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Abstract The empirical Archie’s law has been widely used in geosciences and engineering to explain the
measured electrical resistivity of many geological materials, but its physical basis has not been fully
understood yet. In this study, we use a pore-scale numerical approach combining discrete element-finite
difference methods to study Archie’s porosity exponent m of granular materials over a wide porosity range.
Numerical results reveal that at dilute states (e.g., porosity ϕ > ~65%), m is exclusively related to the particle
shape and orientation. As the porosity decreases, the electric flow in pore space concentrates progressively
near particle contacts and m increases continuously in response to the intensified nonuniformity of the
local electrical field. It is also found that the increase in m is universally correlated with the volume fraction of
pore throats for all the samples regardless of their particle shapes, particle size range, and porosities.

Plain Language Summary In many topical areas in Earth science and engineering such as
groundwater hydrology and petroleum explorations, the electrical resistivity data are widely used to
estimate the porosity and/or water/oil content in the subsurface with an empirical relationship that originated
in the 1940s of the last century. This relation, known as Archie’s law, relates a material’s resistivity at saturation
to its porosity and the pore fluid resistivity with a power function. As an empirical parameter, the exponent
of the function varies considerably among different geological materials, and therefore, the estimated
porosity/fluid content is significantly affected by the chosen value. At present, a physical understanding of the
exponent is still limited mainly due to the lack of the detailed information on the complex geometry of the
pore space. Here we use computational simulations to obtain the microscale geometrical characteristics of
synthetic granular materials and to analyze the dominant parameter(s) impacting the exponent. We also
provide a pore-scale, mechanistic explanation for the changes in the exponent of granularmaterials subjected
to geological compaction. The findings from this study would help develop a physics-based approach to
determine the value of the exponent in the modeling of the resistivity of various Earth materials in practice.

1. Introduction

Electrical and electromagnetic methods play an essential role in imaging and monitoring various properties
and processes in both deep and shallow subsurface of the Earth (e.g., Key et al., 2013; St. Clair et al., 2015). To
link the measured resistivity to other properties of interest, considerable efforts have been made to develop
constitutive models for geological materials (e.g., Bussian, 1983; Ghanbarian et al., 2014; Glover et al, 2000;
Sen et al., 1981). The most widely used model is probably Archie’s law (Archie, 1942), which relates the con-
ductivity σ of rock to the porosity ϕ by

σ ¼ σw
F

¼ σwϕm (1)

where σw is the pore fluid conductivity, F (i.e., ratio of σw to σ) is the formation factor, and m is the porosity
exponent. Archie (1942) found that typical value ofm is between 1.8 and 2 for sandstones and ~1.3 for uncon-
solidated sand; however, there are many observations of m deviating from the above values (e.g., Friedman,
2005). Equation (1) assumes that rock grains are insulators, and it only considers the current flowing through
the bulk solution. For geomaterials with charged surface, the contribution of surface conduction (Revil &
Glover, 1998) needs to be excluded from σ to calculate the “intrinsic” value of F (Waxman & Smits, 1968).

The physical basis for Archie’s law has been the subject of many studies (Hunt, 2004; Mendelson & Cohen,
1982; Sen et al., 1981; Sheng, 1990; Wong et al., 1984), and one key scientific challenge is to reveal the domi-
nant textural control onm (Glover, 2009). Theoretical studies (e.g., Mendelson & Cohen, 1982; Sen et al., 1981)
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have confirmed the strong dependence of particle properties onm as observed in experiments (e.g., Jackson
et al., 1978). In addition, numerical and experimental studies have shown profound influences of pore
attributes on m, including porosity (Borai, 1987; Olsen et al., 2008), tortuosity (Salem & Chilingarian, 1999),
the skewness of the pore size distribution (Wong et al., 1984), and connectivity (Bernabé et al., 2011).
Moreover, it has also been suggested that m might be related to some geological processes such as
cementation (Archie, 1942; Leroy et al., 2017; Schwartz & Kimminau, 1987; Wu et al., 2010), compaction
(Fatt, 1957; Glover et al., 2000), and mineral dissolution (Garing et al., 2014; Sen et al., 1997). Indeed, the
above mentioned factors are not independent but are essentially interrelated in affecting m. At present,
there is no consensus on the physical meaning of m in geological materials and further studies are still
necessary to reconcile the existing findings.

In this study, we investigate the controls on m in granular materials using a pore-scale numerical approach
that combines discrete element-finite difference methods. The samples presented here consist of spherical
and oblate particles, and the solid-phase concentration varies broadly, from dilute (i.e., a limited particle-
particle interaction; ϕ > ~65%) to dense states (i.e., ϕ = ~30%). Our work is unique in applying a physics-
based approach, that is, discrete element method (Cundall & Strack, 1979), to simulate the compaction of
loosely packed granular samples. The effective conductivity of the granular sample is calculated by directly
solving the finite difference representation of the Laplace equation (Garboczi, 1998). Furthermore, we use
a modified maximal ball algorithm (Dong & Blunt, 2009) to determine the pore attributes of the samples such
that the possible link between material’s texture and m can be revealed.

2. Samples and Methods
2.1. Sample Preparations

Six granular samples are used in the 3-D numerical simulation, and they are assemblies of 8,000 spherical or
oblate particles. In each sample, all the particles have the same shape (e = 1, 0.67, or 0.5 where e is the ratio of
the semiminor to semimajor axes), and the particle size follows either a Dirac delta distribution centered at d
or a uniform distribution in the range [0.5d, 1.5d]. For all the samples, we use the same procedure to attain a
number of states as shown in Figure 1. We start with an initially sparse arrangement, in which the particle
locations and orientations are random. The loose state of the sample (e.g., ϕ = ~42%) is then obtained by iso-
tropically reducing the boundary dimensions until the sample develops a loading-bearing fabric (e.g., see
Kuhn et al., 2014; Sun et al., 2013). Afterward, the dense state of the sample (ϕ = ~30%) is attained by further
compressing the loose granular assembly. The discrete element method code OVAL developed by Kuhn
(2006) (available at http://faculty.up.edu/kuhn/oval/oval.html) is used to model this process, and the details
of the simulation are further explained in the supporting information. In addition, we also attain the dilute
states (e.g., ϕ > ~65%) of the samples by simultaneously reducing the size of all the particles but fixing their
locations and orientations at loose states (Figure 1).

2.2. Effective Conductivity Calculation

To calculate the effective electrical conductivity of a sample, a cubic representative elementary volume (REV)
is taken out from the granular assembly. The REV is then discretized into a number of voxels with the same

Initial arrangement

Loose state
DEM 
compaction

DEM 
compaction

Size-
reduction

Dense state

Dilute state

Figure 1. Schematic diagram illustrating the procedure to prepare various states of the samples.
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dimension, and each voxel has a constant conductivity. Subjected to a
uniform external electrical field, the spatial current density in the REV
can be calculated by solving the finite-difference representation of
Laplace equation. In the calculation, the grain conductivity is set to zero
to comply with the assumption of equation (1). Based on the volume-
averaged current density and electrical field, the effective conductivity
of the sample can then be determined by Ohm’s law. In this study, we
adopted an open source code (DC3D.F) developed at the National
Institute of Standards and Technology (available online at http://ciks.
cbt.nist.gov/garbocz/manual/node52.html) to realize the numerical
calculation (e.g., Andrä et al., 2013; Garboczi, 1998; Niu et al., 2017;
Niu & Zhang, 2017; Zhan et al., 2010).

3. Results

The effective electrical conductivity σ of the six saturated granular sam-
ples is calculated at 22 states ranging from dilute to dense. In the calcu-
lation, the REV has a dimension of 3 mm × 3 mm × 3 mm, and it is
discretized into 3003 voxels. The related m of the samples is deter-

mined as m = �logϕ(σw/σ), and the results are presented in Figure 2. It appears that the exponent m of a
granular material is not a constant but a function of ϕ. At dilute state, m roughly keeps constant; as ϕ
decreases, m increases continuously. In addition, it is apparent that both particle shape and size range have
strong effects on m at a given porosity. In the following, these features will be discussed in detail.

3.1. Effect of Particle Shape

The effect of particle properties on m has been well studied with the differential effective medium theory
(Sheng, 1990), which implements a homogenization process that incrementally adds dilute particles to the
liquid phase toward a given solid-phase concentration. For granular materials consisting of spheroids,
Mendelson andCohen (1982) have developed an analytical equation linkingm to the particle shape and orien-
tation. If the spheroids are randomly orientated, m can be written as (Mendelson & Cohen, 1982; Sen, 1984)

m ¼ 5� 3L

3 1� L2
� � (2)

where L is the depolarization factor along the semiminor axis, which is
directly related to the particle shape (see supporting information). For
particles aligned along an electric field with direction i, the related mi

is expressed as (Sen et al., 1981)

mi ¼ 1
1� Li

(3)

where Li is the depolarization factor along direction i. Note that the dif-
ferential effective medium theory iteratively applies the dilute assump-
tion, and therefore, in principle, equation (2) should only be valid for
granular samples at dilute states.

Equations (2) and (3) are used to show the influence of particle shape
on m as plotted in Figure 3. Note that equation (3) is for aligned parti-
cles, and therefore, the results in directions parallel (∥) and perpendicu-
lar (⊥) to the semi-major axis can be regarded as two limiting cases of
m. For comparison, the porosity exponent of the three monosized sam-
ples in Figure 2 at dilute states m0 is also plotted in the figure. In addi-
tion, we include the results of other 29 synthesized dilute granular
samples. These samples consist of randomly packed, monosized, oblate
particles with e ranging between 0.3 and 1, and they are also prepared
with the procedure in Figure 1. As shown in Figure 3, m0 from

Figure 2. The variation of Archie’s porosity exponent m of six granular samples
from dilute to dense states.

Figure 3. Influences of particle shape and orientation on Archie’s porosity
exponent of granular materials at dilute states m0.
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numerical simulation and equation (2) shows a similar trend as e varies. In addition, m0 from simulations is
within the upper and lower boundaries described by equation (3). Both numerical and theoretical results indi-
cate that the particle shape controls m0. For granular materials with randomly oriented particles, as the par-
ticle becomes more aspherical, the related m0 is larger. In general, numerically determined m0 is slightly
higher than theoretical values as shown in Figure 3. This minor discrepancy is due to the use of discrete voxels
to represent continuum objects (Arns et al., 2002) in calculating σ (see more discussions in the
supporting information).

3.2. Effect of Particle Size Range

Previous studies on the effect of particle size range onm are controversial. For instance, the effective medium
theory suggests that m is independent of particle size range (Mendelson & Cohen, 1982; Sen et al., 1981).
However, some experimental results have indicated that the particle size range can affect m (e.g., Lemaitre
et al., 1988). We believe that the contrasting outcomes are due to different sample states considered. As
noted, the differential effective medium theory iteratively applies the dilute assumption; therefore, in princi-
ple, their prediction is only applicable for dilute samples. In contrast, Lemaitre et al.’s (1988) experiments were
using granular packings, and hence, the observed influence of particle size range on m should only be asso-
ciated with nondilute samples.

The numerical results in Figure 2 are used to test our above hypothesis. At dilute state, we found that m of
multisized and monosized samples with same particle shape is almost identical, suggesting limited effects
of particle size range onm. This finding agrees with the differential effective medium theory. As the particles
become more concentrated (i.e., porosity decreases), multisized and monosized samples start to have vary-
ing m values despite the same particle shape. It appears that samples with a broader particle size range
(empty symbols in Figure 2) tend to have a lower m. This observed dependence of particle size range on
m of nondilute granular samples is consistent with some experimental data, for example, as reviewed by
Friedman (2005).

3.3. Evolution of m

In Figure 2, it is shown that the exponent m of granular materials increases with the solid-phase concentra-
tion but its physical causes have not been explained. Here we examine the m variation from a pore-scale
perspective. Consider a cubic porous medium with length l subjected to an electric potential gradient. The
formation factor F is defined as (Johnson et al., 1986)

F ¼ l ψj j2
∫ e rð Þj j2dV (4)

where ψ is the potential drop across the sample and e(r) is the resulting electrical field in the pore space V.
Considering equation (1), the microscopic definition of m can be expressed as

m ¼
ln ∫ E rð Þj j2df
� �

ln ∫dfð Þ (5)

where E(r) is the local electric field e(r) normalized by ψ/l and df indicates that the integration is over the pore
space from 0 to ϕ. According to equation (5), if the local electrical field in the pore space is uniform (e.g., in
straight capillary tubes),m is unity because |E(r)| = 1. For porous media with complex pore space, the electri-
cal field is not uniform, which makesm deviate from 1. From this perspective, a change inm of a porous med-
ium is therefore an indication of the spatial variations in |E|2 in its pore space.

Take themonosized sample with e = 0.67 as an example. The electric field in its pore space is calculated at five
different states: A, B, C, D, and E. As shown in Figure 4a, A represents the dilute state (ϕ = 67%), C corresponds
to the loose state (ϕ = 43%), E is the densest state (ϕ = 32%) after compaction, and B (ϕ = 50%) and D
(ϕ = 39%) are two intermediate states. In Figure 4a, the histograms of |E|2 at all voxels in the pore space
are plotted. It is shown that as the solid-phase concentration increases, the |E|2 distribution becomes more
heterogeneous (or dispersed) and more pore space acquires a high |E|2 value. For instance, at state A, only
a few voxels have a |E|2 value higher than 100 but at state E, the number increases to ~2 × 104. The intensified
nonuniformity of |E|2 distribution, according to equation (5), makes m continuously increase as the sample
changes from states A to E as shown in Figure 2.
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To visualize, we plot the 3-D microstructure and spatial |E|2 distribution of the sample at states A and E in
Figure 4b. In the images, solid particles are highlighted in red and pore space with |E|2 > 50 is featured in
black. Comparing to state A, it is apparent that the sample at state E has a much larger portion of pore space
with high |E|2, indicating intensified nonuniformity of the electrical field strength. Interestingly, we found that

a)

b)

c)

State A State E

Pore throat

Pore node

Figure 4. Pore-scale characteristics of the monosized sample with e = 0.67: (a) the number of voxels with a given |E|2 value
at five states: A (ϕ = 67%), B (ϕ = 50%), C (ϕ = 43%), D (ϕ = 39%), and E (ϕ = 32%); (b) 3-D illustration of the microstructure
and electric field at states A and E; and (c) 2-D illustration of the microstructure and electric field at state E.
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most of the pores in black are within the region where two particles
contact (i.e., the narrow pore throats as shown in Figure 4c). Since
a large |E| is equivalent to a high electric flux density, Figure 4
elucidates that when the granular material moves from the dilute
state to a dense state, the electrical flow becomes more concentrated
in the pore throats.

4. Discussion

As discussed in section 3.3, the increase of m in granular materials is
related to the intensified nonuniformity of the electric field strength |E|
in the pore space and the concentrated electric flow at pore throats.
This intrigues us to investigate if m and pore throat volume are corre-
lated. We used a modified maximal ball algorithm (Dong & Blunt,
2009) to determine the pore throat volume for the granular samples.
This algorithm applies a clustering process (Dong & Blunt, 2009) to
organize the maximal balls into pore throat chains such that the
profile of the pore space can be described. According to these chains,
the pore space can be segmented into pore node and throats (e.g.,
see, Blunt et al., 2013).

The results are shown in Figure 5 where the volume fraction of pore throats fthroat and normalized porosity
exponentm-m0 are plotted for all the six samples at different states. We suggest to normalizem by subtract-
ing the value at the dilute statem0 such that individual effect of particles can be isolated from the impact of
pore attributes. This treatment may also permit a unified explanation that reconciles that different interpre-
tations ofm already existed in the literature. As shown in Figure 5, all the samples collapse into a single linear
line regardless of their particle shapes, size ranges, and porosities. This unique trend suggests that there
might be a universal correlation between the increase inm (relative to the dilute state of individual samples)
and the relative volume of pore throats for granular materials. Further studies are suggested to experimen-
tally verify this correlation.

The positive relation observed in granular materials (Figure 5) can explain many experimental observations
regarding m in consolidated sediments. For example, Wong et al. (1984) observed that fused glass beads
sample with a broader pore size distribution tends to have a higher m value. From the micrographs in
Wong et al. (1984), it is clear that the sample with a broad pore size range is also related to increased pore
throat volume fraction. Another example is the Fontainebleau sandstone reported by Revil et al., (2014)
where m generally becomes larger as the degree of cementation (silica overgrowth) increases (e.g., their
Figure 5a). Their microcomputed tomography images clearly show that as the porosity decreases, the pore
space becomes more heterogeneous (i.e., the fraction of pore throat volume increases). In this sense, it seems
reasonable to extend our findings in granular materials to sedimentary rocks; however, further studies are still
needed to quantitatively verify its applicability.

While applying Archie’s law to interpret field resistivity data, m is usually chosen empirically with little theo-
retical justification. A better understanding of the physical significance of m will directly help geophysicists
determine the appropriate values for m and F. In hydrocarbon explorations, an accurate m can significantly
improve the reserve calculation from well-logging data (e.g., Glover, 2009; Shankar & Riedel, 2011). In hydro-
geophysics, a correct F value is the key to characterizing permeability with either the characteristic pore size-
based model (Johnson et al., 1986) or the Kozeny-Carman equation incorporating tortuosity (e.g., Slater et al.,
2014). In solid Earth studies, the estimation of porosity and fluid budget in subduction zone from resistivity
data will also benefit significantly from a physical understanding of m (Naif et al., 2016).

5. Conclusions

Based on the pore-scale, numerical study, we have reached the following conclusions regarding Archie’s por-
osity exponent m of granular materials. At dilute states (e.g., ϕ > 65%), m is exclusively related to particle
shape and orientation; this relationship can be quantitatively described with the differential effective

Figure 5. Correlation between the normalized Archie’s porosity exponentm-m0
and the volume fraction of pore throats fthroat for all the samples considered in
this study.
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medium theory. As the granular materials deviate from the dilute state toward a denser state, m increases
with the solid-phase concentration; in this process, the particle size range has a noticeable effect on m,
and samples with a wider size range tend to have a lower m at a given porosity. From dilute to
dense states, the increase inm of granular materials is related to the pore-scale variations in the electrical field
|E|; in general, a high m value corresponds to a more dispersed distribution of |E|2 in the pore space. Our
numerical results also suggest that for granular materials, a universal relation might exist, which links the
volume fraction of pore throats to the increase in m (relative to the value at dilute state m0) regardless of
the particle shape, particle size range, and porosities.
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