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Abstract: The two-dimensional (2D) incompressible Boussinesq system is not only
an important model in geophysics, but also retains some key features of the 3D Euler
and Navier-Stokes equations such as the vortex stretching mechanism. Especially,
the inviscid 2D Boussinesq equations are identical to the Euler equations for the 3D
axisymmetric swirling flows. Even though the global regularity of full dissipative
Boussinesq equations is well known, the global regularity problem of inviscid case
is still left open. First, we prove the global existence and uniqueness of 2D Boussi-
nesq equations with partial dissipation in bounded main with Navier type boundary
conditions. Secondly, we investigate Boussinesq equations with fractional dissipation
on a d-dimensional periodic domain, and apply a re-developed tool of Littlewood-
Paley decomposition to achieve global existence and uniqueness of weak solutions.
Lastly, we focus on several variants of the 2D incompressible Euler equations. It is
not known whether global well-posedness result would hold if there is only partially
damping term for 2D Euler equation. Besides, in the vorticity equations, the par-
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CHAPTER 1

Introduction

1.1 Navier-Stokes Equations

The Navier-Stokes equations govern the motion of viscous fluids. They could be used
to monitor weather and ocean currents for scientific research, to model water flow in
a pipe and air flow around a airplane for industry application, to simulate small-scale
gaseous fluids, such as fire and smoke in video game design.
The incompressible Navier-Stokes equations can be written as
Ou+ (u-V)u=—Vp+vAu+ f,

(1.1)
V-u=0.

where u denotes the velocity field, p represents the pressure, v is the kinematic
viscosity and f denotes the external force(e.g. gravity). The first equation in (1.1)
is derived from conservation of momentum and the second V - u = 0 represents the
incompressibility, which comes from the conservation of mass. When v = 0, (1.1) is
been reduced to Euler equations.

In 2000, to celebrate mathematics in the new millennium, the Clay Mathematics
Institute listed seven most important open mathematics problems. Among these

problems is the following:



Given a smooth initial velocity field uy with finite energy (||ugl|z < 00). Does
the 3-dimensional Navier-Stokes (1.1) have global (in time) smooth solutions with

finite energy?

1.2 Boussinesq Equations

In 2-dimensional case, by taking account of temperature/density variance, Navier-

Stokes (1.1) becomes Boussinesq equations, which is given by

(
Ou+ (u-V)u=—Vp+ vAu+ fe,,

V.-u=0, (1.2)

00 + (u- V)0 = kAD.
\

where u = (uy (21, x2), us(z1, x2)) denotes 2-dimensional velocity field, 0 = 0(z1, z5)
denotes the temperature in the content of thermal convection and the density in the
modeling of geophysical fluids, p = p(x1, x2) represents the pressure, v is the viscosity
constant,  is the thermal diffusivity constant and es = (0,1) is the unit vector in
vertical direction.

The two-dimensional (2D) incompressible Boussinesq system is not only an im-
portant model in geophysics, but also retains some key features of the 3D Euler
and Navier-Stokes equations such as the vortex stretching mechanism. Especially,
the inviscid 2D Boussinesq equations are identical to the Euler equations for the 3D
axisymmetric swirling flows. The Boussinesq system is one of the simplest models
for which the global regularity of the inviscid equations remains open. The experi-

ence in studying the Navier-Stokes equations shows the dissipation terms (vAu and



kA0) play a crucial role in controlling the system from blowup. To reduce the effect
from dissipation, it is natural to explore the global well-posedness problem on the
Boussinesq equations with either partial or fractional dissipation.

In the recent years, the global well-posedness problem on the 2D Boussinesq
equations has attracted considerable attention, and many significant progress [2, 3,
5, 6, 11, 18, 23] has been made but there are still some open cases left.

We focus mainly on finding the critical requirement of dissipation in order to
achieve the existence or uniqueness of solutions in different spatial domains. That is

given sufficiently smooth
U(ZL‘,O) :’LLO(:E), Q(l’,O) :QO(ZE),

does the Boussinesq system have a global (in time) and unique solution?

1.2.1 Partial Disspative Boussinesq Equations

The first approach to reduce dissipation terms is based on the fact that Laplacian
operator A can be written as the summation of double partial derivatives. That is

for example, in 2D case,

Af =0uf+ 0nf

with 0, f = %. We re-write (1.2) in the following form

4

@u + (U . V)U = —Vp + 1/1811u + VQ&QQU + 862,

V-u=0, (1.3)

&ﬁ + (U, . V)é’ == /ﬁan@ + Iigagge.



When vy = 15, = v and k; = ko = K, form (1.3) is the same as form (1.2). The
advantage of the form (1.3) is that it allows us to have vy # vy or k1 # Ko so that
we can consider the horizontal and vertical dissipation separately.

Many work have been done on the whole domain case x € R?. Here is a brief

summary:

(i) When 14 > 0,15 > 0,K1 > 0, k9 > 0, (1.3) is the fully dissipative system. It is
not hard to show any sufficiently smooth data ((ug,fy) € H?*(R?)) leads to a

unique global solution (see e.g. [24]).

(ii)) When v; = v > 0,k = Ko = 0, the global regularity problem of this kinetic
dissipation only case was proven by Chae [6] ((ug,6y) € W24(R?) with ¢ > 2)
and by Hou and Li [18] (up € H?*(R?) and 6, € H?*(R?)).

(ili) When v; = 15 = 0,k = kg > 0, the existence and uniqueness of the global

solution of this thermal diffusion only case was also established by Chae in [6]

((uo,0p) € W4(R?) with g > 2).

(iv) When 11 > 0,15 = 0,k = 0,k = 0, Danchin and Paicu [11] proved the
result of this horizontal diffusion only case and their result has initial data that

Uy € HZ(RZ) and 0y € Hl(RQ)

(v) When v; = 0,15 = 0,K1 > 0,53 = 0, Danchin and Paicu in [11] also proved the
result of this horizontal diffusion only case and the result has initial data that

(uo,6p) € H'(R?), wy € L®(|RR?) and 01|56, € L*(R?) with s € (0,1/2].

(vi) When v; = 0,15 > 0,51 = 0,ky > 0, Cao and Wu [5] obtained the global



regularity results of this vertical dissipation case with initial data (ug,0y) €

H2(R?).

Our work in chapter 3 will focus the case (iii) (k1 = k2 = 0) on bounded domain
with the Navier type boundary conditions and established in [19] the well-posedness
of the 2D Boussinesq equations with partial dissipation. It can be proved the global
existence and uniqueness under minimal regularity assumptions on the initial data,
and we also provide a direct and transparent approach that explicitly reveals the

impacts of the Navier boundary conditions.

1.2.2 Fractional Disspative Boussinesq Equations

Another approach to reduce dissipation terms comes from the representation of

Laplacian operator A in Fourier space. That is

—

(—A)f = I€°].

By replacing the power 2 with any positive real number, we have the definition of

fractional Laplacian,
Aef=lgl°f
Thus, we can re-write (1.2) in the following form

(

Ou+ (u-V)u+ vA%u = —Vp + Oes,

V-u=0, (1.4)

00 + (u- V)0 + kAP0 = 0.
\



When o = 8 = 2, (1.4) becomes the same as (1.2) with v = 11 = 1» and
K = K| = Ka.

Although the diffusion process is normally modeled by the standard Laplacian
operator, there are geophysical circumstances in which the Boussinesq equations
with fractional Laplacian arise. Flows in the middle atmosphere traveling upwards
undergo changes due to the changes in atmospheric properties, although the incom-
pressibility and Boussinesq approximations are applicable. The effect of kinematic
and thermal diffusion is attenuated by the thinning of atmosphere. This anomalous
attenuation can be modeled using the space fractional Laplacian.

Results of global regularity for (1.3) with different o and 8 are listed below:

(i) Subcritical case(a+ 5 > 1): P. Constantin and V. Vicol [9]

2
2 2
W. Yang, Q. Jiu and J. Wu [33]
o 2 « 10 — S5
1 1 — 1 > -+ —
7. Ye and X. Xu [34]
2 — 1
ae (1), e, §>=2 ="
C. Miao and L. Xue [26]
_ 9 1—
046(6 \/6,1), 5<min{7+—\/604—2u,2—2a}

4 "V6 — 20

(ii) Critical case(a+ f =1): T. Hmidi, S. Keraani, and F. Rousset [16] [17]



Q. Jiu, C. Miao, J. Wu, and Z. Zhang [20]

23 — /145

A. Stefanov and J. Wu [27]

a+pB=1a> —”177274_23 ~ 0.798103

J. Wu, X. Xu and Z. Ye [31]
10
a+f=1a>—=~0.7692
13
F. Hadadifard and A. Stefanov [15]

2
oz+ﬁ=1,oz>§

(iii) Supercritical case(a + 8 < 1): eventual regularity result of Q. Jiu, J. Wu, and

W. Yang [21]
- 23 — V145

~ 0.9132
12

«

In chapter 4, we consider (1.4) on a d-dimensional periodic domain, and a re-
developed tool of Littlewood-Paley decomposition was applied to achieve global ex-
istence of L?-weak solutions for any o > 0 and the uniqueness of the weak solutions
when a > % + % for d > 2. And this leads us to obtain the global L2-stability of
the hydrostatic balance for the 2D Boussinesq equations without thermal diffusion.
Furthermore, we can also conclude the zero thermal diffusion limit with an explicit

convergence rate for the weak solutions.



1.3 Variants of the 2D Euler Equation

Another area of this thesis is focused on several variants of the 2D incompressible
Euler equation. It is well known that, we do have global well-posedness for the 2D
Euler equations, as well as the Euler system with extra damping term. However,
it is not even known whether the small data global well-posedness result would
hold if there is only partially damping term (with only uy in corresponding velocity
equation). Besides, during the derivation of vorticity equation from velocity equation,
the partially damping term becomes a nonlocal operator R2w. We also discover that
by replacing R3w with different operators (e.g. R1Row), the solutions will behave
quite differently.

When we consider the periodic domain, it is very convenient to use spectral
method in the numerical computation. But to get a better simulation of how solu-
tion behaves, it requires finer mesh and this is quite computational consuming. So,
in order to reduce the computation time in an acceptable range, We used high per-
formance computing and performed numerical simulation with supercomputer. On
the one hand, the numerical experiment provides a great illumination of how long
initial data will exist for equations, and this could guides us whether we could obtain
well-posedness of that equations. On the other hand, the numerical simulations also
show how functions, especially trigonometric functions, look like in Fourier space,
this is quite beneficial in finding the blowup initial data in Fourier space together

with analyzing the Fourier transform of certain equation.



CHAPTER 2
Preliminaries

2.1 Useful Inequalities
Lemma 2.1.1 (Ho6lder’s inequality) For 1 <p<g<oocandl/p+1/q=1,

Ifgller < 1A llzrllgllze (2.1)

where || - ||» denotes the standard LP norm with

1] (JIfP)" . for1<p< oo,
Lr —

esssup|f|,  forp= o0.

More general form can be obtained by interpolation: for X € (0,1),

11z < A2 111

for f € LY withp<r<gq (Or feLPNLI) and%:§+%.
Furthermore, similar application of Holder gives Lyapunov’s inequality: If r =

Ap + (1 = N)q with A € (0,1), then

T A 1-A
A1 < (LI A1

Lemma 2.1.2 (Minkowski inequality) For 1 < p < oo,

(/M#uymwwf”s/(/uwwwwymw. (22)



More generally, for 1 < p < q < o0,

1 fllzzzs < I fllzaze-

Lemma 2.1.3 (Young’s inequality) For a,b> 0,1 <p,q<oo and 1/p+1/q=
L,
ab bl

ab < — + —.
p q

Moreover, Young’s inequality can be used to prove the following convolution inequal-
ity: for 1 < p,q,r, 00,

1 gller < [ fllzellgllLo (2.3)
with 1 +1 =

1 1
p+q'

Lemma 2.1.4 (Hausdorff-Young inequality) If f € L? for 1 < p < 2, the opti-

mal bound is
1Fllze < pY*Pg7 ) £l o (2.4)

21,1
wzth;—i—a—l.

Lemma 2.1.5 (Hardy-Littlewood maximal inequality) Suppose f is locally in-

tegrable, the Hardy-Littlewood maximal operator M is defined by

1
Mf(x) = SUPW/B(W)UC(?/”CZ?J-

r>0

1. Weak type estimate. If f € LY(R?), then for every a > 0,

i (7)) > ap <5 [ [flds

where A is a constant which depends only on the dimension n (A = 5" will

work).

10



2. Strong type estimate. If f € LP(R?), with 1 < p < oo, then M f € LP(R?) and

M fllp < Apll flp,

where A, depends on p and n.

Lemma 2.1.1 (Gronwall inequality) Assume a = a(t) > 0 and fOTa(t)dt < 00.

Assume g >0 and g € L'(0,T) (fOT g(t) < oo). Then, if f >0 satisfies

d
—f<
ﬁf_af+g

then

t
f@)éek“”fﬂ®4i/e¢“”wﬁﬁds

0
for any t € [0,T). Especially,

f®s£WWmmﬁ[ww@

Lemma 2.1.2 (Osgood inequality) Let a > 0 and 0 < ty < T. Let p be a mea-
surable function from [to,T] to [0,a]. Let y(t) > 0 be a locally integrable function
on [to, T]. Let ¢ > 0 be a continuous and non-decreasing function on [0,a]. Assume

that p satisfies, for some constant ¢
p(t) <c—+ /ttv(s)qb(p(s))ds for a.e. t € [ty, T
Then, if ¢ > 0, we have, for a.e.t € [ty, T,
M)+ M(0) < [ (i

where

¢ dr



If c=0 and

then p(t) =0 a.e. t € [to, T].

2.2 Sobolev Space and Sobolev Embedding

Definition 2.2.1 (Sobolev Space) Let 1 < p < oo and suppose f is locally inte-
grable function such that for each multi-indexr o with |o| < k, D*f € LP exists in
the weak sense. Then, Sobolev space W*P consists of all such f with || f|lwes < 00

where

1/p
(Z|a|§k leaf|de) ) fO'I" 1 S p < o0,
HfHWkP =

ngk esssup|D* f|,  for p = o0.
For p = 2, we usually write W% = H?, which comes from the alternative definition
of Sobolev space by using Fourier transform. That s, locally integrable function f in
H* if
£ = [ (L+IERMIFOF s < .
Lemma 2.2.1 Let 1 < p < oo and k > 0. Then the space C°(RY) of test functions

is a dense subspace of W*P(R®). However, at the endpoint p = oo, the closure of

C>®(RY) in Wh=(R?) is C¥(RY).

Lemma 2.2.1 shows the closure of C®°(R) in L*(R) is Cy(R), we actually have

stronger embedding, that W1!(R) embeds continuously into Cy(R). More generally,

Lemma 2.2.2 For all u € W4(RY),
[ullcyray < Cld)][ullwar ).

12



Proposition 2.2.1 Suppose p,r are finite, then So(R?) is dense in Bfw(Rd). When
r = 00, the closure of Sy for the Bosev norm B;r is the set in S; such that

lim 27°[[Au]p = 0.
Lemma 2.2.3 (Gagliardo-Nirenberg-Sobolev ineqality) [12/ Assume 1 < p <
d. Then, for all u € C}(R?).

HUHL%(Rd) < C(p, D)||Vul| Lo may.-

The case 1 < p < d is due to Sobolev and case p = 1 to Gagliardo and Nirenberg.

This proves WP(R?) — defpp(Rd) when 1 < p < d.

Corollary 2.2.1 [12] Suppose 1 < p < d and assume U C R? is open and bounded.
Then, for u € WyP(U) we have the estimate
[ull Loy < Cp,q. d, U)||Vull o
d
for each q € [1, 72].

Moreover, above embedding is compact when 1 < ¢ < dd%;. That is,

Lemma 2.2.4 (Rellich-Kondrachov Compactness Theorem) Supposel < p <

d and assume U C R? is open, bounded Lipschitz domain. Then,
wt?(U) cc LYU)

for each q € [1,%) (or1>0 and%—l <§—0).

Lemma 2.2.5 [1] Forp=d and p < ¢ < o0,
W™P(RY) — LY(RY)

13



Lemma 2.2.6 If u € WY4(RY), then u is a function of bounded mean oscillation
and

lullzro < C(d)]| Dull L)
This estimate is a corollary of the Poincare inequality.

Lemma 2.2.7 (Morrey’s inequality) [12]/ Assume d < p < oo. Then, for all

1/(md ; _1_n
ue CH(RY) withy =1-7
HUHCOW(Rd) < C(p, d)HUHWLP(Rd)-

Corollary 2.2.2 Assume U C R? is open and bounded, and suppose OU is C'.
Assume n < p < oo and u € WYP(U). Then, u has a version u* € C%7(U), with

vy=1- g, with the estimate

|u™|co@y < Cp, d, U)l[ullwirw)-

Lemma 2.2.8 (Sobolev embedding with one derivative) Let 1 <p < ¢ < o0
be such that % —-1< g < g p <q< ddTpp), but not the endpoint cases (p,q) =

(d,00), (1, 7%). Then W'*(R?) embeds continuously into LI(R?).

2.3 Bosev Space and the Littlewood-Paley Decomposition in R?

To introduce the Bosev spaces, we start with a few notation. & denotes the usual
Schwartz class and S’ its dual, the space of tempered distributions. Sy denotes a

subspace of S defined by
So = {¢ES: / p(x) xV dx =0, |yl :071727...}
]Rd

14



and S| denotes its dual. S} can be identified as
S,=8/Sy =8P
where P denotes the space of multinomials. For each j € Z, we write
Aj={¢eR: YT < g <2} (2.5)

The Littlewood-Paley decomposition asserts the existence of a sequence of functions

{(I)j}jEZ € § such that
suppEI\Dj C A, 5](5) = @0(2—75) or ®;(z) = 290,(27x),

and
© 1

> 3i(¢) =

jm—oo 0, ife=o0.

, if £ e R\ {0},

Therefore, for a general function ¢ € S, we have

[e.9]

ST Bi(€)0() = d(e) for £ e R\ {0}

j=—00
In addition, if ¥ € Sy, then

o0

37 B;(€)i(6) =9(€) for any £ € RY

j=—00

That is, for ¢ € Sy,

Z Q=1
and hence
S vxf=f eS8 (2.6)

j=—c0

15



in the sense of weak-* topology of &(. For notational convenience, we define
Bif =ty f =2 [ @@ e -y) f)dy, ez (27)

The homogeneous Littlewood-Paley decomposition (2.6) can then be written as

f=> Aif  fes,
j=—00

Definition 2.3.1 For s € R and 1 < p,q < oo, the homogeneous Bosev space B:f,’q

consists of f € S, satisfying

/]

By, = 1275)| A £l 1o |la < 0.

We now choose ¥ € S such that
VE)=1-> &;(¢), (R’
=0

Then, for any ¢ € S,
Urtp+ Y Bixep =1
=0

and hence
\Il*f+§:<bj*f:f (2.8)
=0
in &’ for any f € S’. To define the inhomogeneous Bosev space, we set
0, if j < -2,
Ajf =S Uxf  ifj=-1, (2.9)

O« f,  ifj=0,1,2,---.

The inhomogeneous Littlewood-Paley decomposition (2.8) can then be written as

F=2_4Aif,  fes.

j=—1

16



Definition 2.3.2 The inhomogeneous Bosev space By, , with1 < p,q < oo and s € R

consists of functions f € S’ satisfying

/]

By, = 12751 fll e llia < 0.

The Bosev spaces éz,q and B , with s € (0,1) and 1 < p,q < oo can be equiva-

lently defined by the norms

X — i qu 14
11y, = ( [, LD Il )

B;, = 1 fllze + (/Rd (lf(z+1) — f(x)||Lp)th) l/q.

|t|d+sq

/]

When ¢ = oo, the expressions are interpreted in the normal way. We will also use

the space-time spaces introduced by Chemin-Lerner (see, e.g., [4]).

Definition 2.3.3 Fort > 0, s € R and 1 < p,q,r < 00, the space-time spaces

Zgé;yq and ZQB;H are defined though the norms
iz = 12704 fllgoolln

1l g, = 127045 Lz e

Here L} is the abbreviation for L"(0,t¢). These spaces are related to the classical

space-time spaces L;l-g)’;q and Ly B, , via the Minkowski inequality, if r > ¢,

LBy, < LiB;,  LiB;,CLiB;,
and, if r < ¢,
LBy, > LiB;,  LiB;,> LB,

17



Many frequently used function spaces are special cases of Bosev spaces. The

following proposition lists some useful equivalence and embedding relations.

Proposition 2.3.1 For any s € R,
H* ~ B;,, H*®~ Bj,.

Forany s € R and 1 < q < o0,
B y = W; — B’

S
¢,min{gq,2 g,max{q,2}"

0

, °0 .
In particular, qumin{qz} — L1 — qumax{qﬂ}.

Besides the Fourier localization operators A, the partial sum S; is also a useful

notation. For an integer j,

where Ay, is given by (2.9). For any f € &', the Fourier transform of S, f is supported

on the ball of radius 2/ and
(@) = 200 (2%0) x f() =29 [ W@ ~ 1) f5) dy.
The operators A; and S; defined above satisfy the following properties:
A A f=0 if|k—j| >2and A;(Sp1fALf) =0 if |[k—j] > 3.
Bernstein’s inequalities is a useful tool on Fourier localized functions and these

inequalities trade integrability for derivatives. The following proposition provides

Bernstein type inequalities for fractional derivatives.

18



Proposition 2.3.2 (Bernstein type inequalities) Let o« > 0. Let 1 < p < ¢ <

0.

1) If f satisfies
supp f C {§ € R : |¢] < K27},
for some integer j and a constant K > 0, then

1_ 1

1(=2)% fllorey < Cr 22790 ]| o gy,

2) If [ satisfies
supp f C {€ e R K 27 < |¢] < K27}
for some integer j and constants 0 < K; < Ko, then

1_1

C1 29| floey < N(=2) fllagey < Co 227670 £ oy

where C1 and Cy are constants depending on o, p and q only.

We shall also use Bonys notion of paraproducts to decompose a product into

three parts

fog=Trg+ T, f+ R(f,9),

where

Trg =3 SifAg.  R(f.9)=3 > AufAeg

J Jj kz2j-1

with ﬁk = Ak—l + Ak + Ak+1~
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CHAPTER 3
Boussinesq Equation with Partial Dissipation in Bounded Domain

3.1 Introduction

In this chapter, we will study the global in time regularity problem of the 2D Boussi-

nesq equations with only kinematic dissipation (without thermal diffusion):

;

ou+u-Vu=—-Vp+rAu+ fe,,

90 +u-VH =0, (3.1)

V-u=0

0

Our attention will be mainly focused on spatial domains € C R? that are
bounded, connected and have smooth boundary, although the results presented here
are also valid for = R? and periodic domains, as explained later. We assume
the velocity field u obeys the Navier boundary conditions. The Navier boundary
conditions allow the fluid to slip along the boundary and require that the tangential
component of the stress vector at the boundary be proportional to the tangential

velocity. In the case of (3.1), the corresponding stress tensor 1" = (T};) is given by

1
T‘ij = —5”]9 -+ QI/DZ']'<U), Dij = 5(8]'&1 + @uj) or D(ll) = (Vu + (VU)T)

N | =

and, if n and 7 are unit normal and tangent vectors to the boundary 052, respectively,
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the proportionality is then represented by

Z n,Tin; =0 Zukm on 0f)

ij=1,2 k=1,2

for a constant . Due to the orthogonality of n and T,

Z T; 52']‘]?’/1]‘ =0.
ij=1,2
The Navier boundary conditions for (3.1) then become

u-n=0, 2n-D(u)-7+au-7=0 on 09,

where o« > 0 is a constant.

In addition, (3.1) will be supplemented with the initial data
u(z,0) =up(z), 6(z,0)=0(x), =ze€ld

The goal of this chapter is to prove the following theorem

(3.2)

(3.3)

Theorem 3.1.1 Let Q C R? be a bounded and connected domain with sufficient

smooth boundary, say 00 € C*t. Let v > 0. Consider the initial and boundary value

problem (IBVP) in (3.1) and (3.2) with o > 0 being a constant and

w € H'Y(Q), V-ug=0

and

6o € L2(Q) N L), /90(13) dz = 0.
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Then the IBVP (3.1) and (3.2) has a unique global (in time) strong solution (u, )

satisfying, for any T > 0,
u e L(0,T; H'(2)) N L*(0,T; H*(2)),
0 € L>=(0,00; L*(2) N L™(9)),

/ O(z,t)dx =0 for anyt € [0, 00).
Q

3.2 Integration by Parts Lemma for Navier Boundary Conditions

Due to the Navier boundary conditions, the integration by parts process in general
generates boundary terms. The following two lemmas facilitate the integration by
parts process. They are especially useful when we handle the dissipative term. We
provide the proofs of Lemma 3.2.1 and Lemma 3.2.2. Some components can be found

in [7, 22].

Lemma 3.2.1 Let Q C R? be a bounded and connected domain with sufficient
smooth boundary, say 02 € C?. Let k denote the curvature of OS). As before, T and

n denote the unit tangential and out-normal vector along 09). Assume u € C*(Q).

(1) Assume u-n = 0 on 0Q2. Writing 7 - Vu - n = 7,0,u;n; with Einstein’s

summation convention, we have
7-Vu-n+ru-7=0 on 5. (3.4)
(2) Assume u € C*(Q) satisfies the Navier boundary conditions
u-n=0, 2n-D(u)-7+au-7=0 on Q. (3.5)
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Then,

n-Vu-7+ (a—r)u-7=0 on oS (3.6)
and
n-Vu-T—i—%(u-T):%on@Q. (3.7)

Especially, w =0 on 98 if and only if k = 5.

Proofs of Lemma 3.2.1. Since u-n = 0 on 0f), the directional derivative of u - n

along 0f) should also be zero, namely

i(u-n):O on 0.
dr

The product rule then yields

d d

—u ) nt+u-{—n)=0 or 7-Vu-n+u-(7-Vn)=0 on 0.

dr dr
Due to u-n =0 on 09,

u=(u-n)n+ (u-7)7=(u-7)7 on K.

Therefore, due toxk =7-Vn -7,

7-Vu-n+(r-Vn-7)(u-7)=0 or 7-Vu-n+ rku-7=0 on 0f.

To prove (3.6), we recall 2D(u) = Vu + (Vu)?, and invoke (3.4) and (3.5)

n-Vu-7 = 2n-D(u)-7—n-(Vu)’ -7
= —a(u-7)—7-Vu-n

= (k—a)(u-7).
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To prove (3.7), we write

1 0 —w
Vu:D(u)+§(Vu—(Vu)T):D(u)+—
w 0
Thus

1 0 —w
n-Vu-7 = n-D(u)-7+n- - T

w 0

= —%(U'T)+§(—Tln2+n1T2)

due to —7iny +n179 = 72 + 72 = 1. This completes the proof of Lemma 3.2.1. [J

As we shall see in the subsequent sections, n - Vu - 7 plays a crucial role in the
handling of the dissipation and the identities stated here will be very handy. We

alert that 7 - Vu - n differs from n - Vu - 7 in general.

Lemma 3.2.2 Assume 2 obeys the same conditions as in Lemma 3.2.1. Assume
that u,v € C%(Q) N C*(Q) and they both satisfy the Navier boundary conditions,

namely (3.5). Then
/QAu-vdx _ —Z/QD(u)-D(v)dm—/ma(u-T)(v-T)dS(x) (3.9)
- —/Vu~Vvdx—|—/ (k—a)(u-7)(v-7)dS(). (3.9)
Q [2)9]
In particular, when u = v, we have
/QAu-udx _ —2/9117(11)\ dx—/moc(u~7') dS(x)
= —/|Vu|2dx+/ (k —a)(u-7)?dS(z).
Q o0
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Proofs of Lemma 3.2.2. Adopting Einstein’s summation convention, we write

/Au-vda: = /(8k8kuj)vj dx
Q Q
= /(8k(8kujvj) - 8kuj8kvj) dx
Q

= / N Ok v dr — / Vu - Vvdz
o9 Q
= / n-Vu-vdS(x)—/Vu-Vvdm
09 Q
Due to v-n = 0 on 02, we write v = (v - 7)7 and obtain, by Lemma 3.2.1,
/ n-Vu-vdS(x) = / n-Vu-7(v-7)dS(x)
o9 o9
= / (k—a)(u-7)(v-7)dS(x)
o9
Therefore, we have obtained (3.9),
/ Au-vdr = — / Vu-Vvdz +/ (k—a)(u-7)(v-7)dS(x).
Q Q o9
To prove (3.8), we write out the terms in D(u) - D(v),
2/ D(u) - D(v)dr = / (Vu-Vv+Vu- (Vv)") dz
Q Q
= /Vu -Vvdzr + / O0;uOkv; dz
9) Q
= /Vu - Vv dx+/(9k(8jukvj)dx
Q Q
= / Vu-Vvdr + / nk0juRv; dS(x)
Q 09
= /Vu-Vvd:L‘—i—/ v-Vu-ndS(z).
Q o9
Writing v = (v - 7)1 and applying Lemma 3.2.1, we have

Q/QD(u)-D(V)dm:/QVu-Vvdm—/f/m(u-T)(v-T) dS(z). (3.10)
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Combining (3.9) and (3.10) yields (3.8). This completes the proof of of Lemma 3.2.2.

U

3.3 Existence
3.3.1 Global L? bound
This subsection proves the a priori bounds stated in the following proposition.

Proposition 3.3.1 Let Q C R? be a bounded and connected domain with sufficient
smooth boundary, say 0Q € C*. Assume the initial data (ug, 0y) satisfies the condi-
tions stated in Theorem 3.1.1. Let (u,0) be the corresponding solution of the IBVP

(3.1), (3.2) and (3.3). Then (u,0) obeys the global bounds, for anyt >0,

10)l1e < olle for any 2 < g < oo,

t
a2 < lluollzz + #[|6ol| 22, / / [Vul*dz dr < (Juollz2 + ¢[00 z2)*.
0 JQ

Proof of Proposition 3.3.1. For any 2 < ¢ < 0o, we obtain by multiplying the equa-
tion of 6 in (3.1) by 6]0|72,

1d
——|0l9, =~ [ 0]0|* *u- VO dx.
Slel, == [ oo vods
Due to V - u = 0, the divergence theorem and (3.2),
9 1
010|" *u-Vodx = - [ |0|"7u-ndS(z)=0.
Q 4 Joa
As a consequence, for any t > 0,

10)]|ze < [[bollza  and  [|6(#)[|z < [|60]| 2.
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Taking the inner product of u with the equation of u in (3.1) yields

1
5%”11”%2 :V/u-Audx—i—/@uzdx, (3.11)
Q Q

where we have invoked the facts, due to u-n =0 on 0f2,
1 2
(u-V)u -ude == [ (u-n)ul*dS(z) =0, u-Vpdr =0.
Q 2 Jaq Q
According to Lemma 3.2.2,

/Qu-Aud:B:—2/9|D(u)|2dx—/ma(u-T)ZdS(x).

Therefore,

d
%HUH%Q + 4V/ |D(u)|* dz + 2V/ a(u-7)2dS(z) < 20| 2]|ul| L2,
Q o0
which, in particular, implies
[u@)llz> < [Jaollz2 + ¢]|6o| -
Furthermore, for any ¢ > 0,
t t
| [ipepasdr [ [ a-r2asi < Quols +oole:
0o Ja 0o Joo

By Lemma 3.2.2,

t
/ / (Vul?dx dr < (||ugl|z2 + t]|6o]|12)>.
0 Jo

This completes the proof of Proposition 3.3.1. [J
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3.3.2 Global H' bound

This subsection establishes the global H'-bound for u

Proposition 3.3.2 Let Q C R? be a bounded and connected domain with sufficient
smooth boundary, say 0 € C*'. Assume the initial data (ng,0y) satisfies the condi-
tions stated in Theorem 3.1.1. Let (u,0) be the corresponding solution of the IBVP

(3.1), (3.2) and (3.83). Then (u,0) obeys the global H' bounds, for any t > 0,

t t
V()] /HUH?qzm)dT, /lelél(deSC(t,lluoHHl,H90|!L2nmo)-
0 0

Proof. Recall the definition of the operator A defined in (3.17). Dotting the velocity

equation in (3.1) by Au yields
v||Au||7. = —/ owu - Audr — /(u -V)u- Audx + / ey - Audz. (3.12)
Q Q Q
By the definition of A in (3.17),
1
—/8tu-Aud:p = / o - Audr — —/ omu - Vpdzx.
Q Q via

Writing the dot product in terms of the components and adopting Einstein’s sum-

mation convention, we have

/atu-Auda: = /8k Oruj Opuy) do — /|Vu|2da:
o 2dt

= —§£||Vu||L2 /aQ nyOgu;Opu; dS(x).
Since u-n = 0 on 02, we can write

u=(u-7)7 on 0N
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By Lemmas 3.2.1 and 3.2.2,

1
/8tu-Auda: = ——iHVuH%zwL/ n-Vu-70(u-7)dx

1d
= ———||Vul? + n—a/u-fé‘ u-7)dr
5 g Vulze + )Q( ) O(u - 7)

1d
— L (Vi 0= R B

1d
L o)t a s )

By V.-u=0in Q and u-n =0 on 0f2,

/8tu~Vpdx:/V~(p8tu)d:c:/ pn-odudS(z) =0.
0 ) o)

By Holder’s inequality,

/ feq - Audzx
Q

By Hélder’s inequality, Ladyzhenskaya’s inequality and (3.18),

14
<[00z [ A2 < [ AullZz + C 1672

< [[Aul|z2 [[u]|z+ [Vul| 24

/Q(u-V)u-Audx

1 1
< ClAua] g [Jul[z[Vall L2 [[V (V)7
3 1
< ClAu] 7. [[ul[7.[Val L2
v
< SlAul: + CllallZ:[[Vullz.
By Lemma 3.2.2,
IVullz. = 2Dl + #llu- 7720,
5]
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Inserting the estimates above in (3.12) and writing
Y(t) =2|D(w)llz: + allu- 77200,
we obtain, after integrating in time,
t t
YO+ [ () edr < Cleolat+C [ fulla|Valfs Y () dr
0 0
Gronwall’s inequality and the global bound in Proposition 3.3.1 imply, for any ¢ > 0,

t
D@z o 7lZ2 0, /(;HAu<T>H%2dTSC(t>Hu0HH1aHGOHL%LN)- (3.14)

Then, (3.18) and (3.13) lead to the desired global bound in Proposition 3.3.2. O

3.4 Uniqueness

As we know, regularity estimates for solutions of the Navier-Stokes equations with
the classical no-slip boundary condition rely on the Stokes operator associated with
the no slip boundary condition. For the Stokes problem with Navier type boundary
conditions, H. Beirdo da Veiga in [29] established a general existence and regularity

theory. A special consequence of his theory is provided in the following lemma.

Lemma 3.4.1 Let Q C R? be a bounded and connected domain with sufficient
smooth boundary, say 0 € C*'. Let a > 0 be a constant and let f € L*().

Consider the following Stokes problem with the Navier type boundary condition,

(

—vAu+Vp=f in €,
V-u=0 in Q, (3.15)

un=0 2n-Du)-7+au-7=0 on 0.

\
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Then (3.15) has a unique strong solution (u,p) € H*(2) x H'(Q) (p is unique up to

an additive constant). Moreover, for a constant C = C(Q,v),
[all 20 + [Pl @) < C Nl llL2@)- (3.16)
For notational convenience, we write
1
Au = —-Au+ —Vp. (3.17)
v

(3.16) implies

[ullg20) + [Pl a1 < CllAul|p2q). (3.18)

This subsection proves the uniqueness part of Theorem 3.1.1. More precisely, we

establish the following proposition.

Proposition 3.4.1 Let Q C R? be a bounded and connected domain with sufficient
smooth boundary, say 0Q € C%'. Assume the initial and boundary conditions as
stated in Theorem 8.1.1. Let (uV, 1)) and (u®,0®)) be two solutions of the IBVP

(3.1), (5.2) and (3.3) satisfying (3.4). Then (uM W) = (u® 9?).

We need the following existence and regularity result on solutions of the Poisson
equation with a Neumann boundary condition. This result can be found in [25] or

[28].

Lemma 3.4.2 Let Q C R? be a bounded and connected domain with sufficient

smooth boundary, say OQ € C?. Let 1 < p < oo. Assume f € LP(Q) satisfies

/Q F@)dz = 0.

31



Then the Poisson equation with a pure Neumann boundary condition

Ag=f inQ, @:0 on 0f2
dn

has a unique solution g (up to an additive constant) satisfying

lgllwzr) < C(Qp) || fllzr @)
We now prove Proposition 3.4.1.

Proof of Proposition 3.4.1. Let (u®, M) and (u®,0®) be two solutions of the

IBVP (3.1), (3.2) and (3.3) satisfying (3.4). Define h!) and h® by

dhM

ARV =91 in Q, S— =0 ondQ, (3.19)
2)

ARP =93 in Q, dsn =0 on 9. (3.20)

According to Lemma 3.4.2, h") and h® exist and are unique (up to additive con-

stants). Denote by p™) and p® the associated pressures. Then the differences

eu® —u®  FopV_p®  Gop® g j =y _p® G Af

Y

satisfy

(

O+ (uV - V)a+a-Vu® = —Vj + vAa + Ahe,,

V-i=0,
(3.21)
AR +u® - V(AR) + -V =0,
(z,0) = Gg(z) =0, 6(x,0) = by(z) = 0.
Dotting the first equation of (3.21) with u yields
ld, o - S o @) - N
——Ju|j:=v [ Au-ude— | u-Vu'¥ - -ude+ | wAhdz, (3.22)
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where, we have invoked the facts, due tou™” -n=0and @-n =0,
/u<1>-v11-ﬁd:c:0, —/Vﬁ.ﬁd:c:o.
Q Q
According to Lemma 3.2.2,
/ Au-udr = —2/ |D(@)|* dv — / ali-7)2dS(x).
Q Q o0
By Holder’s inequality and Sobolev’s inequality,

/ﬁ-vu<2>-ﬁdx < [Vvu® | p2|a3
Q

< CIVu® gz 2|V .

By Young’s inequality and (3.13)

/ﬁ-vu<2>-ﬁdx
Q

< 1 (2 [I0@Par v [ at@rase)+ 1wl

By the divergence theorem and the definitions of h; in (3.19) and hs in (3.20),

- dh .
Q o dn Q

= —/vﬁ.vagdx.
Q
By Holer’s inequality and (3.13),

/ﬂgABd:ﬂ < |IValz | VA2
Q

< }1 (2y/Q\D(ﬁ)\?dwry/ma(ﬁ-T)QdS(x)) + C||Vh|2.
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Combining the estimates above with (3.22), we obtain

d - -
I3 + 20 / D@ da +va / (&-7)2dS(x)
Q o0

< Cvu®|Zallalf: + C VA
Multiplying the equation of i by h and integrating over 2, we obtain

d - . - -
— || Vh2 :/u(l)-V(Ah)hdaer/ﬁ~V0(2)hd:c.
dt Q Q

By integration by parts and Holder’s inequality,

/ - VODhdx
Q

/ 0Da - Vhdx
Q

< 0P e (1615 + IVAIZ:)

(3.23)

(3.24)

The first term on the right of (3.24) is more difficult to handle. By integrating by

parts and invoking the boundary conditions for u® and iL, we have
/ uV . V(AR)h da
Q
= —/ Ahu® - Vhdx + / n-uV AhhdS(z)
Q i)

Q

= — / Oh(9uV - Vh +uV) . VoLh) do + dh v, dS(z)
Q

an an

- - 1 -
= — / OehopuV) - Vhdxr + = / n-ul |Vh|?dS(z)
Q 2 o0

= —/Vﬁ-Vu(l)-Vﬁdx.
Q

(3.25)

We employ Yudovich’s method to estimate the term on (4.13). For notational con-

venience, we denote it by [

I = / Vh-vu . Vhdz.
Q
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The Yudovich approach applies to the situation when the bound for
IVu || < 00

is unknown, but any L7 bound of Vu™™ does not grow faster than O(q), namely

oy,
SupM < 00. (3.26)

q>2 q

Recall that u is in (3.4), namely, for any 7' > 0,
ulV € L0, T; HY(Q)) N L*(0,T; H*(Q)),

which allows us to verify (3.26). In fact, by Sobolev’s embedding inequality, for any

2<q<o0,

IVu®llie < Q)] 2@ + C(©) VYD 12

< CQ)q[Vu| 2 + C(Q) g Hu(l)”m(m

That is,

Vll(l) q
sup [Vur?lle < C[u| g2(o- (3.27)
a>2 q

For any 2 < ¢ < oo, by Holder’s inequality,

1< IRl Va0 VA 2

~ ~ 1-2 ~ 2
< VAl Vol (VR 2" VR e
Since ) and ) are in the class (3.4), Lemma 3.4.2 states that, for any 2 < r < oo,

M = |V~ < OV < Cllf]l < oc.
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Therefore, by (3.27), for any 2 < ¢ < o0,

~ _1
| < M |Vil[s ? va®)| L
(1) 2ot e
< Cqlu® e M V|,

- 2 . 2
= Cu iy 1713 (a9 )
~ ~ _2
By taking ¢ = 21In(M/||Vh||L2), we obtain the minimizer of qM% V|3, namely
min_qM | VAl|# =2 <lnM ~In ||Vh||L2> .

Consequently,

1] < ClluW ) [ VA]72 (In M~ In|[Vh] 2)
Inserting these bounds in (3.24) leads to
d ~
@iz,
< 10Dz (1al3: + 1VAI3: ) + C [ 2oy [ VIE2 (10 M = In | VA 12),
which, together with (3.23), yields

d B
d-(ua\@2+y\wi2)+2y/\D(u)Pde/ (u-7)2dS(x)
t Q o0

C IV [al3: + CIVAIZ: + 102 = (a3: + [ VAl3:)

IN

+C [ |20 VA7 (In M —1n||VA|2).
Especially, Y (t) = 6 + |12, + || VA%, with any small § > 0 satisfies

d
Y <C(+ Va2, + 10D )Y + C[[u|| 2y Y (In M — InY).
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where we have used the fact z — z(InM — Inz) is an increasing function for 0 <

z < M/e. It then follows from the Osgood inequality in Lemma 2.1.2, for any ¢ > 0,

Then letting 6 — 0 yields the desired uniqueness. This completes the proof of
Proposition 3.4.1. [J
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CHAPTER 4
Boussinesq Equation with Fractional Dissipation in Periodic Domain

4.1 Introduction

The motivation to study fractional dissipation can be traced back in the research of
fractional Navier Stokes equations:

Ou+u-Vu+Vp+ (-A)Pu=0, zeR? @)
4.1

V.u=0.

It is well known that when o > %—i— %, this generalized Navier-Stokes equation has
global regularity. Moreover, the study of fractional dissipation in Boussinesq system
also has its physical application. Although the diffusion process is normally modeled
by the standard Laplacian operator, there are geophysical circumstances in which
the Boussinesq equations with fractional Laplacian arise.

On the other hand, the Littlewood-Paley decomposition and related Besov space
techniques for functions defined on the whole space R? have become crucial tools
in the study of many PDEs. So, we want to develop a unified approach for PDEs
defined on periodic domains T” and PDEs on the whole space R¢. Because Sy f(z) =
D lkl<N f(k)e=** may not converge to f for f € LP(II%) with p # 2, the classical

Fourier series expansion is not convenient for our purpose. We need a new cutoff of
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Fourier series for functions on T¢ instead of the normal circular cutoff as in classical
Littlewood-Paley decomposition for functions on R¢.

After taking into account of the convergence and boundedness properties as well
as the easiness of being split into dyadic Fourier blocks of these partial sums, we
choose the square cutoff to define the dyadic Fourier blocks. More precisely, we
define the following localized Fourier projection operators as

Dof(@) = 3 F(k)et,

keAy

Nif(x) =Y fk)e™, j>1,j€N,
kGAj\Ajfl

where A;’s are the 27-sized blocks of d-dimensional integer lattice points,
A] = {]{3: (k?l,k}Q,--. ,kd) GZd : |km| S 23’ m = ]_’2,... 7d}

Since, for any f € LP(T¢) with 1 < p < oo,
j—1
Sif(w) =Y Anflx)= > flk)e**
m=0 kGAj—l

converges to f in LP(T?) for 1 < p < oo and a.e. for p = oo, we can write the

Littlewood-Paley decomposition of f as

fla) =) Af(x).

By defining the operator A; as above, the important properties such as Bernstein
type inequalities, in the whole space case can also be proved valid in the periodic
case. By applying the tools developed here for periodic functions, we could obtain
the global existence and uniqueness of weak solution to the following fractional d-

dimensional Boussinesq system
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)
du+u-Vu=—v(-Au—-VP+0e; xe€T t>0,

00 +u-VO=~yuy, xcT t>0,

V-u=0, xe&T¢ t>0,

k(11, 0)|i=0 = (wo,0), x €T,

By applying the tools developed in section 4.2 for periodic functions, we establish two
main results for (4.2). The first is the global existence and uniqueness of weak solu-
tions of (4.2) with initial data uy € L2(R?), 8, € L2(R%) N L7z (R%). Our key point
here is the uniqueness of solutions in a very weak setting for a partially dissipated

system. The precise result is stated in the following theorem.

Theorem 4.1.1 Consider the d-D Boussinesq equations in (4.2) in the periodic do-

main T?.

(1) Let o > 0 and (ug,6p) € L*(T?) with V-ug = 0. Let T > 0 be arbitrarily fized.

Then (4.2) has a global weak solution (u,0) on [0,T] satisfying
u e Cu([0,T); L) N L2(0, T3 H), 6 € Cu([0,T]; L*) N L*(0, T; L?),

where C,, ([0, T]; L?) denotes the standard time continuous functions in the weak

L?-sense.

(2) Leta > 1+2. Assume ug € L*(T?) and 6, € L2(']I‘d)ﬂL#d?(']I‘d) with V-ug = 0.

Then (4.2) has a unique and global weak solution (u,0) satisfying

. ~ d
ue C([0,7); L) N L*0,T; H*), ue L'(0,T; Byy?),

0 € C,(0,T); L?) N L>(0,T; L> N Li+2),
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~ d
where the definition of L*(0,T; B;EZ) can be found in Section 2. FEspecially,
u satisfies

1 T
sup — Vu(t)|l;e« dt < oo.
pﬂ/o IVu)

q=>2

4.2 Littlewood-Paley Decomposition for Periodic Functions

The purpose of this section is to introduce the concepts of Fourier dyadic blocks and
the Littlewood-Paley decomposition for periodic functions, and develop associated
tools that are useful for the study of solutions of PDEs in T with d > 2.

Let d > 2. the partial sum can be defined in many ways. Two of the most natural
ones are the partial sum with square-cutoff and the partial sum with circular cutoff,

namely

Snf = Y fk)e**=Dyxf (4.3)

|k1|<N, k| <N

and

Snf = > Flk)e™ > = Dy * f, (4.4)
[k =/R3+-+k3<N

where Dy denotes the d-dimensional square Dirichlet kernel and l~)N the circular
Dirichlet kernel,
Dy(x) = Z ek, Dy(x) = Z ekx,
k1| SN, kg| <N [k|<N
These two partial sums have different convergence properties, as stated in the fol-
lowing lemmas (see, e.g., [14, 30]). The partial sum defined via the square-cutoff is

bounded on any L? for 1 < p < oo and converges to the original function in L”.
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Lemma 4.2.1 Let d > 1. The partial sum with the square cutoff Sxf satisfies, for

any f € LP(T?) with 1 < p < oo,
SN flle < Cpllfllee and ||Snf — fllp =0 as N — oo. (4.5)

(4.5) is false for p = 1 and for p = co. In addition, if f € LP(T?) with 1 < p < oo,
then

Snf — f, a.e. as N — oo.

The partial sum defined via the circular cutoff in T¢ with d > 2 is not bounded
on LP except for p = 2 and is not known to converge to the original function except

for p = 2.
Lemma 4.2.2 Let d > 2 and f € L*(T?). Then

ISvfllze <[l and [[Sxf = fllz =0 as N = co. (4.6)
(4.6) is false if we change L* to LP with p # 2.

The circular cutoff defined in (4.4) is not suitable since it does not have the

desired property
S8 flle < Cpllfll e (4.7)

for all 1 < p < oo. (4.7) only holds for p = 2 according to Lemma 4.2.2.
So, we choose the square-cutoff defined in (4.3). We introduce a few notation
first. For an integer j > 0, we set A; to be the 2/-sized block of d-dimensional

integer lattice points,
Aj:{k: (k17k2,"' 7kd) GZd: |km| §2J’ m:1’2’... ’d}
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We define the following localized Fourier projection operators as

Dof(x) = 37 Flk) e,

kEAO

Nfx)= ) fk)e**,  j>1,jEN (4.8)
kEAj\Ajfl

=)

For notational convenience, we also write A; = 0 for 7 < 0. With a slight abuse of

notation, we set

S0 = Y Anfx) = 3 Fligetx (49)

kEAj—l

In terms of these operators, we can write the Littlewood-Paley decomposition, for

any f € LP(T?) with 1 < p < oo,
fx) =) Arf(). (4.10)
k=0

The following lemma presents useful basic properties of the operators defined

above.

Lemma 4.2.3 Let j > 0 be an integer. Let A; and S; be defined as in (4.8) and

(4.9). Then the following properties hold.
(a) If f € LP(TY) with 1 < p < oo, then
1A fllee < C N fllees 1S3 fllee < C NI,

where C'’s are constants depending on p and d only.

(b) Let j >0 and k > 0 be integers. Assume f € LP(T?) with 1 < p < oco. Then
AAS =0 if Ak
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(c) Letj >0 and m > 0 be integers. Assume f,g € LP(T%) with 1 < p < oco. Then

The operators A; defined for periodic functions share many properties with those
for the the whole space A;. One crucial property is the following Bernstein type
inequalities. The proof of these properties appears to be more difficult than that for

the whole space case.
Proposition 4.2.1 Letc >0 and 1 < q <p < 0.
(1) There exists a constant C > 0 such that
1A Fllzasy < € 27945 || £ pagray (4.11)
and
15 £llozay < C 2N 185 £ cacray. (412)
(2) Let 1 < p < oo. There exist constants 0 < C; < Cy (depending on p) such
that, for any integer 7 >0,

4 QUjHAijLP('ﬂ‘d) < HAJ‘AUfHLp(Td) < Oy 2U]"|AJ'JC|‘L1"(1T‘1)' (4.13)

We can also define the Besov type space Bf,’q(’]I‘d) via the operators A; defined
above in the same fashion as in the whole space case. Let & denotes the usual

Schwartz class and &’ the distributions.

Definition 4.2.1 Let f € §'. The Besov space B;q(']l‘d) with 1 < p,q < oo and

s € R consists of functions f € S'(T?) satisfying

/]

B (T9) = 1275)| A £l o |la < 0.
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We can also define the space-time spaces for periodic functions. This type of
functional settings was introduced by Chemin-Lerner for functions defined on the

whole space (see, e.g., [4]).

Definition 4.2.2 Fort >0,s € R and1 < p,q,r < oo, the space-time space EQ’B;H

is defined through the norm

1l g, = 127014, f1

criolli.

These Besov spaces defined above are closely related to some of the standard
spaces and share similar properties with their whole space counterparts.
Lemma 4.2.4 Let s € R.
(1) For1 <p<oo and q < q2, B, (T) C B; , (T%).

(2) H*(T?) can be identified with Bj ,(T),

H*(T?) ~ B3,(T7).

4.3 Proof of Main Theorem

This section proves Theorem 4.1.1. A crucial smoothing estimate is obtained using
the Littlewood-Paley decomposition and Besov space techniques introduced in the

previous section.

4.3.1 Global existence of weak solutions when a > 0

We start with the definition of weak solutions of (4.2) with any a > 0.
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Definition 4.3.1 Consider (4.2) with a > 0, (ug,6y) € L*(T?) and V -ug = 0. Let

T > 0 be arbitrarily fixed. A pair (u, ) satisfying

ue Cy([0,T); L*) N L0, T; H*), V-u=0,

0 € C,([0,T]; L*) N L>(0,T; L?)
is weak solution of (4.2) on [0,T] if (a) and (b) below hold:

(a) For any ¢ € C°(T? x [0,T)) with V- ¢ =0 and for any t < T,

_/tAdu.at¢dxdT+Adu(x,t>-¢(x,t)dx—Aduo(x)-¢<x,0>dx
//Tdu V¢udxd7+//w a/2 )a/2¢dXd7'
:/O/Tdéed-gbdxdr. (4.14)

(b) For any ¢ € C(T? x [0,T)) and t < T,

—/t 8t1/1«9dxd7+/ O(x,t)(x,t)dx — | Oy(x)(x,0)dx
Td
//Tdu V¢9dxd7+7/ /TdudwdxdT (4.15)

For any a > 0 and (ug,6y) € L*(T%), (4.2) always has a global weak solution. In
the special case when 6 = 0, this result assesses the global existence of weak solutions
of the generalized Navier-Stokes equations with any o > 0 and uy € L?(T?). And a
similar type of argument can be used to prove global existence of weak solutions of

(4.2). The result can be stated in the following Proposition.
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Proposition 4.3.1 Consider (4.2) with o > 0, (ug,0y) € L*(T?) and V - uy = 0.
Let T > 0 be arbitrarily fived. Then (4.2) has a global weak solution (u,0) as given

in Definition 4.3.1 satisfying

t
a1z + lO®)]1Z2 + 2”/0 IVa(r)lIZ2 dr < e“* (uollZ2 + [l6o]Z2)-

YIS

4.3.2 Uniqueness of weak solutions when o > % +

Next we establish a smoothing estimate for the weak solution shown in Proposition

4.3.1. Before starting the proof, we need the following two properties.

Proposition 4.3.2 Let d > 2. Consider (4.2) with a > 1 + 4. Assume (o, 6,)
satisfies
w € LATY), V-ug=0, 6 € L*T% N Laz(T).

Let (u,0) be the corresponding global weak solution of (4.2). Then, for any0 <t < T,

||u||ZIBl+g < C(t, [[uol| 2, 16oll 2)- (4.16)

tP22

As a special consequence,

t v
H u(T)HLq
su —————dr < C(t,]||ugl|r2, [|00]|r2). 4.17
p/o /a < C(t, [luollz2, [[6o][2) ( )

q=>2
Lemma 4.3.1 Assume (ug,0y) € L*(T?) with V - uy = 0. Consider the 2D Boussi-
nesq equation in (4.2) with « > 1. Let (u,0) be the corresponding weak solution.

Then u satisfies

T
/O () |2~ dr < C(t, luollzz, [16o]]22)- (4.18)

Now, we prove the second part of Theorem 4.1.1.
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Proof. Due to Proposition 4.3.1 and Proposition 4.3.2, it suffices to show the unique-
ness of the weak solutions of (4.2). Suppose (4.2) has two weak solutions (u*), (1))
and (u®,0?) with the same initial data (ug,6;). We show that (u¥, 0)) and
(u®,0@) must coincide. To do so, we consider the difference (1, 0) with

u:=u —u®, 0:= 0" — 9>

Let PO and P® be the corresponding pressure terms and P := PO — p@_ Ip

addition, we introduce the lower regularity quantities h(!) and h® satisfying
— AR =), —AR® = p®?)

and set

It follows from (4.2) that (u, 0) satisfies

;

A+ u® - Vi + 1 - Vu® + p(—A)*U + VP = e,

9,0 +u) - VO +1u- VoI = ~iy,

(4.19)
V.-u=0,
(@ 0)]i=o = 0.
Dotting the first equation of (4.19) by u and integrating by parts, we have
ld a2 =~ 2 = 0 ~
§%HUHL2 +v|[A*ull7: = — [ a-Vu¥-udx+ [0 (es-u)dx
= K+ Ky, (4.20)

where we have invoked the fact that, for o > % + %,

/ u . vu-udx =0,
Td
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dueto V-ul¥ =0, V-1 =0 and

T T
[ [ vl < [t @eat | ar < o
0 Td 0

By Holder’s and Sobolev’s inequalities, for d = 2,

| K|

For d > 3,

| K|

<
<

<

< [l [V

IN

|2 V72| 2 || Va2

IN

14 ~ ~
TalIVllZ: + C Va2 a7 (4.21)

8|2 [ Va® g ([T s,
I e A2 502 A2 5T

IR T + OlJAT T ). (4.22)

By integration by parts and an interpolation inequality,

K| =

/Qx-isﬁxed.ﬁ)dx

V|22 || V|2
~ d=2 o 4
O V| a0 732 | A ) 2

d+2

CIVA| (8] 2 + Al 2)

v 1yd o ~ T
EHAmuHig + C V| z(lallz2 + [[VA]|2). (4.23)

Dotting the second equation in (4.19) with 1 vields

1d
2dt

IVR|2. = /u<1>.v§de+/ ﬁ-VQ(Q)ﬁdx+7/ﬂd?de
Td Td

K+ Ky + K. (4.24)
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We estimate K, first. The case with d = 2 is treated differently from d > 3. For

d = 2, by Holder’s inequality and Sobolev’s inequality,

Kl < 10P 2 (18] g0 VR o

IN

~i1 ~1-1 TTE AT
C /IRl IV 160l 22 VA7 | AR 2

IN

. . ~ 1—-1 -1
Cvpafze + [1Vallz) VAl " 1] 2.

IN

v - - 2 ~ 2(1—%)
1—6||Vulliz +[allz: + CpM» | Vh|. ™, (4.25)

IN

where 1 < p, g < oo satisfy

and we have used the fact that
ARz < 6012 + 16212 < C(T, [|uo|l 2, [16o]]2) == VM.
For d > 3, by integration by parts, Holder’s inequality and Sobolev’s inequality,

Ky = [ |6PU-Vh|dx
Td
< 0P| aa [[VR| 2|0 sa

Ld+2 Ld-2

7 1,d
I - PR

d+2

v 1,d N
TolA e + N6l s, (VA2 (4.26)
Recalling 0 = —Ah and integrating by parts, we have

Ky = —/ uV - VAR hdx
Td
_ /T

- /T ) Oy V0, h D, hdx,

0, uM0, 0, 1T dx + / W10, 0,110, s dx

J Td

J
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where the repeated indices are summed and we have used V - u¥ = 0. By Holder’s

inequality, for p > %l and % + % =1,

Ks| < C|IVuW|L || VR]3,
(1) AT TE
< ClIVuV e [IVA] 2" (16117

4~ 2-4
< C||Vu||p» M2 | Vh| " (4.27)

Clearly, K5 can be similarly estimated as K3 and the bound is the same. Adding

(4.20) and (4.24) and collecting the estimates in (4.21), (4.22), (4.23), (4.25), (4.26)

and (4.27), we find that, for § > 0,
Gs(t) = [a(®)lI3= + | VA 72 + 6

obeys the differential inequality, when d = 2,

d (2))12 [Vu]|
EG(;(t) < C(1+ A7) Gs(t)+C [ 1+ Y

and, for d > 3,

My Gs(t)"r  (4.28)

d Va4 4

%Gg(t) <C (1 + ||A%+%u<2>||%2> Gs(t) + C Mprp Gs(t)"%  (4.29)
p

Optimizing the quantities pM% G(;(t)l_% and pM% G(;(t)l_% with respect to p, we

obtain

pM?r Gs(t) "7 < eGs (In M — InGy),
eGs(In M — In Gs).

N

Incorporating these bounds in (4.28) and (4.29), we find that both (4.28) and (4.29)

are reduced to the following form

Gy(t) < Gy(0) + C / +(5) $(Gi(s)) ds,

o1



where

W1,
1) =+ o tu ) Ve gy - )
p
It follows from Proposition 4.16 that
T
/ () dr < 0.
0
Let
L odr ! dr
Q — _—
(z) . O(r) /z r+r(InM —Inr)

= In(l+mmM—Inz)—In(l+1InM).
It then follows from Lemma 2.1.2 that
t
~0(Gs(1) + AUGC(0)) < [ () ds.
0
Therefore,
¢
—In(1+InM —InGs(t)) + In(1 + In M — InG4(0)) < / v(s) ds.
0
Therefore, for C(t) = fot v(s) ds,

—C(®)

Gs(t) < (eM) = G(0)e ",
Letting § — 0 and noting that Go(0) = 0, we obtain

Go(t) := [a(®)lI7= + | VA@®)72 = 0.

This completes the proof of Theorem 4.1.1. [J
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CHAPTER 5

Variants of 2D Euler Equation

5.1 Introduction

In fuild dynamics, the 2D incompressible Euler equation models the inviscid incom-
pressible flows. Yudovich [35] proved the existence of a unique solution to this system
provided the vorticity is bounded. After adding a damping term w in velocity equa-
tion, we could even have exponential decay of velocity. However, this result can not
be simply extended if there is only a partial damping term us in velocity equation

of the second component, that is consider

(

Outs +u-Vu, = —01p, x € R?
Oty + U - Vg + uy = —Oop, 1 € R2

V.-u=0,

u(zx,0) = ug(x).

\

The L? estimates shows

/nwm@w<w
0

and we can further show that [lus(t)||3, is uniformly continuous in ¢, and this could
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conclude that

|lua(t)||z2 — 0, ast— oo.

Next, we estimate the H?-norm on two component of velocity equation with invoking

various estimates and we find

u2||?—137

d
T sl + llwallz < Cllull

and
EHMH%S < Clua]| s l|ua || 5. -

By taking the curl of the velocity equations of (5.1), the vorticity equation is
given by

Ohw +u - Vw = Riw,
(5.2)

uw=Vty, AY=uw,
where Ry = 0,,(—A)~'/2 denotes the standard Riesz transform and V* = (—3,,, 95, ).
Furthermore, we are also interested in changing R?w to be another non-local
zero-degree singular integral operator R1Row, that is consider

Ow + u - Vw = R1Raw,
(5.3)

u=V, Ay =w,
The motivation to consider these two models (5.2) and (5.3) has three folds: (1)
Several global existence and regularity problems on the Boussinesq equations and on
the magneto-hydrodynamic (MHD) equations can be reduced to one of the variants
listed here. Understanding these models would help solve those problems, (2) We

intend to solve the global existence and regularity problem for the Euler and the
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Euler variants when we do not know that the vorticity is bounded a priori, (2) The
numerical simulation shows the solutions of these two variants can behave quite
differently. We have performed extensive numerical simulations. We present some of
the numerical solutions corresponding to several representative initial data from three
different types. Those types of data have previously been used in the simulations of

solutions to the surface quasi-geostrophic equation in the work of Constantin, Majda

and Tabak [8].
1. Type I initial data:
wo(x) = sin(xq) sin(xs) + cos(xq) (5.4)

Type I data represents the simplest type of smooth initial data with a hyper-
bolic saddle.

2. Type II initial data:
wo(z) = — cos(2x1) cos(zg) — sin(zy) sin(xz) (5.5)
Type II data contains an elliptic center.
3. Type III initial data:
wo(x) = cos(2xy) cos(xe) + sin(xy) sin(xe) + cos(2x;) sin(3x2) (5.6)
Type III data represents a general large-scale flow.

Numerical simulations will be presented in section 5.2 and 5.3, and section 5.4 will

discuss about the results that we have.
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5.2 Numerical Simulations of Equation (5.2)

This section presents numerical simulations of equation (5.2) with three initial data.
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Figure 5.1: Contours of w in equation (5.2) with Type I data at t =0, 2, 4, 6
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Figure 5.2: Contours of w in equation (5.2) with Type I data at t = 8, 10, 12, 14
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Figure 5.3: Contours of w in equation (5.2) with Type II data at t =0, 2, 4, 6
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Figure 5.4: Contours of w in equation (5.2) with Type II data at t = 8, 10, 12, 14
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Figure 5.6: Contours of w in equation (5.2) with Type III data at t = 8, 10, 12, 14
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5.3 Numerical Simulations of Equation (5.3)

As a comparison, this section presents results of equation (5.3) with three initial
data. Type 4 equation increase fast so that there is no result at ¢ = 8 for all of our

intial data.
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Figure 5.7: Contours of w in equation (5.3) with Type I data at t =0, 1, 2, 4
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Figure 5.8: Contours of w in equation (5.3) with Type II data at t =0, 1, 2, 4
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5.4 Graph of L” norms

204 _
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Figure 5.10: Different L, norms of equation (5.2)
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-
value of Lp

(a) Type I data (b) Type II data (¢) Type III data

Figure 5.11: Different L, norms of equation (5.3)

The numerical simulations in section 5.2 and Figure 5.10 exhibit the same pattern
that the L*-norm of the vorticity solving (5.2) decreases and the vertical velocity
vanishes which makes the flow become horizontal.

However, in section 5.3, those numerical simulations and and Figure 5.11 show
the solutions of (5.3) has the pattern that L>-norm of the vorticity increases and

finite-time singularities do appear to occur during the simulations. This will be the
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future work to provide a rigorous proof with certain class of initial data such that

the solutions blows up.
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