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ON NATURALITY OF THE LEGENDRE OPERATOR

Abstract. We deduce that all natural operators of the type of the Legendre operator
from the variational calculus in fibred manifolds are the constant multiples of the Legendre
operator.

Given fibred manifolds Z1 → M and Z2 → M over the same base M ,
we denote by C∞

M (Z1, Z2) the space of all base preserving fibred manifold
morphisms of Z1 into Z2. Let Y → M be a fibred manifold, dim(M) =
m, dim(Y ) = m + n. Let λ ∈ C∞

M (JsY,
∧m T ∗M) be an s-th order La-

grangian on Y → M . Let δλ ∈ C∞

JsY (JsY, V ∗JsY ⊗
∧m T ∗M) be the

vertical differential of λ (the composition of the restriction δ̃λ : V JsY →
V

∧m T ∗M =
∧m T ∗M ×M

∧m T ∗M of the differential dλ : TJsY →
T

∧m T ∗M to the vertical sub-bundles with the second factor (essential)
projection

∧m T ∗M×M

∧m T ∗M →
∧m T ∗M). Let Λ(λ) : SsT ∗M⊗V Y →

∧m T ∗M be the restriction of the vertical differential δλ : V JsY →
∧m T ∗M

to the vector sub-bundle SsT ∗M ⊗ V Y ⊂ V JsY , the kernel of V πs
s−1 :

V JsY → V Js−1Y , where πs
s−1 : JsY → Js−1Y is the projection. The cor-

responding transformation Λ(λ) : JsY → (πs−1)∗SsTM ⊗ V ∗Y ⊗
∧m T ∗M

covering the identity of Js−1Y (where the pull-back is given by the pro-
jection πs−1 : Js−1Y → Y ) is called the Legendre transformation deter-
mined by λ, [1]. It plays an important role in analytical mechanics, espe-
cially in the case of such λ (regular Lagrangians) for which Λ(λ) : JsY →
(πs−1)∗SsTM ⊗V ∗Y ⊗

∧m T ∗M is a diffeomorphism (then it joints the La-
grange and Hamilton formalisms in fibred manifolds). Thus we have the
Legendre operator

Λ : C∞

M (JsY,

m
∧

T ∗M) → C∞

Y (JsY, V ∗Y ⊗ SsTM ⊗

m
∧

T ∗M)

sending a Lagrangian λ ∈ C∞

M (JsY,
∧m T ∗M) into its Legendre transforma-
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tion Λ(λ) ∈ C∞

Y (JsY, V ∗Y ⊗ SsTM ⊗
∧m T ∗M). In the present paper we

prove the following theorem.

Theorem 1. Any local FMm,n-natural regular operator

A : C∞

M (JsY,

m
∧

T ∗M) → C∞

Y (JsY, V ∗Y ⊗ SsTM ⊗
m
∧

T ∗M)

is of the form A = cΛ, c ∈ R.

Remark 1. We recall that FMm,n is the category of fibred manifolds with
m-dimensional bases and n-dimensional fibres and their fibred embeddings.
The naturality means that for any FMm,n-morphism f : Y → Y ′ and any s-
th order Lagrangians λ ∈ C∞

M (JsY,
∧m T ∗M) and λ′ ∈ C∞

M ′(JsY ′,
∧m T ∗M ′)

if λ and λ′ are f -related then so are A(λ) and A(λ′). The regularity
means that A transforms smoothly parametrized family of Lagrangians into
smoothly parametrized family of respective type morphisms. The locality
means that A(λ)u depends on the germ of λ at u.

P r o o f o f Th e o r em 1. From now on let (xi, yk), i = 1, . . . ,m, k =
1, . . . , n be the usual fibred coordinates on R

m,n, the trivial bundle R
m×R

n

over R
m. We will modify the proofs of the main results from the papers [3]

and [4].

An FMm,n-morphism ϕ : R
m,n → R

m,n, ϕ((xi), (yk)) = ((xi), (yk −

σk(xi′))) sends js
0((x), (σ

k)) into

Θ = js
0((x

i), (0)) ∈ (Js
R

m,n)(0,0) .

Then (because of the invariance)A is uniquely determined by the evaluations

〈A(λ)Θ, v ⊗⊙sw ⊗ u〉 ∈ R

for all λ ∈ C∞

Rm(Js
R

m,n,
∧m T ∗

R
m), all v ∈ T0R

n = V(0,0)R
m,n, all w ∈

T ∗

0 R
m and all u ∈

∧m T0R
m.

Using the invariance of A with respect to FMm,n-morphism of the form
idRm × ψ for linear isomorphisms ψ : R

n → R
n, we get that A is uniquely

determined by the evaluations

〈A(λ)Θ,
∂

∂y1
0

⊗⊙sw ⊗ v〉 ∈ R

for all λ ∈ C∞

Rm(Js
R

m,n,
∧m T ∗

R
m), all w ∈ T ∗

0 R
m and all v ∈

∧m T0R
m.

Consider an arbitrary non-vanishing f : R
m → R. There is a local diffeo-

morphism F : R
m → R

m such that ∂F
∂x1 = f and F (0) = 0. Then FMm,n-

map (F, x2, . . . , xm, y1, . . . , yn)−1 preserves Θ, ∂
∂y1

0
and sends germ0(d

mx)

into germ0(fd
mx), where dmx = dx1 ∧ · · · ∧ dxm. Then by the invariance,
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regularity and density arguments, A is uniquely determined by the evalua-
tions

〈A(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sw ⊗ v〉 ∈ R

for all λ ∈ C∞

Rm(Js
R

m,n,
∧m T ∗

R
m) with the condition λ(js

xo
((xi), (0))) = 0

for any xo ∈ R
m, all b ∈ R, all w ∈ T ∗

0 R
m and all v ∈

∧m T0R
m.

Then using the invariance of A with respect to FMm,n-maps of the form
ϕ × id with linear isomorphisms ϕ : R

m → R
m, we see that A is uniquely

determined by the evaluations
〈

A(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

∈ R

for all λ ∈ C∞

Rm(Js
R

m,n,
∧

T ∗
R

m) with the condition λ(js
xo

((xi), (0))) = 0

and all b ∈ R, where um = ∂
∂x1 0

∧ · · · ∧ ∂
∂xm 0

∈
∧m T0R

m.

Let λ and b be arbitrary as above. Using the invariance of A with respect
to FMm,n-maps ψτ = ((xi), ( 1

τk y
k)) for τk > 0, we get the homogeneity

condition

A

(

(ψτ )∗(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

=

= τ1

〈

A(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

.

By Corollary 19.8 in [2] of the non-linear Peetre theorem we can assume that
λ is a polynomial. It is easily seen that the coordinates of the polynomial
(ψτ )∗λ are the multiplication by monomials in τk. The regularity of A
implies that

〈

A(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

is smooth in the coordinates of λ and b. Then by the homogeneity function
theorem (and the above type of homogeneity) we deduce that

〈

A(λ+ bdmx)Θ,
∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

is a linear combination of the coordinates of λ on all xβ̃y1
βd

mx with coeffi-

cients being smooth functions in b, where (xi, yk
β) is the induced coordinate

system on Js
R

m,n. (Here and from now on β are m-tuples on non-negative
integers with |β| ≤ s and β̃ are arbitrary m-tuples of non-negative integers.)
In other words A is determined by the values

(∗)

〈

A((axβ̃y1
β + b)dmx)Θ,

∂

∂y1
0

⊗⊙sd0x
m ⊗ um

〉

= af
β̃
β (b)
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for all a, b ∈ R, all m-tuples β̃ and all m-tuples β as above.

Let β̃io 6= 0 for some io = 1, . . . ,m. We are going to use the invariance
of A with respect to the locally defined FMm,n-map

ψio = (xi, y1 + xioy1, y2, . . . , yn)−1

preserving xi, Θ, ∂
∂y1

0
, d0x

m and um and sending y1
β into

y1
β + xioy1

β + y1
β−1io

(if βio = 0 then the third term do not occur)

(because we have

y1
β ◦ Js((ψio)−1)(js

(xi
o)(x

i, σk)) = ∂β(σ1 + xioσ1)(xi
o)

= ∂βσ
1(xi

o) + xio∂βσ
1(xi

o) + ∂β−1io
σ1(xi

o)

= (y1
β + xioy1

β + y1
β−1io

)(js
(xi

o)(x
i, σk)) ,

where ∂β is the iterated partial derivative as indicated multiplied by 1
β!).

Then applying ψio to the left hand side of (*) for β̃−1io instead of β̃, we see
that the value (*) is determined by the values (*) for β̃ − 1io instead of β̃.

Continuing this procedure we see that the values (*) are determined by
the values (*) for β̃ = (0). In other hand, A is determined by the values (*)
for β̃ = (0) and all m-tuples β of non-negative integers with |β| ≤ s and all
reals a, b.

By the invariance of A with respect to FMm,n-maps ((τ ixi), (yk)) for
τ i 6= 0 we get the homogeneity conditions

τ−β+(1,...,1)f
(0)
β (τ (1,...,1)b) = τ (1,...,1,1−s)f

(0)
β (b) .

If m ≥ 2, then by the homogeneous function theorem this type of ho-

mogeneity gives that f
(0)
β are zero if it is not β1 = · · · = βm−1 = βm − s.

Then if m ≥ 2, we give that f
(0)
β = 0 for all β 6= (0, . . . , 0, s). Moreover, for

β = (0, . . . , 0, s), f
(0)
β is constant. If m = 1 this type of homogeneity gives

that f
(0)
β = 0 if β 6= (s). Moreover f

(0)
(s) is constant. Then A is determined

by the value
〈

A(y1
(0,...,0,s)d

mx)Θ,
∂

∂y1
⊗⊙sd0x

m ⊗ um

〉

∈ R

if m ≥ 2, and by the value
〈

A(y1
(s)d

1x)Θ,
∂

∂y1
⊗⊙sd0x

1 ⊗ u1

〉

∈ R

if m = 1. Therefore the vector space of all A in question is 1-dimensional.
This ends the proof of Theorem 1.
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