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equation with singular boundary conditions
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@ Department of Mathematics and Statistics, Stephen F. Austin State University,
Nacogdoches, TX, 75962, USA
b Department of Computer Engineering, Karabuk University, Baliklarkayase Mevkii,
78050, Turkey

Abstract

In this paper, the quenching behavior of the non-Newtonian filtration equa-
tion (¢(u)); = (|ua|" > us), with singular boundary conditions, u, (0,t) =
uP(0,t), uy (a,t) = (1 —u(a,t))"?is investigated. Various conditions on the
initial condition are shown to guarantee quenching at either the left or right
boundary. Theoretical quenching rates and lower bounds to the quenching
time are determined when ¢(u) = w and r = 2. Numerical experiments
are provided to illustrate and provide additional validation of the theoretical
estimates to the quenching rates and times.

Keywords: mnon-Newtonian filtration equation, singular boundary
condition, quenching

1. Introduction

In this paper, we study the quenching behavior of the following nonlinear
heat equation with singular boundary conditions:

(p(u) = (|te) P up)e, 0 <z <a, 0<t<T,
ug (0,t) = uP(0,1), ug (a,t) = (1 —ula,t)™ 0<t<T, (1.1)
u(x,0) =ug(z), 0 <z <a,

where ¢(s) is an appropriately smooth and strictly monotone increasing func-

tion with ¢(0) = 0,¢(1) = 1 and ¢'(s) < 0. p, q are positive constants, r > 2
and T' < oo and the initial function ug(z) is a non-negative smooth function
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satisfying the compatibility conditions:

ug (0) = ug*(0), ug (a) = (1 —uo(a)) ™.

In the case, ¢(u) = u*/™ (0 < m < 1), Eq. ([I) is known as the classical
non-Newtonian filtration equation that attempts to model non-stationary
fluid flow through a porous medium where the tangential stress of the fluid’s
displacement velocity, u, has a power dependence under thermodynamic ex-
pansion and compression as a result of heat transfer ﬂﬂ, , ] The sin-
gular boundary flux terms represent a nonlinear radiation law at the bound-
ary and is common to polytropic filtration equations ﬂﬂ, , , @] This
mathematical model may exhibit finite-time quenching, defined as a time
T = T(up) < oo such that

lim min{u(z,t): 0 <x <a} — 0or lim max{u(z,t):0<z<a} — L
t—T— t—T -
In the following, the quenching time of Eq. (1)) is denoted as T
As is well known, when ¢(u) = u and r = 2, the equations reduce to the
heat equation. In ﬂﬁ] Selcuk and Ozalp considered the problem:

Up = Uy, 0< <0, 0<t<T,
ug (0,1) = uP(0,1), ug (a,t) = (1 —ula,t)™ 0<t<T, (1.2)
u(x,0) =ug(z), 0 <z <a,

It shown that if ug satisfies u,,(z,0) < 0 then lirjr} u(0,t) — 0 and u(0,¢)
t—T—

blows up in finite time and the quenching location is at x = 0. Likewise, it
was shown that if ug satisfies ug,.(x,0) > 0 then quenching will occur at
T =a.

In this paper, new estimates are derived for quenching rates. In addi-
tion, we provide necessary conditions that guarantee quenching at one of the
boundary locations for a more general ¢(u) and r > 2.

In the following, the initial condition may satisfy either of the two condi-
tions:

Uge(2,0) > 0,0<z<a, or (1.3)
Uz (2,0) < 0,0 <z < a, (1.4)

and the following condition:
ug(z,0) > 0,0 <z < a. (1.5)
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These assumptions will be shown to guarantee that quenching will occur in
finite time.

Quenching problems have a long history in applied mathematics litera-
ture, dating back to pioneering work of Kawarada m], which examines the
one-dimensional heat equation with a nonlinear source term with Dirichlet
boundary conditions. The Kawarada equations and extensions have been a
subject of interest of both numerical @, ,] and theoretical ﬂa, B, B, , ,

|. In many situations, the location that quenching occurs may be difficult
to obtain. Here, the situation of a singular boundary condition enables the-
oretical predications to happen since the quenching location is known based
on simple requirements on the initial conditions.

Chan and Yuen ﬂa] investigated a slightly different left boundary condi-
tion:

Ut = Ugy, n Q>
uz (0,1) = (1 —u(0,8)7P, uy (a,t) = (1 —u(a,t)™9, 0<t<T,
U(SL’,O):UO(SL’), OSUO(x) < 17 in Dv

where a,p,q > 0,T < oo, D = (0,a),Q2=Dx(0,T). In ﬂa], they showed that
x = a is the unique quenching point in finite time if ug is a lower solution,
and u; blows up at quenching time. In ﬂﬂ], Selcuk and Ozalp considered the
problem

U =Ue + (1 =), O0<z<1, 0<t<T,

uy (0,1) =0, u, (1,t) = —u™9(1,%), 0 <t < T,

u(x,0) =up(z), 0<up(z)<l, 0<z<Ll

They showed that = = 0 is the quenching point in finite time, lim; .- u(0,t) —
1, if u (z,0) satisfies uz,(x,0) + (1 — u(z,0)) " > 0 and u,(z,0) < 0. Further
they showed that u; blows up at quenching time. Furthermore, they ob-
tained a quenching rate and a lower bound for the quenching time. In ﬂﬁ],
Li and et.al. considered the quenching problem for non-Newtonian filtration
equation with a singular boundary condition

£) = —g(u(1,t), 0 <t <T, (1.6)
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where ¢ (u) is a monotone increasing function with ¢(0) = 0,p > 1, g(u) >
0,4'(u) < 0 for u > 0, and lim,_,o+ g(u) = 0o. They showed that x = 1 is the
only quenching point in finite time under proper conditions, Further, they
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obtained a quenching rate and gave an example of an application of their
results.

In this paper, the quenching problem, Eq. (1), exhibits two types of
singularity terms; the boundary outflux terms «=? and (1 —u)~? as Eq. (L2).
Motivated by problems ([L2)) and (@), we investigate the quenching behavior
of Eq. (ILT)). Further, in such case, several questions remain open for Eq. (.2)
in ], in particular:

1. What are the quenching rates?

2. What are the estimated quenching times?

This paper is arranged as follows. In Section 2, it will be shown that the

solution quenches in finite time 7" and lim u(a,t) — oo or lim u(a,t) — oo
=T~ T~

blows up at quenching time at the only quenching point x = a or =z =
0 under the conditions (L3]) or (4], respectively, for » > 2. In Section
3, quenching rates are obtained of the solution near the quenching time for
¢(u) = v and r = 2. Lower bounds to the are then given. Section 4 details
the development of the finite difference numerical approximation. Section
4 provides numerical experiments that provide experimental validation to
our theoretical results shown in Section 3. We highlight our main results in
Section 4.

2. Quenching for the non-Newtonian filtration equation

Firstly, we rewrite Eq. (1)) into the following form:

u = B(uw)(Jug] P ug)e, 0<z<a, 0<t<T,
ug (0,t) = uP(0,1), ug (a,t) = (1 —ula,t)™ 0<t<T, (2.1)
u(z,0) =uo(z), 0<z<a,

where r > 2, B(u) = 1/¢'(u) and ¢'(u) # 0 for u > 0.

Lemma 2.1.
(a) Assume that (I.3) holds. Then, u,(x,t) > 0 in (0,a) x (0,Tp).
(b) Assume that (I.4) holds. Then, u,(x,t) <0 in (0,a) x (0,Tp).
(c) Assume that (1.3) holds. Then, u,(x,t) > 0 in (0,a) x (0,Tp).

4



Proof.
(a) Let z(x,t) = uy(x,t). Then, z(x,t) satisfies

2= Bw) (2] 2)ee + B'(w)2(|2] % 2)s, 0 <z <a, 0<t<Ty,
2(0,t) =u=P(0,t), z(a,t) = (1 —u(a,t))"? 0<t<Tp,
2 (2,0) = uy(z).

From the Maximum Principle, it follows that z > 0 and hence u,(x,t) >
0in (0,a) x (0, Tp).

(b) Let w(x,t) = wy(x,t). Then, w(x,t) satisfieson 0 <z < aand 0 <t <
T()I
Wy = B'(U)(|ux\r_2 Uz) W + (1 — 1)B(u)(‘um‘r_2 Wy )z
and
wy (0,1) = —pu™P710,t)w(0,t), 0 <t < T,
we (a, 1) = q(1 —u(a, 1))™ w (a,), 0 <t <T,

w (z,0) = B(ug (7)) ( uz)(:v)‘r_2 ué(z))x,o <z <a.

From the Maximum Principle, it follows that w < 0 and hence u;(x,t) <
0in (0,a) x (0,Tp).

(c) Similarly, ug(z) assumes (L3), then from the above proof we have
ur(z,t) > 01in (0,a) x (0,7p). The proof is complete.

O
Theorem 2.2.

(a) Assume that (1.7) and (I23) hold. Then, the solution u of Eq. (21))
quenches at time T'. Then quenching occurs only at the boundary x =0
and uy(0,t) blows up at the quenching time.

(b) Assume that (I.3) and (L) hold. Then, uy(z,t) > 0 in (0,a) x (0,Tp)
and there exists a finite time T, such that the solution u of Eq. (21))
quenches at time T'. Then quenching occurs only at the boundary r = a
and ug(a,t) blows up at the quenching time.

Proof.



(a) Assume that (L4)) holds. Then, by Lemma [2ZTIIb), we get u;(z,t) < 0
in (0,a) x (0,Tp). In addition, by (L4):
ws = —(1 —u(a,0))79" =Y 44771 (0,0) > 0.

We shall introduce a mass function:

ms (t) = / o(u(x,t))de,0 <t <T.
0
Then
il (£) = (1= u (a,£)) 70D = w0 (0,) < —wy,

by u(z,t) < 0in (0,a) x (0,Ty). Thus, ms (t) < m3(0) — wst; which
means that mg(7Ty) = 0 for some Ty, (0 < T < Tj) which means u
quenches in finite time.

Since r > 2, ¢(u) is an increasing function, w;(x,t) < 0 and u,(z,t) >
0 in (0,a) x (0,Tp), we get

(¢(u))t = (|ux|r_2 ux):c — ¢/(u)ut = (T - 1)u2_2uxx
¢'(u)uy

— < 0.
(r—1)ur—2

— Ugy =

Namely, u, is a decreasing function and since u,(a,t) = (1—u(a,t))"? >
1, uz(z,t) > 1in (0,a) x (0,7). Let n € (0,a). Integrating this with
respect to z from 0 to 7, we have

u(n,t) > u(0,t) +n > 0.
So u does not quench in (0, a.
Suppose that u; is bounded in [0,a) x [0,7). Then there is a positive
constant M, u; > —M. Therefore,

Bu)(|Jug] "% uy)y > —M.
Because of ¢"(s) < 0, ¢'(s) is not increasing. So, there are o and
7, which make 0 < 7 < v < 1in [0,0] x [0,7), thus, B(u) = ﬁ >
B(7). Thus,

T R

4T B 7 By
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from wu,(x,t) > 01in (0,a) x (0,Tp). Integrating this with respect to x
from 0 to a, we have

—Ma

B(r)

(1 —u(a,t)~ D1 —y=0=Lr(,¢) >

As t — T~ the left-hand side tends to negative infinity, while the
right-hand side is finite. This contradiction shows that u; blows up at
the quenching time for z = 0.

(b) Similarly, assume that (I3]) and (LI) hold. From (a), we have quench-
ing occurs only at the boundary x = a and u; blows up at the quenching
time for x = a. The proof is therefore complete.

O

3. Quenching rates of the heat equation

In this section, we investigate the case where ¢(u) = v and r = 2 and
determine quenching rates and lower bounds to the quenching time under
certain conditions on the initial condition in Eq. (L2). In the following we
may either assumption on the spatial derivative of the initial condition:

ug(,0) > 2(1 —u(2,0)%,  O<z<a, or (3.1)

—~

Ug(z,0) > - z)

u P(x,0), 0<z<a. (3.2)
a

Theorem 3.1. Ifuy(x) satisfies condition (1.3), that is, the initial condition
s not concave down, then there exists a positive constant C such that

u(a,t) <1 —Cy(T —t)Y/ a2
for t sufficiently close to the quenching time T

Proof. Define
M(x,t) = u; — 5q(1 — u) ™7 uy,

in [0, a] x [7,T") where 7 € (0,7) and ¢ is a positive constant to be specified
later. It was shown in [15], that since u; > 0 and u, > 0 in (0,a) x (0,7,
then M (z,t) satisfies

My — My = 0q(q + 1)(q +2)(1 — u)™"%u3 + 25¢(q + 1)(1 — u) ™" *upu; > 0,
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for (z,t) € (0,a) x (7,T). Furthermore, if ¢ is small enough then M (z,7) > 0
for x € [0,al, and M(0,t) > 0, M(a,t) >0 for t € [1,T).

Therefore, by the maximum principle, we obtain that M (x,t) > 0 for
(z,t) € [0,a] x [1,T). This means that

uy(z,t) > 5q(1 — u) " tug(x,t), (x,t) €[0,a] x [r,T)
Evaluating at x = a yields,
ug(a,t) > 0q(1 — u(a,t)) 21,
Integrating over t from ¢ to T gives,
u(a,t) < 1— Cy(T —t)Y/ @+,

where Cy = (26q(q + 1))/ ®2, O

If we provide the additional condition on the spatial derivative of the
initial condition then we can obtain a lower bound to the value at the right
hand wall. This is encapsulated in the following theorem.

Theorem 3.2. If uy(z) satisfies conditions (I3) and (31) then there exist
positive constant Cy such that

u(a,t) > 1 — Co(T —t)Y/2at2)
for t sufficiently close to the quenching time T .
Proof. Define

I, t) =u, = =(L=w)™, (2,1) € [0.a) x [0,7).
Then, J(x,t) satisfies

Jo = Juw = — (2¢(1 — w) ™ uy + 2qlg + 1)(1 — u) "7 %u?) .

SHES

J(z,t) cannot attain a negative interior minimum since u,(z,t) > 0. On the
other hand, by our condition (B.1) we have J(x,0) > 0 and

J0,8) = u(0,¢) >0, J(a,t) =0,

8



fora < 1landt € (0,7). By the maximum principle, we obtain that J(z,t) >
0 for (z,t) € [0,1] x [0,T"). Therefore,

Jy(a,t) = lim Jat) = Ja=ht) lim —Ja=ht) <0.
h—0t h h—0+ h
Subsequently,
Lat) = e t) — %(1 —u(a, ) — q(1 — ufa, £)) 2!
1
= w(at) = (1 —u(a,))™ - q(l —u(e,1))™" <0
and .
ur(a,t) < LTV (@ g, )2

Integrating over t from ¢ to T yields

u(a,t) > 1 — Cy(T — )/t

O

a

where Cy = [W} 1/(2q+2)‘

Corollary 3.1. The results of the Theorems (1) and (F3) suggest as the
quenching time is approached that the quenching rate of the solution can be

estimated as )

w(a,t) ~1— (T —t)2a+1)

Equivalently,
In(1 — u(a,t)) 1

(T —1t)  2(g+1)

In addition, a lower bound for the quenching time can be calculated. From
Theorem (3.2), we have

~a(l —ug(a))?rt?
o= 2(qa+1)(q+1) =1

In the following, we assume the initial condition satisfies condition (L4]).
This condition guarantees quenching will occur at the left boundary, x = 0.
Hence, we seek quenching estimates to the quenching rate of the solution.



Theorem 3.3. Ifuy(x) satisfies condition (L4]), that is, the initial condition
s not concave up, then there exists a positive constant Cs such that

u(0,8) = Cs(T — )22,
for t sufficiently close to the quenching time T'.
Proof. Define

M(z,t) = u; + Spu P tu,, (x,t) €[0,a] x [1,7T)

where 7 € (0,7) and § is a positive constant to be specified later. It was
shown in [15] that since u; < 0 and u, > 0 in (0,a) x (0,7") then M(x,t)
satisfies

M, — My, = —6p(p+ 1) (p + 2)u™P73u3 + 25p(p + 1)u P 2ugu, < 0,

for (x,t) € (0,a) x (7, T). Furthermore, if ¢ is small enough, then M (z,7) <0
for x € [0,a] and M(0,t) <0, M(a,t) <0 for t € [1,T). Therefore, by the
maximum principle, we obtain that M(xz,t) < 0 for (z,t) € [0,a] x [1,T).
Subsequently, u;(x,t) < —dpuP tu,(x,t) for (z,t) € [0,a] x [r,T). This
means, at r = 0 we have:

uy(0,1) < —0pu~271(0,¢).
Integrating over t from ¢ to T yields,

u(0,t) > Cs(T — )Y/ P+
where Cs5 = (25p(p + 1))1/(2;0—1—2)' .

Theorem 3.4. If ug(z) satisfies both (13) and (3.2) then there exist positive
constant Cy such that

u(0,1) < Cy(T — t)"/P+2),
for t sufficiently close to the quenching time T'.
Proof. Define

J(z,t) = uy — Mu_f”, (x,t) € [0,a] x [0,T).

a
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Then, J(x,t) satisfies
1
Jo = Jow = = (20w up + (a — 2)p(p + 1) (1 —w) P 7%u2) .
a
Since u, > 0, then J(z,t) cannot attain a negative interior minimum. On
the other hand, by the assumed condition (3.2)), then J(z,0) > 0 and
J(0,t) =0,J(a,t) = (1 — u(a,t))"? >0,

fort € (0,7). Therefore, by the maximum principle, we obtain that J(x,t) >
0 for (z,t) € [0,1] x [0,T). As a result,

RO = T ST

> 0.
This yields
1
J2(0,1) = ye(0,t) + —u"P(0,t) + pu=2?71(0,1)
a

1
= wu(0,t) + au—l’(o, )+ pu~?710,t) > 0

and

(pa+1) o
a

u(0,¢) > — u (0,1).

Integrating from t from t to 1" gives

w(0,t) < O (T — t)Y/ @ F2),
where C; = [W] 1/(210—1—2)' ]

Corollary 3.2. The results of the Theorems (3.3) and (3] suggest as the
quenching time is approached that the quenching rate of the solution is esti-
mated as

w(0,t) ~ (T — t)/ @+
Equivalently,
In(u(0,1)) 1
(T —t)  2(p+1)
In addition, a lower bound for the quenching time is established from Theorem

(34, namely,

auo(o))2p+2

P 2(pa+ 1)(p+1) =

for quenching time T.
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3.1. Initial Conditions Examples

It is clear, that the estimates for the quenching rates and times rely heav-
ily on properties of the initial condition. Here, we provide initial functions
that satisfy the boundary conditions while simultaneously satisfying either

conditions (L3 and B.1)) or (L4) and (B.2)).

Consider the initial condition,

1
up(z) = i dr +42°, 0<z <a. (3.3)

where a = 1/8. Let p = 1 and ¢ = log;4,5(5). Since the initial condition is
concave up throughout its entire domain then clearly condition (L.3) is satis-
fied. In addition, a straightforward calculation shows that the left boundary
condition is satisfied, namely,

1
! = 4 =
u0(0> u0(0>p
At the right boundary we have uf (1) =5 and

ey () 3

In Fig. [l(a) it is seen that the condition ([B.I]) is satisfied.

In light of the initial condition (33]) then, by Corollary (B1)) we have a
lower bound to quenching time. Namely:

(3/16)2q+2
16 (3¢ +1) (¢ +1)
Similarly, if the initial condition is

1
ug(z) = 1A 272, 0<x<a. (3.4)

where a = 1/8. Let p = 1 and ¢ = logsy g (%) Since the initial condition
is concave down throughout its entire domain then clearly condition (L4 is
satisfied. It is clear that the left boundary condition is satisfied. At the right
boundary we have uf () = (1 — uo (%))_q = I. In Fig. @i(b), we sce that
condition (3.2) is satisfied. Furthermore, by Corollary (B.2)) we have a lower

bound to quenching time. Namely:

T, ~ 4.0002 x 107°.

1
T = —— =~ 1.0851 x 107°.
"~ 9216 8

12



@, (b)

4
45 a5t U, (x)
4 Uy’
3l
35
3 25}
>25 > 27
- -p
2 (a-x)/a uo(x)
15¢
15 q
xla (l-uo(x)) 1
1
05 051
0 0
0 002 004 006 008 01 012 0 002 004 006 008 01 012
X X

Figure 1: (a) A graph of u(z) (RED) and £(1—uq(z))? (BLUE) for ug(z) =  — 4z — 42>
It is clear that ug(z) > £(1 — uo(x))~7 is satisfied throughout the domain 0 < z < 1/8.
(b) A graph of uj(z) (RED) and 2=%(ug(x)) ™" (BLUE) for ug(z) = § + 4z — 227, It is
clear that ug(x) > == (ug(x))~? is satisfied throughout the domain 0 <z < 1/8.

4. Numerical Approximation and Experiments

Let z; = jhfor j=0,...,N+1land h = a/(N+1). Let t}, = tx_1 + 741,
where 7;,_; is the temporal step. Let u;(t) be the approximation to u(z;,t).
Define the vector w(t) = (uo(t),ui(t),...,un(t),uns1(t))", where @(0) is
created from evaluating the initial condition at the grid points. Central dif-
ference approximations are utilized at each grid point to create the semidis-
cretized equations approximating Eq. (L2), namely,

Wi(t) = F(a(t)), (4.1)
where F = (Fo, ..., Fyy1) with components defined as
2h
2 — =2 k=0
uy + (UQ)p Uo
Fk: uk_1—2uk+uk+1 ]{7:1,2,...,]\7 (42)
2h
QUN—I— —2uN+1 k’:N—i—l

(1 —upny1)?

Define v, as the approximation to (t) at time ¢ = ¢,,. Then, the solution is
advanced through a second order accurate Crank-Nicolson scheme ﬂﬁ]

17m+1 = gm + Nm(ﬁ(JM-i-l) + ﬁ(gm»a (4'3)

13



where fi,, = 7,,/(2h?). The scheme is overall second order accurate, however,
due to the singular boundary conditions the equations are stiff and it is
known that unless 7y, is sufficiently then the method may manifest a reduction
in the order of temporal convergence ﬂﬁ] With this in mind, we expect the
method to overall first order accurate modest temporal steps. It is common to
approximate ¥,,,1 in the right hand side by a first order Euler approximation,
Vg1 & Uy + Q/Lmﬁ (Uh,). This maintains the overall accuracy of the scheme
will creating a semi-explicit scheme for efficiency in computations E] The
spatial grid is fixed throughout the computation, however, adaptation may
occur in the temporal step. Temporal adaption for quenching problems is
critical to ensure accuracy in the quenching time. An arc-length monitoring
function for # is used to adapt the temporal step. Define

ouy; 92u;\ 2
TTM(E;T/)— 1+<8t2) , (I,t)E[O’a]x((],T]

fort=0,..., N4+1. The monitoring functions, m;, monitor the arc-length of
the characteristic at node x;. Subsequently, as quenching is approached the
temporal derivative grows beyond exponentially fast, therefore the arc-length
will grow E] Therefore, we choose the temporal step such that the maximal
arc-length between successive approximations at [t;_o, tx—1] and [ty_1, t;] are
equivalent. Pragmatically, this leads to the equation for the temporal step:

) 1 min 8u, _ 8u, 2 _ 8u, _ 8u, 2
Tk = T T ot ), \ot ), ot ), \ot )| [

for k=2,..., and given the initial times steps of 75 and 7.

In the following experiments, we look to verify the second order conver-
gence rate of the numerical routine. Assume that t < T'. Let ¢, be the ap-
proximation to #(7) for a fixed temporal step 7. Then, the maximum absolute
difference between the numerical solution and « at time is max |0, —u| ~ C'7?,
where C' is some positive constant and p is the order of accuracy of the tem-
poral scheme. Consider creating a new approximation with a temporal step

7/2, then at each grid point,
r\" Ch?
¢ (5) =

| (07 — @)
op

Q

(U7 2 — )]

~
~
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fori=0,..., N+ 1. Rearranging, yields an expression to estimate the order

of accuracy,
1 _’T —u 7
(2220
In(2) — \|(try2 — @)

This generates an approximate convergence rate at each grid point x;. In the
majority of applications « is unknown. Hence, a numerical solution with a
relatively fine temporal step is used to estimate the rate of the underlying
cauchy sequence [4].

Consider the initial condition Eq. B3], where a = 1/8, p = 1, and ¢ =
l0g,6/3(5). We choose 7 = 107* and h = .01. In such case, we estimate the
convergence rate of 1.013. Therefore, a reduction in the temporal order of
convergence is manifested. To estimate the quenching time and rates, we run
the simulation with A = .001 and 75 = 7, = 1075, We adapt the temporal
step but require 7, > 107?. The quenching time is numerically determined
to be approximately 7' ~ 1.9037 x 10~% which is greater than our estimated
lower bound of 4 x 107°. A loglog plot of 1 —u(1/8,t) versus T —t is shown in
Fig. Rl(a). A least squares approximation suggests a slope of approximately
0.253286153170844. The theoretical estimate was predicated to be 0.255.

@ (b)

10° ‘ , 10°
z -
— o
510 S0t
) £
[

107 : : 1072 : :

10°® 10 107 102 108 10 104 107

In(T-t) In(T-t)

Figure 2: Loglog plots of the numerical observed (a) 1 — u(a,t) and (b) w(0,¢) versus
T —t. The red curves in each subplot provide a loglog of (a) (T — t)Y/((@+1) and (b)
(T — )1/ Cet+D)
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Next, consider the initial condition Eq.[34 wherea = 1/8, p =1, and g =
10835/9(7/2). Again, we run the simulation with h = .001 and 79 = 7, = 107°.
We adapt the temporal step but require 7, > 107%. The quenching time
is numerically determined to be approximately T' &~ x10~3 which is greater
than our estimated lower bound of 1.0851 x 107°. A loglog plot of (0, 1)
versus T — t is shown in Fig. 2(b). A least squares approximation suggests
a slope of approximately 0.244301262418202. The theoretical estimate was
predicated to be 0.25.

5. Conclusions

In this paper, a quenching problem with nonlinear boundary conditions
are investigated. Certain conditions on the positivity, concavity, and the
first derivative of the initial condition lead to theoretical lower bound to the
quenching time, in addition to asymptotic estimates to the quenching rate.
Numerical experiments provided additional validation of the pragmatic appli-
cation of the theoretical analysis. We found that the experimental quenching
time, 1", was later than our predicted lower bound. Further, the experiments
suggested quenching rates that were within 1% of the predicted asymptotic
quenching rates.
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