here Q± are the left and right combinations of the Kaluza-Klein linear and winding mo-
menta (which play the role of charges in the present context)

Q± ≡ 1√
α′

(
m

r
± wr) = py ± wR

α′
, r ≡ R√

α′
, (5.53)

c0 ≡ 1 − 1
4
γ(1− 1

2
γ), (5.54)

and N and Ñ are the standard operators30

N =
∞
∑

n=1

n(b†n+bn+ + b†n−bn− + a†
naana) , (5.55)

Ñ =
∞
∑

n=1

n(b̃†n+b̃n+ + b̃†n−b̃n− + ã†
naãna) . (5.56)

The Hamiltonian for the case of γ = 0 is obtained by adding 1
2α′(p2

1 + p2
2) and replacing

−b†0b0 − 1
2

and b̃†0b̃0 + 1
2

in ĴR and ĴL in (5.45),(5.46) by one half of the center of mass
orbital momentum (x1p2 − x2p1).

As explained above, the mass formula for states with 2k < γ < 2k + 2, k =integer,
can be found in a similar way by renaming the creation and annihilation operators. The
result is the same as in (5.49)-(5.51) with the replacement γ → γ′ = γ − 2k in c0.

Note that the continuous momenta p1,2 corresponding to the zero modes of the co-
ordinates x1,2 of the plane are effectively replaced in the 0 < γ < 2 sector by the integer

eigenvalues lR, lL = 0, 1, 2, ... of the zero-mode parts b†0b0 and b̃†0b̃0 of ĴR and ĴL. Thus the
“2-plane” part of the spectrum is discrete (but, as mentioned above, it is continuous when

30 We have introduced extra 22 spatial free dimensions with momenta pa and oscillators ana, ãna

to ensure that the total space-time dimension is 26.
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γ = 0). For example, in the Melvin model case (most of) the string states are “trapped”
by the flux tube (see also Section 5.3). This result is consistent with a picture of a closed
string moving in a magnetic field orthogonal to the plane (see [2] and below).

The Hamiltonian (5.51) is non-trivial: because of the angular momenta squared terms
it is, in general, of fourth order in creation/annihilation operators. It is clear from our
construction that (5.51) is, at the same time, also the Hamiltonian for the ϕ-dual theory
(5.6), i.e. it can be derived by starting directly with (5.6) (the origin of the quartic terms

in Ĥ can be traced, in particular, to the presence of the αβ∂ϕ̃∂̄ϕ̃ term in (5.6)).31 The
two ϕ-dual σ-models (5.1) and (5.6) thus represent the same CFT. The quartic terms are
absent only when a+ = ±a−, c+ = ±c− (i.e. when αβq+(q+ + β − α) = 0). In the case

of a+ = a− = 0, c+ = −c− = β corresponding to the model (2.21) Ĥ in (5.51) reduces
to the quadratic Hamiltonian found in [2]. As for general values of the parameters, the
spectrum can still be computed explicitly, just as in the special case considered in [2], since

the Hamiltonian (5.51) is in a diagonal form (note that N, Ñ, JL and JR are diagonal in
Fock space).

It is easy to see that (in agreement with a discussion in Section 2) the coordinate-
invariant physical quantities depend only on the three parameters α, β, q+ (as well as on

r) even though Ĥ contains also q−. The dependence of on q− reflects a choice of the
frame that was made, and translates into the expected frame dependence of the energy
eigenvalues.

The Hamiltonian (5.51) is invariant under the following transformations

r → r−1 , m ↔ w , a+ → −a+ , (5.57)

r → r−1 , m ↔ −w , c+ → −c+ . (5.58)

This is consistent with the observation made in Section 2 that the y-dual of our σ-model
(2.5) is an equivalent σ-model (2.10) with either y → ỹ and a+ → −a+ or y → −ỹ and
c+ → −c+ (2.11). As was already mentioned after (2.11), an interesting feature of our
model is that a nontrivial structure of the Lagrangian (2.4) or (5.6) involving a coupling
between the two angular coordinates y and ϕ implies that the y-duality transformation
(r → r−1), in general, must be accompanied by a change in one extra parameter.

The presence of the O(γ2) normal ordering term in (5.51),(5.54) implies (see (5.38))
that the quantum Hamiltonian contains O(α′2) terms of one order higher in α′. This
is a consequence of the regularisation (normal ordering) prescription we used which is
consistent with the reparametrisation invariance of the theory (in particular, the Virasoro
algebra and modular invariance of the partition function). Such higher order term is also
consistent with current algebra approaches. Indeed, there are two special cases when our
model becomes equivalent to a special WZW or coset model:

(i) the non-compact (R = ∞) limit of the constant magnetic field model (2.21) is
equivalent (see [2]) to the Ec

2 WZW model [26] for which the quantum stress tensor contains
one order 1/k ∼ α′ correction term [31,37] (which is, indeed, equivalent to the term
appearing in (5.51) in this limit);

31 In the ϕ-dual theory the expression (5.23) for γ in (5.17) follows from the condition that the

zero mode of the momentum conjugate to ϕ̃ should take integer eigenvalues to make exp(iϕ̃pϕ̃)

single-valued.

36



(ii) the non-compact limit of the Melvin model (2.24) (when all coordinates are for-
mally taken to be non-compact) can be related [5] to a special limit of the SL(2, R)×R/R
gauged WZW model, or, equivalently, to the Ec

2/U(1) coset theory [25], the quantum
Hamiltonian of which (obtained, e.g., by a taking a limit in the standard semisimple coset
model Hamiltonian) also contains a 1/k correction term [25].

As follows from (5.49),(5.50), the Virasoro conditions L̂0 = ˆ̃L0 = 0 become

Ĥ ≡ H − 2 + 1
2γ − 1

4γ2 = 0 , N − Ñ = mw . (5.59)

The analysis of the spectrum in the special case q1 = q2 = 0, α = 0, was performed in [2].
The spectrum for the general class of models considered here displays similar qualitative
features, in particular, tachyonic instabilities. We shall discuss some of its properties in
Section 6.

5.3. Point-particle limit: zero level scalar (tachyon) spectrum in the Melvin model

To illustrate our construction of the string Hamiltonian and the solvability of the
model it is useful to discuss the point-particle limit. Let us consider, for example, the case
of the Melvin model (2.24) (a+ = 0, c+ = 2β, a− = c− = 0).32 The point-particle limit
of its action is (we omit the trivial x3 direction)

S =
1

4α′

∫

dτ
[

− ṫ2 + ρ̇2 + F (ρ)ρ2ϕ̇(ϕ̇ + 2βẏ) + ẏ2
]

, F−1 = 1 + β2ρ2 , (5.60)

with the Hamiltonian being

H = α′
[

− p2
t + p2

ρ + ρ−2F−2(ρ)p2
ϕ + F−1(ρ)p2

y − 2βF−1(ρ)pϕpy

]

(5.61)

= α′
[

− p2
t + (py − βpϕ)2 + β2p2

ϕ + p2
ρ + ρ−2p2

ϕ + β2(py − βpϕ)2ρ2
]

.

The scalar product is defined with respect to the measure
√
−Ge−2φ = ρ. The Hamiltonian

commutes with the Kaluza-Klein charge operator (py) and the angular momentum opera-
tor (pϕ) and the quantum mechanical problem reduces to that of a free two-dimensional
oscillator.

The corresponding Klein-Gordon operator is the Laplacian which appears in the (zero
winding sector) tachyon equation

∆ = − 1√
−Ge−2φ

∂µ(
√
−Ge−2φGµν∂ν) , α′(∆ + O(α′))T = 4T , (5.62)

where the Melvin model “D = 5 metric” (with x3 direction omitted) and the dilaton are

ds2 = −dt2 + dρ2 + F (ρ)ρ2dϕ(dϕ + 2βdy) + dy2 (5.63)

32 The case of the constant magnetic field model (2.21) was discussed in detail in [2]. Other

cases can be considered in a similar way (with special care taken in comparing the definitions of

the string and particle momenta because of the presence of the antisymmetric tensor.
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= −dt2 + dρ2 + F (ρ)ρ2(dϕ + 2βdy)2 + F (ρ)dy2 , e2(φ−φ0) = F (ρ) = (1 + β2ρ2)−1 .

Let us first ignore possible higher order α′-terms in the tachyon equation. Then we get

[

− ∂2
t + ρ−1∂ρ(ρ∂ρ) + (ρ−2 + 2β2 + β4ρ2)∂2

ϕ (5.64)

+ (1 + β2ρ2)∂2
y − 2β(1 + β2ρ2)∂ϕ∂y

]

T = −4α′−1
T .

If we consider a particle state with a given energy E = pt, charge py = m/R (m = 0,±1, ...)
and orbital momentum pϕ = l (l = 0,±1, ...)

T = exp(iEt + ipyy + ilϕ) T̃ (ρ) ,

then
[

− ρ−1∂ρ(ρ∂ρ) + l2ρ−2 + γ2
0ρ2

]

T̃ = µ2T̃ , (5.65)

γ0 = β(py − βl) , µ2 ≡ E2 + 4α′−1 − (py − βl)2 − β2l2 .

This is the Schrödinger equation for a two-dimensional oscillator with the frequency γ0.
In what follows we assume that γ0 > 0 (the spectrum for γ0 < 0 is the same since the
Hamiltonian depends on γ2

0). Provided γ0 6= 0 the spectrum is discrete, i.e. (5.65) has
normalizable solutions only if

µ2 = 2γ0(2k + |l| + 1) , k = 0, 1, 2, ... . (5.66)

To make the analogy with the solution of the string problem more explicit let us derive
(5.66) by introducing the creation/annihilation operators

C ≡ −i(∂∗
x + 1

2
γ0x) , C̃ ≡ −i(∂x + 1

2
γ0x

∗) , (5.67)

C† ≡ −i(∂x − 1
2γ0x

∗) , C̃† ≡ −i(∂∗
x − 1

2γ0x) , x = ρeiϕ , x∗ = ρe−iϕ ,

[C, C†] = γ0 , [C̃, C̃†] = γ0 , [C, C̃] = [C, C̃†] = 0 ,

p2
ρ + ρ−2p2

ϕ = −4∂x∂∗
x = (C† + C̃)(C̃† + C) , γ2

0ρ2 = (C − C̃†)(C† − C̃) ,

pϕ = −i∂ϕ = x∂x − x∗∂∗
x = γ−1

0 (C̃†C̃ − C†C) . (5.68)

As a result, (5.65) is equivalent to

2(CC† + C̃†C̃)T̃ = 2γ0(b
†b + b̃†b̃ + 1)T = µ2T̃ , (5.69)

b = γ
−1/2
0 C , b̃ = γ

−1/2
0 C̃ , [b, b†] = 1 , [b̃, b̃†] = 1 .

The eigen-functions are thus given by

TE,py,lR,lL = eiEt+ipyy(b†)lR(b̃†)lL exp(−1
2
γ0xx∗) , (5.70)

with the eigen-values

µ2 = 2γ0(lR + lL + 1) , lR, lL = 0, 1, 2, ... . (5.71)
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This is the same condition as in (5.66) since according to (5.68) the orbital momentum
eigen-value is

l = lL − lR , lR + lL = 2k + |l| . (5.72)

The resulting tachyon spectrum is the same as the semiclassical (leading order in α′)
spectrum that follows from the string constraints (5.59) with the Hamiltonian (5.51) de-
pending on the “angular momenta” operators (5.45),(5.46). At the zero string excitation

level SL = SR = N = Ñ = 0 and the eigen-values of ĴR and ĴL are −lR − 1
2 and lL + 1

2

so that Ĥ = 0 reduces to (pa, a = 3, ..., are momenta of additional dimensions)

M2 ≡ E2 − p2
a = −4α′−1

+ p2
y (5.73)

−4βpy ĴR + 4β2(ĴL + ĴR)ĴR − 2α′β2(py − βĴ)2

= −4α′−1
+ p2

y + 2βpy(2lR + 1) − 2β2(lL − lR)(2lR + 1) − 2α′β2[py − β(lL − lR)]2 ,

where it is assumed that the eigen-value 2α′β[py −β(lL − lR)] of the operator γ in (5.38) is
positive, i.e γ = 2α′γ0 > 0. The O(α′) correction comes from the γ2 term in c0 in (5.51).
It is easy to see that the two expressions (5.71) and (5.73) for the point-like tachyon
spectrum indeed agree up to the O(α′)-term in (5.73). A similar correspondence between
the point-particle spectrum and the zero level string spectrum can be established also for
other choices of background parameters (the solution of the tachyon equation in the case of
the constant magnetic field model (1.1), (2.21), which is similar to the Landau spectrum,
was already given in [2]).

We see that for γ = 2α′γ0 = 2α′β[py − β(lL − lR)] 6= 0 the scalar particles are “local-
ized” near the core of the flux tube, i.e. oscillate near ρ = 0 (they can, of course, move
freely along the flux tube direction x3). Note that even the neutral tachyon states with
nonzero orbital momentum are trapped by the flux tube. Similar “bound state” inter-
pretation should apply for higher excitations in the string spectrum. Another interesting
feature is that, in contrast to the Landau spectrum or the spectrum of the standard 2d
oscillator, here there is no usual degeneracy in the energy since the frequency γ0 itself
depends on l (there is still smaller degeneracy β(py − βl) → −β(py − βl)). When γ0 = 0,
i.e. py = βl 6= 0, the spectrum becomes continuous, i.e. µ2 in (5.65) can take arbitrary
positive values (yet the translational invariance on the plane is not fully restored since
the eigen-value of the orbital momentum is subject to the constraint l = py/β). This is
possible only for special values of the magnetic field strength, βR = m/l. The spectrum is
also continuous for py = 0, l = 0 when the solution of (5.65) which decays at infinity and

is bounded at zero is given by the zeroth Bessel function T̃ = J0(µρ) with arbitrary µ.33

In general, the tachyon equation (5.62) contains higher order O(α′2) terms. Such
terms are scheme-dependent and may be non-vanishing in the scheme in which the exact
expressions for the σ-model couplings (metric, dilaton and antisymmetric tensor) do not
depend on α′ (for a discussion of α′-corrections to the tachyon equation see [39,40] and refs.
there). The exact form of the tachyon equation which is usually hard to determine at the
σ-model level is determined by the underlying CFT. In the present model it can be fixed

33 The solution of a similar (uncharged) Klein-Gordon equation in the a = 0 Melvin background

was discussed in [38], where it was also found that the spectrum contains both discrete (l 6= 0)

and continuous (l = 0) branches.
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by using directly the Hamiltonian (5.51) or the relation to the coset model (for a similar
discussion in the case of the constant magnetic field model see [2]). The appearence of the
α′-correction term in the point-particle limit of the string Hamiltonian (5.51) or in (5.73)
is consistent with the presence of the “quantum” 1/k correction term in the Hamiltonian
of the special limit of the SL(2, R) × R/R WZW model [5] or in the Hamiltonian of the
Ec

2/U(1) coset model [25] which, as was mentioned above, is related to the “non-compact”
limit of the Melvin model.34 To find the α′-correction term in the tachyon equation which
produces the O(α′)-term in (5.73) one may start, e.g., with the quantum action of the
SL(2, R)×R/R gauged WZW model with the full 1/k-dependence included (see [40]) and

take the special limit 1/k = α′ǫ2, q0 = −1+β−2ǫ2, r = 2ǫρ, θ = ϕ+βy, θ̃ = β−1ǫ2y, ǫ → 0

(q0 is the parameter of embedding of the subgroup, r, θ, θ̃ are SL(2, R) coordinates). As a
result, one finds the exact (α′-corrected) form of the Melvin model action from which one
reads off the following metric and dilaton (cf. (5.63))

ds2 = −dt2 + dρ2 + F (ρ)ρ2(dϕ + 2βdy)2 + F ′(ρ)dy2 , (5.74)

e2(φ−φ0) = [F (ρ)F ′(ρ)]1/2 = ρ−1
√
−G , F ′ = (1 + β2ρ2 − 2α′β2)−1 .

These expressions correspond to the “CFT scheme” where the exact tachyon equation
is the Klein-Gordon one for the exact metric and dilaton. As a result, the differential
operator in (5.64) gets an extra term −2α′β2(∂y − β∂ϕ)2 so that µ2 in (5.65) is shifted by
2α′β2(py − βl)2 and the spectrum (5.66) becomes exactly equivalent to (5.73).

5.4. Partition function from the operator quantization

In the operator formalism, the one-loop partition function is obtained by using the
Hamiltonian to propagate the states along the cylinder and taking the trace to identify its
ends (and imposing the Virasoro constraint with a Lagrange multiplier). Then

Z =

∫

d2τ

τ2

∫

dE

22
∏

a=1

dpa

∞
∑

m,w=−∞

Tr exp
[

2πi(τL̂0 − τ̄ ˆ̃L0)
]

, (5.75)

where L̂0 and ˆ̃L0 are the Virasoro operators (5.49) and (5.50) constructed above. Our aim
is to compute Z defined by (5.75) and to show its equivalence to the expression obtained
in the path integral approach (4.30),(4.38). In order to integrate over E and perform the
Poisson resummation, it is convenient to represent (5.49) and (5.50) in the form (cf. (5.51))

L̂0 = 1
4w2r2 − 1

2mw + N − 1 − 1
4α′(E − c−ĴR − a−ĴL)2 (5.76)

+1
4
[mr−1 −

√
α′(c+ĴR + a+ĴL)]2 − 1

2
wr

√
α′(c+ĴR − a+ĴL) + α′αβĴRĴL − 1

8
γ2,

34 As usual in the gauged WZW models, there are two possible interpretations of the α′-

correction terms in the tachyon spectrum: in the “CFT scheme” in which the tachyon equation

retains its leading-order Klein-Gordon form they come from the α′-corrections in the background

σ-model fields [20,41]; in the “leading-order scheme” in which the σ-model fields have semiclassical

values they originate from the corrections to the tachyon equation [39].
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ˆ̃L0 = L̂0 + mw + Ñ − N . (5.77)

It is convenient to express the part of the exponential factor in (5.75) containing γ2 in the
following way:

exp ( 1
2πτ2γ

2) =
√

τ2

∫

dν exp(−1
2πτ2ν

2 − πτ2γν) ,

where ν is an auxiliary variable. The term πτ2γν can be absorbed into a redefinition of
ĴR → Ĵ ′

R ≡ ĴR − 1
2
ν, ĴL → Ĵ ′

L ≡ ĴL + 1
2
ν as can be easily verified.

The gaussian integrals over E, pa give an extra factor of τ
−23/2
2 . By using the Poisson

resummation formula, one can trade the sum over the discrete loop momentum m for the
sum over the conjugate winding number w′:

∞
∑

m=−∞

F(m) =

∞
∑

w′=−∞

∫

dµ e2πiµw′F(µ) , (5.78)

F(m) ≡ exp
(

− πτ2[mr−1 −
√

α′(c+Ĵ ′
R + a+Ĵ ′

L)]2 − 2πimwτ1

)

.

Integrating over µ we get

Z =

∫

d2τ τ−13
2

√
τ2

∫

dx exp(−1
2
πτ2ν

2) Tr Z ,

Z = r

∞
∑

w,w′=−∞

exp[−πr2τ−1
2 (w′ − τw)(w′ − τ̄w)] exp

[

2πi(τN − τ̄ Ñ)
]

(5.79)

× exp[2πi(w′ − τw)r
√

α′c+Ĵ ′
R] exp[2πi(w′ − τ̄w)r

√
α′a+Ĵ ′

L]

× exp(−4πτ2α
′αβĴ ′

RĴ ′
L) .

In order to compute the trace in (5.75) and relate the result to the path integral expression

(4.18) it is convenient to “split” the ĴRĴL-term by introducing the auxiliary variables,
inserting the following identity:

1 = 4τ−1
2

∫

dλdλ̄ (5.80)

× exp
(

− 4πτ−1
2 [λ − 1

2
r(w′ − τw) − iτ2

√
α′αĴ ′

L][λ̄ + 1
2
r(w′ − τ̄w) − iτ2

√
α′βĴ ′

R]
)

.

Then the first and the last exponential factors in (5.79) are cancelled out and we are left
with the following expression

Z = c1

∫

d2τ τ−14
2 e4πτ2

√
τ2

∫

dν exp(−1
2πτ2ν

2)

∞
∑

w,w′=−∞

∫

dλdλ̄ (5.81)

× exp
(

−4πτ−1
2

[

λλ̄ − 1
2r(w′ − τw)λ̄ + 1

2r(w′ − τ̄w)λ
])

W(ν, λ, λ̄, w, w′; τ, τ̄) ,

where
W ≡ Tr exp

[

2πi(τN − χĴ ′
R)

]

Tr exp
[

− 2πi(τ̄ Ñ + χ̃Ĵ ′
L)

]

, (5.82)
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χ ≡ −
√

α′[2βλ + q+r(w′ − τw)] , χ̃ ≡ −
√

α′[2αλ̄ + q+r(w′ − τ̄w)] . (5.83)

The traces can now be easily computed by using that

Tr exp
[

2πi(τN − χĴ ′
R)

]

=
1√
τ2

πχ

sinπχ
exp(πiχν) (5.84)

×
∞
∏

n=1

(1 − e2πinτ )−22
[

1 − e2πi(nτ+χ)
]−1[

1 − e2πi(nτ−χ)
]−1

,

and a similar expression for the “left” part. The factor πχ/
√

τ2 comes from the normaliza-
tion of the zero mode so that (5.84) has a regular χ → 0 limit (see also [2]). As a result, W
(5.82) can be expressed in terms of the Jacobi θ1-function of the torus (cf. (4.23), (4.38)).
After integrating over ν we obtain

W = τ2
−1|f0(e

2πiτ )|−48 exp
[

− π(χ− χ̃)2

2τ2

] χχ̃|θ′1(0|τ)|2
θ1(χ|τ)θ1(χ̃|τ̄)

. (5.85)

The final expression for Z in (5.81),(5.85) becomes the same as found in the path integral
approach (4.38) if we transform the integration variables from λ, λ̄ to χ, χ̃ (or, equivalently,

identify the auxiliary variables C0 and C̄0 in (4.19),(4.36) with −2π
√

α′λ and −2π
√

α′λ̄ in
(5.81)). The zero-mode normalization used in (5.84) directly corresponds to the prescrip-
tion of projecting out the constant mode factor (4.29) we used in (4.38) (if one does not
use this normalization and directly computes the trace in (5.84) one finds the expression
for W (5.85) without the factor χχ̃/τ2 which is singular in the free-theory limit).

The operator formalism representation for Z (5.75), (5.76) makes its duality invariance
properties manifest. It is also clear why, e.g., the case of αβ = 0 is special: here there
is no ĴRĴL term in (5.77) and thus the traces can be computed without introducing the
auxiliary integrals (5.80). Then one finds again (4.46). To reproduce the expression for Z
in the q+ = 0 case in the operator approach one is to do the Poisson resummation not in

m but in the winding number w. Then the ĴLĴR term disappears again and we obtain
(4.44). Equivalently, one may note that when q+ = 0 the sums over w′, w in (5.81) give
δ-functions and the integrals over λ, λ̄ are easily computable (one may still apply (5.78) to
arrive at (4.44)).

6. Some physical properties of particular models

Having obtained a diagonal string Hamiltonian (5.51) and constraints (5.59) it is
straightforward to determine the spectrum of this string model. This was already done
in the special case of the uniform magnetic field model (αβ = 0, qi = 0) in ref. [2].
Its space-time background (1.1) is represented by a homogeneous space metric and non-
trivial antisymmetric tensor. Below, in Section 6.1, we shall examine the spectrum in a
complementary special case, α = β (or c− = a−), which includes, in particular, the Melvin
model (α = β = q+). The corresponding non-singular (αβ > 0) space-time backgrounds
are no longer homogeneous but have vanishing antisymmetric tensor (see (3.13) and Section
3.3).

The general property of the spectrum observed in [2] was the appearance of tachyonic
instabilities, typically associated with states with angular momentum aligned along the
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magnetic field. Similar instabilities are present in point-particle field theories in external
magnetic fields (and may lead to a phase transition with restoration of some symmetries,
see [6]). In the context of open string theory they were observed in ref. [33] and further
investigated in ref. [42]. The new feature of the closed string theory [2,43] is the existence of
states with arbitrarily large charges. Since the critical magnetic field at which a given state
of a charge Q becomes tachyonic is of order of (α′Q)−1, the generic pattern is that there
is an infinite number of tachyonic instabilities for any given finite value of the magnetic
field.35 As we shall discuss below, in the general case of αβq+(q+ + β − α) 6= 0 there
exist also other types of tachyonic instabilities associated with the presence of non-trivial
geometrical background.

Below we shall consider only the sector with 0 < γ < 2, where γ is defined in (5.38).
Other sectors can be analysed in a similar way.

6.1. Spectrum of models with vanishing antisymmetric tensor (α = β)

It is easy to show that the term in Ĥ (5.51) which is linear in the energy of a string
state E is directly related with the presence of an antisymmetric tensor background. When
α = β the antisymmetric tensor is absent and this term can be eliminated with choosing the
frame with a− = 0, i.e. q− = −α. Then the corresponding background gauge fields (3.9)
have no electric components, so that the models with α = β can be characterized by the
two magnetic field strength parameters Bv0 = a+ + c+ = 2q+ and Ba0 = a+ − c+ = −2β.
The particular (self-dual) case of a+ = 0 corresponds to the dilatonic Melvin model, while

the case of a+ = c+ (i.e. α = β = 0) corresponds to the “Kaluza-Klein” (a =
√

3)

Melvin model (1.3). The spectrum is determined by the conditions (5.59), i.e. Ĥ = 0 and

N − Ñ = mw, where (see (5.51),(5.45),(5.46))

Ĥ = 1
2

(

− α′M2 + w2r2 +
m2

r2

)

+ N + Ñ − 2 − 1
4
γ2 (6.1)

− α′
(

c+Q+ĴR + a+Q−ĴL

)

+ 1
2α′(ĴR + ĴL)

(

c2
+ĴR + a2

+ĴL

)

, M2 = E2 − p2
a .

M2 represents the mass, invariant with respect to the residual Lorentz group in the hy-
perplane orthogonal to the plane x1, x2 (pa are momenta in possible additional spatial
dimensions). We recall that in presence of a non-trivial background including the mag-
netic field the momenta p1,2 of the transverse coordinates x1,2 of a closed string are traded
for the two (right and left) Landau-type quantum numbers lR, lL = 0, 1, 2, ..., associated

with the zero-mode operators b†0, b0 and b̃†0, b̃0. The center of mass orbital momentum is
l = lL − lR = 0,±1,±2, ... (see, e.g., (5.72)). The Hamiltonian (6.1) defines the spectrum
of states with quantum numbers such that 0 < γ < 2 where γ is given by (see (5.38))

γ = (a+ + c+)wR + α′[(c+ − a+)mR−1 + (a− − c−)E] (6.2)

35 One should keep in mind that these are tree-level results. At the one-loop level the mass of

a given mode with charge Q is expected to receive corrections of order O(Q2g2) (g is the string

coupling) which can be neglected for Q ≪ 1/g. This suggests that the minimum magnetic field

at which tachyonic instabilities first appear is Bcr ∼ (α′Q)−1 ∼ O(g/α′) which is essentially of

Planck order for a reasonable value of g.
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+ 1
2α′(a2

+ − a2
− − c2

+ + c2
−)(l + SR + SL) .

As discussed in Sections 5.2, 5.3, for the special states with γ = 0 (mod 2) the mass formula
takes the form

M2 = E2 − p2
a − p2

1 − p2
2 = α′−1( − 4 − 1

2
γ2 + 2N + 2Ñ + w2r2 +

m2

r2

)

(6.3)

−2
[

c+Q+( 1
2 l + SR) + a+Q−( 1

2 l + SL)
]

+ (l + SR + SL)
[

c2
+( 1

2 l + SR) + a2
+( 1

2 l + SL)
]

,

where l is the eigen-value of the center of mass orbital momentum (x1p2 − x2p1) and the
quantum numbers are subject to the constraint γ = 0 (see (6.2)).

A novel feature of the α = β model as compared to the special αβ = 0 model studied
in [2] is the presence in Ĥ of the additional terms quartic in the oscillators. Let us consider

the spectrum of lowest-level neutral states (N = Ñ = 0, m = w = 0). For these states γ
(6.2) takes the form: γ = 1

2
α′(c2

+−a2
+)(lR− lL), lL,R = 0, 1, 2, .... Then the generalization

(to the case of a+ 6= 0) of the expression (5.73) for the tachyonic spectrum for the Melvin
model is

M2 = −4α′−1
+ 1

2 (lR − lL)[c2
+(2lR + 1) − a2

+(2lL + 1)] − 1
8α′(a2

+ − c2
+)2l2 . (6.4)

Let us take for definiteness c2
+ > a2

+. A closer inspection of eq.(6.4) shows that, in the
range 0 < γ < 2, the new contribution modifying the free-theory value α′M2 = −4
is positive definite, and that the usual tachyon disappears for sufficiently large values
of the magnetic fields a+, c+. This can be attributed to the effect of curvature of the
corresponding background which produces a mass gap in the Laplace operator. Similar
conclusion is true for the “massless” level (N = Ñ = 1) neutral (m = w = 0) states with
0 < γ < 2: they receive positive corrections to their M2.36

The situation is different in the charged sector. Let us recall that in the case of
the constant magnetic field model (α = qi = 0) it was shown in [2] that the term in

H proportional to c+Q+ĴR gives rise to the tachyonic instabilities which are similar to
magnetic instabilities in gauge theories. For a fixed value of the parameter c+ one finds
an infinite number of tachyonic states in the spectrum.

Instabilities caused by the linear in ĴL,R terms in H are present also in the α = β
models (in particular, in the Melvin model). There are, in fact, infinitely many tachyonic
charged states at higher levels. Let us first consider the level one state with w = 0, m > 0,
N = Ñ = 1, lR = lL = 0, SR = 1, SL = −1 (i.e. ĴR,L = ±1

2
) which corresponds to

a “massless” scalar state with a Kaluza-Klein charge. We may assume without loss of
generality that R >

√
α′ (if R <

√
α′ a similar discussion applies with m replaced by w).

The expression for the mass that follows from (6.1) is (2β = c+ − a+)

M2 = py(py − 2β − 2α′β2py) , py = mR−1 . (6.5)

For R >> 1, M2 becomes negative when β > βcr
∼= 1

2py. For these states γ = 2α′βpy and

thus γ < 2 if β > βcr and α′p2
y < 2 (i.e. R2 > 1

2α′m2). The critical value of the magnetic

36 For the massless level (N = Ñ = 1) perturbations this implies, in particular, the stability of

the corresponding field-theoretic Melvin solutions (see [4,38] and refs. there).
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field goes to zero as R → ∞. In the noncompact R = ∞ theory py becomes a continuous
parameter representing the momentum of the “massless” state in the y-direction. Thus the
“massless” state with an infinitesimal momentum py becomes tachyonic for an infinitesimal
value of β (corresponding to an infinitesimal deformation of the metric and antisymmetric
tensor backgrounds).

To illustrate the appearance of an infinite number of tachyons, let us consider the
a = 1 Melvin model with r = 1 where

α′M2 = −4 + 4Ñ + α′(Q+ − c+JR)2 + α′c2
+JRJL + η , η ≡ γ(1 − 1

2γ) ≤ 1
2 . (6.6)

Consider states with Ñ = JL = 0, m = w. Then a given state becomes tachyonic for

(
√

α′Q+ −
√

4 − η)/JR <
√

α′c+ < (
√

α′Q+ +
√

4 − η)/JR , (6.7)

with γ = −2JR + 1 +
√

(2JR − 1)2 + 2α′Q2
+ − 8. All states with JR

∼= Q+/c+ =

(2/c+)
√

N, N >> 1, will become massless in the infinitesimal interval c+ = Q+/JR − ǫ
and c+ = Q+/JR. The emergence of an infinite number of massless particles suggests an
enhancement of gauge symmetries of the theory (for a further discussion see [43]).

Next, let us consider the a =
√

3 (“Kaluza-Klein”) Melvin model where the expression
for M2 in (6.1) (for 0 < γ < 2) and for γ in (6.2) are given by (a+ = c+ = q+, a− = c− = 0)

M2 = 2α′−1
(−2 + N + Ñ) + (py − q+Ĵ)2 + [α′−1

wR − q+(ĴR − ĴL)]2 (6.8)

− q2
+(ĴR − ĴL)2 − 2α′−1

q2
+w2R2 , γ = 2q+wR .

It follows from (6.3) that in the non-winding (i.e. γ = 0) sector this model is stable, i.e.
has no new instabilities (except the usual flat space tachyon). As for the winding sector,
there exists a range of parameters q+, R for which we find again the same linear instability
as in the a = 1 Melvin model (6.5).

6.2. Gyromagnetic factors

In the case when Bµν = 0, the standard definition for the gyromagnetic factor in
terms of the non-relativistic expansion gives a frame independent result. In the weak field
limit the mass formula takes the form (see (5.51),(6.1); SL,R are the spin parts of the left
and right angular momenta (5.45),(5.46))

M2 = M2
0 − 2(c+Q+SR + a+Q−SL) (6.9)

+ [(2lR + 1)c+Q+ − (2lL + 1)a+Q−] + O(c2
+, a2

+) ,

α′M2
0 = −4 + 2N + 2Ñ + 1

2Q2
+ + 1

2Q2
− .

Note that in the case of the self-dual model a+ = 0 (or c+ = 0) we get the familiar
field-theory expression in the non-winding sector (w = 0)

M2 = M2
0 − 2eBSR + eB(2lR + 1) + O(R2B2) , (6.10)
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e = Q+R , B = c+R−1 , lR = 0, 1, ..., .

In the models under consideration we have two U(1) gauge fields with the magnetic
strengths determined by c+ = 1

2 (Bv0 − Ba0) and a+ = 1
2 (Bv0 + Ba0). The associated

(tree-level) gyromagnetic factors can be easily read off from the Hamiltonian. In the
Bµν = 0 case, i.e. when a− = c− = 0, the g-factors reduce to the form derived in ref. [44]
(see (6.9))

gR =
2SR

S
, gL =

2SL

S
, S = SR + SL . (6.11)

As was found in [2], in the case of the uniform magnetic field model (which has Bµν 6= 0)
there exists another contribution to the g-factor coming from the term in H which is linear
in energy. Since the magnetic dipole moment is expected to be a background-independent
property of the state, this seems puzzling.

The resolution of this puzzle is the following. In closed string theory a magnetic
field background necessarily induces other fields (curved metric, dilaton, antisymmetric
tensor, etc.) and their consistent configuration is not unique. If one insists on having
strictly uniform magnetic field background, like the one with c+ = −c− = β considered
in [2], this implies the presence of an antisymmetric tensor. Then the term linear in E

in the Hamiltonian (α′c−EĴR) produces an additional contribution to the gyromagnetic
coupling (−µβ) and thus the g-factor gets an extra term proportional to the energy. Note,
however, that in order to determine the magnetic dipole moment it is sufficient to consider
a magnetic field which is approximately constant in some finite region. For generic values
of our parameters the magnetic fields in (3.10) are indeed constant in the region near ρ = 0
(and are equal to a+ ± c+, i.e. do not depend on c− and a−). That means that, in general
(even when Bµν 6= 0), the linear term in H does not, in fact, produce a contribution to
the gyromagnetic ratio. This suggests that gR,L in (6.11) are the correct, background
independent values of the gyromagnetic factors, in accordance with the suggestion of ref.
[44] (see also [45]). These values are not inconsistent with the values characteristic to
charged rotating black holes (see [44,45]), i.e. do not contradict the conjecture [46] about
the correspondence between string states and black holes.

Another interesting special case (including, in particular, the Kaluza-Klein Melvin
solution (1.3)) is when a+ = c+. As follows from (6.1), the magnetic dipole moment is
then given by

µ =
α′

2M
[r−1mS + wr(SR − SL)] . (6.12)

As a consequence, the ordinary Kaluza-Klein states with w = 0 (i.e. with charges of “non-
winding” origin) have the standard Kaluza-Klein field-theory value of the gyromagnetic
factor, g = 1 (see also [44]).

6.3. Singular backgrounds

Given a solvable model one is able, in principle, to address the important question of
how space-time singularities of a given background are reflected in the properties of the
string solution (CFT) it represents, for example, if there is something special happening
with the spectrum of physical string states and the partition function for the values of
parameters when curvature may have singularities.

As was mentioned in Section 3 (see also (A.1)), the singularities appear in the cases
when

αβ < 0 , or q+(q+ + β − α) < 0 . (6.13)
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These conditions imply that β 6= α, i.e. require the presence of an antisymmetric tensor
background. There is an additional instability in the spectrum which occurs only for
singular geometries and leads to a tachyonic mass even for the usual (transverse) graviton

state. It is related to the presence of the O(Ĵ2) terms in the Hamiltonian and is present
even in the absence of a magnetic field background.37 Consider, for example, the model
with a+ = c+ = 0 or α = −β = q+ (see (3.10)). The corresponding singular background
(3.23) was mentioned in Section 3.2. In this case the energy formula for the graviton state,

N = Ñ = 1, m = w = 0, is given by (see (5.51); we choose the frame with pa = 0 and
c− = −a−)

[E − c−(ĴR − ĴL)]2 + 2α′c2
−E2 = −4c2

−ĴRĴL . (6.14)

Thus all the states with ĴRĴL > 0 have complex energy for infinitesimal values of the
parameter β = 1

2(a− − c−).38 When the energy gets an imaginary part, the partition
function develops a new divergence coming from the modular region τ2 → ∞ (see (5.75)
and ref. [2]).

The backgrounds with (6.13) generically have singularities which may be related to
naked and black string type ones (in what follows we drop the trivial x3-direction). Con-
sider, for example, the case of a+ = c+ or α = −β in the frame with c− = −a−. The
corresponding metric is (see (3.11))

ds2 = − dt2

1 − c2
−ρ2

+ dρ2 +
ρ2

1 + (c2
+ − c2

−)ρ2
dϕ2 . (6.15)

For c+ = 0 this metric is related by a coordinate transformation to (3.23). Changing
ρ = 1/ρ̃ and replacing ϕ by a noncompact coordinate one can see that near the singularity
(6.15) coincides with the metric of the extreme D = 3 black string in [18]. For c+ = a+ 6= 0
let us make the analytic continuation c± → ic± and at the same time replace ϕ → iϕ (ϕ
will still be an angular variable). Then the background fields and the corresponding σ-
model remain real. Introducing the coordinate x = −1/ρ2 + c2

− one can represent the
metric (6.15) in the form

ds2 = −(1 − µ

x
)dt2 +

dx2

4(x − µ)3
+

dϕ2

c2
+ − x

, µ ≡ c2
− . (6.16)

The corresponding geometry has two singularities, at x = 0 and x = c2
+ (this is clear,

e.g. from the expression for the curvature scalar in (A.1)). For x → ∞ the curvature

37 The quartic terms in the Hamiltonian (5.51) (which can be eliminated by a proper choice of

q− when αβq+(q+ + β − α) = 0), are not necessarily associated with singularities. Indeed, there

are models with singular geometry as, e.g., the one with q+ = 0, αβ < 0, where the quartic term

is absent (conversely, there are regular geometries with a quartic term in H which were discussed

in Section 6.1).
38 A pathology of such states is reflected also in the fact that the value of γ in (6.2) γ =

α′(a− − c−)[E − 1

2
(a− + c−)Ĵ ] which depends on E also becomes complex.
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approaches a constant value. If c2
+ ≫ c2

− = µ one can consider the region x ≪ c2
+ where

the metric takes the form

ds2 = −(1 − µ

x
)dt2 +

dx2

4(x − µ)3
+ c−2

+ dϕ2 . (6.17)

This is recognized as the metric of a (2+1)–dimensional black hole with an event horizon
at x = µ.

7. Concluding remarks

In this paper we have presented an explicit solution of a class of non-trivial string
models describing curved space-time backgrounds with uniform magnetic fields. The cor-
responding CFT’s are simpler than generic coset models (having “free” central charge and
just one α′-correction term in the Hamiltonian which is diagonal in the free-field Fock
space), are unitary (as follows, e.g., from the possibility to choose a light-cone gauge) and
thus (along with the model of ref.[26] studied in [31] and its “compact” generalisation
discussed in [2]) provide first examples of consistent solvable conformal string models with
explicit D = 4 curved space-time interpretation.

The method of constructing exact string solutions and solving the corresponding 2-
dimensional conformal theories used in this paper can be applied also to a number of
related models. Solvable cases include, e.g., various analytic continuations of (5.6), (2.5)
and their duality transforms, a generalization (2.25) from Section 2.4, as well as super-
string and heterotic string generalizations. In addition, there are extensions of our class of
backgrounds (mentioned in Sections 2.4 and 3.7) which are also exact string solutions, but
they correspond to more complicated CFT’s which cannot be analysed using the methods
of Sections 4 and 5.

There are also possible interesting applications. In particular, the family of string
backgrounds described above provides a laboratory to study the issue of tachyonic insta-
bilities in string theories. We have seen that some of the members of this family are, in
a certain sense, “more unstable” than others. For example, the a =

√
3 Kaluza-Klein

theory does not have the infinite number of instabilities associated with large charge states
discussed in Section 6.1. It may happen that some related (superstring) models may be
stable for some special values of parameters. This might suggest a mechanism to select a
stable string vacuum.
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Appendix A. Curvature scalar for the metric (3.11)

The curvature scalar corresponding to the metric (3.11) is given by

R = 1
2 (A0 + A2ρ

2 + A4ρ
4 + A6ρ

6)F 2F̃ 2 , (A.1)
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where
F = (1 + αβρ2)−1 , F̃ = [1 + q+(q+ + β − α)ρ2]−1 , (A.2)

and
A0 = α2 + 10αβ + β2 + 12q+(q+ + β − α) ,

A2 = αβ(α − β)2 + q+(q+ + β − α)[36αβ + (α + β)2] , (A.3)

A4 = αβq+(q+ + β − α)[4q+(q+ + β − α) + (α + β)2] ,

A6 = −8[αβq+(q+ + β − α)]2 .

For αβ < 0 or q+(q+ + β − α) < 0 it is singular at the points where F or F̃ diverge,
and generically it goes to zero as ρ → ∞ (special cases are e.g. α = 0, q+ = 0 where
R=constant). At ρ = 0 it has a finite value given by R = 1

2
A0.
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