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1. Introduction

The large number of events detected in hyperon semileptonic decay experiments per-
formed in the eighties [ 1-—4] makes possible the precise determination of the free theoretical
parameters of these decay processes. In addition to the small statistical and systematic errors
of the experiments, the theoretical uncertainties are also required to be as small as possible,
in order to exploit the possibilities of the precise experiments. Thus precise and reliable
calculations of the radiative corrections to various measurable quantities are needed.

Many order-« electromagnetic correction calculations for hyperon semileptonic decays
have been published in the last two decades [5—20]. Three of these papers use ultraviolet
cutoff [5,6] or dipole form factors [8] in order to handle the ultraviolet divergence problem. All
the other papers employ the model dependent — model independent separation introduced
by Sirlin [21] for neutron and nuclear §-decays ( this separation is explained for hyperon
semileptonic decays in refs. 7, 12, 16; see also sect. 1 in ref. 18 ). The bremsstrahlung part
of the radiative correction is, from the theoretical point of view, much more easier to handle
than the virtual correction. The energy of the bremsstrahlung photons in the semileptonic
decays of the SU(3)-octet baryons is small compared to the baryon masses, therefore it is
a good approximation to assume that the bremsstrahlung photon is coupled minimally to
the pointlike baryons [5—12, 14—16, 18]. The Low-theorem [22—27] guarantees that the
bremsstrahlung matrix element can be more precisely determined, including not only the
terms of order K~ but also the terms of order K° ( K denotes the bremsstrahlung photon
energy ) [13,17,19,20]. The terms of order K in the bremsstrahlung amplitude depend on the

L and

details of the strong interaction, but they are small compared to the terms of order K~
K, therefore they can be neglected.

There are two types of technical difficulties during the photon bremsstrahlung calcula-
tion. The first is the evaluation of the bremsstrahlung matrix element squared, and the second
is the integration of this matrix element squared over the bremsstrahlung phase space. The
bremsstrahlung matrix element squared calculations have been performed either "by hand”
(i.e.: on paper, without computer) [5—11,13,15,17,19,20], or by the REDUCE symbolic al-
gebraic software [12,14,16,18]. The bremsstrahlung integrations have been made analytically
[5—11,13,15,17,19,20], numerically [12], or semianalytically ( by some combination of analyt-
ical and numerical methods) [14,16,18]. The analytical and semianalytical methods require
the calculation of many complicated analytical integrals. On the other hand, the pure nu-
merical method requires much computer time [28]. The different types of quantities in these
methods need completely different calculations, and it is very hard to take into account the
experimental details.

We describe in this paper a Monte Carlo method of order-« radiative correction calcula-
tions for hyperon semileptonic decays. This method has several advantages compared to the

calculations published so far:
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1. With the aid of our method one can easily compute radiative corrections to every
quantity or distribution. The hard bremsstrahlung photon effects can simply be calculated.

2. The formulae presented here are rather simple and easily verifiable.

3. This method is especially suitable for the experimental analyses, where the various
kinematic cuts, detection efficiencies, energy resolution etc. necessitate to modify the theo-
retical distributions during the comparison of theory and experiment, in order to determine
the free theoretical parameters as precisely as possible.

4. Our method is useful not only for radiative correction calculations, but also for
event generation in the off-line Monte Carlo simulation programs.

The plan of the paper is the following. In sect. 2 we decsribe our Monte Carlo method
for the photon bremsstrahlung calculation of a general semileptonic decay. This method is
a substantial improvement compared to the method published in ref. 29. Sect. 3 contains
the description of the photon bremsstrahlung amplitude of hyperon semileptonic decays, by
using the Low-theorem. In sect. 4 the bremsstrahlung amplitude squared result is presented
for unpolarized hyperon semileptonic decays. The model independent virtual correction and
soft photon results are summarized in sect. 5. The results of our computer program runs
are given in sect. 6. The high efficiency of our Monte Carlo method is illustrated, and the
radiative correction results are compared to published analytical and numerical results of
neutron, muon and hyperon semileptonic decays. The contributions of the various terms
of the bremsstrahlung matrix element squared to the measurable unpolarized quantities are
calculated, and the results are discussed. Finally, Appendix A and B contain useful formulae

needed for our Monte Carlo algorithm.

2. Monte Carlo method of photon bremsstrahlung calculation for
semileptonic decays

We start the presentation of our method with the calculation of the total decay rate of
a semileptonic decay P; — Pylv. Here [ denotes a charged lepton, and v is the neutrino
counterpart of I. In the following the indices 1, 2, ¢ and f refer to antineutrino, charged
lepton, initial ( decaying ) particle and final hadron ( or the other antineutrino in muon and
7 decays ), respectively. p, p, E and m denote four-momentum, three-momentum, energy

and mass, respectively. The total decay rate ( up to order-a ) can be written as

p=rpo+pv(A) +pBr(A) (2.1)

Here pg is the zeroth-order decay rate :

1 1 1
Po = W%///dfii%(pivpfvavpl) §Z|Mo|2 (2.2)

( > denotes spin summation for all particles of the decay ),

3 3 3
dl—)fdz_jzdz_)l 4

dRs(pi,pys,p2,p1) = 3E, 3F, 2E, O (pi—pr—p2—pm1) - (2.3)
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A similar formula holds for the py () virtual correction, but with 2 ER@(MO./\/@) in-
stead of > |[My]* ( M., = M, (A) is the virtual matrix element, A denotes the photon mass
as infrared cutoff ). The bremsstrahlung part of the order-« electromagnetic correction can

be expressed as

,OBR(/\):ﬁ%ﬂi////dRél(piapfavaplvk)%Z|MBR|2 ; (2.4)

[3p d3p d3p dSk
/ =2 =1 =4

dR4(pi,ps,p2,p1,k)

Here k denotes the bremsstrahlung photon four-momentum ( k¢ = v/ k2 4+ \2 ).
We introduce now the following function ( z < 1)

w(Ey) :=min{z(Ey; —mg), z2(m; — Ey — E4)} (2.6)
(m; — mf)2 — m3
Eep, = 2.
¥ my + S (2.7)

We split the bremsstrahlung phase space into soft and hard regions ( I = |k| ) :

K <w(Es): soft photon events
(E2) } (2.8)

K> w(E;): hard photon events

Let us denote by Dy the zeroth-order Dalitz-plot of the E; and E variables. The (E;, E)

point is inside the Dy region if :

my < By < Egm (2.9)
m? —m?2 + m%
By = —— 2.10
2 2m; ’ ( )
Efmzn(EZ) < Ef < Efmax(EZ) 3 (211)
L(m; —my —lg)?

E pminfmax (B2) = my + 5=~ n : (2.12)

Z:t = E2 :l: |]_?2|

It is easy to show that for every (E,, E¢) € Dy point and for z < 1
w(E2) < min{E?vEvaO} s (213)

where

Qo=m; — Ey — Ey . (2.14)

Due to eq. (2.13) we can approximate the bremsstrahlung matrix element squared for

soft photons as

S Mt~ (225 - ) LMo (25)

P2
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where p = p; or p = py, depending on whether the P; or the P; particle is charged
(e =dra).

The bremsstrahlung part of the total decay rate can be written as

pr(N) = ps(2,N) + pu(z) (2.16)

where pg(z,\) is the (2.4) integral for K < w(E3), and pp(z) is the same integral for
K > w(E3) ( for hard photons we do not need the A infrared cutoff ). In order to cal-
culate the pg(z, \) soft part, we employ the (2.15) approximation. ps(z, A) can be written as

a sum of a large and 2 small terms :

ps(z,A) = ps(z,A) + pin(z) + pour(z) (2.17)

Here the first term contains the whole infrared divergence of the bremsstrahlung total
decay rate, and it is also logarithmically divergent in the z — 0 limit. For z < 1 it can be

approximated as

,55(2, /\) ~ dE2 dEf ZS WO(EQ,Ef) R (2.18)
1/

e [P m P\
Zs =~ / b oom o) (2.19)
W= @(E% Ef) = min {w(E2)7 (QO - szn)/Q} ) (220)
Qumin = ||p,| — Izgfl\ : (2.21)

1

Wo(E,, Ef) = T > IMo* . (2.22)

The result of the (2.19) integral is presented in appendix A.

The prn(z) term can be expressed by a bremsstrahlung integral near the Efpin(Es),
E; > FEy), curve, inside the Dy region, where

Eapn = ! [mz —my+ _m ] : (2.23)
2 m; —mgy

pour(z) denotes a similar integral near the Efpin(E2), E; < Eg; curve, outside the Dy
region. We have calculated these integrals, using the method described in app. B of ref. [18],
and the contributions of these integrals to various distributions and to the total decay rate
have been computed. These contributions decrease by decreasing the z parameter, and for
z ~ 0.003 they are negligible. Therefore, these integrals are not necessary for our method,
and we do not present them in our paper.

The total decay rate can be approximately expressed as

o~ povs(s) + puls) . (2.24)
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where

pOVS(Z) == //dE2 dEf Wovs(EQ,Ef;Z) 5 (225)
Do

1

64m,m3

Wovs(Esy, Ep; 2) = Wo(Ea, Bf) + > Re(MyM2) + ZsWo(Es, Ey) . (2.26)

The smaller is the z parameter the better is the above approximation.

The calculation of the poys(z) part is a trivial two-dimensional integration, if the M.,
virtual amplitude is known. For hyperon semileptonic decays Wyys(Es, Ef; z) is a smooth
function of E, and Ej, therefore the precise and quick numerical computation of the above
integral is rather easy.

The situation is quite different in the case of pyr(z). Here one has a 5-dimensional integral,
and the Y [Mpg|? integrand has large peaks ( due to the charged particle propagators ):

a, infrared peak : for small K

1 .
K2 7

Mpp = Z IMBpr|* ~ (2.27)

b, collinear peak : for my < m; —my, Ey > mo, 0 K 1

1

Mpp~—
PET 6 i/ E3

(2.28)

( here 6 is the angle between the photon and the electron directions in the decaying particle
CMS ).

The precise computation of py(z) by 5-dimensional numerical integration needs a lot
of computer time [28]. A semianalytical calculation method was desribed in ref. [16]. The
computer time of the order-a total decay rate calculation by this method is rather short.
On the other hand, by using this method, many complicated analytical integrals have to be
calculated, and it is difficult to take into account the experimental details.

The Monte Carlo method is a very good tool for complicated many-dimensional integral
calculation [30—39]. As it is well-known, huge isolated peaks of the integrand make the Monte
Carlo method of integration very inefficient ( the presence of these peaks cause large statistical
errors in the results ). One possibility to solve this problem is the employment of importance
sampling. We have to find a ¢ function which approximates the Mpgr bremsstrahlung density
rather well in the (2.27) and (2.28) peak regions, and we have to be able to generate hard
bremsstrahlung events according to g as a density function. The ¢ approximate function is
good, if:

- the w = Mppr/g weight function has small variance ;

- the event generation according to ¢ is simple and quick.

For this purpose, we consider the P; — Pylvy four-particle decay as two subsequent
decays [30—32]:

P; — Pslvy : Pi— Pyly , Py — Psv . (2.29)

The mass squared of the intermediate Py; particle is

M? = (ps+p1)* =(pi—p2— k) . (2.30)



The lower and upper limits of M? are
M2 :m?c . M? :(mi—mg)z ) (2.31)

The (E2, K) Dalitz region of the P; — Pysly decay is the following :

mo < E2 < Eo , (232)
2 g2 2
Fp= iz M rmy (2.33)
2my;
Kmin(E2) < K < Kman(Es) (2.34)
A
I(min mazr — I(min maxzx Ey) = ’ 2.35

We are interested only in hard photon events, therefore we should generate (E;, I{) events
with I > w(E3). Let us denote by EJ and Egyq, those By values where the w(Ey) curve
intersects the Kpin(E2) and K4, (E2) boundaries, respectively. For 2 < 1 Ej and Egp,
are close to Ey, and we approximate the w(E;) function near Ey by wy = w(Ey). The Ej

and Fo,q. values can be calculated by iteration. For example :

Ey — wo

EX =
Pl- = (1-p(Ey)

(2.37)

and the starting value of the iteration could be E;(O) = Fj.
Using the (2.29) composition of the four-particle decay into three- and two-particle de-
cays, pr(z) can be written as [32]

anam E2mam I(mam
pr(2) = //d@;‘ / dM? / dE, / dK Fpr (2.38)
Mgn,zn m2 I(:‘nin
1 2
M? —m?
o Kuin if By < E}
Romin = {wo —W(Ey) :if E»> Ej (2.40)

The 2} solid angle describes the orientation of the antineutrino three-momentum in the
CMS of the Py particle.

We define now the above mentioned approximate function as

a(M?) a(M?)
K(pe-k) FE;K%(1 — Bcosb)

= (2.41)
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It can easily be shown that
a( M?*)

— 2.42
m; K(K — A) (2.42)

g =
Let us introduce the following functions:

I‘mam

f(E2) = / % : (2.43)

K!

min

Eamae
F(M?) = a(M?) / dEy f(Ey) . (2.44)
For Fy < EJ :
e =g () (2.45)

and for E} < Ey < Eopmaz :

F(By) = % {m (%) +1n(1+ B) —In (“’Ow_o A)} . (2.46)

An efficient numerical calculation of F(M?) is the following :

F(M?*)=a(M*)(F, + F») (2.47)
EO — m2> /2 t(Ez) — t*
Fi=t'ln| ——— )+ [ dBy ——— |, 2.48
! (EO — E} ? Ey— B, (2.48)
E2mam
B, = / dE; f(Eq) (2.49)
E*

2

t(Eﬁ:ln(%) = HED) (2.50)

The generation algorithm of the hard bremsstrahlung events according to the ¢g function
is the following :

1. We generate an M? value according to F(M?) as ( unnormalized ) probability density
function, using the rejection method of von Neumann. The F(M?) function is computed in
500 points before the beginning of the generation, the maximum value of F(M?) is estimated,
and during the generation we use linear interpolation for the F(M?) calculation.

2. For the E; generation according to f(Ey) we first introduce the

WEy) = — (2.51)
Ey— E,
function, and we generate E; points according to the h(E3) distribution between ms and

EZmax :
E2 = EO — (EO — mg)e_ulH 5 (252)
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E2mam
dE2 EO — M2
H = =1 _— . 2.53
/ Eo—E, (EO - Ezm> (2:53)

Here and below u; (7 = 1,2,...) denote uniform, independent random numbers in the [0, 1]
interval. Then the Neumann rejection method is employed with the w' = (Ey — E3)f(E2)
weight function.

3. We generate the K valus as

A
K = 2.54
. 1 —¢e¢ 7 ( )
K .o —A
4. The generation of the cos 8] and ¢ values of the 7} solid angle 1s trivial :
costy =2uz —1 (2.56)
o] =2muy . (2.57)

The M?, E,, K, cos 0} and ¢} values determine a hard bremsstrahlung event. The Monte
Carlo weight of this event is defined as
F K(ps -k
w .= BR = &(pz ?MBR . (258)

g 213 76m;

The above event generation procedure is repeated Ny times, and the weight for each
event is calculated ( w; for the j-th event ). The Monte Carlo estimate of the (2.38) integral

1S
Ng
Vy
z %—g w; o, 2.59
) Ny p J ( )

and the estimate for the statistical error of (2.59) is

opm(z NH ;w - — Zw] ) (2.60)

1=1
where
2mam M2 ax
//dQ* / dM? / dE, / dAg_— / dM* F(M?) . (2.61)
-1 0 ' M2

The Mppr bremsstrahlung matrix element squared is usually expressed as a function of
the scalar products of the p;, ps, p2, p1 and k four-momenta. We present these scalar products
as functions of the M?, Ey, K, cos 6} and ¢ Monte Carlo variables in appendix B.

For the generation of unweighted events the following procedure can be employed [35,37,39].

First, we compute the poys(z) "soft decay rate” by two-dimensional numerical integration
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( see eq. (2.25)), and the pp(z) "hard decay rate” by the above described Monte Carlo
method ( z << 1; f.e.: 2 = 1072 ). We define the Py number as

. pu(2)
Py = e o (2.62)

In order to generate an unweighted decay event, we compare Py with a v € [0,1] random
number. If Py < u, then we generate a soft decay event, with zeroth-order kinematics.
This can be achieved by (E;, Ef) generation on Dy, using the Neumann rejection method
with the Wyys(Es, Ef; z) function. If Py > u, then we generate a hard decay event, i.e. a
decay with hard bremsstrahlung photon. For this purpose, we generate hard bremsstrahlung
events according to the ¢ density function, and then we use the Neumann method with the
w = Fppr/g function. The wy.x maximum value of the w weight function can be estimated
during the py(z) calculation.
Let us define the efficiencies of the soft and the hard Monte Carlo generations as [39]

W,
Eovs :=100=20V5 = (2.63)
WOVS
< >
Ey=100—22 (2.64)
wmax

where < Wyyg > and < w > are the Monte Carlo average values of the Wy s(Es;, Ey; z) and

the w functions :

1 s 1 Jn
< W, >= — W, ; < W >= — ; 2.65
ovs NS ]z:; ovsSy ) w NH ;w] ( )

macx

(Ng and Ny are the numbers of soft and hard Monte Carlo generated events ), and W&,
Wmap are the maximum values of these functions. The efficiency measures ( in % ) the
proportion of the accepted events of the rejection method ( compared to the total number of
events ). We will see in sect. 6 that both the Egy s and the Ep efficiencies are large ( in the
case of hyperon semileptonic decays ). Therefore, our method is useful for unweighted event
generation in experimental off-line analyses.

On the other hand, one can use our method also for generation of weighted events. In
the experimental analyses it is important to calculate precise theoretical bin distributions,
which are compared to the measured bin distributions. These bin distributions are usually
normalized, because only the shape of these distributions is relevant for the fit analysis
( see refs. [1—4]). Let us define the one-dimensional normalized bin distribution of the x

kinematic parameter by

Tyl
[ dz W(z)
b(i)=n—"t—r  (i=1,...,n) , (2.66)
P
Tn41

)= / de W(z) = povs(z) + plz) . (2.67)
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where W (x) is the distribution of  ( with radiative correction included ), p is the total decay
rate, n is the number of bins, and «; (¢ = 1,...,n 4 1) define the bin intervals ( x1 and 41
are the minimal and maximal values of « ). The b(¢) bin distribution can be calculated by

the following equation :

b(z) = W)TZ)H(Z)Z?OVS(Z;@) + rll_lo(g)bH(z,z) , (2.68)
ri(z) =100 pi(2) (2.69)

povs(z) + pu(z)
Here byys(z;¢) and by (z;1) are the corresponding bin distributions of the soft and the hard
decay events, respectively. One can compute them by weighted event generation. Let us see,
for example, the calculation of by (z;7). We generate Ny hard events according to ¢g. Let us

denote the z value of the j'th event by x(7), and the w = Fpr/g weight of this event by w;.

Then N
oG (2(5)) w;
br(z;i) = nZ]_l NEI (])> ’ , (2.70)
Ej:l w]
where ;
‘ 1 r; < x < xig
Oi(x) = {O iz <ayor x> x4 (2.71)

The boys(z;¢) can be similarly calculated ( by soft event generation ). For special x
parameters ( f.e.: electron energy ) it can also be computed by numerical integration ( this

requires less computer time, if one would like to achieve high precision ).

3. The photon bremsstrahlung amplitude

Electromagnetic current conservation enables one to calculate the photon bremsstrahlung
amplitude in hadronic processes not only to order K1, but also to order K° [22—27]. We
write the photon bremsstrahlung amplitude for the B; — Byev, hyperon semileptonic decay

( B; and By denote quasi-stable SU(3)-octet baryons ) as a sum of three amplitude terms:
Mpr =M+ My +6M . (3.1)
Here M is the dominant part of the bremsstrahlung amplitude :
M = e(Pe)My(q) + M [K°] (3.2)

where ¢ is the electric charge (e > 0, e* = 47« ), € is the bremsstrahlung photon polarization

vector. The P four-vector is defined as

(p-k) (p2-k)

where py and k are the electron and photon four-momenta, respectively. p is the four-

momentum of the charged baryon: p = p; for decays of charged hyperons ( like ¥~ — nev ),
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and p = py for neutral hyperon decays ( like A — pev ), where p; and py are the four-momenta
of the initial ( decaying ) and final baryons, respectively.
My (q) is the zeroth-order decay amplitude :

Mo(q) = %hp(q)lp , (3.4)

1P =uey?(1 —vs5)v1 (3.5)

ho(q) =usH,(q)u; (3.6)

Hol0) = FiL+ A+ 011+ M35+ ] (3.7)
q=pi—Dp; - (3.8)

In these expressions the indices 1, 2, ¢ and f refer to antineutrino, electron, initial baryon
and final baryon, respectively. G = G, Vyq for strangeness-conserving decays, G = G, Vs
for strangeness-changing decays, where G, is the muon decay coupling constant, V,q and
Vus are Cabibbo-Kobayashi-Maskawa matrix elements. Ay = 2/M?{ and A\, = 2/M?%, where
My = 840 MeV, M4 = 1080 MeV for strangeness-conserving decays, and My = 980 MeV,
My = 1250 MeV for strangeness-changing decays [40]. In (3.7) we have omitted the f3, g2
and ¢gs form factors ( see section 4 for comments ). Time reversal invariance is assumed,
therefore the form factors are supposed to be real. The ¢* dependence of the fi(¢*) and
g1(¢?) form factors has large ( ~ 10 % ) effect on the measurable zeroth-order distributions,
therefore we have included it in (3.7).

The e(Pe)My(q) term has 1/K photon energy dependence, and is therefore infrared
divergent. All the other terms in M pp are finite in the K — 0 limit.

The second term in (3.2) is the order- K° part of the electron—bremsstrahlung amplitude:

- G uy"ky (1 — y5)0
M [K°] = ——=ec,h : 3.9
The My and 6M terms in (3.1) are of order Am/m; compared to M
( Am = m; —my ). The My magnetic moment term can be written as the sum of

Dirac and anomalous magnetic moment contributions:
My = Mp + Mam . (3.10)

Here Mp is similar to (3.9):

G ﬂfPDui
Mp = —ehlP—— | 3.11
»= 5 S 340

where for charged hyperon decays
T = Hy0mk . (3.12)

and for neutral hyperon decays

I'p =7kH,(0) . (3.13)
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The M p part of the bremsstrahlung amplitude is of order Am /m; compared to the dom-
inant M, therefore we have neglected the ¢-dependent terms of H, in I'p. These terms would
yield contributions to M g of the order of (Am/m;)?, but this is the order of magnitude of
the terms of order-K in M ppg, which cannot be calculated rigorously by the Low-theorem
( the order-IK terms in Mpp are model dependent ).

The M + Mp part defines the pointlike hadron approximation for the photon brems-
strahlung amplitude ( the initial and final baryons are treated as pointlike Dirac particles,
just like the electron ).

The interaction of the bremsstrahlung photon with the anomalous magnetic moments of

the baryons is taken into account by the M 43; term:

May = Miyy + My, (3.14)
7 _ nip P [
G Re upy k(pr +myp)H,(0)u,
Y ue B UYur Py f)p
My = \/iee { om, 2(pf ) . (3.16)

Here #; and k5 are the anomalous magnetic moments of the baryons in e/(2m;) and e/(2my)

units, respectively. For example :
Rp =179 , kR,=-191 |, (3.17)

Fy- = —047 . Ay = —0.72

The above expressions can be rewritten as

4 4 G 24
My = =M + ﬁeeupo/;l‘Upr(O)Guui : (3.18)

G ~
M, =ML+ EeguzpQ’Zf:fuf(;ufarp(O)ui : (3.19)
p
GH =Tu — (p- k)k : (320)

Here MY, is expression (3.11) with (3.12), and ./\/lfD denotes expression (3.11) with (3.13).

Finally, 6 M contains the derivative terms :

M = M[*]+ M[fs] (3.21)
G
SM[g*] = 2E6(Q€)Vﬂf A7 + g1 h g7y i (3.22)
gk
Q=q ol (3.23)
(SM[fz] = %GENZPZZ‘UJC[VP,GN]UZ‘ . (3.24)
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The photon bremsstrahlung amplitude of hyperon semileptonic decays derived by the
Low-theorem can be found in refs. [13,17,19,20]. In these papers the f3, g2 and g3 form
factor terms were included in the amplitude expressions, but the ¢* dependence of the fi(¢?)
and ¢1(¢*) form factors was neglected. Our M, My and §M(f] terms agree with the
corresponding amplitude terms of the above mentioned papers ( as far as e is defined to be

negative in these papers ).
4. Bremsstrahlung matrix element squared for unpolarized decays

The matrix element squared in the case of unpolarized hyperon semileptonic decays has
been calculated by means of the symbolic algebraic program REDUCE. The terms of order
(Am/m;)?* have been neglected. We write :

13
> IMprl* = Mpr =Gy C; . (4.1)
j=1

The first term in this sum comes from the square of the e(Pe)My(q) amplitude term:
C, = —32P%L, . (4.2)

For charged hyperon decays

Ly 20— (4.3)

and for neutral hyperon decays

(4.4)

Here and below A, B, C, D, E. F, X, Y, Z and W denote the 10 scalar products of the
Pi, P1, P2, k and py four-momenta ( see appendix B ).
The definition of Lg is

Lo = oo S IMua)P (4.5)

It is a quadratic function of the form factors ( see also section II and app. A in ref. [18]):
Lo = fi(¢*) Lol 7]+ gi(a*) Lolgi] + f1(a*)g1(a*) Lol frg1]+ (4.6)

‘|‘f291(q2)L0[f291] + fl(qz)fZLO[fle] + szLo[fzz] ;

where

fild®) = A0+ 2d?) . gi(d®) = (14 N0 (4.7)
¢ =(pi—ps)*=m +mj—2X . (4.8)

The coefficients of the various form factor combinations are the following;:

Lo[f{] = BY + AZ —m;m;D |, (4.9)
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Lolgi] = BY + AZ + mym;D (4.10)

Lo[f291] = MLO[flgl] , (4.12)

Lo[f1f2] = %{mi[QzY—leZJerD] —mf[Q2A+QlB+QiD]} : (4.13)

Lolf7] = %{Qzsz + Qi1 Z 4+ Q2QrA+Q1QsB — Q1Q2X— (4.14)
CmamQ1Qs + %QZ[DX _9BY — 247 — mime]} ,

QQ=p-q)=A-Y , Q=(p-¢)=B-2 , (4.15)

Qi=(pi-q)=mi—-X , Qr=(pr-q)=X—m}

Cy is the only infrared divergent term among the 13 terms in the sum of (4.1). It is
proportional to the zeroth-order matrix element squared, and this fact ensures the cancellation
of the infrared divergences in the sum of the virtual and bremsstrahlung corrections. We
have not discarded the Lo[fi f2] and Lo[fi] terms, which are of order (Am/m;)?, in order
to maintain the precise proportionality of C; to Y. |[Mg(q)]*. If someone includes the f3,
g2 and ¢z form factors into the zeroth-order expressions, then the additional form factor
combinations, containing the fs, go and g3 form factors, should also be added to eq. (4.6).

The C5 term represents the interference of the two amplitude terms in (3.2) :

1
Cy = 7 {ff(qz)sl(mf) + 9%(92)51(—mf) + f19152 + f29153} ) (4.16)
Si(my) = —-32{AFRy — AWRy; —CYRy; + FYR; + myms[ER, — FRy]} , (4.17)
Sy =64[AFRy — AWRy, +CYR, — FYR;] (4.18)
S3 =25 (4.19)
where
Rj=(p;-P) (=1i1f12) . (4.20)
For charged hyperon decays :
m? B X Z
=t = = _= 4.21
fi=c-F7  W=c F (4.21)
A D B m3
m=c-7  =c"F
For neutral hyperon decays :
X B m}  Z
Y D Z  mi
h=w-F7 "=y F
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The C3 term is proportional to the square of the M [K°] amplitude:

32

One can obtain Ly[ps — k] by substituting the ps four-momenta by & in the expressions of

app. A in ref. [18]. A good approximation is
Lo[pz — k] = fL(NCY + AW —mmE) + ¢3(¢*)(CY + AW + mym s E)+ (4.24)

+2(f1 +2f2)01 (CY — AW)

The C4 and Cj terms represent the interference of M p with the first and second parts
of (3.2), respectively. For charged hyperon decays :

1
Ci= S50+ a2+ hin$i) (4.25)
1
Cs = %[ffsa(mf) +91S6(—my) + frg1S7] (4.26)
where
Sy = —32[ACRy; — AFR;, + BCRy — BER;] (4.27)
S5 = —64[ACRy — AFR;, — BCR, + BER;] (4.28)
Se(my) = —64F(2CY — m;msE) (4.29)
S; = =256 FAC (4.30)
For neutral hyperon decays:
1
C4Z—W[ffs4+gfs4—f19155] ) (4.31)
1
Cs = —W[ffsts(mf)*‘gf&%(—mf)—f19157] : (4.32)

The Cs—Cy terms are contributions from the anomalous magnetic moments of the
baryons. The interference of M 45 with e(Pe)M, is of order (Am/m;)?, therefore we neglect
it. This is in accordance with the Burnett-Kroll theorem [41,42]. On the other hand, the
interference of M4y with M [K°] is of order Am/m;, and this cannot be neglected [13].
The Cg¢ and C'7 terms can be expressed by the help of the C5 term. For charged hyperon
decays:

Cs =—riCs , Cr=—keCs5lg1 — —¢1] (4.33)

( see eq. (4.26) ), and for neutral hyperon decays :
C6 = /%fC5 5 C7 = /%Z‘C5[g1 — —91] (434)

( see eq. (4.32) ).
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The expressions for Cg and Cy are the following :

~

Ki

Cs = 5wl fiSstmg) + g1 Ss(=my) + frn S (4.35)

Co = Gtz i Sslmy) + 6iSu(=my) = i) (4.36)
Sa(my) = —32 {m [3AF —CD + BE - m2%] +

+my [AF —BE+CD — m2%] } : (4.37)

Sy = —64m; [AF —~BE+CD + ng] : (4.38)

The terms C19—C13 contain the interference of the é M derivative amplitude with M:

Cro = —128(PQ) { fi Ay Lol fi] + gi A Lolgil} (4.39)
(¢-F)
— P 4.40
Q=q TG (4.40)
_ Qk
(PQ)=Ri— Ry~ = Ri (4.41)
Qr=_(¢-k)=C-W (4.42)
2
Cy = T [flz/\f(510 +S11) + g7 Ay (S10 — 511)] ) (4.43)
Sio = 64A(CT, — FT;) (4.44)
S11 = 32mi(FTy — ETy) (4.45)
T =Q — @r 4 : (4.46)
C
T, =Qy — Qrp : (4.47)
C
T, =Q; — %m? : (4.48)
012 = —128f291[AI(2 — BIX’l] R (449)
R; i R;
I(l = R1 — UE R IXQ = R2 — UF R (450)
Cis = 200, (4.51)
m;

The square of the M 77 +6 M amplitude gives a contribution to Mpg of order (Am/m;)?,
therefore we neglect it in our approximation.

In the case of neutron decay the terms of order Am/m; can also be neglected. Therefore
Mpggr can be approximated by the dominant M amplitude, and only the terms C;, C,

and Cj are relevant for the Mppr calculation. Neglecting the weak magnetism terms and
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the ¢* dependence of the form factors, and using the p; & p; approximation, we get the

bremsstrahlung matrix element squared for unpolarized neutron decay:
Mpgr[n — pevy] = =32G* fie*m}[(1 4+ n*)Ha + (1 —n*)Hp] (4.52)

1 E, K m2
His=2E, |E,P?+ = —2== _ _ L K2
A 1| L2l + I T F + I Joz :

D + FE E2E E1 m%

F YRF K YR o
1 m% E, 0

“m TR T CRF 0 1T

Hp = —-DP? +

EleO_I( ) P2

This expression is in complete agreement with the formulae of the app. in ref. [43].

5. Model independent virtual correction

The separation of the virtual amplitude into model dependent and model independent
terms is explained in refs. [7,12,16] ( this separation was introduced by Sirlin in ref. [21] ). The
model independent part of the virtual correction together with the photon bremsstrahlung de-
fines the order-a model independent radiative correction. In the case of hyperon semileptonic
decays, where m; — my >> my and Ey >> mgy, the model independent virtual amplitude
is approximately proportional to the zeroth-order amplitude ( see app. B in ref. [18]). The
model independent virtual correction formulae are presented in refs. [14,16,18]. The result of
the (2.19) soft photon integral can be found in app. A. From these results one can calculate
the Wy s(Es, Ey; z) function ( see eq. (2.26)). For the E; > my hyperon semileptonic decay

events it is approximately proportional to the zeroth-order Dalitz-distribution:

Wovs(Ez, Ep;2) = (14 Zvs)Wo(E2, Ey) (5.1)
GZ
(B2 Ep) = 2L (5.2)

( see sect. 4 ). For charged hyperon decays:

Zv5:%{§1n<mi>+2(5—1)1n <M> 425 252 (5.3)

2 mso

For neutral hyperon decays :

Tys =2 {gm <ﬁ> +2(5—1)In (ME?)) +S+ 8- 52- 5 (5.4)

s mo
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2F
In (—2> —1
mpy

where Z¢cp = an is the Coulomb correction, and

) : Z . 2F
By 2r) 2 S:1n<—2> . (5.5)

3 2 E
L2 T 92
8 3 m g

E,

E,—E
—2#}+Z0b )

my my

In the case of neutron decay the ry s(z,y,w)/100 expression in the appendix of ref. [43]
is a sufficient approximation for Zy g ( the Ey >> mgy approximation has been employed in

the calculation of eqs. (5.3, 5.4), therefore eq. (5.4) is not valid for neutron decay).
6. Numerical results

We have made several numerical calculations in order to check the Monte Carlo method
described in sect. 2. First, we have calculated the model independent radiative correction to
the neutron decay rate, using the (4.52) matrix element squared, and eq. (A2) in ref. [43].
We present below the results of program runs with two different z and Ny input values ( Ny

is the number of hard events that were generated ):

a, z=0.01 , Ny=10*

ri(z) =0.564 , orp(z)=0.004
Pp=150 , " =151 | (6.1)
Eovs =752 , Ey =384

?

b, z=0.001 , Ny=5-10*

r(z)=0.903 , érg(z)=0.003 |,
Pp=150 , =151 , (6.2)
Eovs =750 . Ey =398

ri(z), Eovs and Ep were defined in sect. 2 ( eqs. (2.69, 2.63, 2.64) ). érp(z) is the
statistical error of r(z), calculated by eq. (2.60). r, is the Monte Carlo result for the relative
radiative correction of the total decay rate:
r, =1002—22 (6.3)
Po

and rf" is the same correction, calculated by the Sirlin-function ( see refs. [21,43]). The
Coulomb correction is not included here. Eqgs. (6.1,6.2) show us that the éry(z)/rg(z) ratio
is about 1/4/Npy, and the Ep efficiency of the hard bremsstrahlung generator is rather high.

The neutron decay bremsstrahlung has no collinear peak, because ms is not much smaller

than m; —my ( see eq. (2.28) ). We can, however, put a smaller ms value into our Monte
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Carlo program, in order to see the effect of the collinear peak. Our method gives the following

results for a small my value:

mo = 0.0l MeV , 2=0.001 , Nyg=2-10°

rp(z)=10.99 , érp(z)=0.02 ,
rp=146 , 1" =146 | (6.4)
Eovs =727 . Ep =36.0

We have also calculated the radiative correction to the decay rate of the u= — evev,,
Y7 — nev and A — per decays ( see table 1 ). In the case of muon decay the virtual
correction results of ref. [44] were employed, and the bremsstrahlung matrix element squared
was precisely calculated by REDUCE. The ri™ value presented in table 1 is the well-known
analytical result of refs. [45,46]. For the hyperon decays the results of sections 4 and 5 were
used.

The numerical results of eqs. (6.1, 6.2, 6.4) and table 1 show us that

Spm(2)/ pri(z) ~ ﬁ | (6.5)
and
E 1
%;Ni‘ (6.6)

Therefore our Monte Carlo method is very efficient. The radiative correction calculations by
weighted event generations do not require much computer time, due to eq. (6.5), and the
high Eyyvg, Epy efficiency values make this method useful for unweighted event generation.

The ¢ approximate function ( see eq. (2.41) ) removes completely the infrared peak
and the electron—photon collinear peak from Mpgr. Therefore, we expect our Monte Carlo
method to be efficient for all charged semileptonic decays, and for those neutral semileptonic
decays where the outgoing charged particle is not ultrarelativistic. In order to see the Monte
Carlo efficiency dependence on the outgoing charged particle mass, we have computed the Ep
efficiency in A — pev decay for various proton mass values ( see table 2 ). For the my << m;
neutral semileptonic decays one could employ the ”channel method”, described in ref. [37],
in order to get higher Fy efficiencies.

We have calculated also various bin distributions ( see eqs. (2.66-2.71) ). The radiative
correction to the electron energy bin distribution was computed in the case of the neutron
and muon decays, and the results were compared to the bin distribution corrections obtained
by using the analytical correction functions of refs. [21] and [46]. We have also alculated
the photon energy bin distribution for muon decay, and we compared it to the analytical
result of refs. [47,48]. Complete agreement was found for each bin distribution. In the case of
hyperon semileptonic decays we calculated the E,, Ey and cos 6., bin distribution corrections
( 0., is defined as the angle between the p; and the —(p2 4+ py) vectors ). Using the same
theoretical framework and input parametgs as in ref. EG],W@ were able to compare our
Monte Carlo results to the numerical tables of ref. [16]. For this purpose, we have applied
cubic line interpolation and extrapolation to the results of tables 3, 5 and 6 in [16]. Here,

also, complete agreement between the two calculations was found.
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We have made a detailed numerical investigation in order to see the contributions of
the C; (7 =1,...,13 ) terms of the bremsstrahlung matrix element squared to the various
measurable quantities. One can judge the order of magnitude of the C; terms from the
results presented in table 3. Here we vave calculated the model independent relative radiative
correction to the decay rate of 0.1E3,, < E2 < 0.4E;,, events ( Es,, is the electron energy
maximum, see eq. (2.10) ). The numbers in the 1, 1—3 and 1—13 columns show complete
( virtual+bremsstrahlung ) radiative corrections ( 1: Mpr = C1; 1—3: Mpr = C1+Cy+Cs,
etc.). The other columns contain only the hard bremsstrahlung correction. It is remarkable
that the contributions of the Cy through Ci3 terms are very small. We have calculated the
radiative correction to the FE; and cosf., bin distributions for ¥~ — nev and A — pev
decays, first with the Mpr = C1 + ...+ Cy3 complete bremsstrahlung , and second with the
Mppr = C1 + C3 + C5 truncated bremsstrahlung . These two distributions differ by less than
0.1 %, implying that the Cy through Ci3 terms have very small effect on the unpolarized
distributions.

We have calculated the relative radiative corrections to the F5 and cos 8., bin distribu-
tions with Ay = A, = 0, that is neglecting the ¢* dependence of the form factors both in the
zeroth-order and in the radiatively corrected distributions ( see sect. 3 ). We have compared
these results with those corrections where the ¢ dependence of the form factors was properly
taken into account. These two corrections differ by less than 0.1 %. This result suggests
that, in general, the relative radiative corrections are not sensitive to the ¢* dependence of
the form factors. In ref. [16] relative radiative corrections were tabulated for several distri-
butions of unpolarized hyperon decays ( ¥~ — nev, ¥~ — Aev, =7 — Aev, A — pev ),
using Ay = Ay = 0 for both the zeroth-order distributions and for the radiative corrections.
The relative correction results published in this paper should be, therefore, multiplied by the
zeroth-order distributions expressed by ¢? dependent form factors, in order to get precise
radiatively corrected distributions.

We have published in ref. [49] relative radiative correction results for several bin distri-
butions of A — perv decay. These corrections were calculated by the Monte Carlo method
described in ref. [29]. We have repeated these calculations, by using our new Monte Carlo
method. Good agreement between the two computations was found. The computer time
needed to achieve a given statistical accuracy by the new method was 10 times smaller than
by the method of ref. [29]. The results of ref. [49] illustrate the importance of the reliable

and precise hard photon calculations for the experimental analyses.
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Appendix A

In the case of charged semileptonic decays ( p = p; ) the (2.19) integral can be exactly

calculated, without any approximation [46] :

o fy (5 20N L2y, 5 8
Zs[charged] = - {2<ﬂ 1) 1n< /\>+ﬂL<1+ﬂ> —I_ﬂ 3 —I—I} \ (A1)

where

I, | 1 (148
sl s_§1n(—1_ﬂ) , (42)

and L is the Spence function :

L(z) = / dtln|1t7_t| . (43)

0

Eq. (A1) is also valid for neutron decay, where the terms of order Am/m; can be neglected
( Am =m; —my ).

In the case of neutral semileptonic decays eq. (7.3) of ref. [50] has been employed. For
the semileptonic decays of the SU(3)-octet baryons the Am/m; < 1 and 3 = 1 properties

are useful in order to get a simple expression :

A 2%
Zg[neutral, Am/m; < 1,0 ~ 1] = ¢ {2(5 —1)In <_w> + S5 —5*—

where

( Z is given in app. B ).
Eq. (A4) is valid up to terms of order Am/m; ( the neglected terms are of order
(Am/m;)* ).
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Appendix B

We employ the letters A, B, C, D, E., F, X, Y, Z and W to denote the 10 scalar
products of the p;, p1, p2, k¥ and py four-momenta. These scalar products can be expressed
by the M?, By, K, cosf; and ¢7 Monte Carlo variables and the m;, my, ms masses in the
following manner :

A= (pi-p1)=mi(Qo — K) (B1)
B:=(pi-p2) =miEy (B2)
C:=(pi-k)=mK | (B3)
D:=(p1-p2)=Nia—E—-F (B4)
E:=(p-k)=(Q - Q%2 . (B5)
Fi=(py-k)=mi(K +E: — Ey) , (B6)
X = (pi-ps) =miEy (B7)
Yi=(p-pr)=A-D-E , (B8)
Z:=(p-p;)=B-D—F—mj |, (B9)

W:=(ps-k)=C—E~F . (B10)

Nys is equal to the (py - p2) scalar product in zeroth-order (if K =0 ) :

Efm, Qo and Ey are expressed in egs. (2.7), (2.14) and (2.33). Ey and Q = |}_)2—|—g_)f| = |}_)1—|—@|

can be calculated by the following equations :

Evg =By +K |, P=y\/m} M+ E}y —2mBay . (B12)
m; — Eaxe P
= - e = B13
YM Wi 5 6M My — EZI( 5 ( )
M? —m?

m:—ﬁri,azwmumem, (B14)
Ef=m—E—K—E, , (B15)

mZ(EM — Ez) — K(mi — E2 — I&’)
ke, = , B16
! (B16)
p1- = —ymEY(cos 07 + Bur) (B17)
Pz = Efsinf cos ] ., pi1y = Efsinf] sing] (B18)
ky =K% —-Fk2 | (B19)
Qx = kx + piz Qy =Piy Qz = kz +piz (320)
Q=/Q2+@Q;+ @ (B21)
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Table 1.
Monte Carlo results for 4= — everv,, ¥~ — nev and A — per decays
(2 = 0.001; Ny = 10° for muon decay, Ny = 10° for the others )

U = eVely YT — nev A — pev
ra(2) 13.51 15.31 14.36
orp(z) 0.01 0.04 0.04
Tp -0.43 -0.10 1.86
ry" -0.42 — —
Eovs 63.5 52.7 71.0
Ex 30.2 28.0 38.0

Table 2.

Ey; efficiencies in A — pev decay for various proton masses

my, (GeV) 094 05 04 03 02 01 0.05
En 38 24 18 96 45 1.2 04

Table 3.
Contributions of the C; terms to the radiative correction

for 0.1E5,;, < Ey < 0.4E,, events ( z = 0.001 )

C; terms 1 -3 1—-13 45 69 10—11 12—13
Y7 —ner 113 453 450 -0.04 0.01 -0.02 0.02
A — pev 3.27  6.50 6.57 0.04 0.02 -0.01 0.02



