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Abstract

In this thesis, we prove variants and generalisations of the Sylvester-Gallai
theorem, which states that a finite non-collinear point set in the plane spans
an ordinary line. Green and Tao proved a structure theorem for sufficiently
large sets spanning few ordinary lines, and used it to find exact extremal
numbers for ordinary and 3-rich lines, solving the Dirac-Motzkin conjecture

and the classical orchard problem respectively.

We prove structure theorems for sufficiently large sets spanning few ordinary
planes, hyperplanes, circles, and hyperspheres, showing that such sets lie
mostly on algebraic curves (or on a hyperplane or hypersphere). We then
use these structure theorems to solve the corresponding analogues of the

Dirac-Motzkin conjecture and the orchard problem.

For planes in 3-space and circles in the plane, we are able to find exact
extremal numbers for ordinary and 4-rich planes and circles. We also show
that there are irreducible rational space quartics such that any n-point sub-
set spans only O(ng/ 3) coplanar quadruples, answering a question of Raz,
Sharir, and De Zeeuw [51].

For hyperplanes in d-space, we are able to find tight asymptotic bounds on
the extremal numbers for ordinary and (d + 1)-rich hyperplanes. This also
gives a recursive method to compute exact extremal numbers for a fixed

dimension d.

For hyperspheres in d-space, we are able to find a tight asymptotic bound on
the minimum number of ordinary hyperspheres, and an asymptotic bound
on the maximum number of (d + 2)-rich hyperspheres that is tight in even

dimensions. The recursive method in the hyperplanes case also applies here.

Our methods rely on Green and Tao’s results on ordinary lines, as well
as results from classical algebraic geometry, in particular on projections,

inversions, and algebraic curves.
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Chapter 1

Introduction

1.1 Background

It was known in the 18th and 19th centuries, by Maclaurin and Hesse among
others [2], that an elliptic cubic curve in the complex plane has nine inflection
points, and that the line through any two of them contains a third. Sylvester
[61] asked in 1893 the natural question on whether this can happen in the

real plane.

Definition 1.1. An ordinary line of a set in the real plane is a line that

contains exactly two points of the set.

No correct proof was known until Erdés rediscovered the question on the
existence of an ordinary line in the 1930s, after which it was solved by Gallai

[14, p. 302], resulting in the following classical result in incidence geometry.

Theorem 1.2 (Sylvester—Gallai). Any finite non-collinear point set in the

real plane spans at least one ordinary line.

The earliest published proof however was due to Melchior [44], who proved
the dual statement and showed that one can in fact always find at least
three ordinary lines. The natural next step is then to find how many ordi-
nary lines a non-collinear n-point set in the real plane spans. The so-called

Dirac-Motzkin conjecture asserts that if n > 13, then this number should be
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n/2. Starting from Melchior’s proof, Green and Tao [25] characterised all ex-
tremal and near-extremal configurations by proving the following structure
theorem, which roughly states that any point set spanning a linear number
of ordinary lines must lie mostly on a cubic curve. (See [25, Section 2] for

the group structure on elliptic and acnodal cubic curves.)

Theorem 1.3 (Green—Tao [25, Theorem 1.5]). Let K > 0 and suppose n
is sufficiently large depending on K. If a set P of n points in RP? spans at
most Kn ordinary lines, then up to a projective transformation, P differs

in at most O(K) points from a configuration of one of the following types:

(i) n— O(K) points on a line;

(ii) the vertex set of a regular m-gon and the m points at infinity corre-

sponding to the diagonals of the m-gon, for some m =n/2+ O(K);

(iit) a coset H @ x of a subgroup H of an elliptic or acnodal cubic curve,

for some x such that 3x € H.

They [25] used Theorem 1.3 to prove the Dirac-Motzkin conjecture for suf-

ficiently large n, and went further to show the following theorem.

Theorem 1.4 (Dirac-Motzkin conjecture [25, Theorem 2.2]). If n is suf-
ficiently large, the minimum number of ordinary lines spanned by a non-

collinear set of n points in RP? is equal to

n/2 ifn=0,2 (mod 4),
|3n/4| ifn=1 (mod 4),
[3n/4] —2 ifn=3 (mod4).

For small n, the bound 6n/13 due to Csima and Sawyer [17] is the best

known lower bound on the number of ordinary lines.

Green and Tao [25] also solved the even older orchard problem (for suffi-
ciently large n), which asks for the maximum number of lines that contain
exactly three points of a given finite set in the plane. We first make the

following definition.
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Definition 1.5. A 3-rich line of a set in the real (projective) plane is a line

that contains exactly three points of the set.

More generally, a (d + 1)-rich hyperplane of a set in real projective d-space,
where every d points span a hyperplane, is a hyperplane that contains exactly

d + 1 points of the set.

The upper bound %(g) on the number of 3-rich lines is easily proved by

double counting, but this is not the exact maximum. Using group laws on

certain cubic curves, Green and Tao [25] proved the following theorem.

Theorem 1.6 (Orchard problem [25, Theorem 1.3]). If n is sufficiently
large, the maximum number of 3-rich lines spanned by a set of n points in
RP? is equal to | gn(n —3) +1].

This does not follow directly from the Dirac—Motzkin conjecture, but it
does follow from Theorem 1.3, Green and Tao’s structure theorem for sets

spanning few ordinary lines.

A natural generalisation is to consider higher dimensional analogues. How-
ever, Motzkin [46] noted that there are finite non-coplanar point sets in
3-space that span no plane containing exactly three points of the set. His
one example consists of the ten intersection points of triples of five planes in
general position, and another consists of points chosen from two skew lines.
He proposed considering instead hyperplanes II in d-space such that all but
one point contained in IT is contained in a (d — 2)-flat of II. The existence of
such a hyperplane was shown by Motzkin [46] in 3-space and by Hansen [27]
in higher dimensions. Hansen [28] also improved Motzkin’s lower bound in

3-space to 2n/5, but no other improvements seem to have been made since.

Purdy and Smith [49] considered instead finite non-coplanar point sets in
3-space that are in general position in the sense that no three points are
collinear, proving a quadratic lower bound of % (g) on the number of planes
containing exactly three points of the set. Ball [4] also considered this notion,
and together with Monserrat [6] considered a higher dimensional generali-

sation. In particular, they made the following definition.
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Definition 1.7. An ordinary plane of a set in real projective 3-space with

no three collinear is a plane that contains exactly three points of the set.

More generally, an ordinary hyperplane of a set in real projective d-space,
where every d points span a hyperplane, is a hyperplane that contains exactly

d points of the set.

Thus, in this thesis, ordinary (planes and) hyperplanes are of sets in general
position in the weak sense that any d points span a hyperplane. In 3-space,
this means no three points are collinear; in 2-space, this means only that

the points are distinct.

Following Green and Tao’s approach, Ball [4] proved a structure theorem for
sets spanning few ordinary planes, showing such sets lie mostly on the inter-
section curve of two linearly independent quadrics. Ball and Monserrat [6]
used this to find the exact minimum number of ordinary planes spanned by
sufficiently large finite non-coplanar point sets with no three points collinear,
solving a 3-dimensional analogue of the Dirac—Motzkin conjecture. Using
an alternative method, we will prove a more detailed structure theorem but
with a stronger condition (on the size of the sets), and confirm their deter-
mination of the exact minimum. In contrast to Purdy and Smith’s lower
bound, the correct asymptotics are 3 (5) —O(n) if n is even, and 3 (3) —O(n)

2
if n is odd.

In higher dimensions, building on Ball’s ideas [4], Ball and Jimenez [5] proved
a structure theorem for sets spanning few ordinary hyperplanes in 4-space,
showing such sets lie mostly on the intersection curve of five linearly inde-
pendent quadrics. On the other hand, Monserrat [45] proved a structure
theorem stating that sets in general position (as in Definition 1.7) spanning
few ordinary hyperplanes in d-space lie mostly on the intersection curve of
d — 1 hypersurfaces of degree at most 3. Ball and Monserrat [6] also proved
bounds on the minimum number of ordinary hyperplanes spanned by sets
not contained in a hyperplane (see also [45]). Using our methods, we will
prove a more detailed structure theorem in d-space for all d > 4, and use it to
find a tight bound on the minimum number of ordinary hyperplanes spanned

by sufficiently large sets in general position (again as in Definition 1.7) that

10
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are not contained in a hyperplane, solving a d-dimensional analogue of the
Dirac—Motzkin conjecture. For the exact minimum numbers for some small

n and d, see [6].

We will also solve a d-dimensional analogue of the orchard problem for all
d > 3, finding the maximum number of (d + 1)-rich hyperplanes spanned by
sufficiently large sets in d-space, where every d points span a hyperplane.
We will determine the exact maximum number in 3-space, and prove a tight

bound in higher dimensions.

The main idea of our proofs is to leverage the structure theorem in one
dimension lower via projection. Since our sets will lie mostly on algebraic
curves, we also need a good understanding on how they behave under pro-
jection. Thus, we rely on Green and Tao’s results on ordinary lines [25] as

well as methods from classical algebraic geometry.

Another natural variant is to consider circles (see for instance [14, Sec-

tion 7.2] or [37, Chapter 6]) and its higher dimensional analogues.

Definition 1.8. An ordinary circle of a set in the real plane is a circle
(including the degenerate case of a line) that contains exactly three points

of the set. A strict ordinary circle is an ordinary circle that is not a line.

More generally, an ordinary hypersphere of a set in real d-space, where no
d+1 points are contained in a (d—2)-sphere or a (d—2)-flat, is a hypersphere
(including the degenerate case of a hyperplane) that contains exactly d + 1
points of the set.

Similarly, a (d+2)-rich hypersphere of such a set is one that contains exactly

d + 2 points of the set.

As with (planes and) hyperplanes, ordinary (and (d 4 2)-rich) hyperspheres
are of sets in general position in the weak sense that no d + 1 points are
contained in a (d — 2)-sphere or a (d — 2)-flat. In 3-space, this means no four
points are concyclic or collinear; in 2-space, this means only that the points
are distinct.

Elliott [20] introduced the problem for circles in 1967, and proved that an

n-point set in the plane, not all on a circle or a line, spans at least %n2 —

11
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O(n) strict ordinary circles. He suggested, cautiously, that the optimal
bound is %n2 — O(n). Elliott’s result was improved by Bélintova and Bélint
3, Remark, p. 288] to 2:-n? — O(n), and Zhang [68] obtained skn* — O(n).
Zhang also gave constructions of point sets on two concentric circles with

1n? — O(n) strict ordinary circles.

It turns out that it is more natural to consider lines as degenerate circles,
as inversion maps circles and lines to circles and lines, and more generally
maps hyperspheres and hyperplanes to hyperspheres and hyperplanes. Just
as the number of ordinary and (d + 1)-rich hyperplanes spanned by a set in
real projective d-space remain unchanged under a projective transformation,
the number of ordinary and (d + 2)-rich hyperspheres spanned by a set in

affine d-space remain unchanged under an inversion.

We will prove a structure theorem for sets spanning few ordinary circles,
and use it to show that 1n? — O(n) is asymptotically the right answer for
strict ordinary circles, disproving the bound suggested by Elliott [20]. We
note that Nassajian Mojarrad and De Zeeuw proved this bound in an earlier
preprint [48], which is now subsumed by [40]. As is the case with ordinary
planes, the correct asymptotics for ordinary circles are %(g) —O(n) if n is
even, and 2(3) — O(n) if n is odd. We will also find the exact minimum
number of (strict) ordinary circles for sufficiently large n, solving a circular
analogue of the Dirac—Motzkin conjecture. For small n, the bound %(g) due
to Zhang [68] remains the best known lower bound on the number of (strict)

ordinary circles.

In higher dimensions, we will prove a structure theorem for sets spanning
few ordinary hyperspheres in d-space for all d > 3, and use it to find a tight
bound on the minimum number of ordinary hyperspheres spanned by suffi-
ciently large sets in general position (as in Definition 1.8) not contained in a
hypersphere or a hyperplane. This solves a d-dimensional circular analogue
of the Dirac-Motzkin conjecture. On a related note, Purdy and Smith [49]
considered ordinary spheres in 3-space in the slightly more restricted setting

of a finite set of points with no four concyclic and no three collinear.

Finally, we will also consider a d-dimensional circular analogue of the or-

chard problem of finding the maximum number of (d + 2)-rich hyperspheres

12
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spanned by sufficiently large sets in general position (again as in Defini-
tion 1.8) in d-space. However, unlike the previous cases, we will only be
able to prove a tight bound on the maximum number of (d + 2)-rich hyper-

spheres if d is even; if d is odd, we only get an upper bound.

For the circular variants, the main idea is to leverage our structure theorems
for sets spanning few ordinary (planes and) hyperplanes in one dimension
higher via stereographic projection. As in the (planar and) hyperplanar
cases, we rely on the behaviour of certain algebraic curves under stereo-
graphic projection (and thus inversion), which again require methods from

classical algebraic geometry.

1.2 Results

The main results of this thesis are collected in this section. Prisms, an-
tiprisms, and ‘aligned’ and ‘offset’ double polygons will be introduced in
Section 4.2. Roughly speaking, prisms and antiprisms are the vertex sets of
prisms and antiprisms over regular polygons in 3-space, while double poly-
gons are the vertex sets of two concentric regular polygons in 2-space. Hence
they are all contained in the union of two conics. All algebraic curves ap-
pearing in the statements below will be introduced in Chapter 3, where we
will also define group laws on them. For now, it suffices to note their degrees

and their irreducibility.

1.2.1 Structure theorems

We first state our structure theorems for sets P spanning few ordinary
planes, hyperplanes, circles, and hyperspheres. They all state that P dif-
fers in at most a bounded number of points from a set S, which is either
contained in a hyperplane (or a hypersphere in the circular variants) or an
algebraic curve of low degree in some special configuration. In particular, P
can be obtained from S by adding and/or removing a bounded number of

points.

Our first main result is a structure theorem for sets spanning few ordinary

13



Chapter 1. Introduction

planes. Prisms and antiprisms will be introduced in Section 4.2 (see Defini-
tion 4.3). Elliptic and acnodal space quartics will be introduced in Chapter 3

(see Definitions 3.6 and 3.12), where we will also define group laws on them.

Theorem 1.9 (Ordinary planes). Let K > 0 and supposen > C max{K%,1}
for some sufficiently large absolute constant C > 0. Let P be a set of n points
in RP3 with no three collinear. If P spans at most Kn? ordinary planes,
then up to a projective transformation, P differs in at most O(K) points

from a configuration of one of the following types:

(i) a subset of a plane;
(ii) a prism or an antiprism;

(iit) a coset H®x of a subgroup H of an elliptic space quartic curve or the
smooth points of an acnodal space quartic curve, for some x such that
4dr € H.

Conversely, every set of these types spans at most C'Kn? ordinary planes

for some absolute constant C' > 0.

We will later show that prisms, antiprisms, elliptic space quartics, and ac-
nodal space quartics all arise as intersections of two linearly independent
quadrics, thus agreeing with Ball’s structure theorem [4]. We also note that
Ball’s condition of K = o(n'/7) is weaker than ours, but he does not specify

the intersection curve nor its group structure.

Theorem 1.9 forms the basis for proving the following structure theorem for
sets spanning few ordinary hyperplanes. Elliptic normal curves and rational
acnodal curves will be introduced in Chapter 3 (see Definitions 3.6 and 3.12),

where we will also define group laws on them.

Theorem 1.10 (Ordinary hyperplanes). Let d > 4, K > 0, and suppose
n > Cmax{(dK)8, d*2?K} for some sufficiently large absolute constant C' >
0. Let P be a set of n points in RP? where every d points span a hyperplane.
If P spans at most K (Zj) ordinary hyperplanes, then P differs in at most
O(d2?K) points from a configuration of one of the following types:

14
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(i) a subset of a hyperplane;

(it) a coset H®x of a subgroup H of an elliptic normal curve or the smooth
points of a rational acnodal curve of degree d+ 1, for some x such that
(d+1)zx e H.

Conversely, every set of these types spans at most C”ZdK(Z:%) ordinary

hyperplanes for some absolute constant C' > 0.

Theorem 1.10 proves Ball and Jimenez’s [5, Conjecture 12], noting that
elliptic normal curves and rational acnodal curves lie on (g) — 1 linearly
independent quadrics [21, Proposition 5.3; 38, p. 365]. As in the planes
case, Ball and Jimenez’s condition of K = o(n'/7) is weaker than ours, but
again they do not specify the intersection curve nor its group structure. In
contrast to the planes case, we no longer have configurations lying mostly

on non-irreducible curves.

By stereographic projection and Theorem 1.9, we obtain Theorem 1.11 be-
low. This is a strict strengthening of Theorem 5.15, which we will prove in
an alternative way that requires less algebraic geometry. In Theorem 5.15,
we need n > exp exp(CK©); here we only assume n > CK®. Circular curves
will be introduced in Section 3.3 (see Definition 3.19), where we will define
group laws on them (and on ellipses). Double polygons, both ‘aligned’” and
‘offset’, will be introduced in Section 4.2 (see Definition 4.4).

Theorem 1.11 (Ordinary circles). Let K >0 and suppose n>C max{K®, 1}
for some sufficiently large absolute constant C > 0. Let P be a set of n points
in R%. If P spans at most Kn? ordinary circles, then up to inversions and
similarities of the plane, P differs in at most O(K) points from a configu-

ration of one of the following types:

(i) a subset of a line;

(it) a coset H® x of a subgroup H of an ellipse, for some x such that
dx € H;

(iit) a coset H ® x of a subgroup H of a circular elliptic cubic curve, for

some x such that 4x € H;

15
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(iv) a double polygon that is ‘aligned’ or ‘offset’.

Conversely, every set of these types spans at most C'Kn? ordinary circles

for some absolute constant C' > 0.

Similarly, by stereographic projection and Theorem 1.10, we get the follow-
ing structure theorem for sets spanning few ordinary hyperspheres. Spherical
curves will be introduced in Section 3.3 (see Definition 3.19), where we will

also define group laws on them.

Theorem 1.12 (Ordinary hyperspheres). Let d > 3, K > 0, and suppose
n > Cmax{(dK)8,d*2¢K} for some sufficiently large absolute constant C >
0. Let P be a set of n points in R? where no d+1 points lie on a (d—2)-sphere
or a (d — 2)-flat. Suppose P spans at most K(Z) ordinary hyperspheres.

If d is odd, then all but at most O(d2°K) points of P lie on a hypersphere

or a hyperplane.

If d = 2k is even, then up to an inversion, P differs in at most O(d2?K)

points from a configuration of one of the following types:

(i) a subset of a hyperplane;

(it) a coset H® x of a subgroup H of a bounded (k — 1)-spherical rational

normal curve of degree d, for some x such that (d+ 2)x € H;

(iit) a coset H® x of a subgroup H of a k-spherical elliptic normal curve

of degree d + 1, for some x such that (d + 2)x € H.

Conversely, every set of these types spans at most C”2dK(Z) ordinary hy-

perspheres for some absolute constant C' > 0.

1.2.2 Extremal theorems

We now state our extremal theorems, which solve the corresponding ana-
logues of the Dirac-Motzkin conjecture and the orchard problem. We also
describe constructions that attain these extrema. The exact extremal values

turn out to be quasipolynomials in n with a period of 2(d + 1), where n is

16



Chapter 1. Introduction

the size of the set and d is the dimension, that is, there exist polynomials
90, - -+, q24+1 € Q[n] such that the extremal value is equal to g;(n) where
n =14 (mod 2(d + 1)).

The following is a restatement of Ball and Monserrat’s result on the min-
imum number of ordinary planes [6], but we will give an alternative proof

based on our Theorem 1.9.

Theorem 1.13 (Ordinary planes).

(i) If n is sufficiently large, the minimum number of ordinary planes

spanned by a non-coplanar set of n points in RP3 with no three collinear

is equal to
in?—n ifn=0 (mod 4),
%nQ—n+g ifn=1 (mod 4),
in?—1in ifn=2 (mod 4),
\%nQ—%n—i—% ifn=3 (mod 4).

(it) Let C' > 0 be a sufficiently large absolute constant. If a non-coplanar
set P of n points in RP3 with no three collinear spans fewer than %nQ —

Cn ordinary planes, then P is contained in a prism or an antiprism.

In Chapter 4, we will describe constructions that meet the lower bound in
part (i) of Theorem 1.13. If n is even, the bound is attained by prisms or
antiprisms, while if n is odd, the bound is attained by prisms or antiprisms

with a point removed.

Theorem 1.14 (4-rich planes).

(i) Ifn is sufficiently large, the mazimum number of 4-rich planes spanned

by a set of n points in RP? with no three collinear is equal to
5n® — In?+ 2n ifn=0 (mod 8),

g —in? 4+ 8n -1 ifn=1,3,57 (mod8),
znd—in?+En—1 ifn=2,6 (modS8),

Znd—In?+5n—-1 ifn=4 (mod 8).
\

17
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(it) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in RP3 with no three collinear spans more than ing’— %nQ—i-Cn

4-rich planes, then P lies on an elliptic or acnodal space quartic curve.

We will again describe constructions meeting the upper bound in part (i)
of Theorem 1.14 in Chapter 4. In this case, they are all attained by cosets

of elliptic or acnodal space quartics.

We also consider the number of coplanar quadruples (four distinct coplanar
points) spanned by an n-point set on quartic curves in complex 3-space. Raz,
Sharir, and De Zeeuw [50] showed that such a set spans O(n®3) coplanar
quadruples unless the curve contains a planar or a quartic component (see
Theorem 2.27). They left it as an open problem whether there always exist
configurations on rational space quartic curves (that are not contained in a
plane) spanning ©(n?) coplanar quadruples. The properties of space quartic
curves that we need to prove Theorem 1.9 also enable us prove the following

theorem.

Theorem 1.15 (Coplanar quadruples). Let 6 be a rational space quartic
curve in CP3. If § is singular, then there exist n points on & that span
O(n?) coplanar quadruples. If & is smooth, then any n points on § span

O(ng/ 3) coplanar quadruples.

We will also prove in Section 3.2 that a rational space quartic is always
contained in a quadric, and is contained in at least two linearly independent

quadrics if and only if it is singular.

Moving on to hyperplanes, Theorem 1.16 below proves [6, Conjecture 3],
which asserts the existence of a constant ¢; such that the minimum number
of ordinary hyperplanes spanned by a sufficiently large n-point set is at least
(d%l)!ndfl — ¢4n?2. Ball and Monserrat [6] also remarked that it might be
possible the minimum is exactly (Zj) Note that as a consequence of The-
orem 1.10, we do not have extremal constructions lying on non-irreducible
curves in both Theorems 1.16 and 1.17 below. Hence the same construc-
tions are extremal for both ordinary and (d + 1)-rich hyperplanes. The only
difference is that the trivial example, where all but one point is contained

in a hyperplane, is sometimes extremal for ordinary hyperplanes.

18
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Theorem 1.16 (Ordinary hyperplanes). Let d > 4 and let n > Cd32¢d! for
some sufficiently large absolute constant C > 0. The minimum number of
ordinary hyperplanes spanned by a set of n points in RP?, not contained in

a hyperplane and where every d points span a hyperplane, is

<Z— i) ¢ (dQ?dﬂ(L(d —nl)/2J> * (L(d —n3)/2J>> |

This minimum is attained by a coset of a subgroup of an elliptic normal
curve or the smooth points of a rational acnodal curve of degree d + 1, and
when d+1 and n are coprime, by n — 1 points in a hyperplane together with

a point not in the hyperplane.

Theorem 1.17 ((d + 1)-rich hyperplanes). Let d > 4 and let n > Cd®2%d!
for some sufficiently large absolute constant C' > 0. The mazimum number
of (d + 1)-rich hyperplanes spanned by a set of n points in RP? where every

d points span a hyperplane is

I Kn a 1) o (dQQ_d/2<L<d —nl)/2J) * (L(d —n3)/2J)>] |

This mazrimum is attained by a coset of a subgroup of an elliptic normal

curve or the smooth points of a rational acnodal curve of degree d + 1.

The rest of our extremal theorems now concern our circular variants. The
following theorem is both more natural and easier to obtain than Theo-
rem 1.19 below. Recall from Definition 1.8 that a line containing exactly

three points of the set is also an ordinary circle.

Theorem 1.18 (Ordinary circles).

(i) If n is sufficiently large, the minimum number of ordinary circles

spanned by a non-concyclic and non-collinear set of n points in R?

s equal to
in? —n ifn=0 (mod 4),
3n2 —n+3 ifn=1 (mod 4),
in?—1n ifn=2 (mod 4),
3p2 —3n 417 ifn=3 (mod 4).
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(it) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in R? spans fewer than %n2 — Cn ordinary circles, then P lies
on the union of two disjoint circles, or the union of a circle and a

disjoint line.

Note that the lower bound in part (7) of Theorem 1.18 is exactly the same as
in Theorem 1.13, and in fact the constructions that meet this lower bound
in both cases are related by stereographic projection. We will discuss this

in Chapter 4, where we describe these constructions.

Part (7) of the following theorem solves Problem 6 in [14, Section 7.2], which
asks to determine the supremum of all values ¢ such that any n points in the

plane, not all concyclic, spans at least (¢ + o(1))n? strict ordinary circles.

Theorem 1.19 (Strict ordinary circles).

(i) Ifn is sufficiently large, the minimum number of strict ordinary circles

spanned by a non-concyclic and non-collinear set of n points in R? is

equal to
L2 _3n  ifn=0 (mod4),
in?—=3n+31 ifn=1 (mod4),
in?—n ifn=2 (mod4),
in?—3n+3 ifn=3 (mod4).

(ii) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in R? spans fewer than %nQ — Cn strict ordinary circles, then P
lies on the union of two disjoint circles, or the union of a circle and a

disjoint line.

For even n, the bound in part (i) is attained by certain constructions on
the union of two disjoint circles, while for odd n, the bound is attained by
constructions on the union of a circle and a disjoint line. This is in contrast
to Theorem 1.18, where constructions that are extremal can be contained in
either the union of two circles or the union of a circle and a line regardless
of the parity of n. We will describe all of these constructions in more detail

in Chapter 4.
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Theorem 1.20 (4-rich circles).

(i) Ifn is sufficiently large, the mazimum number of 4-rich circles spanned

by a set of n points in R? is equal to

#nd — in® + 2n ifn=0 (mod 8),
ing‘—inz—i—%n—i ifn=1,3,5,7 (mod 8),
Zn®—in?2+In—1 ifn=26 (modS8),

g —in®+3n—1 ifn=4 (mod 8).

(ii) Let C > 0 be a sufficiently large absolute constant. If a set P of n

3

points in R? spans more than in — %nQ + Cn 4-rich circles, then up

to an inversion, P lies on a ellipse or a circular elliptic cubic curve.

As with Theorem 1.18, the upper bound in part (i) of Theorem 1.20 is
exactly the same as in Theorem 1.14, and the constructions that meet this
upper bound in both cases are related by stereographic projection. We will
again discuss this in Chapter 4, where we describe these constructions. Note
that Theorem 1.20 remains true even if we do not count lines as degenerate
circles. This is because we can apply an inversion to any set of n points
spanning the maximum number of 4-rich circles in such a way that all 4-rich

lines become circles.

Theorems 1.21 and 1.22 below are the circular analogues of Theorems 1.16
and 1.17 respectively, and we get them by stereographic projection. How-
ever, the situation is very different in odd dimensions, where the only con-
struction meeting the lower bound for ordinary hyperspheres is the trivial
example with all but one point contained in a hypersphere or a hyperplane,

and we do not have a tight upper bound for (d + 2)-rich hyperspheres.

Theorem 1.21 (Ordinary hyperspheres). Let d > 3 and let n > Cd*2%d!
for some sufficiently large absolute constant C' > 0. Let P be a set of n
points in R? where no d + 1 points lie on a (d — 2)-sphere or a (d — 2)-flat.
If P is not contained in a hypersphere or a hyperplane, then the minimum

number of ordinary hyperspheres spanned by P is exactly (”;1) if d is odd
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<n a 1) 0 (CFTM (Ld72J) ! <Ld/27] - 1))

if d is even.
If d is odd, this minimum is attained by n — 1 points in a hypersphere or a

and is

hyperplane together with a point not in the hypersphere or hyperplane.

If d = 2k s even, this minimum s attained by a coset of a subgroup of a
bounded (k — 1)-spherical rational normal curve of degree d or a k-spherical
elliptic normal curve of degree d+ 1, and when d+ 1 and n are coprime, by
n — 1 points in a hypersphere or a hyperplane together with a point not in

the hypersphere or hyperplane.

Theorem 1.22 ((d + 2)-rich hyperspheres). Let d > 3 and let n > Cd*24d)
for some sufficiently large absolute constant C > 0. Let P be a set of n
points in RY where no d + 1 points lie on a (d — 2)-sphere or a (d — 2)-flat.
Then the maximum number of (d + 2)-rich hyperspheres spanned by P is
bounded above by

7531 0) 70 (2 (g * (1))

and this bound is tight when d is even.

If d = 2k is even, this mazximum is attained by a coset of a subgroup of a
bounded (k — 1)-spherical rational normal curve of degree d or a k-spherical

elliptic normal curve of degree d + 1.

1.3 Outline

In Chapter 2, we describe the main tools needed to prove our theorems
above. We first state some of Green and Tao’s results on ordinary lines [25],
and prove an extension of one of their additive combinatorial results so that
it applies to our higher dimensional analogues. To leverage their results, we
then introduce the necessary classical algebraic geometry. As mentioned in
Section 1.1, this includes studying projections and inversions. In particular,
we need to understand non-generic projections of algebraic curves and the

relationship between inversion and stereographic projection. We end with
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the statements of the 3- and 4-dimensional Elekes—Szabd theorems and a
couple of their applications by Raz, Sharir, and De Zeeuw [50,51], which we

need to prove some of our extremal theorems.

In Chapter 3, we introduce the curves that are central to our results. As
seen in the statement of our theorems in Section 1.2, we are particularly
interested in algebraic curves of degree d + 1 in d-space. These turn out to
be either elliptic or rational, and we examine each type in turn. The main
goal of the chapter is to define group laws on these curves that encode when
points are contained in a hyperplane (or a hypersphere). While the elliptic
case is well-studied, we could not find references for the rational case and
thus consider this in detail. We also introduce special classes of curves in
d-space that are invariant under inversion, which we call spherical curves.
This is a higher dimensional analogue of the classical circular curves in the

plane (see for instance [34]).

In Chapter 4, we describe constructions that are (near-)extremal, and count
the number of ordinary hyperplanes and hyperspheres (as well as (d + 1)-
rich hyperplanes and (d + 2)-rich hyperspheres) they span. These include
prisms, antiprisms, ‘aligned’ and ‘offset’ double polygons, and cosets of the
curves introduced in Chapter 3. We find exact values for the number of
ordinary and 4-rich planes and circles spanned, and asymptotic values for
hyperplanes and hyperspheres. In the latter case, we provide a recursive
method to calculate the exact values for a given d, and present these values
for d =4,5,6.

In Chapter 5, we prove the structure theorems stated in Section 1.2.1. We
first prove the structure theorem for sets spanning few ordinary planes,
which plays the role of the base case of the inductive proof of the structure
theorem for sets spanning few ordinary hyperplanes. The 3-dimensional
case turns out to be trickier than the higher dimensional cases. The cir-
cular variants are proved by stereographic projection from the (plane and)
hyperplane versions. We also give an alternative proof of a (slightly weaker)
structure theorem for sets spanning few ordinary circles based only on inver-
sion and Green and Tao’s structure theorem for sets spanning few ordinary

lines (Theorem 2.1, which is a weaker restatement of Theorem 1.3).
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In Chapter 6, we prove the extremal theorems stated in Section 1.2.2. It
turns out that sets spanning many 4-rich planes span few ordinary planes,
and the same goes for hyperplanes, circles, and hyperspheres. Thus by
our structure theorems, extremal constructions differ in at most a bounded
number of points from one of a few configurations, and we look at each case
in turn. Combining this with our analysis of the constructions described in

Chapter 4 then establishes our precise statements.

1.4 Notation

Asymptotics

By A = O(B) we mean there exists an absolute constant C' > 0 such that
0 < A< CB. Thus, A = —O(B) means there exists an absolute constant
C > 0 such that —-CB < A < 0. By A = Q(B), we mean B = O(A). None
of the O(+) or () statements in this thesis have implicit dependence on the

dimension d.

Projective space

Let F denote the field of real or complex numbers, let F* = F \ {0}, and
let FP? denote the d-dimensional projective space over F. We denote the
homogeneous coordinates of a point in FP? by a (d + 1)-dimensional vector
[x0,x1,...,1q], and identify the affine part where zg # 0 with F¢. We call
the hyperplane defined by zg = 0 the hyperplane at infinity, and denote it
by Il. Similarly, points on I, are referred to as points at infinity. We call
a linear subspace of dimension k in FP? a k-flat; thus a point is a 0-flat, a

line is a 1-flat, a plane is a 2-flat, and a hyperplane is a (d — 1)-flat.

Algebraic geometry

We denote by Zg(f) the set of F-points of the algebraic hypersurface defined
by the vanishing of a homogeneous polynomial f € Flzg,z1,...,2z4]. More

generally, we consider a (closed, projective) variety to be any intersection
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of algebraic hypersurfaces. We denote the Zariski closure of a set S C CP?
by S. We say that a variety is pure-dimensional if each of its irreducible
components has the same dimension. We consider a curve of degree e in
CP¢ to be a variety ¢ of pure dimension 1 such that a generic hyperplane in
CP¢ intersects § in e distinct points. More generally, the degree of a variety

X C CP? of dimension 7 is
deg(X) := max {|IIN X|: T is a (d — r)-flat such that II N X is finite} .

We say that a curve is non-degenerate if it is not contained in a hyperplane.
In particular, we consider a space curve to be a non-degenerate curve in FIP3.
We say that a curve is real if each of its irreducible components contains
infinitely many points of RP?. Whenever we consider a curve in RP¢, we

implicitly assume that its Zariski closure is a real curve.

Hyperspheres

By a hypersphere in R? we mean a (d — 1)-dimensional variety defined by
the equation (z1 —a1)? + -+ + (x4 — aq)? = 72 for some ay, ...,aq € R and
r > 0. Let S%~! denote the hypersphere in C? with equation 34 -—1—333 =1,
so that its Zariski closure is the projective variety S2—1 ¢ CP? defined by
the homogeneous equation 22 = 2% + - - - +z2. The north pole of S4-1 is the
point N :=[1,0,...,0,1]. We call the intersection S4-1N 1l the imaginary
sphere at infinity and denote it by ¥,. This is a (d — 2)-sphere on Il and
is the intersection of Il,, with the Zariski closure of any hypersphere in C¢.
As with k-flats, we call the k-dimensional generalisation of a sphere in FP¢
a k-sphere; thus a O-sphere consists of two points, a 1-sphere is a circle, a

2-sphere is a sphere, and a (d — 1)-sphere is a hypersphere.
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Tools

In this chapter, we detail the tools needed to help prove our results. This
includes Green and Tao’s work on ordinary lines, some classical algebraic

geometry, and the Elekes—Szabd theorem.

The main strategy in proving our structure theorems stated in Section 1.2.1
is to leverage other structure theorems, starting with the structure theorem
for sets spanning few ordinary lines. Since these structure theorems all
state that certain sets lie mostly on algebraic curves, algebraic geometry,
especially classical algebraic geometry of curves, is the main tool we need.
The 3- and 4-dimensional Elekes—Szabé theorems and their applications then
help us with some of the counting we do to prove our extremal theorems

concerning planes and circles.

2.1 Ordinary lines

We first restate Theorem 1.3, Green and Tao’s structure theorem for sets
spanning few ordinary lines [25], in a weaker form that is sufficient for our
purposes. We use this in Section 5.3 to prove Theorem 5.15, which is a
weaker Theorem 1.11, our structure theorem for sets spanning few ordinary
circles, but with a more elementary proof. Note that we can take n >
expexp(CKY) in the following theorem for some sufficiently large absolute

constant C' > 0, but we make no use of this explicit bound.
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Theorem 2.1 (Green-Tao [25, Theorem 1.5]). Let K > 0 and suppose n
is sufficiently large depending on K. If a set P of n points in RP? spans
at most Kn ordinary lines, then P differs in at most O(K) points from a

configuration of one of the following types:

(i) n— O(K) points on a line;
(ii) m points each on a conic and a disjoint line, for some m = n/2+0(K);

(iit) n+ O(K) points on an elliptic or acnodal cubic curve.

As mentioned in Section 1.1, sets spanning few ordinary lines thus are con-

tained in a cubic curve, which is possibly non-irreducible.

To prove Theorem 1.9, our structure theorem for sets spanning few ordinary
planes, and thus the rest of our structure theorems, we use instead Green and
Tao’s intermediate structure theorem for sets spanning few ordinary lines,
stated below. While the conclusions might be weaker than in Theorems 1.3

or 2.1, there is no bound on n.

Theorem 2.2 (Green—Tao [25, Proposition 5.3]). Let P be a set of n points
in RIP?, spanning at most Kn ordinary lines, for some K > 1. Then we

have one of the following:

(i) P is contained in the union of O(K) lines and an additional O(K®)

points;

(ii) P lies on the union of an irreducible conic o and an additional O(K*)
lines, with |P No| =n/2+ O(K®);

(iii) P is contained in the union of an irreducible cubic curve and an ad-
ditional O(K®) points.

The following two lemmas help us get more precise descriptions of sets that
lie on certain cubic curves and span few ordinary lines. Green and Tao used
them to bridge the gap from from Theorem 2.2 to Theorem 1.3, but the

bound on n is still modest.
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Lemma 2.3 (Green-Tao [25, Lemma 7.4]). Let P be a set of n points in
RP? spanning at most Kn ordinary lines, and suppose n > CK for some
sufficiently large absolute constant C' > 0. Suppose all but K points of P
lie on the union of an irreducible conic o and a line ¢, with n/2 £ O(K)
points of P on each of o and £. Then up to a projective transformation, P
differs in at most O(K) points from the vertices of a reqular m-gon and the

m points at infinity corresponding to the diagonals of the m-gon, for some
m=n/2+O(K).

For the group structure on cubic curves mentioned in the following lemma,

see [25, Section 2] or Chapter 3.

Lemma 2.4 (Green-Tao [25, Lemma 7.2]). Let P be a set of n points in
RP? spanning at most Kn ordinary lines, and suppose n > CK for some
sufficiently large absolute constant C' > 0. Suppose all but K points of P lie
on an irreducible cubic v. Then P differs in at most O(K) points from a
coset of a subgroup of v*, the smooth points of v. In particular, v is either

an elliptic or acnodal cubic curve.

To get the cosets on the curves in the lemmas above (there is also an un-
derlying group structure in Lemma 2.3), Green and Tao used the following
additive combinatorial result. It captures the principle that if a finite subset

of a group is almost closed, then it is close to a subgroup.

Proposition 2.5 (Green—Tao [25, Proposition A.5]). Let A, B, C be three
subsets of some abelian group (G, ®), all of size within K of n, where K <
cn for some sufficiently small absolute constant ¢ > 0 independent of G.
Suppose there are at most Kn pairs (a,b) € A x B for which a®b ¢ C.
Then there is a finite subgroup H of G and cosets H & x, H &y such that

AN (H®2)|,|BA(HSY)|,|CAH@zDy)| =O0(K).

We extend the above proposition from three sets to d + 1 sets, which helps
to get cosets on curves in d dimensions.
Lemma 2.6. Let d > 2. Let Ay, Ag, ..., Aqr1 be d + 1 subsets of some

abelian group (G, @), all of size within K of n, where K < cn/d* for some
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sufficiently small absolute constant ¢ > 0 independent of G. Suppose there
are at most Kn®™' d-tuples (ay,as,...,aq) € A1 X Ay x --- x Ag for which
a1 ®agy®---Dag ¢ Agr1. Then there is a finite subgroup H of G and cosets
H®x; fori=1,...,d such that

d
AdHZX<H(B€BxJ
1=1

Proof. We use induction on d > 2 to show that the symmetric differences

|A; A (H @ )],

in the conclusion of the lemma have size at most C' H‘ij:l(l + Z%)K for some
sufficiently large absolute constant C' > 0. The base case d = 2 is Proposi-
tion 2.5.

Fix a d > 3. By the pigeonhole principle, there exists by € A; such that
there are at most
n—K 1-%5

(d—1)-tuples (ag, ...,aq) € Ay x---x Ay for which by Bas®---Dag ¢ Ags1,
or equivalently ags @ --- @ aqg ¢ Agy1 © by. Since

1 K< c < c
~ n X n
1— 5 d? —c (d—1)2
we can use induction to get a subgroup H of G and zs, ..., x4 € G such that
for j = 2,...,d we have

d
1
45 & (H o)), | (g ©b) & | H o P CH<1+ )1_K.

Since |AgN(H®zq)| 2n— K — C’HZ L+ ) K, we repeat the same
pigeonhole argument on Ay N (H @ z4) to find a bd € AgN (H & x4) such

that there are at most

Knd—l
n—K—CHgHLhaiéK
< ! Knd2
- - CH ( ) d2 c
1
< 7Knd—2
1-Cip=
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< <1 L Ghe >Knd_2

dz —c
< (14 L) Kni2

(d — 1)-tuples (ai,...,aq-1) € Ay X ---Ag_1 with a1 ® - D ag_1 Dby ¢
Agy1, for some absolute constants C7,Co > 0 depending on C, by making
¢ sufficiently small. Now (1 + d%)K < en/(d — 1)2, so by induction again,
there exists a subgroup H' of G and z1,25,...,2,, ; € G such that for
k=2,...,d—1 we have

|A1 A (H' @ 21)], |Ar & (H' @ 24)),

d—1
(Agp1©ba) A (H/ SR AN @1@) ‘

k=2
d—1 1 1
<CH (1+i2) (1+d2>K.
=1

From this, it follows that |(H ®x,)N(H' ®x},)| > n—K—-2C H?Zl(l—i-i%)K =
n — O(K). Since (H @ xx) N (H' @ z}.) is non-empty, it has to be a coset of
H'NH.If H # H, then |[H' N H| < n/2+4 O(K), a contradiction since c is
sufficiently small. Therefore, H = H', and H & x;, = H' @ .. So we have

d—1 d
1
< - .
Agy1 & <H@@xz@bd> \Cg<1+i2>K

(=1

’Az A (HEBCIZZ')‘,

Since by € H & x4, we also obtain

d
A O (H e @x>
1=1

Finally, we need the following two technical lemmas. These help reduce

d
1
<0H<1+Z_2>K. O
=1

the polynomial errors in Theorem 2.2 to linear errors as in Theorem 1.3,

Theorem 2.1, and our structure theorems.

Lemma 2.7 (Green—Tao [25, Corollary 7.6]). Let Xa, C RP? be the vertex
set of a reqular m-gon centred at the origin [1,0, 0] together with the m points
at infinity corresponding to the diagonals of the m-gon. Let p be a point not
on the line at infinity, not the origin, and not a vertex of the m-gon. Then
at least 2m — O(1) of the 2m lines joining p to a point of Xop, do not pass
through any further point of Xop,.
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Lemma 2.8 (Green—Tao [25, Lemma 7.7]). Let v* be an elliptic cubic curve
or the smooth points of an acnodal cubic curve. Let X be a coset of a finite
subgroup of v* of order n, where n is greater than a sufficiently large absolute
constant. If p € RP?\ v*, then there are at least n/1000 lines through p that

pass through exactly one point in X.

2.2 Classical algebraic geometry

We now look at the algebraic geometry needed to leverage the results on
ordinary lines in the previous section. We focus on planes and hyperplanes
in Section 2.2.2, since projection maps flats to flats, and focus on circles and
hyperspheres in Section 2.2.3, since inversion maps spheres (and flats) to

spheres (and flats).

2.2.1 Bézout’s theorem

Bézout’s theorem gives the degree of an intersection of varieties. While it is
often formulated as an equality, we mostly need the weaker form that ignores
multiplicity and gives an upper bound. The (set-theoretical) intersection
X NY of two varieties is just the variety defined by Px U Py, where X and
Y are defined by the collections of homogeneous polynomials Px and Py

respectively.

Theorem 2.9 (Bézout [23, Section 2.3]). Let X and Y be varieties in CP?
with no common irreducible component. Then deg(XNY') < deg(X) deg(Y).

When we deal with ordinary hyperspheres, we need the following formulation
of Bézout’s theorem instead. Two pure-dimensional varieties X and Y in
CP? intersect properly if dim(X NY) = dim(X) + dim(Y) — d.

Theorem 2.10 (Bézout [29, Theorem 18.4]). Let X and Y be varieties
of pure dimension in CP? that intersect properly. Then the total degree of
X NY is equal to deg(X) deg(Y), counting multiplicity.
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2.2.2 Projection

We focus on planes and hyperplanes in this section.

Definition 2.11. Given p € FP?, the projection from p, m,: FP?\ {p} —
FP4—! is defined by identifying FP?~! with any hyperplane II of FP¢ not
passing through p, and then letting m,(z) be the point where the line px

intersects II.

Equivalently, 7, is induced by a surjective linear transformation i+l 5 d

where the kernel is spanned by the vector p.

The main reason why projections are important for us is the following. Let
P be a finite set in RP? where every d points span a hyperplane. If we
project P\ {p} from a point p € P, all ordinary hyperplanes spanned by
P that contain p map to ordinary hyperplanes spanned by m,(P \ {p}) in
RPY1. Also, since every d points in P span a hyperplane in RP¢, every d— 1
points in 7,(P\ {p}) span a hyperplane in RP4~1. Thus we can use structure
theorems in RP%~! starting with Green and Tao’s structure theorems for
sets spanning few ordinary lines. But to successfully do so requires a thor-
ough understanding of projections of curves, since the structure theorems
tell us up to a bounded number of points, our point set is contained in (a

coset of) a curve (or a hyperplane, which is easy to deal with).

However, results in classical algebraic geometry are usually formulated only
for smooth varieties and for generic points. Since we are working with
extremal problems, there is no guarantee that the curves on which the points
lie are smooth; on the contrary, it should not be surprising that singularities
occur in extremal objects. Although it turns out that the curves that we
consider are smooth in the generic case, curves with singularities also appear.
Thus our tools have to deal with singular curves as well. Consider also the

following definition and proposition, which we use over and over implicitly.

Definition 2.12. Let 6 € CP? be an irreducible non-degenerate curve of
degree e, and let p be a point in CP¢. We call mp generically one-to-one on o
if there is a finite subset S of § such that 7, restricted to 6 \ S is one-to-one.

(This is equivalent to the birationality of m, restricted to ¢\ {p} [29, p. 77].)
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Proposition 2.13 ([29, Example 18.16; 39, Section 1.15]). Let § C CP? be
an irreducible non-degenerate curve of degree e. If m, is generically one-to-
one, the degree of the curve m is e — 1 if p is a smooth point on 9,
and is e if p does not lie on d; if m, is not generically one-to-one, then the
degree of m,(0 \ {p}) is at most (e — 1)/2 if p lies on &, and is at most e/2
if p does mot lie on § .

In the projections that we will make, we will not have complete freedom in
choosing a projection point, and therefore we cannot guarantee that m, is
generically one-to-one on 4. For this reason, we will need more sophisticated
results on the projection of curves from a point. We start with the following

more elementary proposition, which is a restatement of [4, Lemma 6.6].

Proposition 2.14. Let o1 and o9 be two irreducible conics given by the
intersection of two distinct planes and a quadric surface in CP3. Then there

are at most two quadric cones containing both o1 and os.

We define a trisecant of an irreducible non-degenerate curve ¢ in CP¢ to
be a line that intersects ¢ in at least three distinct points, or that can be
approximated in the Zariski topology by such lines. The classical trisecant
lemma states that the number of points on an irreducible non-degenerate
curve in CP? that lie on infinitely many trisecants is finite [1, pp. 109-111;
56, p. 85, footnote]. The following generalisation of the trisecant lemma

applies to curves that are not necessarily irreducible.

Lemma 2.15 (Trisecant lemma [35, Theorem 2]). Let § be a curve in CP?,
d > 3, such that no union of irreducible components contained in a plane has
total degree at least 3. Then the number of points on § that lie on infinitely

many trisecants of § is finite.

Note that a point p on a non-degenerate curve ¢ lies on infinitely many
trisecants of ¢ if and only if the projection m, is not generically one-to-one
on 0. Thus, according to the trisecant lemma there are finitely many such
projection points on §. The following special case of a theorem of Segre [54]

shows that there are also finitely many such projection points not on §.
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Proposition 2.16 (Segre [54]). Let ¢ be an irreducible non-degenerate curve

in CP?, d > 3. Then the set of points
X = {a: e Ccp? \ 0 : 5 is not generically one-to-one on 5}
is finite.

We now prove three quantitative versions of the trisecant lemma, which all
state that most projections are well-behaved. For a curve § and a point p

in CP?, denote the cone over § with vertex p by Cp(), that is,

Cp(6) == 771;1(7%(5 \ {r}))-

The following result is the 1-dimensional case of a result of Ballico [7]; see

also [8, Remark 1]. We provide the proof of this special case for convenience.

Lemma 2.17. Let § be an irreducible non-degenerate curve of degree e in
CP?, d > 3. Then there are at most O(e3) points x € CP\ § such that 7,

restricted to § is not generically one-to-one.

Proof. By Proposition 2.16, the set
X = {x e Ccp? \ 0 : 7, is not generically one-to-one on § }

is finite, and we want to show that |X| = O(e?).

We first characterise X as an intersection of cones C,(0) for some p € §. Let
x € X. Since § has finitely many singularities and there are only finitely
many lines through z that are tangent to d, we have that for all but finitely
many points p € ¢, the line px intersects ¢ in a third point, that is, x € Cp(6)
for all p € 6\ E, for some finite subset £, of 6. Let ¢’ =0\ U,cx £ and
S ={Npes Cp(6). Then clearly X C S\ §. Conversely, if z € 5\ §, then for
any p € ¢, the line pz intersects ¢ with multiplicity at least 2. Since only
finitely many lines through = can be tangent to 9, it follows that for all but
finitely many points p € §, the line px intersects ¢ in a third point, hence
x € X. This shows that X = 5\ 6.

We next show that X is essentially contained in the intersection of three

cones and use Bézouts theorem (Theorem 2.9) to bound the number of
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points in this intersection. Fix distinct p,p’ € §'. Then X C C,(8) N Cp (6).
This intersection consists of §, the line pp’, and some further irreducible
curves 81, ...,0; of total degree at most €2 — e — 1, by Bézout’s theorem
(Theorem 2.9).

If some 0; C Cp(0) for all p € &, then ¢; C S, and since ¢; N J is finite by
Bézout’s theorem (Theorem 2.9), we obtain that X is infinite, a contradic-
tion. Therefore, for each §; there is a point p; € §’ such that §; ¢ Cp,(9).
By Bézout’s theorem (Theorem 2.9), | X N §;| < |Cyp,(6) N ;| < edeg(d;). It
follows that | X \ pp/] < 25 X N & < 8, edeg(d;) = O(e?).

Now find a third point p” € ¢ such that p,p’,p” are not collinear. As
before, | X \ pp”’| = O(e?). Since pp’ N pp” is a singleton, it follows that
[ X| = 0(e?). O

If an irreducible non-planar curve § of degree e in RP? is smooth, then by a
well-known result going back to Cayley (see [9,12,26]), the trisecant variety
of & (the Zariski closure in CP? of the union of all trisecants of §) has degree
O(e®). For p € 6, if mp restricted to § \ {p} is not generically one-to-one,
then Cp(d) is a component of the trisecant variety and has degree at least
2. It follows that there can be at most O(e3) points p € § such that 7, is

not generically one-to-one on §.

However, if § is not smooth, we are not aware of any estimates of the de-
gree of the trisecant variety, and we thus include the proof of the weaker
bound O(e*) below in Lemma 2.19, based on an argument of Furukawa
[24]. This lemma answers the 1-dimensional case of a question of Ballico
[8, Question 1].

We say that a point z € Z is a vertex of a surface Z in CP? if the projection
7.(Z \ {#}) is a planar curve with Z equal to the cone C,(7.(Z \ {z})). Fu-
rukawa [24] characterised vertices of a surface in terms of partial derivatives,
which we state below as Lemma 2.18, and include his proof for complete-
ness. For any 4-tuple of non-negative integers ¢ = (ig, i1, i2,73), we define

|¢| = ip + i1 +i2 +i3. For any homogeneous polynomial f € Clzg, z1,x2, 23]
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of degree €', we define

1 oo it gz His
TN 0 i1 79 i3 7"
10!11170%23! 8x0 8$1 8x2 8563

D;f =

Let Df be the column vector [D;f];, where ¢ varies over all 4-tuples such
that |¢| = ¢/ — 1. Then Df is an (e/;2)—dimensional vector of linear forms in

T, T1,T2,T3-

Lemma 2.18 ([24, Lemma 2.3)). Let Z = Z¢(f) be the surface in CP3
defined by a homogeneous polynomial f € Clxg, z1,x2,x3] of degree €’. Then
z € Z is a vertex of Z if and only if (Df)(z) is the zero vector.

Proof. Let z € Z. Note that if Z' = Zc(f') is obtained from Z by a
projective transformation ¢, then by the chain rule, we have (D f")(¢(z)) =0
if and only if (Df)(z) = 0. We may thus assume without loss of generality
that z = [0,0,0,1]. Let I be the set of 4-tuples ¢ = (ig, i1,142,i3) of non-
negative integers such that |i| = ig + i1 +i2 + i3 = ¢ — 1, and let J be
the set of 4-tuples j = (jo, j1, jo2, j3) of non-negative integers such that |j| =
Jo+i1+ja+is=e.

If z is a vertex of Z, then f is independent of x3, hence (D;f)(z) = 0 for
each ¢ € I, and so (Df)(z) =0.

Conversely, let f = ZjeJ fjxgoxjf zg%"? where f; € C, and suppose (D f)(z)
is the zero vector. For i € I, let ¢4+w denote the 4-tuple (ig, i1, i2,i3+1) € J.
Then (D; f)(2) = (i3+1) fitw = 0 for each ¢ € I, and so we must have f; =0
for all 5 € J with j3 # 0. This implies f is independent of x3, and thus z is
a vertex of Z. O

Lemma 2.19. Let § be an irreducible non-degenerate curve of degree e in
CP?, d > 3. Then there are at most O(e*) points x on & such that 7,

restricted to § \ {x} is not generically one-to-one.

Proof. We first prove the d = 3 case. Let X be the set of points = on §
such that 7, restricted to ¢ \ {x} is not generically one-to-one. Let V C
Clxo, 1, 2, x3] be the vector space of homogeneous polynomials of degree
e — 2 that vanish on 4, and let hqy,...,h, be a basis of V. Consider the
matrix A = [Dhy,...,Dh,].

36



Chapter 2. Tools

Suppose first that = € X. Then deg(m.(d \ {z}) < e — 2, and there exists
a cone of degree at most e — 2 with vertex x containing §. It follows that
there is a polynomial f € V such that Z¢(f) contains 6. By Lemma 2.18,
the rank of A(z) = [Dhi(x),..., Dh,(x)] is less than r, so each r x r minor
of A vanishes at x. Note that each such minor defines a surface of degree
at most r. Conversely, if x lies on all of the surfaces defined by the r x r
minors of A, then A(x) has rank less than r. There then exists f € V such
that (Df)(x) is the zero vector. By Lemma 2.18, x is a vertex of Zc(f),
which is a surface of degree at most e — 2 and contains m,(0 \ {x}), so either

x is a singular point of § or x € X.

Since ¢ has at most O(e?) singular points, it will follow that X has at most

O(e*) points if we can show that there are at most O(e*) points in
5N {z € CP* : rank(A(z)) <1} .

Now X is finite by the trisecant lemma (Lemma 2.15), so d is not a subset
of all of the surfaces defined by the r x r minors of A(z). Fix one such
surface Z not containing 0. It has degree at most r, so by Bézout’s theorem
(Theorem 2.9), 6N Z has at most er points. Since r = O(e?), the d = 3 case

follows.

We now proceed by induction on d. Assume d > 4 and that the lemma holds
in dimension d—1. Since d > 3 and the dimension of secant variety of ¢ (the
Zariski closure of the set of points in CP¢ that lie on a line through some
two points of §) is at most 3 [29, Proposition 11.24], there exists a point
p € CP? such that all lines through p have intersection multiplicity at most
1 with 4. It follows that the projection §’ := m of § is an algebraic curve
of degree e in CP4~!. Consider any line ¢ not through p that intersects § in
at least three distinct points pi, pe, p3. Then mpy(€) is a line in CP?~! that
intersects ¢’ in three points m,(p1), mp(p2), mp(p3). It follows that if z € § is
a point such that for all but finitely many points y € §, the line zy intersects
d in a point other than x or y, then z’ := my(x) is a point such that for all
but finitely many points y’ := m,(y) € &', the line 'y’ intersects ¢’ in a third
point. That is, if m, restricted to § is not generically one-to-one, then the

projection map 7, in CP4 ! restricted to ¢’ is not generically one-to-one.
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By the induction hypothesis, there are at most O(e*) such points and we

are done. 0

We remark that we have no reason to believe that the estimate O(e*) in the

above lemma is best possible.

Lemma 2.20. Let 6; and dy be two irreducible non-planar curves in CP?,
d > 3, of degrees e1 and ey respectively. Then there are at most O(e1e2)

points x on &1 such that w,(d1 \ {z}) and 7, (02 \ {x}) coincide.

Proof. Let X = {m €01 :mz(01\ {x}) = 7z (02 \ {x})}, and let

S=an [\ Cuda).
p€51\52

We claim that X \ d; = S\ 0.
First, let x € X \ 62 and p € 6; \ d2. If & = p, then clearly z € Cp(d2).
Otherwise, m,(p) € m,(01 \ {z}). Since x € X, 7, (01 \ {z}) = m.(d2 \ {z}),

and since x ¢ 09, 7, (02 \ {z}) = 7 (62\{z}). Therefore, m,(p) € m,(d2\{z}),
and it follows that the line px intersects dz, hence x € Cp(d2). Since X C ¢y,

we conclude that x € S\ da.

Conversely, let x € S\ d2. Then z € 1, and for all p € §; \ d2, we have
x € Cpy(d2). Thus, if  # p, then the line px intersects d;. Therefore,
72(61 \ {x}) C (02 \ {z}). Since dy is irreducible, the curve m (s \ {z})
is irreducible. Since &; is not a line, 7,(6; \ {x}) does not degenerate to a
point. Therefore, m,(d1 \ {z}) = 7(d2 \ {z}), and z € X.

Next, note that each = € S lies on infinitely many trisecants of the curve
01Udo. Since both §; and 2 are non-planar, S is finite by the trisecant lemma
(Lemma 2.15). Therefore, §; ¢ Cp,(d2) for some p € 6; \ d2. By Bézout’s
theorem (Theorem 2.9), |S| < |61 N Cp(02)] < e1 deg(Cp(d2)) < erea. Again
by Bézout’s theorem (Theorem 2.9), |d; N d2| < ejea. It then follows that
| X| < | X\ 2| + |01 N2 =[S\ d2| + |01 N 2| < 2eqes. O

2.2.3 Inversion
We focus on circles and hyperspheres in this section.
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A key tool in the earlier papers [3,20,68] on the (strict) ordinary circles
problem is inversion; the first to use inversion in Sylvester—Gallai type prob-
lems was Motzkin [46]. The simple reason for the relevance of inversion is
that if we invert in a point of the given set, an ordinary circle through that
point is mapped to an ordinary line. Thus we can use results on ordinary
lines, like those of Green and Tao [25] in Section 2.1, to deduce results about

ordinary circles.

Inversion is also a main tool in our proof of Theorem 5.15. However, the
main tool in our proofs of Theorems 1.11 and 1.12, our structure theorems
for sets defining few circles and hyperspheres, is stereographic projection.
In fact, inversion can be defined in terms of stereographic projection, and

we do so in Definition 2.22 below.

Definition 2.21. Stereographic projection is defined to be the map
7 : CPT! 5S4\ {N} = {zq41 = 0} = CP?,

where N is the north pole of S¢, and ¢ € @\ {N} is mapped to the intersec-
tion point of the line N¢ and the hyperplane {z441 = 0}, which we identify
with CP<.

Recall from Section 1.4 that the imaginary sphere at infinity Yo, in CP? is
defined as the intersection of the unit hypersphere S4-1 and the hyperplane
at infinity Tls. It is not difficult to see that m(Ily NS94\ {N}) = Z,
where Ily is the tangent hyperplane to S¢ at N. The image of 7 is thus
{20 # 0} US4 = C?U By Also, 7 is injective on S¢ \ Iy, and for each
Y € Yoo, ™ H(y) = £\ {N}, where £ is the tangent line to S? at N through y.

To see why stereographic projection is relevant, consider the following. Let P
be a finite set in R? where no d+ 1 points lie on a (d — 2)-sphere or a (d —2)-
flat. If we project P onto Sd stereographically, all ordinary hyperspheres
spanned by P map to ordinary hyperplanes spanned by 7—!(P) c R+,
and they are in one-to-one correspondence. Since we have in 7~ !(P) that
every d + 1 points span a hyperplane, we can use our structure theorem
for sets spanning few ordinary hyperplanes. As with projection in the pre-

vious section, to do so successfully requires a thorough understanding of
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how curves behave under stereographic projection, and we consider this in
Section 3.3.

We now define inversion in terms of stereographic projection.
Definition 2.22. Inversion in the origin o € C?is defined to be the bijective
map
Lw=mopor 1:C%\ {0} = C¥\ {o},
where p is the orthogonal reflection map in the hyperplane {z411 = 0}.

Inversion in an arbitrary point r € C% is then defined to be the bijective
map
Ly :TTOLOOTfr:(Cd\{T} —>(Cd\{r},

where 7,.(z) = x + r is the translation map taking the origin to r.

Note that this agrees with the more standard definition of inversion in the
real plane, where ¢, : R?\ {r} — R?\ {r} defined be

Lr(T,y) = < 352— o 5 T Tr, yQ_ o 5 T yr>
(=) + (y —yr) (=) +(y —yr)

for (z,y) #r = (zr,yr).

As is well-known in real space, if V' is a hypersphere or a hyperplane, then
the inverse m is again a hypersphere or a hyperplane, depending on
whether r ¢ V or r € V respectively. It is also easily seen that the inverse
of a circle or a line is again a circle or a line. We note that the image of
an algebraic curve under stereographic projection or inversion is again an

algebraic curve in the following sense.

Definition 2.23. For any curve § in CP¢ there is a curve ¢’ in CP? such
that ¢,(0 \ {r}) = d’. We refer to & as the inverse of 0 in the point r.

In Section 3.3, we introduce spherical curves, a special class of curves that
are closed under inversion, and explore their interaction with stereographic

projection.
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2.3 The Elekes—Szabo6 theorem

Theorems 2.24 and 2.26 below are the 3- and 4-dimensional Elekes—Szabd
theorems by Raz, Sharir, and De Zeeuw [50,51] respectively. Their relevance
to our results are evident in their applications to counting collinear triples
in the plane and coplanar quadruples in 3-space [50,51], which are Theo-
rems 2.25 and 2.27 below. We use Theorem 2.25 to help us count ordinary
planes and circles, and Theorem 2.26 to prove Theorem 1.15, our result on
coplanar quadruples, complementing Theorem 2.27. We state Theorem 2.24

for completeness.

Theorem 2.24 (Raz-Sharir-De Zeeuw [50, Theorem 1.1)). Let F' be an
irreducible polynomial of degree d in C[t1,ta,t3], with no OF/0t; identically
zero. Then either for all A C C with |A] = n, we have |Zc(F) N A3| =
O(d¥/2p'1/6), or there exists a 1-dimensional subvariety Zy C Zc(F) such
that for any (s1,s2,s3) € Zc(F) \ Zo, there exist open neighbourhoods U; of

s; and injective analytic functions ¢; : Uy — C such that
F(t1,t2,t3) =0 <= @1(t1) + p2(t2) + @3(t3) =0,
f07‘ all (tl,tg,t3) € Uy x Uy x Us.

Theorem 2.25 (Raz—Sharir-De Zeeuw [50, Theorem 6.1]). Let v1, 72, 73,
be three (not necessarily distinct) irreducible algebraic curves of constant
degree in C%, and let S1 € 71, So € 72, S3 € 3 be finite subsets. Then the

number of collinear triples in S1 X So x S3 is
g 1202 1 1

O (15112152151561% + 15112 (1112 + Sl +155]) )
unless y1 Uy U~s s a line or a cubic curve.

Theorem 2.26 (Raz—Sharir-De Zeeuw [51, Theorem 1.1]). Let F' be an
irreducible polynomial of constant degree in Clt1,to,ts,t4], with no OF/0t;
identically zero. Then either for all A C C with |A| = n, we have |Zc(F) N
AY = O(n®/3), or there exists a 2-dimensional subvariety Zy C Zc(F) such
that for any (s1, s2,83,54) € Zc(F)\ Zo, there exist open neighbourhoods U

of s; and injective analytic functions ¢; : U; — C such that
F(ty,ta,13,t4) =0 <= @1(t1) + pa(ta) + @3(t3) + pa(ts) = 0,
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for all (tl,tz,tg,t4) € Uy x Uy x Uz x Uy.

Theorem 2.27 (Raz-Sharir-De Zeeuw [51, Theorem 1.3]). Let § be an
algebraic curve of constant degree in C3, and let S C § be a finite set of size
n. The the number of coplanar quadruples spanned by S is O(n8/3), unless

& contains either a planar curve or a quartic curve.
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Curves

In this chapter, we introduce the curves that appear in our theorems and
describe their group structure, which encodes when points on the curve are
contained in a hyperplane or a hypersphere. The main object of study here is
an irreducible non-degenerate curve of degree d+1 in d-space, which appears
in all of our structure theorems and gives rise to extremal constructions for
all of our extremal theorems except for ordinary planes and circles. We first
start with the following well-known classification (see for example [55, p. 38,

Theorem VIII]), providing more detailed definitions later.

Proposition 3.1. An irreducible non-degenerate curve of degree d + 1 in

CP?, d > 2, is either elliptic or rational.

Proof. We proceed by induction on the dimension d. It is well-known that
any irreducible cubic in CP? is either elliptic or rational. Fix a d > 3 and
suppose the result is true for dimension d — 1. Let § be an irreducible non-
degenerate curve of degree d + 1 in CP%. Choose a smooth projection point
p € 0 such that 7, is generically one-to-one on J, which is possible by the
trisecant lemma (Lemma 2.15). Then ¢’ := m is an irreducible non-
degenerate curve of degree d in CP?~!, which is elliptic or rational by the
induction hypothesis. If §’ is elliptic, then § is smooth and thus also elliptic,
since the genus of a smooth curve is a birational invariant [30, Chapter III,
Exercise 5.3]. If ¢ is rational, then 6 must also be rational since 7, is

birational on §. O
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In 3-space, there is another classical classification of space quartics (see for
example [60]). Since the dimension of the vector space of degree 2 homoge-
neous polynomials in four variables is 10, there exists a quadric surface @
containing any nine points of a space quartic 4. It then follows from Bézout’s

theorem (Theorem 2.9) that ¢ is contained in Q.

Definition 3.2. A space quartic in 3-space is of the first species if it is
contained in at least two linearly independent quadrics. It is of the second

species if it is contained in a unique quadric.

Since prisms and antiprisms (see Definition 4.3) are contained in two planar
sections of a sphere, every curve that appears in Theorem 1.9, our structure
theorem for sets spanning few ordinary planes, can be thought of as quartics
(possibly non-irreducible) of the first species. We mention this classification
mainly so that our structure theorem matches Ball’s [4]. Elliptic quartics
are always of the first species, and we will later show in Section 3.2 that

rational quartics are of the first species if and only if they are singular.

It is well-known in the plane that we can define a group law on any elliptic
cubic curve or the set of smooth points of a rational and singular cubic.
This group has the property that three points sum to the identity if and
only if they are collinear. Over the complex numbers, the group on an
elliptic cubic is isomorphic to the torus (R/Z)?, and the group on the smooth
points of a singular cubic is isomorphic to (C,+) or (C*,-) depending on
whether the singularity is a cusp or a node respectively. Over the real
numbers, the group on an elliptic cubic is isomorphic to R/Z or R/Z x
Zs depending on whether the real curve has one or two semi-algebraically
connected components, and the group on the smooth points of a singular
cubic is isomorphic to (R,+), (R,4) X Zy, or R/Z depending on whether
the singularity is a cusp, a crunode, or an acnode. See for instance [25] for

a more detailed description.

In higher dimensions, it turns out that an irreducible non-degenerate curve of
degree d + 1 in d-space does not necessarily have a natural group structure,
but if it does, the behaviour is similar to the planar case. In particular,

elliptic curves and rational curves that are singular have a natural group
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structure like their analogues in the plane, where d + 1 points on the curve
are contained in a hyperplane if and only if they sum to the identity. This
also induces a group law on a special subset of these curves where d+2 points
on the curve are contained in a hypersphere if and only if they sum to the
identity. However, there exist rational curves that are smooth if d > 3, and

these do not seem to have such a natural group structure.

The group laws, when they exist, are not uniquely determined by the prop-
erty that d + 1 points lie on a hyperplane if and only if they sum to some
fixed element c. Indeed, for any t € (0*,®), x By := x & y ® t defines
another abelian group on §* with the property that d 4+ 1 points lie on a
hyperplane if and only if they sum to ¢ ® dt. However, these two groups are
isomorphic in a natural way with an isomorphism given by the translation
map x — x & t. The next proposition shows that we always get uniqueness

up to some translation.

Proposition 3.3. Let (G, ®,0) and (G,H,0") be abelian groups on the same

ground set, such that for some d > 2 and some c,c € G,
11D Bxgy=c &= 1B -Bag = forallaxy,...,v4.1 €G.
Then (G,®,0) = (G,B,0),z — xzB0=x&0 is an isomorphism, and

d=cB0H --Bo=co(0a---a0).
d times d times
Proof. 1t is clear that the cases d > 3 follow from the case d = 2, which we
now show. First note that for any z,y € G, s HyHB (coz S y) = ¢ and
(zdy)HOH(cozoy) = ¢, since zdyd (cozoy) = (zdy)B0H(cozoy) = c.
Thus we have By = (@ y) BO, hence (zdy) B0 =2ByB080 =
(zB0)H(y80). Similarly we have 2@y = (zHBy)® 0, hence xBy = zdyol/,
so in particular 0/ = 080 =06 (H0)©0', and B0 = 0’ $0’. So we also have
zB0=zeBE0)c0 =230, and (G,®,0) - (G,H,0),z — 2zB0=2a0

is an isomorphism. O

We also note the following simple result for later use. Recall that a curve
is real if each of its irreducible components contains infinitely many real

points.
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Lemma 3.4. The homogeneous ideal of a real curve is generated by real

polynomzals.

Proof. Without loss of generality, the real curve § C CP? is irreducible. Let
I be the homogeneous ideal of §, and consider I = @, I (©) where I'®) is the
set of polynomials of I of degree e. We show that each I(®) can be generated
by real polynomials, whence so can I. A polynomial is an element of I(¢)
if and only if the hypersurface it defines contains &, which occurs if and
only if the hypersurface contains more than e deg(d) points of § by Bézout’s
theorem (Theorem 2.9). Since 0 is real and contains infinitely many real
points, the coefficients of each polynomial in I(®) satisfy a linear system of
(at least) edeg(d) + 1 real equations in (dge) variables. Solving this linear

system then shows that I (©) considered as a vector space, has a basis of real

polynomials. O
As a consequence, we obtain the following basic fact on odd-degree polyno-
mials in real projective space.

Lemma 3.5. Let § be a non-degenerate curve of odd degree in RP?. Then

any hyperplane of RP? intersects § in at least one point of RP?.

Proof. By Lemma 3.4, the homogeneous ideal of § is generated by real poly-
nomials. The lemma then follows from the fact that roots of real polyno-
mials come in complex conjugate pairs. Since J has odd degree, any real

hyperplane thus intersects  in at least one real point. O

3.1 Elliptic curves

Elliptic curves (in any dimension) and their group structure are well-studied,
going back to Clifford [16] and Klein [38].

Definition 3.6. An elliptic normal curve is an irreducible non-degenerate

smooth curve of degree d + 1 and genus 1 in CP?.

The following proposition shows that all elliptic normal curves have a similar

group structure.
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Proposition 3.7 ([57, Corollary 2.3.1; 58, Exercise 3.11 and Corollary
5.1.1]). An elliptic normal curve 6 in CP?, d > 2, has a natural group
structure such that d + 1 points in § lie on a hyperplane if and only if they
sum to the identity. This group is isomorphic to (R/Z)?.

If the curve is real, then the group is isomorphic to R/Z or R/7Z x Zs depend-
ing on whether the real curve has one or two semi-algebraically connected

components.

3.2 Rational curves

The facts collected in this section are well-known, especially in the d =
3 case, in the sense that they were discovered in the 19th century (see
[15,22,53,62,63,66]). However, it is not easy to find recent references (or
in some cases, any reference at all), and so we include some of the proofs.
Our main goal is to describe when an irreducible non-degenerate rational
curve (defined below) of degree d + 1 in CP? has a natural group structure.

It turns out that this happens if and only if the curve is singular.

Definition 3.8. A rational curve § in FP? of degree e is a curve that can

be parametrised by the projective line,
0:FP' — FPY,  [2,y] = [qo(,),---,qa(,y)],

where each ¢; is a homogeneous polynomial of degree e in the variables x

and y, and the ¢;’s share no common factor.

A rational normal curve in FP? is an irreducible non-degenerate rational

curve of degree d.

Rational normal curves in FP? are unique up to projective transformations
[29, Example 1.14], and turn out to be smooth [29, Exercise 14.14]. In fact,
the rational normal curve is the unique irreducible non-degenerate curve of
degree d in FP? [29, Proposition 18.9]. We write v41 for the rational normal

curve in CP4t! parametrised as

vapr  [z,y] = [y ey 2y L ()T (—a)ty, ()T
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Any irreducible non-degenerate rational curve ¢ of degree d + 1 in CP? is

the projection of the rational normal curve, and we have

Sz, y] = [yd—&-l’ e s N (_x)d—1y27 (_l,)dy’ (—x)d“]A,

where A is a (d+2) x (d+ 1) matrix of rank d+1 (since 0 is non-degenerate)
with entries derived from the coefficients of the polynomials ¢; of degree
d + 1 in the parametrisation of the curve (with suitable alternating signs).
Thus 6 € CP? is the image of v44; under the projection map mp defined by
A. In particular, the point of projection p = [po,p1,...,pas1] € CPH! is
the (1-dimensional) kernel of A. If we project v441 from a point p € vg4q,
then we obtain a rational normal curve in CP4. However, since ¢ is of degree
d+ 1, necessarily p ¢ v441. Conversely, it can easily be checked that for any
p ¢ vgy1, the projection of v4,1 from p is a rational curve of degree d + 1 in
CP4. We will use the notation 8, for this curve. Noting that if &, is real then
p € RP1 we summarise the above discussion in the following proposition

that will be implicitly used in the remainder of this thesis.

Proposition 3.9. An irreducible non-degenerate rational curve of degree

d+1 in FP? is projectively equivalent to 0p for some p € FPA\ vgyq.

We use the projection point p to define a binary form and a multilinear form

associated to 0.

Definition 3.10. The fundamental binary form associated to an irreducible
non-degenerate rational curve ¢, of degree d+1 in FP? is the homogeneous

polynomial of degree d+1 in two variables f,(x,y) = Zfiol i (di.rl):cd“_i

i

)

Its polarisation is the multilinear form F,: (F2)*1 — F [18, Section 1.2]
defined by

Fp(xovy()axlvyla .. -axd7yd)

X 0 (Sa )

T I1C{0,1,...,d} iel iel

Consider the multilinear form G,(xo, Yo, .., %4, ya) = Zfi& p; P;, where

Pi(zo, 0, 21,515z ya) = > []=i [[wi (3.1)

16({0’1’13“’{1}) jel jerI
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for each ¢ = 0,...,d + 1. Here the sum is taken over all subsets I of
{0,1,...,d} of size i, and I denotes the complement of I in {0,1,...,d}.
It is easy to see that the binary form f, is the restitution of G,, namely
[18, Section 1.2]

fo(z,y) = Gp(z,y,2,y,...,2,9).

Since the polarisation of the restitution of a multilinear form is itself [18,

Section 1.2], we must thus have Fj, = G). (This can also be checked directly.)

Lemma 3.11. Let §, be an irreducible non-degenerate rational curve of
degree d+1 in CP?, d > 2, where p € CPT 1\ vy, 1. A hyperplane intersects
dp in d+1 points dplxi, yil, i =0, ...,d, counting multiplicity, if and only if
Fy(x0, Y0, 21,91, - - - » Td, Ya) = 0.

Proof. By Bertini’s theorem [30, Theorem I1.8.18 and Remark I1.8.18.1], the
set of hyperplanes that intersect d, in d + 1 distinct points form an open
dense subset of all hyperplanes. It is thus sufficient to prove the statement
for distinct points [x;,y;] € CPL. Then the points &,[z;, y;] are all on a hyper-
plane if and only if the hyperplane in CP4*! through the points vg,1[z;, yi]
passes through p. It will be sufficient to prove the identity

Vd+1[$0, yo]

Ti T
D :=det :Fp(x0>y0>$17y17"'7xd7yd) H ’ ’
Vai1lTd, Y] o<j<k<d |Yi Yk
p
(3.2)

since the second factor on the right-hand side does not vanish because the

points [x;, y;] are distinct.

We first note that

yett —woyd 23yt o (—wo)lye  (—wo)H
D= d. 1 d .2 'd 1 d . d+1

yd+ —TdlYq xdydi (_ﬂfd) Yd (_xd) +

Do b1 b2 Pa Pd+1
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ygﬂ xoyg x%yg_l .. xgyo xg'H
= (-l a1 ¢ 2 d i - (3:3)
Yy Tqy§ ToYg r3Yaq xy
po —p1 P2 - (=1)%aq (=) pasa

We next replace (—1)p; by zfy®*1~% for each i = 0,...,d + 1 in the last row

of the determinant in (3.3) and obtain the Vandermonde determinant

d+1 d— d+1
y0+ :Coyf)i x%yg L :cgyo :c0+
-yl : :
ydJrl a:dyg :L“?ly([1 mgyd derl
gl gy g2yl ply gt
I s R
o<j<k<d |Ti  Tklogjgd Vi T
— (- ) () Tj Tk T @
o<j<k<d |Yi Yklogi<al¥Yi Y
d+2 . .
Finally, note that (—1)L%J (—1)( 2") = 1 and that the coefficient of plydti—i
. Ty x|,
in Hogjgd is
Yi vy

> TIw) [z = (-0rp,
1 ({0-ay jel jeT
where P; is as defined in (3.1). It follows that the coefficient of p; in (3.3) is
P;, and (3.2) follows. O

We define the secant variety Secc(vg4+1) of the rational normal curve vgyq
in CP4*! to be the set of points that lie on a proper secant or tangent line
of v411, that is, on a line with intersection multiplicity at least 2 with vg411.
We also define the real secant variety of v411 to be the set Secr(v44+1) of
points in RP%*! that lie on a line that either intersects vgy; in two distinct
real points or is a tangent line of v4.1. The tangent variety Tang(vg.q1) of
V441 is defined to be the set of points in FP?*! that lie on a tangent line of
vg+1. We note that although Tang(vgy1) = Tanc(vge1) N RPHL we only

have a proper inclusion Secg (vg41) C Secc(Vay1) NRPT! for d > 2.
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We will need a concrete description of Secc(v441) and its relation to the
smoothness of the curves §,. For any p € FP™! and k= 2,...,d— 1, define
the (k4 1) x (d — k + 2) matrix

bo D1 D2 <o Pd—k+1

b1 b2 b3 -oo Pd—k+2
My (p) == | . ) ) )

Pk Pk+1 Pk+2 .- Pd+1

Suppose that 0, has a double point, say d,[xo, yo] = dp[x1, y1]. This is equiv-
alent to p, vgi1[zo, yo], and vgi1[z1,y1] being collinear, which is equivalent
to p being on the secant variety of v4y 1. (In the degenerate case where
[0, yo] = [z1,y1], we have that p € Tang(vgy1).) Then 6,[xo, yol, dplx1, y1],
Spla, Y2l - - -, 6p[xa, ya) are on a hyperplane in FP? for all [z;,y;] € FP!, i =
2,...,d. It follows that the coefficients of F,(xo, yo,z1,Y1,%2,Y2, - -, Zd, Yd)

as a polynomial in xs, 9, ..., x4, yq all vanish, that is,

PiTox1 + Pit1(Toy1 + Yox1) + pit2yoyr =0

foralli =0,...,d—1. This can be written as [xox1, Toy1+Yyor1, Yoy1| M2 (p) =
0. Conversely, if Ms(p) has rank 2 with say [co, 2¢1, co) Ma(p) = 0, then there
is a non-trivial solution to the linear system with ¢y = xox1, c1 = zoy1+yox1,
c2 = yoy1, and we have cox? +2c12y + coy? = (zox +yoy)(v17 +y1y). In the
degenerate case where [xg,y0] = [21,y1], we have that the quadratic form

has repeated roots.

It follows that Ma(p) has rank at most 2 if and only if p € Secc(Vgs1)
(also note that Msy(p) has rank 1 if and only if p € vg411). We note for
later use that since the null space of Ma(p) is 1-dimensional if it has rank
2, it follows that each p € Secc(v441) lies on a unique secant (which might
degenerate to a tangent). This implies that ¢, has a unique singularity when
p € Secc(Vg+1) \ Va+1, which is a node if p € Secc(vg+1) \ Tanc(vg41) and
a cusp if p € Tanc(vgy1) \ Yat+1- In the real case there are two types of
nodes. If p € Secr(vg+1) \ Yat1, then the roots [xo, o), [1,y1] are real, and
dp has either a cusp when p € Tang(v4+1) \ va+1 and [zo,v0] = [z1,¥1],

or a crunode when p € Secr(vg+1) \ Tang(vg+1) and [xo,y0] and [x1,y1]
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are distinct roots of the real binary quadratic form cox? + 2c12y + coy?. If
p € Secc(vgq1) \ Secr (Vay1) NRPYH! then the quadratic form has conjugate

roots [xg, yo] = [Z1,71) and ), has an acnode.

If p ¢ Sec(vgq+1), then 6, is a smooth curve of degree d + 1. It follows that
dp is singular if and only if p € Sec(v44+1) \ v4+1. For the purposes of this

thesis, we make the following definitions.

Definition 3.12. A rational singular curve is an irreducible non-degenerate
singular rational curve of degree d+1 in CP%. In the real case, a rational cus-
pidal curve, rational crunodal curve, or rational acnodal curve is a rational

singular curve with a cusp, crunode, or acnode respectively.

In particular, we have shown the case k = 2 of the following well-known

result.

Proposition 3.13 ([29, Proposition 9.7]). Letd > 3. Foranyk =2,...,d—
1, the secant variety of vgy1 is equal to the locus of all [po, p1, - .., pat1] such
that My(p) has rank at most 2.

Corollary 3.14. Letd > 3. Foranyk=2,...,d—1 and p € CP1\ vy,
the curve 8, of degree d+1 in CP? is singular if and only if rank(My(p)) < 2.

We next use Corollary 3.14 to show that the projection of a smooth rational
curve of degree d + 1 in CP? from a generic point on the curve is again
smooth when d > 4. This is not true for d = 3, as there is a trisecant
through each point of a space quartic of the second species in 3-space. (The
union of the trisecants form the unique quadric on which the curve lies
[29, Exercise 8.13].)

Lemma 3.15. Let 6, be a smooth rational curve of degree d+1 in CP?, d >
4. Then for all but at most three points q € 0p, the projection my(0p \ {q})

is a smooth rational curve of degree d in CP4—1,

Proof. Let ¢ = dp[x0,yo]. Suppose that m,(d, \ {q}) is singular. Then there
exist [x1,y1] and [x2,ys] such that my(dp[z1,y1]) = me(dplx2,y2]) and the

points 6,[xo, Yo, Op[z1,y1], and dp[z2,y2| are collinear. Then for arbitrary
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[23,93],- - -, [Td,ya] € CPL, the points dp[z;,vi], i = 0,...,d are on a hy-
perplane, so by Lemma 3.11, Fj,(zo,vo,--.,%q,Yq) is identically zero as a
polynomial in z3,ys,...,%q,yq- The coefficients of this polynomial are of

the form

PiTox122 + Pit1(ToT1y2 + Toy1x2 + Yoxr172)

+ pira(zoy1y2 + Yor1y2 + Yoy122) + Dit3Yoy1Y2

fori =0,...,d—2. This means that the linear system [cg, 3¢1, 3¢2, c3| M3(p) =
0 has a non-trivial solution ¢y = xpx122, 3C1 = ToT1Y2 + ToY122 + YoT1X2,
3co = xoy1y2 + YoT1y2 + Yoy1T2, ¢3 = Yoyiy2. The binary cubic form
cox® + 3c12%y + cory® + c3y® then has the factorisation (zoz + yoy)(z12 +
y1y)(x2x + y2y), hence its roots give the collinear points on 6,. Since J, is
smooth, M3(p) has rank at least 3 by Corollary 3.14, and so the cubic form
is unique up to scalar multiplication. It follows that there are at most three

points ¢ such that the projection m4(d, \ {¢}) is not smooth. O

We now note the effect of a change of coordinates on the parametrisation
of §,. Let p: FP! — FP! be a projective transformation. Then vgy1 o ¢
is a reparametrisation of v4y1. It is not difficult to see that there exists a
projective transformation 1 : FP4+! — FP4+! such that Vgtr10@ =Y oviy.

It follows that if we reparametrise J,, using ¢, we obtain

Op© P =mpovit1op="poovu =y oTy-1() 0 vays = y-1(p),

where ¢/: FP¢ — FP? is an appropriate projective transformation such
that first transforming FP?t! with ¢ and then projecting from p is the
same as projecting from 1 ~!(p) and then transforming FP? with ¢/’. So by
reparametrising d,, we obtain d,/ for some other point p’ that is in the orbit
of p under the action of projective transformations that fix v, 1.

Since 0, o plxi,yi), © = 0,...,d, lie on a hyperplane if and only if the

0y—1(p)[Ti, yi]'s are on a hyperplane, it follows from Lemma 3.11 that

Fyp(o(®0,%0), - - - (Td, Ya))

is a multiple of

F¢—1(p)(x07y07 ooy Id, yd)7

93



Chapter 3. Curves

hence fj o = fy-1(,) up to a scalar multiple. Thus, we obtain the same

reparametrisation of the fundamental binary form f,.

Recall from Definition 3.2 that a space quartic in FP? is of the first species
if it is contained in at least two linearly independent quadrics, and is of the
second species if it is contained in a unique quadric. We can now prove
the following result, which when combined with Corollary 3.14 shows that a

rational space quartic in FP3 is of the first species if and only if it is singular.

Lemma 3.16. A rational space quartic 0, in FP? is of the first species if
and only if cat (fp) := det (Ma(p)) vanishes.

Proof. After a reparametrisation of ¢, if necessary, we can assume 6,[z, y] =

Vg1|z, y]A, where

and pg # 0. Working in the affine charts y = 1 in FP! and pp = 1 in FP4, 6,

thus has the parametrisation
[l' +p1,$2 - p27$3 +p3,x4 - p4]>

where py # p%a p3 # p?a or py # pil-

Consider the equations of quadrics ) that contain J,. If @} contains ¢,

substituting the four polynomials = + p1, 22 — po, 2> + p3,2* — ps for the

homogeneous coordinates of v into the equation v Agv = 0, where Ag =

(@) is the 4 x 4 symmetric matrix defining @, gives a degree 8 polynomial

in x that has to be identically zero.

This gives nine equations in ten variables (the entries of Ag). The first
7 ,.6 .5

few equations, corresponding to the coefficients of 8,27, 25 25, are ay =

0,a34 = 0,2a24+as3 = 0,a14+a23 = 0. So in fact we only have five equations
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in six variables:

aoy

*2p2 2]91 2 1 0 a
14

—2p3 D2 D1 0 1 0 )
13

—2py —2p3 0 —2p2 2y 1 . =0.
22
0 —P4 P3 0 -p2 p1

2 2 2 a12

2(popa —p5) —2(pipa —p2p3) 2pmips p5;  —2pip2 DY "
11

There is always a non-trivial solution to this system, but we want to show
that there are always at least two linearly independent solutions if and only
if cat(f,) = paps — p3 — PIpa + 2p1paps — p3 = 0.

The nullity of the matrix is at least 2 if and only if its rank is at most 4,
which in turn happens if and only if the six 5 X 5 minors all vanish. These

six minors are

—4cat(f,)(p5 — papa), 2 cat(fp)(p2ps — p1pa), —4cat(fp)(p1ps — pa),
2 cat(fp)(p3 — 2p1ps + pa), 2cat(fy)(pip2 — ps),  —2cat(fp)(p] — p2),

and it is impossible for all of the last factors to be equal to zero, otherwise
we have py = p%, p3 = p‘z’, and py = p‘ll. Thus the six minors all vanish if
and only if cat(f,) = 0, as desired. O

The polynomial cat(f,) defined above is known as the catalecticant of the
binary quartic form f,,. It was discovered by Boole [67] and generalised to
binary forms of even degree by Sylvester [62], who coined the term. Sylvester
[62] also showed that a generic binary form f, of degree d is the sum of two
d-th powers of linear forms if and only if My(p) does not have full rank. We
need a version of this statement that is valid for all binary forms, not only
generic ones, to determine the natural group structure on rational singular
curves. Reznick [52] gives an elementary proof of the generic case where p
does not lie on the tangent variety. (See also Kanev [36, Lemma 3.1] and
Tarrobino and Kanev [32, Section 1.3].) We provide a very elementary proof

that includes the non-generic case.

Theorem 3.17 (Sylvester [62]). Let d > 2.
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(i) If p € Tanc(vgy1), then there exist binary linear forms Li, Lo such
that f,(z,y) = L1(z,y)?La(x,y). Moreover, if p ¢ vyi1 then Ly and
Ly are linearly independent, and if p € RP then Ly and Ly are both

real.

(i) Ifp € Secc(Var1)\Tanc(vay1), then there exist linearly independent bi-
nary linear forms Ly, Lo such that f,(x,y) = Ly (z,y) — Lo(z,y)4 L.
Moreover, if p € RPH1\ Secg(vgy1) then Ly and Lo are complex
conjugates, while if p € Secr(vqr1) then there exist linearly indepen-
dent real binary linear forms Ly, Ly such that f,(z,y) = Li(z,y)*! £
Lo(z,y)%t, where we can always choose the lower sign when d is even,

and otherwise depends on p.

Proof. (i): We work over Fe{R,C}. Let p={[po,p1,--.,Pd+1) € Tang(vgi1).
Let px = vgi1[aq, ] be the point on v441 such that the line pp, is tangent
to vgy1 (if p € vy, we let p, = p). We will show that

d+1

ot = (1) — (0 - ) (B - ) 30
=0

for some [31, B2] € FPL.

First consider the special case a; = 0. Then p, = [1,0,...,0] and the
tangent to vgi1 at ps is the line 29 = 23 = --- = 2441 = 0. It follows
that f,(z,y) = pord*™! + pi(d + )2ty = (1z — 0y)4(pox + p1(d + 1)y). If
p1 = 0, then p = p. € vgy1. Thus, if p ¢ vy4q, then p; # 0, and x and
pox + p1(d + 1)y are linearly independent.

We next consider the general case a1 # 0. Equating coefficients in (3.4), we

see that we need to find [f1, B3] such that

bi <d_l_ ) = (f) ag_i(_al)i/BQ - (z ii 1> ag_iﬁ_l(_al)iilﬁl

for each ¢ = 0,...,d + 1, where we use the convention (_dl) = (djl-l) = 0.

This can be simplified to

i —i i i — i
p=(1- 77 ) e e - et a6
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Since we are working projectively, we can fix the value of 51 from the instance
i=d+ 1 of (3.5) to get

Pat1 = —(—o1)*B1. (3.6)

If pa+1 # 0, we can divide (3.5) by (3.6). After setting a = as/a1, f =
B2/51, and a; = p;/p4+1, we then have to show that for some 5 € F,

== (1= gy ) B et (3.7)

Cd+1 d+1
for each ¢ = 0,...,d. We next calculate in the affine chart x4,1; = 1 where
the rational normal curve becomes vg,1(t) = ((—t), (=t)%,...,~t), p =
(ag,-..,aq), and p, = vg11(a). The tangency condition means that p, — p

is a scalar multiple of
Vi (@) = (d+ D (=a) d(-a)" ... 20, 1),

that is, we have for some A € F that (—a)%"'=% —a; = A(d + 1 —4)(—a)?*
forall i = 0,...,d. Set 8 = a+ A(d+1). Then (=)™~ —q; = (B —

a)(l— dil)(—a)d_i, and we have
w= (g (10 ) (o)t
_ i d—i i d—it1
=—(1- _ — (-
giving (3.7) as required. If « = 3, then A = 0 and p = px € vgy1. Thus, if

p & vgi1, then a # 5, and cox — a1y and Saz— 1y are linearly independent.

We still have to consider the case pg1 = 0. Then ; = 0 and we need to
find 55 such that

Cd+1
for all i = 0,...,d. Since pgi1 = 0, we have that v () is parallel to

p= (1 gpp ) of ot (3.5)

(po, e ,pd), that iS,
pi=ANd+1—i)(—a)?

for some A € F*. Set B2 = A(d + 1)/(—a1)?. Then
(—a1)?By a7
e I

—oq

1

= (1 — d+ 1> ag_i(—al)’ﬂg,
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again giving (3.8) as required. Note that since oy # 0 but 51 = 0, aer —aqy
and Pox — B1y are linearly independent. Note also that since A # 0, we have
B2 # 0 and p # [1,0,...,0], hence p & vgi1.

(ii): Let p = [po,...,pa+1] € Secc(vas1) \ Tanc(vg4+1), and suppose that p
lies on the secant line through the distinct points p1 := vg41]a1, as] and py :=
Va+1|B1, 2] Since p, p1, pa are distinct and collinear, there exist pq, uo € C*

such that p = pu1p1 + pep2. This means that for ¢ =0,...,d + 1, we have

pi = pa(—a) a4 o (= Br) By

Then

d+1
fp(w,y)—Zpi< . )xd“ y

=0
d+1
—m Y (1) 2
=0
a1 ' '
Fn 3 (T B
=0

= p1(aex — ony) ™ + pa(Box — Bry)tH!

= Li(w,y)™ = Lo(z, )™
where the linear forms Lj, Lo are linearly independent.

If p € RP4+1 \ Secr (¥4+1), then f, is real and p; and py are non-real points.

Taking conjugates, we have

P = V44100, o) + EVdH[E, @]

as vectors, and because of the uniqueness of secants of the rational nor-
mal curve through a given point, we obtain iy = pg and vgyq[aq, az] =

Vgs1[B1, B2], hence ag = 51 and @z = (5. It follows that Li(z,y) = La(Z, 7).

If p € Secr(v441), then p; and py are real, so [u1, pol, [a1, aol, [B1, B2] € RP!,
and we obtain f,(z,y) = L‘f“ + Lg“ for some linearly independent L1, Lo

over R, where the choice of sign depends on p. O

We are now in a position to describe the group laws on rational singular
curves. For a detailed account of the d = 3 case, including group laws on

non-irreducible rational space quartics, see [47].
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Proposition 3.18. A rational singular curve 6, in CP? has a natural group
structure on its subset of smooth points 6, such that d+1 points in o, lie on a
hyperplane if and only if they sum to the identity. This group is isomorphic
to (C,+) if the singularity of §, is a cusp and isomorphic to (C*,-) if the

stngularity is a node.

If the curve is real and cuspidal or acnodal, then it has a group isomorphic to
(R,+) or R/Z depending on whether the singularity is a cusp or an acnode,
such that d + 1 points in 4, lie on a hyperplane if and only if they sum to
the identity. If the curve is real and the singularity is a crunode, then the
group is isomorphic to (R, +) X Zg, but d+1 points in o, lie on a hyperplane
if and only if they sum to (0,0) or (0,1), depending on p.

Proof. First suppose 0y, is cuspidal and F € {R, C}, so that p € Tanp(vg+1) \
Vg+1. By Theorem 3.17, f, = L{Ly for some linearly independent lin-
ear forms L; and L. Reparametrising J, if necessary, we may assume
without loss of generality that Li(x,y) = = and Lo(z,y) = (d + 1)y, so
that f,(z,y) = (d + 1)a%y and p = [0,1,0,...,0], with the cusp of J, at
9p[0,1]. It follows that the polarisation of f, is F,(zo,%0,...,%d,Yd) =
P = xoxl-"de?:Oyi/xi. For [x;,yi] # [0,1], i« = 0,...,d, the points
dplxi, y;] are on a hyperplane if and only if Z?:O yi/x; = 0. Thus we identify
dplr,y] € 6, with y/x € F, and the group is (F, +).

Next suppose 6, is nodal, so that p € Secc(v4+1) \ Tanc(vg41). By Theo-
rem 3.17, f, = L‘f+1—Lg+1 for some linearly independent linear forms L; and
L,. Again by reparametrising d, if necessary, we may assume without loss of
generality that L;(z,y) = x and La(x,y) = y, so that f,(z,y) = 2471 —yd+1
and p = [1,0,...,0,—1], with the node of 6, at 6,[0,1] = 0,[1,0]. The
polarisation of f, is Fy,(zo,vy0,...,%d,¥a) = Po — Pay1 = Zox1---xq —
Yoy1 - --Yd. Therefore, 6p[z;, yi], i = 0,...,d, are on a hyperplane if and
only if H?:o yi/x; = 1. Thus we identify d,[z,y] € 0, with y/z € C*, and
the group is (C*,-).

Now suppose 6, is real and the node is an acnode. Then the linearly indepen-
dent linear forms L; and Lo given by Theorem 3.17 are Li(x,y) = ax + Sy
and Lo(x,y) = az + By for some a, 3 € C\ R. There exists ¢: RP! — RP!
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such that Loy = z+iy and Leop = x—1y, hence we may assume after such

a reparametrisation that f,(z,y) = (z + iy)¢T! — (x — iy)?*! and that the

node is at 9,7, 1] = 0p[—1, 1]. The polarisation of f, is F,,(xo, %0, - - -, Zd, Yd) =
H?zo(mj +iy;) — H?:o (xzj —iy;), and it follows that éy,[zo, yo), - - -, Op[Td, Yd]
are collinear if and only if H?:o z; J_rgj = 1. We now identify RP! with
the circle R/Z = {z € C : |z| = 1} using the Mobius transformation [z,y] —
T4y
T—1iy "

It remains to consider the crunodal case. Then, similar to the complex
nodal case, we obtain after a reparametrisation that d,[x;, v, i = 0,...,d
are on a hyperplane if and only if H;i:o yi/x; = £1, where the sign depends
on p. Thus we identify d,[z,y] € J, with y/z € R*, and the group is
(R*,-) =2 R x Zg, where £1 € R* corresponds to (0,0),(0,1) € R x Zy
respectively. O

3.3 Circular and spherical curves

In this section, we introduce the curves that appear in Theorems 1.11
and 1.12, our structure theorems for sets spanning few ordinary circles and
hyperspheres. These are special classes of curves that are closed under in-
version. We also define group laws on these curves so that d + 2 points are

contained in a hypersphere if and only if they sum to some constant.

Recall from Section 1.4 that the imaginary sphere at infinity Yo, in CP? is
defined as the intersection of the unit hypersphere S4-1 and the hyperplane
at infinity II,. As remarked, Y, is also the intersection of Il and the
Zariski closure of any hypersphere in C?. In fact, any real quadric containing
Yoo is either a hypersphere, or the degenerate case of the union of a real
hyperplane and Il,,. If d = 2, note that Y, is just a set of two points,
which we denote by
a=[0,i,1], g =10, —i,1],

and refer to them as the circular points.

Definition 3.19. An /(-spherical curve in R? is a real curve in CP¢ that

contains exactly £ pairs of complex conjugate points, counting multiplicity,
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on Y.

An (-spherical curve in R? is called an ¢-circular curve, and contains both

a and § with multiplicity 4.

We sometimes refer to 1-spherical or 1-circular curves as just spherical or
circular curves. By abuse of notation, we also refer to £-spherical or ¢-circular
curves for all £ > 1 as spherical or circular curves. A classical reference for
circular curves is Johnson [34], while a more modern one is Werner [65].
While our notion of spherical curves is a natural generalisation of circular
curves, we could not find it in the literature. Let us now make the definition

more explicit by considering some examples of circular curves.
In the simplest case, a circular conic is just a circle or the union of a line

and the line at infinity. Equivalently, it is a real curve in CPP? defined by a

homogeneous polynomial of the form
t(2® +y°) + Uz, y, 2)z,

where t € R, and ¢ € R[x, y, 2] is a non-trivial linear form. If ¢ # 0, then the
curve is a circle, while if ¢ = 0, the curve is the union of a line with the line

at infinity. Ellipses, parabolas, and hyperbolas are thus non-circular conics.

A circular cubic is a curve of degree 3 that contains « and (; equivalently, it

is any real curve in CP? defined by a homogeneous polynomial of the form
(uz +vy)(2® + y°) + (2,1, 2)z, (3.9)

where u,v € R, and ¢ € R[x,y, 2] is a non-trivial homogeneous quadratic
polynomial. Note that we do not require a circular cubic to be irreducible
or smooth. For instance, the union of a circle and a line is a circular cubic,

and so is the union of any conic with the line at infinity (take v = v =0 in
(3.9)).

A Vbicircular quartic is an algebraic curve of degree 4 that is 2-circular;
equivalently, it is any real curve in CP? defined by a homogeneous polynomial

of the form
t(x2 + y2)2 + (ux + vy)(x2 + y2)z + q(z,y, z)zQ, (3.10)
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where t,u,v € R, and ¢ € Rz, y, 2] is a non-trivial homogeneous quadratic
polynomial (see [65, Section 8.2] for a proof that a quartic is 2-circular if
and only if its equation has the form (3.10)). A noteworthy example of a
bicircular quartic is a union of two circles, for which it is easy to see that the

curve has double points at « and 3, since both circles contain those points.

Every circular cubic is contained in a bicircular quartic, since for ¢ = 0
in (3.10) we get a union of a circular cubic and the line at infinity. A non-
circular conic is also contained in a bicircular quartic, since fort =u =v =0
in (3.10) we get a union of a conic and z? = 0, which is a double line at

infinity.

In higher even dimensions, we have similar analogues of non-circular conics,
circular cubics, and bicircular quartics. If d = 2k, these are the (k — 1)-
spherical curves of degree d, k-spherical curves of degree d + 1 (which are
either elliptic or rational by Proposition 3.1), and (k + 1)-spherical curves
of degree d + 2. This prompts the following definition.

Definition 3.20. The spherical degree of an ¢-spherical curve of degree e
is e — £. We also refer to the spherical degree of curves in the plane as the

circular degree.
We thus have the following classification of curves of low circular degree.

e (lircular degree 1: lines and circles;

e Clircular degree 2: non-circular conics, circular cubics, and bicircular

quartics;

e (lircular degree 3: non-circular cubics, circular quartics, 2-circular

quintics, and 3-circular sextics.

Similarly, (k — 1)-spherical curves of degree d, k-spherical curves of degree
d+ 1, and (k + 1)-spherical curves of degree d + 2 all have spherical degree
2. This classification is important to us, because spherical (and circular)

degree is invariant under inversion, which we now show.
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Proposition 3.21. Let § C RP? be a real curve of spherical degree k. Then
§ = m1(8\ Boo) is a real curve of degree 2k contained in ST C CP that

intersects Iy in finitely many points.

Proof. Let § be f-spherical of degree e, where k = e—{. Then the intersection
of the cone over § C CP% ¢ CP4*! with vertex N and S is exactly the union
of the curve ¢ and the lines Nz for each = € 6 N X4. By Bézout’s theorem
(Theorem 2.10), the intersection has total degree 2e, hence deg(d’) = 2e —
20 = 2k. Since ¢ intersects Yo, in only finitely many points and 7! takes
real points to real points, it follows that ¢’ is real. Also, since ¢’ consists of
all irreducible components of 7~1(§) not contained in Iy, & intersects Iy

in finitely many points. O

Recall from Definition 2.22 that p is the orthogonal reflection map in the
hyperplane {z441 = 0}.

Proposition 3.22. Let & be a real curve of degree 2k contained in St ¢
CPHL. If §' intersects Iy in finitely many points, then § := o p(¢8') is a
(k —m)-spherical curve of degree 2k —m, where m > 0 is the multiplicity of

p Y(N) on &'. In particular, the spherical degree of & is k.

Proof. Since 7 is one-to-one on S¢\ Iy, we have deg(d) = 2k — m. Let II
be a generic hyperplane in CP4*!. Then |§' N TI| = 2k. Since &' intersects
Iy in finitely many points, without loss of generality, 6’ N1I is disjoint from
IIn. Then the hypersphere w(Hﬂ@) intersects § in 2k distinct points in C.
However, |6 N7 (ILNS9)| = 2(2k —m) by Bézout’s theorem (Theorem 2.10).
So |0 N Y| = 2(2k — m) — 2k = 2(k — m), and these points must come in
complex conjugate pairs as ¢ is real. This means that ¢ is (k —m)-spherical,

hence its spherical degree is (2k —m) — (kK —m) = k as claimed. O

We obtain the following corollaries almost immediately. They summarise
and extend the discussion above on circular and spherical curves and inver-

sion.

Corollary 3.23. Let v be a real curve of circular degree k. Then:
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(i) The inverse of 1 in a point on 1 is a line; the inverse of v1 in a point

not on 1 is a circle.

(ii) The inverse of 2 in a singular point on vy is a non-circular conic; the
inverse of y2 in a smooth point on s is a circular cubic; the inverse

of v2 in a point not on 7y is a bicircular quartic.

(iit) The inverse of v3 in a singularity of multiplicity 3 is a non-circular
cubic; the inverse of v3 in a singularity of multiplicity 2 is a circu-
lar quartic; the inverse of 3 in a smooth point on v3 is a 2-circular

quintic; the inverse of v3 in a point not on 73 is a 3-circular sextic.
Proof. Combine Propositions 3.21 and 3.22. O

One particular subcase of Case (i) will play an important role in the proofs
of our results on ordinary and 4-rich circles, and we state it separately in
Corollary 3.24. A proof can also be found in [31, p. 202]. As discussed in
Section 3.2, a singular rational curve of degree d+ 1 in RP? has exactly one
singularity, and is in fact isomorphic to a planar singular cubic. When the
curve is real, the singularity is an acnode, crunode, or cusp depending on
whether the singularity of the real planar cubic is an acnode, crunode, or

cusp.

Corollary 3.24. The inverse of an ellipse in a point on the ellipse is a
circular acnodal cubic with the centre of inversion as its singularity; the
inverse of a circular acnodal cubic in its singularity is an ellipse through the

stngularity.

Proof. By Propositions 3.21 and 3.22, we only have to show that an ellipse
inverts into a curve with an acnode as its singularity. If the singularity is
not an acnode, then it is a crunode or a cusp, and in either case, there are
real points on the curve arbitrarily close to the singularity. Then the inverse

of this curve will be unbounded, contrary to assumption. O

The following corollaries are the higher dimensional analogues of Corollar-
ies 3.23 and 3.24 above.
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Corollary 3.25. Let ¢ be a real curve of spherical degree k + 1. Then the
inverse of ¢ in a singular point of multiplicity 2 on § is a (k — 1)-spherical
curve of degree 2k; the inverse of § in a smooth point on § is a k-spherical
curve of degree 2k + 1; and the inverse of 6 in a point not on ¢ is a (k+1)-
spherical curve of degree 2k + 2.

Proof. Combine Propositions 3.21 and 3.22. O

Note that by Lemma 3.5, all real rational normal curves in R¢ are unbounded
when d is odd. On the other hand, when d is even, there exist bounded real

rational normal curves. In the plane they are exactly the ellipses.

Corollary 3.26. Let d = 2k. The inverse of a bounded (k — 1)-spherical
rational normal curve in R% in a point on the curve is a non-degenerate k-
spherical rational curve of degree d+ 1, with an acnode in the point of inver-
sion and no other singularities; the inverse of a non-degenerate k-spherical
rational curve of degree d 4+ 1 in R?, with an acnode and no other singular-

ities, in its acnode is a bounded (k — 1)-spherical rational normal curve.

Proof. By Propositions 3.21 and 3.22, we only have to show that a bounded
rational normal curve inverts into a curve with an acnode as its singularity.
If the singularity is not an acnode, then it is a crunode or a cusp, and
in either case, there are real points on the curve arbitrarily close to the
singularity. Then the inverse of this curve will be unbounded, contrary to

assumption. O

The extremal configurations in the circular variants of our structure theo-
rems are all based on group laws on certain circular and spherical curves
that describe when points lie on a hypersphere. We first consider the fol-
lowing general case, where the group laws are inherited from the curves
considered in Sections 3.1 and 3.2 via stereographic projection. Note that a

real k-spherical elliptic normal curve has a unique real point at infinity.

Proposition 3.27. Let d = 2k. A bounded (k—1)-spherical rational normal
curve or k-spherical elliptic normal curve in RP? has a group structure such

that d+2 points (not including the real point at infinity on an elliptic normal
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curve) lie on a hypersphere if and only if they sum to the identity. In the
prior case, this group is isomorphic to R/Z; in the latter case, this group
is isomorphic to R/Z or R/Z x Zo depending on whether it has one or two

semi-algebraically connected components.

Proof. Let 6 C RP? c CP? be a curve of spherical degree k + 1. Then by
Proposition 3.21, ¢’ := WT@ is a curve in CP4*+! of degree 2(k+1) = d+2.
If § is a (k — 1)-spherical bounded rational normal curve, then by Corol-
lary 3.26, ¢ is a rational acnodal curve in CP4t!. If § is a k-spherical
elliptic normal curve, then ¢’ is an elliptic normal curve in CP4*!. In both
cases, 6' N RP? has a group structure such that d + 2 real points on & lie
on a hyperplane if and only if they sum to the identity, and this group is
isomorphic to R/Z when ¢’ is acnodal, and isomorphic to R/Z or R/Z x Zs if
4’ is elliptic, depending on whether it has one or two semi-algebraically con-
nected components (Propositions 3.18 and 3.7). Since a generic hyperplane
intersects S¢ in a (d — 1)-sphere and stereographic projection takes hyper-
spheres (not containing the north pole) to hyperspheres in RP?, 7 transfers
the group to § in such a way that d 4+ 2 points on d lie on a hypersphere if
and only if they sum to the identity. O

Let us note that (k + 1)-spherical curves of degree d+ 2 that are inverses of
the curves in Proposition 3.27 can also be given a group structure. However,
in our proofs we will handle them by inverting in a point on the curve, which
by Corollary 3.25 (and Corollary 3.23) transforms the curve into a bounded
(k—1)-spherical rational normal curve or a k-spherical elliptic normal curve.
For that reason, we do not need to study the group law on (k + 1)-spherical

curves of degree d + 2 separately.

In the planar case, we can define group laws on irreducible circular cubics
and ellipses in a more explicit and geometric way. By Proposition 3.3, the
groups obtained in Propositions 3.29 and 3.30 below are isomorphic to those

in Proposition 3.27.

Recall that by Propositions 3.7 and 3.18, irreducible cubics have a natural
group structure where three points on the curve are collinear if and only if

they sum to the identity. For this property to hold, the identity element
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Figure 3.1: Group law on a circular elliptic cubic curve

must be an inflection point (a point with multiplicity 3 on the curve). We
now define the group in a slightly different way (described for instance in
[59, Section 1.2]), in which the identity is not necessarily an inflection point,
and the same collinearity property does not hold. However, for circular
cubics, we show that we can choose the identity element so that we get a

similar property for concyclicity.

First let v be any real irreducible cubic in CP?, write v* for its set of smooth
points, and pick an arbitrary point o € v*. We describe an additive group
operation H on the set v* for which o is the identity element. The con-
struction is depicted in Figure 3.1. Given a,b € ~*, let a x b be the third
intersection point of v and the line ab, and define a B b to be (a * b) x o, the
third intersection point of v and the line through a * b and 0. When a = b,
the line ab should be interpreted as the tangent line at a; when axb = o, the
line through a % b and o should be interpreted as the tangent line to v at o.
We refer to [59] for a more careful definition and a proof that this operation

really does give a group.

Now consider a circular cubic 7. Since the circular points « and § lying
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on it are conjugate, v has a unique real point on the line at infinity, which
we choose as our identity element 0. We define the point w to be the third
intersection point of the tangent line to 7 at o (if there is no third intersection
point, then o is an inflection point, and we consider o itself to be the third
point). Throughout this thesis we will use w to denote this special point on
a circular cubic; note that w is not fixed like @ and 3, but depends on ~.
Also note that w is real, since it corresponds to the third root of a real cubic
polynomial whose other two roots correspond to the real point 0. Observe
that
w=algs,

since a * § = o, and by definition o * 0 = w.

With this group law, we no longer have the property that three points are
collinear if and only if they sum to o (unless o happens to be an inflection
point). Nevertheless, one can check that three points a, b, ¢ € v* are collinear
if and only if a ®b&® ¢ = w. More important for us, four points of v* lie on a
circle (or the union of a line and the line at infinity) if and only if they sum
to w. This amounts to a classical fact (see [10, Article 225] for an equivalent
statement), but we include a proof for completeness. We use the following

version of the Cayley-Bacharach theorem, due to Chasles (see [19]).

Theorem 3.28 (Chasles [19]). Suppose two cubic curves in CP? with no
common component intersect in nine points, counting multiplicities. If v is
another cubic curve containing eight of these intersection points, counting

multiplicities, then v also contains the ninth.

Proposition 3.29. Let v* be the set of smooth points of an real irreducible
circular cubic v C CP2. There is a group structure on v* such that a circle
(or the union of a line and the line at infinity) intersects v* in four points

a,b,c,d (taking into account multiplicity) if and only if c BOBH cHd = w.

Proof. We first show the forward direction. All statements in the proof
should be considered with multiplicity.

Suppose the union of a line ¢ and the line at infinity /., intersects ~ in

a,b,c,d,a, 5. Since £ intersects v in at most three points, one of the points
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asymptote ,'

Figure 3.2: Concyclicity of four smooth points on a circular cubic

a,b,c,d must equal o, say d = 0. Since f, also intersects v in at most
three points, we must have a,b,c € £. Thus a, b, ¢ are collinear, and we have
aBHbH c = w, by the definition of the group law. It then follows from d = o
that cHbH cHd = w.

Suppose next that a circle o intersects v in a, b, ¢, d, a, 3. The construction
that follows is depicted in Figure 3.2. Let ¢1 be the line through o and a * b
(and thus through a Hb), f5 the line through a and b (and thus through
a*b), and £3 the line through ¢ and a B b. Note that o and ¢, intersect in
«a and B. Then 1 = 0 U ¥; and 9 = £ U l3 U o are two cubic curves that
intersect in nine points, of which the eight points a, b, ¢, a x b, a ® b, 0, «,
and ( certainly lie on ; the remaining point is the third intersection point
of 1 and /3 beside ¢ and a H b, which we denote by d’. By Theorem 3.28,
v contains d’. By the group law on v, we have d' = (a Hb) * ¢. Moreover,
d’ must be the sixth intersection point of v and o beside a, b, ¢, a, 3, which
is d, sod =d = (aBb)*c. By the definition of the group law, this
implies a BbHBc=o0xd, so (aBbHc)*xd = (0xd) *xd = o, and finally
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cBbHcHd=0%0=w.

For the converse, suppose that aEHbHcHd = w, and let d’ be the fourth point
where the circle (or the union of a line and the line at infinity) o through
a,b, c intersects v. Then, by what we have just shown, c BbH cHd = w,
and it follows that d = d’, and a, b, c,d lie on o. O

This proposition is a consequence of the more general fact that six points on
a circular cubic lie on a conic if and only if they sum to 2w. (In the standard
group structure on a cubic, where the identity o is chosen as an inflection
point, they would sum to o; see [64, Theorem 9.2].) Since a circle (or the
union of a line and the line at infinity) in RP? is a conic containing o and
B, and a B 8 = w, it follows that four points a,b, ¢, d (possibly including o)
lie on a circle (or the union of a line and the line at infinity) if and only if

they sum to w.

Also, as remarked above, we have (v*,H,0) = (v*,@®,0), where the latter

group is as defined in Proposition 3.27.

We now discuss a group law on ellipses, although we do not actually need
it in our proofs, as inversion lets us transform an ellipse into an acnodal
cubic (Corollary 3.24), which we have already given a group structure. Nev-
ertheless, we treat the group law on ellipses here because it is especially

elementary.

Consider the ellipse o given by the equation x? + (y/s)? = 1, with s # 0, 1.
For any point a € o, we project a vertically to the point a’ on the unit
circle around the origin, as in Figure 3.3, and call the angle 0, from the
positive z-axis to the ray from the origin through a’ the eccentric angle of
a. We define the sum of two points a,b € o to be the point ¢ = a Hb whose
eccentric angle is 6. = 6, + 6,. This gives o a group structure isomorphic
to R/Z. The identity element is o = (1,0), and the inverse of a point is its
reflection in the z-axis. We have the following classical fact that describes
when four points on an ellipse are concyclic (see [33] for the oldest reference
we could find, and [11, Problem 17.2] for two detailed proofs).

Proposition 3.30. Let o be an ellipse. There is a group structure on o such

that four points a,b,c,d € o are concyclic if and only if c BbH cHd = o,
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Figure 3.3: Eccentric angle of a point on an ellipse

where Opmq = 0p + 04 for p,q € 0. We may allow two of the points to be
equal, in which case the circle through the three distinct points is tangent to

the ellipse at the repeated point.

Another way to look at this group law is that we are parametrising the
ellipse using lines through o = (1,0) (see for instance [59, Section 1.1]).
More precisely, each point a € o corresponds to the line oa’ (where a’ is
as in Figure 3.3); oa’ makes an angle m — 6,/2 with the x-axis, and the set
of lines through o thus has a group structure equivalent to the one above.
This view lets us relate the group on the ellipse to the group on the acnodal
cubic. By Corollary 3.24, inverting in o maps the ellipse to a circular acnodal
cubic v, with o becoming the acnode of the cubic. The lines through o now
parametrise the cubic, and this parametrisation gives the same group on « as

the line construction that we gave in Proposition 3.29 (see [59, Section 3.7]).

Finally, we define a group on the union of two concentric circles, which can
be regarded as a non-irreducible curve of circular degree 2, like irreducible
circular cubics and ellipses. Note that the ‘aligned’ and ‘offset” double poly-
gons mentioned in Theorem 1.11, our structure theorem for sets spanning few

ordinary circles, are contained in two concentric circles (see Definition 4.4).

Proposition 3.31. Let o1 and oo be two concentric circles. There is a
group structure on o1 U o2 such that points a,b € o1 and c,d € o2 lie on a

circle or a line if and only if a®@b®cdd=o0. Ifa =10 or c =d, then the
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circle or line is tangent at that point.

Proof. For notational convenience, we identify R? with C. Without loss of

generality, we can assume the circles to be
_ 2mit _ 2mit .
o1 ={e™:t€[0,1)}, og ={re™ :t€0,1)},

with 7 > 1, and we represent each element p € o1 U oy as rére?™ with
€ € Zy (with the obvious convention 7° = 1 and r! = 7). We define a group

operation on o1 U o9 by

rep g2mitp ® rfap2mity — r(€p+€q) mod 2627ri((71)61)tp+(71)5qtq)

)

which turns o7 U 09 into a group isomorphic to R/Z x Zsy, with identity

element 0 = 1 = 0270,

It is clear that if a,b € 1 and ¢,d € 09, then ¢, + ¢, +e.+e4 =0 (mod 2),
so we need only consider the angles. By symmetry, a, b, ¢, d lie on a circle or

a line if and only if t, +t, =t. + t4, if and only if a Db D c B d = o. O

By stereographic projection, we also get a group law on the intersection
of a sphere and two distinct parallel planes, which contain the prisms and
antiprisms (see Definition 4.3) mentioned in Theorem 1.9, our structure

theorem for sets spanning few ordinary planes.

Corollary 3.32. Let o1 and oy be two circles given by the intersection of
a sphere and two distinct parallel planes in RP3. There is a group structure
on o1 Uog such that points a,b € o1 and ¢,d € gg lie on a plane if and only

ifa®b®c®d=o0. Ifa =0 or c=d, then the plane is tangent at that point.

Proof. Without loss of generality, we can assume o7 = {z3 = 0} N'S? and

o9 = {x3 = 7’:2:&} N'S2 for some 7 > 1. Then projecting (stereographically)

from the north pole onto the plane defined by x3 = 0 (the affine part of
which we identify with C), we get

m(oy) = {2t € [0,1)}, w(oo) = {re*™ :t € [0,1)}.

The result then follows from Proposition 3.31, since circles (and lines) are in

one-to-one correspondence with planes under stereographic projection. [J
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Constructions

In this chapter, we describe constructions that meet, or are close to meeting,
the lower and upper bounds mentioned in our extremal theorems stated in
Section 1.2.2. These include the trivial construction of all but one point
being contained in a hyperplane, prisms and antiprisms, ‘aligned’ and ‘offset’

double polygons, and cosets of the curves described in Chapter 3.

4.1 Trivial constructions

We deal with the easy case where all but a bounded number of points of
a set is contained in a hyperplane in this section. The following lemma
shows that the number of ordinary hyperplanes spanned is minimised when
all but one point is contained in the hyperplane, which we call the trivial

construction.

Lemma 4.1. Letd > 2, K > 1, and let n > 3dK. Let P be a set of n
points in RPY where every d points span a hyperplane. If all but K points
of P lie on a hyperplane, then P spans at least (Zj) ordinary hyperplanes,
with equality if and only if K = 1.

Proof. Let II be a hyperplane with |[P NII| = n — K. Since n — K > d,
any ordinary hyperplane spanned by P must contain at least one point not

in II. Let m; be the number of hyperplanes containing exactly d — 1 points
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of PN1II and exactly i points of P\ II, ¢ = 1,..., K. Then the number of

unordered d-tuples of elements from P with exactly d — 1 elements in II is

- K
K(Z 1) =mi+2mo+3msz+---+ Kmg.

Now consider the number of unordered d-tuples of elements from P with
exactly d — 2 elements in II, which equals (12( ) (7:[_[2{ ) Since any d points of
P span a hyperplane, any such d-tuple determines a hyperplane containing
at least two points of P\ II together with a choice of two of these points of
P\ II. (It is possible for different d-tuples with two elements in P \ II to

have the same intersection with II.) Therefore,

K\ (n=K\ _ (2) 8\ 4\

2 )\d—2) 7 \g)"2 T )3T o)
1
25(2m2+3m3+4m4+---).

Hence the number of ordinary hyperplanes is at least

ms k(7 5) 2 (5)(008)

We next show that for all K > 2, if n > 3dK then

w(y_y) —xoe-n(y)
> (K—1)<”_dl_(1+1> — (K - 1)(K—2)(";[_{;1>.

But this is equivalent to

<";__I1(> —3(K — 1)(2:2() + (K = 1)(K —2) (Z:?) >0,

so it is therefore sufficient to show that (’2:[1( ) > 3(K — 1)(7;}2{ ), which is

equivalent to n > 3dK — 2d — 2K + 1. However, we assumed that n > 3dK,
o (4.1) follows, and with it, the lemma. O

(4.1)

Since ordinary hyperspheres spanned by a set P C R? are in one-to-one cor-
respondence with ordinary hyperplanes spanned by 7—'(P) ¢ R*! where
7 is the stereographic projection map, Lemma 4.1 tells us the trivial con-

struction also minimises the number of ordinary hyperspheres in Case (1)

74



Chapter 4. Constructions

of Theorems 1.11 and 1.12, our structure theorems for sets spanning few
ordinary circles and hyperspheres. We note the following special case in the

plane for strict ordinary circles (where we do not count 3-rich lines).

Lemma 4.2. Let K > 1 and n > 2K + 4. If all but K points of a set
P C R? of n points lie on a line, then P spans at least (";1) strict ordinary

circles.

Proof. Let ¢ be a line such that |[PN¥¢| =n — K. For any p € PN { and
q € P\ ¢ there are at most K — 1 non-ordinary circles through p, ¢, another
point on P N ¢, and another point in P \ . Therefore, there are at least
K(n—2K) strict ordinary circles through p. This holds for any of the n — K
points p € PN ¢, and we obtain at least £ K (n—2K)(n — K) strict ordinary
circles. It is easy to see that when 1 < K < (n—4)/2, $K(n—2K)(n— K)

is minimised when K = 1. O

4.2 Constructions on non-irreducible curves

In this section, we consider configurations that differ in at most one point
from a prism or an antiprism, or an ‘aligned’ or ‘offset’ double polygon,
as mentioned in Theorems 1.9 and 1.11, our structure theorems for sets
spanning few ordinary planes and circles, respectively. Note that these con-
structions exist only in 3- and 2-space, as there are no constructions on
non-irreducible curves in higher dimensions. In Definitions 4.3 and 4.4 be-

low, [m] denotes the set of integers {1,...,m}.

Definition 4.3. By a prism, we mean a subset of R? of the form

{<cos <2k7r> ,sin (ka> ,O) ke [m]}

m m

U 2r 2km 2r . (2km\ r?—1 ke m
2+1 S\ m )1 U o) s

for some r > 1, which is projectively equivalent to the vertex set of a prism

over a regular m-gon.

75



Chapter 4. Constructions

Figure 4.1: ‘Aligned’ Figure 4.2: ‘Offset’

double hexagon double hexagon

By an antiprism, we mean a subset of R? of the form

(oo (25 0 (2) ) o)
U{<r22—:1 s (<2k;1)ﬂ>’r22i1 o <(2/~c:};1)7r>,:z;1> ke [m]},

for some r > 1, which is projectively equivalent to the vertex set of an

antiprism over a regular m-gon.

Definition 4.4. Identifying R? with C, an ‘aligned’ double polygon is the

set
{ezmk/m ke [m]} U {re%ik/m S [m]},

for some r > 1, which is the vertex set of regular m-gons that are ‘aligned’
in the sense that their points lie at the same set of angles from the common

centre (see Figure 4.1).

An ‘offset’ double polygon is the set
{eka/m ke [m]} U {re_m(%_l)/m ke [m]},

for some r > 1, which is obtained from an ‘aligned’ double polygon by

rotating the outer set of vertices by a angle of mk/m (see Figure 4.2).

Note that projecting the prism and antiprism stereographically gives us the

‘aligned’ and ‘offset” double polygon respectively. Since ordinary and 4-rich
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planes spanned by a set S C S? C R3 are in one-to-one correspondence with
ordinary and 4-rich circles spanned by 7(S) C R2, we only need to consider
one setting in the following constructions. We choose to focus on double
polygons for easier geometric intuition, and also because there is the extra

case of strict ordinary circles.

Construction 4.5 (Prisms and ‘aligned’ double polygons). This construc-
tion achieves the minimum number of ordinary planes, ordinary circles, and
strict ordinary circles as stated in Theorems 1.13, 1.18, and 1.19 respectively,

if n is even.

Let n > 6 be even and set m = n/2. We identify R? with C. Let o be the
circle with centre the origin and radius one, and oy the circle with centre
the origin and radius » > 1. Let S be an ‘aligned’ double polygon, let
S1 =SSN0, and So = S Noy. By Proposition 3.31, the points a,b € o7,
¢, d € o9 are concyclic or collinear if and only if a®b®cPhd = o. In particular,
if @ = b, then the circle or line through the three points is tangent to oy.
It follows that if n > 8, the ordinary circles of S are exactly those through
e2miki/m - pe=2mika/m gnd pe—2miks/m o through re=2miki/m - o2mika/m - gn(

e?miks/m where 2k + ky 4+ k3 = 0 (mod m) with ko # k3 (mod m).

For generic r > 1, we then obtain that the number of ordinary circles equals
[{(k1, ko, ks) € Z3, : 2k1 + ko + ks =0 (mod m), ko, ks distinct }|

(although ko and k3 are not ordered, we either have two points on o7 or two

points on o9). This equals m(m —2) if m is even and m(m — 1) if m is odd.

2

That is, for generic r, we obtain %n — n ordinary circles if n = 0 (mod 4)

1,2 1

and gn° — gn ordinary circles if n =2 (mod 4).

If we choose r = (cos(2mk/m))~! (there are [m /4] —1 choices for ), then the
tangent lines at points of S7 pass through two points of Ss, so are ordinary
circles. Thus, for these choices of r we lose m strict ordinary circles, and
obtain %nz - %n strict ordinary circles if n =0 (mod 4) and ing — n strict

ordinary circles if n =2 (mod 4).
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Similarly, the number of 4-rich circles spanned by S equals

1
1\{(1617792,%3,/64) Y/

ki +ko+ks+ks=0 (modm), ki # ke and ks # kyq},

which is $m® — O(m?) = £n3 — O(n?).
By stereographic projection (or Corollary 3.32), the number of ordinary and

4-rich planes spanned by a prism is equal to the number of ordinary and

4-rich circles spanned by S.

Construction 4.6 (Antiprism and ‘offset’ double polygons). This construc-
tion achieves the minimum number of ordinary planes, ordinary circles, and
strict ordinary circles as stated in Theorems 1.13, 1.18, and 1.19 respectively,
if n=2 (mod 4).

Let S be an ‘offset’ double polygon. As in Construction 4.5, if n > 8§,

the ordinary circles of S are exactly those through e27k1/m pe=in(2k2=1)/m_

re~im(Zks=D/m op through re=i"(2h—1/m = e2nika/m = c2miks/m where 2k; +

ko + k3 =1 (mod m) with ky # ks (mod m).

For generic » > 1, we now have to count the number of ordered triples in

the set
{(k1, ko, ks) € Z2, : 2k + ko + k3 =1 (mod m), ko, ks distinct} .

This equals m? if m is even and m(m — 1) if m is odd. That is, for generic
r, we obtain inz ordinary circles if n = 0 (mod 4), worse than Construc-
tion 4.5, and tn? — In ordinary circles if n = 2 (mod 4), the same number
as in Construction 4.5.

Again, if we choose r = (cos(2wk/m))~! (there are |m/4] choices for ), we
lose m ordinary circles. Thus, we obtain %nz — n strict ordinary circles if

n =2 (mod 4), the same number as in Construction 4.5.
As in Construction 4.5, we get 35n — O(n?) 4-rich circles.

Also as in Construction 4.5, by stereographic projection (or Corollary 3.32),
the number of ordinary and 4-rich planes spanned by an antiprism is equal

to the number of ordinary and 4-rich circles spanned by S.
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Construction 4.7 (Punctured prisms, antiprisms, and double polygons).
This construction achieves the minimum number of ordinary planes and

circles as stated in Theorems 1.13 and 1.18 respectively, if n is odd.

Let n =2m —1 > 11 be odd. Take Construction 4.5 with n+1 = 2m points

and remove an arbitrary point p € 5.

First assume that m is odd. Before we remove p, there are m(m—1) ordinary
circles. Of these, there are (m — 1)/2 tangent at p. There are also m — 1
ordinary circles through p tangent at some point of S,. Thus, by removing
p, we destroy 3(m — 1)/2 ordinary circles and create (%) — (m — 1)/2 new

ones. Therefore, S\ {p} spans

m(m—l)—i(m—l)—l—(?)—;(m—l):;mQ—;m—i-Q

ordinary circles. That is, there are %nQ -n+ g ordinary circles if n = 1

(mod 4).

Next assume that m is even. Before we remove p, there are m(m — 2)
ordinary circles, of which there are (m —2)/2 through two different points of
So tangent at p, and there are also m — 2 ordinary circles through p tangent
at a point of Ss. As before, we obtain
3 m 1 3 9
—2)——~(m -2 ——(m—=2)=-m?—Zm+4
m(m — 2) 2(m )+(2> 2(m ) 51— 5mt

ordinary circles. Thus, we obtain %n2 — %n + %7 ordinary circles if n = 3

(mod 4).

Instead of starting with Construction 4.5, we can take the ‘offset’ Construc-
tion 4.6 and remove a point. As in Construction 4.6, if n = 1 (mod 4)
we obtain the same number of ordinary circles, while if n = 3 (mod 4) we

obtain more.

Since there are no 5-rich circles in Constructions 4.5 and 4.6 when m > 6,
removing a point does not add any 4-rich circle, but destroys O(n?) of them.
We thus get %n:)’ — O(n?) 4-rich circles, which is asymptotically the same

as in Constructions 4.5 and 4.6.

As in Constructions 4.5 and 4.6, by stereographic projection, the number of

ordinary and 4-rich planes spanned by a prism or an antiprism with a point

79



Chapter 4. Constructions

removed is equal to the number of ordinary and 4-rich circles spanned by

an ‘aligned’ or ‘offset’ double polygon with a point removed respectively.

Construction 4.8 (Inverted double polygons). This construction achieves
the minimum number of strict ordinary circles as stated in Theorem 1.19, if

n 1s odd.

Invert Construction 4.7 in the removed point p. The resulting point set has
m points on a circle and m—1 points on a line disjoint from the circle. Every
strict ordinary circle after the inversion corresponds to an ordinary circle
not passing through p before the inversion. If m is odd, there are (m —1)/2
ordinary circles tangent at p and a further m — 1 ordinary circles through p
tangent to o2, so we obtain m(m—1)—3(m—1)/2 = $(m—1)(2m— 3) strict
ordinary circles. For even m we similarly obtain m(m — 2) —3(m — 2)/2 =

3(m —2)(2m — 3) strict ordinary circles. That is, we have 3(n—1)(n—2) =

in?—3n+1 strict ordinary circles whenn = 1 (mod 4) and % (n—3)(n—2) =
1,2 5

an° —an+ % strict ordinary circles when n = 3 (mod 4).

If we remove another point from this inverted construction, we obtain a set

of n points spanning %nQ — O(n) ordinary circles, where n is even.

4.3 Constructions on irreducible curves

We consider the number of ordinary hyperplanes spanned by a coset of a
subgroup of the smooth points 6* of an elliptic normal curve or a rational
acnodal curve in this section. By Propositions 3.7 and 3.18, we can consider
0* as a group isomorphic to either R/Z or R/Z x Zs. Let H @ x be a coset
of a subgroup H of 6* of order n where (d + 1)z = ©¢c € H. Since H is a
subgroup of order n of R/Z or R/Z x Zg, we have that either H = Z,, or
H 2= 74,9 X Zz when n =0 (mod 4).

Note that it follows from the group property that any d points on * span a
hyperplane. Also, since any hyperplane intersects 6* in d+1 points, counting
multiplicity, it follows that an ordinary hyperplane of H & x intersects &*
in d points, of which exactly one of them has multiplicity 2, and the others

multiplicity 1. Denote the number of k-tuples (a1, ...,ar) with distinct
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a; € H that satisfy mia; @ --- ® mpar = ¢ by [mq,...,mg;c]. Then the
number of ordinary hyperplanes spanned by H & x is

1

m[z, 1,...,1:d. (4.2)

d — 1 times
We show that we can always find a value of ¢ for which (4.2) is at most
n—1
(1)
Lemma 4.9. Let 0* be an elliptic normal curve or the smooth points of a

rational acnodal curve in RPY, d > 2. There exists a coset H ® = of a finite

subgroup H of 6* of order n, with (d + 1)z € H, spanning at most (Z:%)

ordinary hyperplanes. Furthermore, if d + 1 and n are coprime, then any

such coset spans exactly (Zj) ordinary hyperplanes.

Proof. 1t suffices to show that there exists ¢ € H such that the number of
solutions (a1, ...,aq) € H? of the equation 2a; ® as @ --- ® ag = ¢, where
c=06(d+ 1)z, is at most (d — 1)!(3:%).

Fix a1 and consider the substitution b; = a; — aq for ¢ = 2,...,d. Note
that 2a1 @ --- @ ag = ¢ for a; distinct (and not equal to a;) if and only if
bo® - Dby =cO (d+ 1)a; for b; distinct and non-zero. Let

Acj=A{(j,a2,...,a4) : 2] ®as®---Dag=c,az,...,aq € H\ {j} distinct},
and let
Bk:{(bg,...,bd):bg@-"@bd:k,bg,...,bdeH\{O} diStinCt}.

Then |A.j| = |Bes(d+1);], and the number of ordinary hyperplanes spanned

by H @z is
1
m Z |[Aejl-
JjEH
If d+ 1 and n are coprime, then ¢ © (d + 1)j runs through all elements of
H as j varies. So we have ), |B.gy1);/ = (n—1)--(n—d+1), hence for

1 n—1
" jed

all ¢,
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If d 4+ 1 and n are not coprime, then ¢ © (d + 1)j runs through a coset of a
subgroup of H of size n/ged(d + 1,n) as j varies. We now have
> |Beqarn;l =ged(d+1,n) > [Byl.
jEH keco(d+1)H
Summing over c¢ gives
DD Al=gedld+Ln) Y > B
ceH jeH c€H keco(d+1)H

:gcd(dJrl,n)m(n—1)---(n—d+1)

=nn—1)---(n—d+1).

By the pigeonhole principle, there must then exist a ¢ such that

1 n—1
(d—l)'Z‘AC’j‘<<d—1>' -
" jeH

d—1ti
mes ‘
We next want to show that [2, 1,...,1;¢| is always very close to (d —

1)! (gj), independent of ¢ or the group H. Before that, we prove two simple

properties of [my,...,mg;c|.

Lemma 4.10. [mq,...,my;c] < 2my(k— D!1(,",)-

Proof. Consider a solution (ay,...,ax) of mia; & --- ® mpar = ¢ where all
the a; are distinct. We can choose ai,...,ar_1 arbitrarily in (k — 1)!(kﬁ1)

ways, and then a; satisfies the equation mpar = c&mia1 -+ - O mr_1ax_1,

which has at most 2m; solutions. ]
Lemma 4.11. We have the recurrence relation
n
[mi,...,mg_1,1;¢c] = (k — 1)!<k‘ B 1> —[m1+1,ma,...,mg_1;c|

- [mlva + ]-7m37 ce. ,mk_l;C]

—[ma,...,mp_o,mp_1 + 1;¢].

Proof. We can arbitrarily choose distinct values from H for ai,...,ar_1,
which determines ay, and then we have to subtract the number of k-tuples

where a;, is equal to one of the other a;, i =1,...,k — 1. ]
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Lemma 4.12.

where

o) (2—d/2(( )+ (s /2)) if d is odd,

e(d,n) =
O (@22(y3 ) + (y3y))  if d is even

Proof. Let the length of [mq,...,mg;c| be k, and note that at each stage

of the recurrence in Lemma 4.11 (when it applies), there are (d — 1)(d —

2)---(d — k) terms of length d — k. Applying Lemma 4.11 once, we obtain

2, 1,15 == ") =3 1,015 —(d—2)[2,2, 1,...,1:d].
d—1 ~——

—— ~—

d — 1 times d — 2 times d — 3 times

If d is odd, we can continue this recurrence until we reach

2 et =@ (1) = (o) + % (1)

d — 1 times

FooF(d—2)(d—4)--3-1[2,...,2;(]

% times

—a=0 (") - (") = ()

T F(d—2)(d—4)---3-1[1,...,1;(]
N——
=n

Fd-2)(d—4)---3-1]1[2,...,2;¢] —[1,...,1;(]

% times % times

We now bound the terms A := -+ (d —2)(d—4)---3-1[1,...,1;¢] and
B:=(d-2)(d—4)---3-1(]2,...,2;¢] = [1,...,1;¢]) in the above equation.

Note that we can apply Lemma 4.11 to each term in A, after which we
obtain (d—1)(d—2)---(d— (d+1)/2) terms of length (d —1)/2. Using the
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bound in Lemma 4.10, we then have

A=(d- 1)!<(d —nl)/2>
_o((d_1)(d—2>---(d—<d+1>/2) (Cl;?)>!<<d—n3>/2>>
= (-1 <<<d —nn/z) I <<<d —n3>/2>>> |
For B, we use the bound in Lemma 4.10 again to get
( <d2 1) <(d n1>/2>>
O( 3:1-27F (d = 1)(d—3) - <<d n1>/2>>
O(d 2= (d 1/2))

Thus we hav

2, L. Lid=(d-1) ((dﬁl) - (dﬁ2> o ((d+n1)/2>>

Py
T (d— 1) (((d 1 /2> -0 <((d —n3>/2>)>
FO <(d —RTE <(d —nl)/2>>
()G ()
e
).

B=0

i se) * (0 e)

1
T (d-1)0 <2—45
(1) et

_ —d :
where e(d,n) = O (2 /2 ((dji)/2) + ((dfg)/2)> as claimed.
If d is even, we can continue the recurrence to reach

[Q,d%s;c]—(d—l)!(<dil> - (d:) I <d72>>

:F--~¢((d—S)(d—5)(d—7)~--3-1

1)
— (d—1)

+2(d—2)(d—5)(d—T7)---3-1
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+3d—2)(d—)d—T)-3- 1+

d
+ (d—2)(d—4)(d—6)---2>[3, 2,...,2 ¢,
2 ——
g — 1 times
whence we obtain the result in a similar way to the odd d case. O

Using Lemmas 4.9 and 4.12, we get a similar result to Lemma 4.9 for (d+1)-
rich hyperplanes.

Corollary 4.13. Let §* be an elliptic normal curve or the smooth points of
a rational acnodal curve in RIP’d, d > 2. There exists a coset H ® x of a

finite subgroup H of 6* of order n, with (d+ 1)x € H, spanning at least
1 n—1 n n
i ((a) o () * (am)]
d+1 [( d > ( L(d—1)/2] L(d—3)/2]
(d + 1)-rich hyperplanes.

Proof. By Propositions 3.7 and 3.18, the number of (d+ 1)-rich hyperplanes
spanned by a coset H & x of 0* is

[1,...,1;¢]

(d+ 1) —=—
d+ 1 times

for some ¢ € §*. Note that

[1,...,1;c]zd!<n> —d2,1,...,1:4],
——— d ——
d+ 1 times d — 1 times

so by Lemmas 4.9 and 4.12, there exists a coset spanning at least

i [@ (i 5) w0 (@( ")+ (o)
e Kn; > o (‘”_w (L(d —n1>/2j> § (L(d —n?»)/sz

d + 1)-rich hyperplanes. O
( y

As in the previous section, since ordinary and (d + 1)-rich hyperplanes
spanned by a set S C R? are in one-to-one correspondence with ordinary

and (d + 1)-rich hyperspheres spanned by 7(S) C R4} we only need to
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consider one setting in the following constructions. We will focus on hyper-
planes in this section, since if d is odd the trivial construction minimises the
number of ordinary hyperspheres in R? (see Theorem 1.21 and its proof in
Section 6.4) and we do not know of any non-trivial construction spanning

many (d + 2)-rich hyperspheres.

Construction 4.14 (Elliptic normal curves). This construction achieves
the minimum number of ordinary hyperplanes and hyperspheres as stated in
Theorems 1.16 and 1.21 respectively. It also achieves the maximum number
of 4-rich planes and (d + 1)-rich hyperplanes as stated in Theorems 1.14
and 1.17 respectively. If d is even, then it achieves the maximum number
of 4-rich circles and (d + 2)-rich hyperspheres as stated in Theorems 1.20
and 1.22 respectively.

Let § be an elliptic normal curve in RP?, d > 3. By Proposition 3.7, the
group (4, ®) is isomorphic to R/Z if § has one semi-algebraically connected
component, and isomorphic to R/Z x Zsy if it has two. Summarising the

above results, a coset H & z of § of order n spans

- <Z: D =0 <d22d/2<ud —n1>/2j> * (L(d —n3)/2j)>

ordinary hyperplanes and spans

1
1,...,1;
CELNIEEEL
d+ 1 times

“awr (e )20 (2 (o Sym) * (o)

(d + 1)-rich hyperplanes.

To find the exact extremal numbers for ordinary and (d+1)-rich hyperplanes
spanned by H @ z, we can continue with the calculation of [2,1,...,1;¢] in
the proof of Lemma 4.12. As seen in the proof of Lemma 4.9, this depends
on ged(d + 1,n). We also have to minimise over different values of ¢ € H,

and if n =0 (mod 4), consider the two cases H = Z,, and H = Z,, /5 X Zs.
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If d = 3, the number of ordinary planes spanned by H & x is equal to

%nQ — O(n), and the maximum number of 4-rich planes is equal to

5nd —In? 4 2n ifn=0 (mod 8),
ing—inQ—i—%n—% ifn=1,3,5,7 (mod 8),
1

g —in?4+In—1 ifn=26 (mod3),

Znd—3in?+5n—1 ifn=4 (mod3).
\

Note that in the case n = 0 (mod 4), the maximum is attained when
H = Zy/ X Z3. Note also that both the number of ordinary planes and
the maximum number of 4-rich planes are significantly greater than the

corresponding numbers in Constructions 4.5, 4.6, and 4.7.

If d = 4, the minimum number of ordinary hyperplanes spanned by H & x

is equal to

("gl)—él ifn=0 (mod5),

(ng 1) otherwise,

and the maximum number of 5-rich hyperplanes is equal to

(n11)+% ifn=0 (mod5),

Gl= U=

(”21) otherwise.

If d = 5, the minimum number of ordinary hyperplanes spanned by H & x

is equal to
(n;l) _%n2+%n_1 ifn=0 (mod 6),
(n;l) ifn= 17 5 (mOd 6),
(n;l) —%n2—|—%n—1 if n=24 (mod 6),
(n;l) _%n+2 ifn=3 (mod 6),

and the maximum number of 6-rich hyperplanes is equal to

3
—

o

+g&n?—En+¢ ifn=0 (mod6),

S
-

o

ifn=1,5 (mod 6),

|~
2o

ifn=24 (mod 6),

3
o |
— —_
~— ~— ~— ~—
+ +
Ol—= B
o
S
|
ool—
S
_|_
o=

o= o= O O
— /\: — —
o |

ifn=3 (mod 6).

S
|
Wl
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If d = 6, the minimum number of ordinary hyperplanes spanned by H & x
is equal to
(") =6 ifn=0 (mod7),

("gl) otherwise.

and the maximum number of 7-rich hyperplanes is equal to

(") +5 ifn=0 (mod7),

== =

(ngl) otherwise.

Let d = 2k, and let ¢’ be a k-spherical elliptic normal curve in R%, d > 2.
By stereographic projection (or Propositions 3.29 or 3.27), the extremal
numbers for ordinary and (d + 2)-rich hyperspheres spanned by a coset of
" of order n is equal to the extremal numbers for ordinary and (d + 1)-rich
hyperplanes spanned by a coset of 6 C R4*t!. In particular, when d = 2, the
number of (strict) ordinary circles and 4-rich circles are both much greater

than the corresponding numbers in Constructions 4.5, 4.6, 4.7, and 4.8.

Construction 4.15 (Rational acnodal curves and bounded (k—1)-spherical
rational normal curves). This construction achieves the minimum number of
ordinary hyperplanes and hyperspheres as stated in Theorems 1.16 and 1.21
respectively, if n #Z 0 (mod 4). It also achieves the maximum number of 4-
rich planes and (d+ 1)-rich hyperplanes as stated in Theorems 1.14 and 1.17
respectively, if n Z 0 (mod 4). If d is even, then it achieves the maximum
number of 4-rich circles and (d + 2)-rich hyperspheres as stated in Theo-
rems 1.20 and 1.22 respectively, if n #Z 0 (mod 4).

Let 6* be the set of smooth points of a rational acnodal curve in RP?, d > 3.
By Proposition 3.18, the group (6%, @) is isomorphic to R/Z. Since we do not
have to consider cosets of subgroups of R/Z x Zg, the minimum number of
ordinary hyperplanes spanned by a coset of 6* is at least the corresponding
number in Construction 4.14, and the maximum number of (d + 1)-rich

hyperplanes is at most the corresponding number in Construction 4.14.

Let d = 2k, and let ¢’ be a (k — 1)-spherical bounded rational normal curve
in RY, d > 2. We get the same situation as in Construction 4.14. If d is

even, by stereographic projection (or Propositions 3.30 or 3.27), the extremal
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numbers for ordinary and (d + 2)-rich hyperspheres spanned by a coset of
" of order n is equal to the extremal numbers for ordinary and (d + 1)-rich
hyperplanes spanned by a coset of 6* C R¥1, hence at best matching the

numbers in Construction 4.14.

Construction 4.16 (Other inverted examples). Let d = 2k. If we invert
Construction 4.15 in a point on the (k—1)-spherical bounded rational normal
curve in R? that is not in the coset, then by Corollary 3.26, we obtain points
on a k-spherical rational acnodal curve of degree d + 1 (without its acnode)

with the same number of ordinary and (d + 2)-rich hyperspheres.

If we invert a k-spherical elliptic normal curve or rational acnodal curve of
degree d + 1 in a point not on the curve, then we obtain a (k 4 1)-spherical
curve of degree d + 2 by Corollary 3.25, again with the same number of
ordinary and (d + 2)-rich hyperspheres as in Constructions 4.14 and 4.15
respectively.

If d = 2, there will again be $n? — O(n) (strict) ordinary circles and 5;n3 —

O(n?) 4-rich circles among the inverted points on the bicircular quartic.
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Structure theorems

In this chapter, we prove Theorems 1.9 to 1.12, our structure theorems for
sets spanning few ordinary planes, hyperplanes, circles, and hyperspheres.

We restate these theorems before their proofs.

5.1 Ordinary planes

We prove Theorem 1.9, our structure theorem for sets spanning few ordi-
nary planes, in this section. First, we prove the weaker Lemma 5.1, using
results from Chapter 2. This provides an alternative to Ball’s approach
in [4] . We then refine Lemma 5.1, replacing the polynomial error terms
by linear error terms in Lemma 5.2. Finally, using the properties of space
quartics from Chapter 3, we determine the precise characterisation of the
possible configurations of sets spanning few ordinary planes as described in
Theorem 1.9.

Lemma 5.1. Let K > 1 and suppose n > CK® for some sufficiently large
absolute constant C > 0. Let P be a set of n points in RP? with no three
collinear. If P spans at most Kn? ordinary planes, then we have one of the

following:

(i) P is contained in the union of a plane and an additional O(K®) points;

(it) P is contained in the union of two irreducible conics lying on distinct
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planes and an additional O(K®) points, with each conic containing
n/2 + O(K®) points of P;

(iit) P is contained in the union of a space quartic curve and an additional
O(K?®) points.

Proof. Let P’ denote the set of all points p € P such that there are at most
9Kn ordinary planes through p. Then |P’| > 2n/3, and for any p € P,
the projection m,(P \ {p}) spans at most 9Kn ordinary lines. Applying
Theorem 2.2 to m,(P \ {p}) for any p € P’, we have one of three cases:

1. mp(P\ {p}) is contained in the union of O(K) lines and an additional
O(K®) points;

2. mp(P \ {p}) lies on the union of a conic o and an additional O(K*)
lines with |m,(P\ {p}) No| =n/2 + O(K?);

3. mp(P \ {p}) is contained in the union of an irreducible cubic and an
additional O(K?®) points.

This partitions P’ into a disjoint union P; U Pj U Py, depending on which of

the above cases we obtain.

If |P{| > 3, let p1,pa2,p3 be three distinct points in P{. Then apart from
O(K?Y) points, P is contained in the intersection of the union of O(K) planes
through p;, the union of O(K) planes through po, and the union of O(K)
planes through ps.

Since p1, p2, p3 are not collinear, if II; is a plane through p;, then P NI} N
II, N1Il3 is contained in a line, which contains at most two points of P except
when II; = Ily = Il3 is the plane through p;, p2, p3. Thus we have P lying in
a plane except for at most O(K%)+O(K?) = O(K®) points, giving Case (7).

Next suppose |Pj| > 3n/5, and let pi,p2,ps be three distinct points in
Pj. Then for each i = 1,2,3, there exist a quadric cone C; with vertex
p; and planes {Il;; : j € J;} through p; with |J;] = O(K?"), such that
P C CiUUje s, i j with [PNGCi| = n/2+ O(K?). So all but at most O(K®)
points of P lie either on the intersection C; N Cy N C3, one of the O(K*)
conics C; N1y j for i # 4/, or the plane II through pi, p2, ps.
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It is well-known (and easy to deduce from Bézout’s theorem (Theorem 2.9))
that the intersection of two quadrics is either an irreducible space quartic, a
twisted cubic and a line, or conics and lines. We claim that any component
¢ of the intersection C7 N Co N C3 that is a twisted cubic or a space quartic
cannot contain more than O(K*) points of P. Choose a point p € Py\ (C1N
C>NC3) such that the projection m, restricted to 0 is generically one-to-one.
Such a p exists since |Py\ (C1 N Ca N C5)| = 3n/5 — (n/2 + O(K?®)) and
by Lemma 2.17 there are only O(1) exceptional points. Then m,(d) is an
irreducible planar cubic or quartic containing more than O(K*) points of
P, contradicting p € Pj. So the components of C1 N Cy N Cs which contain

more than O(K*) points of P must all be conics.

No plane II' can contain more than n/2 + O(K?®) points of P, otherwise
projecting from p’ € Py NII" would give a line containing more than n/2 +
O(K?®) points in the projection, contradicting p’ € Pj. So choose a fourth
point pg € P; \ II. As before, P is contained in the union of a quadric cone
C, with vertex py and O(K*) planes through py. Since py ¢ 11, if II contains
more than O(K*) points of P, all but at most O(K*) points of P NII must
lie on the conic Cy NII. We then have that all but at most O(K?®) points of
P lie on O(K*) conics, and without loss of generality we can assume each
conic contains more than O(K*) points. Let ¥ be the set of such conics.
(Note that the same argument shows that if a plane II' contains a conic
o € ¥, then all but at most O(K*) points of P N1II' lie on 0.) We show
that || = 2, and that for each 0 € 2, [P No| =n/2 £ O(K?®), thus giving
Case (71).

Let o1 be the conic in ¥ with the most points of P, and let II; be the
plane in which o1 lies. Since no plane contains more than n/2 + O(K?)
points of P, we have that |P \ II;| > n/2 — O(K®). Let o3 be the conic in
31\ {o1} with the most points of P \ II;, and let II3 be the plane in which
o3 lies. Then |PNoy| > |P Noa| > Q(n/K*). Note that II; # Iy, as no
plane contains more than n/2 + O(K?®) points of P. Suppose there exists
q € Py\ (II; UIly), so that (by Bézout’s theorem (Theorem 2.9)) o1 and
oo must both lie on the same quadric cone C' with vertex ¢. Since o1 U o9

is the intersection of II; U IIs and C, there can only be at most two such
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points by Proposition 2.14. Therefore, all but at most O(K*) points of P,

are contained in o1 U 09.

Without loss of generality, suppose | Py N o1] > 3n/10 — O(K*) = Q(n). By
Proposition 2.14 again, there exist at most two points in Pj N o such that
their quadric cones intersect in o9 and o’ for some o’ € ¥\ {01,02}. We
can then choose a ¢’ € Pj N oy such that the only conic in ¥ the quadric
cone with vertex ¢’ contains is oy. In particular, this means that |P N oa| =
n/2 + O(K®). But then we also have |P) N oy| = Q(n). Repeating the
argument on oy shows that |PNoy| =n/2 £ O(K?®) as well.

The remaining case is when |P5| > 2n/3 —3n/5—3 = Q(n). Let p and p’ be
two distinct points in P}. Then apart from O(K®) points, we have P lying
mostly on the intersection § of two cubic cones, which is a curve with irre-

ducible components ¢; of total degree 9 by Bézout’s theorem (Theorem 2.9).

Let 1 be a component for which |P;NJ;| is maximal. Then |P;Nd;| = Q(n).
Projecting from any ¢ € P§ N 41, we get that m is an irreducible
cubic, and so §; must be non-planar. By Lemma 2.19, all but O(1) points
¢’ on 07 are such that the projection 7y restricted to d1 \ {¢'} is generically
one-to-one. We can thus choose such a ¢ € Pj N d; so that my projects
01 \ {p1} generically one-to-one onto an irreducible cubic. The component

61 must then be a space quartic.

Now suppose there exists a component J» containing more than O(K?)
points of P. For any ¢ € P; N d1, the cone Cy(d1) over d; has to contain
d2 by Bézout’s theorem (Theorem 2.9). If d2 is non-planar, this contradicts
Lemma 2.20, since §; is also non-planar. So suppose d9 is planar. By Propo-
sition 2.16, for all but finitely many ¢’ € 2 \ 61, 7y (01) is a planar quartic.
Since a planar quartic has at most three singularities, all but finitely many
q € 3\ 41 lie on at most three secants or tangents of d;. All but finitely
many ¢’ € 2\ d; is thus contained in at most three cones Cy(d1), a contra-
diction. We thus have all but at most O(K°) points of P lying on a single

space quartic, giving Case (744 ). O

To get a more precise description of the structure of sets spanning few or-

dinary planes, we need a more precise description of sets that lie on certain
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cubic curves and span few ordinary lines. Using results from Section 2.1,
we reduce the polynomial error terms in Lemma 5.1 to linear errors O(K).
Since this refinement relies only on Green and Tao’s results as stated in

Section 2.1, our proof will be similar to Ball’s proof in [4].

Lemma 5.2. Let K > 1 and suppose n > CK® for some sufficiently large
constant absolute C > 0. Let P be a set of n points in RP? with no three
collinear. If P spans at most Kn? ordinary planes, then P differs in at most

O(K) points from one of the following:

(i) a subset of a plane;

(ii) a subset of two disjoint irreducible conics lying on distinct planes, with

each conic containing n/2 £ O(K) points;

(#ii) a subset of a space quartic.

Proof. Let P', P, P;, and Py be as in the proof of Lemma 5.1.

If |P{| > 3, we are in Case (i) of Lemma 5.1, and all but at most O(K9)
points of P lie in a plane II. Let k := |P\II|. Then for a fixed point p € P\II,
there are (ngk) planes through p and two points of P NII, of which at most
k—1 are not ordinary. Therefore, there are at least k((";k) —k+1) ordinary
planes. Since this is at most Kn? and n > CK® > k = O(K?) for sufficiently
large C, we obtain that k = O(K).

If | P4| > 3n/5, we are in Case (i) of Lemma 5.1, and all but at most O(K?)
points of P lie on the union of two conics o1 U gg. Let S = P\ (01 U 03).
Let II; be the plane supporting o;, ¢ = 1,2. For any p € S N1l; except at
most two points also on Ily, the projection 7, maps o1 to a line and o2 to a
conic. For any p € S\ (II; UIly) except at most two points, the projection m,
maps o1 and oy to distinct conics (by Proposition 2.14). Hence, for all but
at most four points p € 5, there are at most four points x € PNoy for which
mp(z) € mp(o2) and at most four points z € P Noy for which m,(x) € mpy(oy).
Therefore, for any ¢ € PiN(01Uog) except at most 4]S|+4|S| points, we have
that m,(.5) is disjoint from the line and the conic onto which all but at most

O(K?®) points of P map. Such a g exists as |Py| > 3n/5. By Lemma 2.3,
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the set my(P \ {¢}) differs from a set X projectively equivalent to a regular
m-gon and the m points at infinity corresponding to the diagonals of the
m-gon in at most O(K®) points, where m = n/2 + O(K?®). By Lemma 2.7,
there are at least n — O(K®) ordinary lines through a fixed point of m,(.9)
and a point of my(P \ (S U {q})). Thus, there at least |S|(n — O(K?))
ordinary lines. Since there are at most 9K n ordinary lines and n > CK?® for
sufficiently large C, we obtain that |S| = O(K). The same argument shows
that |my(P \ {¢q}) \ X| = O(K), hence |[PNo;| <m+ O(K),i=1,2.

It remains to show that | X \ m4(P \ {¢})| = O(K). Note that through any
point y € X, there are at least m/2 — 1 lines through y and two more points
of X. By removing a point from X, we thus create at least m/2 — O(K)
ordinary lines. Therefore, there are at least | X \ 7,(P\ {q})|(n/4 — O(K?®))
ordinary lines. Since this is at most 9Kn and n > CK® for sufficiently large
C, we obtain that | X \ 7, (P \ {¢})| = O(K).

Finally, if |Pj| > 2n/3—3n/5—3 = Q(n), we are in Case (%) of Lemma 5.1,
and all but at most O(K®) points of P lie on a space quartic 6. By
Lemma 2.17, the projection from all but finitely many points p € P\ ¢
maps § generically one-to-one onto a planar quartic, which has at most
three singular points. Thus, there are at most six points « € § such that px
intersects ¢ again. Choose a point ¢ € P{NJ that is not one of these at most
6P \ 0| points. Such a ¢ exists as |Pj| = Q(n). Then, if we project from g,
each point in P\ § is projected onto a point not on the cubic W.
By Lemma 2.4, m,(P\ {q}) differs in at most O(K?®) points from a coset of a
subgroup of an elliptic curve or the smooth points of an acnodal cubic. By
Lemma 2.8, there are at least | P\ §|(n/1000 — | P\ §|) ordinary lines. Since
this is at most 9Kn and n > CK® > |P\ §| = O(K?) for sufficiently large
C, we obtain that |P\ 6| = O(K). O

We now show that if we are in Case (i) of Lemma 5.2, then there is a

quadric containing both conics.

Lemma 5.3. Let K > 1 and suppose n > CK® for some sufficiently large
absolute constant C > 0. Let P be a set of n points in RP? with no three
collinear, spanning at most Kn? ordinary planes. Suppose P hasn/24+0(K)
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points on each of two disjoint irreducible conics o1 and oo lying on two
distinct planes 117 and Ily respectively. Then there exists an irreducible

quadric that contains o1 U 0.

Proof. Let P’ be as in the proofs of Lemmas 5.1 and 5.2 above. We convert
the problem to one in Euclidean geometry, by identifying RP? with the
Euclidean affine space R? together with a projective plane at infinity. We
apply a projective transformation such that the planes II; and Il become
parallel, and such that o is a circle. It then suffices to show that o5 is a

circle as well, as 01 U 09 is then contained in a circular cone or cylinder.

Choose p; € P’ No;, i = 1,2, and consider the projection 7; := ), to be
onto the plane II3_;. Then by Lemma 5.2, 71 projects all but at most O(K)
points of P onto the line at infinity and a conic on Ily, which are disjoint by
Lemma 2.3. Since the conic o = 71(02) is disjoint from the line at infinity,

it is an ellipse.

Now let po € P’ N o9, and consider the projection m. By Lemma 2.3,
ma(P \ {p2}) differs in at most O(K) points from the vertices of a regular
m-gon and the m points at infinity corresponding to the diagonals of the
m-gon, for some m = n/2 + O(K). In particular, P N oy differs in at most

O(K) points from a regular m-gon.

Therefore, (P Noy \ {p1}) differs in at most O(K) points from the points
at infinity corresponding to the diagonals of the regular m-gon on o1, which
are also (if m is even, half of) the points at infinity corresponding to the
tangents to o1 at the vertices of the m-gon. By Lemma 2.3 again, 71 (PNoy)
differs in at most O(K) points from an m-gon on the ellipse o9, projectively

equivalent to a regular m-gon.

It easily follows that all but at most O(K) of the tangent lines to o9 at the
vertices of the m-gon are ordinary lines and so all but O(K) must be points
at infinity of 7 (P Noy \ {p1}). Let a,b,c be three consecutive vertices of
the m-gon on o9 such that a,b,c € w1 (P Nog). Then the point d where the
tangents at a and c intersect, forms an isosceles triangle with a and ¢, and
we have |ad| = |ed|. But this can only happen if d lies on one of the axes

of symmetry of o2. Since n is sufficiently large depending on K, we can
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find many triples of consecutive vertices of the m-gon on oy, and we get a

contradiction unless o9 is a circle. ]

The following lemma shows that if we are in Case (4ii) of Lemma 5.2, then

the space quartic is either elliptic or rational of the first species.

Lemma 5.4. Let K > 1 and suppose n > CK® for some sufficiently large
absolute constant C > 0. Let P be a set of n points in RP? with no three
collinear, spanning at most Kn? ordinary planes. Suppose all but at most
O(K) points of P lie on a rational space quartic 6,. Then 0, is of the first

Species.

Proof. Let qq € 8, be parametrised by [, 1] € RPL. As before, let P’ denote
the set of all points ¢ € PN d, with at most 9Kn ordinary planes through q.
Since P spans at most Kn? ordinary planes, we have |P'| > 2n/3 — O(K).
Let m, be the projection map from ¢,. By Lemma 2.19, we can choose
do € P’ such that all but at most O(K) points of 74 (P \ {¢a}) lie on a cubic
curve v,. By Lemma 2.4, this set differs in at most O(K) points from a
coset of 74, and 7, is acnodal (since ¢, is rational). Since n is sufficiently
large, there exist three distinct points qa,qp,qc € P’ such that for Q(n)
many q, € P’, the projected points 74(q4), ma(¢B), Ta(gc) are consecutive

elements in the coset given by Lemma 2.4.

Let @, denote the group operation on 7, so that we have 7, (qa)Pa7ma(gc) =
274 (qp). By considering the geometric definition of @, we obtain that if
qp is the fourth point of intersection between ¢, and the plane through
4A,4C; 9o, and gg the fourth point of intersection between ¢, and the plane
through ¢g, ¢B, qo (that is, containing the tangent line of 6, at ¢p and pass-

ing through ¢4), then 8 = ’. Equivalently, by Lemma 3.11, we have
F(AalaCaLaala/Bal) =0= F(B>1>B71704717/371)'

Since F' is a polynomial and the above is true for sufficiently many « (since

n is sufficiently large), it holds for all a € R.
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Note that

Po P1 P2 AC
F(Aa170717a717/8a1) = (Oéﬁ, a+57 1) b1 b2 D3 A+C ’
P2 P3 P4 1

with a similar expression for F(B, 1, B,1,a,1,3,1). Since (AC’, A+C, 1)
and <B2, 2B, 1) are linearly independent, the set of vectors

bPo P11 D2
(04[3, a+ B, 1) 1 p2 p3|ia€ER
P2 P3 D4

lie in a 1-dimensional linear subspace of R3. If the catalecticant of the
fundamental binary form f,, of §,, which is the determinant popaps — p0p§ —

pps + 2p1p2ps — p3 of the above 3 x 3 matrix, is non-zero, then

{(aﬁ, a+ B, 1) :aeR}

also lies in a 1-dimensional subspace of R3, in which case both af and
a + 3 are constants depending only on d,, say o = ¢; and a + § = c.

2—02$+01:O,a

But then « is a root of the fixed quadratic equation x
contradiction. Hence, the catalecticant vanishes, and ¢, is of the first species

by Lemma 3.16. 0

From Lemmas 5.2, 5.3, and 5.4, we see that up to at most O(K) points, the
set P lies on a plane, two disjoint conic sections of an irreducible quadric
(which by applying a projective transformation if necessary we can assume
to be two disjoint circles on a sphere), or a space quartic of the first species.
It thus remains to determine the precise structure of P. To do so, we first

consider the effect of adding and /or removing O(K) points.

Lemma 5.5. Let P be a set of n points in RP3 with no three collinear.
Let P’ be a set that differs from P in at most K points, also with no three
points collinear. If P spans m ordinary planes, then P’ spans at most m +

O(Kn? + K?n + K3) ordinary planes.
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Proof. First note that if we add a point to P, we create at most (g) ordinary
planes. Secondly, since two planes intersect in a line that contains at most
two points, the number of 4-rich planes through a fixed point in P is at most
%(”;1), so by removing a point we create at most %(”51) < (g) ordinary

planes. It follows that by adding and removing K points, we create at most

1 K-1
<Z>+<n; >+---+ <”+2 )zO(Kn2+K2n+K3)

ordinary planes. O

Applying the additive combinatorial Lemma 2.6 from Section 2.1 then gives

us the precise structure of P in Cases (ii) and (4ii) of Lemma 5.2.

Lemma 5.6. Let P be a set of n points in RP3 with no three collinear,
spanning at most Kn? ordinary planes, and suppose n > CK for some
sufficiently large absolute constant C' > 0. Suppose all but at most K points
of P lie on two disjoint planar sections of a quadric, with n/2+O(K) points
of P on each conic. Then up to a projective transformation, P differs in at

most O(K) points from a prism or an antiprism.

Proof. By a projective transformation, we can assume that all but at most
K points of P lie on the two circles o1 = {(cos(#),sin(#),1) : 6 € [0,27)} and
o2 = {(cos(#),sin(#), —1) : 6 € [0,27)}, which we gave a group structure in
Corollary 3.32.

Let P, = PNoy and Py = PNog. Then |P A (P U P,y)| = O(K), and by
Lemma 5.5, P, U P, spans at most O(Kn?) ordinary planes. If a,b € oy
and ¢ € oy with a # b, then by Corollary 3.32, the plane through a, b, ¢
meets o1 U oy again in the unique point d = ©(a @ b @ ¢). This implies
d € P, for all but at most O(Kn?) triples (a,b,c) with a,b € P and ¢ € P;.
Applying Lemma 2.6 with d = 3, A} = Ay = P, A3 = P>, and Ay = &P,
we get cosets H @ x and H @ y of a subgroup H of o1 U g9 such that
|PLA(H@x)|,|PoA(H®y)| =O(K) and 2z @ 2y € H, where x € 01 and
y € oo. It follows that H is a subgroup of o1, hence H is a cyclic group of
order m =n/2+ O(K), and H @ x and H & y are the vertex sets of regular
m-~gons inscribed in o7 and o9, respectively, and o1 U 02 is a prism or an

antiprism depending on whether = @& y € H or not. O

99



Chapter 5. Structure theorems

Lemma 5.7. Let P be a set of n points in RP? with no three collinear,
spanning at most Kn? ordinary planes, and suppose n > CK for some
sufficiently large absolute constant C' > 0. Suppose all but at most K points
of P lie on a space quartic § of the first species. Then P differs in at most
O(K) points from a coset of a subgroup of 6%, the smooth points of §. In

particular, § is either an elliptic or acnodal space quartic.

Proof. Let P’ = PN ¢*. Then |P A P'| = O(K), and by Lemma 5.5, P’

spans at most O(Kn?) ordinary planes.

First suppose § is an elliptic, cuspidal, or acnodal space quartic. If a, b,
¢ € 0" are distinct, then by Propositions 3.7 and 3.18, the plane through
a, b, ¢ meets § again in the unique point d = S(a ® b @ ¢). This implies
that d € P’ for all but at most O(Kn?) triples a, b, ¢ € P', or equivalently
a®b®ce oP. Applying Lemma 2.6 with d = 3, A} = Ay = A3 = P/,
and Ay = ©P’, we obtain a subgroup H of §* and a coset H & x such that
|[PA(H®z)| = O(K) and |©P'A(H®3z)| = O(K), which is equivalent to
|PA(Ho3z)| = O(K). Thus we have |(H @ z) A (H ©3x)| = O(K), which
implies 4x € H. Also, 0 cannot be cuspidal, otherwise by Proposition 3.18

we have 0* = (R, +), which has no finite subgroup of order greater than 1.

Now suppose 9 is a crunodal space quartic. By Proposition 3.18, there is a
bijective map ¢ : (R, +)xZy — §* such that a, b, ¢, d € 6* lie in a plane if and
only if they sum to h, where h = ¢(0,0) or ¢(0,1) depending on the curve
5. If h =(0,0) then the above argument follows through, and we obtain a
contradiction as we have by Proposition 3.18 that 6* = (R, +) x Z2, which
has no finite subgroup of order greater than 2. Otherwise, the plane through
distinct a, b, ¢ € 6* meets 0 again in the unique point d = ¢(0,1)S (aDbDc).
As before, this implies that d € P’ for all but at most O(Kn?) triples a,
b, ¢ € P', or equivalently a ® b @ ¢ € ¢(0,1) © P'. Applying Lemma 2.6
with d =3, Ay = Ay = A3 = P', and Ay = p(0,1) © P’, we obtain a finite

subgroup H of §*, giving a contradiction as before. O

Theorem 1.9, restated below, then follows easily.

Theorem 1.9 (Ordinary planes). Let K > 0 and supposen > C max{K% 1}
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for some sufficiently large absolute constant C' > 0. Let P be a set of n points
in RP3 with no three collinear. If P spans at most Kn? ordinary planes,
then up to a projective transformation, P differs in at most O(K) points

from a configuration of one of the following types:

(i) a subset of a plane;
(ii) a prism or an antiprism;

(iit) a coset H®x of a subgroup H of an elliptic space quartic curve or the
smooth points of an acnodal space quartic curve, for some x such that
4dr € H.

Conversely, every set of these types spans at most C'Kn? ordinary planes

for some absolute constant C' > 0.

Proof. The forward statement follows from directly from Lemmas 5.2, 5.6,

and 5.7.

For the converse, note that as seen in Chapter 4, a prism or an antiprism
spans at most inQ ordinary planes, and a coset of a finite subgroup of an
elliptic space quartic or the smooth points of an acnodal space quartic spans
at most %nz ordinary planes. It follows from Lemma 5.5 that if we add
and/or remove O(K) points, then there will be at most O(Kn?) ordinary
planes. O

5.2 Ordinary hyperplanes

We prove Theorem 1.10, our structure theorem for sets spanning few or-
dinary hyperplanes, in this section. The main idea is to induct on the di-
mension d via projection. We first prove the following weaker lemma using

results from Chapter 2.

Lemma 5.8. Let d > 4, K > 0, and suppose n > Cmax{(dK)®, d'?}
for some sufficiently large absolute constant C' > 0. Let P be a set of n

points in RP? where every d points span a hyperplane. If P spans at most

101



Chapter 5. Structure theorems

K(Zfl) ordinary hyperplanes, then all but at most O(d2?K) points of P are
contained in a hyperplane or an irreducible non-degenerate curve of degree

d+ 1 that is either elliptic or rational and singular.

Proof. We use induction on d > 4 to show that for n > C’ max{(d Hz (14
Z%)K )8, d'?}, where C' > 0 is a sufficiently large absolute constant, all but
at most O(d2¢ ], (1 + %)K) = O(d2K) points of P are contained in
a hyperplane or an irreducible non-degenerate curve of degree d + 1, and
that if the curve is rational then it has to be singular. We assume that this
holds in RP?~1 if d > 5, while Theorem 1.9 takes the place of the induction
hypothesis when d = 4.

Let P’ denote the set of points p € P such that there are at most (d +
DK (Z:;) /(d — 1) ordinary hyperplanes through p. Then |P’| > n/(d?+1).

For any p € P’, the projection m,(P\{p}) isaset of n—1 > C’ max{(HZ L+
1)K)8, (d—1)1?} points that spans at most (d+ é)K(Z_;)/(d —1) ordinary
(d—2)-flats in RP4~!, and any d — 1 points of 7,(P\ {p}) span a (d— 2)-flat.
By induction, for any p € P’, all but at most

ol T (1 3) (3) 5 ) o T 1+ 2) )

points of m,(P \ {p}) are contained in a (d — 2)-flat or an irreducible non-
degenerate curve -, of degree d in RP?1, or in the d = 4 case, two conics

with n/2 + O(K) points on each.

If there exists a p € P’ such that all but at most O(d2¢! Hle(l + %g)K)
points of 7,(P \ {p}) are contained in a (d — 2)-flat, then we are done. Thus
we may assume without loss of generality that for all p € P/, the other case

(or two cases when d = 4) occurs.

Let p and p’ be two distinct points of P’. Then all but at most O(2
A2 T, (1 + %) K) points of P lie on the intersection & of the two cones

7 L (7,) and T '(y). Since the curves v, and 7, are 1-dimensional and
irreducible (over C), the two cones are 2-dimensional irreducible complex
varieties. Since their vertices p and p’ are distinct, the cones are distinct,
and so their intersection is a variety of dimension at most 1. By Bézout’s

theorem (Theorem 2.9), § has total degree at most d?. Let d1,...,d; be the
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1-dimensional components of §, where k < d?. Suppose also that 6; contains
the most points of P’ amongst all the d;, so that |[P'Nd;| = Q(n/d*). Choose
a ¢ € P'Nd; such that m, is generically one-to-one on d;. Such a g exists
since by Lemma 2.19 there are at most O(deg(d1)*) = O(d®) exceptional
points and n = Q(d'?). By Bézout’s theorem (Theorem 2.9), 7, has to map
91\ {¢} onto v, (or, when d = 4, possibly onto a conic containing n/2+0O(K)
points of 7y (P \ {q})), hence d; is an irreducible curve of degree d + 1 (or,
when d = 4, possibly a twisted cubic containing at most n/2 4+ O(K) points
of P).

We first consider the case where §; has degree d+1. Since |P'Nd1| = Q(n/d?)
and any 6;, ¢ # 1, that contains more than three points is non-planar, by
Lemma 2.20, we can find a ¢ € P’ N §; such that 7y(01 \ {¢'}) = 74 as
before, and in addition the cone 7r(;1(7rq/ (7¢)) does not contain any other
d;, © # 1, that contains more than three points. Then by Bézout’s theorem

(Theorem 2.9), we obtain that

d 1
P\ 61| <O(d®) + O <d2dH<1 + Z2>K> = O(d2°K),
=1

since K = (1/d) by [6, Theorem 2.4].

We next dismiss the case where d = 4 and ¢, is a twisted cubic. We redefine
P’ to be the set of points p € P such that there are at most 12K n? ordinary
hyperplanes through p. Then |P’| > 2n/3. Since we have [P N 1| < n/2+
O(K), by Lemma 2.17 there exists ¢’ € P\ d; such that the projection from
¢’ will map ; onto a twisted cubic in RP3. However, by Bézout’s theorem
(Theorem 2.9) and Theorem 1.9, my(d1 \ {¢'}) has to be mapped onto a

conic, which gives a contradiction.

We have shown that all but O(d2?K) points of P are contained in a hyper-
plane or an irreducible non-degenerate curve § of degree d + 1. By Propo-
sition 3.1, this curve is either elliptic or rational. It remains to show that
if § is rational, then it has to be singular. As shown above for Q(n/d?)
points p € d, the projection W is a rational curve of degree d that
is singular by the induction hypothesis. Lemma 3.15 now implies that § is

singular. 0
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As in the previous section, to get the coset structure on the curves as stated
in Theorem 1.10, we use Lemma 2.6. Before that, we again need to know
that removing K points from a set does not change the number of ordi-
nary hyperplanes it spans by too much. The following lemma generalises

Lemma 5.5.

Lemma 5.9. Let P be a set of n points in RP?, d > 2, where every d points
span a hyperplane. Let P’ be a subset that is obtained from P by removing at
most K points. If P spans m ordinary hyperplanes, then P’ spans at most

m+ Ké (gj) ordinary hyperplanes.

Proof. Fix a point p € P. Since every d points span a hyperplane, there are

at most (Zj) hyperplanes spanned by points of P through p. Thus, the

number of (d + 1)-rich hyperplanes through p is at most %(Zj), since these

d + 1 points have d subsets of size d that contain p. If we remove points
n—1

of P one-by-one to obtain P’, we thus create at most K é ( d—l) ordinary

hyperplanes. O

The following lemma then translates the additive combinatorial Lemma 2.6

to our geometric setting.

Lemma 5.10. Let d > 4, K > 0, and suppose n > C(d°K + d*) for some
sufficiently large absolute constant C > 0. Let P be a set of n points in RP¢
where every d points span a hyperplane. Suppose P spans at most K (Zj)
ordinary hyperplanes, and all but at most dK points of P lie on an elliptic
normal curve or a rational singular curve §. Then P differs in at most
O(dK + d?) points from a coset H ® = of a subgroup H of 6%, the smooth
points of 0, for some x such that (d+ 1)x € H. In particular, § is either an

elliptic normal curve or a rational acnodal curve.
Proof. Let P = PN §*. Then by Lemma 5.9, P’ spans at most K(gj) +
O(dK é(gj)) =0(K (Zj)) ordinary hyperplanes.

First suppose ¢ is an elliptic normal curve or a rational cuspidal or acnodal
curve. If a1,...,aq € 0" are distinct, then by Propositions 3.7 and 3.18,

the hyperplane through ay, ..., aq meets § again in the unique point a441 =
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S(a1®- - -®ag). This implies that ag1 € P’ for all but at most d!O(K(Zj))
d-tuples (a1,...,aq) € (P')? with all a; distinct. There are also at most
(g)nd_l d-tuples (a1,...,aq) € (P)¢ for which the a; are not all distinct.
Thus, a; @ --- ® ag € ©P’ for all but at most O((dK + d?)n?"') d-tuples
(a1,...,aq) € (P Applying Lemma 2.6 with 4; = --- = Ay = P’ and
Agy1 = ©P’, we obtain a finite subgroup H of 6* and a coset H & x such
that [P’ A (H ®z)| = O(dK +d?) and |© P! A (H @ dz)| = O(dK +d?), the
latter of which being equivalent to |P' A (H © dz)| = O(dK + d?). Thus we
have |(H @ z) A (H ©dx)| = O(dK + d?), which implies (d+ 1)z € H. Also,

d cannot be cuspidal, otherwise by Proposition 3.18 we have §* = (R, +),

which has no finite subgroup of order greater than 1.

Now suppose § is a rational crunodal curve. By Proposition 3.18, there is
a bijective map ¢ : (R,+) x Zg — 0* such that d 4+ 1 points in ¢* lie in
a hyperplane if and only if they sum to h, where h = ¢(0,0) or ¢(0,1)
depending on the curve §. If h = ¢(0,0) then the above argument follows
through, and we obtain a contradiction as we have by Proposition 3.18 that
0* =2 (R,+4) X Zgy, which has no finite subgroup of order greater than 2.
Otherwise, the hyperplane through distinct a1,...,aq € §* meets § again in
the unique point ag11 = ¢(0,1)S (a1 ®---Dag). As before, this implies that
agy1 € P’ for all but at most O((dK +d?)n?=1) d-tuples (ay, ..., aq) € (P)%,
or equivalently a1 & -+ @ ag € ¢(0,1) © P’. Applying Lemma 2.6 with
Ay =---=A;=P and Aj.1 = ¢(0,1) & P, we obtain a finite subgroup

H of 6%, giving a contradiction as before. O

We can now prove Theorem 1.10, restated below.

Theorem 1.10 (Ordinary hyperplanes). Letd > 4, K > 0, and supposen >
Cmax{(dK)8,d®2?K} for some sufficiently large absolute constant C > 0.
Let P be a set of n points in RP? where every d points span a hyperplane.
If P spans at most K (Zj) ordinary hyperplanes, then P differs in at most
O(d2?K) points from a configuration of one of the following types:

(i) a subset of a hyperplane;

(it) a coset H®x of a subgroup H of an elliptic normal curve or the smooth
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points of a rational acnodal curve of degree d+ 1, for some x such that
(d+1)z e H.

Conversely, every set of these types spans at most C”2dK(Z:%) ordinary

hyperplanes for some absolute constant C' > 0.

Proof. Without loss of generality we may assume that P does not lie on a
hyperplane. Then by [6, Theorem 2.4], K = Q(1/d), hence d*2?K = Q(d"?),
so we can apply Lemma 5.8 to P to obtain that all but at most O(d2¢K)
points of P are contained in a hyperplane or an irreducible curve § of degree
d + 1 that is either elliptic or rational and singular. In the prior case, we
get Case (i) of the theorem, so suppose we are in the latter case. We then
apply Lemma 5.10 to obtain Case (ii) of the theorem, proving the forward

statement.

Applying Lemma 5.9 to a set contained in a hyperplane (so that it spans
no ordinary hyperplanes) for a set of type (i), and to Constructions 4.14

and 4.15 for a set of type (i), gives the converse statement. O

5.3 Ordinary circles

We prove two structure theorems for sets spanning few ordinary circles in
this section. We first prove the weaker Theorem 5.15, which only requires in-
version in the plane and Green and Tao’s stronger structure theorem for sets
spanning few ordinary lines (Theorem 2.1). We then prove Theorem 1.11,
which relies on Theorem 1.9, our structure theorem for sets spanning few
ordinary planes, and stereographic projection. Note from Section 5.1 that
Theorem 1.9 only required Green and Tao’s weaker structure theorem (The-

orem 2.2).
The following lemma forms the basis of the proof of Theorem 5.15. Recall

that 3-rich lines are also ordinary circles.

Lemma 5.11. Let K > 0 and let n be sufficiently large depending on K. If
a set P of n points in R? spans at most Kn? ordinary circles, then all but at

most O(K) points of P lie on a (possibly non-irreducible) bicircular quartic.
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Proof. We wish to show that P lies mostly on a bicircular quartic (we will

repeatedly use ‘mostly’ to mean ‘for all but O(K) points’).

Note that for at least 2n/3 points p of P, there are at most 9Kn ordinary
circles through p, hence the set ¢,(P \ {p}) spans at most 9Kn ordinary
lines. Let P’ be the set of such points. For n sufficiently large depending on
K, applying Theorem 2.1 to ¢,(P \ {p}) for any p € P’ gives that ¢,(P\ {p})

lies mostly on a line, a line and a conic, or an elliptic or acnodal cubic.

If there exists p € P’ such that ¢,(P\{p}) lies mostly on a line, then inverting

again in p, we see that P must lie mostly on a line or a circle.

If there exists p € P’ such that ¢y(P \ {p}) lies mostly on a line ¢ and a

disjoint conic o, we have two cases, depending on whether p lies on £ or not.

If p € ¢, we invert again in p to find that P lies mostly on the union of ¢
and ¢,(0). By Corollary 3.23, ¢y(0) is either a circle (if o is a circle) or an
irreducible bicircular quartic (if o is a non-circular conic). Furthermore, p
is the only point that could possibly lie on both ¢ and ¢,(o). Since roughly
n/2 points of P lie on ¢, there must be another point ¢ € £ N P’ that does
not lie on tp(0). In ¢q(P \ {¢}), the line ¢ remains a line, and by definition
of P’ the set 1y(P \ {q}) spans few ordinary lines, so Theorem 2.1 tells us
tq(tp(0)) is a conic. It follows from Corollary 3.23 that ,(0) cannot be a
quartic, since we inverted in the point ¢ outside ¢,(c) and did not obtain a
quartic. That means ¢,(co) has to be a circle, and it is disjoint from ¢. Thus,

P lies mostly on the union of a line and a disjoint circle.

If p ¢ ¢, we invert in p to see that P lies mostly on the union of the circle
tp(£) and the curve ¢,(c), which is either a circle or a quartic. Again p
is the only point that can lie on both curves. Inverting in another point
q € ()N P’ 14(tp(¢)) becomes a line, so Theorem 2.1 tells us that ¢4(¢p(0))
is a conic, so that ¢y(c) must be a circle disjoint from ¢,(¢) as before. Thus,

P lies mostly on the union of two disjoint circles.

The case that remains is when for all p € P’, the set ¢,(P \ {p}) lies mostly
on an elliptic or acnodal cubic 7. Fix such a p, and consider ¢j(y), which
mostly contains P. If v is not a circular cubic, then by the classification in

Section 3.3 it has circular degree three, so ,(y) has circular degree three
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as well. For any ¢ € ¢,(y) N P’ other than p, the curve ¢4(tp(7y)) is also
a cubic curve, by the definition of P’ and Theorem 2.1. By Case (iii) of
Corollary 3.23, this can only happen if ¢ is a singularity of ¢, (7). But ¢,(7) is
an irreducible curve of degree at most 6, and so has at most ten singularities
by [64, Chapter III, Theorem 4.4], which is a contradiction. So v must be a
circular cubic that is elliptic or acnodal. If v is elliptic, then I,,(7y) is either
a bicircular quartic or a circular elliptic cubic. If v is acnodal, then ¢y()
is either a bicircular quartic (if p ¢ ), a circular acnodal cubic (if p is a
smooth point of ), or a non-circular conic (if p is the singularity of ). In

the last case, the conic is an ellipse by Corollary 3.24.

We have encountered the following curves that P could mostly lie on: a line,
a circle, an ellipse, a disjoint union of a line and a circle, a disjoint union of
two circles, a circular cubic, or a bicircular quartic. All of these are subsets

of bicircular quartics, which proves the lemma. ]

We now prove Theorem 5.15. As explained in Chapter 4, a coset of a finite
subgroup of an ellipse or a circular elliptic cubic both span at most %nQ
ordinary circles, and a double polygon spans at most in2 ordinary circles.
It follows from Lemma 5.12 below that if we add and/or remove O(K)
points, then there will be at most O(Kn?) ordinary circles. Note that this

is the circular analogue to Lemma 5.5, and is proved almost identically.

Lemma 5.12. Let P be a set of n points in R? spanning m ordinary circles.
Let P’ be a set that differs from P in at most K points. Then P’ spans at
most s + O(Kn? + K?n + K3) ordinary circles.

Proof. First note that if we add a point to any set of n points, we create at
most (g‘) ordinary circles. Secondly, since two circles intersect in at most two
points, the number of 4-rich circles through a fixed point in a set of n points
is at most %(”gl), so by removing a point we create at most %(";1) < (%)
ordinary circles. It follows that by adding and removing O(K) points, we
create at most

1 K-1
(Z)-F(n;_ >+---+ <n+2 )zO(Kn2+K2n+K3)

ordinary circles. O
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Let P be a set of n points spanning at most Kn? ordinary circles. From the
proof of Lemma 5.11 above, we see that P differs in at most O(K) points
from a line, a circle, an ellipse, the union of a line and a disjoint circle,
the union of two disjoint circles, a circular cubic, or a bicircular quartic.
Moreover, in the proof we saw that the circular cubic must be elliptic or
acnodal, and that the bicircular quartic has the property that if we invert

in a point on the curve, the resulting circular cubic is elliptic or acnodal.

Using inversions, we can reduce the number of types of curves that we need

to analyse further.

e If P lies mostly on a line, then we are in Case (i) of Theorem 5.15, so

we are done.

e If P lies mostly on a circle, then inverting in a point on the circle puts

us in Case (7) again.

e If P lies mostly on an ellipse, then inverting in a point of the ellipse

places P mostly on a circular acnodal cubic.

e If P lies mostly on a bicircular quartic, then inverting in any smooth
point on the curve gives us a circular cubic. As mentioned above, this

cubic is elliptic or acnodal.

e If P lies mostly on a line and a disjoint circle, then an inversion in a

point not on the line or circle places P mostly on two disjoint circles.

e If P lies mostly on the disjoint union of two circles, we can apply an
inversion that maps the two disjoint circles to two concentric circles

[13, Theorem 1.7].

So, up to inversions, we need only consider the cases when P lies mostly
on a circular elliptic or acnodal cubic, or on two concentric circles. We
do this in Lemmas 5.13 and 5.14 below, which will complete the proof of
Theorem 5.15.

To determine the structure of P, we again use the additive combinatorial
Lemma 2.6. Lemmas 5.13 and 5.14 below can be viewed as circular analogues

of Lemmas 5.7 and 5.6 respectively.
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Lemma 5.13. Let K > 0 and let n be sufficiently large depending on K.
Suppose P is a set of n points in R? spanning at most Kn? ordinary circles,
and all but at most K points of P lie on a circular elliptic or acnodal cubic
~v. Then P differs in at most O(K) points from a coset H & x of a subgroup
H of ~*, the smooth points of v, with 4x € H Hw.

Proof. Let P = PN~* Then |P A P'| = O(K), and by Lemma 5.12, P’
spans at most O(Kn?) ordinary circles. If a, b, ¢ € v are distinct, then
by Proposition 3.29, the circle through a, b, ¢ meets v again in the unique
point d = w B (a BbH ¢). This implies that d € P’ for all but at most
O(Kn?) triples a, b, ¢ € P, or equivalently a BbH c € wB P’. Applying
Lemma 2.6 with d = 3, A = Ay = A3 = P’, and A4 = wB P’, we obtain a
subgroup H of v* and a coset H B x such that |P A (H B z)| = O(K) and
|(wBP') A (HHB3z)| = O(K), which is equivalent to |P A (H B3z Hw)| =
O(K). Thus we have |(H Bzx) A (H B3z Bw)| = O(K), which implies
4dr € HBw. O

Lemma 5.14. Let K > 0 and let n be sufficiently large depending on K.
Suppose P is a set of n points in R? spanning at most Kn? ordinary circles.
Suppose all but at most K points of P lie on two concentric circles, and that
P has n/2 + O(K) points on each circle. Then, up to similarity, P differs
in at most O(K) points from an ‘aligned’ or ‘offset” double polygon.

Proof. By scaling and rotating, we can assume that P lies mostly on the
two concentric circles o1 = {e?™ : ¢t € [0,1)} and o9 = {re*™ : ¢t € [0,1)},

r > 1, which we gave a group structure in Proposition 3.31.

Let P, = PNoy and P, = PNog. Then |P A (P U Py)| = O(K), and by
Lemma 5.12, P; U P, spans at most O(Kn?) ordinary circles. If a,b € oy
and ¢ € g9 with a # b, then by Proposition 3.31, the circle or line through
a, b, ¢ meets o1 U o9 again in the unique point d = ©(a ® b @ ¢). This
implies d € P, for all but at most O(Kn?) triples (a,b,c) with a,b € P
and ¢ € P,. Applying Lemma 2.6 with d = 3, Ay = Ay = P, A3 = P5,
and Ay = ©P,, we get cosets H @ x and H @ y of a subgroup H of o1 U oo
such that [Py A (H @ z)|,|P A (H @ y)| = O(K) and 2z & 2y € H, where
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r € o1 and y € o9. It follows that H is a subgroup of o1, hence H is a
cyclic group of order m =n/2+ O(K), and H ®x and H @y are the vertex
sets of regular m-gons inscribed in o; and o9, respectively, either ‘aligned’

or ‘offset’ depending on whether x &y € H or not. O

As mentioned in Section 1.2.1, we can take n > expexp(CK%) for some
sufficiently large absolute constant C' > 0. This bound is inherited from
Green and Tao’s structure theorem for sets spanning few ordinary lines
(Theorem 2.1).

Theorem 5.15. Let K > 0 and let n be sufficiently large depending on
K. If a set P of n points in R? spans at most Kn? ordinary circles, then
up to inversions and similarities, P differs in at most O(K) points from a

configuration of one of the following types:

(i) a subset of a line;
(it) a coset HBx of a subgroup of an ellipse, for some x such that 4x € H;

(iii) a coset HB x of a subgroup H of a circular elliptic cubic curve, for
some x such that 4o € H B o B 3;

(iv) a double polygon that is ‘aligned’ or ‘offset’.

Conwversely, every set of these types spans at most C'Kn? ordinary circles

for some absolute constant C' > 0.

Proof. Lemmas 5.11, 5.13, and 5.14 prove the forward statement. It just
remains to remark that if P differs in O(K) points from a coset on a circular
acnodal cubic, then we apply inversion in its singularity. By Corollary 3.24,
we obtain that P differs in O(K) points from a coset H H = of a finite
subgroup H of an ellipse, where 4x = 0. Thus, x is a point of the ellipse
with eccentric angle a multiple of 7w/2. After a rotation, we can assume that

x = o, which is Case (7).

The converse statement follows from Lemma 5.12 applied to a coset of a

subgroup of an ellipse or a circular elliptic cubic (see Constructions 4.15
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and 4.14), or an ‘aligned’ or ‘offset’ double polygon (see Constructions 4.5
and 4.6). O

We now prove the stronger Theorem 1.11, restated below. As mentioned
at the beginning of this section, the following theorem is a consequence of
Theorem 1.9, our structure theorem for sets spanning few ordinary planes,
and stereographic projection. Note that in contrast with Theorem 5.15
above, we only need n > CK?® for some sufficiently large absolute constant
C > 0.

Theorem 1.11 (Ordinary circles). Let K >0 and suppose n>C max{K®, 1}
for some sufficiently large absolute constant C > 0. Let P be a set of n points
in R2. If P spans at most Kn? ordinary circles, then up to inversions and
similarities of the plane, P differs in at most O(K) points from a configu-

ration of one of the following types:

(i) a subset of a line;

(it) a coset H® x of a subgroup H of an ellipse, for some x such that
dx € H;

(iii) a coset H @ x of a subgroup H of a circular elliptic cubic curve, for

some x such that 4x € H;

(iv) a double polygon that is ‘aligned’ or ‘offset’.

Conwversely, every set of these types spans at most C'Kn? ordinary circles

for some absolute constant C' > 0.

Proof. Projecting P stereographically, we obtain a set P’ := 7~ (P) C S2 C
RP3 of n points with no three collinear, spanning at most Kn? ordinary
planes. We can thus apply Theorem 1.9 to get that P’ differs in at most
O(K) points from

(1) a subset of a plane, or

(2) a subset of two planar sections of a quadric, which after a projective

transformation is a prism or an antiprism, or
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(3) acoset H@z of a subgroup H of an elliptic space quartic or the smooth

points of an acnodal space quartic, for some z such that 4z € H.

Since P’ is contained in a sphere, by Bézout’s theorem (Theorem 2.9), the
two conics in Case (2) and the space quartic in Case (3) are also contained
in the sphere. In particular, the two conics are both circles and the space

quartic is bounded.

If we are in Case (1), then projecting back down to the plane, we get that
P differs in at most O(K) points from a subset of a circle or a line, which

after an inversion we can assume to be a line.

If we are in Case (2), without loss of generality (applying an inversion to P
if necessary), we can assume P’ differs in at most O(K) points from a prism
or an antiprism contained in the intersection of the circular cylinder defined
by %x% =22+ 23 and S2. Then, since the north pole is not one of two points
that project the prism or antiprism onto a single conic, by Proposition 2.14,
P differs in at most O(K) points from a double polygon, which is ‘aligned’

or ‘offset’ depending on whether it was a prism or an antiprism respectively.

If we are in Case (3), then all but at most O(K) points of P’ lie on a space
quartic &' C R3, which is either elliptic or acnodal. Projecting (stereograph-
ically) back to the plane, we get that all but at most O(K) points of P lie
on a curve 6 C R%. By Proposition 3.22, we get one of the following cases,

depending on the multiplicity of the north pole N on ¢”:

(a) N is a double point of ¢’, which means ¢’ is acnodal, and thus § is an

ellipse;

(b) N is a smooth point of ¢, in which case 4 is a circular elliptic or

acnodal cubic;

(¢) N does not lie on ¢’, in which case ¢ is a bicircular quartic.

Note that the group structure mentioned in the statement of the theorem
is inherited from that in Theorem 1.9, and is detailed in Propositions 3.29

and 3.30. By Corollary 3.23, the curve from (¢ ) can be inverted to a curve

113



Chapter 5. Structure theorems

as in (b), and by Corollary 3.26, the rational curve from (b) can be inverted

to an ellipse as in (a).

The converse statement follows from Lemma 5.12 applied to a coset of a
subgroup of an ellipse or a circular elliptic curve (see Constructions 4.15
and 4.14), or an ‘aligned’ or ‘offset’ double polygon (see Constructions 4.5
and 4.6). O

As mentioned in Section 3.3, the groups obtained in the corresponding cases
of Theorems 5.15 and 1.11 are isomorphic by Proposition 3.3. Thus Theo-

rem 5.15 is a strict strengthening of Theorem 5.15.

5.4 Ordinary hyperspheres

We prove Theorem 1.12, our structure theorem for sets spanning few ordi-

nary hyperspheres, in this section.

Since ordinary hyperspheres spanned by P C R¢ are in one-to-one corre-
spondence with ordinary hyperplanes in 7=1(P) C R Theorem 1.12,
restated below, is a simple consequence of Theorem 1.10, our structure the-
orem for sets spanning few ordinary hyperplanes, combined with the results

from Section 3.3.

Theorem 1.12 (Ordinary hyperspheres). Let d > 3, K > 0, and suppose
n > Cmax{(dK)8,d*2¢K} for some sufficiently large absolute constant C' >
0. Let P be a set of n points in R% where no d+1 points lie on a (d—2)-sphere
or a (d — 2)-flat. Suppose P spans at most K(Z) ordinary hyperspheres.

If d is odd, then all but at most O(d2°K) points of P liec on a hypersphere

or a hyperplane.

If d = 2k is even, then up to an inversion, P differs in at most O(d2?K)

points from a configuration of one of the following types:

(i) a subset of a hyperplane;

(i) a coset H@ x of a subgroup H of a bounded (k — 1)-spherical rational
normal curve of degree d, for some x such that (d + 2)x € H;
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(iit) a coset H @ x of a subgroup H of a k-spherical elliptic normal curve

of degree d + 1, for some x such that (d +2)x € H.

Conversely, every set of these types spans at most C”2dK(Z) ordinary hy-

perspheres for some absolute constant C' > 0.

Proof. Projecting P stereographically, we obtain a set P’ := 7= 1(P) C St c
RP¥ 1 of n points, no d + 1 of which lie on a hyperplane, spanning at most
K (Z) ordinary hyperplanes. We can thus apply Theorem 1.10 to get that
P’ differs in at most O(d2?K) points from

(1) a subset of a hyperplane, or

a coset H @x of a subgroup H ot an elliptic normal curve or the smoot

2 H f b H of 1lipti 1 h h
points of a rational acnodal curve of degree d+ 2, for some x such that
(d+2)x e H.

In the latter case, since P’ is contained in a hypersphere, by Bézout’s the-
orem (Theorem 2.9), the degree d + 2 curve is also contained in the hyper-

sphere. In particular, it is bounded.

Suppose d is odd (so that d + 2 is odd). Then Case (2) does not occur,
as Lemma 3.5 implies an odd degree curve is always unbounded. Thus
projecting Case (1) back down to R? we get that P differs in at most
O(d2?K) points from a subset of a hypersphere or a hyperplane.

Now suppose d is even. If we are in Case (1), then we are in the same
situation as the odd case. So assume we are in Case (2), and all but at most
O(d2¢K) points of P’ lie on a degree d + 2 curve §' C R¥1 which is either
elliptic or acnodal. Projecting (stereographically) back to R?, we get that all
but at most O(d2?K) points of P lie on a curve § C R%. By Proposition 3.22,
we get one of the following cases, depending on the multiplicity of the north

pole N on ¢’

(a) N is a double point of ¢’, which means ¢ is acnodal, and thus ¢ is a

bounded (k — 1)-spherical rational normal curve of degree d;
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(b) N is a smooth point of ¢’, in which case § is a k-spherical elliptic

normal curve or rational acnodal curve of degree d + 1;

(¢) N does not lie on ¢, in which case 0 is a (k + 1)-spherical curve of

degree d + 2.

Note that the group structure mentioned in the statement of the theorem is
inherited from that in Theorem 1.10, and is detailed in Proposition 3.27. By
Corollary 3.25, the curve from (c¢) can be inverted to a curve as in (b), and
by Corollary 3.26, the rational curve from (b) can be inverted to a curve as
in (a).

Finally, the converse statement follows directly from stereographic projec-

tion (as at the beginning of this proof) and Theorem 1.10. O
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Extremal theorems

In this chapter, we prove our extremal Theorems 1.13 to 1.22. We restate

these theorems before their proofs.

6.1 Planes

We prove Theorems 1.13, 1.14, and 1.15 in this section.

Suppose P is a non-coplanar set of n points in RP? with no three collinear
spanning fewer than %nQ ordinary planes. Applying Theorem 1.9, our struc-
ture theorem for sets spanning few ordinary planes, we can conclude that, up
to projective transformations, P differs in O(1) points from either a subset
of a plane, a coset of a subgroup of an elliptic space quartic or the smooth
points of an acnodal space quartic, or a prism or an antiprism.

The first type of set is very easy to handle, and spans at least ("71) =

2
in? — O(n) ordinary planes by Lemma 4.1.

Cosets on space quartics are also relatively easy to handle. We again obtain

a lower bound on the number of ordinary planes.

Lemma 6.1. Let § be an elliptic or acnodal space quartic. Suppose P C RP3
differs in K points from a coset H & x of a subgroup H of §*, the smooth
points of 6, where |H| = n+ O(K) and 4x € H. Then P spans at least

3n* — O(Kn) ordinary planes.
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Proof. We know from Constructions 4.14 and 4.15 that H & x spans %nQ —
O(n) ordinary planes, all of which are tangent to 6. We show that adding or
removing K points destroys no more than O(Kn) of these ordinary planes,

so that the resulting set P still spans at least %nQ — O(Kn) ordinary planes.

Suppose we add a point ¢ ¢ H @ z. For p € H @ x, at most one plane
tangent to § at p can pass through ¢. Thus, adding ¢ destroys at most n
ordinary planes. Now suppose we remove a point p € H @ z. Since ordinary
planes of H & x correspond to solutions of 2p® g@®r =0o0r p®2q®r =0
by Propositions 3.7 and 3.18, there are at most O(n) solutions for a fixed p.

Thus removing p destroys at most O(n) ordinary planes.

Repeating K times, we see that adding or removing K points to or from
H & z destroys at most O(Kn) ordinary planes out of the $n? — O(n)
spanned by H @ x. This proves that P spans at least %nQ — O(Kn) ordinary
planes. O

So there exists an absolute constant C' > 0 such that a non-coplanar set
of n points with no three collinear, spanning at most %nQ — C'n ordinary
planes, differs in O(1) points from Case (ii) of Theorem 1.9, our structure
theorem for sets spanning few ordinary planes. This case, where P is close
to a prism or an antiprism, requires a more careful analysis of the effect of

adding and/or removing points.

We first need the following simple application of Theorem 2.25.

Proposition 6.2. If P C R? is a set of n points contained in two circles,

then the number of lines with at least three points of P is at most O(n'1/%).

Proof. Denote the two circles by o1 and o2. Let 71 = 01 and v = v3 = 09,
and set S; = PN~y; for i = 1,2, 3. Every line with at least one point of 57 and
two points of So = S3 corresponds to a collinear triple in S7 x S x S3. Since
the union of two circles is not a line or a cubic, we can apply Theorem 2.25
to get the bound O(n''/6) for the number of collinear triples in P with one
point in o1 and two points in 2. Similarly, the number of collinear triples
in P with one point in oy and two points in o is also O(n'Y/%). Since a line

intersects o Uy in at most four points, we also obtain the bound O(n!'!/%)
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for the number of lines with at least three points. O

Lemma 6.3. Let S be a prism or an antiprism with |S| = 2m. Let P =
(S\ A)U B be a set of n points with no three collinear, where A is a subset
of S with a = O(1) points and B is a set disjoint from S with b = O(1)
points. Then P spans at least %(2 + a + 4b)n? — O(n*'/%) ordinary planes.

Proof. By a projective transformation, suppose S is given by

(o (2t (2) ) o)

if S is a prism, or

(o (2 s (2) ) o)
o oo (07 (07 ) ),

if S is an antiprism.

We know from Constructions 4.5 and 4.6 that S spans tn? — O(n) ordinary

planes.

Consider first the number of ordinary planes spanned by S\ A. As we saw
in Construction 4.7, removing a point p € S destroys at most 3m/2 ordinary
planes spanned by S, and adds %mQ —O(m) = énz — O(n) ordinary planes.
Noting that there are at most m 4-rich planes spanned by S that go through

any two given points of A, we thus have by inclusion-exclusion that S\ A

ay,,2

spans at least (1 + £)n? — O(n) ordinary planes.

Now consider adding ¢ € B to S. For any pair of points from S\ A, adding
q € B creates a new ordinary plane, unless the plane through the pair and
g contains three or four points of S\ A. We already saw that the number
of ordinary planes hitting a fixed point is O(n), so it remains to bound the
number of 4-rich planes of S that hit ¢. If ¢ lies on one of the circumscribed
circles of the m-gons of S, then no 4-rich planes hit ¢, so we can assume
that ¢ does not. Projecting from ¢ reduces the problem to bounding the
number of 4-rich lines spanned by a subset of two conics, unless ¢ is one
of two points projecting S onto a single conic by Proposition 2.14. If ¢ is

not one of those two points, by Proposition 6.2, this number is bounded by
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O(n'/%), so ¢ lies on at most O(n''/) of the 4-rich planes spanned by S.
If ¢ projects S onto a single conic, then ¢ is either the origin or the point at
infinity corresponding to the x3-axis. In the prior case, ¢ does not lie on any
4-rich planes spanned by S if m is odd and S is a prism or if m is even and
S is an antiprism, and adding ¢ would result in three collinear points if m
is odd and S is an antiprism or if m is even and S is a prism. In the latter
case, ¢ does not lie on any 4-rich planes spanned by S if S is an antiprism,
and adding ¢ would result in three collinear points if S is a prism. Adding
q to S thus creates at least (Z) — O(nll/ 6) ordinary planes. Note that each

p € A that was removed destroys at most n of these planes.

Adding g to S\ A also destroys at most O(n) ordinary planes, since for
each p € S there is only one plane tangent at p and going through ¢, and
for each p € A, at most m ordinary planes spanned by S\ A go through
p. Finally, since there are at most 2m planes through two points of B
that also go through two points of S\ A, P = (S \ A) U B spans at least
(F+%+ 2Yn? — O(n!'/5) ordinary planes. O

Theorems 1.13 and 1.14, restated below, then follow easily from the lemmas

above.

Theorem 1.13 (Ordinary planes).

(i) If n is sufficiently large, the minimum number of ordinary planes
spanned by a non-coplanar set of n points in RP3 with no three collinear
s equal to

n?—n ifn=0

n?—n+ g ifn=1

n

(1

' (mod 4
g ( )
% 2—%n ifn=2 (mod 4),
k%nQ—%n—l-% ifn=3 ( )

(ii) Let C' > 0 be a sufficiently large absolute constant. If a non-coplanar

set P of n points in RP3 with no three collinear spans fewer than %nQ —

Cn ordinary planes, then P is contained in a prism or an antiprism.

Proof. Suppose P is a set of n points in RP? with no three collinear spanning
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fewer than %nQ — Cn ordinary planes, where C' > 0 is a sufficiently large
absolute constant. Without loss of generality, n is also sufficiently large.
By Lemmas 4.1 and 6.1, we need only consider the case where P differs by
O(1) points from a prism or antiprism. In the notation of Lemma 6.3,
we have P = (S\ A) U B and §(2 + a + 4b) < 3, which implies that
a <1 and b = 0. So P is either equal to S, or is obtained from S by
removing one point, which are exactly the cases in Constructions 4.5, 4.6,
and 4.7. In particular, the minimum number of ordinary planes occurs in
Construction 4.5 when n = 0 (mod 4), in Construction 4.7 when n = 1,3

(mod 4), and in Constructions 4.5 and 4.6 when n =2 (mod 4). O

Theorem 1.14 (4-rich planes).

(i) Ifn is sufficiently large, the maximum number of 4-rich planes spanned
by a set of n points in RP? with no three collinear is equal to

;

#nd — in® + 2n ifn=0 (mod 8),
ing‘—%?ﬁ—i—%n—% ifn=1,3,57 (mod 8),
Zn®—in?2 4+ In—1 ifn=26 (modS8),
4nd—in®+35n—1 ifn=4 (mod 8).

(it) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in RP3 with no three collinear spans more than in?’— %nZ—i-Cn

4-rich planes, then P lies on an elliptic or acnodal space quartic curve.

Proof. Let P be a set of n points in RP? with no three collinear spanning at
least 5,13 — %nQ + O(n) 4-rich planes. Let t; denote the number of i-rich
planes (i > 3). By counting unordered triples of points, we have
n 1
<3> = Z <3> ti = tg + 44,
>3
hence
L 3

13 2 15 2
5" O(n)>t3+4<24n O(n )>

and t3 = O(n?), so we can apply Theorem 1.9. We next consider each of

the cases of that theorem in turn.
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If all except O(1) points of P lie on a plane, it is easy to see that P spans

only O(n?) 4-rich planes, contrary to assumption.

If all except O(1) are vertices of a prism or antiprism, then we know from
Constructions 4.5, 4.6, and 4.7 that P spans at most z3n3 + O(n?) 4-rich

planes, again contrary to assumption.

Suppose next that P = ((H ® =) \ A) U B, where H is a finite subgroup of
order m = n + O(1) of an elliptic or acnodal space quartic, A is a subset
of H @& x with a = O(1) points, and B is a set disjoint from H & = with
b= O(1) points. Then n = m —a+b. The number of 4-rich planes spanned
by H &z is 5;m3 — m? + O(m). We next determine an upper bound for

the number of 4-rich planes in P.

For each p € A, let II,, be the set of 4-rich planes spanned by H @z that pass
through p. Then |II,| = %mQ—O(m) and |II,NII,| = O(m) for distinct p, ¢ €
A. By inclusion-exclusion, we destroy at least |J,c 4 II,| > tam? — O(m)
4-rich planes by removing A, and we still have at most im:} — %mQ — %am2 +
O(m) 4-rich planes in (H @ z) \ A.

For each p € B, the number of ordinary planes spanned by H & x passing
through p is at most O(m). This is because each such plane is tangent
to the space quartic at one of the points of H & x, and there is only one
plane through p and tangent at a given point of H & x. Also, for each
pair of distinct p,q € B, there are at most O(m) planes through p and ¢
and two points of H @ x; and for any three p,q,r € B there are at most
O(1) planes through p,q,r and one point of H @ x. Therefore, again by

inclusion-exclusion, by adding B we gain at most O(m) 4-rich planes.

It follows that the number of 4-rich planes spanned by P is

1 1 1 n3 — (a+ 3b+ 6)n? + O(n)
ts < —m?® — —m? — —am® 4+ O(m) = :
1< ggm’ = m” — zam +O(m) 51

Since we assumed that

n3 —n? + O(n)
24 ’
we obtain a + 3b < 1. Therefore, a = b = 0 and P = H & x. The max-

ty

WV

imum number of 4-rich planes spanned by a coset has been determined in
Constructions 4.14 and 4.15. O
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We now turn to coplanar quadruples. As mentioned in [50], certain space
quartic curves such as elliptic normal curves contain sets of n points spanning
O(n?) coplanar quadruples. We use Theorem 2.26, a special case of Raz,
Sharir, and De Zeeuw’s 4-dimensional generalisation of the Elekes-Szabo

theorem [50], to prove Theorem 1.15, restated below.

Theorem 1.15 (Coplanar quadruples). Let § be a rational space quartic
curve in CP3. If ¢ is singular, then there exist n points on § that span
O(n3) coplanar quadruples. If § is smooth, then any n points on § span

O(n®/3) coplanar quadruples.

Proof. We first show that if an n-point set P on a rational space quartic d,
in CP? spans more than O(ng/ 3) coplanar quadruples, then dp is of the first
species, hence singular by Lemma 3.16 and Corollary 3.14. We work in the
affine charts y = 1 in CP! and py = 1 in FP*.

Lemma 3.11 says four points parametrised by [t1, 1], [te, 1], [t3, 1], [t4, 1] are
coplanar if and only if F,(t1,1,t2,1,%3,1,¢t4,1) = 0. It is clear that F, is
not independent of any ¢; (otherwise ¢, would be planar). Since P does
not span O(ng/ 3) coplanar quadruples, Theorem 2.26 gives the existence of
injective analytic 1, @2, 3,4 such that F, = 0 if and only if ¢q(t1) +
a(t2) + @3(ts) + @a(ts) = 0. In particular, on the hypersurface F, = 0, we
can express tq = t4(t1,t2,t3) as a function of ¢, to, t3:

_ pititats + pa(tits + tats + tots) + ps(ts +t2 +t3) + pa

titats + p1(tita + tits + totz) + pa(ts +ta +t3) + p3( ' )
6.1

ta(ty,t2,t3) =

We thus have for all (¢1,te,t3) € Uy x Us x Us that

©1(t1) + p2(te) + p3(ts) + @a(ta(ts, a2, t3)) = 0.

Partial differentiation with respect to ¢; for i = 2,3 gives

Oty
e / —_— =
©i(ti) + py(ts) a1, 0,

and so the quotient (0ty/0ts) / (0t4/0ts) is independent of ¢1. The numer-

ator of the partial derivative of this quotient with respect to ¢; is thus

identically zero. If we substitute (6.1) into
o (o fouy
Oty \Ota/ Ots)
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we obtain (with the help of a computer algebra system such as SageMath)

(p2pa — 3 — Pipa + 2p1paps — P3)F (1, t, ta, t3) (ts — to)
h(t17t2)2

=0,
where

h(t1,ta) = (pT — pa)tits + (p1p2 — p3)tita(ts + ta) + (p3 — p1ps) (65 +t3)

+ (p3 — pa)tits + (paps — p1pa)(tr + t2) + p3 — papa.

Since t1, ta,t3 are arbitrary in (U; x Uz x U3) \ (Zc(h) x C), we obtain that
the catalecticant paopy — p§ — p%p4 + 2p1paps — p% vanishes. By Lemma 3.16,

the rational space quartic 9, is thus of the first species, as desired.

For the converse, suppose that §, is singular, hence of the first species (again
by Corollary 3.14 and Lemma 3.16). Then, as is well-known (and explicitly
demonstrated in the proof of Proposition 3.18), the smooth points d; carry
a group structure such that four points are coplanar if and only if their sum
in the group is the identity. If §, is nodal, then the group is isomorphic to
the non-zero complex numbers under multiplication (C*, -). If 6, is cuspidal,
then the group is isomorphic to the complex numbers under addition (C, +).
In both groups it is trivial to find n elements such that there are ©(n?)
quadruples of distinct elements that sum to 0. In the multiplicative case,
we can take the n-th roots of unity, and in the additive case, we can take

the n integers closest to 0. O

For a rational space quartic § € CP? that is singular, the proof of Propo-
sition 3.18 gives the y;’s in Theorem 2.26 explicitly. Recall that ¢ has a
unique singularity that is either a cusp or a node. For convenience, let us
identify CP! with the affine line C together with a point oo at infinity. If §
has a cusp, then there exists a parametrisation ¢: CP' — § such that ((co)
is the cusp of §, and any four points ¢(t1), ¢(t2), ¢(t3), p(ts4) on 6 \ {p(c0)}
are coplanar if and only if £; 4+ to + t3 + t4 = 0. If § has a node, then there
exists a parametrisation : CP! — § such that ¢(0) = p(c0) is the node of
J, and any four points ¢(t1), ¢(t2), ¢(t3), ¢(t4) on 6 \ {¢(0)} are coplanar if
and only if tytatsty = 1.
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6.2 Hyperplanes

We prove Theorems 1.16 and 1.17 in this section. It turns out that min-
imising the number of ordinary hyperplanes spanned by a set is equivalent
to maximising the number of (d + 1)-rich planes, thus we can apply Theo-
rem 1.10, our structure theorem for sets spanning few ordinary hyperplanes,
in both theorems. Then we only have two cases to consider, where most of
our point set is contained either in a hyperplane or a coset of a subgroup of

an elliptic normal curve or the smooth points of a rational acnodal curve.

The first case is easy, and we get at least (Zj) ordinary hyperplanes by

Lemma 4.1.

The second case needs more work. Let 6* be an elliptic normal curve or
the smooth points of a rational acnodal curve in RP?. By Lemma 4.9, there
always exists a coset of §* that spans at most (z:i) ordinary hyperplanes. To
show that a coset is indeed extremal, we first consider the effect of adding a
single point. The case where the point is on the curve is done in Lemma 6.4,
while Lemma 6.5 covers the case where the point is off the curve. We then

obtain a more general lower bound in Lemma 6.6.

Lemma 6.4. Let 0* be an elliptic normal curve or the smooth points of a
rational acnodal curve in RP?, d > 2. Suppose H & x is a coset of a finite
subgroup H of §* of order n, with (d+1)x € H. Letp € §*\ (H @ x). Then
there are at least (dfl) hyperplanes through p that meet H ® x in exactly
d — 1 points.

Proof. Take any d — 1 points p1,...,p4—1 € H @ x, and note that for the
hyperplane through p,p1,...,pq—1 to not contain any other point of H @ x,
we must have S(p @ p1 & -+ B pg—1) ¢ H ® = by Propositions 3.7 and 3.18.
Suppose otherwise. Then we have ©p © (d — 1)z € H @ x, in which case
we also have p @ (d + 1)z € H @ z. But this contradicts p ¢ H © = as
(d+ 1)z e H.

Next we show that if {p1,...,ps—1} # {p},....P}_1}, where pi,....,p},_, €
H @ z, then they span different hyperplanes with p. Suppose they span the
same hyperplane. Then ©(p ® p; @ - -+ @ pg—1) also lies on this hyperplane,
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but not in H & xz, as shown above. Also, p, ¢ {p1,...,ps—1} for some ¢, and
then p1,...,p4—1,p}, and S(p®p1 O+ pg—1) are d + 1 distinct points on

a hyperplane, so their sum is 0, which implies p = pf, a contradiction.

So there are ( dfl) hyperplanes through p meeting H & « in exactly d — 1
points. ]

Lemma 6.5. Let § be an elliptic normal curve or a rational acnodal curve
in RPY, d >3, and let §* be its set of smooth points. Let K > 0, and suppose
H @ x is a coset of a finite subgroup of 6* of order n, where n > Cd*2%d\K
for some sufficiently large absolute constant C > 0. Let p € RP?\ 6* be such
that p lies on at most K2d(d23) (d — 2)-flats through exactly d — 1 points
of H® x. Then there are at least ng(dzl) hyperplanes through p that meet
H & x in exactly d — 1 points, for some sufficiently small absolute constant

c>0.

Proof. We first consider the case d = 3. Fix a ¢ € H ® x, and consider the
projection m,. Since g is a smooth point of 4, m is a non-degenerate
curve of degree 3 in RP? (otherwise its degree would be at most 1, but it
has to have degree at least 2 because it is non-degenerate). The projection
7y can be naturally extended to have a value at ¢, by setting m,(q) to be the
point where the tangent line of § at ¢ intersects the hyperplane onto which §
is projected. (This point will be the single point in m,(5 \ {g})\ 7,(6\ {q}).)
The cubic curve 7, () is either elliptic or rational and acnodal, hence it has
a group operation B such that three points are collinear in RP? if and only

if they sum to the identity.

Observe that any three points my(p1), 7q(p2), mq(p3) € m4(0*) lie on a line
in RP? if and only if p; ® ps ® p2 ® ¢ = 0. By Proposition 3.3 it follows
that the group on m,(6*) obtained by transferring the group (6*,®) by m,
is a translation of (m4(0*),H8). In particular, 7,(H & ) = H' B2’ for some
subgroup H' of (m4(6*),H) of order n.

If 7,(p) ¢ m4(0*), then there are at least n,/1000 lines in RP? through m,(p)
and exactly one point of H' H 2’ by Lemma 2.8. At most one of these lines
go through 7,(g), and thus there are at least n/1000 — 1 planes in RP3 that
pass through p and exactly two points of H & x.
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If 7,(p) € my(6*) \ (H' B 2'), then there are at least n lines in RP? through
7q(p) and exactly one point of H' B 2’ by Lemma 6.4. Again, at most one
of these lines go through m,(q), and thus there are at least n — 1 planes in

RP3 that pass through p and exactly two points of H @ .

Since p lies on at most 8K lines through exactly two points of H @ z, there
are at most 16K points ¢ € H @ x for which m,(p) € H'Ba’. Therefore, the

total number of planes through p and exactly two points of H @ x is at least

1 n oK n
- —1K<——1)> - 28 ,
5 (= 165) {3500 Cl( n ><2)

where c1, co are some absolute constants.

Next, we use induction on d to show that for n > C’ H?:4 %Tld!K where

C’ > 0 is a sufficiently large absolute constant, there are at least

i1y Lfpi=1,,, n n
=2 (1- ] ;2K (d_l)::f(n,d,k)(d_l)

i=4 i=4

hyperplanes through p and exactly d — 1 points of H @ x for some suffi-
ciently small absolute constant ¢ > 0. Note that n > C’ Hf:4 %Tld!K
implies f(n,d, K) > 5’—20;(1 — &) = —5a for ¢ > 0 a sufficiently small absolute
constant.

Assume d > 4, and assume the above statement holds for d — 1. As in the
d = 3 case, if ¢ € H®x, then 7,(J) is a degree d curve in RP?~! that is either
elliptic or rational and acnodal, with a group operation H such that d points
are on a hyperplane in RP?~! if and only if they sum to the identity. Again
as in the d = 3 case, it follows from Proposition 3.3 that 7 (H ©z) = H'Ha'
for some subgroup H’ of (m,(6*),H) of order n.

We know that p lies on at most K2¢ (dﬁl) (d — 2)-flats containing exactly
d—1 points of H®x. Thus, through at least (1— é)n points ¢ € H @z, there
are at most (%2dK> 2d—1 (df4) (d—2)-flats through p, ¢, and exactly d—2
other points of H @ x. Since n > €' [, 2ddK = ¢ [T} =lod-1(q —

i=4 =3
1)! (%2(1K>, we can apply induction if m,(p) ¢ 6*.

Note that for all p € RP?\ §*, the projection mp is generically one-to-one on
0. Suppose otherwise, and let p be such a projection point. Choose points

Q1. .,q4—1 € 6* such that p, q1,...,q4—1 span a hyperplane I in RP?, which

127



Chapter 6. Extremal theorems

is possible since § is non-degenerate. Then each line pg; intersects  again
in ¢/. So II intersects ¢ in at least 2(d — 1) points. Since deg(d) = d + 1, we
have d < 3, contradicting d > 4. We thus have that every point p € RP?\ &
lies on at most O(d?) secants or tangents (or lines through two points of §* if
p is the acnode of §) of § (this follows from projection and [64, Chapter III,
Theorem 4.4]), in which case there are at most O(d?) points ¢ € H @ x for
which 74(p) € §*.

For each of the at least (1—2)n—O(d?) points of ¢ € H &z for which 74(p) ¢
0*, by the induction hypothesis, there are at least f(n,d — 1, %QdK) (dﬁQ)

hyperplanes IT in RP4~! through 7,(p) and exactly d — 2 points of H' B z'.

-1
q

through p and d — 1 points of H @ z, one of which is g. There are at most

If none of these d—2 points equal m,(g), then 7" (I) is a hyperplane in RP?

(Z:é) such hyperplanes in RP4~! through 7,(g). Since each hyperplane is

counted d — 1 times, the total number of such hyperplanes is at least

B ) () (17)
(5 S (e i) 5550 ()

d .
d—1 d—1 n . , 1—1_4

2 d d—1 palyi

—f(n,d,K)<dﬁ1>. N

Lemma 6.6. Let 0* be an elliptic normal curve or the smooth points of a
rational acnodal curve in RPY, d > 4, and let H @ x be a coset of a finite
subgroup H of 6*. Let AC H @ x and B C RPY\ (H @ x) with |A| = a,
|B| = b, and a,b = O(d2%). Let P = (H ® z\ A) U B with |P| = n be such
that every d points of P span a hyperplane. If A and B are not both empty
and n > Cd32%d! for some sufficiently large absolute constant C > 0, then
P spans at least (1 + T;i)(g:%) ordinary hyperplanes for some sufficiently
small absolute constant ¢ > 0.

Proof. We first bound from below the number of ordinary hyperplanes of
(H @ z) \ A that do not pass through a point of B.
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The number of ordinary hyperplanes of (H @ ) \ A that are disjoint from
Ais

wim‘{(ala-n,ad)e(]{\(A@x))d 2201 Dag P Dag=0(d+ 1)3:}

9

and it can be shown in the same way as in the proof of Lemma 4.12 that

this is at least (sj) —e(d,n—"b), where £(d, n) is as defined in Lemma 4.12.

To obtain an upper bound on the number of these hyperplanes that pass
through a point ¢ € B, we choose p € (H @ x) \ A and a further d — 3
distinct points from (H @ z) \ A. Then p, the tangent line of ¢ at p, ¢, and
the d — 3 points span a unique hyperplane, unless the tangent line passes
through ¢. It follows from [48, Corollary 2.5] and projection that there are
at most d(d + 1) tangent lines from a given point ¢ ¢ ¢ to the curve § of
degree d + 1. It follows that there are at most b(n — b+ d(d + 1))("d_f§1) of
these hyperplanes that pass through some point of B.

The number of ordinary hyperplanes of (H @ z) \ A that contain a point
from A is at least a ((Z:i’) — a(gzg) —(n—0») (”d_fgl)), since we can find
such a hyperplane by choosing a point p € A and d— 1 points p1,...,ps_1 €
(H@®x)\ A, and then the remaining point S(p® p1 @ - - - ® pg—1) might not
be a new point in (H @ x) \ A by either being in A (possibly equal to p)
or being equal to one of the p;. The number of these hyperplanes that also

pass through some point of B is at most ab(sjg).

Therefore, the number of ordinary hyperplanes of (H @ z) \ A that miss B

is at least
n—>ob n—b—1
<d_1>—5(d,n—b)—b(n—b+d(d+1))< J_3 >

—l—a(Z_f) —a2<2_§> —a(n— b)(nd_b; 1> — ab<3_g>. (6.2)
Next we find a lower bound to the number of ordinary hyperplanes through
exactly one point of B and exactly d — 1 points of (H @ z) \ A. Note that
if p € B does not lie on a line through two points of H @ x, then p, a fixed
point ¢ € A, and d— 3 points of H @ x span a (d—2)-flat, so p lies on at most
d—iQ(Zié) (d — 2)-flats through ¢ and exactly d — 2 other points of H & x.
Now suppose p lies on a line through two points of H & x including ¢ € A.
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Let the other point be ¢’. Then p lies on at most (Z:g) (d — 2)-flats through
q, ¢', and exactly d — 3 other points of H @ x. Since p lies on at most O(d?)
secants or tangents (or lines through two points of ¢* if p is the acnode of

) of 0 (as in the proof of Lemma 6.5), we have that p lies on at most

a (n—1 n—2 n
d2 — 2d
i=3(ia) o (525) =0 (#(," )
(d — 2)-flats through exactly d — 1 points of H @ x.

The number of hyperplanes through at least one point of B and exactly d—1
points of (H & x) \ A is then at least b% (Zj) - ab(gzg) by Lemmas 6.4
and 6.5 for some sufficiently small absolute constant ¢ > 0. The number
of hyperplanes through at least two points of B and exactly d — 1 points of
(H®z)\ Ais at most (g) (S:S). It follows that there are at least bdé—/d (S:i’) -
(ab + (g)) (s:g) ordinary hyperplanes passing though a point of B.

Combining this with (6.2), P spans at least
—b -b—-1
(Z_J —5(d,n—b)—b(n—b+d(d+1))<n )
n—=>bt 9fn—2> n—b—-1 n—=>bt
+a<d_1> —a (d—Q) —a(n—b)< d_3 ) —ab(d_2
d (n—1> b n—=>ot
ordinary hyperplanes. Since
n—>ob n—>ob n—b—1
fla+1,b) = f(a,b) = (d— 1) (2a+2b+1)<d_2> (nb)( q_3 )
is easily seen to be positive for all @ > 0 as long as n > (2a + 2b+ d —
1)(d — 1) + b+ d — 2, we have without loss of generality that a = 0. Then
for n > b+ d — 2, we have that f(0,b+ 1) — f(0,b) is at least

d;;d(n—b—d+1)—(1+bd0—2;) (d—1)<n_b>
d—1

_b<2_§> —(n—b—1+d(d+1))<nd_b;1>,

which is positive for all b > 1 if n > C(b 4+ d)d?2? for C sufficiently large.

/

Finally, we have f(0,1) = (1+ £2)(571) — O(d*(}=3)) = (1 + £ (5-1)
completing the proof. O

n—>ob
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We are now ready to prove Theorems 1.16 and 1.17, restated below.

Theorem 1.16 (Ordinary hyperplanes). Let d > 4 and let n > Cd32¢d! for
some sufficiently large absolute constant C > 0. The minimum number of
ordinary hyperplanes spanned by a set of n points in RP?, not contained in

a hyperplane and where every d points span a hyperplane, is

(Z: i) ¢ <d22d/2<t<d —nl)/2J) * (L(d —n3)/2J>> |

This minimum is attained by a coset of a subgroup of an elliptic normal
curve or the smooth points of a rational acnodal curve of degree d + 1, and
when d+1 and n are coprime, by n — 1 points in a hyperplane together with

a point not in the hyperplane.

Proof. Let P be the set of n points. By Lemma 4.9, we may assume that P
has at most (Zj) ordinary hyperplanes. Since n > Cd®2¢d!, we may apply
Theorem 1.10 to obtain that up to O(d2%) points, P lies in a hyperplane or
is a coset of a subgroup of an elliptic normal curve or the smooth points of

a rational acnodal curve.

In the first case, by Lemma 4.1, since n > Cd®2¢d!, the minimum number
of ordinary hyperplanes is attained when all but one point is contained in a

hyperplane and we get exactly (Zj) ordinary hyperplanes.

In the second case, by Lemma 6.6, again since n > Cd32%d!, the minimum
number of ordinary hyperplanes is attained by a coset of an elliptic normal
curve or the smooth points of a rational acnodal curve. Lemmas 4.9 and

4.12 then complete the proof. ]

Thus, by Section 4.3, we have a recursive method to compute the exact
minimum number of ordinary hyperplanes for a given d and n > Cd®2¢d!
for some sufficiently large absolute constant C' > 0. This is demonstrated in

Construction 4.14 (and Construction 4.15) for d = 4,5, 6.

Theorem 1.17 ((d + 1)-rich hyperplanes). Let d > 4 and let n > Cd*24d!
for some sufficiently large absolute constant C' > 0. The mazimum number

of (d + 1)-rich hyperplanes spanned by a set of n points in RP? where every
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d points span a hyperplane is

I Kn a 1) o (dQQ_M(L(d —nl)/2J) * (L(d —n3)/2J>>] |

This mazimum s attained by a coset of a subgroup of an elliptic normal

curve or the smooth points of a rational acnodal curve of degree d + 1.

Proof. Note that by Corollary 4.13, there exist sets of n points, with every

d points spanning a hyperplane, spanning at least

T Kn a 1) o (dQZ_M <L(d —nl)/2J> y (L(d —”sm)ﬂ

(d + 1)-rich hyperplanes.

Let P be an arbitrary set of n points in RP?, d > 4, where every d points
span a hyperplane. Suppose P spans the maximum number of (d + 1)-rich

hyperplanes. Without loss of generality, we can thus assume P spans at least
1 -1 —d .

- [(nd ) +0 <d22 /2(L(d—2)/2j) 4 (L(d—g)/%))} (d+1)-rich hyperplanes.

Let m; denote the number of i-rich hyperplanes spanned by P. Counting

the number of unordered d-tuples, we get
n 1
<d> = Z;Z <Cl> my; 2 my + (d + 1)md+1,

hence we have

ma< ()= ("0 ) =0 (22 (0 L) + (a)
(i)

and we can apply Theorem 1.10.

In the case where all but O(d2?) points of P are contained in a hyperplane,
it is easy to see that P spans O(d2? ( dﬁl)) (d+ 1)-rich planes, contradicting

the assumption.

So all but O(d2¢) points of P are contained in a coset H @ x of a subgroup
H of §*. Consider the identity

(d+ 1)mgp1 = (Z) —mg— Y (;) m.

1>d+2
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By Theorem 1.16 and Lemma 6.6, we know that

(Z: D ¢ <d22d/2<t<d —nl)/2J> * (L(d —n3)/2J>>

and any deviation of P from the coset H & x adds at least c( d 1) ordinary

WV

mq

hyperplanes for some sufficiently small absolute constant ¢ > 0. Since we

also have
D%EQ (2) i = <Z> —mq— (d+ 1)map
(-G

+O<d22—d/2(t( _1)/2>+< ] n3)/2J>>

0( d”(L( —1/2> ( q_ 3/2J>>

we can conclude that mgiq is maximised when P is exactly a coset of a

subgroup of *, in which case Corollary 4.13 completes the proof. O

As above, Section 4.3 gives a recursive method to compute the exact maxi-
mum number of (d + 1)-rich hyperplanes for a given d and n > Cd®2%d! for
some sufficiently large absolute constant C' > 0. This is again demonstrated

in Construction 4.14 (and Construction 4.15) for d = 4,5, 6.

6.3 Circles

We prove Theorems 1.18, 1.19, and 1.20 in this section. Note that the
proofs of Theorems 1.18 and 1.20 are very similar to the proofs of their
planar analogues Theorems 1.13 and 1.14 respectively, but with some subtle
differences. This is due to how they are related via stereographic projection,
as seen in Section 5.3, and we remark more on this at the end of the section.

We first consider ordinary circles, including 3-rich lines.

Suppose P is an n-point set in R? spanning fewer than %nQ ordinary circles,
and that P is not contained in a circle or a line. Applying Theorem 1.11, we

can conclude that, up to inversions, P differs in O(1) points from either a
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subset of a line, a coset of a subgroup of a circular elliptic or acnodal cubic,
or a double polygon.

The first type of set is very easy to handle, and spans at least ("_1) =

2
3n% —O(n) strict ordinary circles (and thus ordinary circles) by Lemma 4.2.

Cosets on cubics are also relatively easy to handle. We again obtain a lower

bound on the number of strict ordinary circles, not including 3-rich lines.

Lemma 6.7. Suppose P C R? differs in K points from a coset H ® x of a
subgroup H of a circular elliptic or acnodal cubic, where |H| = n + O(K)
and 4dxow € H. Then P spans at least %nQ —O(Kn) strict ordinary circles.

Proof. Suppose that P differs in K points from H & z. We know from
Constructions 4.14 and 4.15 that H @ z spans $n® — O(n) strict ordinary
circles, all of which are tangent to v. We show that adding or removing K
points destroys no more than O(Kn) of these strict ordinary circles, so that

the resulting set P still spans at least %nz — O(Kn) strict ordinary circles.

Suppose we add a point ¢ ¢ H @ z. For p € H @ x, at most one circle
tangent to v at p can pass through ¢. Thus, adding g destroys at most n
strict ordinary circles. Now suppose we remove a point p € H @ x. Since
strict ordinary circles of H & x correspond to solutions of 2p G ¢ ®r = w
or p@®2q®r = w, there are at most O(n) solutions for a fixed p. Thus

removing p destroys at most O(n) strict ordinary circles.

Repeating K times, we see that adding or removing K points to or from
H @ destroys at most O(Kn) strict ordinary circles out of the $n? — O(n)
spanned by H @ x. This proves that P spans at least %nz — O(Kn) strict

ordinary circles. O

So there exists an absolute constant C' > 0 such that a set of n points, not
all collinear or concyclic, spanning at most %n2 — Cn ordinary circles, differs
in O(1) points from Case (iv) of Theorem 1.18, our structure theorem for
sets spanning few ordinary circles. This case, where P is close to an ‘aligned’
or ‘offset’ double polygon, requires a more careful analysis of the effect of

adding and/or removing points.
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Lemma 6.8. Let S be an ‘aligned’ or ‘offset’ double polygon with |S| = 2m.
Let P = (S'\ A) U B be a set of n points, where A is a subset of S with
a = O(1) points and B is a set disjoint from S with b = O(1) points. Then
P spans at least %(2 + a + 4b)n? — O(n'1/%) ordinary circles.

Proof. We know from Constructions 4.5 and 4.6 that S spans %nQ —O(n)

ordinary circles.

Consider first the number of ordinary circles spanned by S\ A. As we saw in
Construction 4.7, removing a point p € S destroys at most 3m/2 ordinary
circles spanned by S, and adds m?* — O(m) = in* — O(n) ordinary circles.
Noting that there are at most m 4-rich circles spanned by S that go through
any two given points of A, we thus have by inclusion-exclusion that S\ A

spans at least (§ + £)n? — O(n) ordinary circles.

Now consider adding ¢ € B to S. For any pair of points from S\ A, adding
q € B creates a new ordinary circle, unless the circle or line through the
pair and ¢ contains three or four points of S\ A. We already saw that the
number of ordinary circles hitting a fixed point is O(n), so it remains to
bound the number of 4-rich circles of S that hit ¢. If ¢ lies on one of the
concentric circles, then no 4-rich circles hit ¢, so we can assume that g does
not. Applying inversion in ¢ reduces the problem to bounding the number
of 4-rich lines spanned by a subset of two circles. By Proposition 6.2, this
number is bounded by O(n'Y/%), so p lies on at most O(n''/) of the 4-rich
circles spanned by S. Adding ¢ to S thus creates at least (g) — O(nn/ 6)
ordinary circles. Note that each p € A that was removed destroys at most

n of these circles or lines.

Adding g to S\ A also destroys at most O(n) strict ordinary circles, since
for each p € S there is only one circle tangent at p and going through g¢,
and for each p € A, at most m strict ordinary circles spanned by S\ A go
through p. Finally, since there are at most 2m circles through two points of
B that also go through two points of S\ A, P = (S\ A) U B spans at least

(% + 5+ %)n2 — O(nll/G) ordinary circles. O

Theorem 1.18, restated below, then follows easily from the lemmas above.
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Theorem 1.18 (Ordinary circles).

(i) If n is sufficiently large, the minimum number of ordinary circles

spanned by a non-concyclic and non-collinear set of n points in R?

is equal to
(%nQ_n ifn=0 (mod 4),
82 —n+3  ifn=1 (mod ),
%nQ - %n ifn=2 (mod 4),
Sp2—3n+ X ifn=3 (mod4).

(it) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in R? spans fewer than %nz — Cn ordinary circles, then P lies
on the union of two disjoint circles, or the union of a circle and a
disjoint line.
Proof. Suppose that P is a set of n points in R? spanning fewer than %nQ —
Cn ordinary circles, where C is sufficiently large. Without loss of generality,
n is also sufficiently large. By Lemmas 4.2 and 6.7, we need only consider the
case where P differs by O(1) points from a double polygon. In the notation
of Lemma 6.8, we have P = (S\ A)UB and (2+a+4b) < 3, which implies
that a < 1 and b = 0. So P is either equal to S, or is obtained from S by
removing one point, which are exactly the cases in Constructions 4.5, 4.6,
and 4.7. In particular, the minimum number of ordinary circles occurs in
Construction 4.5 when n = 0 (mod 4), in Construction 4.7 when n = 1,3

(mod 4), and in Constructions 4.5 and 4.6 when n =2 (mod 4). O

We now consider what happens if we do not count 3-rich lines as ordinary
circles, and prove Theorem 1.19, restated below. We first prove the following

lemma, which is basically an exercise in Euclidean geometry.

Lemma 6.9. Let S be a double polygon (‘aligned’ or ‘offset’) with m points
on each circle. Then a point q ¢ S lies on at most m ordinary circles

spanned by S.

Proof. Denote the inner circle by o7 and the outer circle by o9, both with

centre 0. We proceed by case analysis on the position of ¢ with respect to oy
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Figure 6.1: Bitangent circles through ¢

and o9. Note that for each point p € S, at most one of the ordinary circles

tangent at p can go through q.

If ¢ lies on either o; or o3, then g does not lie on any ordinary circle spanned
by S.

If ¢ lies inside o1, then ¢ lies on at most m ordinary circles spanned by .S,
since ordinary circles tangent to o1 cannot pass through ¢. Similarly, if ¢
lies outside o9, it lies on at most m ordinary circles, since ordinary circles

tangent to o9 lie inside os.

The remaining case to consider is when ¢ lies in the annulus bounded by o
and o9. Consider the subset S’ C S of points p such that there exists an or-
dinary circle tangent at p going through ¢. Consider the four circles passing
through ¢ and tangent to both o7 and o2. They touch o; at a1, b1, c1,d; and
o2 at asg, ba, co,ds as in Figure 6.1. Any circle through ¢ tangent to o1 and
intersecting oo in two points, must touch o1 on one of the open arcs aiby

or ¢idy. Similarly, any circle through ¢ tangent to o9 and intersecting o; in
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two points, must touch o9 on one of the open arcs asce or bads. It follows
that S’ must be contained in the relative interiors of one of these four arcs.
Since S consists of m equally spaced points on each of o1 and o,

2m(Zayoby + Zeyody + £Lbyods + 4(12002)_‘ B {m(G + go)-‘
47 - ’

1S’ < {

s

where 6 and ¢ are as indicated in Figure 6.1. In order to show that |S’| < m,
it suffices to show that the angle sum 8 + ¢ is strictly less than 7. This is
clear from Figure 6.1 (note that aq,0,as are collinear with a; and ag on

opposite sides of o). O

Theorem 1.19 (Strict ordinary circles).

(i) Ifn is sufficiently large, the minimum number of strict ordinary circles

spanned by a non-concyclic and non-collinear set of n points in R? is

equal to
in? —3n ifn=0 (mod 4),
in?—3n+1 ifn=1 (mod4),
in?—n ifn=2 (mod 4),
1.2 _ 5 3 ifn=
(27" — ity ifn=3 (mod 4)

(ii) Let C > 0 be a sufficiently large absolute constant. If a set P of n
points in R? spans fewer than %nQ — Cn strict ordinary circles, then P
lies on the union of two disjoint circles, or the union of a circle and a

disjoint line.

Proof. Let P be a set of n points not all on a circle or a line, spanning at most
1
2
C' > 0. By a simple double counting argument, there are at most énQ 3-rich

n? — Cn strict ordinary circles for some sufficiently large absolute constant

lines, so there are at most %nQ — O(n) ordinary circles. By Theorem 1.11,
up to inversions and up to O(1) points, P lies on a line, an ellipse, a circular
elliptic cubic, or two concentric circles. By Lemmas 4.2 and 6.7, the first
three cases give us at least %n2 — O(n) strict ordinary circles, contrary to
assumption. Therefore, we only need to consider the case where, when P is
transformed by an inversion to P/, we have P’ = (S'\ A) U B, where S is a

double polygon (‘aligned’ or ‘offset’), and |A| = a, |B| = b.
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By Lemma 6.8, P’ has at least 1(2+ a + 4b)n? — O(n'/%) ordinary circles,
which gives us the inequality %(2 +a+4b) < %, which in turn gives us a < 3
and b = 0. Therefore, P’ lies on two concentric circles, and P lies on the

disjoint union of two circles or the disjoint union of a line and a circle.

Suppose that a = 3 (and b = 0). Then P’ has 3n® — O(n) ordinary circles.
Those passing through the centre of the inversion that transforms P to P/,
are inverted back to straight lines passing through three points of P. As
in the proof of Lemma 6.8, there are %nQ — O(n) ordinary circles that pass
through any point of A. Also, we can use Lemma 6.9 to show that there are
at most O(n) ordinary circles spanned by S\ A that intersect in the same
point not in S. Indeed, by Lemma 6.9, there are at most n/2 ordinary circles
of S that intersect in the same point p ¢ S. Furthermore, for each point

q € A there are O(n) circles or lines through p, ¢, and two more points of S.

It follows that there are O(n) ordinary circles spanned by S\ A through p.

Thus, if the centre of inversion is in A, P has %n2 — O(n) strict ordinary
circles, which is a contradiction if C' is chosen large enough. On the other
hand, if the centre of inversion is not in A, then P has gnz — O(n) strict

ordinary circles, also a contradiction.

Therefore, we have a < 2, which means that P’ is a set of n points as in
Constructions 4.5, 4.6, 4.7, or 4.8.
Next, suppose that n is even. If ¢ = 2, then there are %nQ — O(n) ordinary
circles and through both points of A there are %nQ —O(n) ordinary circles. If
we invert in one of these points in A, we obtain a set with 2n? — O(n) strict
ordinary circles (as in Construction 4.8), which is not extremal. Otherwise,
a = 0, P' is as in Constructions 4.5 or 4.6, and there are at least inQ -n
ordinary circles if n = 0 (mod 4) and $n? — in if n = 2 (mod 4). Let p
be the centre of the inversion that transforms P to P’. Then all the 3-rich
lines of P are inverted to strict ordinary circles in the double polygon P’, all
passing through p. By Lemma 6.9, there are at most n/2 ordinary circles
that intersect in the same point not in P’. Thus, in P there at most n/2
3-rich lines, and the number of strict ordinary circles is at least ing — %n if
=0 (mod 4) and tn?—nifn =2 (mod 4), which match the constructions

described in Construction 4.5 (and Construction 4.6 if n = 2 (mod 4)), if

139



Chapter 6. Extremal theorems

the radii are chosen so that each vertex of the inner polygon has an ordinary

circle that is a straight line tangent to it.

Finally, suppose that n is odd. Then a = 1 and P’ is as described in
Construction 4.7, with 3n? — O(n) strict ordinary circles. It follows that P
must be as described in Construction 4.8, with inQ — %n + % strict ordinary
circles if n = 1 (mod 4) and %n2 - %n + % strict ordinary circles if n = 3
(mod 4). O

Finally, we prove Theorem 1.20, restated below. As mentioned in Sec-
tion 1.2.2, by inversion, the following theorem remains true whether we

count 4-rich lines as 4-rich circles or not.

Theorem 1.20 (4-rich circles).

(i) Ifn is sufficiently large, the mazimum number of 4-rich circles spanned

by a set of n points in R? is equal to

5n® —In? 4 3n ifn=0 (mod 8),
in3—%n2+%n—% ifn=1,3,5,7 (mod 8),
in?’—inz—l—l—zn—% ifn=2,6 (mod 8),

in‘g—inz—l—%n—l ifn=4 (mod 8).

(ii) Let C > 0 be a sufficiently large absolute constant. If a set P of n

3

points in R? spans more than in — %nz + Cn 4-rich circles, then up

to an inversion, P lies on a ellipse or a circular elliptic cubic curve.

Proof. Let P be aset of n points in R? with at least 5;n—2n?+0(n) 4-rich
circles. Let t; denote the number of i-rich lines (i > 2) and s; the number of
i-rich circles (¢ > 3) in P. By counting unordered triples of points, we have

n {

3 :Z 3 (ti + 8i) = t3 + 53+ 4(ta + 54),

i>3

hence

L3

1
g O(n?) >t3 +s3+4 (24713 — O(n2)>
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and 3 + s3 = O(n?), so we can apply Theorem 1.11. We next consider each

of the cases of that theorem in turn.

If all except O(1) points of P lie on a line, it is easy to see that P spans

only O(n?) 4-rich circles, contrary to assumption.

If all except O(1) are vertices of two regular m-gons on concentric circles
where m = n/2 + O(1), then we know from Constructions 4.5, 4.6, and 4.7
that P spans at most 3%713 +O(n?) 4-rich circles, again contrary to assump-

tion.

Suppose next that P = ((H & z) \ A) U B, where H is a finite subgroup
of order m = n £ O(1) of a circular elliptic cubic, A is a subset of H & x
with a = O(1) points, and B is a set disjoint from H & x with b = O(1)

points. Then n = m — a + b. The number of 4-rich circles in H @ z is

L
24

of 4-rich circles in P.

m? — %m2 + O(m). We next determine an upper bound for the number

For each p € A, let C), be the set of 4-rich circles of H @ x that pass through
p. Then |C})| = émz —O(m) and |C, N Cy| = O(m) for distinct p,q € A. By
inclusion-exclusion, we destroy at least |{J,c4 Cp| = tam? — O(m) 4-rich
circles by removing A, and we still have at most img — %mz — %am2 +0(m)

4-rich circles in (H & z) \ A.

For each p € B, the number of ordinary circles spanned by H @ x passing
through p is at most O(m). This is because each such circle or line is tangent
to the cubic at one of the points of H @ z, and there is only one circle or
line through p and tangent at a given point of H @ x. Also, for each pair
of distinct p,q € B, there are at most O(m) circles or liens through p and
q and two points of H @ x; and for any three p,q,r € B there are at most
O(1) circles or lines through p, ¢, and one point of H @ x. Therefore, again

by inclusion-exclusion, by adding B we gain at most O(m) 4-rich circles.

It follows that the number of 4-rich circles spanned by P is

1 1 1 3 3b+6)n?+ O
t4+84<ﬂms—zmQ—gam2+O(m):n (a+ 2‘2)”‘1‘ (n)'

Since we assumed that

n3 —7n? + O(n)
24 ’

ty+54 2

141



Chapter 6. Extremal theorems

we obtain a + 3b < 1. Therefore, a = b =0 and P = H & x. The maximum
number of 4-rich circles in a coset has been determined in Constructions 4.15
and 4.14.

The final case, when all but O(1) points of P lie on an ellipse, can be reduced
to the previous case. Indeed, by Corollary 3.24, if we invert the ellipse in a
point on the ellipse, we obtain a circular acnodal cubic, and then the above

analysis holds verbatim for the group of smooth points on this cubic. O

We note that Theorems 1.18 and 1.20 can be proved via stereographic pro-
jection and applying their planar analogues Theorem 1.13 and 1.14 respec-
tively. This is illustrated in the next section for the extremal theorems for

ordinary and (d + 2)-rich hyperspheres.

6.4 Hyperspheres

We prove Theorem 1.21 and 1.22 in this section, which follow from their

hyperplanar analogues Theorems 1.16 and 1.17 respectively.

Theorem 1.21 (Ordinary hyperspheres). Let d > 3 and let n > Cd*2%d!
for some sufficiently large absolute constant C > 0. Let P be a set of n
points in RY where no d + 1 points lie on a (d — 2)-sphere or a (d — 2)-flat.
If P is not contained in a hypersphere or a hyperplane, then the minimum

number of ordinary hyperspheres spanned by P is exactly (";1) if d is odd

(n a 1) ¢ <d22_d/2 (LdT/L%) ! (Ld/ﬁ - 1))

If d is odd, this minimum is attained by n — 1 points in a hypersphere or a

and is

if d is even.

hyperplane together with a point not in the hypersphere or hyperplane.

If d = 2k is even, this minimum is attained by a coset of a subgroup of a
bounded (k — 1)-spherical rational normal curve of degree d or a k-spherical
elliptic normal curve of degree d+ 1, and when d+1 and n are coprime, by
n — 1 points in a hypersphere or a hyperplane together with a point not in

the hypersphere or hyperplane.
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Proof. By Constructions 4.15 and 4.14, we may assume P spans at most
(”;1) ordinary hyperspheres, so that Theorem 1.12 applies. Projecting P
stereographically, we obtain a set P’ := 7~ }(P) ¢ S¢ ¢ RP*! of n points,
no d+1 of which lie on a hyperplane. By Theorem 1.12 and Proposition 3.21,
P’ differs in at most O(d2%) points from

(1) a subset of a hyperplane, or

(2) acoset H@x of a subgroup H of an elliptic normal curve or the smooth

points of a rational acnodal curve of degree d+ 2, for some x such that
(d+2)x € H.

Note that if d is odd, then only Case (1) occurs. The theorem then follows
from Lemma 4.1 in the odd-dimensional case, and Theorem 1.16 in the

even-dimensional case. O

For odd d, by stereographic projection and Lemma 4.1, the minimum num-
ber of ordinary hyperspheres is thus exactly (”;1) for n > Cd*2%d!, where
C > 0 is some sufficiently large absolute constant. For even d, as with hy-
perplanes in Section 6.2, we can compute the exact minimum number of or-
dinary hyperspheres for n > Cd*2%d!, where C' > 0 is some sufficiently large
absolute constant, using the recursive method described in Section 4.3. The

minimum when d = 4 is given in Construction 4.14 (and Construction 4.15).

Theorem 1.22 ((d + 2)-rich hyperspheres). Let d > 3 and let n > Cd*24d!
for some sufficiently large absolute constant C' > 0. Let P be a set of n
points in R? where no d + 1 points lie on a (d — 2)-sphere or a (d — 2)-flat.
Then the maximum number of (d + 2)-rich hyperspheres spanned by P is
bounded above by

I KZI D o <d22_d/2(td72J) * (Ld/;j - 1>>] |

and this bound is tight when d is even.

If d = 2k is even, this maximum is attained by a coset of a subgroup of a
bounded (k — 1)-spherical rational normal curve of degree d or a k-spherical

elliptic normal curve of degree d + 1.
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Chapter 6. Extremal theorems

Proof. This theorem follows from stereographic projection and Theorem 1.17.
Note that in the case when d is odd, the extremal configurations in Theo-
rem 1.17 lying on an algebraic curve of degree d + 2 do not exist, as this

curve has to lie on @, hence is bounded, contradicting Lemma 3.5. ]

As above, if d is even, we can compute the exact maximum number of
(d + 2)-rich hyperplanes for n > Cd*2%d!, where C' > 0 is some sufficiently
large absolute constant, using the recursive method described in Section 4.3.
The maximum when d = 4 is again given in Construction 4.14 (and Con-
struction 4.15). On the other hand, if d is odd, we do not have any lower

bound that is superlinear in n, nor can we show an upper bound of the form

n

Wcz(dﬂ) for some ¢ < 1.

144



Bibliography

1]

E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris, Geometry
of Algebraic Curves. Vol. I, Grundlehren der Mathematischen Wis-
senschaften, vol. 267, Springer, 1985.

M. Artebani and I. Dolgachev, The Hesse pencil of plane cubic curves,
Enseign. Math. (2) 55 (2009), no. 3-4, 235-273.

A. Bélintova and V. Bélint, On the number of circles determined by n
points in the Fuclidean plane, Acta Math. Hungar. 63 (1994), no. 3,
283-289.

S. Ball, On sets defining few ordinary planes, Discrete Comput. Geom.
60 (2018), no. 1, 220-253.

S. Ball and E. Jimenez, On sets defining few ordinary solids.
arXiv:1808.06388.

S. Ball and J. Monserrat, A generalisation of Sylvester’s problem to
higher dimensions, J. Geom. 108 (2017), no. 2, 529-543.

E. Ballico, Special projections of projective varieties, Int. Math. J. 3
(2003), no. 1, 11-12.

E. Ballico, Special inner projections of projective varieties, Ann. Univ.

Ferrara Sez. VII (N.S.) 50 (2004), no. 1, 23-26.

P. Le Barz, Formules multisécantes pour les courbes gauches quelcon-
ques, Enumerative geometry and classical algebraic geometry (Nice,
1981), Progr. Math., vol. 24, Birkh&user, Boston, Mass., 1982, pp. 165—
197.

145



Bibliography

[10]

[15]

[16]

[17]

A. B. Basset, An FElementary Treatise on Cubic and Quartic Curves,
Deighton, Bell & Co., 1901.

M. Berger, R. Pansu, J.-P. Berry, and X. Saint-Raymond, Problems in
Geometry, Springer, 1984.

M.-A. Bertin, On the singularities of the trisecant surface to a space
curve, Matematiche (Catania) 53 (1998), no. suppl., 15-22 (1999).

D. Blair, Inversion Theory and Conformal Mappings, American Math-
ematical Society, 2000.

P. Brass, W. Moser, and J. Pach, Research Problems in Discrete Ge-
ometry, Springer, 2005.

A. Brill, Ueber die Doppelpunkte von Curven im Raume, deren

Geschlecht Null ist, Math. Ann. 3 (1871), no. 3, 456-458.

W. K. Clifford, On the classification of loci, Philosophical Transactions
of the Royal Society of London 169 (1878), 663-681.

J. Csima and E. T. Sawyer, There exist 6n/13 ordinary points, Discrete
Comput. Geom. 9 (1993), no. 2, 187-202.

I. Dolgachev, Lectures on Invariant Theory, Cambridge University
Press, 2003.

D. Eisenbud, M. Green, and J. Harris, Cayley-Bacharach theorems and
conjectures, Bull. Amer. Math. Soc. (N.S.) 33 (1996), no. 3, 295-324.

P. D. T. A. Elliott, On the number of circles determined by n points,
Acta Math. Acad. Sci. Hungar. 18 (1967), 181-188.

T. Fisher, The invariants of a genus one curve, Proc. Lond. Math. Soc.
(3) 97 (2008), no. 3, 753-782.

A. R. Forsyth, On twisted quartics of the second species, The Quarterly
Journal of Pure and Applied Mathematics 27 (1895), 247-269.

146



Bibliography

23]

[25]

[26]

33]

[34]

[35]

W. Fulton, Introduction to Intersection Theory in Algebraic Geometry,
CBMS Regional Conference Series in Mathematics, vol. 54, American

Mathematical Society, 1984.

K. Furukawa, Defining ideal of the Segre locus in arbitrary characteris-
tic, J. Algebra 336 (2011), no. 1, 84-98.

B. Green and T. Tao, On sets defining few ordinary lines, Discrete
Comput. Geom. 50 (2013), no. 2, 409-468.

L. Gruson and C. Peskine, Courbes de l’espace projectif: variétés de
sécantes, Enumerative geometry and classical algebraic geometry (Nice,
1981), Progr. Math., vol. 24, Birkh&user, Boston, Mass., 1982, pp. 1-31
(French).

S. Hansen, A generalization of a theorem of Sylvester on the lines de-

termined by a finite point set, Math. Scand. 16 (1965), 175-180.

S. Hansen, On configurations of 3-space without elementary planes and

on the number of ordinary planes, Math. Scand. 47 (1980), 181-194.
J. Harris, Algebraic Geometry: A First Course, Springer, 1992.

R. Hartshorne, Algebraic Geometry, Springer, 1977.

H. Hilton, Plane Algebraic Curves, Oxford University Press, 1920.

A. Tarrobino and V. Kanev, Power Sums, Gorenstein Algebras, and
Determinantal Loci, Lecture Notes in Mathematics, vol. 1721, Springer,

1999. Appendix C by larrobino and Steven L. Kleiman.

F. Joachimsthal, Démonstration d’un théoréme de Mr. Steiner, J. Reine
Angew. Math. 36 (1848), 95-96.

W. W. Johnson, Classification of plane curves with reference to inver-

sion, The Analyst 4 (1877), no. 2, 42-47.

J. Y. Kaminski, A. Kanel-Belov, and M. Teicher, Trisecant lemma for
nonequidimensional varieties, J. Math. Sci. 149 (2008), no. 2, 1087—
1097.

147



Bibliography

[36]

[41]

[42]

[43]

[44]

[45]

V. Kanev, Chordal varieties of Veronese varieties and catalecticant ma-
trices, J. Math. Sci. 94 (1999), no. 1, 1114-1125.

V. Klee and S. Wagon, Old and New Unsolved Problems in Plane Geom-

etry and Number Theory, Mathematical Association of America, 1991.

F. Klein, Uber die elliptischen Normalcurven der Nten Ordnung
und zugehorige Modulfunctionen der Nten Stufe, Abhandlungen der
mathematisch-physischen Classe der Koniglich Sachsischen Gesellschaft
der Wissenschaften 13 (1885), no. 4, 337-399.

J. Kollar, Lectures on Resolution of Singularities, Annals of Mathemat-

ics Studies, vol. 166, Princeton University Press, 2007.

A. Lin, M. Makhul, H. Nassajian Mojarrad, J. Schicho, K. Swanepoel,
and F. de Zeeuw, On sets defining few ordinary circles, Discrete Com-
put. Geom. 59 (2018), no. 1, 59-87.

A. Lin and K. Swanepoel, Ordinary planes, coplanar quadruples, and
space quartics, J. Lond. Math. Soc. (2) (2019). doi:10.1112/jlms.12251.

A. Lin and K. Swanepoel, On sets defining few ordinary hyperplanes.
arXiv:1808.10849.

A. Lin and K. Swanepoel, Ordinary hyperspheres and spherical curves.
arXiv:1905.09639.

E. Melchior, Uber Vielseite der projektiven Ebene, Deutsche Math. 5
(1941), 461-475.

J. Monserrat, Generalisation of Sylvester’s problem, Bachelor’s Degree

Thesis, Universitat Politecnica de Catalunya, 2015.

T. Motzkin, The lines and planes connecting the points of a finite set,
Trans. Amer. Math. Soc. 70 (1951), no. 3, 451-464.

G. Muntingh, Topics in polynomial interpolation theory, Ph.D. Disser-
tation, University of Oslo, 2010.

148



Bibliography

[48]

[51]

[52]

H. Nassajian Mojarrad and F. de Zeeuw, On the number of ordinary
circles. arXiv:1412.8314.

G. B. Purdy and J. W. Smith, Lines, circles, planes and spheres, Dis-
crete Comput. Geom. 44 (2010), no. 4, 860-882.

O. E. Raz, M. Sharir, and F. de Zeeuw, Polynomials vanishing on Carte-
sian products: The Elekes-Szabo Theorem revisited, Duke Math. J. 165
(2016), no. 18, 3517-3566.

O. E. Raz, M. Sharir, and F. de Zeeuw, The FElekes-Szabo Theorem in
four dimensions, Israel J. Math. 227 (2018), no. 2, 663-690.

B. Reznick, On the length of binary forms, Quadratic and higher degree
forms, Dev. Math., vol. 31, Springer, 2013, pp. 207-232.

H. Richmond, Rational space-curves of the fourth order, Trans. Camb.
Phil. Soc. 19 (1900), 132-150.

B. Segre, On the locus of points from which an algebraic variety is
projected multiply, Proc. Phys.-Math. Soc. Japan (3) 18 (1936), 425
426.

J. G. Semple and L. Roth, Introduction to Algebraic Geometry, The
Clarendon Press, 1985. Reprint of the 1949 original.

F. Severi, Vorlesungen tber algebraische Geometrie: Geometrie auf
einer Kurve, Riemannsche Fldchen, Abelsche Integrale, Bibliotheca

Mathematica Teubneriana, Band 32, Teubner, 1921.

J. H. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves,
Springer, 1994.

J. H. Silverman, The Arithmetic of Elliptic Curves, Second Edition,
Springer, 2009.

J. H. Silverman and J. T. Tate, Rational Points on FElliptic Curves,
Second Edition, Springer, 1992.

149



Bibliography

[60]

D. M. Y. Sommerville, Analytic Geometry of Three Dimensions, Cam-

bridge University Press, 1939.

J. J. Sylvester, Mathematical question 11851, Educational Times 46
(1893), 156.

J. J. Sylvester, On a remarkable discovery in the theory of canonical
forms and of hyperdeterminants, Philosophical Magazine 2 (1951), 391—
410. Paper 41 in The Collected Mathematical Papers of James Joseph
Sylvester, Cambridge University Press, 1904.

H. G. Telling, The Rational Quartic Curve in Space of Three and Four
Dimensions, Cambridge University Press, 1936. Re-issued 2015.

R. J. Walker, Algebraic Curves, Springer, 1978.

T. R. Werner, Rational families of circles and bicircular quar-
tics, Ph.D. Dissertation, Friedrich-Alexander-Universitat Erlangen-
Niirnberg, 2011.

E. Weyr, Ueber rationale Curven vierter Ordnung, Math. Ann. 4 (1871),
no. 2, 243-244.

P. R. Wolfson, George Boole and the origins of invariant theory, Historia
Math. 35 (2008), no. 1, 37-46.

R. Zhang, On the number of ordinary circles determined by n points,

Discrete Comput. Geom. 46 (2011), no. 2, 205-211.

150



	Introduction
	Background
	Results
	Structure theorems
	Extremal theorems

	Outline
	Notation

	Tools
	Ordinary lines
	Classical algebraic geometry
	Bézout's theorem
	Projection
	Inversion

	The Elekes–Szabó theorem

	Curves
	Elliptic curves
	Rational curves
	Circular and spherical curves

	Constructions
	Trivial constructions
	Constructions on non-irreducible curves
	Constructions on irreducible curves

	Structure theorems
	Ordinary planes
	Ordinary hyperplanes
	Ordinary circles
	Ordinary hyperspheres

	Extremal theorems
	Planes
	Hyperplanes
	Circles
	Hyperspheres

	Bibliography

