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Abstract

Faculty of Natural Science

Department of Physics and Astronomy

Master of Science

by William Matthewson

Next-generation surveys of the-large-seale-structure-of the Universe will be of great
importance in allowing us to extract invaluable information about the nature of the
Universe and the physical laws that govern it, at a higher precision than previously pos-
sible. In particular, they will allow us to more closely study primordial non-Gaussianity,
a feature which leaves an imprint on the power spectrum of galaxies on the ultra-large
scales and which acts as'a powerful probe of the physics of the early Universe. To in-
vestigate the extent to which upcoming:surveys willibe able to improve our knowledge
of primordial non-Gaussianity, we perform a forecast to predict the observational con-
straints on local-type primordial non-Gaussianity, as well as an extension that includes
a scale dependence. We study the constraining power of a multi-tracer approach, where
information from different surveys is combined to help suppress cosmic variance and
break parameter degeneracies. More specifically, we consider the combination of a 21cm
intensity mapping survey with each of two different photometric galaxy surveys, and
also examine the effect of including CMB lensing as an additional probe. The forecast
constraint from a combination of SKA1, a Euclid-like (LSST-like) survey and a CMB
Stage 4 lensing experiment is o(fnr,) ~ 0.9 (1.4) which displays a factor of 2 improve-
ment over the case without CMB lensing, indicating that the surveys considered are
indeed complementary. The constraints on the running index of the scale-dependent

model are forecast as o(nnr,) ~ 0.12 (0.22) from the same combination of surveys.
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Chapter 1

Overview

The current widely-accepted description of the origin and evolution of our Universe is
known as the A-Cold Dark Matter (ACGDM).model. It is the purpose of this chapter to
explain a series of simplermodels;-building-up-incrementally to a full description of the
ACDM. The goal is a model that-describes-an-expanding Universe comprising various
fluid components, each governed by an equation of state. The model begins with a “Big
Bang” where the Universe starts expanding from a singularity of infinite density and
the evolution of the physical size of the Universe is controlled by the relative energy
densities of these fluid components.. "Fhere is a relativistic component which consists
of photons and relativisti¢ particles, a niatter component which comprises both visible,
baryonic matter and non-interacting (cold) dark matter, which is not directly observable,
and finally a cosmological constant component A which acts like a fluid with negative

pressure.

Shortly after the Big Bang a brief period of extreme expansion known as inflation occurs,
bringing primordial quantum fluctuations to a macroscopic scale and providing the seeds
for the formation of structure that follows. The model assumes that the Universe is
statistically isotropic and homogeneous on large scales, and has flat curvature. There
are 6 independent parameters on which the model depends. Together with their values
from 2018 Planck observations, these are: the cold dark matter density parameter (2.9 =
0.120 £ 0.001, the baryon density parameter 259 = 0.0224 £ 0.0001, the scalar spectral
index ng = 0.96540.004, the curvature fluctuation amplitude In(10'°A,) = 3.04440.014,
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the Hubble parameter Hy = 67.4 + 0.5kms~!Mpc~! and the reionization optical depth
7 = 0.054 + 0.007 [29].

1.1 A brief history

Before we introduce the mathematical model for the Universe, we begin by presenting a
summary of the evolution of the Universe according to the ACDM model (see Fig. 1.1

for a graphic depiction).

The Universe began expanding from an infinitely dense singularity in what is known as
the Big Bang. During the earliest times, the length-scale of the observable Universe was
comparable to the Planck scale and would have been dominated by quantum effects. The
exact nature of the physical laws governing the Universe during this time is unknown, but
it is expected that the fundamental-forces-were-unified through a Grand Unified Theory
(GUT) during this high energy regime. The ACDM-model also includes a period known
as inflation which was a brief, extremely rapid expansion and is motivated by various

observations. [1, 2]

As the Universe quickly expanded-and-cooled; theforces began to “freeze out”, becoming
the distinct gravitational; strongy weak andrelectromagnetic forces. Elementary particles
such as quarks also started to.form and, by approximately 3 minutes after the Big
Bang, nuclei had formed. During this time, the energy density of radiation was the
dominant component and the Universe was filled with a hot plasma of tightly-coupled
photons, protons and electrons. Unlike the energy density of matter, which scales like
the inverse power of 3 with the size of the universe, the energy density of radiation scales
like the inverse power of 4 and thus decreases proportionately quicker as the Universe
expands. So, as the Universe ages, the radiation component decreases with respect to the
matter component until the matter component is dominant, allowing for the formation

of structure. [1, 2]

Approximately 300 000 years after the big bang, the Universe had cooled sufficiently
that matter and radiation could decouple: Hydrogen atoms began to form and photons
were free to stream through the Universe. This period is known as recombination and

is responsible for the photons that form the surface of last scattering that we observe
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as the Cosmic Microwave Background, a remnant of this early stage of the Universe’s

evolution. [1, 2, 9-12]

The atomic matter (mostly Hydrogen) that began to form at this stage would, through
the complex process of structure formation, eventually go on to become the galaxies
that we observe in the Universe today. However, it was only after a long period called

the cosmic Dark Ages that the first stars and galaxies were able to form [13].

Time Since 5 Major Events
Big Bang § Since Big Bang
Humans
present abserve
the cosmos.
stars,
galaxies
Era of and clusters
Galaxies {made of
atoms and
plasma)
1 billion First galaxies
years form,
b atoms and
plasma
Era of {stars begin
Atoms 1o form) Atoms form;
photons
300000 f|y free and
years become
| ] background
plasma o radiation.
Era of hydrogen and g
Nuciol helium nuclei Fusion
plus glectrons 09&59?:
. normal
3 minutes protons, maltter is
Era of neutrons T5%
Nucleosynthesis electrons, hydrogen,
neutrinos Matter
0.001 seconds : (antimatter rare) annihllates
E— L elementary antimatter,
article particles -
Era r & {antimatter commen; Electromagnetic and
1010 seconds —— %% o o~ " weak forces become
Electroweak +elemantary distinct.
Era parficles Strong force becomes
1035 seconds . sk distinct, perhaps causing
SE—— inflation of universe
GUT Era elementary
10-43 seconds particles
Planck Era 7
neutran — electron ——_ antiproton G T
proton —— —_-m neutring — antinemmntm Andalections < ';3 quarks I o

FIGURE 1.1: A summary of the evolution of the Universe (from [14]).

1.2 The Big Bang model

According to observations, we inhabit an expanding Universe. In order to quantify this

expansion, we define the scale factor a such that [1]:

d(t) = a(t)x . (L1)
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where d is the physical distance measured between two points and must increase with the
expansion, whereas Y is the comoving distance, which is the spatial coordinate distance
between two points in a reference frame that expands with the Universe. If the points
maintain their coordinates, then the comoving distance must remain constant in time.
Thus a must grow with time, controlling the growth of d. The time ¢ introduced here
is the cosmic time or coordinate time, which is measured from an observer’s reference
frame. It is also useful to define the proper time 7, which is equivalent to the time
measured in the instantaneous rest-frame of an event, so that the proper time interval

between two events is an invariant quantity.

Observations show that galaxies are moving away from us according to Hubble’s law,
where for small d the recessional velocity of each galaxy is dependent on the distance

from the observer to the galaxy [2]:

O (1.2)

where H is known as the Hubble parameter and-can be related to the scale factor by

1da
i (1.3)
If we follow the evolution of the Universe backwards into the past, ¢ must decrease.
This suggests that our expandingUniverse beganfromya singularity of infinite density.
Other observations, such as the Cosmic Microwave Background (CMB) indicate that
the Universe is not expanding in a steady state, but evolving as it expands [2]. The
standard model to describe this kind of Universe is known as the “Hot Big Bang”
model and has been successful in explaining such observations as Hubble’s law, the
CMB, the formation of the large-scale structure and the proportional abundance of the
light elements. However, in the absence of any matter beyond that which we directly
observe around us, such a model is only able to predict a Universe with a decelerating
expansion. This raises some problems, due to other observations that have been made.

These include, chiefly:

e The Horizon problem: The radiation of the CMB that we observe today is statis-
tically homogeneous and isotropic [3]. This is true even when we compare patches

on the sky sufficiently far apart, according to the model of the Big Bang we have



Chapter 1. Querview 5

described so far, as to be outside of causal contact for all times up to the point
in the early Universe when the CMB signal was created. What our observation
implies is that somehow these different regions must have been in causal contact
for a sufficiently long period before the time of last scattering for the photons to

reach equilibrium before being emitted.

e The Flatness problem: The Universe that we observe today is spatially flat [4].
That means that it is geometrically Euclidean. The curvature of the Universe can

be specified (see (1.31)) by [3]
1—Q(t) < r(t) , (1.4)

where Q(t) is the total energy density (including matter, radiation and dark energy)

of the Universe at a particular time, and 7y is the comoving Hubble radius, i.e.

I
— 1.5
TH e ( )

where we have set the|speed of light to 1. According to the Big Bang model, the
Hubble radius must grow with time and thus, so must the curvature. In order that
we measure such a‘flat-Universe-as-is-observed today, a very finely-tuned curvature
parameter is required {2]! This high degree of tuning is not predicted by the Big

Bang model and the critical;valug required ({2= 1) is an unstable point [5].

Although it is not immediately obvious, both of these problems share one common
feature. In the case of the horizon problem we require that particles be brought back
into causal contact with each other as we move backwards in time. From the definition
of the comoving Hubble radius, it can be said that particles which are within the radius
will be in causal contact with one another. Thus, we would require the Hubble radius
to grow as we move backwards in time, to incorporate patches on completely opposite
sides of the sky. This means that we would require a period in the early Universe when
ry shrinks as time progresses forwards. Similarly, in the case of the flatness problem,
a shrinking rz would result in a decrease in the curvature towards flatness, even if
it was not initially tuned [2]. Therefore, a solution to both of these problems lies in
incorporating a period with decreasing ry into the evolution of the Universe at early

times. Cosmic inflation is one such approach [6].
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1.3 Inflation

Since we require a period where the comoving Hubble radius is decreasing in time, we

have the following restriction:

dry
0 1.6
a = (1.6)
which leads to
d2%a
— 1.
z >0 (1.7)

from the definition (1.5) as well as the restrictions that a > 0 and that the Universe is

constantly expanding da/dt > 0.

Thus, we can include in the model for the Big Bang a brief period of accelerated ex-
pansion at early times, called inflation. This will solve both the horizon and flatness
problems at once. During inflation the Universe expansion accelerates extremely rapidly.
Subsequently, measurable physicallength Scalesare much smaller than the resultant scale
of the observable Universe, meaning that-all patches of the CMB sky have been in prior

causal contact and that the measured curvature is reduced to very nearly flat.

The simplest and most commonly adopted model|of inflation is known as slow-roll infla-
tion [7]. In this type of model, the scalar (inflaton) ficld responsible for inflation varies
slowly, resulting in a slowly decreasing-Hubble rate [10/2]. Inflation proceeds while the

potential energy of the secalar field exceedstits kineti¢ energy [8].

Not only does the incorporation of an inflationary period help to resolve the horizon and
flatness problems, but it also provides a mechanism by which primordial quantum fluc-
tuations can be frozen out into the fluctuations that eventually lead to the anisotropies

in the CMB and the formation of structure on large scales [1].

Thus, we can set the initial conditions for these anisotropies from the primordial curva-
ture fluctuations that are enlarged during inflation [16]. With this in mind, it is conve-
nient to define the power spectrum associated with the primordial fluctuations. In most
cases, single-field models of inflation are Gaussian random with almost scale-invariant

dimensionless power spectra of the form [18, 19]
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where ( is the primordial curvature perturbation, ng ~ 1 is the spectral index, A, is the
scalar amplitude, k is the wavenumber and k, is the pivot scale. The assumption that
the perturbations are Gaussian can be relaxed, and indeed we define a parameter later

that controls the primordial non-Gaussianity (see Chapter 4).

After inflation had amplified the primordial fluctuations, and once radiation and matter
had decoupled, the initial conditions for structure formation were set. The anisotropies
visible in the CMB were also present in the form of perturbations in the density field of

matter, creating gravitational instabilities essential for the formation of structure.

1.4 Structure formation

Structures in the Universe exist over a very wide range of scales, from stars to galaxy
clusters, and are formed from matter.In patticular, they are formed from overdensities
in the matter density fieldwhich-are seeded-by-primoerdial fluctuations, passed on to the
matter via the coupling with photons and amplified by the action of gravity [16, 17]. This
leads to a particularly characteristic pattérn, known as the cosmic web, that is visible
in the large-scale structure (LSS) which Figure 1.2 displays using the distribution of

galaxies in the Universe.

The perturbations present.in, the dark matter density result in gravitational instabili-
ties. In order for structures to form, matter must come together in dense clumps that
eventually form stars and galaxies. Gravitational forces assist in this regard, attracting
matter together to enhance the overdensities in the matter field. However, the entire
process is more complex than the individual action of gravity, since there are various
mechanisms that oppose the gravitational collapse of matter overdensities: namely, the
expansion of the Universe and the outwards pressure of photons when the radiation
energy density is sufficiently high. These factors work against gravity to decrease the
strength of the overdensities above the background and thereby prevent or slow the for-
mation of structure. Thus, it is only over time, through a complex interplay between
the attraction of gravitational forces and the repulsion of radiation pressure set against
the expanding background, that the perturbations lead to the formation of small dark
matter halos. Once formed, these are able to gravitationally attract baryonic matter,

which clumps together, eventually merging to form galaxies [1, 17]. These too attract
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FIGURE 1.2: The cosmic web visible in the galaxy distribution of real data from spec-
troscopic redshift surveys (blue and purple) and of synthetic data from cosmological
simulations (red) (from [15]).

each other to form galaxy clusters, which form part of the cosmic web we see in the

large-scale structure.

In order to describe the formation of structure due to gravitational interactions on large
scales, we must use the framework of General Relativity. First, we must choose a suitable
metric and then apply the Einstein field equations so that we can determine the evolution

of the scale factor and matter density field.

http://etd.uwc.ac.za/



Chapter 1. Querview 9

1.5 The FLRW universe

The standard metric used in a cosmological description is known as the Friedmann-

Lemaitre-Robertson-Walker (or FLRW) metric and is given by [22, 23]

=2

d
ds? = —dt® + a?(t) (1—§<X2 + ¥°d6? + x? sin® 9d¢2> ; (1.9)

where ¢ is the cosmic time, a is the scale factor as defined previously and (x, 6, ¢)
are the comoving radial and angular coordinates for a sphere centred at an arbitrarily
chosen observer. The curvature parameter K can take a positive, zero or negative value

corresponding to a closed (spherical), flat or open (hyperbolic) universe, respectively.

There are two fundamental constraining assumptions about the nature of the Universe,
constituting the Cosmological Principle, which states that on sufficiently large scales

(2 100 Mpc), we have [2]:

e Statistical Isotropy: This-means that the characteristics of the Universe don’t
change as a function of the direction in which the observer is looking. Hence,

measured observables must \be rotation-invariant/on large scales.

e Statistical Homogeneity:+This- means that-the properties of the Universe do not
change if measured at different points in space. Hence, every observable must be

translation-invariant on large scales.

The FLRW metric has exactly isotropic and homogeneous ¢t = const spatial surfaces
and so it is the correct background metric to describe perturbations in radiation and
matter. The assumptions of the Cosmological Principle are also well-supported by our
observations. Observations of the CMB display evidence of statistical isotropy: The
averaged temperature of CMB photons from different patches in the sky is almost the
same (Tomp = 2.73 K, with relative fluctuations of the order 10~°) independent of the
direction of observation [21]. An FLRW background with linear perturbations leads to

a good description of the CMB physics on small angular scales.
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1.5.1 The background solution

Initially, we consider a universe conforming to the assumptions we have made and char-
acterised by the average background quantities, which are without perturbations. We
then solve the associated Einstein field equations to determine the dynamics and evolu-

tion. Note that the background quantities will be denoted in general with an overbar,

e.g. Xx.

1.5.1.1 Einstein’s field equations

Since the scale factor controls the physical size of the Universe, once we determine the
dependence of a on t, we have a description of how the Universe evolves over time. This

solution comes from solving the Einstein field equations, given by
BT A D — Ol e (1.10)

where g, is the background metric, A is called the cosmological constant and the Ein-

stein tensor éuv is defined as
Go=iBaaog R (1.11)

where RW and R are the Ricei tensor and Ricci sealar, tespectively. The Ricci tensor is

obtained from the Christoffel symbols 1_”\#,/ as follows: [1]
RIJ«V — 8>\1_1)‘W, - 81/1_1)\)\“ + I_—‘)\)\O'I_—‘U,LLI/ - ngyfg/\u 5 (112)
where the Christoffel symbols are related to the metric tensor g, by [1, 21]

_ 1 _ B B B
FAW — §gxa (OuGvo + Ovluo — OvGuv) - (1.13)

The term containing A in the Einstein field equations arises as an integration constant
and, depending on which side of the equation it is added to, can be thought of as a geo-
metrical effect or as another component of the energy density, known as “dark energy”.
In the case of the latter, this component can be used to explain particular observations

concerning the expansion of the Universe. Measurements of the luminosity distances of
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type Ia supernovae (SNIa) show that the Universe is accelerating in its expansion [24].
However, as will be seen, ordinary matter causes the expansion of the Universe to slow
with time, since the attractive action of gravity opposes the expansion. Thus, there is
a concerted effort underway to try understand and describe this acceleration, including
surveys such as the Baryon Acoustic Oscillation Spectroscopic Survey (BOSS) [25] and
Dark Energy Survey (DES) [26].

Returning to the field equations, the non-zero Christoffel symbols for the particular

metric given in (1.9) are [23]:

aa

'y, = Tk %, = aax?,

[P35 = aax”sin® @, [y =T =T = g ;
F111:1_KI§>?27 f122:_>2(1_[(>22) )

My =—x (1- K)ZQ) Sin%0, [, = —sinfcosd,

2, =T3,= ; . ., = cotf . (1.14)

The non-zero elements of the Ricci tensor, calculated from (1.12), are [23]:

_ . = a? . 2K
R :—3(H HQ). Ry —— (F43H2+22)
00 + ; vt i + + 2
_ : Riyre E : . 2K
Rog = a®¢? <H + 3H%4 7) ' Ras =a%x%sin? 6 <H +3H? + 2> ., (1.15)
a a
where H = % is the Hubble parameter and a = ‘Cil—‘t”. Hence, the Ricci scalar is given by
[23]
_ ) K
R:6<H+2H2+2> : (1.16)
a

T, in (1.9) is the energy momentum tensor of a perfect fluid and is given by [1]

T = (Ptot + Dtot) Uty + ProtJuw » (1.17)

where pir and pyor are respectively the total energy density and pressure of the fluid

components contained in the Universe and u, = % is the 4-velocity of the fluid. We

1Once the conformal time is introduced, derivatives denoted with primes will be taken to mean
derivatives with respect to the conformal time
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may approximate the components as perfect fluids for most periods in the evolution
of the Universe, since the anisotropic dissipative terms such as heat flux, viscosity or
anisotropic pressure are negligible [2]. The physical interpretations of the components

of T, are as follows:

e 7% is the energy density

o 7% and T% are both equivalent to the mass flux across the surface of a volume

element with normal vector n = z;

e T is the flux across the surface, with normal n = Z;, of the ith component of the

momentum. If ¢ # j this is known as a shear and if ¢ = j this is the pressure.

As discussed, we may treat the cosmological constant term Ag,, of (1.10) as another
component of the energy density and thus.we absorb it into TW: the energy density and

pressure pior and Py are redefined as pjor=4--pa-=> Pior-and Pror — PA —> Prot, Where
A oHE o (1.18)

follows from the equation-of-state-for the A-component. In the following we suppress
the subscript tot for brevity and, unless otherwise stated, take p and p to mean the total

background energy density and pressure. The field equations now read:

G = 87GT), . (1.19)

For a comoving observer, @, = (—1,0), which gives:

=2
_ pa
TO():pa Tll_l—K)zz,
Ty = pa’x” T3 = pa’x?sin® 0 . (1.20)

It is then possible to write the Einstein field equations, using (1.14), (1.15) and (1.20)

to obtain the following system of equations for the evolution of the scale factor [23]:

_8rGp K
3 a?’
4G

H?+H= ——(p+3p) . (1.22)

H2

(1.21)
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The first equation (1.21) is known as the Friedmann equation and (1.22) is known
as the Raychaudhuri equation, and together these equations form the basis for the
description of the evolution of the background. If we assume a barotropic model for each
component in the Universe, with an equation of state (EoS) for component X given by
1, 21):

DX = WxPX , (1.23)

then the EoS parameter w will have the following values for different kinds of components

e w,, = 0 for non-relativistic matter,
e w, = 1/3 for thermal radiation or a gas of relativistic particles, and

e wp = —1 for a cosmological constant.

Therefore, incorporating the EoS-parameter-in(1.22) for component X, we obtain

3 4rG
it == - (L 8wx) o (1.24)

We can use the Raychaudhuri-equation{1-24)-to determine that the requirement for the
observed accelerating expansion is w < —1/3 which, using the EoS, corresponds to a
negative pressure:

1

Pt P (1.25)

Thus, in the case of the cosmological constant, wy = —1 implies a negative pressure,
which aids the expansion. We explain this physical effect as a kind of vacuum energy,
proportional to spatial volume. This description has not been wholly successful thus
far, since the prediction from quantum field theory is many orders of magnitude higher

than the vacuum energy density we infer from observations.

We now introduce the conformal time 7, defined as
dt = adn , (1.26)

so that the spatial scale factor becomes a conformal factor of the spacetime metric.

Hereafter all derivatives denoted with a prime, e.g. d/, are taken to be derivatives with
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respect to the conformal time. We can also define the conformal Hubble parameter:

1da
=—-—— =aqaH . 1.27
ady (1.27)

The Friedmann equation ((1.21)) and Raychaudhuri equation ((1.22)) then become:

8775;)&2 K,
e
M+ = —WT(;H?)p)aQ. (1.29)

H? = (1.28)

For convenience we define the dimensionless density parameter for component X as

Qx(a) = sz (1.30)

where px denotes the corresponding-energy density, so that the Friedmann equation

becomes

1 Al D]0x k) (1.31)
X

where we have defined (0 = K/H?.

1.5.1.2 Conservation equations

From the Friedmann equation (1.21) and Raychaudhuri equation (1.24) we wish to
extract a time evolution for the density p of each component and for the scale factor a.
These are coupled non-linear differential equations and are not straightforward to solve.
However, we can recover conservation equations and use them to solve for the relation
between p and a before obtaining the time-dependence of a. The conservation of energy
and momentum is ensured by the Bianchi identity, which requires that the covariant

divergence of the Einstein tensor must vanish:

V.G, =0. (1.32)
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From the Einstein field equations (1.10), we then obtain the following for the energy-
momentum tensor:

V.T/ =0, (1.33)
which we interpret as the conservation condition.

Using the metric to raise one of the indices and the EoS (1.23) for a single component

X, (1.17) becomes
U, 4"V, [(1 4+ wx)px] + (1 +wx) px (4" Vyi, + 4, V,a") + V,px = 0. (1.34)
If we contract (1.34) with the 4-velocity u#, this yields
px +O(1+wx)px =0, (1.35)
where we have used py = 1" Vypx and defined the yolume expansion rate as [2]
S (1.36)

The comoving velocity and the| Christoffel [symbols for an isotropic, homogeneous uni-

verse give © = 3H [23]. "This leads to the equation for the conservation of energy:
Pxt 3H (L s-wx) pix = 0, (1.37)

which is known as the Continuity equation and where we have made the change to

conformal time variables.

We can also contract (1.34) with (au” + d%). This yields the other conservation equa-

tion, known as the Euler equation:

(14 wx) pxta + (4" +04) Vupx =0, (1.38)

where 1, is the 4-acceleration vector, given by i, = 4"V, . This is a statement of the
conservation of momentum and is trivially satisfied in a FLRW background: since the
FLRW universe is homogeneous and isotropic, the spatial vectors i, and (i, @*+0h )V uDi

must vanish, making the left-hand side of (1.38) identically 0.
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TABLE 1.1: Evolution of energy density and scale factor in a flat FLRW universe for
each case where a different component dominates the energy budget.

v p@) a)
Radiation | 1/3 a=* /2
Matter 0 a3 3

A -1 a® el

The evolution of the scale factor and the energy density can be determined by simulta-
neously solving (1.24) and (1.37) in various cases where different components dominate.

For a flat Universe with a dominant component X, we obtain:

px(a) = pxoa 30Fwx)

2
a(t) = TR (1.39)

where pxo = px(ap) and the scale factor is normalized to the present time ag = a(tp) = 1.
The results for each of the-ecomponents discussed-carlier are displayed in Table 1.1. In
reality, there may not always be a'single. dominant component, but the single-component
solutions are useful during periods where one component is dominant. In Figure 1.3,
we see that the Universe begins with a radiation-dominated era, followed by matter

domination and at late timesthe-A-component-begins-to dominate.

1.5.1.3 The full ACDM, model

The model of the Universe with zero spatial curvature, containing various fluid compo-
nents, each specified by their own equations of states and with dark energy parametrized

by A, is called the Lambda Cold Dark Matter (ACDM) model.
Thus the Friedmann equation (1.21) can be written in conformal variables as

8rG
H2 = =2 (b + P+ )a? (1.40)

where we have set K = 0 and p,,, p, and pp are the respective energy densities of cold
matter (cold dark matter and baryons), radiation (photons and neutrinos) and dark

energy.
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=== A-dominated
10 15 | —— Matter-dominated P
—-= Radiation-dominated R
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a

FIGURE 1.3: The evolution of the dimensionless energy (see (1.30)) densities in uni-
verses with different/dominant components, normalized so that Q;,; = 1 today.

Using the definition of the density parameter, (1.30), the Friedmann equation becomes
1 = Q. 0" (1.41)

In terms of the current values of the density parameters (Q2x), the Friedmann equation

becomes

H(a) = aHov/Qmoa > + Qoa— + Qo , (1.42)

Once again, Planck 2018 data give: Q,,0 = 0.308, Q,0 = 9.24 x 107°, Q0 = 0.692
and Hy = 100 h kms~! Mpc~! with h = 0.6732 [29]. For convenience this is sometimes

written using wx = Qxh?

1.5.1.4 Distance measures in an expanding universe

The description of the scale factor in the first section of this chapter hints that the

concept of distances in Cosmology is a subtle one. In addition to the expansion of the
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Universe, we must also consider the constant, finite speed of light and the implications

this has for the differences between various definitions of distance.

The comoving spatial coordinates in (1.9) are characterised as being constant for freely-
falling points or particles, so that the coordinate grid expands with the expansion of the
Universe. The comoving distance between two such points is the spatial coordinate at
some fixed time, usually chosen as the present time ¢y. If we choose a(tp) = 1, then the
comoving distance is equal to the physical distance at tg. If we choose the origin of the
coordinate system so that the two points are radially separated, then the physical and

comoving distances between them are related by (1.1)
a(t) = a(t)x (1.43)

where the bar indicates that we are still working in the background case.

Now consider the case of an‘observation where-a-distant-galaxy recedes from an observer
on Earth. If a ray of light is emitted at time t; from the galaxy, then in an infinitesimal
time increment dt, it will travel a distance of a(t)dy towards the Earth. Taking the
speed of light as 1, this gives

—ady =dt. (1.44)

Hence,

to
BN £ (1.45)

te a(t)

is the comoving distance that the light travels to reach the observer on Earth at ¢,.

By virtue of its motion, the receding galaxy induces a change in the wavelength of the
light ray measured by the observer. This change can be described using the redshift z

which is related to the scale factor by [1]
14+2=—2 (1.46)

where ag is the scale factor at the present time, conventionally taken to be 1. Thus, in

terms of redshift, (1.45) becomes

z dZ/ _ /Z dZ/
o HE) Jo Hon/Qmo(1+ 2/)3 + Qo(1+ 2)F + Qup

%(z) = (1.47)
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where we have used cosmological time to save including an extra factor of a.

Another measure of distance is the angular diameter distance da, which is defined as
the square root of the ratio between the intrinsic area of a source and the solid angle it

subtends at the observer. In terms of the comoving distance, this is given by [30, 31]

dp = . (1.48)

0 . . ! . ‘
1o-3 1072 10! 100 10! 102 103

tas 1]

17504

1500
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1000 -

[Mpc]

i~ 7501
5001

250+

0 : ‘ : ‘ :
103 102 107! 10° 10! 102 10°

FIGURE 1.4: Upper panel: The comoving distance Y plotted as a function of the
background redshift z. Lower panel: The angular diameter distance da plotted as a
function of the background redshift, with maximum value at z ~ 1.6.

Figure 1.4 shows results of numerical calculations of these two distances in the ACDM
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model. From the figure we see that the comoving distance increases rapidly at low red-
shifts and at high redshifts asymptotically approaches a maximum, whereas the angular
diameter distance has a maximum at a particular redshift in an FLRW background,
tapering off on either side and thus making it possible for objects to have the same da

while being at two different redshifts.

1.5.2 The perturbed FLRW universe

We now move to the derivation of the evolution equations in a flat FLRW universe,
where first-order linear perturbations have been added on top of the background. This
is the simplest model necessary to be able to discuss the fluctuations observed in the

Universe, but is nonetheless an effective tool for doing so.

If we consider the full metric tensor g, that contains all the information about the

observed Universe, then wecan-make a Taylor-expansion about the FLRW background:
= 1
v = G [ £ 0950+ 559,(?3 .. (1.49)
Thus, to first order in perturbation, we have

I ="Guv + 5g;w ) (150)

where dg,, = 6gl($,) is taken as the first-order perturbation hereafter.

The most general perturbed FLRW metric is given (in Poisson gauge) by [32, 33]

o . 1 o
ds® = a®[ —(1 + 2®)dn? + (1 — 2¥);;da’da? + 2w;da’dn + ~hyda'da? | | (1.51)
> Nkl
scalar part vector part <~

tensor part

which allows for scalar, vector and tensor (gravitational waves) perturbations. In the

following analysis we consider only scalar perturbations.

The next step is to re-derive the evolution equations by applying the Einstein field
equations with the perturbed metric (1.50), using the background equations to isolate
equations in the perturbations of variables and neglecting terms of second order or higher

in perturbation.
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1.5.2.1 Perturbed Einstein field equations

We consider a perturbed metric that assumes the following form:?

ds? = a®[ — (1 + 2®@)dn* + (1 — 2V)6;;dz’da’] | (1.52)

where the first-order variables ® and ¥ are known as the Bardeen potentials and in our
case we assume that there is no anisotropic stress, which means ¥ = & [2]. Hence, the

non-zero Christoffel symbols from (1.13) are:

My =H+9, I, =0,
I =0"0;® , 10, =[H—® —4H®] 5 ,
T'o=MH-@);, T',=-25000+66"0P, (1.53)

where we have already made-the cliange to conformal time variables: ®' denotes the
derivative of ® with respect'to 1 /and [ is the conformal Hubble parameter. Then, the
background Friedmann equation (from (1.28))is

| 8mla? a’A

Ll (1.54)

22
Recall A = 87Gpy. Similarly; in conformal variables, the Raychaudhuri equation (1.24)

, drGa® [ 2 a’A
- — m o Mr . L.
H 3 Pm + 5P + 5 (1.55)

becomes

With the perturbed Christoffel symbols from (1.53), the non-zero elements of the Ricci

tensor are calculated from (1.12) as:

Roy = —3H +V?® 4 6HD + 30", (1.56)
Roi = 2(1+H)9d , (1.57)
Ry = [H +2H>— 3"+ V20 — 4(H +2H*)® — 6HP'| 6y ,

which yields the following for the Ricci scalar:

1
R=— [6(H + H?) +2V2® — 12(H + H*)D — 60" — 24HD'] . (1.58)

2This metric is different to the one used in [115] and as a result some of the definitions in this work
are different.
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The perturbed 4-velocity is given by [1, 2]

1 .
ut==(1-,"), (1.59)
a
using the normalization g,, u*u” = —1. Here v’ is the peculiar velocity and is curl-free,
meaning that
V' =0V, (1.60)

where V' is the velocity potential.

The energy density and pressure are also perturbed and we write:

p=p+dp, p=p+dp, (1.61)

so that, using (1.17), we can calculate the components of the perturbed energy-momentum

tensor T},

Too—=r 0’ (=228 2m070), (1.62)
Toi||= |Ha®(p+ B)v: , (1.63)
T =—a*(p+op'=20p)5;; . (1.64)

We then substitute the expressions for the Ricci tensor, Ricci scalar, 4-velocity and
the energy-momentum tensor into the Einstein field equation (1.19), the components of

which yield the following equations in the perturbations:

V20 — 3H(®' +HP) = 4nGa*dp, (1.65)
O +HE = —4nGa*(p+p)V, (1.66)
"+ 2HD + (H +2H + H*)® = 4nGa’dp. (1.67)

1.5.2.2 Perturbed conservation equations

To derive the conservation equations in the perturbed case, we follow a similar procedure
to the background case in Section 1.5. The energy-momentum conservation equation is,

as before, given by

V. Th, = 8,1+, +T",,T% - 19, T =0, (1.68)
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where we must once again raise one index of the energy-momentum tensor. In this case,
the perturbed metric (1.52) must be used for this, in order that all the first-order terms
in the components of the energy-momentum tensor (1.62) - (1.64) are captured. Thus,

the non-zero components of T", are:
T%=—(p+dp), T%=@E+paV, T;={p+0p)?;. (1.69)

We substitute (1.69) into (1.68) and contract the equation as before. The background
variables are removed using the background conservation equations, changing to confor-

mal time where necessary. The perturbed version of the Continuity equation is given

by
5p' + 3H(6p + 0p) = (p+ ) [3%' — V*V] , (1.70)

where V is the velocity potential-and-the Laplacian is defined as V2 = ;0. This
equation is similar to the onc in the background case, but now the potential & and
peculiar velocity on the right-hand side act as source terms for the perturbations in

energy density and pressure! The perturbed Euler equation is given by
[(p+p)V] +4H(p+p)V = —[0p+ (p+ )] , (1.71)
or, in terms of the peculiar velocity, by
[(p+ P)vi]" + 4H(p + p)vi = —[0:(0p) + (p+ P)O®] , (1.72)

which is an evolution equation for the peculiar velocity, dependent on the potential &

and the perturbations in pressure.

Next, we define the density contrast in Poisson gauge:
)
5="2° (1.73)
p

as well as the sound speed ¢ for adiabatic pressure perturbations [34, 35]:

=/
2 % _7 (1.74)

S P
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Using the definitions of the EoS parameter, the density contrast and the sound speed (see

(1.23), (1.73) and (1.74) respectively) we can rewrite the set of perturbation equations

to yield:
V20 — 3H(®' + H®) = 4nGa’ps , (1.75)
' +HE = —4nGa’p(1+w)V , (1.76)
" +3HPY + 2H +HH)D = 4rGa’c2ps (1.77)

and similarly for the perturbed conservation equations:

& +3H(c2—w)s = (1+w)[30 —V?*V], (1.78)

[PA+w)V] +2p0 = —p(1+w)[®+4HV] . (1.79)

The equation (1.75) relates the density-econtrast ¢ to the potential ® in a similar way
to the Poisson equation in-Newtonian mechanics. We may use this to rewrite (1.77) in

terms of only the potential ®:
" +3(1+e)HE |+ 2H + (1432 H |2 = V3, (1.80)

Neglecting radiation, the Friedmann and Raychaudhuri equations, from (1.54) and (1.55)

respectively, read:

H? = %ﬁ—k a;A : (1.81)
H = —?ﬁ + a23A , (1.82)
which gives
H = —%%ﬂ + GZA . (1.83)
Using this result in (1.80) yields
"+ 3(1 + AHD + 32H?D + a’AD = 2V?D. (1.84)

This equation describes the evolution of the Bardeen potential ® and is known as the

Bardeen equation.
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1.5.2.3 Growth of structure in a ACDM universe

We focus here on observations of the Universe at relatively low redshift, so in the fol-
lowing we restrict our description to the Universe at late times, when the dominant
contributions to the energy are from dark matter and dark energy, and the contribution
from radiation has become negligible (see Figure 1.3). Thus, we may neglect the radi-
ation component: p,. = 0, dp, = 0. On scales where linear perturbations are accurate,
the baryonic matter is cold and shares the same velocity as CDM: V;, = V. = V. We

also take dpp = 0, since the cosmological constant is not perturbed.

Thus, on linear scales, the perturbations reduce to perturbations in cold matter only and
hereafter we use § without subscript to refer to the matter density contrast in Poisson

gauge:

)
§=2Pm (1.85)
Pm
The “cold” matter particles-of-the-ACDM-model-aresnon-interacting and do not exert
or experience pressure. Thus we have, for matter: w.,, = 0, p, = 0, dp,,, = 0 and, using

(1.74), cs = 0. Substituting these results into (1.75) - (1.79) yields:

V20 — SH(D' +HP) = 4nGa’p,.0 , (1.86)
O HHS TS =drGd’pnV , (1.87)
B FIHY Fd2Neg £ 0, (1.88)
§ = 30 -V, (1.89)
Vi = —&—HV, (1.90)
where we have also used (1.84) to obtain (1.88).
Using (1.87) and the definition of Q,, (1.30), we can rewrite (1.86) as
2 3 2 3 2
VI = DO H (6 —3HV] = 3 H 00 . (1.91)

As will be shown in Chapter 3, the term in the square brackets is in fact the comov-
ing matter density contrast dc and so we recognize in (1.91) the form of the Poisson

equation.



Chapter 1. Ouerview 26

We now wish to determine the evolution of ® using (1.88). Recall the definition of the

dimensionless density parameter for A:

where the second equality follows from (1.41) at late times. Together with (1.83), this
yields
3
H = <1 - 29m> H? . (1.93)

We can also rewrite the conformal time derivatives in terms of derivatives with respect

to the scale factor:

d d 2, L[ MY d
= gH— - = — 14+ -—]—. 1.94
dn aHda ’ dn? aH da? o ( * 7-[2) da (1.94)

Using (1.92) - (1.94) we may rewrite the-Bardeen equation (1.88) as

2

d*® 3 do,
2} T IR 1-0,,)=0. 1.
R (5 . ) = +3¢( ) 0 (1.95)

To describe the time evolution of the perturbative potential ®, we define the linear
growth function D(z) as [42,43]

D

— = = (1.96)

which is normalized to "Dy |="ay| at the time of‘the decoupling between matter and

radiation (aq ~ 1073). In Fourier space, the Poisson equation is

— 2 — — H2 — 2£ F

Hence, we may re-write the potentials in terms of the density contrast, and the linear
growth factor becomes
dc

D=aq 2%, (1.98)
dcd

which describes the growth in the amplitude of the density perturbations above the

background, normalized to the matter-dominated era.

In terms of the growth factor, the Bardeen equation (1.94) becomes

da?  a

d2D 3( Qm>dD 3
2
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which can be solved numerically, using as the initial condition a matter-dominated uni-

verse (see Figure 1.5).

1.0 /,

—— ACDM ’
=== EdS 4

0.8 e

0.6 e

D(a)

0.4-

0.21

0% 0.2 0.4 0.6 0.8 1.0

a

F1GURE 1.5: The evolution.of the matter growth-factor as a function of the scale factor

for an EdS universe (dashed'black) ‘and a- ACDM universe (solid red). The addition

of a cosmological constant A_to the EdS model results in a slower growth rate in the
ACDM model at late times, when the scale-factor approaches its present value.

In the case of an Einstein-de Sitter (EdS) Universe containing matter only (£2,, = 1 and
Q, = Qp =0), (1.99) reduces to a second order Cauchy-Euler equation and the solution

may be found analytically to show that the growth factor evolves with the scale factor

as
DEIS) (q) = a | (1.100)
and hence
dD(EdS)
—_—=1. 1.101
P ( )

Therefore, from (1.98), the gravitational potential ® is constant in time: ® = &4, and

the EdS results (1.100) and (1.101) are suitable matter-dominant initial conditions.
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The numerical result including the cosmological constant is shown in Figure 1.5. At later
times we see that the growth of structure in a ACDM Universe is suppressed with respect
to the EdS Universe, since it contains dark energy which works against the gravitational

collapse of density perturbations.
It is useful to define the linear growth rate, f [1, 36]:

_dlnD  dlndc

I= dlna  dlna ’

(1.102)

where the second equality follows from the proportionality between the growth and the

comoving density contrast (1.98).

With this definition, the evolution equation (1.99) becomes a first-order equation for f:

where we have used

Al VT B e 1

Fi b —— 1.104
da a D da? a ( )

Once again we can also consider the EdS Universe and/from the growth function solution

(1.100), using the definition of the growth rate (1.102), we obtain
AEN =T, (1.105)

There is an analytical approximation in the ACDM case, which can be parametrized
by [36, 37, 41]
fla) = [Qm(a)]”, (1.106)

as shown in Figure 1.6, where ~ is called the growth index and fits the numerical solution

of (1.103) well at a value v ~ 0.55 [37, 38].
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FIGURE 1.6: The evolution of the linear growth rate for an EdS Universe (dashed

black) and a ACDM Universe (solid red). The parametrization with v = 0.55 is shown

in solid black. The addition of a cosmological constant A to the EdS model decreases
the growth rate as a approaches its present-day value: ag = 1.



Chapter 2

Angular Power Spectra

So far we have discussed the nature of the Universe in which we live and built up
the framework of the ACDM model-which.describes it. We now turn to explaining
the framework with which-we-can-treat-observations of the Universe. In this chapter we
present the theoretical derivations.of expressions-for.the angular power spectra of galaxy
number counts, HI intensity mapping and CMB lensing. We begin by defining the two-
point correlation function in general and relating this to the angular power spectrum on
a 2D spherical shell. Following this; we relate the angular power spectrum to the power
spectrum of primordial curvature fluctuations, before ffitially describing the calculation

which allows us to take account. of ‘an obsérvational window function.

2.1 Two-point correlation function

Recall that the matter density contrast is defined in the Poisson gauge at a particular

position x as

pz,n) — p()

d(n,z)=9(x,n) = (2.1)

p(1)
where n is the observation direction, z is the redshift corresponding to the position and
p is the background density of matter. The density field §(x,n) is a Gaussian random

field which satisfies the following statistical properties:

Em(r) = (0(z)d(a")), (2.3)



Chapter 2. Angular Power Spectra 31

where we have suppressed the dependence on conformal time for brevity and » is the

displacement between the points @ and «’: r = |&’ — x| (see Fig. 2.1).

The statistical properties above mean that § is zero on average and that its two-point
correlation function &, (x, ') actually only depends on the distance r between the two
points. This is a consequence of assuming statistical isotropy and homogeneity (since

&m is independent of ') in the density field of the Universe.

The ensemble average (X) of a variable X has some subtlety in its definition and bears
discussion in more detail. The ensemble average is defined as the average value of a
random variable, taken over many realizations of its associated random functions. In
a cosmological context this is like measuring the average value from an ensemble of
universe realisations. However, it is only possible for us to observe one realization of our
Universe. This places a fundamental limit, known as cosmic variance, on the accuracy
of our measurements and prevents-us from-directly measuring the ensemble average.
Instead, we must rely ona kind of ergodic hypothesis, where we measure the spatially-

averaged values as a substitute for the ensemble-average [2].

2.1.1 Relationship to the power spectrum

Throughout this work we 'make use’of*the Fourier transform defined according to the

following convention:

ok(n) = /d3x 5(z,n) e" kT (2.4)
1 3 ik-x
o(x,m) = @n ) /d k ok (n) ™. (2.5)

We now consider the two-point correlation function of § in Fourier space. Dropping the

n dependence for brevity, we can use (2.4) and the statistical properties (2.2), (2.3) to
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show that:

(O o) = [ &/ Bz (3(z)d (') e k@ emH

d3.’L'/ d37“ 5 ('I“) efik-:r, efik’-z’(eik:-z’efik-:c’)
m
/

B2 déBr ém(r)e—i(k-‘rk’)fc eik~(:c’—$)

—— — —

43 e—i(kJrk:/)-m’ /dST gm(T)efik,-’r

= (2n)%p(k+K) / d®r & (r)e kT (2.6)

where the definition of 7 at constant &’ has been used to change the integration variable
in the second line. The subscript m indicates that &, is the two-point correlation

function of matter fluctuations. The above expression can be rewritten as
(61 (1) Splppr=S7)3op(k + k)P (k,n), (2.7)

where we define the 3D matter power-spectrum. L (k. 7)) of the matter density fluctua-

tions & as!

b Ml H / & &b n)er® (2.8)

which means that the power spectrum and two-point correlation function are related via
Fourier transform. Once again, statistical isotropy is evident in the fact that the power
spectrum depends only on the modulus of k. The Dirac delta dp(k+ k') in (2.7) implies
that only modes with wave vector k of the same length, but of opposite direction will
be correlated, and is a result of statistical homogeneity. This expression can be further
simplified if we choose our coordinate system so that the spatial axis from which @ is

measured is aligned with k, which gives k - r = kr cos 8 and thus

Pn(k) = /r2dr sinf df d¢ gm(r)e—ikrcose

= 47r/r2dr Em(r)jolkr) . (2.9)

!Hereafter we suppress the conformal time dependence of dx and P, for brevity.
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where jo(kr) is the zeroth order spherical Bessel function. Similarly, using the inverse

Fourier transform, we find that

En(r) = 27;2 K2k P (k)jo(kr) . (2.10)

For some of the derivations that follow, it is useful to examine the quantity (g 05,) and

its relation to the power spectrum. In a similar way to before, we can show that
Ok Op) = (2m)36p(k — k') /d3r fm(r)e’ik"“. (2.11)
Hence, using (2.8), the above expression can be rewritten as

(6k 03r) = (2m)30p(k — k') P (k) . (2.12)

2.1.2 Expansion in Legendre-multipoles

We may also consider the power spectrum of galaxies, related to the galaxy number

density contrast, defined analogously to the matter density contrast:

SAB TR TP F pg(n’;;(z)p"('g) , (2.13)

with the associated correlation function defined as

§o(r) = (9g(w)dg (")) - (2.14)

There is a dependence on the direction n, which is the unit vector along the line of sight
in the direction of observation. In reality, the correlation function is associated with
pairs of galaxies and thus pairs of directions, one for each galaxy. However, under the
flat-sky approximation we assume that correlated galaxies are sufficiently far away that
they have similar redshifts z and approximately the same direction of observation n
[39, 40]. The directional dependence enters into the anisotropic galaxy power spectrum

which can hence be decomposed in Legendre polynomials £(u) [39, 40]:

Py(k,k-n) = iP;(k)L’g(l% ‘), (2.15)
(=0
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where k - n is the cosine of the angle between the line of sight n and wavenumber k.
The coefficients ng can be determined from the power spectrum using the orthogonality

of the Legendre polynomials (A.3). Multiplying (2.15) by L, and integrating, we obtain

/1 d(k-n) Py(k,k-n)Lp(k-n) = / (k-n) ZPf VLo(k-n)Ly(k-n)

-1

= pr( O
=0
- PY (k) (2.16)
o241 9 ‘
Re-labelling indices, we obtain
¢ 1 b i i
P(k) = (£+ 2) /_1d(k-n) Pk, B - m) Lol -m) | (2.17)

In a similar way, we can expand the two-point correlation function for galaxies in the

flat-sky approximation in-legendre-polynomials=39;40]:

(e}

& (i - 1) Z T)Lo(7|- 1) (2.18)

where

40) 11t 3 2 A TN s 2) Lol ) (2.19)

1
This expression can also' be ‘written in“terms ‘of the coefficients P;, using the inverse

Fourier transform of &,(r, 7 - n) [39, 40]:

g = (e+3) [ awm ([ 55 B komes) et m)

20+ 1 / ! - .
- (+ /d%ZPf / (7-n) Ly(k-n) Loy(F-n)

Y (z (26" +1)i"" Lo (k- #) jw(kr))

=0
20+ 1 o :
= (” / k2dk Z Z (20" +1)i" jor (kr) PL (k)
/ e// 0
1
x/ d(7 - n) Eg(f-n)/d(),; Lol -n)Lon(k - 7) (2.20)
-1

where the exponential term is rewritten using a plane wave expansion (A.6) in the second

line and the integral over k is split as d3k = k2dkdQ)y,.
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The integral over df2 in (2.20) may be rewritten by expanding the Legendre polynomials
in spherical harmonics (A.4) to yield

o
(%M > Yoo (R)Yih (7 >>

m!—=—p
K’ K”

B (47)?
T2 1207 + 1) 2D Yirm ()Y ()

mlzi / /l_ EN

X / dQ,}ngumN (IQ:)Y[,‘m/ (127)

( ~
= (25/ é”+1 Z Yom / }/Z// ( )5@/5//7 (2_21)

where the elimination of the inner sum in the third line uses the orthonormality of the
spherical harmonics (A.5)..Fhus; substituting (2:21) back into (2.20) and taking the
sum over £”, we can use the fact that the sum over the spherical harmonics is simply an

expansion of a Legendre polynomial (A.4):

20 +1 .
Z Yem ’ Yvﬂ’m ( ) Ly (T ’ ’I’L) (222)

Thus the expression for fg becomes

0 1
() = %+1/%%k§:%w@maﬁm/'aﬁnumﬂnmﬂﬁn)

472 -1
=0

20+ 1 . : 2
== /k2dk‘ Z Zg ]g/(k}?“) P; (k‘)iéw

2
4 e’ 20+ 1
2k,
_ /27r i jokr) PL() (2.23)

where (A.3) is used in the second line.

2.1.3 Projection onto a 2D spherical shell

Actual observations are made on a spherical shell of radius x(z), centered at our position.
Thus, each point we observe in the sky has a position described by x(n,z) = x(z)n

where n is the unit vector along the line from the centre of the shell to the point under
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Ala Z1

b

' r
II AQ, Z9
! o

ST = X(Z1)n1 e

Observer

FiGURE 2.1: This figure is a geometrical representation of the arguments found in
(2.42), with respect to the observer and two arbitrary galaxies A; and As at redshifts
z1 and 29 and in observed directions n; and ns, respectively.

consideration on the shell: (6,¢). The galaxy number density contrast may then be

decomposed into spherical harmonics on the shell:

dg(x) = Z Z am (X (2))Yem(n) . (2.24)

£=0 m=—/

Note that only the projection coctlicients agn, arc dependent on the distance (redshift). In
the following derivations this dependence is suppressed for convenience. The coefficients
agm may be related back to|the original function using the orthonormality of the spherical
harmonic functions (A.5). Multiplying (2.24) by the complex conjugate Y, ,(n) and

integrating over solid angles, we obtain

ff

[ a0n sm =i 5 F Effaod X0 3T i (K(2) Yo () ()

(=0 m=—¢
_ Zzafm/dﬂ Vi (7)Y (1)
=0 m=—/¢
= Qg . (2.25)
Re-labelling indices, we obtain
agm(z) = /dQn dg(n, 2)Yy, (1) . (2.26)

The above equation relates the coeflicients asy,, to the real-space d4, but it is also possible
to rewrite these coefficients in terms of their Fourier modes, using the inverse Fourier

transform:

1

(27

Qym

. / dQy, &3k Sgp, Yy, (n) ehxeos? (2.27)
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where k - © = ky cosf follows from our choice of coordinate system. The exponential
term may be rewritten using (A.6). When substituted back into (2.27), this gives
1 o0

fm = (2 )3 /d3k 5gk /dQn Yﬁn(”) Z(Qel—l-1)i€l£gl(0089)je/(kx)
i =0

_ ! / &k Ggre Y (20 +1)i" jiu (k) ( / dQy, Eg/(cose)Y[;n(n)> . (2.28)

3
(2m) o

The simplification of the integral term in brackets requires some manipulation. If we
expand a Legendre polynomial into spherical harmonics, we have (by (A.4)):

.
S Yo ()Y (R) (2.29)

-

A 4
ﬁg/(k"n): 2€/+1

where our choice of coordinates implies that k- n = cosf. Thus the integral term

becomes

Z/
i 4qr * 7 *
/dszn LIS Yy ()Y (R) Y ()
.= A

/dQn Ly (cos )Y, (1) DY/
m

Z/
4 1| P .
Il M+l 2 Yé'm'(k)/ AQn Yo ()Y (1)
==l
4 s
e A (L) (2.30)

where the result follows from the orthonormality relation (A.5). Substituting this back

into (2.28), we obtain

o

atm = (er):,) / &k S EO(M 0 o) s Vi (R
S LU 231
The complex conjugate is then given by
ay, = (2_726 / &%k 87 Ge(kx)Yem (k). (2.32)

The integral in k is over all scales. However, since the Bessel functions are strongly
peaked around kyx ~ /¢, they act as weighting functions, with each multipole gaining a

dominant contribution from only one wave number (or equivalently, a particular scale)
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to first approximation. It is also important to note that since § is a Gaussian random

variable, so are the agy,.

2.1.4 The statistical properties of the a,,, and relation to the 3D power

spectrum

The statistical properties of the ay,, are thus:

(agm) = 0, (2.33)

(@mapm) = CeorSmm (2.34)

where the primed and unprimed indices indicate that the coefficients are not necessarily
both evaluated at the same redshift. These properties indicate that the ay,, have zero
mean and a variance described by the-Cyg~The C) are referred to as the angular power

spectrum (APS) and are definedina-model-independent fashion as

#(~0)¥ : R .
(aom x0) g eox2) ] T IR ) o (6 xa) Vi ) Yo (B
x(égk(zl) 5;k/(22)> i (235)

It is also possible to relate tha angular power spectrum.to the 3D power spectrum F;
defined earlier, using the definitions of s, and its complex conjugate (see (2.31) and

(2.32)):

-~

« 2, 02 . . « /7
(@b ) = 02 [ [ Golbra) dokx) Vi (B) Yions (R
X5D(k—k/)Pg<k,Zl,ZQ)

2 , ,
= ﬂ_/dek j@(k‘Xl) jg/(kXQ)Pg(k,Zl,ZQ)(SM/(Smm/, (2.36)

where x; = x(z;) and the last step uses the orthonormality relation, (A.5). Here the azy,
are represented in terms of the galaxy power spectrum Py(k, z1, 22), which is formally
defined by

Py(k, z1,22) = (0gk(21)0gk(22)) - (2.37)

The Cy of the APS also provides another possible basis for the expansion of the two-point

correlation function. Consider the situation depicted in Fig. 2.1. From the definition of
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the two-point correlation function, we have:

Eq(1) = (4(x1)d4(x2)) (2.38)

Recall from (2.24) that the density contrast §(x) may be expanded in terms of spherical

harmonics ag,(x(2)):

Sg(@i) = 8g(mi, 2:) Z Z o (X(2)) Yem (ni) | (2.39)
so that the angular spectrum is defined (as in (2.34)) by

(aom(21)agmy (22)) = Cil21, 22)000 O - (2.40)

Hence, we may rewrite &:2

&) — <z ST z ST a3 (xc(22)) Yome >>

£=0 m==—¢ —Qt==('
= Z Z afma// )/Zm(nl)yﬁ/ ( )
Lm ' m/'
= > (Crbgmbmmn) Yo (i Y115
Lm ' m/'

= ZCé (284—’7; 1£¢(n1 : TLQ)) : (2.41)
)4

where some of the arguments and sums are suppressed after the first line for the sake
of brevity, and the final step uses (A.4). Thus, the expression for the expansion of &,

reintroducing the correct dependences, is:

o0

2£ —|— 1
&g(21, 22,1, M) = Z Ce(z1,22)Le(n1 - m2) (2.42)
=0

where the various arguments are described in Fig. 2.1.

*When defined for the density, the conjugate §*(x2) is the same as §(x2) since the density contrast
is purely real.
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2.1.5 Relation to the power spectrum of primordial curvature fluctu-

ations
Conventionally the Cy’s are written in terms of the primordial curvature perturbations.
Using the Fourier transform of the Poisson equation (see (1.91)), we find that

3 QmoH?
2

Scr(z) = —K*®(k, 2) . (2.43)

However, the potential ® can be related to the primordial curvature perturbations. First,

we re-express ® in terms of useful ratios, following the approach in [1]:

D(k,aq) D(k,a)

d(k = Orq(k
( ,(I) LS( ,ad)q)LS(kaad) (I)(k’,ad)’

(2.44)

where ag refers to scale factors corresponding to times sufficiently later than equality
that matter dominates and growth becomes seale-independent (i.e. decoupling) and

®15(k,aq) corresponds to the potential-on large scales in the matter-dominated case [1]:

9
Hes(Riaa) = 15k (RIL (2.45)

This can be re-written using the following definitions for the transfer function 7'(k) and

growth function g(z) (see Chapter 1):

T(k) = qm (2.46)
g(a) _  ®(k,a) _ D(a)
i it (2.47)

In this way, T'(k) controls the scale-dependent changes in amplitude and is normalized
to unity on large scales, while g(a) is normalized to unity at the time of matter-radiation
decoupling and describes the late-time scale-independent growth of the perturbations.

Thus, our expression for @ is now

®(k,a) = rs(k,aq) T(k) Dia) , fora > aq . (2.48)




Chapter 2. Angular Power Spectra 41

On large scales, during matter domination, the relationship between ® and the field of

primordial curvature fluctuations ( is given by

Dus(k,00) = —2C(k) (2.49)

The relation between ® and ( is then

B(k, a) = —g (k) C(k) for a > ag . (2.50)

Thus, (2.43) becomes
_ 2D(a) T(k) k2

) —
cr(2) = 570, 2 ga

C(k) (2.51)

where gq may be determined from the following fitting formula [114]:

g(z) = ggdﬂm(z) [Qm(z)4/7 — Qa(2)k <1 - ;Qm(z)> (1 + %QA(Z))] - ,(2.52)

where g is normalized so that-g(z ='z4).= 1.

Thus, the conventional definition of Oy is
o — A/ Aoz Bk, 22)Pe (k) (2.53)

where P¢(k) is the dimensionless power spectrum of the primordial curvature fluctuations

(Pe(k) = k3Pc(k)/2m%) and we have:

167
A= GomHE e (254)
Ag(k,z) = b(z)D(2) T(k) je(kx(2)) K, (2.55)

where b is the galaxy bias (see 3). The Ay are the angular transfer functions which store
information about the changes in amplitude of the fluctuations in galaxy number density
relative to ¢, while the information about their stochasticity is confined to P¢(k). The
same result is found in [18], including extra terms which take into account the fact that

the D, considered therein is not comoving.
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2.2 Correction for window function

Until now, all the derivations have been for the special case that the spherical shell we
consider is infinitesimally thin. This means that observations are assumed to occur at
only one value of redshift. In mathematical terms, this amounts to assuming a galaxy
distribution in redshift that is a delta function. However, when actual observations are
made, there is a spread in the redshifts of the observed galaxies, characterized by a
window function. These window functions effectively determine bins or redshift ranges
within which galaxies are counted, with a mean redshift Z that is used to calculate noise
and other characteristics. In the case that the window function is not a Dirac delta,

(2.53) no longer holds and must be generalized to
OV (21, 29) = A / dink AV (k, 1) AV (k, 22)Pe (k) (2.56)

where AZV is the angular transfer function for thegalaxymumber density contrast, taking
into account their window function W(2) (a galaxy redshift distribution) and is given
by

AL (k) + / d2 W (3)2) AUk, 2) , (2.57)

following [45] and [18], where the integration is over the redshift bin containing 2. The

effect of a window function is included in the ay,, by integrating over redshift:

AW (3) = / dz W2, 2) amm(2) (2.58)

where the superscript W indicates the inclusion of the effect of a window function. In

particular, for the density contrast we have:

4
A 2 ~ . * T
ay (2) = 53 APk dz W(2,2) 6(k, 2) je(kx) Y, (k), (2.59)

and

OV (21, 29) = A / @k dz AW (k, 2)AY (k, 22)Pe (k) | (2.60)

where

AW (k%) = / dz W(2,2) D(2) T(k) k2 ju(kx(2)) . (2.61)



Chapter 3

Lightcone Effects

Up until this point, we have derived expressions for the theoretical angular power spec-
trum of the galaxy number density contrasts-but this is not what is directly observed. In
this chapter we consider the observed-gataxy-number counts, following closely the argu-
ments set out in [18]. In making-this-transitionthere is a subtlety that must be taken
into account. The quantity measured in observations is the number of galaxies, but the
fluctuations in number measured by the ohserver are not the same as the fluctuations in
the number density measured at the source. Thus, the definition of the density contrast
used so far is slightly different’ to what is actually’ observed. This is because we make
observations on the past lightéone where various relativistic effects lead to additional

corrections.

Therefore, we carefully examine the definitions of the theoretical and observed quanti-
ties in order that we may relate them. We note that, in the definition of the galaxy
number density contrast (2.13), the background density p is taken to be measured at
the background redshift z. However, the actual measured redshift is itself perturbed
and this must be taken into account before we can relate the expressions of the previous
chapter to observations. This leads to additional terms which are naturally grouped
as redshift corrections and volume corrections. We then consider the implications for
the calculation of the angular power spectrum and perform a detailed derivation of the
corresponding Cy components of two standard terms (density and redshift-space distor-
tions). Following this, we consider deviations in a photon geodesic along the line of sight

as the photon passes through space from the source to the observer, describing these

43
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as deviations in the luminosity distance. Using the resultant description we are able
to derive detailed expressions for the additional redshift and volume correction terms,

following closely the arguments and formalism set out in [18] and [49] with aid from [50].

3.1 Perturbations in the number density of galaxies

In the case of actual observations, the quantity of interest is not directly the galaxy
density contrast, but rather the perturbation in the observed number counts of galaxies

A, which is defined in [18] as

A(n,z) = N(n,]z\'_[)(z—)N(z) (3.1)

The number of sources counted by the observer in a solid angle df),, and redshift interval

dz is given by (see Fig. 3.1)

aNi=NidzdQu =150V . (3.2)

Here N is the number of galaxies counted| by the observer per redshift, per solid angle.
By contrast, p, is the proper number density, which is not measured by the observer,
but is the quantity that would be measured in the 'souirce rest-frame. The observed
volume element is dz d€2,} whereas dV].is'mot the'observed volume element, rather the
proper volume element as measured by the source. Hence, the observed number density

contrast is related to the proper number density contrast at the source by

A =y = 04 + lightcone effects , (3.3)

where 0, = dpgy/pg, as in (2.13).

In (3.1), N refers to the background value of N - its average over all observable directions.
It is important to note that the definition specifies N taken at observed z and not Z in
the background. The latter would be analogous to the definition of the density contrast
in (2.1) or (2.13) and would not account for the perturbations in redshift. In this chapter
we will be explicit with the nature of the redshift, specifically whether it is a background

or perturbed variable.
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Observer

dQy,

z+dz

dL
Ficure 3.1: This figure shows an observation of sources within a particular redshift

range (z,z + dz) and solid angle df2,, with labels for various quantities that will be
useful in defining different measures of volume and number counts.

The galaxy number density contrast measured at the source is

Because of the subtleties in-this-and-related definitions, we spend some time here to
make sure that all of the relevant quantities are unambiguously defined, following the
work of [60]. First, we consider the observed number density and its relation to the

observed volume and number counts.

The observed volume element (shaded in Fig.—3:1) of thickness dz in a solid angle d2,,
about the unit direction of ohservation i, has proper volume at the source given (in the

background) by

dV(z,n) = dA(z,n)dL(z,n) = [di(2)dQ][a(2)dx]

_ dQAZgz) __dQdz. (3.5)

where dp is the angular diameter distance along the line of sight. The comoving volume

element is thus

d‘_/com =

v A +2)? - X ~
— = AHT dQdz = HE) dQdz, (3.6)

where x = (1 + 2)d, is the comoving distance along the line of sight.

The background number of sources dA observed in the volume element is given by (3.2)

dN(z,n) = N(z)dzdQ, (3.7)
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where N is the observed background redshift distribution. A typical model for galaxy

surveys is of the form

o AN L > 3/2
N = Tan X7 exp [— (zm> . (3.8)

We can also write the background number counts in terms of the volume element at the

source, as in (3.2). The observed background number per z per 2 are therefore related

to the proper number density at the source by

2 (z
NGE) = 7y s (3.9)

which we can rewrite as

N(2) el x X (3.10)

to make it clear that N is the product-of the comoving background number density
(pga?) and the comoving volume element| per redshift per solid angle. Note that this
is not the quantity that appears in the definition of the perturbation in galaxy number
counts (3.1), because the redshift-and volume are perturbed and so we cannot rely on
the background alone. In order to related  andi A we must first examine the relation of

N(z) to N(2).

3.1.1 Relating A to 4,

Following the arguments set out in [18], A may be related to the perturbation variable

dg,. which is the source number density contrast at fixed observed redshift:

N(n,z) B ]Sf(z)
Sy2(n,2) = pg(1, ) — pg(2) _ V(n,z) V(z)
e Pg(2) ]Y(z)
Ve
)

- (3.11)
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where p, is the number density of galaxies and in the second line we have assumed
that the volume can be written as the sum of a background term and a perturbation:

V(n,z) =V(z) 4+ 6V (n,z). This expression may be further simplified as follows:

5,0(n,2) ~ <N(n72) ~N(z) 5V(n,z)> (1 ) ‘W)

N(z)_ V(z) Vi(z)
_ N(n,z) = N(z) V(n,z
~ 7 T (3.12)
up to first order. Hence
Aln,z) = 5y.(n, 2) + ‘WV((’Z)Z) . (3.13)

Note the difference between the above definition of 0, .(m, 2) and the d4(n, z) defined in
(3.4). The subtle distinctions are described in [18] and the following derivation follows
closely from the arguments laid-out-therem.=Fhéimportant subtlety here is the difference
between perturbed and background redshifts. Comparing the definition of J4 .(n, 2)
(3.11) with (3.4), we notice that 0, ;(n,z) does not assume that the average galaxy
number density p, is measured at the background value of the redshift, but also allows
for the redshift itself to be perturbed. Hence; 64 . (and.thus A(n, z), by (3.13)) may be

related to 64(n, 2) as follows:

Pg("a 2 ﬁg(z) (9g(m, Z)ﬁg@) + Pg(z)) - Pg(z)

4 ,Z(n7 Z) = = i ~
! Pg(2) Pg(2)
0pg 0z(n, z)
= 64(n,z)— 2222 3.14
where the final step uses a first-order Taylor expansion of py:
o ap,
pg(z) = pg(Z) + géz(n,z) : (3.15)
In this way, the measured A and J, are related by
A, 2) = 5,(n, ) — Lo 92(m:2) | OV, 2) (3.16)

I Pg(Z) V(z)

There are two corrective terms to the galaxy number density contrast which we will refer

oV (n,z)

dpg 6z(n,z) =
pg(Z V(z) °

to hereafter as the redshift correction: & 5.0 and the volume correction:
g
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3.1.2 Relating J, and 9,,

A Dbias factor can be introduced to relate the matter density perturbations and the
fluctuations in galaxy number counts. On scales where linear perturbations are accurate,
it is assumed to be scale independent. It must be defined in the matter rest-frame,
which coincides with the comoving gauge (C) [45, 61]. It is defined between the density

perturbations in this gauge as follows:

dgc (@, ) = b(n)dme(,n) , (3.17)

where the subscripts ¢ and m indicate perturbations in galaxy number density and
matter density, respectively. The transformation between the Poisson gauge and the

comoving gauge is given by [44]
SHe=-38—3V-, (3.18)

for the perturbation §3 in'some quantity 8 and where V' is the velocity potential. Hence,
for ¢4, we have
Pyt
sl s il Bl (3.19)
. b,

If we define a quantity bg asithe dimnensionless measure of the extent to which comoving

galaxy number density is not.conserved, i.e.

1 (a®py)’
be = — —2L | 3.20
then [45]
8g = d4c+ (be —3)HV ,
= bmc + (be —3)HV . (3.21)

be is called the evolution bias and it will be described in more detail later (see Section

3.4.1). The expression for the observed perturbations in number counts is thus given by

A(n, 2) = b(2)0ma(n, 2) + (be(2) — 3YH(2)V(n, ) — %’z’ézp SZ;)Z) + 5‘;8’)’2) . (3.22)
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3.1.3 Redefining ay,,

Since A is the variable that is actually measured, it makes sense to redefine the ap,, and

Cy using the decomposition of A in spherical harmonics. Thus, similarly to before, we

have
%) 4
A(n,z) = Z Z agm(2)Yem(n) s (3.23)
{=0 m=—¢
with
Z'E
aim(2) = [ A Al Vi) = o [ @ Al 20V (R, 320
and
Cy(z1,29) = A/dlnk Ag(k,z1) Ag(k, 22)Pe(k), (3.25)

where the Ay now store information about the amplitudes of the fluctuations in observed
galaxy number density as-oppesedto source nuiiber density. As shown in (3.16) above,
A(n, z) is separable into additive terms:In the following derivations, the contributions

of each term named X will be written with a superseript label:

-4

1 i ' . %
5u(2) = [ A0 A (st = o] 4%k A (k,2)j(b )Y (k)
(3.26)
For example, the first term of A(n, 2) in (3.22) will be referred to as a), :
1) ié 3 . *
Afnl2) = 5y | Ok 8yl 2)jelk) Vi (K) (3.27)

with ag,, reserved for the full expression of the projection coefficients including all con-

tributions, as defined in (3.24). The expression for the Cy corresponding to (3.27) is

then
Co (21, 22) = A/dlnk Ad(k, z1) AY(k, 20)Pe (), (3.28)
where
AY(k,2) = b(z) D(2) T(k) je(kx(2)) k* , (3.29)
as in (2.55).

In the following sections we will examine the redshift and volume corrections in greater

detail, deriving full expressions for their components.
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3.2 Redshift-space distortions

The peculiar velocities that galaxies possess affect their apparent location, causing a
perturbation in the volume used to compute densities. Redshift-space distortion (RSD)
refers to the component of this effect along the line of sight and in real space this gives

a correction to A(n, z) of

ARSD(py oy — 1 aX('v(n,z)-n):— (v(n,2)-n). (3.30)

This is commonly referred to as the Kaiser formula, originally derived in [47]. This
correction arises from the redshift correction term in (3.16), as will be shown in a later
section (see 3.4). For the moment, we take the correction in (3.30) as given and use it
to illustrate the calculation of a Cy component other than density. According to (3.26),

the contribution to the ay, is thus
a TS / A AR (a 2)Y ) (n) . (3.31)

We can use the Fourier transform of the peculiar velocity field to rewrite the above

expression as

s = / ’Haax _(271r)3 / d* v - eixk'n} Y (n)
SRS AL v
o [ o
= = [ 99 g e [ € Vg it

0? ~
— kEV ]{72 /dQn ixk coseyﬂ;n :|
(27)? ’H/ 7 0(kx)? [ ’ ()

it BV ., .
= o [ &k = Vi (n) 3 (kx) (3.32)

272 H

where we have used = xn, v = VV and k- n = kcosf and where the derivative of

je is taken with respect to ky.! The final step in (3.32) follows from a result proved

!Note that this differs from (37) of [18], since there the magnitude of the velocity vector in Fourier
space vg is used, whereas we use the velovity potential V.
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previously (see (2.27) to (2.31)), i.e
[ ety () = i) Vi (). (3.33)
From first-order perturbation theory, the continuity equation gives
8, +V-v=0. (3.34)
The growth rate f is defined by
& = fHom (3.35)
Combining (3.34) and (3.35) and taking the Fourier transform gives
k*Vie = — fHOm k (3.36)
which yields
PRI 1 (4%). (3.31)

The corresponding expression for| the |('y is/then

47T4
Xnm(k> }/K’m’(k )<6k 5k/>
B

CFP (21, 20) 000 Oy == /d3 /dBk/ (zo)flz2) gy (kxa1) jo(k'x2)

= %/d‘k / PR f () () 7 (kxa) G (K x2) Y (K) Yorm (K)

2D(z) T(k) k2>

XéD(k—kﬁ/)< 50 QHQQ ) Pc(k,z)
m044g Yoo

2
_ <2> % / k2dk dQ, f(21)f(22)D(21)D(22)(T(k) K2)?

5Qm0Hggoo
x gy (kx1) do(kx2)Yem (k) Yom (k)P (k, z)

= / f(21)f(22)D(21)D(22)(T(k) k?)?
XJZ (kxl) ]é’(kXQ)PC(k)6E€’6mm’ s

(3.38)

where x; = x(zi). The last step uses the orthonormality relation (A.5) and introduces

the dimensionless power spectrum of . Thus C’RSD may be written as

CESP (21, ) A/dlnk: AFSP(k, 21) AFP (K, 22)Pe (k)

(3.39)
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where

AJP(k,z) = f(2) D(=) T(k) & ji (kx(=)) . (3.40)

Finally, the effect of a window function may be included, giving

4

agn M (2) = # &k dz W(2,2) f(2) dm(k, 2)Y5, (k) j7 (kx(2)) . (3.41)
and
CRSDW (1 o) = A / Bh AFSPW (5 1y ABSDW (5 0y P (k) | (3.42)
where
AFSPW (g 2) = / dz W(2,2) f(z) D(2) T(k) k? 5} (kx(2)) . (3.43)

3.3 Distortions in the luminosity distance

In order to derive the expressions for the redshift and volume corrections in (3.16), we
can consider the perturbations in the geodesics of photons received from a source, which
leads naturally to a description-of-fluctuations-in—the.measured luminosity distance.
Investigating these effects allows us develop. a framework for expanding the expression

for A into calculable terms.

3.3.1 Definitions

Suppose we have a source with known luminosity L, emitting a beam of photons at a
point S in space-time. If we consider an observer who measures a flux F' at an event
O (see Figure 3.2), then the luminosity distance between the source and the observer is

defined as

@(S.0) =1/ {7 - (3.44)

We consider a source and observer which have four-velocities ug and up respectively

and exist in an inhomogeneous, anisotropic Universe with metric ds? = gudatdz”. If
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FIGURE 3.2: This figure shows the path taken by a photon (along geodesic v) as

it travels from a source to an observer. Definitions for various quantities are shown

geometrically as is another geodesic (7') which is distorted infinitesimally from the
original.

the infinitesimal solid angle within-which-photons-are emitted by the source is d€2g, and
dAp is the infinitesimal area element/on the sereen space of O, i.e. the surface normal

to the photon beam, then we have the following:

f L dBs 1l
d? = = A

fi Oy oo drs-dfsc dEOd o
dEgs dro dAp

dEodrsidfs

A CRHYPE (3.45)
s

where the subscripts S and O indicate measurements made at the source and observer
respectively and 1+ z = o"j—g is the redshift of the source as measured by the observer.
As the grouping of terms in the second line above is meant to illustrate, one factor of
(1+z) arises due to the redshifting of the emitted energy along the photon’s path, while

the other is from the effect of time dilation due to the relative motion of observer and

source.

Next, as done in [49], we parametrize the photon trajectories in the beam by a family
of one-parameter curves: z# = f#(\,y), where A now acts as an affine parameter along

each light ray and the 3-vector y selects a particular ray.? The tangent vector to the

2 y does not have a geometric definition in space time, and isn’t included in Figure 3.2.
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curve f* is

K\ y) = W . (3.46)

This vector is the wave-vector (4-momentum) of the photon moving along the particular
geodesic, at the point in space-time determined by A. Following [49], in the rest-frame
of an observer field with a 4-velocity u* (where u*(S) = /s and u#(0) = ufy), the mea-
sured direction of a photon, with affine parameter A along a geodesic corresponding
to y, is given by
1 y kH
—nt = —(k* + K'uut) = — —ut (3.47)
w w

where the minus sign on the left of the first equality arises since we adopt a convention
opposite to [49] for the direction of observation n and where w is the angular frequency
of the photon:

wA,Y) = =g\ Yk (N, y)u’ (N y) - (3.48)

In particular, we consider-the central photon beam =, which is described by f#(\,0),
and an infinitesimally nearby-geodesic o/ described-by f#(\, dy). We now examine the
deviation in coordinates between these two geodesics, as measured in the rest-frame of
an observer at x* = f#(\,0):

—
cange g (3.49)

ol il Hases s o e
ozt =x 7F a0 Y

A useful result of this definition-is that 0@t and k* are'orthogonal. The rays are generated
simultaneously by event S and thus they will all have the same phase for equal values
of A, i.e. phase S is constant along the vectors in the field dz#, with k, = —V,S. Thus

orthogonality is ensured:

5k, = —62MV S = —V5S =0 . (3.50)

Next, following [49] and [50], we define a vector 06# which is a measure of the angular

separation between the two geodesics v and 7/ (see Fig. 3.3):

(A 4+ 0N) — dxH(N)
Y4
[f*(A+ 10X, 0y) — fH(A+ 60X, 0)] — [f*(A, y) — f*(A, 0)]

= .01
= 35

09 =
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at (X + oA

(A 4 0N) — dxH(N)

FI1GURE 3.3: This figure may be used to aid in the visualisation of the definition of
06H.

where ¢/ is the infinitesimal distance along the geodesic in the rest-frame of the observer

field:

M =T ="[u, [FAEXEX)= fH(N)]OA]
1
= ; |uﬂaaf)\ A= Tu K OX=WoA . (3.52)

Using this to further simplify the expression for the angular deviation, we obtain

ST (XFIX)=3dz"(X) 1 Ddsz* 1
oot = = = = —VgozH 3.53
o X W A w RO (3:53)

where % = k¥V, is the covariant'derivative which takes into account the fact that the

vector bases of v and +' change as one moves along the geodesics.

The vectors k* and dz* (see Fig. 3.3) form a 2-surface and in the resulting 2-surface
elements we can choose coordinates (), y) such that k = 9/0\ and dx = 9/9y. Then

we have

ooxt  OkH

MLV LK v = —_

ozl kY — khox B\ ay
o2 fr 92 fH

ONDy  Oyox (3.54)
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We can show that the partial derivatives in (3.54) may be replaced with covariant deriva-

tives:

w w
AL ngéa:ak”> - (8"; + Pﬁaka5a¢”>

oA oy
- 0, (3.55)

5a:ff,kl’—k;’f/61:” = <

where we have used the result from (3.54).

Since this is a covariant tensor equation, it is independent of the choice of coordinate

system and we have
(Vsek)H = (Vgox)H (3.56)

which recovers the result in [50].

3.3.2 Reparametrization

The rays that are emitted simultaneously in an infinitesimal beam would be observed
simultaneously, i.e. in the rest-frame of the observer. Thus dz* must sweep out a surface
normal to ug. This is not necessarily true given the current definitions. However, as

shown in [49] and [50], it is possible to choose a'parametrization where this is true. We

rewrite the variables parametrizing the geodesics as follows:
A=A +h(y), §—9(y) (3.57)

where the circumflex denotes the variables in the original parametrization. If we now
consider the deviation vector dz* in the original parametrization, we may expand its

definition in terms of derivatives with respect to the variables in the new parametrization:

a o fo a 9,7 N

T L OXN OFF Oy 9y | dyF
L2 0N Oy O[Oy’ OF ¢
" 0y 0F 9yl 0F | oyt

dy
= k"‘a—h. + of

oyl Oyl

] 55y" . (3.58)
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Thus, using the definition of the deviation vector for the new parametrization, we have
ozt —  oxt + kHoh (3.59)

where 0h = g—;&yj.

In addition, for the metric we obtain
GudToz”  —  gu(0xt + k*Sh)(6x” + kY 0h) = gudxtéx” (3.60)

where the invariance of the metric in the second equation above follows from (3.50)
and the fact that & is the tangent field of a null geodesic (k*k, = 0). Now, since an
observer’s four velocity u# must be time-like, we have (k*u,)(\) # 0, so it is possible to

choose a parametrization with §h such that
D= ) L Tl 0 (3.61)

holds at a general point along the geodesic. In particular, this is true at the observer

under the new parametrization:
dzru,(Ao) =0 (3.62)

The same is true at the source, but for another reason: 0 (Ag) = 0 for rays originating

from a single event. As for the angular deviation, u,k® = —w gives
(Vo) ak® + ua(Vegh)® = 02" (V,u)ok® + ua(Vsgh)* = 0. (3.63)
Thus, at the source, dz* = 0 and we have
[ua(Vszk)*](As) = 0, (3.64)
so that

50%ua(s) = 0. (3.65)
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Furthermore, since £“ is null, we have
(0% 1 (6%
ko(Vsgk)® = ivm(kak )=0, (3.66)
so that
ka0 = 0. (3.67)

Thus, according to (3.50), (3.62), (3.65) and (3.67), the quantities dzf, and 664 are
normal, at the observer and the source respectively, to the 4-vectors k*, u* and (by
(3.47)) to n*, the corresponding photon direction. The quantities dz{, and 60 are thus
defined in a 2-space (the “screen space”), which is normal to both the four-velocity and

the photon direction.

We can project vectors onto the screen-space defined at a point z# = f#(\,y) along a

ray, using the projector as.defined-in[49}:

Hr =4y tufe H 1 - (3.68)

3.3.3 Transport equation
Using the Ricci identity and; following {49}, and-[50], we have

K'oxv R, K = kM6xY (VY — V,V)k® = 02" ViV, k* — 'V se(V,k%)
= Vi(62"V, k%) — (Vioz")(V,k®) — Ve (K'V, k%) 4+ (Vsek!) (V ,.k*)
= Vi(62'V, k%) — (Vidz")(V, k) — Vsu(Vek®) + (Vidzh) (V,.k)
= Vi(62"V, k%) = Vi(wdb®) , (3.69)

where in the third equality the product rule has been used and in the fourth and fifth
equalities the result from (3.56) was used, along with the fact that k is tangent to the
geodesic (i.e. Vik® = 0). The final equality uses the definition of 66#, (3.53). Thus, we

have a system of linear equations:

Vidz® = wif*, (3.70)

Vew(660%) = RS,k k'ox” (3.71)



Chapter 3. Lightcone Effects 59

or, more explicitly:

o =I5,k ox” + wif™ (3.72)
= Cloz” +wib” , (3.73)
d(wo0” o v _a v
o ) _ RS, K kMo — T, ktwid (3.74)
= Ajox” + Cowib” , (3.75)
where, as in [49], we have defined:
Cg = —Tjgkt, (3.76)
Az = R K"K (3.77)
We can rewrite the system of equations in vector notation, following [49]:
ox
Z = = (3.78)
wd
to summarise the equations as
dZ (N
L =B\ Z(\), (3.79)
d\
where
C5 (A 05
B(\) = s %) (3.80)

AG(A) C5(N)
The initial conditions of this system of equations are as follows:

e The coordinate deviation between rays is initially zero, since they originate from
the same event:

5z*(\g) = 0. (3.81)
e The angular deviation at the source is normal to the source velocity, [see (3.65)]

(660%us)(Ag) =0 . (3.82)
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Since (3.79) is linear, it implies that there exists a linear mapping between the initial

values (at the source) and the general solution, which we call the Jacobi mapping.

Thus,
dzt(N) = JE(N)o0S , (3.83)

where we have used dzg = 0.

In particular, we are interested in the value of dx* at the observer, so we consider
ozl = Th(Xo)dbs . (3.84)

Since dz* and JO* are both in the screen space, they are equal to their projections.
Thus, multiplying on both sides by (PO)Z and expanding 603 as a projection of itself,
we obtain

TR B KT (3.85)

where

J5(019) H (Po). 4o )(Ps)3 (3.86)
is the true, two dimensional Jacobi mapping in the screen space.

Now, if we examine the geometry. of Fig..3.2, we, see that the infinitesimal beam area
at the observer may be computed as the product of two deviation vectors that span the

screen space:

dAo = eapdz (Mo)dzE (No) | (3.87)
where ¢ is the Levi-Civita symbol.

Thus

dAo eapJEIE60C 60 = |det J|ecp 665 665

= |det.J|dQg . (3.88)

This recovers the result of [49] and [50]:

dAo
o |det J]| . (3.89)
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which means that the luminosity distance, given by (3.45), is related to the Jacobi map

as follows:

d2(S,0) = (1 + 2)?|det J| . (3.90)

3.3.4 Introducing a conformal factor

When applying the above formalism to a FLRW universe, it is useful to rewrite the
metric in such a way that the scale factor is removed as a conformal factor, i.e. using the
conformal definition of time. In this section, we derive the relations between important
quantities in the original and modified metrics, following the derivations set out in [49].

Consider a new metric g, defined by
d§? = g, dards” = a’g,,dotde” = a®ds? . (3.91)

For a light-like geodesic irds? with affine parameter Xand tangent vector k, we have

e oy 3.92
il (3.92)
and
. L
= o =D (3.93)
dA a
Then, suppose u* = %f’: is the 4-velocity (such/that g0 4" = —1) for an observer and

with respect to the metric d§, with proper time 7. The corresponding 4-velocity of the

observer with respect to the metric ds? is then u* = %, where the new proper time 7

is related to the original by % = a, since
d?? = _d<§2‘flow line = a2d32|flow line = a*dr? . (394)

So, the 4-velocities are related by

ut = = —ut . 3.95
YT T (3.95)
The redshifts may also be related:
b5 (Gukea b
4= @8 - @uk®)s _ aolguwk"w)s a0 (3.96)
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Under conformal transformations, only distances (and not angles) are affected, picking
up the conformal factor. Hence, the Jacobi maps in the two metrics and their determi-

nants may be related by

. e ox
J$(0, S —0 — 45p—2 = 4pJ%(0,S) 3.97
5(0,5) 507 059g 0J5(0,95) (3.97)

detJ(0,S) = abdetJ(O,8). (3.98)

Finally, the relationship between luminosity distances is given by
~ ~ a2
d, = (14 2)y/|detJ(O,S)| = a—OdL : (3.99)
S

3.3.5 Application to perturbed FLRW universe

We now apply the definition of the luminosity distance to a perturbed Friedmann uni-
verse. As before, we consider-only scalar-perturbationsand in the Newtonian gauge the
metric is

Guvdatda’|= a?|—(1H 2®)dn? |+ (1 +/2V)y; dz’da’] . (3.100)

Further, we include our assumptions of io-anisotropic stress (i.e. ¥ = @), and a spatially

flat universe (K = 0 = 7 = Ji;).- Thus the conformal metric becomes
ds®'="2(1 4 28Ydn* Y (1 29)5;7dx'da? | (3.101)

by (3.91). We will eventually use (3.99) to relate the calculated luminosity distance to

the one in the full, expanding Friedmann universe.

By (1.59) with a=1, the 4-velocity of the observer and source in the spacetime (3.101)
are both given by
u = (1—,0%), (3.102)

assuming that they are both moving with the cosmic fluid, where v’ is the peculiar

velocity field.

We also require the 4-vector k* for the photon. This can be obtained by integrating the
null geodesic equation for (3.101), which has a Minkowski background. In the Minkowski

background H = 0 and we can choose the normalization of the affine parameter in such a



Chapter 3. Lightcone Effects 63

way that k0 = 1 and &’ = —n', with n;n’ = 1. Thus, k¥* = (1, —n). We assume that the
perturbed value of the photon four-velocity at the observer is equal to the background
(k% = 1). In addition to our definition of m, this is another difference to the convention
adopted in [49], where it is assumed that the perturbed value of the photon four-velocity

at the source is equal to the background.

The geodesic equation gives

dk* _
o = —Th kK’ = =0T JkkP (3.103)

where the second equality follows since H = 0 = fg 5= 0.

Thus, using (1.53) with H = 0, we find that

dkY ,
ﬁ = 2”107:@ s (3104)
and
Ak 1 T
Tomil —20'® —2n'(®" = n'0, D) . (3.105)
By (3.47), we have
: do
e =P ——— 1
n'o ) (3.106)

Thus, integrating (3.104) and (3.105) and using (3:106), we obtain:

As
E(\s) —k°(No) = 2 / d\(n"0;®)
Ao
As
_ oy — o) +2 / DA | (3.107)
Ao
. . A As .
E'(As) —k'(Ao) = —2n'(Pg— Pp)—2 dNO'D (3.108)
Ao

which recovers the result stated in [49] (apart from the difference in definition of n and

assumptions about the source/observer 4-velocity).

We may consider the perturbation of the background 4-vector:

ke = ki + 0k (3.109)
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where (§)kk = (6)k*(Ax) and 6kQ = 0 if we assume that the photon four-velocity at

the observer is equal to the background. This leads to:

As
oky = 0kY = —2(dg — Do) + 2/ d\®’ | (3.110)
Ao
. . . . . . As )
kh — kb = 0kl — 0kl = 0k = —2n'(®5 — Pp) — 2/A d\O'® ,  (3.111)
O

3.4 Redshift perturbation

The redshift in perturbed Minkowski space may then be determined:

ws _ (guvkHu”)s
wo  (guktu’)o

—(1+28) [1 — 205 +2 [ dA(I)’} (1— )+ (1 — 2Bg)kivis
—(1=£285)(F=Pp).+ (1 — 2®0)k)vio ’

142z = (3.112)

using the zeroth component of the geodesic-equation (3.107). Together with the i‘*

component (3.108) this gives, to first| order:

a)\s .
142 = 1+<I)S—(I>O—2((I>S—(I)0)+2/ d)\q)/—’l)ikl‘g
Ao
Xs
= 1—[@—0An}g+2/ AN/ (XY | (3.113)
Jag

consistent with [18, 49] (apart from the difference in convention for n). In a Friedmann

universe we have (from (3.96), dropping the tilde on z)

14+2z = 1[1—[@—v-n]g+2/ASqu>’(A)] : (3.114)

a Ao

We can take ®p = 0 = vp, since these quantities cannot be predicted by perturbation

theory [18].

Hence, the perturbation in redshift is

A ~
(52:2—2:—1(<I)—v-n)+2/ dA®'(N) , (3.115)
a a Jo

where 1 4+ Z = 1/a is the usual background redshift and where Ag = A and A\p = 0

are the values of the affine parameter corresponding to the initial photon position and
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observer position respectively, according to our definition with n pointing towards the

photon’s initial position.
Thus, the redshift correction in (3.16) becomes

0pg02(n,z) 1 Opg [ Lo 2 s
5% a5 " 5 5 ~(@ )+ /0 drd ()\)]. (3.116)

3.4.1 Evolution bias

The number of sources is not a conserved quantity. Galaxies are able to form and merge
and as a result their number density must be allowed to change. The evolution bias is
a quantity which describes the intrinsic change in the number of sources with time (or

redshift). Hence the proper number density obeys a modified continuity equation:
= 1, (3.117)

where the evolution bias b; vanishes if the source number is conserved, i.e. if (a®p,) = 0.
As stated, the number of sources will evolve with redshift, in general. The evolution

bias is determined if we know pg(2):

1 (a*py)" L 100 (alpp) 2 510 5e) 1L, 1 5,

be = H (0354 )i O gz a da  a3p, — ap, 0z 3 (3.118)
Hence, the redshift correction (3.116) is
%@%: (b —3) [—fl>+v-n+2/0/\d5\<1>’(5\)] . (3.119)
3.5 Volume perturbation
Recall the perturbed FLRW metric:
Gudatdr” = a*[—(1 + 2®)dn? + (1 — 2®)y;jda’da’] (3.120)

and the four-velocity of a source (dropping the tilde on u):

1 .
ut = =(1— @) . (3.121)
a
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Consider a small element of volume dV as measured in the rest-frame of the source
[18, 62]:
dV = \/—gewmu“dxadxﬂdw”’ , (3.122)

where €03, is the Levi-Civita symbol [2] and g is the determinant of the metric. To

first order we have

V=g =a*(1-20). (3.123)

Measurements are made from the rest-frame of the observer, so we must perform a coor-
dinate transformation between the coordinates at the source and those at the observer
[18, 62]:

dx® OxP dx
0z 900 dpo

dV = v/—geuapyut Jdzdfpdoo (3.124)

where z is the observed redshift and the Jacobian of the mapping is

0(0s,.¢s)

eyt (3.125)

=

Here the spherical polar angles (0s, ¢s) and (6o, $o) are the angular coordinates mea-
sured from the respective positions of the source land observer. If y is the radial comoving
distance to dV, then in spherical coordinates the infinitesimal length element is given
as dz# = (—dn, dx, xdbs, x sinfsdgg). In a perturbed universe, both the radial and an-
gular coordinates are perturbed with réspect to the background observer and therefore

we have, at first order:

0s=00+00,  ¢s=¢o+p, x=X+0x. (3.126)

Thus, to first order, the Jacobian (3.125) is given by

060  0d¢
=14 —=+—==. 12
T =1+ 55+ 3 (3.127)
We can define a density V such that [18]:
dV =V dzdfodoo , (3.128)
and thus

V. V-V

- (3.129)

!
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In the background limit, this quantity simplifies to

a4
—2sinfgo , (3.130)

H
which follows from (3.5), using d2 = sin §dfd¢. Hereafter we suppress the overbars on

x and take it to mean the background comoving distance.
A lengthy calculation (see Appendix B and [18]) leads to

oV(z,n)

7o) = —4<I>+4v-n+% {a(v-n)—HI)’—Fniai‘I’]

oA

H 2 AL
—t+— || P—v-n—-2] d\®
! (H2 XH) [ o /0 }
4 [N A AN o
—/ dA<I>+6/ d/\<I>’—2/ AAXXV2e, (3.131)
X Jo 0 0 XX
where ?% = cot 0oy, + 030 + (1 Lsirr 90) 8350 is the angular part of the Laplacian
operator. We can substitube (3.131).1n.(3.22).to show that the fluctuation in the observed

galaxy number count at first orderis given by,

1lia 1 H 2
A(n,z) = bic,  + MH(be 713)V +H.8K(v'n)_ﬁvl.n+<b€_7i2_x%> (v-n)
Density term  GR bias correction
Doppler
H o2 1 Ho 2 Al
— (b — Zrrar P ¥r 0 e [ be s — — /d)\@’
(- U VR s TR ) 7 ) S
Sachs— Wolfe Integrated Sachs—Wolfe
4 'A T 'A == A - o
- 7/ e+ 2/ AN Ao, (3.132)
X Jo 0 XX
Time—delay(Shapiro) Lensing

where we have made use of the Euler equation (see (1.72)) for pressureless matter:

v n+Hv-n+nod=0. (3.133)

The result of (3.132) shows the observed fluctuation in galaxy number counts, with con-
tributions from redshift and volume perturbations. However, it is not yet representative
of actual observations. Every survey has a limit to its flux sensitivity and so there will
be a threshold flux below which objects will be not detected by the telescope. Thus

the number of observed sources also depends on their apparent fluxes [63]. This effect,
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called a magnification bias (mb), leads to an additional correction of the form [62]:

Anp = DSKaR (3.134)

where k is the lensing convergence and s is the effective slope of the number counts
at the flux limit. This correction is based on the magnification or demagnification
of the observed sources due of lensing by overdense or underdense regions between the
observer and sources, which changes their apparent size and luminosity [62]. The lensing
convergence takes into account the amplification or de-amplification of their fluxes and
takes the form:

KGR = k + relativistic corrections , (3.135)

with

=<1

A X — 5
,@:/ AN 22 V3D, (3.136)
0 XX

where k is the standard-lensmg term and the lensing. term of (3.132) is —2x. The
relativistic corrections are other terms whichcontribute to corrections in the Doppler,
Sachs-Wolfe, integrated Sachs-Wolfe and time-delay (Shapiro effect) terms [62]. They
may be determined by solving the Sachs equation (see Section 3.3.3 for the equivalent
transport equation) in a perturbed Friedmann universe, and the full relativistic expres-

sion for the correction diu¢ te the magnification bias is/[62]

3 Iy MY Ly 1
App(z,n) = 55/ d\——=V <I)+5S<—1> v-n
4(2,m) PR (o 1) o)
A A
+1—08 d/\<I>—103<1—1>/ d\®’
X Jo XH 0
1
52— — | D 3.137
" ( X%> , (3.137)

where s is the magnification bias

_ 9a’p,

, (3.138)

8m ’m:m*

where m, is the threshold magnitude.
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Adding the result of (3.137) to (3.132) we obtain

A(n,z) = bioc  + H(be —3)V
—~— —_———

Density term  GR bias correction

+1(8('v-n)—'u'-n)+ [be—w—5s+(5s_2)} (v-n)

H \OA M2 xXH
Doppler
H (55 — 2) 1
b — 2 —5 O (1-585)0+ @
{ 72 58 + N } ( s)® + 2]
Sachs—Wolfe
H (55—2)]/A _ (55—2)/A .
—2]be — =5 — 55+ dA®' —2——= d\®
{ H? XH | Jo X _Jo
Integrated Sachs—Wolfe Time—delay(Shapiro)
A — v o~
— (55— 2) / AEX T2 () . (3.139)
0 XX
Lensing

The third term on the right-hand side is simplified to the contribution from RSD using

the following relation (sec(3:47)):

0 J J

0
(v - R N T e e v n— —(v- 3.140
o3 (v 1) SR S 0 - (oom) (3140
where % = n;0".
Therefore (3.139) becomes [32]
A(n,z) = boc  F H(be —3)V
~~~
Density term  GR bias correction
10 H (5s —2)
- Y. — b, — = —5 :
H@x(v n) { TP s+ H (v-n)
Redshift space distortion Doppler

/ —
- {be—%—%—l—w]@—(l—%)@—i—;@’

H xH
Sachs—Wolfe
H' (55—2)}/A < (55 —2) [* <
—2|be — =5 — 55+ d)\(I)'Q/ d\®
[ H? XH | Jo X Jo
Integrated Sachs—Wolfe Time—delay(Shapiro)
>\ ~ —_ v ~
_ (55— 2)/ XX 2 () . (3.141)
0 XX

Lensing
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For brevity we can write (3.141) as follows:
A(’I’L, Z) — A6 +AGRbias +ARSD +ADop. JrApot. + AF ’ (3142)

where A% 4+ AGRYAs ig the galaxy density term with the gauge transformation, ARSP is
the redshift space distortion term, AP°P is the Doppler term, AP°" are the potential
terms (non-integrated and integrated terms) and A” is the lensing term. Each of these
terms may be expanded in spherical harmonics similarly to the density and redshift-space
distortion terms dealt with earlier. These contributions are determined numerically using
the code CAMB [45], taking into account the redshift distributions, window functions and
other specifics for different kinds of survey. Until now we have only discussed surveys
counting galaxies. There are other means by which we can gain information about the

distribution of dark matter and some of these are discussed in the following sections.

3.6 HI intensity mapping

Emission of the 21lcm line from neutral Hydrogen (HI) may also be used as a tracer
of the underlying dark matter-distribution. The everall approach is similar to that of
galaxy number counts, but there are some important differences. Firstly, HI intensity
mapping detects the total signal in each pixel, without detecting individual HI galaxies.
In this case the quantity of interest is the number density of neutral Hydrogen atoms

ngr. Once again, a bias may be introduced to relate this to the underlying d,,,, using

5nC(m’ 77) = bHI(n)émC(wa 77) ) (3‘143)

where d,¢ is the perturbation in the number density of neutral Hydrogen (HI) atoms in
the comoving gauge (C). In the Poisson gauge, similarly to galaxy number counts, the
HI number density is

On = bardme + (B — 3)HV . (3.144)

The expression for the evolution bias of a general tracer A is given by

Oln(a®pa)

bt (2) = ~Fms ) (3.145)
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where a®py4 is the comoving background source number density for tracer A. The rela-
tionship between the background comoving number density of neutral Hydrogen atoms
and the background brightness temperature, measured in an intensity mapping survey

THI y is [59]

T™(2)H (2)
35 e .14
a” pHI X (1+Z)2 5 (3 6)
which gives
91 (TH13)
HI _ _
(be)np = g 3. (3.147)

If we define the perturbation in brightness temperature Ar analogous to the galaxy

number count perturbation Ay, then it takes a similar form, related to the latter by [59]

Ar(n,z) = Ag(n, 2) — QM

A (3.148)

where d, is the background luminosity distance between the observer and the source,
along with its perturbation édr, -at first order-~This enters into the expression because
the relation between the perturbed brightness temperature and the comoving number

density contains the determinant of the Jacobi map in|the observer’s frame [59, 64].

The effective result of this additional term lis to remove the contribution of the lensing,
since the luminosity fluctuations also contain a lensing convergence term which exactly
cancels the one in A, [59]. " Thus, the HI brightness temperature fluctuations (and
associated angular power 'spectrum) may be treated like those of the galaxy number

counts, provided that the effective magnification is set to

2

(STh) g = = (3.149)
Hence, we have
oln (TH'H) 2
AT_AN(be_W—s,s_g). (3.150)

3.7 CMB lensing power spectrum

Another source of information regarding the perturbations in the dark matter density
distribution is found in the weak lensing of CMB photons by dark matter along the line

of sight. This deflection causes a shift in the apparent position of hot and cold spots in
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Apparent angular. Source
position of source !

X+

Observer

F1GURE 3.4: This figure shows the geometry of the weak lensing phenomenon. Photons
from the source travel towards the observer, passing a dark matter potential T which
changes their direction and thus the perceived direction of the source.

the CMB, which in turn affects the-power spectra.of CMB temperature and polarization.
In this section, following [48}; the lensing potentialis defined and an expression is derived

for the associated power spectrum.

Consider the geometry described in Fig. 3.4, where the deviation of a photon from a
source is shown. Assuming a universe with flat-curvature, the weak lensing deflection

angle « of a source withcomoving distance . is given, by

"X - !
a(x«) = —2/0 dxX; XXVnT(xnmo -X) (3.151)

where T is the potential of the matter responsible for the lensing, and g is the present
conformal time so that n = ng — x is the conformal time at which the photon was at

position xn. V,, is the covariant derivative on the sphere with surface normal n.

The lensing potential is ¢ defined as

X — X
p(n) = 2/ dx T(xm,m0 = X) (3.152)
0 XxX

so that the deflection angle is given by

a=Vno. (3.153)
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In a similar way to the dark matter density contrast, we can define the power spectrum

of the potential Y:
2

(0, )T (K1) = S Pk, 1)k = ) (3154

where the conformal time 7 plays the role of redshift and Y (k,n) denotes the Fourier
transform of Y (x,n), defined according to (2.5). In terms of this power spectrum, the

power spectrum of the lensing potential is then given by

mptey = "o "o (53) (530) S i ket

(3.155)

Using the plane wave expansion (A.6) and the expansion of Legendre polynomials in

spherical harmonics (A.4) we have

1y Z ¥ om ) ¥gn) je (k) (3.156)

l=0 m=—¢

taking @ = xm. Substituting this into (3.155) and using the orthonormality of the

spherical harmonics (A.5) 'we obtain

(6(m) ifl/dX/ dhem) )

/ S (e 5 Wk Y (e - (3.157)

As in the case of the dark matter density contrast, we may now expand the lensing

potential in spherical harmonics:

0 ¢
=3 > GtmYim(n). (3.158)

=0 m=—¢

and define the angular power spectrum as

<¢€m¢zm’> = Cgbé@f’émm’ . (3159)
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Comparison with (3.157) yields

Dem = 7T/0 dx/o dx’< > < /kPr(k,nox,noX')Je(kx)n(k‘x’)-

XX XX
(3.160)
Using a transfer function 7%, defined by
Y (k,n) = Tr(k,n)C(k) (3.161)

we may rewrite the angular power spectrum of the lensing potential in terms of the

power spectrum of the primordial curvature perturbation (:
2 [dk
CF (x1, x2) = - ?PCU{)A(?(XI)A?(XQ) : (3.162)

where

. -
A7(x) = /0 dxPr{ksng=tno=x")jr(kX) (Xx XX> : (3.163)



Chapter 4

Primordial Non-Gaussianity

We have obtained expressions for the information that observational surveys will provide.
Using these, we will be able to forecast the-constraints that will be possible with these
surveys, according to the-formalism-that-will-be introduced in the next chapter (see
Chapter 5). In this chapter, we-consider which-variables we aim to constrain and the

motivation for doing so.

The primary parameter on-which-we wish to-place-constraints is the primordial non-
Gaussianity parameter fni,, because it acts as a powerful probe of the physics of the
early Universe [84, 85]. According to the consistency relation applied to single field
slow-roll (SFSR) models, the fy1, parameter is first order in slow-roll parameters: fny, ~
—5(ns — 1)/12 [86, 87, 89]. In comparison, for many multi-field inflation models it
is expected to obey fnr, 2 1 [88]. Thus, if it can be sufficiently well-constrained by
observation, it may be possible to rule out some inflationary models. This chapter
describes the primordial non-Gaussianity (PNG), the motivation to constrain it and the

forecasts of the constraints possible using the multi-tracer approach.

4.1 Tracers to constrain PNG

The current tightest constraints on the primordial non-Gaussianity (PNG) are calculated

using the bispectrum from Planck measurements of the three-point correlation function

75
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of the anisotropies in the CMB temperature and polarization maps:
fxL=-09+£5.1, (4.1)

at 68% CL [91]. However, the large-scale structure (LSS) is becoming increasingly useful
as an alternate choice of observable: —51 < fyr, < 21 at 95% CL from eBOSS DR14
data [104]. It is for this reason that galaxy number counts and HI intensity mapping

are chosen as complementary tracers in this work.

The power spectrum of an LSS tracer is able to constrain fyi, because the PNG produces
a scale dependence in the bias, via the long-wavelength primordial gravitational potential
®. In turn, this modulates the local short-scale power spectrum of galaxy clustering,
producing a measurable signal which can be used to constrain the PNG [92, 93]. The
specific form of scale-dependence which results when ® is present in the halo bias cannot
be created by late time processes; which-makes.the halo bias a robust probe of non-
Gaussianity in the primordial-Universe—In the-case-of a local model of PNG, a k=2
scaling arises, making the-signal most prominent on-the largest scales of the matter
power spectrum [98-102] (see Fig. 4.1). At these scales, larger than the equality scale,
cosmic variance has a strong effect, placing a fundamental limit on the possible precision

in measurements of fxr, from a single LSS tracer [103].

The cross-correlation between CMB. lensing and. clustering of galaxies has also recently
been shown to be particularly effective in constraining local PNG [96, 97]. So, by
combining these tracers using the multi-tracer approach, we will be able to constrain
the PNG below the cosmic variance limit, conceivably to a sufficiently high degree to

discriminate between possible inflationary models.

4.2 Defining fy,

As shown before, the primordial gravitational potential is given by ®,(k) = —%C (k).

The primordial non-Gaussianity parameter fyr, is then defined by

—®, = g + fr (0& — (9F) (4.2)
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FIGURE 4.1: Angular power spectra from a|bin of a Eu¢lid-like survey (see Section 5.2)

in three different cases. In green we see the fiducial model with no PNG. In orange the

case where fnr, = 50 and in blue the angular power spectrum when fy;, = 100. We

see that the presence of PNG-results-im-an-increased-amplitude at only the very largest
scales.

where the Gaussian field pg = %CG is the potential related to the Gaussian limit of
the curvature perturbation. In this definition, the parameter fyr, is assumed to be
independent of scale. In this work we also consider a generalization of this model where

fNL becomes a function of scale: [105-107]

fau(k) = fxu < b >nNL, (4.3)

kin

where kpiy is a pivot scale fixed here to 0.035h/Mpc and nyy, is known as the running
index. Currently, the tightest observational constraint on nyr, comes from the bispectra
of the CMB anisotropies: —0.6 < nyi, < 1.4 at 68% CL from WMADP9 data, in the case
of a single-field curvaton [108, 109].
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4.3 Scale-dependent halo bias

In order to show how PNG results in a scale-dependence in the halo bias, we can describe
the large-scale halo bias in the context of the peak-background split (PBS) [110-113].
Within this formalism, the Gaussian field is split into respective long- and short-scale
modes ¢ = @y + s, where the long scales correspond to the clustering scale of halos,
or the large-scale power spectrum, and the short scales are comparable to the extent of

the halos themselves.

In the convention used here, the perturbed metric is given by
a 2ds? = —(1+2®)dn* + (1 — 20)dz;dx’ . (4.4)
In the same convention, the Poisson equation at late times is given by
e ;Q,,LOH(?%TC (4.5)

with é,,c the comoving dark matter density contrast. This allows us to connect the

density contrast to the gravitational potential ®.

Now, at late times, we can also connect the gravitational potential ® to the primordial

potential @}, using (see (2.50))

Ok, z) =

(4.6)

where D is normalized so that the definition of fnr, is consistent with the definition of
fn1 for local PNG in the CMB temperature, i.e. it is normalized with respect to the

matter-dominated era: D(z = 0) ~ 0.8, since in the matter-dominated era

D(a) =a (4.7)

This is the same normalization as in (2.48). However, there are two conventions used
in the literature to define fnp, in (4.2): the LSS convention where ® is normalized

at z = 0, and the CMB convention where @ is instead the primordial potential. The
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relation between the two normalizations is

rss _ D(z=z)(+2) .om
NL D(Z _ 0) NL

(4.8)

In the analysis that follows we have chosen to adopt the CMB convention. If we wish to
make use of the alternate LSS normalization for the growth factor (i.e. D(z =0) = 1),

for example in the CAMB code, we need to rewrite the potential as follows:

®(k,2) = : (4.9)

where gq may be determined from (2.52), in order to ensure a consistent normalization

with the CMB.

From the Poisson equation (4.5), we can write the matter density contrast as

BmciRrz) = ek ®uik) , (4.10)
with
| T (HID(3)

Then, using (4.2) and (4:10); we obtain

e (k. 2) = Imescik, 2} + fxnea(k)] , (4.12)

where

ome,a(k, z) = alk, 2)pc(k) (4.13)
is the Gaussian comoving density contrast.

The comoving galaxy density contrast is given in the Gaussian case by

Socc(k, 2) = ba(2)ome (k. 2) - (4.14)

From (4.12) we see that the non-Gaussian bias will no longer be scale-independent, but

will correct bg by a factor o< fnr..
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In presence of local PNG defined as in (4.2), the Laplacian of the primordial potential
is

V2@, ~ Vioq + 2fnL (vaViea + [Veal®) - (4.15)

We split the potential into long and short wavelength modes at leading order:

(I)g ~ @Yy, (416)

b~ g (1 + 2fNL(pg) , (4.17)

where we reiterate that the long and short wavelength modes are associated respectively
with the large-scale clustering characteristics of the matter distribution and the small-

scale clustering of halo formation.

The long-wavelength overdensity d; is unaffected by the presence of PNG, retaining the
Gaussian form:

i AN e 2T ya S (4.18)

These long-wavelength modes eftectively controlifluctuations in the background density
of the local cosmology. However, the short-wavelength fluctuations become coupled
to the long-wavelength modes, which'results-in an-excess or deficit in halo formation,
depending on the large-scale density fluctuations. At lowest order, neglecting white-noise

contributions, we have
ds(k,z) = a(k, 2)ps(k) (1 + 2fnLpe(k)) - (4.19)

Hence, if PNG is present, the local number of halos is affected not only by the large-
scale matter perturbations, but also by the coupling between long- and short-wavelength
modes. The coupling results in an effective local rescaling of the amplitude of the small-

scale matter fluctuations.

In Lagrangian space the local halo number density is given by [110, 111]
np = np (14 brd¢) (4.20)

where by, is the Lagrangian-space bias. Thus we have

dInng
by, = 4.21
L=t (421)
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and, in terms of the Eulerian-space convention used implicitly up to this point, the bias

is given by b = 1 + by,. Taylor expanding at first order in these parameters yields

b — Jlnny, n Jlnny, 9 (1 +2fNLpe) Opr
L D6y (14 2fNLer) Oy )
Olnny  2fny, Olnny G
90, o olmole LTV (22

where we have parametrized the local amplitude of small-scale fluctuations with O'éoc =
os (1 4+ 2fNLye), scaled by (14 2fnLpe) as implied by (4.19), and we have introduced
the scale-dependent contribution to the large-scale bias:

Bs
alk,z)’

Ab(l{?, Z) = fNL (4.23)

where we take Sy = 20.(b — 1), which assumes a barrier-crossing model with barrier
height 0. and is in good agreement (~.40% error) with N-body simulations [98]. Finally,

on large scales we can relate-the-halo-density-contrast-to the linear density field as
Ik, z) = [blk) + Ak, 2)] 0 (K, 2) , (4.24)

where b = 1 + bf is thedamiliar—Eulerian-space-bias;, in the Gaussian case. Notice
that the non-Gaussian linear-bias, is.no longer scale-independent, rather correcting the

Gaussian linear bias b by a factor oc fnr./k?.
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Calculating Constraints

5.1 The Fisher forecasting formalism

Fisher Forecasting is a Bayesian - method whichicantbe used in general to calculate
the constraints on parameters, given data and a corresponding model [51]. In this
case, the data are simulated observations of the angular power spectrum, while the
model consists of cosmological parameters that specify the theoretical angular power
spectrum. The expressions that follow are specific to an application of this method to
cosmological observations and assume the special case that the probability distributions

of the parameters are Gaussian.

5.1.1 The Fisher information matrix

In the case of cosmological observations on the sky, the Fisher matrix may be calculated

according to the following [52, 53]:

y4

mew (9041 —1 9Cuobs 1 9Cq0bs

Faﬁ = fsky Z <2> Tr |:C€,01b5 aea CZ,olbs 8(95 + CZ,obsMZ,aﬂ ) (51)
=2

. " . _ (o0z,0ZF | 9z,0ZF
where 6, are the parameters in question (see Section 5.3) and My g = 0. 905 T a0; o0 )

where the matrix Z, corresponds to some fiducial model. In a realistic treatment, the
observed angular power spectrum Cj s must be used. This contains information re-

lating to the limitations of the instruments used for observation, since what is actually

82
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observed is not the theoretical power spectrum derived previously (see (3.25)). Instead,
we observe the signal of the theoretical power spectrum Cy (calculated numerically using
CAMB! [45, 52, 94, 95]) with additional noise terms (see (5.4) and (5.5)). These terms are
dependent on the survey type and will be discussed in more detail later in this chapter,
together with the survey specifications used in this work. The sky fraction fg,, which
takes into account the portion of the sky covered by an observation, is also included
here. The expression also takes into account the maximum multipole limit £,,,;, which
is related to smallest scale that a particular survey is able to resolve. Depending on the
survey, the minimum multipole included in the sum may also be adjusted to account for
the removal of lower multipoles during foreground cleaning and for the fact that the sky

coverage (and thus the number of available large-scale modes) may be limited.

5.1.2 Marginalized and fixed parameters

The constraints on parameters.amay-be-extracted from the Fisher matrix as conditional
or marginalized errors. Conditional errors are the constraints possible in the most opti-
mistic case where the values of all the other parameters under consideration are known
with complete certainty, i.e. the other parameters are fixed at their fiducial values. In

this case the conditional error on the parameter 6, is given by

A ) (5.2)

The marginalized error is a less optimistic, though a more realistic measure of the error
on a particular parameter, which takes into account the errors on the other parameters
by marginalizing over all possible values which they can assume. The marginalized error

on parameter 6, may be calculated from the Fisher matrix using the following;:

Oaa = (Fil)aa . (53)
"https://github.com/cmbant/ CAMB
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5.2 Survey specifications

There are three survey types considered in this work, namely CMB lensing, HI intensity
mapping (HI IM) and photometric galaxy clustering surveys. Each has its own spec-
ifications and systematic effects to take into account (see Table 5.1 for a summary of
the survey specifications). In this section we describe each of the surveys as well as
the observational effects particular to each and how these are included in the Fisher

formalism in a combined “multi-tracer” approach.

As mentioned, the measurement of observed power spectrum does not equate to measur-
ing the theoretical power spectrum as derived in Chapter 4, even once all the relativistic
light-cone effects are included. There are additional systematic effects from experimental

limitations which must be taken into account to obtain more realistic constraints.

5.2.1 Noise

The cases of CMB and HI|intensity mapping may be treated analogously to each other,
taking care of the instrumental effects of noise and the beam (the effect of limited angular
resolution). As in [55] and {54}, the form that the observed signal takes for both of these
kinds of surveys is i’
= N
CE TN CAP | (5.4)
) 2 7
BB

Here N;pstr is thermal noise and B@ is the contribution of the beam in harmonic space.

In the case of galaxy number counts, the dominant contribution to noise is the Poisson

shot noise Npy;ss, and the observed power spectrum is

Cllge = C + N 55

Poiss

The particular noise characteristics for each of these surveys will be discussed later in

this section.
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5.2.2 CMB lensing specifications

The CMB provides data in the form of the CMB temperature, polarization and lensing
angular power spectra. In this work we consider a possible ground-based CMB Stage 4
(CMB-S4) configuration. For temperature and polarization CMB angular power spectra,

the instrumental noise is defined by [66]
NP =orp. (5.6)

We assume noise of o1 = op/v/2 = 1 uK-arcmin [65] and a Gaussian beam with the

following form in angular space [66]:

) —0(e+1)(03)2
Bi=e =2 o, (5.7)
with
. yau
= W HM (5.8)

222’

where 0%y, 7y, = 3 arcmin [65]. ' We also implement ja low multipole cut of lyin = 30
!

max = 9000 in temperature and

in each spectrum [65] and-different-cuts-at-high-£-of-¢
EP

max

= 5000 in polarization|with the skyfraction taken as fo, = 0.4.

For the case of CMB lensing; we assume that lensing reconstruction can be performed
iteratively, using the minimum variance quadratic estimator on the full sky. This involves
the combining of the TT, EE, BB, TE, TB and EB CMB estimators, calculated according
to [67], with quicklens?, followed by iterative lensing reconstruction [68, 69]. The

lensing spectrum multipole cuts are the same as those for the temperature spectrum.

Hereafter “CMB” will refer to the full set of angular power spectra of the CMB anisotropies,

i.e. temperature, E-mode polarization, CMB lensing, and their cross-correlations.

5.2.3 HI intensity mapping specifications

An intensity mapping survey measures the total intensity of emission in each pixel for

a given set of atomic line(s), which leads to the measurement of very accurate redshifts

https://github.com/dhanson/quicklens
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[70-75]. The surveys do not allow us to count individual galaxies, since these aren’t
resolved themselves. However, the galaxies can host atoms emitting in the chosen lines
and the fluctuations in the measured brightness temperature are expected to be a biased

tracer of the underlying cold dark matter distribution.

In this work we consider the particular line associated with HI emission and make use

of the fitting formulae from [76] for the SKA1-MID HI linear bias:

bai(z) = brn (0)

= ld) T 66655 1 0.17765 2 + 0.050223 2} 5.9
0.677105[ * at 1 (5.9)

as well as for the background HI brightness temperature:
Tii(2) = 0.055919 + 0.23242 z — 0.024136 2* mK | (5.10)

where Qpp(0)bur(0) = 4.3 x 10~* and Q(0) = 4.86 x 102,

An IM survey consisting of WVgig dishes; cach insingle dish mode (i.e. not interferometer

mode) will have a noise variance in the i-frequency channel given by [66, 73]

dr f, sky Tb%rs (Vi )

, 5.11
2 Ngishttot Av ( )

HI |
/\/’inst’r,é(yi) = UHI(Vi) =

(5.12)

assuming scale-independence and no'correlation-between 'the noise in different frequency

channels, where tio is the total observing time and the system temperature is given by
Tsys(V) = Linstr + Tsky > (513)

where the instrument and sky temperatures are given by Tins = 25 K and Ty =

60 (%}YIHZ)%S K respectively.
We assume a Gaussian beam for HI IM with the same form as for the CMB [54, 55]:

—0(e+1) (G%WHM)Q

Bé —e 161n 2 , (5_14)

with

O irar ~ D (5.15)
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FiGure 5.1: HI intensity mapping redshift distribution. In black: The brightness

temperature (effective redshift distribution) function used for HI IM. In colours: The

distribution integrated over smoothed top-hat window functions (see (5.24)) in each
one of the 27 bins-of width 0.1 in redshift.

For SKA1-MID, we assume Ngis, = 197 dishes of diameter Dgigp, = 15 m, observing for
tiot = 10% hr over 20 000 deg?® of 'sky! The redshift range assumed is 0.35 < z < 3.05
(1050 > v > 350 MHz, Band 1) [77], divided in 27 tomographic bins, each with width
0z = 0.1. The cleaning of foregrounds from HI IM effectively removes the largest scales,

lmin <5 56, 57] and so we implement a minimum a multipole cut at £y, = 5.

5.2.4 Photometric galaxy survey specifications

In this work we consider two planned future photometric galaxy surveys. Each survey
requires the specification of the total redshift distribution of sources N, which has the

following general form:

N(2) x 2% exp [— (2_20)5] gal /arcmin? , (5.16)
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as well as the linear bias. Provision is made to account for uncertainties in the redshift,
and thus the distribution of sources in the i*" redshift bin is modified according to [78],

which gives
i+1

. th _

Ni(z) = / " LN ()2 (5.17)
z;h

where the i*" observed photometric bin occupies the range zéh,zﬁql and we adopt a

Gaussian distribution for the probability distribution of photometric redshift estimates

Zph, given true redshifts z:

1 zZ—2zp 2
enle) = —=—exp [—(%h)] . (5.18)

N is the redshift distribution (number density per redshift per solid angle) of sources
that was defined previously (see (3.2)), but now takes into account the uncertainty in

redshift measurements.

th

The Poisson noise contribution isjcalculated for the i“* bin as the inverse of the number

density per solid angle in the i bin [54, 58]:

AR 0 §ik

Poissi

(5.19)

[t

where 72 is calculated by integrating over redshift:

n' = /dz N'(z) . (5.20)

For both galaxy surveys we impose a multipole cut on small-scales, assuming that ob-
servations will be able to probe non-linear scales up to kmax = 0.3 h/Mpc which relates

to a redshift-dependent maximum multipole £yax >~ X (2)kmax - 1/2.

5.2.4.1 Euclid-like survey

Euclid is a space-based experiment of the ESA Cosmic Vision program, with the satellite
set to be launched in 2022 [79]. It is scheduled to perform both a photometric and a
spectroscopic galaxy survey. Here, we focus on a survey with specifications similar to
the Euclid photometric survey. In particular, such a survey would observe a sky area of

Qgiy = 15 000 deg?, with an average source count of N = 30 sources per arcmin®. The
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F1GURE 5.2: In black: The redshift distribution function for galaxies in a Euclid-like

survey spanning the redshift range 0 < z < 3. In colours: The redshift distribution for

each of the 10 bins containing equal numbers of sources, accounting for the Gaussian
spread due to uncertainties-in-the-measured-photometric redshift: o, = 0.05(1 + z).

redshift distribution of sources for a Euclid-like photometric survey follows (5.16) with

a =2, 0=1.5,and zy = 0.636.

Measurements are taken in the redshift range from z = 0 to z = 2.5 [80], which we
divide into 10 bins, each containing equal numbers of galaxies [80]. The uncertainty in
the photometric redshift estimate is assumed to be o, = 0.05(1 + z) with respect to the
true redshift value, and the linear galaxy bias is taken to evolve with redshift according

to a fiducial model given by [80]

by(z) =vV1+z. (5.21)

A large-scale multipole cut of £;,;, = 10 is assumed for this survey.
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FI1GURE 5.3: In black: The redshift distribution function for galaxies in an LSST-like

survey spanning the redshift range 0.2 < z < 1.2./ In colours: The redshift distribution

for each of the 10 bins of width 0.1 in redshift, accounting for the Gaussian spread due
to uncertaintieg-in-the-measured-photometricredshift: o, = 0.03(1 + 2).

5.2.4.2 LSST-like survey

The other survey we consider is a photometric survey with specifications similar to
the one planned by the LSST Dark Energy Science Collaboration for the ground-based
Large Synoptic Survey Telescope. We assume an observation over a patch of the sky
with foy equivalent Qg = 13 800 deg?, detecting an average of i, = 48 sources per
arcmin? distributed in redshift following (5.16) with a = 2, 8 = 0.9, and 2o = 0.28 [81].
We divide the observed redshift range into 10 tomographic bins with widths of 0.1 in
photo-z between z = 0.2 and z = 1.2. We assume a photometric redshift uncertainty of
o, = 0.03(1 4+ z) with respect to the true redshift z, and a fiducial model for the linear
bias given by [81]

by(z) =0.95/D(z) , (5.22)

where D(z) is the matter growth factor (see Section 1.5.2.3). We assume a slightly larger

scale multipole cut of £, = 20 than for Euclid, because of the comparatively smaller
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Parameter CMB-54 (T,E,¢) | SKA1-MID Euclid-like LSST-like
T Js 2 Vi
Noise oT, OF, 04 742 J\};ZTS,YJ:Z:(AL) = L
Redshift Distribution - Tui(z) (5.10) | 22 exp [— (ﬁ)m} 22 exp [— (ﬁ)o.g}
Beam 0%y s 3 arcmin Doy - -
o, - - 0.05(1 + 2) 0.03(1 + 2)
b(2) - bui(z) (5.9) by(2) =1+ 2z by(2) = 0.95/D(2)
Redshift range - 0.35 — 3.05 0—25 0.2—-1.2
Number of Bins - 27 10 10
foky 0.40 0.48 0.36 0.33
linaz 3000,5000,3000 500 |10.3x — 1/2] 10.3x — 1/2]
Cnin 30 5 10 20
TABLE 5.1: Technical specifications for different surveys.
sky area.

5.3 The multi-tracer approach

We describe in this section further details of the Fisher methodology used to determine

constraints, specifically the-procedure-to-be-followed-when multiple tracers are involved,

and the full set of parameters used/in/the analysis:

5.3.1 Multiple tracers

A crucial component of this work is the cross-correlation of multiple tracers of the

underlying dark matter distribution. In order to obtain constraints within this paradigm,

we must be able to combine different data sets within the Fisher analysis. As before,

according to (5.1), the Fisher Matrix is calculated at each multipole ¢ from the angular

power spectra. From Chapter 2 and Chapter 3, these all share a similar general form

given by (see (3.25))

CXY (25, 2;) = dr / kP (R)ASY (&, 2) AY W (k, 2,

(5.23)

where the redshift dependence is suppressed, X, Y = T, E, ¢ for the CMB, and X, Y

= ¢, HI for the galaxy number counts or HI IM brightness temperature perturbations,
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respectively. Here, P¢ is the dimensionless primordial power spectrum and the kernels
AZV’X are described in the previous chapters (see (2.57) and (3.142)) where both Ag’w

and A?I’W

include the window function and observational corrections from [45, 82]. As
stated, the effective window function for the galaxy counts is the Gaussian probability
distribution of photometric redshift. For the HI intensity mapping, the window function

used is a smoothed top-hat window function of the form

W(z)=A (1 + tanh (Z“S_Z>> <1 + tanh <Z - Z)) (5.24)

for the " bin [2i, zi+1], where A is a normalization constant and s is a parameter

controlling the smoothness and is set to 0.01. The details of the CMB temperature and

polarization window functions can be found in [90].

For multiple tracers the full covariance matrix takes the form:

s TE To THlq Tg1
Cg Cg CE Cg CZ

ET EE Ed EHTy Eg1
C/é Ce Ce CZ Cg

o1 D ot} ¢HIL g1
C( CZ C( Cg CE

Cy= : - . , (5.25)

HI;T HI E HI; @ HI1, HI HI g1
Cf E Cf Cf C( nrtthe CZ

g1 T g1E 219 g1HI1 €181
Cf Ce Cf Cg Cé

constructed from the auto- and cross-correlation components of the observed angular
power spectra (including noise), and where the superscript g; and H; denote the com-

ponents of the galaxy number count and HI IM power spectra in the i** bin.

In the case of multipoles above or below the cut thresholds, this matrix becomes trun-
cated to include only the spectra which are relevant at those multipoles. The different
tracers also have different sky fractions, and so the expression in (5.1) generalizes to
have a matrix coefficient fg, ;. This fey i is defined so that CMB-CMB auto- and
cross-correlation spectra are multiplied by the corresponding fsx, ca B, and analogously
for HI-HI and g-g spectra. In the case of cross-survey correlations CKXY (e.g. HI-CMB),

then the coefficient is determined by fry xy = min [fsky x, fsky,v]-
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Parameter | Fiducial Value
wp 0.022383
We 0.12011
Hj 67.32
T 0.0543
In (1010 4;) 3.0448
N 0.96605
Bg,i7 BHI,i 1.0

TABLE 5.2: Fiducial parameter values [29]

5.3.2 Parameter vector

The parameter vector @ contains the 6 standard ACDM cosmological parameters: 8 =
{wb, we, Hy, 7, In (1010AS) ,ns}, as well as nuisance parameters B ; and Byy; that mul-
tiply the bias in the i'" bin: by(2) — By iby(2) and Tui(2)bui(2) — BuriTur(2)bui(2),
in the respective cases of galaxy number counts and HI IM brightness temperature per-
turbations for z € [z;, z;+1]. Thig allows-for the free redshift evolution of the linear bias
of each survey. Finally, 8also contains the parameters associated with the primordial
non-Gaussianity: fnr,, nny) which are [defined in a previous section of this chapter (see

Section 4.2).

To obtain the final constraints-on-theprimordialnon-Gaussianity parameters, we marginalise
over the cosmological and nuisance parameters.The assumed fiducial values of the cos-
mological parameters andrnuisance; parameters are displayed in Table 5.2, following
Planck 2018 [29]. The analysis is split into two parts: the first assumes a scale indepen-
dent fnr, which has fiducial value 0, and the second includes the scale-dependence from

the running nyny, using fiducial values fxi, = —0.9 and nyg, = 0.

5.4 Results

In this section we report the findings of the analysis, and the constraints in the cases of a
scale-independent PNG parameter fyi, and for one including the running nyy,. First we
present a summary of the results of this work, and then a comparison with the results

currently in the literature. This section is based on the recently-published work [115].
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FIGURE 5.4: Triangle plot showing uncertainties on. fyr. and the cosmological param-

eters for the case of multiple tracers; Inred: CMB=54 % SKA1-MID IM x LSST-like

with respective £,;, = [30,5,20] and in green: CMB-84 x SKA1-MID x Euclid-like
with respective lmin = [30, 5} 10].

5.4.1 fNL model of PNG

The uncertainties for thisimodel from single'surveys; with'the assumed minimum monopole,

are:

2.1 SKA1 ({min = 5),
o(fnL) =123 Euclid-like (fmin = 10), (5.26)

16.2 LSST-like (fmin = 20).

Once CMB lensing from CMB-S4 with £, = 30 is included with each of the other

surveys, taking the smaller of the sky areas as the overlap area, the errors decrease to:

1.6 SKAI x CMB-$4,
o(fNL) =418  Euclid-like x CMB-$4, (5.27)

10.5 LSST-like x CMB-54.

For the combination between only intensity mapping and number counts, the uncertain-

ties obtained using the same £,,;, values as above, taking the smaller sky area as the
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overlap area, are:

0.96 SKAIl x Euclid-like,
o (fnn) = (5.28)
1.6 SKA1l x LSST-like.

Once all three tracers are included, the tightest constraints obtained are:

0.90 SKA1 x Euclid-like x CMB-54 ,
o (fNL) =~ (5.29)
1.4 SKA1 x LSST-like x CMB-54.

Recall that these results are marginalised over the uncertainties in the standard cosmo-
logical parameters. A full triangle plot of the uncertainties on the cosmological param-

eters and fnr, is shown in Fig. 5.4 for the cases including 3 tracers.

In addition to the different feasible minimum multipoles of the different experimental
configurations described in-Section 5:2; we consider the.uncertainties in fyi, by changing

the fnin for all of the experiments.—These results ‘are presented in figure 5.5.

In particular, if we consider| the optimisti¢c case where the minimum multipoles extend

to 2 for all three tracers, this yields the following constraints for the multi-tracer cases:

0.47 -+ SKAI x Euclid-likex CMB-54,
o (fNL) =~ (5.30)
10| [ SKALX LSST-like'x CMB-54.

5.4.2 fNLa NNL model of PNG

We now consider the constraints for the two-parameter model (4.3) with a running
of fxL, using the same specifications as in (5.26)—(5.29). In figure 5.6, we show the

marginalized uncertainties on the 2-dimensional fyi-nN1, parameter space.

2.7 SKA1 (bnin = 5),
o(nNL) ~ € 0.35 Euclid-like (fmin = 10), (5.31)

0.37 LSST-like ({min = 20).
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FIGURE 5.5: Marginalized uncertainties on fxi, as func¢tion of the minimum multipole
Lrnin of the LSS tracer. Solid curves correspond to LSS experiment without CMB: SKA1-
MID IM (blue), Euclid-like (yellow), and LEST-like (grey), and the combinations SKA1

IM x Euclid-like (green)and-ESST-like-(red).—Dashedlines correspond to the inclusion
of CMB-54 lensing ({min = 30).

For the case of two tracers,| whiere welhave now included with the above surveys the

CMB lensing from CMB-S4 with £,,;, = 30, the errors decrease to:

14 SKAI x CMB-$4,
o(nNL) ~ {0.24 Euclid-like x CMB-S4, (5.32)

0.32 LSST-like x CMB-54.

For the combination between intensity and number counts, the uncertainties obtained

are:
0.13 SKA1 x Euclid-like,

o (nNp) =~
0.24 SKA1 x LSST-like.

(5.33)
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FIGURE 5.6: Marginalized 2-dimensional constraint| plots for fni, versus nnp in the

case of iy = 5, 10, 30 for HI IM, galaxy number counts, and CMB respectively. The

multi-tracer combinations are: SKA1 x Euclid-like (yellow), SKA1 x LSST-like (grey),
CMB x SKA1 x Euchd=like=(green),-and-CMB=x"SKA1 x LSST-like (red).

Once all three tracers are included, the tightest constraints obtained are:

0.12 SKA1 x Euclid-like x CMB-54 |
o (nNL) =~ (5.34)

0.22 SKAT1 x LSST-like x CMB-54.

The results from this model show that the uncertainties on fxi, degrade by ~ 20%
on average, compared to the case without running, which indicates a weak degeneracy

between the two parameters.

5.4.3 Comparison with other results on o(fxr)

In this subsection we investigate the differences between our findings and uncertainties
on fni, derived in the literature. As stated before, in this work we consistently make

use of the CMB convention to define fyr,. In the few cases where other works make use
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of the alternate LSS convention, we quote here the relevant constraints modified to be

consistent with the CMB convention (4.8) which we use.

In [54] and [55] the case of LSST-like and SKAI-MID IM is examined (without using
CMB-54), giving uncertainties down to ~ 0.31 for the multi-tracer case. They use a
greater number of bins with smaller width for the SKAI-MID IM survey: 100 bins with
equal co-moving width, while we use 27 such bins. In addition, 9 bins are used for LSST-
like, with widths chosen to ensure equal source density, as opposed to our 10 fixed-width
bins. They use a multipole range 2 2 ¢ 2 500 for both tracers and assume larger sky
fractions: 0.5 for LSST-like and 0.75 for SKA1, with the overlap taken as 0.4, which
also exceeds ours. Their LSST-like redshift distribution is normalized to a slightly more

2 versus our 48 sources/arcmin? (according to [81]) which

pessimistic 40 sources/arcmin
results in a slightly lower shot noise. In summary, their greater sky area and smaller

fimin are the main reasons for their more optimistic constraints.

In [58] there is a multi-tracer analysis for Euclid-like and SKA1-MID IM surveys. Their
results give 0.72 < o (fnr,) < 1:05; depending-on (a) the maximum multipole chosen
(bmax = 60 or lpmax = 300), and (b) the sky overlap (50% or 100%). Their multipole
range for all tracers extends down to £y, = 2./ They also consider a LSST-like survey
with a survey area equal to that of the entire SKAT-MID IM survey. They obtain the
multi-tracer result o (fxr ) = 0.61 for £ = 300, which is lower than ours. Considering
that the effect of fni, isicaptured only-on-larger scales, the difference in £y, should
have a negligible effect on the final uncertainties. There are 20 bins for both surveys,
chosen so that there are equal number counts of Euclid-like sources in each. The sky
fraction in case (i) of 50% overlap (corresponding to an overlapping sky fraction 0.18) is
smaller than our shared sky fraction of 0.36 for SKA1-MID IM and Euclid-like surveys.
However, the SKA1 sky fraction used in the three cases is 0.72, which is larger than
our 0.48 (according to [77]). In case (ii7) the LSST-like sky fraction is also chosen as
0.72, larger than our sky fraction for LSST-like of ~ 0.33 (according to [81]). The bias
fitting functions used are the same as ours, and the same kind of nuisance parameters
are introduced. The main cause of the difference in results from ours is again the greater

sky area and smaller /,,;, that they assumed.

In [96] the case of LSST-like clustering and CMB-S4 lensing in cross correlation is

investigated. The uncertainties found are o (fnr,) ~ 0.4 or o (fn1,) ~ 1.0 for the cases



Chapter 5. Calculating Constraints 99

where the minimum multipole for both tracers is either 2 or 20, respectively. The galaxy
redshift distribution is split into 6 bins, extending over a larger redshift range (0 < z < 7)
than ours and assuming a redshift distribution normalized to 50 sources/arcmin? over
the part of the redshift range that is the same as ours. The sky fractions used to obtain
these results are 0.5 for CMB and LSST, assuming 100% overlap. Their bias for LSST
is calculated according to the fiducial model b(z) = 1 + z as opposed to the one we
use: b(z) = 0.95/D(z). Once again, the greater sky area and smaller /ni, that they

assumed produce more optimistic constraints than ours. The larger redshift range that

they considered is not as important.

Note that the fact that our results for LSST-like are weaker than the uncertainties for
Euclid-like and also weaker than the uncertainties in the literature is mainly due to the

sky fraction assumed according to [81] and not for the smaller redshift range considered.

In light of the differences in assumptions-niade.in the literature compared to this work, it
is not unexpected that our constraints are not consistently tighter than those from pre-
vious investigations. Howeveryit-must-be stressed-that our constraints use conservative

estimates and the most up-to-date specifications for the surveys involved.
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Conclusion and future work

6.1 Summary of main results and derivations

In Chapter 2 we introduce the two-pointicorrelation function and angular power spec-
trum. We then rederive expressions for the angular harmonic coefficients, as well as a
series of useful relations between the two-point correlation function, angular power spec-
trum and 3D power spectrum. Following this, we'relate the density perturbation to the
primordial curvature perturbation by defining various transfer functions and describing
their normalizations. This allows us to relate the €y of the angular power spectrum to
the primordial curvature power spectrum P, using angular transfer functions A,. Fi-
nally, we take into account the effect of an observational window function on the angular

power spectrum.

In Chapter 3 we continue to include observational effects to make the expression for
the angular power spectrum more realistic. We begin by carefully defining the mea-
sured fluctuations in galaxy number counts and redefining the angular power spectrum
accordingly. Using these definitions, we derive expressions for the angular transfer func-
tions of two components of the newly-defined angular power spectrum, namely those
associated with the comoving density and redshift space distortions. We then examine
the distortions to the luminosity distance, rederiving the photon transport equation and
establishing the framework which allows us to describe the effect from making observa-

tions on the past light cone. Then we rederive the relationship between the measured

100
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galaxy fluctuations at the observer and those at the source, as well as the resulting ex-
pressions for these observational effects which are used by CAMB to numerically calculate
the observed angular power spectrum. In addition, we describe the particular angular

power spectra associated with HI intensity mapping and CMB lensing observations.

In Chapter 4 we introduce the primordial non-Gaussianity parameter fyp, and the as-
sociated running index nn, and we discuss the motivation for the choice of surveys
to constrain them. In particular, using the formalism of the peak-background split,
we describe the scale-dependent halo bias that arises in the angular power spectra of

large-scale structure due to the presence of primordial non-Gaussianity.

In Chapter 5 we describe the details of the surveys used to calculate constraints and
outline the associated methodology, namely the Fisher formalism, and how it can be
used in the case of multiple tracers. Finally, we present the results from single- and
multi-tracer approaches, and discuss-the-findings in the context of the existing results

concerning o( fn,) in theliterature.

6.2 Major findings and future work

We have investigated the measurement:of the effect of local primordial non-Gaussianity
on ultra large-scale perturbations and shown the effectiveness of the use of up to three
tracers of the cosmic matter density field in this regard. In particular, our forecast pre-
dicts that the combination of an SKA1-MID HI intensity mapping survey, a photometric
galaxy survey (Euclid- or LSST-like) and CMB lensing from CMB-S4, could reach un-
certainties for primordial non-Gaussianity parameters of o(fn.) < 0.9 and o(nng,) < 0.2
in the conservative case. We also note the particular importance that the inclusion of
CMB lensing information has in further improving the constraints on fyy,, through the
cross-correlation with intensity or number counts. Although the constraints forecast here
are not conclusively better than similar results in the existing literature, in the context

of the assumptions made, the results presented here are more robust and realistic.

Because the effect of the PNG parameters is most prominent on the very large scales, the
constraints depend strongly on the £y,;, and f, considered in the analysis. We assumed
the following minimum multipoles and sky areas for each experiment, according to the

latest specifications for each survey:
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® loin = 5, Q=20 000deg? — SKA1 [77]
e (iin = 10, Q = 15 000 deg? — Euclid-like [80]
e (min = 20, Q = 13 800 deg? — LSST-like [81]

e {iin = 30, Q = 16 500 deg? — CMB-S4 [65]

The uncertainties obtained for local type PNG in the single-tracer cases are o(fnr,) ~ 2.1
for SKA1-MID IM with i, = 5, o(fxp) ~ 2.3 for Euclid-like with f;, = 10, and
o(fnr) ~ 16.2 for LSST-like with £y, = 20. The constraints on the running index of
fnL in the extended local PNG model, were found to be o(nnrp,) =~ 2.7, 0.35, 0.37 from

the respective surveys.

From the combination of two different large-scale structure surveys via the multi-tracer
approach, we forecast o(fn1,) =~ 0.96 _(4:6) for SKAT-MID IM with Euclid-like (LSST-
like) and o(nny,) =~ 0.13 (0.24).

When we include CMB lensing mformation (with £y = 30) from a possible CMB-S4
ground-based experiment with a single LSS survey wvia the multi-tracer approach, we
found that the single-tracer errors decrease to-o(fng) =~ 1.6, 1.8, 10.5 for SKA1-HI IM,
Fuclid-like, and LSST-like, respectively.

The tightest uncertainties, from the cembination of all three tracers in a multi-tracer

analysis, are predicted to be

o(fnr.) =~ 0.90 and o(nnr,) ~ 0.12, for SKA1 x Euclid-like x CMB-S4. (6.1)

Replacing Euclid-like with LSST-like, degrades these to o(fn1,) ~ 1.4 and o(nnr,) =~ 0.22.

Since constraints calculated here use the most up-to-date specifications for the surveys
involved and more conservative estimates of the minimum multipoles than in the existing
literature, it is not unexpected that our constraints are comparatively weaker. We also
studied the effect of the chosen minimum multipole on the PNG uncertainties, as shown
in Fig. 5.5. In the cases of multiple tracers, the sky overlap area was assumed to be
smallest of the sky fractions of the tracers used. In the case of smaller overlaps, the

uncertainties will only be mildly negatively affected.
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In addition to CMB-S4, we also considered using simulated Planck-like data as rep-
resentative of current CMB measurements. Although a forecast of the corresponding
constraints lead to uncertainties on the cosmological parameters compatible with the
latest results in [27-29], the improvement in constraints by adding Planck to the single-
tracer cases was very small. In addition, we tested the possibility of completing the
missing first multipoles 2 < £, < 30 in the CMB spectra, but found no further im-
provement, indicating that the improvements Planck made to the single-tracer cases
were mainly due to parameter degeneracy with the standard cosmological parameters,
rather than the imprint of fxr, on the cross-correlation between intensity /number counts

and CMB lensing.

In future analyses it may be interesting to consider constraints on different models of
primordial non-Gaussianity. For instance, extending the definition of fyi, given in (4.2),

it is possible to define a higher order gy, parameter such that

— @, = oG F IRINGEE @A) B (v — 3(ve)ea) - (6.2)

Another possibility is to include the bispectrum|in the analysis and perform a combined
forecast using both the bispectrum and power spectruin. of the tracers [123-126]. This
approach has recently been showi tio be effectiverin constraining the PNG using upcom-
ing radio continuum and optical surveys by, up to,a factor of ~ 5 better than forecasts

from the power spectrum alone [125].

In addition to the three used here, there are many other tracers that have been identified

as good candidates to obtain competitive constraints on fyi,. Examples include:

galaxy clustering [116-118],

cosmic infrared background [119],

cosmic voids [120]

different IM lines, such as Ha, CO and [CII] [121, 122].

In future analyses these could be included to attain tighter constraints on primordial

non-Gaussianity parameters.
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Special Functions

This appendix contains definitions of special function relations used in the derivations.

Fourier Convention

= /d3:c T i

1 ‘14 ;
5(a) | = L S
(2 (27r)‘5 / il

Legendre polynomials orthogonality

1
% H - 2
/ d(k: i n) E@(k A n)ﬁg/(k ' n) — (5%/

y 2+ 1

Spherical Harmonic expansion of Legendre Polynomials

l
~ 47

Lok ) = 57 37 Vi ()i ()

m=—

Spherical harmonics orthonormality
/dQn ng(n)YZ/‘m, (n) = 5%’5mm’

Plane wave expansion of the exponential function

oo

e®T =320+ V)i Lol - #)jelkr)
=0

where L, are the Legendre polynomials, and j,; the spherical Bessel functions.
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Appendix B

Volume perturbation calculation

This appendix, based on the work of [18], provides details of the calculation used to

obtain the terms of the volume perturbation.in Chapter 3.

First, we expand the right-hand side of (3.124), using (3.121), (3.123) and (3.127) to

obtain

9 . dx dn 260 0
_ 301 2. 11 g
dV =a’(1 — 2®)x " sinfs [(1 D) 22 vndz] [1+ a0 + 9% dzdfodoo , (B.1)

which, to first order, gives [18,/62]

d : a6l 06 dy dn\ _ .
dV = a3(1-20) [d’;f sin fg (1 + g &f) - <<1>’Z< + vndz> 2 sin eo} dzdfoddo
(B.2)
where vy, is the radial component of the velocity, dy/dz is the measurement of the
change in the comoving distance with redshift along the perturbed photon geodesic and

we reserve overbars for background quantities.

Hence
dy _dy iy dizy
dz  dz  dz dz z
_ o dy(dfx doza
O H  dz \d\N  dA\H
a déxy déz a
= ’H( Y dA%)’ (B3)
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where d is equivalent to dn for derivatives along the photon geodesic and the derivatives

dy/dz = —dn/dz = a/H, valid at first order, have been used.

Thus, keeping the calculation at first order, we can multiply out the expression for V

(see (3.128)), using (B.2) to obtain

4
vy = L [XQSiDHS <1+859+85¢> + x%sin 6o (adéz - déx)

H 00 o H dA dA
_H q>dif+vn@ 2 sinfo — 2® 2 sin fo
a dz dz
_ o, [XP 4 20y sindo + cosfod0 (| 000 93¢
TRkl sinfo 90 " 9
a déz diy
4
a” _o . dx 0 08¢
= 14+ 94 = bl
HX sm@o[ + % +<COt00+80>59+ 20
a ddz  ddyx

which (by (3.129)) gives [18, 62]

oV(n,z) . 0 009 dx 00
_— = — —_— _— . 27 _—
702) 3<I>+(cot90+860>50+ Ao +v-n+ > B3
1 00z 2 H 0z
——————— T — T — . B.
+7{(1+2) O\ ( +x7—[+7{2>(1+z) (B-5)

The §0, 0¢ and §x can now be calculated by, solving the geodesic equation for a perturbed
Friedmann universe. The deviation vector defined earlier (see (3.49)) is useful here,
because in spherical coordinates its components determine §6, ¢ and dy. In order to
relate the space-time coordinates and the affine parameter, we make use of

det et AN kM

- B.6
dn d\ dnp K07 (B.6)

where we have used the wave vector k* tangent to the geodesic from (3.46). In the case

of the conformal time component, this leads to

no
= dn=mno —1ns - (B.7)
s

For the spatial components, writing k* using a first-order perturbation, we obtain

dz? B k' + 6k

_ % i 51,0 7
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Integrating, we obtain

, 0 , o
x' = / dn(—n® + 5k* + n'sk°) . (B.9)
ns

At first order dn = d), and thus
, . Ao 4 .
= —n'(no—ns) —l—/ dA(6K" +n'Sk0) . (B.10)
As
We subtract the background from (B.10) to obtain
Ao

-3 = ol — daly = dN(5K' 4 n'0k°) | (B.11)
As

where we have 5$’b = 0. Thus, at first order and taking 51’?9 = 02', we can write

, Aso ,
Sa = / dA (6K + niokO) | (B.12)
Ao
where the background compotients-of 4/ are-deseribed.in Section 3.3.5.

We may then use the components (3:110) and (3.111)of the geodesic equation, with the

corresponding affine parameter hounds Ag = 0 and Ag = A, to show that

A
ok =—20 + 2/ XD’ (B.13)
0
and
. . A ~ B
§k' = —2n'® — 2/ d\O'® . (B.14)
0

We may simplify the latter further using 8° = n’(n/9;) + Vi and 8% = 6% - nlo;
(compare (3.140)). Thus we have:

5ki——2ni<lﬁ>—2//\d5\ W (291 vie (B.15)
B 0 on O\ I ‘

and so we obtain

A A
51&——27#’/ d)\<1>’—2/ dA\V '® . (B.16)
0 0

By substituting (B.16) in (B.12) we obtain

A AN
Sz’ = —Qni/ dA<I>—2/ d)\’/ dAV '@, (B.17)
0 0 0

where we can reverse the order of integration in the second term (as described in general
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in [1]) while preserving the area covered in the M- plane, to make the integral over

trivial, finally obtaining
M:—znl/ d)\cI>—2/ dA <)\—)\) VD (B.18)
0 0
We can also separate (B.18) into parallel and perpendicular components as
Szt = 5:L‘||i + 6z, (B.19)

where
Sz = —2n7’/0 D,  dri=— /0 dA ()\ - A) V. (B.20)

We can now obtain 6, d¢ and dx by projecting 5:Uf and 5m||i onto each of the unit
vectors eg;, es; and e,;, respectively. These unit vectors have the following properties

[18]:

g o= n%m e niexi =1, (B.21)
and
1h = 8p Y | L 5 (B.22)
€oi = 13000 |; bi = /L . .
0i VL ¥ Yo Coi VIL K sin 06 %0

Therefore, to first order we-have:

ox = 5:L'H7’6X¢ = —2/0 dAD |

1 . Ay v~
50:_5azf69i:—2/ A XX, @
X 0 XX

1 2 xR
56 = 5z ey = ———=— [ A X"X§, @ B.23
¢ == T 'ey S0 /0 o (B.23)

The redshift contribution 99z/0\ can be obtained by taking the derivative of (3.115)
with respect to the affine parameter A to give:

a 00z Al 1 /0 Ov-n
27 d—wvon—9 PN — | —————— _ 929 B.24
) v-n /Od)\ () ,H( ) (B.24)

Then, by substituting this result and (B.23) into (B.5), we can show that the volume
fluctuation becomes (3.131), which agrees with [18, 45, 62] (once the difference in conven-
tion are included). The sign of the eventual lensing term from this calculation disagrees,

but the correct sign is adopted from (3.131) on.
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