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Zusammenfassung

Die vorliegende Arbeit handelt von der Konstruktion heterotischer String-Vakua auf
Mannigfaltigkeiten mit reellen Killing Spinoren. Letztere spielen seit Langem eine
wichtige Rolle in der Stringtheorie, was durch Bärs Korrespondenz zwischen Killing
Spinoren auf einer Mannigfaltigkeit M und parallelen Spinoren auf dem Kegel über
M erklärt werden kann. Da parallele Spinoren zu Lösungen der Supergravitations-
BPS-Gleichungen führen, werden diese gelöst durch die Kegelmetrik. In der Typ II
Stringtheorie sowie der M-Theorie ist es in geeigneter Dimension außerdem möglich
eine Bran an der Spitze des Kegels zu platzieren, und die zugehörigen Supergrav-
itationslösungen sind bekannt. Weit entfernt von der Bran approximieren sie die
Kegel-Lösung, während sie nahe des Bran-Horizonts die Form einer Freund-Rubin-
Lösung annehmen, welche aus dem Produkt eines Anti-de Sitter Raums mit der
Basis M besteht.

In der heterotischen Supergravitation hingegen gibt es zwei bekannte branartige
Lösungen; die NS5-Bran, welche aus einem R4-Faktor mit Flüssen (Differentialfor-
men) besteht und einem transversalen Minkowski-Raum, sowie die eich-solitonischen
Branen. Diese basieren auf einem Instanton Eichfeld auf dem Rp und weiteren
Flüssen, sowie einem transversalen (10 − p)-dimensionalen Minkowski-Raum. Die
bisher konstruierten Beispiele haben p = 4, 7 und 8, und die zugehörigen Instanto-
nen sind die BPST und oktonionischen Instantonen.

Mannigfaltigkeiten mit reellen Killing Spinoren wurden klassifiziert: neben den run-
den Sphären sind dies 6-dimensionale nearly Kähler, 7-dimensionale fast parallele
G2, Sasaki-Einstein, oder 3-Sasaki Mannigfaltigkeiten. Basierend auf dieser Klas-
sifizierung stelle ich eine Verallgemeinerung der eich-solitonischen Branen auf den
Kegel über einer Killing Spinor Mannigfaltigkeit vor. Insbesondere beinhaltet dies
die Konstruktion von Instantonen auf dem Kegel. Desweiteren zeige ich daß homo-
gene Killing Spinor Mannigfaltigkeiten Lösungen besitzen die dem Horizont-Limes
der NS5-Bran ähneln. Schließlich wird die Instanton Gleichung auf dem Zylinder
über dem Kegel einer 6-dimensionalen nearly Kähler Mannigfaltigkeit untersucht.
Einige Lösungen existieren, und es bleibt ein interessantes Problem für anschließende
Arbeiten diese zu Lösungen der heterotischen Supergravitation zu erweitern.

Neben dem Kegel ist der sogenannte Sinus-Kegel über einer Killing Spinor Man-
nigfaltigkeit von Bedeutung. Beispielsweise ist bekannt daß der Sinus-Kegel über
einer 5-dimensionalen Sasaki-Einstein Mannigfaltigkeit eine nearly Kähler Struktur
trägt, und derjenige über einer nearly Kähler Mannigfaltigkeit eine fast parallele
G2-Struktur. Ich beweise eine Verallgemeinerung die besagt, daß der Sinus-Kegel
über einer beliebigen Killing Spinor Mannigfaltigkeit wieder einen Killing Spinor
besitzt. Insbesondere hat der doppelte Sinus-Kegel über einer Sasaki-Einstein Man-
nigfaltigkeit wieder eine Sasaki-Einstein Struktur.



Schlagwörter: Heterotische Supergravitation, reelle Killing Spinoren, Yang-Mills
Instantonen



Abstract

The present work deals with the construction of heterotic string backgrounds on
manifolds with real Killing spinors. The latter have played an important role in
string theory for a long time, mainly due to Bär’s correspondence between Killing
spinors on a manifold M and parallel spinors on the cone over M . Given the fact
that parallel spinors always lead to exact supergravity BPS backgrounds, it implies
that the cone admits a solution of the BPS equations. Furthermore, in type II string
theory and in M-theory it is possible to place a brane at the tip of the cone, in ap-
propriate dimensions, and the resulting supergravity solutions are exactly known.
In the limit far away from the brane they converge to the empty space solution,
whereas in the near horizon limit one obtains a so-called Freund-Rubin solution,
consisting of an anti-de Sitter space times our base manifold M .

In heterotic supergravity on the other hand two types of brane-like solutions are
known; the NS5-brane, consisting of an R4-factor with fluxes and a transverse 6-
dimensional Minkowski space, and what is sometimes called the gauge solitonic
branes. These come equipped with an instanton gauge field on some Euclidean
space Rp, which carries further non-vanishing fluxes, and again a transverse (10−p)-
dimensional Minkowski space. The possible values for p that appeared in the lit-
erature so far are p = 4, 7 and 8, and the corresponding instantons are the famous
BPST and octonionic instantons.

Manifolds with real Killing spinors have been classified: besides the round spheres
they are either 6-dimensional nearly Kähler, 7-dimensional nearly parallelG2, Sasaki-
Einstein, or 3-Sasakian. I present a generalization of the gauge solitonic branes to
the cone over any real Killing spinor manifold, based upon this classification. In par-
ticular, this involves the construction of instantons on the cone. Additionally, I show
that for homogeneous manifolds with real Killing spinors there is a solution similar
to the near horizon limit of the NS5-brane. Finally, the instanton equation on the
cylinder over the cone over a 6-dimensional nearly Kähler manifold is investigated.
Several instanton solutions exist, and to embed these into heterotic supergravity is
an interesting problem for future work.

Besides the cone, the so-called sine-cone over a Killing spinor manifold is important.
For instance, it is known that the sine-cone over a 5-dimensional Sasaki-Einstein
manifold is nearly Kähler, and the one over a nearly Kähler manifold is nearly par-
allel G2. I generalize these results by proving that the sine-cone over an arbitrary
real Killing spinor manifold has a real Killing spinor again. It is shown in par-
ticular, that the iterated sine-cone over a Sasaki-Einstein manifold also carries a
Sasaki-Einstein-structure.

Keywords: Heterotic supergravity, real Killing spinors, Yang-Mills instantons
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1 Introduction

1.1 Motivation

Two of the great open problems of current theoretical physics are the construction
of a theory of quantum gravity and of a fundamental theory of particle physics that
would contain our current standard model of elementary particle physics as a lim-
iting case, but at the same time rely on fewer parameters that need to be fitted to
experiments. String theory has been proposed as a candidate to solve both problems
at once, which is one of the reasons why it has received considerable attention from
the physics community in the past twenty five years.

Gravity is contained in all types of string theories, and the so-called superstrings are
described in their low-energy limits by 10-dimensional supergravity theories. These
are classical field theories defined on an arbitrary manifold M with typical field con-
tent a Lorentzian metric (or graviton in physical terminology), several form fields,
and their fermionic superpartners. The supergravity equations of motion can be de-
rived from string theory as the condition for conformal invariance of the quantized
sigma model on M , which exhibits a strange duality between classical properties of
the supergravity model and quantum properties on the string theory side.

All superstring theories are thought to be related to each other via certain duality
transformations, and also to the 11-dimensional hypothetical M-theory. The latter
must be approximated by the unique 11-dimensional supergravity at low energies,
which is also the highest-dimensional consistent supergravity. Typically, the duality
transformations relate the weak coupling limit of one theory with the strong coupling
limit of another string theory, so that in particular the supergravity approximation
cannot be valid for all of them at the same time. Several proposals have been made
how to extract the standard model of elementary particle physics from the differ-
ent string theories, in type II theory for instance one considers intersecting brane
scenarios [68]. But the most straight-forward one is heterotic supergravity, since
it contains a gauge field with non-abelian gauge group SO(32) or E8 × E8, both
of which contain the standard model gauge group SU(3) × SU(2) × U(1) and also
several groups proposed for grand unified theories.

To obtain a realistic model for our universe in the supergravity approximation to
string theory it is necessary to reduce the dimensions of the model from ten to four.
In the heterotic setting this is usually done by compactification: the space time
is chosen in the form M = M4 ×M6, where M4 is any Lorentzian 4-dimensional
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manifold, and M6 a compact Euclidean manifold of sufficiently small size to be
unobservable. Then one can perform a Kaluza-Klein reduction to obtain an effec-
tively 4-dimensional model. This approach is being applied rather successfully in
the case where M6 is Ricci-flat, i.e. a Calabi-Yau 3-fold. Several models have been
found which approximate the standard model very closely (see e.g. [6] and references
therein), and the most serious problem seems to be that there is no simple principle
that would select one out of them. Another problem that plagues many Calabi-Yau
backgrounds is the appearance of moduli; the Kähler structure and complex struc-
ture of M6 typically admit deformations, which should appear as massless scalar
fields in the 4-dimensional theory. Since the standard model does not contain such
fields, they spoil the phenomenological properties of the models.

The moduli problem may be circumvented by so-called flux-compactifications. In
this case the internal manifold M6 is no longer Ricci-flat, and to solve the supergrav-
ity equations of motion one has to allow for non-vanishing form fields, the so-called
fluxes. In the heterotic case the bosonic form fields are a 3-form H, a function φ (the
’dilaton’), and a gauge field A. The 3-form appears as torsion in a covariant deriva-
tive, which is why these flux compactifications are also called ’compactifications
with torsion’ [78]. Despite their relevance to phenomenological applications and a
long history of investigations, comparatively few flux vacua of heterotic supergravity
have been found, and it seems much harder to reproduce the desired particle physics
properties within this framework, compared to the Calabi-Yau approach.

In the last years, the AdS/CFT correspondence has added another strong motiva-
tion to study supergravity theories. Its core feature is a duality between a theory of
gravity on an (n + 1)-dimensional manifold M , or some compactified gravitational
theory on M×X with X compact, and a conformal field theory on the n-dimensional
boundary of M . In most examples M is some anti-de Sitter space, and the confor-
mal boundary is Minkowski space in one dimension lower. Maldacena’s original work
treats the duality between string theory on AdS5×S5 and super-Yang-Mills on R3,1

[69].

An important property of the AdS/CFT correspondence is that it relates the strong
coupling limit of one theory to the weak coupling limit of another, which allows one
to gain information about a strongly coupled quantum field theory in a semiclassi-
cal approximation of the dual theory. Applications are under investigation to the
quark-gluon plasma [65] and to condensed matter physics, for instance to explain
certain exotic superconductors [55]. To find realistic dual gravity models for real
condensed matter systems one needs to have a broad panoply of solutions to gravi-
tational theories at one’s disposal. In the context of heterotic supergravity solutions
have been found that interpolate between two different AdS3-backgrounds and that
are dual to the renormalization group flow of a 2-dimensional conformal field theory
[45]. The Callan-Harvey-Strominger model with a linear dilaton, on the other hand,
describes a decoupling limit of NS5-branes that has no interpretation in terms of a
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local quantum field theory [5, 48].

For the reasons explained above it is desirable to get a better understanding of tor-
sionful heterotic supergravity backgrounds, and in particular to construct further
solutions. In the present work I will analyze the heterotic supergravity equations
from a mathematical point of view, instead of focussing on solutions with predefined
physical properties, like a compact 6-dimensional constituent. The focus is on su-
persymmetric solutions, which solve a set of first order BPS equations that (partly)
imply the equations of motion of the theory.

To motivate the choice of manifolds to work with in this thesis let me briefly recapit-
ulate some well-known solutions of 10D type II supergravity and 11D supergravity.
To begin with, there is a common sector of all 10-dimensional supergravity theories,
whose BPS equation is simply

∇ε = 0, (1.1)

where ε is a Majorana-Weyl spinor, and ∇ is the Levi-Civita connection of a Lorent-
zian manifold. This common sector is obtained by setting all other fields to zero,
except for the gauge field in heterotic supergravity which has to coincide with the
Levi-Civita connection. A similar sector exists in 11-dimensional supergravity, with
the only obvious difference that spacetime is 11-dimensional there. Let us assume a
solution of the form Rp−1,1 ×Xn, with p + n = 10 or 11 as appropriate. Equation
(1.1) tells us that the holonomy of X must be contained in the stabilizer subgroup
of Spin(n) of a spinor, and the possible groups that occur have been listed by Wang
[82]; for irreducible X they are given in Table 1.1.

dimX Hol(X)

2k SU(k)
4k Sp(k)
7 G2

8 Spin(7)

Table 1.1: Irreducible holonomy groups admitting parallel spinors.

An interesting class of manifolds with parallel spinors consists of the conical ones.
It was shown by Bär that the cone over a Riemannian manifold M has a parallel
spinor if and only if the base M has a so-called real Killing spinor [8]. Therefore we
get solutions for the common sector BPS equations with X = c(M), the cone over
a manifold M with real Killing spinors. In the type II and 11-dimensional theories
it is possible to obtain further solutions which describe a brane placed at the tip
of the cone [1, 64]. In the limit far from the brane they approach the Ricci-flat
Rp−1,1 × c(M)-background described above, whereas the near horizon limit of the
brane is of the form

AdSp+1 ×M. (1.2)
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It should be emphasized that these are not solutions of the common sector, but that
additional form fields appear which are specific to the theory at hand. The possible
p-values of interest to us are

11D: p = 3 and M either nearly parallel G2, (7-dimensional) Sasaki-Einstein
or 3-Sasakian. There is a 4-form turned on, and the solutions are called M2-
branes.

IIB: p = 4 and M 5-dimensional Sasaki-Einstein, with 5-form flux. This gives
rise to the D3-brane.

IIA: p = 3 and M 6-dimensional nearly Kähler. Here 2-, 3- and 4-form flux
appears.

The common sector of the 10-dimensional supergravities extends beyond the Ricci-
flat solutions presented above. The BPS equations involve only the dilaton and the
3-form, and are given by

∇−ε = 0, and γ(dφ− 1
2H)ε = 0, (1.3)

where γ is the map from forms to the Clifford algebra and ∇− is a connection with
torsion proportional to H. For the heterotic theory one has to impose additionally
that

γ(F )ε = 0, (1.4)

where F is the curvature 2-form of the Yang-Mills field, and the H-Bianchi identity
is modified. Instead of dH = 0 as for type II theories, we must have

dH =
α′

4
tr
(
R+ ∧R+ − F ∧ F

)
, (1.5)

where R+ is the curvature form of the connection ∇+, whose torsion is minus the
one of ∇−. There is another brane solution shared by all 10-dimensional theories,
the NS5-brane, which will be explained in Section 4.3, where the right hand side of
the heterotic Bianchi identity (1.5) vanishes. Its asymptotic form is R5,1 × R× S3,
with non-vanishing 3-form flux on S3 and a linear dilaton on R [22, 5].

Let us collect some important properties of heterotic BPS vaua. We need a 3-form
H, which does not have to be closed, in contrast to most other supergravity the-
ories, and there must be a metric-compatible connection with torsion equal to H
and reduced holonomy. Additionally, a gauge field appears, which has to solve the
so-called gaugino or instanton equation (1.4). It turns out that a manifold M with
real Killing spinors can supply us with all of these ingredients. There is a so-called
canonical 3-form P on M , as well as a canonical connection ∇P whose torsion equals
P . For nearly Kähler, nearly parallel G2 and Sasaki-Einstein manifolds this is well
known [40], and I will show in Section 3.3.4 that it is also the case for a 3-Sasakian
manifold. Additionally, ∇P solves the instanton equation, as will be shown in the
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text as well. Since P is not closed when dim(M) > 3, we will not get solutions to
the common sector equations, but intrinsically heterotic ones. The full solution will
be of the form R ×M , the metric conformal to the product metric, the dilaton a
function on R only, and H will be proportional to P .

Furthermore we need the gauge field. In [61] instantons on the tangent bundle over
a large class of non-symmetric homogeneous spaces have been constructed, and in
fact many of those spaces carry a real Killing spinor. I use a similar ansatz to obtain
instantons on every real Killing spinor manifold, and show that they can be ex-
tended to solutions of heterotic supergravity. These instantons coincide with those
of [61] only in the case that M is a round sphere, and they generalize the BPST
instanton on R4 [12], the octonionic instantons on R7 and R8 [35, 41, 62, 51], and the
quaternionic instantons on R4m+4 [28, 20]. Their embedding into heterotic string
theory generalizes a method introduced in [77, 56, 51]; I call this type of solutions
’gauge solitonic branes’. It is also possible to choose the gauge field to coincide with
the canonical connection on M , at least for homogeneous Killing spinor manifolds;
in this case we get a linear dilaton supergravity solution that resembles the near
horizon limit of the NS5-brane.

An interesting relation between the different Killing spinor manifolds has been dis-
covered in [15] and [36]. The so-called sine-cone over a 5-dimensional Sasaki-Einstein
manifold is nearly Kähler, and the sine-cone over a nearly Kähler manifold is nearly
parallel G2. I prove an extension of this result: the sine-cone over an arbitrary man-
ifold with real Killing spinors has again a real Killing spinor. As a special case of
this proposition I show explicitly that the iterated sine-cone over a Sasaki-Einstein
manifold is again Sasaki-Einstein. One can expect a similar result for 3-Sasakian
spaces: the fourth sine-cone over a 3-Sasakian manifold should be 3-Sasakian again,
but this has not yet been proven.

It is well-known that the cone over the sine-cone over a Riemannian manifold M is
the same space as the cylinder over the cone over M , and if M has a real Killing
spinor then this space has reduced holonomy. A particularly interesting case is
when M is nearly Kähler. Then the cone over the sine-cone has holonomy Spin(7),
and it contains several submanifolds with non-integrable G2-structures. I show that
solutions to the G2-instanton equations on the submanifolds can be lifted to Spin(7)-
instantons on the full space, and review some known solutions. The general embed-
ding of these instantons into heterotic supergravity is left for future work.

An outline of the thesis is as follows. In Chapter 2 heterotic supergravity is intro-
duced, with special attention given to the instanton equation. Chapter 3 develops
the relevant geometry background, in particular the Killing spinor equation. I ex-
plain why cones, sine-cones and cylinders are important in the study of manifolds
with real Killing spinors, give some detailed review of the four types of geometries
that occur, and sketch why many non-symmetric homogeneous spaces carry real
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Killing spinors. In Section 3.5 I review the explicit construction of G-structures on
the cone and the sine-cone over the four types of real Killing spinor manifolds, and
show that the iterated sine-cone over a Sasaki-Einstein manifold is again Sasaki-
Einstein. In Chapter 4 the BPST instanton on the cylinder over the 3-sphere is
introduced, as well as its embedding into supergravity (the ’gauge solitonic brane’),
and the NS5-brane solution. This serves as a guideline for the following two chap-
ters; the generalization of the BPST instanton and the gauge solitonic brane to the
cone over a real Killing spinor manifold is presented in Chapter 5. This is based
on the article [53] with D. Harland. Chapter 6 contains a brief summary of the
construction of linear dilaton supergravity solutions, where the gauge field is iden-
tified with the canonical connection, as presented in [73]. This generalizes the near
horizon limit of the NS5-brane. Finally, the Spin(7)-instanton equation on the cone
over the sine-cone on a nearly Kähler manifold is studied in Chapter 7, based on
joint work with K.-P. Gemmer, O. Lechtenfeld and A.D. Popov [46].

1.2 Conventions

Frame. Given a Riemannian manifold (M, g) we will always work with an orthonor-
mal frame {eκ} for the cotangent bundle, where κ, λ, µ, ν, . . . are generic indices; the
dual frame of vector fields will be denoted {Iκ}. We will adopt the shorthand
eµν = eµ ∧ eν etc. Latin indices a, b, c, . . . typically cover only a subset of all coordi-
nates, they are explained where they occur.

Connections. A connection ∇ on the tangent bundle TM of a manifold M is
determined locally by the choice of frame {eµ} and a 1-form Γ with values in the
endomorphisms of TM . The 1-form can be expanded in a basis as

Γ = Γµνλe
ν(Iµ ⊗ eλ), (1.6)

where we identify TM ⊗ T ∗M ' End(TM). The Γµνλ are the usual connection
coefficients. In the following, the symbol ∇ will always refer to the Levi-Civita
connection of a Riemannian manifold M , whereas other connections come equipped
with additional labels. The curvature R of a connection on TM is a 2-form with
values in End(TM), accordingly it can be expanded as

R =
1

2
Rµνκλe

κλ(Iµ ⊗ eν). (1.7)

The symbol R will be reserved for the Riemannian curvature, i.e. the curvature
2-form of the Levi-Civita connection, whereas other curvature forms get additional
labels.
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Clifford algebra. The Clifford algebra generators are denoted by γµ, and they sat-
isfy the Clifford relation

{γµ, γν} = 2gµν . (1.8)

The quantization map γ from forms to the Clifford algebra is

γ
( 1

p!
ωµ1...µpe

µ1...µp
)

=
1

p!
ωµ1...µpγ

µ1...µp , (1.9)

where

γµ1...µp =
1

p!

∑
σ∈Sp

sign(σ)γµσ(1) . . . γµσ(p) . (1.10)

The orthogonal Lie algebra so(n) can be identified with the space of two-forms Λ2

via

so(n)→ Λ2, A 7→ 1

4
gµλA

λ
νe
µν , (1.11)

and this map gives rise to the isomorphism between so(n) and the spin algebra
spin(n) ⊂ Cl(n):

so(n)→ spin(n), A 7→ 1

4
gµλA

λ
νγ

µν . (1.12)

Gauge theory. Let ∇A be a connection on a vector bundle E → M , given in a
local trivialization by a 1-form A with values in the endomorphism bundle of E, and
let s be a section of ΛT ∗M ⊗ End(E). The exterior covariant derivative dA acts as
exterior derivative on the form part of s, and by ∇A on the endormorphism part. If
s is an r-form, then

dAs = ds+A ∧ s+ (−1)r−1s ∧A. (1.13)

The curvature F of ∇A is a section of Λ2T ∗M ⊗ End(E),

F = dA+A ∧A. (1.14)

It satisfies the Bianchi identity

dAF = dF +A ∧ F − F ∧A = 0, (1.15)

whereas the Yang-Mills equation

dA ∗ F = d ∗ F +A ∧ ∗F + (−1)n−1 ∗ F ∧A = 0 (1.16)

is a true restriction. Here n = dimM and ∗ is the Hodge dual defined in terms of a
Riemannian metric g on M . The Yang-Mills operator can be expressed in a frame
as

∗ dA ∗ F = (−1)n(∇Γ⊗A
µ F )

νλ
gµνeλ, (1.17)

where ∇Γ⊗A is the product connection of the Levi-Civita connection acting on two-
forms and ∇A acting on End(E). As usual, gµν denotes the components of the
induced metric on the cotangent bundle.
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Trace. It is a widely adopted convention in the string community to denote a
positive definite inner product on a simple Lie algebra by ’tr’; this is just minus the
ordinary trace

tr(AB) = −AµνBν
µ (1.18)

for A,B ∈ so(n) ⊂ End(Rn).



2 Heterotic supergravity

2.1 Supergravity

The low-energy limit of heterotic string theory is given by 10D N = 1 supergravity
coupled to super Yang-Mills, with bosonic field content [50]

• a metric g,

• two-form B, the Kalb-Ramond field,

• function φ, the dilaton,

• gauge field A, with gauge group contained in either SO(32) or E8 × E8.

Their fermionic superpartners will be set to zero throughout the text. The curvature
forms F = dA+A ∧A and

H = dB +
α′

4

(
CS(Γ+)− CS(A)

)
(2.1)

play an important role as well. Here the 3-forms CS(Γ+) and CS(A) are the Chern-
Simons forms of Γ+ and A:

CS(A) = tr
(
A ∧ dA+

2

3
A ∧A

)
. (2.2)

Furthermore, Γ+ and Γ− are connections on the tangent bundle, related to the
Levi-Civita connection Γ of g by

(Γ±)κµν = Γκµν ∓
1

2
Hκ

µν . (2.3)

The definition (2.1) of H is therefore recursive. The inverse string tension α′ has
the dimension of a length squared, but we will mostly consider it simply as a (small)
positive real number. The bosonic part of the effective action, truncated at order
α′, is [13, 11]

S =

∫
M

[
Scalg + 4|dφ|2 − 1

2
|H|2 +

α′

4
tr
(
|R+|2 − |F |2

)]
e−2φ Volg. (2.4)

It leads to the following field equations, to order α′:

Ricµν + 2(∇dφ)µν −
1

4
HµκλHν

κλ +
α′

4

[
R+
µκλσR

+κλσ
ν − tr

(
FµκFν

κ
)]

= 0,

Scal + 4∆φ− 4|dφ|2 − 1

2
|H|2 +

α′

4
tr
[
|R+|2 − |F |2

]
= 0,

e2φd ∗ (e−2φF ) +A ∧ ∗F − ∗F ∧A+ ∗H ∧ F = 0,

d ∗ (e−2φH) = 0.

(2.5)
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The full action with fermions is invariant under N = 1 supersymmetry, and this
gives rise to a set of first-order BPS equations

0 = ∇−ε, (2.6a)

0 = γ
(
dφ− 1

2H
)
ε, (2.6b)

0 = γ(F )ε, (2.6c)

where ε is a Majorana-Weyl spinor. They are called gravitino, dilatino and gaugino
equation, in this order. If we consider H as a fundamental field instead of B, then
we have to impose the Bianchi identity

dH =
α′

4
tr
(
R+ ∧R+ − F ∧ F

)
, (2.7)

which follows from (2.1), in addition to the equations of motion or supersymme-
try equations. Strictly speaking, equation (2.7) is weaker than (2.1), since it does
not imply global existence of the 2-form B, but from a string theoretical point of
view (2.7) is indeed sufficient, at least if the third real cohomology group of the 10-
dimensional spacetime vanishes. This is more transparent in type II string theory,
where the definition H = dB can be replaced by the Bianchi identity dH = 0 plus
the requirement that H defines an integral cohomology class. A geometric interpre-
tation can be given in terms of bundle gerbes [24]. The most prominent example
with non-exact H is the SU(2)-Wess-Zumino-Witten model, which appears as an
ingredient in the Callan-Harvey-Strominger model, itself a limit of the NS5-brane
explained in Section 4.3.

The equations presented above should be thought of as truncated α′-expansions,
where the higher order terms are stringy corrections. The BPS equations (2.6)
together with the Bianchi identity (2.7) are expected to imply the field equations
(2.5), but this is only partly true. Suppose first that the 10-dimensional spacetime
is a metric product of the form R1,1 ×M , with M some 8-dimensional Riemannian
manifold. If dφ,H and A only have components in M , then the BPS equations
plus Bianchi identity do imply the equations of motion, but only up to terms of
order (α′)2. If, additionally, R+ is replaced by another curvature form R̃ on the tan-
gent bundle that also satisfies the gaugino equation γ(R̃)ε = 0, both in the Bianchi
identity and the equations of motion, then the equations of motion at order α′ are
implied without higher order terms. This is a theorem of Ivanov [59]. From a string
theoretical point of view it seems that the original set of equations is preferred over
Ivanov’s modified ones [11], but it has even been argued that they are equivalent
via field redefinitions [58]. On the other hand, only the modified set of equations
gives rise to a complete consistent supergravity theory, independently of any string
theory extension.

The simplest solutions with non-vanishing H of heterotic supergravity solve the
modified equations [77, 56, 60, 51], but solutions to the original Bianchi identity and
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BPS equations do exist as well [22, 37, 11, 79]. A particularly important solution
is the NS5-brane or ’symmetric solution’ of [22], where R+ itself solves the gaugino
equation, so Ivanov’s theorem applies without any modifications. I will present
solutions to the modified equations in Chapter 5, and to the originial ones in Chapter
6. If the 10-dimensional manifold does not split into a 2-dimensional Minkowski
space plus a complement, then the time-like components of the equations of motion
are independent of the BPS equations and Bianchi identity, and have to be checked
as well [42]. We will not consider this situation here.

The most well-known class of solutions consists of Riemannian manifolds with van-
ishing H and dφ. The gravitino equation reduces to ∇ε = 0, which means that the
holonomy group of the Levi-Civita connection must be contained in the stabilizer
of a spinor. From Wang’s theorem [82], which is based on Berger’s famous list, it
follows that on simply connected spaces the possible irreducible holonomy groups
are

• SU(n) (Calabi-Yau) in dimension 2n,

• Sp(n) (hyperkähler) in dimension 4n,

• G2 in dimension 7, or

• Spin(7) in dimension 8.

Every manifold of this type gives rise to a solution of (2.6) and (2.7), by setting the
gauge field equal to the Levi-Civita connection. The most important examples for
phenomenological applications are compact Calabi-Yau 3-folds (six real dimensions),
as the transverse space in this case is four-dimensional Minkowski space. We will
be concerned with so-called flux compactifications, i.e. solutions with non-vanishing
H and/or dφ. These are far less well-understood, and instead of focusing on phe-
nomenological requirements we will take a more geometric approach to understand
the structure of the equations.

2.2 The gauge sector

2.2.1 Instanton equations

Heterotic supergravity contains a gauge field, whose first-order equation is

γ(F )ε = 0. (2.8)

This is a generalization of the usual four-dimensional instanton equation

∗ F = ±F. (2.9)

Recall that the Lie-algebra so(4) splits as

so(4) = su(2)⊕ su(2). (2.10)
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Now, the space of two-forms over a point x ∈ M on a Riemannian manifold (M, g)
is isomorphic to the Lie-algebra so(TxM, gx), via the map (1.11). The instanton
condition (2.9) can then be understood as the requirement that the 2-form F be
contained in one of the two su(2)-subalgebras of so(4). Suppose that M is a n-
dimensional spin manifold which admits a nowhere vanishing spinor ε. Assume
furthermore that the stabilizer group G ⊂ Spin(n) of the spinor is constant. The
condition (2.8) means that F as a two-form is contained in the Lie algebra g of G.

There is another useful way of rewriting the instanton equation (2.8). Suppose that
(M, g) has reduced structure group G ⊂ SO(n), and that G is simple. Then its Lie-
algebra g comes equipped with the Killing form, a positive-definite bilinear form,
whose inverse we can consider as a G-invariant element of g⊗ g. Invariance implies
that it gives rise to a globally defined, nowhere vanishing section of End(TM)⊗
End(TM), which maps under the isomorphism (1.11) to a section of Λ2T ∗M ⊗
Λ2T ∗M . Applying the wedge product then gives rise to a globally defined four-form
Q ∈ Γ(Λ4T ∗M). We are not guaranteed that Q is non-zero, however, as the wedge
product is not injective. It turns out that Q vanishes for G = SO(n), but is non-zero
for every true subgroup.

Given the four-form Q on M , we can construct an operator TQ : Λ2T ∗M → Λ2T ∗M
as

TQη = ∗(∗Q ∧ η), η ∈ Λ2T ∗M. (2.11)

It commutes with the action of the structure group, and therefore acts as a constant
on irreducible subrepresentations of Λ2. The eigenvalue on the adjoint representation
turns out to be non-degenerate in any case, and we normalize it it to −1:

g ∼=
{
η ∈ Λ2

∣∣ ∗ (∗Q ∧ η) = −η
}
. (2.12)

The other eigenvalues can be determined by linear algebra, and are listed below for
some Lie groups.

• structure group SU(n): here so(2n) splits as

so(2n) = su(n)⊕ u(1)⊕m, (2.13)

where m is spanned by (2, 0)- and (0, 2)-forms, and u(1) by the Kähler form,
when considered as subspaces of Λ2. The eigenvalues are

representation su(n) u(1) m

eigenvalue of TQ −1 n− 1 1

• structure group Sp(n): this gives rise to the splitting

so(4n) = sp(n)⊕ sp(1)⊕m, (2.14)

and the eigenvalues are
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representation sp(n) sp(1) m

eigenvalue of TQ −1 (2n+ 1)/3 1/3

• structure group G2: in this case we have so(7) = g2 ⊕ m, with m being the
7-dimensional irreducible representation of g2. The eigenvalues are

representation g2 m

eigenvalue of TQ −1 2

• structure group Spin(7): here so(8) = spin(7) ⊕ m, with m the 7-dimensional
irreducible representation of spin(7). The eigenvalues are

representation spin(7) m

eigenvalue of TQ −1 3

The instanton equation can thus be recast in the form

∗ F = − ∗Q ∧ F, (2.15)

which looks similar to the original four-dimensional equation (2.9). Furthermore, by
taking a covariant derivative it immediately implies the Yang-Mills equation

dA ∗ F = −(d ∗Q) ∧ F. (2.16)

If Q is coclosed this reduces to the ordinary Yang-Mills equation, otherwise we will
call it the torsionful Yang-Mills equation, with torsion d ∗ Q. Note that instead
of imposing that F be in the adjoint representation of the structure group, we
could consider a modified instanton equation corresponding to any of the additional
eigenvalues of the operator TQ. For d∗Q = 0 the Yang-Mills equation follows again.
It appears much more difficult to find solutions to these modified equations, however,
if any are known at all [70]. Whereas the Yang-Mills equation is invariant under
conformal transformations in dimension four only, the instanton equation is always
conformally invariant.

Examples of higher-dimensional instantons can be constructed as follows. Suppose
that (M, g) has reduced holonomy contained in the stabilizer of a spinor ε, then
d ∗ Q = 0 and the Riemann tensor (the curvature two-form of the Levi-Civita
connection) satisfies

Rµνκλγ
µνε = 0, (2.17)

where the first two indices are Lie-algebra indices, and the last two differential form
indices. Due to the exchange symmetry Rµνκλ = Rκλµν it also satisfies the instanton
condition

γ(R)ε = 0 ⇔ Rµνκλγ
κλε = 0. (2.18)
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Note that this exchange symmetry is special for the Levi-Civita connection; in gen-
eral a connection on the tangent bundle with reduced holonomy will not satisfy the
instanton equation. In the next chapter I will prove that on manifolds with geomet-
ric Killing spinors one can always find a connection on the tangent bundle which
has both reduced holonomy and the exchange symmetry, and therefore solves the
instanton equation, despite having torsion. Furthermore, every instanton on these
spaces satisfies the Yang-Mills equation without torsion, although d ∗Q 6= 0. There-
fore, from a gauge-theoretic point of view they are almost as good as integrable
geometries with parallel spinors, and as we shall see later they are also useful for
heterotic supergravity.

2.2.2 Chern-Simons flow

Consider an oriented Riemannian manifold X equipped with a reduction of the
structure group to a simple subgroup of SO(n), with fundamental 4-form Q. Let
A be a gauge field on the vector bundle E → X, with simple gauge group and
curvature form F . For any codimension one submanifold Σ of X define the Chern-
Simons functional

SΣ(A) = −1

2

∫
Σ

CS(A) ∧ ∗Q (2.19)

on gauge fields, where CS(A) is the Chern-Simons 3-form (2.2). If d ∗ Q
∣∣
Σ

= 0,
then SΣ is a locally defined function on the space A/G of gauge fields mod gauge
equivalence [32], so that dSΣ is a closed (but in general non-exact) 1-form on A/G.
Gauge invariance of dSΣ can be seen from the explicit expression below. If Σ and
Σ′ are cobordant submanifolds, so that one finds V ⊂ X with ∂V = Σ− Σ′, then

SΣ(A)− SΣ′(A) = −1

2
tr

∫
V
F ∧ F ∧ ∗Q+

1

2

∫
V

CS(A) ∧ d ∗Q, (2.20)

which is explicitly gauge invariant in the case d ∗Q = 0. The gradient flow equation
for S is defined as

tr

∫
Σ

(
ξ ∧ ∗F

)
= dSΣ(A) · ξ (2.21)

for all Σ of codimension one without boundary, and ξ ∈ Ω1(End(E)). The notation is
as follows: we consider SΣ as a function on the space of gauge fields, and dSΣ(A)·ξ is
the total derivative of SΣ in the point A applied to the tangent vector ξ. Concretely,
we obtain after a partial integration

dSΣ(A) · ξ = −tr

∫
Σ

{
ξ ∧

(
dA+A ∧A

)
∧ ∗Q+ 1

2ξ ∧ d ∗Q ∧A
}
. (2.22)

Thus, the flow equation (2.21) is equivalent to

∗ F = −F ∧ ∗Q− 1
2d ∗Q ∧A. (2.23)

If in particular Q is coclosed, this reduces to the instanton equation (2.15).
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Example 2.1 (the cylinder). As an example consider the case where X is a Rie-
mannian product X = R ×M , and M carries a nowhere vanishing 3-form P ′ and
4-form Q′, such that d ∗M P ′ = 0. Then we can define a 4-form Qcyl on X as

Qcyl = dτ ∧ P ′ +Q′, (2.24)

with τ the linear coordinate on R. Let A be a gauge field on X with the property
that dτyA = 0, which is simply a choice of gauge. The instanton equation on the
cylinder splits into the two equations

∗Ȧ = − ∗ P ′ ∧ F (2.25a)

∗F = − ∗Q′ ∧ F − Ȧ ∧ ∗P ′, (2.25b)

where ∗ is the Hodge dual on M . Since the 4-form Qcyl is not coclosed, the Chern-
Simons gradient flow is not equivalent to the instanton equation in general. If we
restrict attention to submanifolds of the form

Σ = {τ0} ×M (2.26)

for fixed τ0 ∈ R, however, then due to d ∗Qcyl
∣∣
Σ

= 0 the action functional becomes

SM = −1

2

∫
M

CS(A) ∧ ∗P ′, (2.27)

and the gradient flow equation is equation (2.25a). In certain special cases (2.25a)
already imples (2.25b), so that the restricted gradient flow becomes equivalent to
the instanton equation, but this is not the general case. It does happen if M is
either 3-dimensional, or a 7-dimensional nearly parallel G2-manifold. In the latter
case we have a canonical 3-form P ′ and Q′ = ∗P ′, and every 2-form F satisfies an
equation

Q′ ∧ ∗(Q′ ∧ F ) = P ′ ∧ F + ∗F. (2.28)

It follows that (2.25a) implies (2.25b).

Any real Killing spinor manifold M of dimension n comes equipped with a 3-form
P ′ and 4-form Q′ which satisfy (see Section 3.2.2 below)

dP ′ = 4Q′, d ∗Q′ = (n− 3) ∗ P ′. (2.29)

For n > 3 the Chern-Simons functional can then be written as

SM = − 1

2(n− 3)

∫
M

Tr(F ∧ F ) ∧ ∗Q′, (2.30)

which is explicitly gauge-invariant.
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3.1 Cones, sine-cones and cylinders

For (M, g) a Riemannian manifold we define the following higher-dimensional spaces:

1. c(M) = (R≥0 ×M, ḡ) with ḡ = dr2 + r2g as the (metric) cone on M ,

2. sc(M) = ((0, π)×M, ḡ) with ḡ = dθ2 + sin2(θ) g as the sine-cone on M , and

3. cyl(M) = (R×M, ḡ) with ḡ = dτ2 + g as the cylinder on M .

The cone is conformal to the cylinder, because under the substitution r = eτ its
metric becomes ḡ = e2τ (dτ2+g). Furthermore, the cone over the sine-cone equals the
cylinder over the cone: c(cs(M)) = cyl(c(M)). This is illustrated by the following
diagram

M
sine-cone−−−−−−−→

+θ
sc(M)

cone

y+r cone

y+ρ

c(M)
cylinder−−−−−−−→

+τ
c(sc(M))

(3.1)

where the two pairs of coordinates are related as

(τ, r) = (ρ cos θ, ρ sin θ). (3.2)

The sine-cone over a compact manifold can be extended to a compact manifold
by adding two points corresponding to θ = 0 and θ = π, whereas the cone can be
extended by adding one more point, the apex, corresponding to r = 0. In general the
metric becomes singular at these additional points, but if M is a properly normalized
round sphere then so will be its sine-cone, and the cone becomes Euclidean space:

Sn
sine-cone−−−−−−−→ Sn+1

cone

y cone

y
Rn+1 cylinder−−−−−−−→ Rn+2

(3.3)

Suppose that (M, g) is Einstein, then its sine-cone is Einstein and the cone Ricci-flat
if and only if the Einstein constant of M is dimM − 1, i.e. Ricg = (dimM − 1)g.
Furthermore, this normalization is preserved under taking sine-cones, in other words
the Einstein constant of sc(M) is dimM . If we start with a different normalization
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then we need to modify the definition of the sine-cone and cone metrics to make
them again Einstein and Ricci-flat, but this will not be necessary in the present
work.

3.2 Real Killing spinors

3.2.1 Classification

Let (M, g) be a Riemannian spin manifold with (Dirac-)spinor bundle S → M . If
ε ∈ Γ(S) satisfies the equation(

∇µ − iλγµ
)
ε = 0 (λ ∈ R ∪ iR), (3.4)

then it is called a Killing spinor. The notion of a Killing spinor is sometimes used in
the literature more generally for spinors that solve BPS equations for supergravity
theories, like equations (2.6) in the heterotic setting, and to distinguish the two
concepts solutions to (3.4) are called ’geometric Killing spinors’, but I will not adopt
this convention. For real λ one talks about ’real Killing spinors’,1 and these are the
ones of relevance to us. Real Killing spinors are eigenspinors of the Dirac operator
with smallest possible eigenvalue [38], and complete manifolds with real Killing
spinors have been classified [8]:

Theorem 3.1 (Bär). Suppose that M is complete and carries a real Killing spinor.
Then it is either a round sphere, or one of the following:

• six-dimensional nearly Kähler,

• seven-dimensional nearly parallel G2,

• (2n+ 1)-dimensional Sasaki-Einstein,

• (4n+ 3)-dimensional 3-Sasakian.

This result is based on a 1-1 correspondence between real Killing spinors on M and
parallel spinors on the cone over M . The cone over a round sphere Sn is Euclidean
space Rn+1, whereas the four types of spaces listed above have cones with holon-
omy group G = G2, Spin(7), SU(n+ 1) (Calabi-Yau), and Sp(n+ 1) (hyperkähler),
respectively. On the other hand, the Killing spinors induce a reduction of the struc-
ture group to K = SU(3), G2, SU(n) and Sp(n) on the base manifold, which does
not coincide with the holonomy group of the Levi-Civita connection, however. The
relation between Killing spinors and parallel spinors plays an important role in type
II string theory and M-theory as well, as explained in the introduction, and it is also
relevant for the AdS/CFT correspondence [1, 72].

1my Clifford algebra convention differs from most of the mathematical literature by a sign in the
defining relation {γµ, γν} = +2gµν , which is why the imaginary unit i occurs in (3.4) for real
Killing spinors. Switching the sign in the Clifford relation eliminates the i.
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Real Killing spinor manifolds are necessarily Einstein, and the preferred normal-
ization Ric = (dimM − 1)g is equivalent to λ = ±1

2 . We will henceforth always
assume this normalization for these manifolds. It has been shown in [15] that the
sine-cone over a nearly Kähler manifold is nearly parallel G2, and the sine-cone over
a five-dimensional Sasaki-Einstein manifold is nearly Kähler [36]. This suggests that
in general the sine-cone over a real Killing spinor manifold has again a real Killing
spinor, and this is the first result I want to prove. The method is very similar to
the proof of Bär’s correspendence between Killing and parallel spinors, therefore I
also include this one. The essential step is a relation between gamma-matrices in a
given dimension and those in one dimension higher.

Denote by Sn spinor space in n-dimensions, by S+
n the space of positive-chirality

spinors for even n, by γµ the generators of the Clifford algebra Cl(n) and by γ̃µ ∈
Cl(n+ 1) the generators in one dimension higher.

Lemma 3.2. There is an isomorphism ι : Sn → Sn+1 for even n, and ι : Sn → S+
n+1

for odd n, such that

γ̃µν ◦ ι = ι ◦

{
γµν for 1 ≤ µ, ν ≤ n
−iγµ for µ < ν = n+ 1.

(3.5)

In particular ι is Spin(n)-equivariant.

The proof can be found in Appendix A.

Proposition 3.3 (Bär). A spin manifold Mn carries a real Killing spinor if and
only if its cone has a parallel spinor.

Proof. The cone over M is R ×M with metric g = e2τ (dτ2 + gM ), where τ is the
logarithm of the radial coordinate, r = eτ . Let ea be a local orthonormal frame
of 1-forms on M with dual vector fields Ia, then the Levi-Civita connection in the
orthonormal frame {eτdτ, eτea} on c(M) reads

Γc = ΓM + ea(Ia ⊗ dτ − ∂τ ⊗ ea), (3.6)

where we consider the tensor product of a vector field with a 1-form as an endo-
morphism of the tangent bundle, and ΓM is the Levi-Civita connection on M in the
frame {ea}. The corresponding spin connection is

∇c = dτ ∂τ +∇M +
1

2
eaγ̃aγ̃0, (3.7)

where γ̃0 corresponds to the 1-form eτdτ and γ̃a to eτea. Suppose there is a parallel
spinor ε̃ on c(M), and assume for simplicity that n is even. Then ε̃ is in the image
under ι of the pull-back of spinor bundle on M , and we can write ε̃ = ι(ε) for a
possibly τ -dependent spinor ε on M . Furthermore, ε satisfies(

dτ ∂τ +∇M − i

2
eaγa

)
ε = 0. (3.8)
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But then ε has to be τ -independent, hence a Killing spinor on M . It is clear that
the converse statement is true as well. If n is odd one has to take care of chirality,
but in principle the argument remains the same.

Proposition 3.4. A spin manifold Mn carries a real Killing spinor if and only if
its sine-cone has a real Killing spinor.

Proof. Here we start with the other direction. Assume that ε is a Killing spinor on
M , i.e. (

∇M − i

2
eaγa

)
ε = 0. (3.9)

We identify ε with ι(ε), denote the gamma-matrix corresponding to dθ by γ̃0, and
consider on sc(M) the spinor

ε̃ = e
i
2
θγ̃0ε = cos(θ/2)ε+ i sin(θ/2)γ̃0ε. (3.10)

The Killing property on M implies in one dimension higher that

∇M ε = −1

2
eaγ̃aγ̃0ε, (3.11)

where ea is again a local orthonormal frame of 1-forms for M , and γ̃a corresponds
to sin(θ)ea. Introduce the orthonormal 1-forms σa = sin(θ)ea, then the Levi-Civita
connection on the sine-cone in the frame {σa, dθ} is given by

Γsc = ΓM + cos(θ)ea
(
Ia ⊗ dθ − ∂θ ⊗ σa

)
, (3.12)

where Ia is dual to σa. The corresponding spin connection is

∇sc = dθ ∂θ +∇M +
1

2
cos(θ)eaγ̃aγ̃0, (3.13)

and thus we obtain

∇scε̃ = −1

2

(
cos(θ/2) + i sin(θ/2)γ̃0

)
eaγ̃aγ̃0ε

+
1

2
cos(θ)eaγ̃a

(
cos(θ/2)γ̃0 + i sin(θ/2)

)
ε

+
i

2
dθ γ̃0 e

i
2
θγ̃0ε

= −1

2
σaγ̃a

1

sin(θ)

(
cos(θ/2)γ̃0 − i sin(θ/2)

)
ε

+
1

2
σaγ̃a

cos(θ)

sin(θ)

(
cos(θ/2)γ̃0 + i sin(θ/2)

)
ε

+
i

2
dθ γ̃0 ε̃.

(3.14)
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Now make use of the addition theorems in the form

cos(θ/2)

sin(θ)

(
cos(θ)− 1

)
= − sin(θ/2)

sin(θ/2)

sin(θ)

(
cos(θ) + 1

)
= cos(θ/2)

(3.15)

to obtain

∇scε̃ =
i

2

(
σaγ̃a + dθ γ̃0

)
ε̃, (3.16)

i.e. the Killing spinor equation on sc(M). The other direction follows as in the proof
of Proposition 3.3.

Proposition 3.4 seems to contradict Theorem 3.1, as there aren’t any even-dimensional
manifolds with real Killing spinors except in dimension six, or round spheres. How-
ever, as sine-cones are incomplete in general, they do not satisfy the assumption
of Theorem 3.1 and therefore are not covered by Bär’s classification. Of the four
spaces in diagram (3.1) the upper two have a Killing spinor and the lower two have
a parallel spinor, and extending the diagram to the right by taking sine-cones in
the upper row and cylinders in the lower row gives two sequences of incomplete
manifolds with Killing spinors and parallel spinors, respectively.

3.2.2 Forms and connections

Recall from Section 2.2 that every manifold Mn with reduced structure group K ⊂
SO(n) carries a nowhere vanishing 4-form Q. The Killing spinor manifolds are
special in that their canonical 4-form is always closed, i.e. there is a 3-form P such
that dP = 4Q. Obvious candidates for P and Q are the spinor bilinears

P ′ = − i

3!

〈
ε, γµνλε

〉
eµνλ,

Q′ = − 1

4!

〈
ε, γµνκλε

〉
eµνκλ,

(3.17)

which satisfy
dP ′ = 4Q′, d ∗Q′ = (n− 3) ∗ P ′, (3.18)

if dimM = n. Indeed, they are equal to the canonical 3- and 4-forms P and Q on
nearly Kähler, nearly parallel G2, and Sasaki-Einstein spaces. This is not true for
3-Sasakian manifolds, however.

Note that the Killing connection

∇K = ∇− i

2
eµγµ (3.19)

is defined on the spinor bundle, but is not induced from a connection on the tangent
bundle. It turns out, however, that if M admits a real Killing spinor, then one can
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also find a connection with parallel spinors that is induced from a connection on the
tangent bundle. We will call this the canonical connection, and denote it by ∇P ,
as opposed to the Levi-Civita connection ∇. For nearly Kähler and nearly parallel
G2-manifolds the torsion of ∇P is proportional to P , whereas for Sasaki-Einstein
and 3-Sasakian manifolds the torsion is not totally skew-symmetric. But the original
metric can be deformed in such a way that the torsion becomes skew-symmetric, and
proportional to P again. The connection ∇P is compatible with a whole family of
deformed metrics in these cases.

While the Killing connection ∇K is important in type II and eleven-dimensional
supergravity, the canonical connection appears in the spinor equation of heterotic
supergravity. The canonical connection of nearly Kähler, nearly parallel G2, and
Sasaki-Einstein manifolds and its role in supergravity theories has been explored in
[40], whereas the observation that 3-Sasakian manifolds possess a canonical connec-
tion as well appears to be new. In Section 3.3 I review the geometries appearing in
Bär’s list, and give in particular an explicit realization of the two canonical forms P
and Q and the connection ∇P .

The concept of a canonical connection introduced here in general differs from the
characteristic connection of Agricola and Friedrich [3, 4]. A characteristic connection
must have antisymmetric torsion for the Einstein metric, but satisfies a weaker
holonomy property. For instance, the characteristic connection on a Sasaki-Einstein
manifold of dimension 2n+1 has holonomy group U(n), and hence no parallel spinor,
whereas the canonical connection has holonomy group SU(n). Furthermore, there is
no characteristic connection on a 3-Sasakian manifold. For nearly Kähler and nearly
parallel G2-manifolds the two concepts coincide.

3.2.3 Gauge theory

Concerning gauge theory, manifolds with real Killing spinors are quite similar to
manifolds with parallel spinors. Given a Killing spinor ε we can consider the instan-
ton equation

γ(F )ε = 0, (3.20)

and this can be rewritten as ∗F = −∗Q∧F , as explained in Section 2.2. Now, Q is
not coclosed and therefore any instanton gauge field satisfies a torsionful Yang-Mills
equation. It turns out, however, that the torsion in the Yang-Mills operator vanishes
when applied to instantons:

Proposition 3.5. Suppose that M carries a real Killing spinor ε, and A solves the
instanton equation on M . Then A satisfies the ordinary Yang-Mills equation without
torsion.

This result has first been obtained for nearly Kähler manifolds by Xu [84]. I re-
produce his original argument in Section 3.3.1 below. For the case of abelian gauge
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groups Hijazi has proven that the converse also holds: every solution of the Yang-
Mills equation solves the instanton equation [57].

Proof. Denote by D = γµ∇Γ⊗A
µ the Dirac operator acting on sections of the tensor

product of the spin bundle with the endomorphisms of the gauge bundle, then we
have [57, 10]

Dγ(F ) = γ(dAF ) + (−1)nγ(∗dA ∗ F ) + γµγ(F )∇Γ⊗A
µ , (3.21)

and the first term on the right hand side vanishes due to the Bianchi identity. Denote
by 1 the identity operator acting on the gauge bundle E. We identify the spinor ε
with ε⊗ 1, and apply Dγ(F ) to it:

0 = Dγ(F )ε = (−1)nγ(∗dA ∗ F )ε− iλγµγ(F )γµε. (3.22)

Using the relation γµγ(F )γµ = (dimM−4)γ(F ), which holds for 2-forms in general,
and again γ(F )ε = 0, we end up with

γ(∗dA ∗ F )ε = 0. (3.23)

But the Clifford action of a non-vanishing 1-form is invertible, and we conclude that
∗dA ∗ F = 0, which is the Yang-Mills equation.

In the following section I explain the construction of the canonical connection ∇P
on the tangent bundle of a real Killing spinor manifold. ∇P satisfies the instanton
condition, which follows from

Lemma 3.6. Let ∇t be a family of metric-compatible connections on the tangent
bundle of M , with totally antisymmetric torsion Tµ = teµyP for some 3-form P .
Suppose that P is parallel for t = 1, i.e. ∇1P = 0. Then the curvature Rt has the
interchange symmetry Rtµνκλ = Rtκλµν for all values of t.

The important case t = 1 has also been proven in [3].

Proof. In a basis where P and the metric assume standard form the condition for
P to be parallel with respect to ∇1 reads:

Γρµ[νPκλ]ρ = −1

2
P ρ[µνPκλ]ρ, (3.24)

where Γκλσ are the coefficients of the Levi-Civita connection, and the bracket [ ]
denotes antisymmetrization. Consider then the connection ∇t with torsion T λµν =

tP λµν . Its curvature is quite generally

Rt = R+
t

4
gσµ
[
6Γρκ[λPµν]ρ + tPµκρP

ρ
λν

]
eκλ(Iσ ⊗ eν), (3.25)

and due to (3.24) this becomes

Rt = R+
t

4
gσµ
[
− 3P ρ[κλPµν]ρ + tPµκρP

ρ
λν

]
eκλ(Iσ ⊗ eν). (3.26)
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Thus the coefficients of Rt are

Rtµνκλ = Rµνκλ −
t

2

[
3P ρ[κλPµν]ρ − tPρµ[κPλ]ν

ρ
]
, (3.27)

and they have the desired interchange symmetry for any value of t.

Corollary 3.7. Under the assumptions of Lemma 3.6 assume further that ∇t has
a parallel spinor ε for some value t = t0. Then the curvature form Rt0 satisfies the
instanton equation γ(Rt0)ε = 0. In particular this applies to the canonical connection
on a real Killing spinor manifold.

3.3 Examples of real Killing spinor manifolds

In this section I review the geometries that appear in Bär’s list of real Killing spinor
manifolds [8]. A more detailed account of all four geometries with emphasis on the
spinorial point of view can be found in [10, 18]. A useful reference for nearly Kähler
manifolds is [21], for nearly parallel G2 manifolds see [39], and Sasakian geometry
is treated in [19, 76, 4].

3.3.1 Nearly Kähler manifolds

Consider a six-dimensional manifold with a Majorana real Killing spinor ε. It carries
the following non-vanishing forms

ω ∝ i

2

〈
ε, γµνΓε

〉
eµν ,

ω ∧ ω ∝ 1

4!

〈
ε, γµνρσε

〉
eµνρσ,

Ω ∝ 1

6

[〈
ε, γµνρε

〉
+
〈
ε, γµνρΓε

〉]
eµνρ,

(3.28)

where Γ is the chirality operator. The 2-form ω defines an almost hermitian structure
on M , with almost complex structure J defined in the usual way: g(X, J(Y )) =
ω(X,Y ). We have ω ∈ Ω(1,1) and Ω ∈ Ω(3,0) with respect to J . The canonical 3-
and 4-forms P and Q are given by

P = Re Ω, Q =
1

2
ω ∧ ω. (3.29)

One can choose an orthonormal frame such that the differential forms assume their
standard form

ω = e12 + e34 + e56,

Ω = (e1 + ie2) ∧ (e3 + ie4) ∧ (e5 + ie6).
(3.30)

The Killing spinor equation implies that

dω = 3 Im Ω = 3 ∗ P,
dΩ = dΩ = 2ω ∧ ω,

(3.31)
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and these equations are often used to define a nearly Kähler manifold. The canonical
connection is

∇P −∇ =
1

2
(Re Ω)µνρe

ν(Iµ ⊗ eρ), (3.32)

and the torsion of ∇P equals P . The Fierz identity implies

(Re Ω)µνλγ
νλ · ε = 4iγµ · ε, (3.33)

and from the Killing spinor equation it follows that ∇P ε = 0. Then ∇P must have
holonomy SU(3).

SU(3)-instantons. The instanton equation

∗ F = − ∗Q ∧ F = −ω ∧ F (3.34)

is equivalent to

F ∈ Ω(1,1) and ωyF = 0. (3.35)

In the form (3.34) it implies the Yang-Mills equation with torsion

dA ∗ F + 3F ∧ Im Ω = 0, (3.36)

but the torsion term vanishes due to F ∈ Ω(1,1) and Im Ω ∈ Ω(3,0) ⊕ Ω(0,3). Thus F
satisfies the ordinary Yang-Mills equation. This argument is due to Xu [84].

Examples. There are the following four homogeneous examples:

S6 = G2/SU(3), S3 × S3 = SU(2)3/SU(2)diag,

SU(3)/U(1)2, Sp(2)/Sp(1)×U(1).
(3.37)

Homogeneous nearly Kähler manifolds G/K are so-called 3-symmetric spaces: there
exists an automorphism s of G of order three, i.e. s3 = idG, such that the Lie algebra
of K is the fixed point set of the differential of s at the identity [21]. Currently,
complete non-homogeneous examples are not known, but there exists a nearly Kähler
structure with two conical singularities on the sine-cone over every 5-dimensional
Sasaki-Einstein manifold, giving rise to incomplete non-homogeneous examples [36].

3.3.2 Nearly parallel G2 manifolds.

On a seven-manifold with a Majorana real Killing spinor we can define a 3-form Φ,
with dual 4-form ∗Φ, as

Φ ∝ i

6

〈
ε, γµνρε

〉
eµνρ,

∗Φ ∝ 1

4!

〈
ε, γµνρσε

〉
eµνρσ,

(3.38)
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and the Killing spinor equation implies dΦ = 4∗Φ. The canonical 4-form is Q = ∗Φ,
whereas P = Φ. The standard form is

Φ = e127 + e347 + e567 + e136 + e145 + e235 − e246,

∗Φ = e1234 + e1256 + e3456 − e1357 + e1467 + e2457 + e2367.
(3.39)

The canonical connection ∇P is given by

∇P −∇ =
1

3
Φµ

νρe
ν(Iµ ⊗ eρ), (3.40)

so that its torsion is proportional to P again. It follows from the Fierz identity that

Φµνλγ
νλ · ε = 6iγµ · ε, (3.41)

and this together with the Killing spinor equation implies that ε is parallel with
respect to ∇P , so ∇P has holonomy G2.

G2-instantons. The instanton equation becomes

∗ F = −Φ ∧ F. (3.42)

The 2-forms decompose as Λ2 ' 14 ⊕ 7 under G2, where 14 is the adjoint and
7 the fundamental representation. As explained above, the instanton equation is
equivalent to F being in the adjoint representation. Now Φ and ∗Φ are G2-invariant
which implies that ∗Φ∧ F ∈ Λ6 must be in the same representation as F , and from
Λ6 ' 7 it follows that (3.42) is equivalent to

F ∧ ∗Φ = 0. (3.43)

Applying the Yang-Mills operator to (3.42) leads to

dA ∗ F + 4 ∗ Φ ∧ F = 0, (3.44)

but the torsion ∗Φ ∧ F vanishes due to (3.43), confirming Proposition 3.5.

Examples. Simply connected nearly parallel G2-manifolds with two Killing spinors
are Sasaki-Einstein, and those with three Killing spinors are 3-Sasakian. More than
three Killing spinors exist only on the round sphere S7. The following examples
with exactly one Killing spinor are known [39]. First of all, the Aloff-Wallach spaces
N(k, l) = SU(3)/U(1)k,l, where U(1) embeds into SU(3) as

z 7→ diag(zk, zl, z−(k+l)) (3.45)

for z ∈ S1 and positive integers k, l, each carry two homogeneous metrics with
at least one Killing spinor. For (k, l) 6= (1, 1) they both have exactly one Killing
spinor, whereas for (k, l) = (1, 1) one of the two metrics is 3-Sasakian. Another ho-
mogeneous example is the Berger space SO(5)/SO(3)max, where SO(3) acts on the
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tangent space by its unique irreducible 7-dimensional representation. Additionally,
every 3-Sasakian manifold in dimension 7 has a second Einstein metric with exactly
one Killing spinor, which gives some further examples. This metric will be described
in Section 3.3.4 below. In particular, this construction gives rise to an additional
nearly parallel G2-structure on S7, the so called squashed seven-sphere.

The Aloff-Wallach spaces, Berger space and the squashed 7-sphere all have positive
sectional curvature [85, 81], and this seems to be true for many of the nearly parallel
G2 metrics obtained from 3-Sasakian manifolds as well [31, 19].

3.3.3 Sasaki-Einstein manifolds

A Sasaki-Einstein manifold M2n+1 comes equipped with a contact 1-form η and a
2-form 2ω = dη, satisfying η ∧ ωn 6= 0, and a metric which is compatible with these
forms in an appropriate sense. The structure group is SU(n), which leaves two Dirac
spinors invariant. Both of them are Killing spinors, but the relative sign of their
Killing constants depends on the dimension. Denote the two Killing spinors by ε
and ε̃, and assume that ε has Killing constant λ = 1/2. Again, the forms can be
constructed as spinor bilinears:

η ∝
〈
ε, γµε

〉
eµ,

ω ∝
〈
ε, γµνε

〉
eµν .

(3.46)

The canonical 3- and 4-forms are then given by

P = η ∧ ω and Q =
1

2
ω ∧ ω, (3.47)

and in standard form we have

η = e1

ω = e23 + e45 + · · ·+ e2n,2n+1.
(3.48)

The metric assumes the form
g = gZ + η ⊗ η, (3.49)

where gZ is a possibly singular Kähler metric on the leaves of the foliation defined
by the 1-form η. In particular ηyω = 0. There is also an n-form

Ω ∝
〈
ε∗, γµ1...µnε

〉
eµ1...µn , (3.50)

where ε∗ is the charge conjugate of ε, satisfying

dΩ = i(n+ 1)η ∧ Ω,

Ω ∧ Ω = (−1)
1
2
n(n+1) (2i)n

n!
ωn,

ηyΩ = 0.

(3.51)
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The canonical connection ∇P is related to the Levi-Civita connection ∇ of g by

∇P = ∇+ ωabe
a
(
ξ ⊗ eb − Ib ⊗ η

)
− 1

n
η ⊗ J, (3.52)

where ξ is the vector field dual to η, ea is an orthonormal basis of 1-forms orthogonal
to η with dual vector fields Ia, and J ∈ End(TM) is the almost complex structure
on the vanishing space of η, determined by ω and gZ . From the identities,

γ(ω) · ε = 2niγ1 · ε
ωabγ

1b · ε = −iγa · ε,
(3.53)

and the Killing spinor equation, it follows that ε is parallel with respect to ∇P , and
hence that ∇P has holonomy SU(n). Here γ1 is the gamma matrix corresponding to
ξ. Then ∇P has a second parallel spinor ε̃ as discussed above. From the identities,

γ(ω) · ε̃ = (−1)n−12niγ1 · ε̃
ωabγ

1b · ε̃ = −(−1)n−1iγa · ε̃,
(3.54)

it follows that ε̃ is a Killing spinor as well, with the same Killing constant as ε if and
only if n is odd. ∇P is compatible with the whole family of metrics

gh = e2hgZ + η ⊗ η (3.55)

on M , where h ∈ R. The torsion of ∇P (which is metric-independent) can be
calculated using the Cartan equation Tµ = deµ + (ΓP )µν ∧ eν . Thus,

T 1 = 2ω, T a = −n+1
n ωab η ∧ eb, (3.56)

where T 1 is the ξ-component. There are two special values of the parameter h.
The metric with e2h = 1 is special, because the Levi-Civita connection has a Killing
spinor and the cone has special holonomy. On the other hand, the torsion of the
connection ∇P is antisymmetric exactly when

e2h =
2n

n+ 1
. (3.57)

SU(n)-instantons. The instanton condition

∗ F = − ∗Q ∧ F = −η ∧ ω
n−2

(n− 2)!
∧ F (3.58)

is equivalent to F ∈ su(n), which implies in particular ηyF = ωyF = 0. Differenti-
ating the instanton equation leads to the Yang-Mills equation

dA ∗ F +
2ωn−1

(n− 2)!
∧ F = 0, (3.59)

whose torsion term is proportional to Fy(η ∧ ω), and thus vanishes.
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Examples. In dimension 3 the only simply connected Sasaki-Einstein manifold is
the sphere S3, but already in dimension 5 a complete classification is missing. Many
examples in arbitrary dimensions, including all homogeneous ones, can be obtained
from the following construction. Let (Z, gZ) be a 2n-dimensional Kähler-Einstein
manifold with positive Ricci curvature RicZ = 2ngZ . Then there exists a principal
U(1)-bundle on Z whose total space carries a Sasaki-Einstein structure. Sasaki-
Einstein manifolds obtained in this way are called regular; a generalization of this
construction to Kähler-Einstein orbifolds gives rise to quasi-regular Sasaki-Einstein
manifolds. Homogeneous Sasaki-Einstein manifolds are regular and can be obtained
as circle bundles over generalized flag manifolds, including Hermitian symmetric
spaces. Examples are

• odd-dimensional spheres S2n+1 = SU(n+ 1)/SU(n),

• Stiefel manifolds V2(Rn+1) = SO(n+ 1)/SO(n− 1) (dimension 2n− 1),

• SO(2n)/SU(n) (dimension n2 − n+ 1),

• Sp(n)/SU(n) (dimension n2 + n+ 1),

• E6/SO(10) (dimension 33) and E7/E6 (dimension 55).

They are U(1)-bundles over irreducible compact Hermitian symmetric spaces, at
least for n large enough. Additional homogeneous examples are obtained by allowing
for a reducible base. Low-dimensional Sasaki-Einstein manifolds of this type are the
7-dimensional spaces

Q(1, 1, 1) =
SU(2)3

U(1)2
, (3.60)

with the U(1)2-embedding orthogonal to the diagonal U(1)-subgroup, fibred over
CP 1 × CP 1 × CP 1, and

M(3, 2) =
SU(3)× SU(2)× U(1)

SU(2)× U(1)× U(1)
, (3.61)

fibred over CP 2 × CP 1 [34]. The precise embedding of the subgroup for M(3, 2) is
explained in [25].

Many non-regular and even irregular (non-quasi-regular) Sasaki-Einstein manifolds
exist in dimension ≥ 5 [19, 76]. For instance, S5 and the Stiefel manifold S2 × S3

carry several distinct quasi-regular non-regular Sasaki-Einstein structures. The same
is true for the connected sums k(S2×S3), where k ≥ 1. Regular structures exist only
up to k = 8, where the values 3 ≤ k ≤ 8 can be realized in terms of U(1)-bundles
over del-Pezzo surfaces Pk [10], and irregular structures have been constructed on
S2 × S3 [43].

In higher dimensions an interesting class of examples consists of exotic spheres.
For instance, all 28 smooth structures on S7 admit several Sasaki-Einstein metrics
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[17]. Families of Sasaki-Einstein manifolds in every odd dimension ≥ 5 have been
constructed in [16, 44, 30, 67].

3.3.4 3-Sasakian manifolds

A (4n+ 3)-dimensional 3-Sasakian manifold M is a particular Sasaki-Einstein man-
ifold, with a further reduction of the structure group from SU(2(n + 1)) × 1 to
Sp(n) × 13. Since the number of Dirac spinors stabilized by Sp(n) is 2n + 2 in di-
mension 4n + 3, any connection with holonomy Sp(n) has 2n + 2 parallel spinors.
On the other hand we have established a 1-1 correspondence between Killing spinors
on M and parallel spinors on its cone c(M). The holonomy group of the cone is
Sp(n+1), which leaves invariant n+2 spinors. Thus, not all of the invariant spinors
on M can be Killing spinors.

The centraliser of Sp(n) is a subgroup Sp(1)1×Sp(1)2 ⊂ Spin(4n+3), where Sp(1)1,
Sp(n) ⊂ Spin(4n), and Sp(1)2 = Spin(3). The 2n + 2 spinors transform in the
irreducible representations 2 of Sp(1)1 and n+ 1 of Sp(1)2. Of particular interest
to us will be the diagonal subgroup Sp(1)d; the 2n + 2 spinors transform in the
representation

2⊗ n+ 1 ∼= n⊕ n+ 2 (3.62)

of this subgroup. An orthonormal basis for n+ 2 will be labelled εA, and for n ε̃A,
where A runs from 1 to n or n+ 2 as appropriate. By a direct calculation using the
expression (3.71) below for the canonical connection one can show that the εA are
Killing spinors, whereas the ε̃A are not, see Lemma A.4 in the appendix.

The stabiliser of a highest weight vector in the representation n+ 2 of Sp(1)d is
SU(2n + 1). It follows that any 3-Sasakian manifold admits a 2-sphere’s worth of
Sasaki-Einstein structures, which are rotated by the group Sp(1)d. Thus there exist
three 1-forms ηα and three 2-forms ωα, α = 1, 2, 3. They satisfy the differential
identities

dηα = 2ωα − εαβγηβ ∧ ηγ

dωα = −2εαβ
γηβ ∧ ωγ .

(3.63)

The family of Sasaki-Einstein structures (η, ω) is parametrized by x ∈ R3 with
|x|2 = 1 as

η = xαη
α and ω = xα

(
ωα −

1

2
εαβγη

β ∧ ηγ
)
. (3.64)

The metric is of the form

g = gZ + ηα ⊗ ηα, (3.65)

where gZ is a 4n-dimensional metric on the vanishing space of the ηs. The canonical
3-form is

P =
1

3

(
ηα ∧ ωα −

1

6
εαβγη

αβγ
)
, (3.66)
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and it satisfies

dP =
2

3
ωα ∧ ωα =: 4Q. (3.67)

We can introduce a frame ej1, e
j
2, e

j
3, e

j
4, j = 1, . . . , n and eα, α = 1, 2, 3, which brings

the forms to the following standard form

ηα = eα,

ω1 = −ej1 ∧ e
j
3 − e

j
2 ∧ e

j
4,

ω2 = ej1 ∧ e
j
4 − e

j
2 ∧ e

j
3,

ω3 = −ej1 ∧ e
j
2 + ej3 ∧ e

j
4.

(3.68)

Collectively, we write ea for an arbitrary basis element of the form ej1,2,3,4. Both P
and Q are Sp(n)× Sp(1)d-invariant, and the same is true for the following forms:

P ′ =
1

3

(
ηα ∧ ωα −

1

2
εαβγη

αβγ
)

Q′ =
1

6

(
ωα ∧ ωα − εαβγηαβ ∧ ωγ

)
;

(3.69)

they satisfy dP ′ = 4Q′. The forms P ′ and Q′ can be constructed as bilinears in the
n+ 2 spinors εA, whereas Q is constructed out of the full set of spinors:

P ′ ∝
n+2∑
A=1

〈
εA, γµνκεA

〉
eµνκ

Q′ ∝
n+2∑
A=1

〈
εA, γµνκλεA

〉
eµνκλ

Q ∝

(
n+2∑
A=1

〈
εA, γµνκλεA

〉
+

n∑
A=1

〈
ε̃A, γµνκλε̃A

〉)
eµνκλ

η123 ∝

(
n+2∑
A=1

〈
εA, γµνκεA

〉
+

n∑
A=1

〈
ε̃A, γµνκε̃A

〉)
eµνκ.

(3.70)

The Levi-Civita connection ∇ and the canonical connection ∇P are related by

∇P −∇ = ωα,abe
a(ξα ⊗ eb − Ib ⊗ ηα) + εαβγη

α(ξβ ⊗ ηγ), (3.71)

where ξα is the vector field dual to ηα, and the Ia are dual to the orthonormal 1-
forms ea. Indices a, b, c run from 4 to 4n+ 3, and α, β, γ = 1, 2, 3. It can be proven
that the Killing spinor equation for the spinors εA is equivalent to the condition
∇P εA = 0. The canonical connection is compatible with a 1-parameter family of
metrics

gh = e2hgZ + ηα ⊗ ηα, (3.72)
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and its torsion is given by
Tα = 2ωα − εαβγηβγ ,
T a = −ωα,abηα ∧ eb.

(3.73)

With respect to the metric (3.72) the torsion tensor with only lower indices is to-
tally antisymmetric if and only if e2h = 2, and then proportional to P (3.66). There
is another special h-value; for e2h = 2n+ 3 the metric is Einstein again, but not
3-Sasakian.

The n remaining∇P -parallel spinors ε̃A do not play any important role in 3-Sasakian
geometry, except in dimension seven. In this case (n = 1) there are three Killing
spinors for h = 0 plus one additional ∇P -parallel spinor ε̃. It turns out that for
e2h = 5 the spinor ε̃ satisfies the Killing spinor equation, whereas the original Killing
spinors do not. Therefore, M equipped with this deformed metric carries a nearly
parallel G2-structure [4, 39].

Sp(n)-instantons. Again there is no torsion in the Yang-Mills equation obeyed by
Sp(n)-instantons. The derivative of the instanton equation

∗ F = −1

6
∗ (ωα ∧ ωα) ∧ F (3.74)

gives

dA ∗ F ∝ F ∧ ∗(ηα ∧ ωα). (3.75)

Due to ηαyF = ωαyF = 0 for F ∈ sp(n) the right hand side vanishes.

Examples. Homogeneous, simply connected 3-Sasakian manifolds are in a 1-1 cor-
respondence with compact simple Lie groups:

S4n+3 =
Sp(n+ 1)

Sp(n)
,

SU(n)

S
(
U(n− 2)× U(1)

) , SO(n)

SO(n− 4)× Sp(1)
,

G2

Sp(1)
,

F4

Sp(3)
,

E6

SU(6)
,

E7

Spin(12)
,

E8

E7
.

(3.76)

Furthermore, there is only one family of non-simply connected homogeneous exam-
ples, given by the real projective spaces RP 4n+3 = S4n+3/Z2. Non-homogeneous
3-Sasakian manifolds can be constructed through a reduction procedure [19], and
some examples are obtained as follows. Let p ∈ Zm+1 be such that

0 < p1 ≤ · · · ≤ pm+1, and gcd(pi, pj) = 1 ∀i 6= j. (3.77)

Define an action of U(1)×U(m− 1) on U(m+ 1) through

(z,A) · S = diag
(
zp1 , . . . , zpm+1

)
· S ·

(
12×2 0

0 A

)
(3.78)
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for z ∈ S1, A ∈ U(m− 1) and S ∈ U(m+ 1). Then the bi-quotient

Sm(p) = U(m+ 1)
/(

U(1)p ×U(m− 1)
)

(3.79)

carries a 3-Sasakian structure. The dimension of Sm(p) is 4m− 1, and for every m
the Sm(p) give infinitely many homotopy inequivalent simply connected compact in-
homogeneous 3-Sasakian manifolds. In 7 dimensions the S2(p) carry a second metric
of positive sectional curvature. Equipped with this positive metric they are exam-
ples of Eschenburg spaces [33]. Whether or not the Eschenburg metric coincides
with the second nearly parallel G2 metric that exists on every 3-Sasakian manifold
is not known to me, but it seems at least plausible, given the fact that the standard
examples of nearly parallel G2-manifolds all have positive sectional curvature.

Similarly to the Sasaki-Einstein case, 3-Sasakian manifolds can be obtained as fi-
brations. Let (Z, gZ) be a positive quaternionic Kähler manifold of dimension 4n
and Ricci curvature RicZ = 4(n + 2)gZ . Then there exists a principal SO(3)- or
Sp(1)-bundle over Z carrying a 3-Sasakian structure, which is regular by definition.
A generalization of this construction to quaternionic Kähler orbifolds gives rise to
quasi-regular 3-Sasakian manifolds, and it turns out that every 3-Sasakian mani-
fold is quasi-regular. Based on the LeBrun-Salamon conjecture that every positive
quaternionic Kähler manifold is symmetric [66], there is a conjecture that every
regular 3-Sasakian manifold is homogeneous.

3.4 Homogeneous spaces

Many Killing spinor manifolds are homogeneous, so in this section I collect some
well-known results on homogeneous spaces [63, 2]. A homogeneous space is a space
of cosets M = G/K, where K ⊂ G are two Lie groups. Denote by g and k the Lie
algebras of G and K, respectively. M is called reductive, if there exists a decompo-
sition g = k⊕m, such that

[k,m] ⊂ m. (3.80)

Hence m is a k-module for a reductive homogeneous space. M is called symmetric,
if it is reductive and

[m,m] ⊂ k. (3.81)

We will be mostly interested in non-symmetric spaces. Suppose that M is reductive,
and let 〈·, ·〉 be a K-invariant metric on m. There is an induced metric on M , and
one says that M is naturally reductive (with respect to G and 〈·, ·〉) if

〈[X,Y ]m, Z〉+ 〈Y, [X,Z]m〉 = 0 ∀X,Y, Z ∈ m. (3.82)

Suppose instead that one is given a G-invariant metric on all of g, and that k and
m are orthogonal. Then the restriction of the metric to m is naturally reductive.
This is a good source for naturally reductive metrics: if G is simple, then the Killing
form is the unique G-invariant metric on g, and if G is semi-simple then one has a



3.4 Homogeneous spaces 33

multi-parameter family of G-invariant metrics, given by linear combinations of the
Killing forms on simple factors.

Note that for a naturally reductive G/K we have that k ⊂ so(m), and there is a
reduction of the structure group from O(m) to K. In fact, there is a K ′-structure
on G/K for every subgroup K ′ such that K ⊂ K ′ ⊂ O(m). For instance, a 6-
dimensional homogeneous nearly Kähler manifold G/K has necessarily K ⊂ SU(3).

We adopt the following index convention. Basis elements of k are denoted by
Ii, Ij , Ik, . . . , those of m by Ia, Ib, . . . , and the full basis of g gets Greek indices,
Iµ, Iν , . . . . The dual basis of left-invariant 1-forms on G is denoted eµ, or ek and
ea for those dual to Ik and Ia. The pull-backs of these forms to G/K under a lo-
cal section G/K → G will be denoted by the same symbols, and they satisfy the
Maurer-Cartan equations

dek = −1

2
fklme

l ∧ em − 1

2
fkabe

a ∧ eb,

dea = −1

2
fabce

b ∧ ec − fabkeb ∧ ek,
(3.83)

where fλµν are the structure constants of g, defined by [Iµ, Iν ] = fλµνIλ.

3.4.1 Homogeneous vector bundles

Assume that M = G/K is a naturally reductive space, where g is equipped with a
G-invariant metric 〈·, ·〉 which induces the metric on M . Let (V, ρ) be a represen-
tation of K, and E = G ×K V the associated vector bundle over G/K, which
consists of equivalence classes [g, v] with g ∈ G and v ∈ V , and identification
[g, v] = [gk−1, ρ(k)v] for all k ∈ K. The sections of E are in a 1-1 correspondence
with maps f : G→ V satisfying

f(gk) = ρ(k)−1f(g), ∀k ∈ K. (3.84)

G acts on the space of sections Γ(G/K,E) through (g·f)(h) = f(g−1h). For instance,
the tangent bundle of M is homogeneous:

TM ∼= G×K m. (3.85)

The set of G-invariant sections of E (also called homogeneous sections) is given
by the constant functions, and hence is in a 1-1 correspondence to the K-invariant
elements of V :

Lemma 3.8. Let V carry a representation of K, then

Γ(G/K,G×K V )G ' V K .

One example of a homogeneous section is the metric; it corresponds to a K-invariant
element of m∗ ⊗m∗.
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3.4.2 The 3-form and 4-form.

Further important examples of homogeneous sections are the following. Define P ∈
Λ3m∗ through

P (X,Y, Z) = −〈[X,Y ]m, Z〉, ∀X,Y, Z ∈ m, (3.86)

and Q ∈ Λ4m∗ as the image under the wedge product of Q̃ ∈ Λ2m∗ ⊗ Λ2m∗, where

Q̃(W,X, Y, Z) = 〈[W,X]k, [Y,Z]k〉. (3.87)

In coordinates

P = −1

6
fabce

abc,

Q =
1

4!
fkabf

k
cde

abcd = − 1

4!
fabef

e
cde

abcd.

(3.88)

The definition (3.86) makes sense on a general Riemannian homogeneous space,
but for P to be totally antisymmetric we need M to be naturally reductive. On a
symmetric space on the other hand, P and Q vanish. One easily checks that P and
Q are K-invariant, so that they give rise to a 3- and 4-form on G/K. In case K is
chosen trivial and G is simple, connected and compact, P becomes a generator of
H3(G,Z) = Z upon proper normalization of the metric. Q is the canonical 4-form
associated to the reduction of the structure group of G/K to K. For supergravity
applications we need the derivative and coderivative of P [2]:

Lemma 3.9. We have

dP = −6Q, (3.89)

whereas d ∗ P = 0.

Proof. From the Maurer-Cartan equation we have

dP =
1

4
fabef

e
cde

abcd +
1

4
fabcf

a
dke

dkbc.

Consider the last term. It follows from the Jacobi identity that fabcf
a
dk splits into

a part which is symmetric in b and d, and another part symmetric in c and d.
Therefore this term vanishes. Using again a Jacobi identity, we conclude that

fabef
e
cde

abcd = −fkabfkcdeabcd.

d ∗ P : We assume the Iµ to form an othonormal basis, such that fµνλ is totally
antisymmetric. Furthermore we will not keep track of whether an index is up or
down, but rather sum over any index appearing more than once. Then we have

∗P = − 1

6(n− 3)!
εa1...anfa1a2a3e

a4...an ,



3.4 Homogeneous spaces 35

with derivative

d ∗ P =
1

12(n− 4)!
εa1...anfa1a2a3f

a4
bc e

bca5...an

+
1

6(n− 4)!
εa1...anfa1a2a3f

a4
bk e

bka5...an .

(3.90)

The first term is easily seen to vanish: b and c only run over the values of a1, a2 and
a3, giving contributions of the type

εa1...anfa1a2a3fa4a1a2e
a1a2a5...an ,

where the two f factors are symmetric in a3 and a4, and thus vanish. Now let us
consider the second contribution in (3.90). We have

d ∗ P =
1

2(n− 4)!
εa1...anfa1a2a3f

a4
a3k
ea3ka5...an

=
1

2(n− 3)!
εa1...anfa1a2µf

a4
µke

a3ka5...an ,

which vanishes, again due to the Jacobi identity.

3.4.3 Connections.

Due to the identification T ∗(G/K) = G ×K m∗, a connection on a homogeneous
vector bundle G×K V can be considered as a map

∇ : C∞(G,V )K → C∞(G,V ⊗m∗)K ,

satisfying additional properties. The simplest example is the so-called canonical
connection ∇P (the coincidence of name and notation with the canonical connection
on a real Killing spinor manifolds is intended), acting as

∇PXf = XL(f) ∀X ∈ m, f ∈ C∞(G,V )K . (3.91)

Here XL is the left-invariant vector field on G corresponding to X. In a frame of
left-invariant 1-forms on G/K its connection form is given by

ΓP = dρe(Ik)e
k, (3.92)

with dρe the differential of ρ : K →Aut(V ) at the identity. As is clear from the
definition, the parallel sections of ∇P correspond to constant functions, and thus to
K-invariant elements of V :

Lemma 3.10. Let V carry a K-representation, then the parallel sections of G×K V
with respect to ∇P are in a 1-1 correspondence with K-invariant elements of V , and
by Lemma 3.8 are precisely the homogeneous sections.
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This is a special case of the so-called general holonomy principle [3]; parallel sections
of a vector bundle are in a 1-1 correspondence with elements invariant under the
holonomy group. Starting from the canonical connection ∇P we can define a 1-
parameter family of homogeneous connections by adding a multiple of the 3-form
P :

∇t = ∇P − tP abceb(a⊗ ec). (3.93)

Apparently, t = 0 gives back the canonical connection. For t = 1
2 we obtain the

Levi-Civita connection of the metric induced by the Killing form, and there are
further t-values of geometric significance [2, 3]. The torsion of ∇t is

T a =
1

2
(2t− 1)fabce

bc. (3.94)

From the point of view of heterotic supergravity the most important connections are
∇P and ∇t=1; in Chapter 6 we will identify ∇P with ∇−, the connection appearing
in the gravitino equation (2.6a), then ∇t=1 gets identified with ∇+, which appears
in the Bianchi identity. The curvature of ∇t is

Rt = −1
2

{
tfeabf

c
ed + fkabf

c
kd − 2t2f caef

e
bd

}
ea∧ eb(Ic ⊗ ed),

Rict = −
{

(t− t2)fdacf
c
bd + fkacf

c
bk

}
ea ⊗ eb.

(3.95)

The holonomy group for these connections is generically SO(m), but ∇P has holon-
omy group K ⊂ SO(m). The curvatures for t = 0 and t = 1 are particularly simple,
as elements of End(m)⊗ Λ2m∗ and in coordinates they are given by

Rt=1 = −ad(Ia) ◦ πk ◦ ad(Ib)e
a ∧ eb, (R1)cdab = 2f ck[af

k
b]d,

Rt=0 = −1

2
fkab ad(Ik)e

a ∧ eb, (R0)cdab = −fkabf ckd,
(3.96)

with πk : g → k the orthogonal projection and ’ad’ the adjoint representation of g
on itself. Suppose now that G is simple and the metric induced by the Killing form.
The heterotic Bianchi identity contains the following expressions

trm
(
R0 ∧R0

)
=

1

4
〈Ik, Il〉m fkabf lcdeabcd,

trm
(
R1 ∧R1

)
= −1

4
〈Ik, Il〉k fkabf lcdeabcd,

(3.97)

where we introduced the negative Killing form 〈·, ·〉k of the subalgebra k, and similarly

〈Ik, Il〉m = trm
(
ad(Ik) ◦ ad(Il)

)
. (3.98)

Thus we have

tr
(
R1 ∧R1 −R0 ∧R0

)
= −1

4
〈Ik, Il〉g fkabf lcdeabcd. (3.99)
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Using the result of Lemma 3.9 we conclude that

tr
(
R1 ∧R1 −R0 ∧R0

)
∝ dP, (3.100)

which is very similar to the Bianchi identity (2.7). Note that the right hand side of
this equation can be rescaled arbitrarily by changing the metric on G, whereas the
left-hand side is metric-independent.

Many examples of non-symmetric homogeneous spaces turn out to have a real Killing
spinor. This is somewhat surprising, given that they are not even Einstein in general
for the metric induced by the Killing form, according to (3.95). In fact, the Killing
form does not usually coincide with the Killing spinor metric, but rather with the
metric that makes the canonical torsion totally antisymmetric. On homogeneous
nearly Kähler and nearly parallel G2-manifolds, however, the Killing form is indeed
the Einstein metric.

3.4.4 Spinors

The spin bundle on a homogeneous manifold is constructed as follows. G-invariance
of the metric implies that k acts orthogonally on m, giving rise to an embedding

adm : k→ so(m), (3.101)

which can be composed with the spin representation dS : so(m)→ spin(m), to give

ãd := dS ◦ adm. We assume that this lifts to a representation of K, a sufficient
condition for this is simply-connectedness of K. Denoting the spinor space over m
by S(m), we get an associated bundle

S = G×K S(m), (3.102)

which is the spinor bundle over G/K. The homogeneous connections considered
above induce connections on S, and the parallel sections with respect to ∇P cor-
respond to K-invariant elements of S. To determine whether there exist parallel
spinors we thus need to know whether the trivial representation of K occurs in the
decomposition of the spinor representation S(m) into irreducibles, which is a purely
algebraic task.

Proposition 3.11. Suppose that K leaves invariant a spinor ε ∈ S(m). Then
the curvature form RP of the canonical connection satisfies the instanton equation
γ(RP )ε = 0.

Proof. Since ε is K-invariant it gives rise to a ∇P -parallel spinor on G/K, which
implies RPabcdγ

abε = 0. But according to Lemma (3.6) or our explicit calculation
above, RP has the interchange symmetry RPabcd = RPcdab, and hence satisfies the
instanton condition.
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The following commutation relation between the quantized 3-form and elements of
k acting on spinors over m will be useful:

Lemma 3.12. For X ∈ k we have

[γ(P ), ãd(X)] = 0. (3.103)

Proof. A simple calculation in the Clifford algebra shows that[
γ(P ), ãd(X)

]
= γ

(
ad(X) · P

)
, (3.104)

where · denotes the action of so(m) on Λ3m∗, and we know that P is invariant under
this action of k.

This means that γ(P ) leaves the set of K-invariant elements in S(m) invariant, so
if there is only one invariant spinor then γ(P ) maps it to a multiple of itself.

3.4.5 Examples

Four classes of non-symmetric naturally reductive homogeneous spaces are of interest
to us, corresponding to the four types of real Killing spinor manifolds. In this section
Greek variables λ, µ, . . . are used to denote roots of a simple Lie algebra, instead of
coordinates on a manifold.

Sasaki-Einstein manifolds. It has been mentioned already that every homogeneous
Sasaki-Einstein manifold is the total space of a principal U(1)-bundle over a so-called
generalized flag manifold. These latter spaces are by definition coset spaces of a Lie
group G by the centralizer of a torus, and they carry a Kähler-Einstein structure [7].
The classification and an exhaustive list of examples for non-exceptional G can also
be found in Arvanitogeórgos’ book [7]. We now give an explicit method to obtain
the U(1)-bundles over generalized flag manifolds for simple G, in terms of the root
space decomposition of its Lie algebra g.

Let G be a connected compact simple simply connected real Lie group with Lie
algebra g, and Cartan subalgebra h. Choose the positive roots, and let µ be the
highest simple root. Denote by R+ the set of positive roots, and by S+ ⊂ R+ the
set of positive roots which are linear combinations of all the simple roots except µ.
Then g has a root space decomposition of the form

g⊗ C = h
⊕
λ∈R+

(
gλ ⊕ g−λ

)
, (3.105)

and we define the subalgebras t ⊂ c ⊂ g:

t =
{
H ∈ h | λ(H) = 0 ∀λ ∈ S+

}
∩ g,

c =

[
h
⊕
λ∈S+

(
gλ ⊕ g−λ

)]
∩ g.

(3.106)
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Furthermore we need the space

m =

[
t
⊕

λ∈R+\S+

(
gλ ⊕ g−λ

)]
∩ g. (3.107)

These definitions imply the following commutation relations:

[c, c] ⊂ c, [c, t] = 0, [c,m] ⊂ m. (3.108)

Denote by C, T ⊂ G the corresponding Lie groups, then C is the centralizer of
T ' U(1) in G, and T ⊂ C is a normal subgroup. Thus K := C/T is a group again,
and its Lie algebra is the orthogonal complement of t in c with respect to the Killing
form. Due to the relation (G/K)/T ' G/C we get a U(1)-fibration

π : G/K → G/C, (3.109)

where the base space carries a homogeneous Kähler structure, with complex struc-
ture induced by the choice of positive roots. The tangent bundle of G/K can be
represented as T (G/K) ∼= G×K m. Let h be a generator of t∗; it is K-invariant and
hence gives rise to a globally defined 1-form η on G/K. For λ ∈ R+ \ S+ let eλ be
a generator of the dual root space g∗λ, and e−λ a generator of g∗−λ. Furthermore, let
Ht ∈ t be dual to h. Then ∑

λ∈R+\S+
λ(Ht)e

λ ∧ e−λ (3.110)

defines a K-invariant element of Λ2m∗, which induces a globally defined 2-form ω on
G/K. In fact, (3.110) is even C-invariant, and it induces the Kähler form on G/C. It
can be shown that η, ω and a certain homogeneous metric (not induced by the Killing
form of g) define a Sasaki-Einstein structure on G/K. The second important metric
on Sasaki-Einstein spaces, which makes the canonical torsion totally antisymmetric,
is the metric induced by the Killing form on g. Examples of this type have been
listed already in Section 3.3.3.

3-Sasakian manifolds. The construction is very similar to the one for Sasaki-
Einstein manifolds [83]. Let h ⊂ g ⊗ C be a Cartan subalgebra, R+ the set of
positive roots, and µ the highest root. Define a Cartan generator Hµ ∈ h through
〈Hµ, H〉 = µ(H) for all H ∈ h, where 〈·, ·〉 is the Killing form. Let S+ be the set of
positive roots which are linear combinations of all positive roots except µ. Define
subalgebras

k =
[{
H ∈ h | µ(H) = 0

} ⊕
λ∈S+

(gλ ⊕ g−λ)
]
∩ g

a = R ·Hµ ⊕ (gµ ⊕ g−µ) ∩ g.

(3.111)

Then k is the centralizer of a ' sp(1) in g. Let K ⊂ G be the subgroup generated by
k and K· Sp(1) the subgroup generated by k⊕ a. Then G/K· Sp(1) is quaternionic
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Kähler, and G/K is 3-Sasakian. The tangent bundle of G/K is given by T (G/K) ∼=
G×K m, where

m =
[
R ·Hµ

⊕
λ∈R+\S+

(gλ ⊕ g−λ)
]
∩ g. (3.112)

The three (K-invariant) generators of a∗ give rise to three 1-forms η1, η2, η3 on G/K,
and the three 2-forms ωj can be obtained as follows. Let I1, I2, I3 be a basis of a,
and for λ ∈ R+ \ (S+ ∪ {µ}) denote by Xλ the generator of gλ, by eλ the dual
generator of g∗λ and by e−λ the complex conjugate of eλ. Then

ωα ∝
∑

λ∈R+\(S+∪{µ})

〈Xλ, Iα〉eλ ∧ e−λ, (3.113)

for α = 1, 2, 3, define K-invariant elements of Λ2m∗ and hence give rise to homo-
geneous 2-forms on G/K. An exhaustive list of examples has been given in (3.76).
The Killing form makes the torsion of ∇P antisymmetric, and the Einstein metric
has been constructed in [14].

Nearly Kähler manifolds. There is no general construction for homogeneous nearly
Kähler or nearly parallelG2-manifolds, although the root space decomposition proves
useful when dealing with homogeneous nearly Kähler manifolds as well. In this case
the almost complex structure is not obtained directly from the decomposition of the
roots into positive and negative ones, but gives rise to an alternative splitting of the
set of roots. I will illustrate this for the special case S6 = G2/SU(3). The six positive
roots of g2 split into two groups λj , µk, j, k = 1, 2, 3, of three roots each, where the
λj-root spaces together with the Cartan algebra generate an su(3)-subalgebra, and
the µk-root spaces generate the orthogonal complement of su(3). They are ordered
as follows:

λ1 > λ2 > µ3 > µ2 > λ3 > µ1, (3.114)

and satisfy the relations

λ1 = λ2 + λ3, λ1 = µ2 + µ3, λ2 = µ1 + µ3,

µ2 = λ3 + µ1, µ3 = µ1 + µ2.
(3.115)

Denote the generator of the root space gµj by Xj , for j = 1, 2, 3. An SU(3)-invariant

complex structure on m = span{X1, X2, X3, X1, X2, X3}∩g2 is obtained by defining
the ±i-eigenspaces as

+ i : X1, X2, X3, −i : X1, X2, X3. (3.116)

This lifts to a homogeneous almost-complex structure on G2/SU(3), and similar
constructions must be possible for the other three homogeneous nearly Kähler man-
ifolds.
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3.5 Sine-cones over manifolds with Killing spinors

I mentioned already that the sine-cone over a five-dimensional Sasaki-Einstein man-
ifold is nearly Kähler and that the sine-cone over a nearly Kähler manifold is nearly
parallel G2. Their cones are a Calabi-Yau 3-fold, a G2-manifold in dimension seven,
and an eight-dimensional Spin(7)-manifold, respectively. Furthermore, the cone over
the sine-cone agrees with the cylinder over the cone, as illustrated by the following
’commutative’ diagram:

SE5 sc−−−−→ nK
sc−−−−→ np G2

c

y c

y c

y
CY

cyl−−−−→ G2
cyl−−−−→ Spin(7).

(3.117)

This section contains a review of these constructions, as well as a proof that the
iterated sine-cone over a Sasaki-Einstein manifold is again Sasaki-Einstein. Similarly,
one should expect that the fourth sine-cone over a 3-Sasakian manifold is 3-Sasakian
again, but I will not prove that.

3.5.1 5D Sasaki-Einstein diagram

5D Sasaki-Einstein to nearly Kähler. Let (M,η, ω̃, Ω̃) be a 5-dimensional Sasaki-
Einstein manifold. On the sine-cone sc(M) with angular coordinate θ define the
following forms [36]

ω = sin2(θ) cos(θ)ω̃ + sin3(θ)Re
(
eiαΩ̃

)
+ sin(θ)dθ ∧ η,

Ω = sin2(θ)
[

cos(θ)Re
(
eiαΩ̃

)
+ iIm

(
eiαΩ̃

)
− sin(θ)ω̃

]
∧
(
− sin(θ)η + idθ

)
.

(3.118)

Here α ∈ R is a parameter. One can show that ω and Ω together with the sine-cone
metric satisfy the defining relations of a nearly Kähler manifold.

Sasaki-Einstein to Calabi-Yau. On the cone over a Sasaki-Einstein manifoldM2n+1

define the forms
ω′ = r2ω̃ + rdr ∧ η,
Ω′ = rnΩ̃ ∧

(
dr + irη

)
.

(3.119)

Together with the cone metric they define a Calabi-Yau structure.

6D Calabi-Yau to parallel G2. Let (M,ω′,Ω′) be a 6-dimensional Calabi-Yau, so
that ω′ and Ω′ satisfy the same algebraic relations as for nearly Kähler manifolds,
but are both closed and coclosed. On the cylinder cyl(M) define the 3-form Φ and
its dual as

Φ = dτ ∧ ω′ + Re
(
eiαΩ′

)
,

∗Φ =
1

2
ω′ ∧ ω′ − dτ ∧ Im

(
eiαΩ′

)
,

(3.120)
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for some real parameter α. Both forms are closed, and they define a G2-holonomy
reduction.

Nearly Kähler to integrable G2. Start with a nearly Kähler manifold (M,ω,Ω),
and consider on the cone c(M), with radial variable ρ, the 3-form

Φ = ρ2dρ ∧ ω + ρ3Im(Ω),

∗Φ =
1

2
ρ4ω ∧ ω + ρ3dρ ∧ Re(Ω).

(3.121)

We have dΦ = d ∗ Φ = 0, and they define a G2-holonomy reduction on c(M).

The constructions of the last four paragraphs give rise to the diagram

5D Sasaki-Einstein
sc−−−−→

(+θ)
nearly Kähler

c

y(+r) c

y(+ρ)

Calabi-Yau
cyl−−−−→

(+τ)
parallel G2,

(3.122)

which reads in terms of forms:

(η, ω̃, Ω̃)
sc−−−−→ (ω,Ω)

c

y c

y
(ω′,Ω′)

cyl−−−−→ Φ.

(3.123)

One can check that the definition of Φ does not depend on the path chosen, if the
coordinates are related by r = ρ sin(θ) and τ = ρ cos(θ).

3.5.2 Nearly Kähler diagram

Nearly Kähler to nearly parallel G2. Start with a nearly Kähler manifold (M,ω,Ω).
Then

Φ̃ = sin2(θ)dθ ∧ ω + sin3(θ)Im
(
eiθΩ

)
,

∗Φ̃ =
1

2
sin4(θ)ω ∧ ω + sin3(θ)dθ ∧ Re

(
eiθΩ

) (3.124)

define a nearly parallel G2-structure on the sine-cone sc(M) [15].

Nearly parallel G2 to Spin(7). Let (M, Φ̃) be a nearly parallel G2-manifold with
dΦ̃ = 4 ∗ Φ̃. On the cone c(M) consider the self-dual 4-form

Ψ = (1 + ∗8)ρ3dρ ∧ Φ̃ = ρ3dρ ∧ Φ̃ + ρ4 ∗7 Φ̃. (3.125)

Ψ is closed and defines a parallel Spin(7)-structure.
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Integrable G2 to Spin(7). Consider the seven-manifold (M,Φ) with dΦ = d∗Φ =
0, and the cylinder cyl(M). The self-dual 4-form

Ψ = (1 + ∗)dτ ∧ Φ = dτ ∧ Φ + ∗7Φ (3.126)

satisfies dΨ = d ∗Ψ = 0 and defines a Spin(7)-structure.

From the last four paragraphs we arrive at the commuting diagram

nearly Kähler
sc−−−−→

(+θ)
nearly parallel G2

c

y(+r) c

y(+ρ)

parallel G2
cyl−−−−→

(+τ)
parallel Spin(7),

(3.127)

which reads in terms of forms:

(ω,Ω)
sc−−−−→ Φ̃

c

y c

y
Φ

cyl−−−−→ Ψ.

(3.128)

According to Proposition 3.4 the sine-cone over a Killing spinor manifold has a
Killing spinor again, so one may wonder what happens if we extend the diagram to
the right by taking the sine-cone over a nearly parallel G2-manifold. It turns out
that the structure group G2 cannot be enlarged in any interesting way in this case.
This can be understood for instance by considering the stabilizer of a Majorana
Killing spinor in dimension eight. A chiral Majorana spinor has stabilizer Spin(7),
whereas the common stabilizer of two Majorana spinors of different chirality is G2.
Since Killing spinors are non-chiral, it follows that their stabilizer is G2, which
is then the canonical structure group for an eight-dimensional manifold with real
Killing spinors. Contrary to the cases considered above the structure group in seven
dimensions cannot be enlarged in the transition to eight dimension.

A different perspective is offered by the lower row of (3.127). An eight-dimensional
Spin(7)-manifold is defined in terms of a single 4-form Ψ. Adding another cylinder
the only non-trivial parallel differential form we could construct is the 5-form dτ ∧Ψ,
but if this one is parallel then the same is true for the 4-form Ψ = ∗(dτ ∧ Ψ),
and the holonomy group reduces to Spin(7) again. Therefore nothing interesting
happens if the diagram (3.127) is extended to higher dimensions. Of course, this is
also reflected in Bär’s theorem which forbids the existence of any complete eight-
dimensional manifold with real Killing spinors besides the sphere.

3.5.3 Sasaki-Einstein diagram

Sasaki-Einstein to Sasaki-Einstein: iterated sine-cones. Let (M,ω,Ω) be a Sasaki-
Einstein manifold, and denote the coordinate of the first sine-cone by θ1 and the



44 Geometry

other one by θ2. On sc(sc(M)) we define the 1-forms

η̂ = sin2(θ1) sin2(θ2)η − sin(θ1) sin(θ2) cos(θ2)dθ1 + cos(θ1)dθ2,

λ = − cos(θ1) sin(θ2) cos(θ2)dθ1 − sin(θ1)dθ2 + sin(θ1) cos(θ1) sin2(θ2)η,

µ = sin2(θ2)dθ1 + sin(θ1) sin(θ2) cos(θ2)η.

(3.129)

The SU(n+ 1)× 1-structure on sc(sc(M)) is given by

ĝ = sin2(θ1) sin2(θ2)gK + η̂ ⊗ η̂ + λ⊗ λ+ µ⊗ µ
= dθ2

2 + sin2(θ2)
(
dθ2

1 + sin2(θ1)gM
)
,

η̂ = sin2(θ1) sin2(θ2)η − sin(θ1) sin(θ2) cos(θ2)dθ1 + cos(θ1)dθ2,

ω̂ = sin2(θ1) sin2(θ2)ω + µ ∧ λ
= sin2(θ1) sin2(θ2)ω − sin(θ1) sin2(θ2)dθ1 ∧ dθ2

+ sin(θ1) cos(θ1) sin2(θ2)dθ1 ∧ η + sin2(θ1) sin(θ2) cos(θ2)dθ2 ∧ η,

Ω̂ = sinn(θ1) sinn(θ2)Ω ∧ (λ− iµ)

= −Ω ∧
[

sinn(θ1) sinn+1(θ2)
(

cos(θ1) cos(θ2) + i sin(θ2)
)
dθ1

+ sinn+1(θ1) sinn(θ2)dθ2

+ sinn+1(θ1) sinn+1(θ2)
(
− cos(θ1) sin(θ2) + i cos(θ2)

)
η
]
.

(3.130)

As required, the forms satisfy

dη̂ = 2ω̂,

dΩ̂ = i(n+ 2)η̂ ∧ Ω̂,

η̂ ∧ ∗ω̂ = η̂ ∧ ∗Ω̂ = ω̂ ∧ Ω̂ = 0,

Ω̂ ∧ Ω̂ = −(−1)
1
2
n(n+1) (2i)n+1

(n+ 1)!
ω̂n+1,

ω̂n+1 ∧ η̂ = −(n+ 1) sin2n+1(θ1) sin2n+2(θ2)ωn ∧ η ∧ dθ1 ∧ dθ2 ∝ Vol,

(3.131)

and therefore define a Sasaki-Einstein structure.

Calabi-Yau to Calabi-Yau: iterated cylinders. Let (M,ω′,Ω′) be a Calabi-Yau.
The iterated cylinder cyl(cyl(M)) with extra coordinates τ1, τ2 has a Calabi-Yau
structure as well, given by

ω′′ = dτ2 ∧ dτ1 + ω′,

Ω′′ = Ω′ ∧ (dτ2 + idτ1).
(3.132)

Sasaki-Einstein to 1× SU(n + 1): cone over sine-cone. Let (M,ω,Ω) be Sasaki-
Einstein and consider the cone over its sine-cone, c(cs(M)), with angular variable
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θ1 and radial variable ρ2. Define the 1-forms

η′ = cos(θ1)dρ2 − ρ2 sin(θ1)dθ1,

λ = sin(θ1)dρ2 + ρ2 cos(θ1)dθ1,

µ = 2ρ2 sin(θ1)η,

(3.133)

and a 1×SU(n+ 1)-structure through

g = ρ2
2 sin2(θ1)gK + η′ ⊗ η′ + λ⊗ λ+ µ⊗ µ

= dρ2
2 + ρ2

2

(
dθ2

1 + sin2(θ1)gM ),

η′ = cos(θ1)dρ2 − ρ2 sin(θ1)dθ1,

ω′ = ρ2
2 sin2(θ1)ω + λ ∧ µ

= d
(
ρ2

2 sin2(θ1)η
)

= ρ2
2

(
sin2(θ1)ω + 2 sin(θ1) cos(θ1)dθ1 ∧ η

)
+ 2ρ2 sin2(θ1)dρ2 ∧ η,

Ω′ = ρn2 sinn(θ1)Ω ∧
(
λ+ iµ

)
= ρn2 sinn(θ1)Ω ∧

(
sin(θ1)dρ2 + ρ2 cos(θ1)dθ1 + 2iρ2 sin(θ1)η

)
.

(3.134)

We have
dη′ = dω′ = dΩ′ = 0, (3.135)

hence the structure is integrable.

Summarizing the results of the last paragraphs we obtain the following diagram of
structure groups

1× SU(n)
sc−−−−→

(+θ1)
12 × SU(n)

sc−−−−→
(+θ2)

1× SU(n+ 1)
sc−−−−→ · · ·

c

y(+ρ1) c

y(+ρ2) c

y(+ρ3)

SU(n+ 1)
cyl−−−−→

(+τ1)
1× SU(n+ 1)

cyl−−−−→
(+τ2)

SU(n+ 2)
cyl−−−−→ · · ·

(3.136)

where, as usual, the manifolds in the upper row carry real Killing spinors and a non-
integrable reduction of structure groups, whereas the ones in the lower row have
parallel spinors and their structure groups coincide with the respective holonomy
groups. In terms of forms the diagram reads

(η, ω,Ω)
sc−−−−→ (η, dθ1, ω,Ω)

sc−−−−→ (η̂, ω̂, Ω̂)

c

y c

y c

y
(ω′,Ω′)

cyl−−−−→ (dτ1, ω
′,Ω′)

cyl−−−−→ (ω′′,Ω′′).

(3.137)
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4.1 The BPST instanton

The anti-self-duality equation on R4 can be understood as the requirement that the
curvature F of a gauge field A be contained in one of the two su(2)-subalgebras of
so(4). Instead of R4 we consider the conformally equivalent cylinder R× S3, which
does not make a difference at the level of instanton equations. The metric is simply
dτ2 + gS3 , and the canonical 4-form is

Q = dτ ∧VolS3 = VolR×S3 . (4.1)

Let {ea}, a = 1, 2, 3, be a basis of SU(2)-left-invariant orthonormal 1-forms, so that
VolS3 = e123, and e0 = dτ . They satisfy the Maurer-Cartan equation

dea = εabce
bc, de0 = 0. (4.2)

A basis of anti-self-dual 2-forms is given by

e0a − 1

2
εabce

bc. (4.3)

Using the metric-induced isomorphism so(4) = Λ2 we can translate these 2-forms
into a set of generators for one of the su(2)-subalgebras:

(Ia)
b
0 = −(Ia)

0
b = δab, (Ia)

b
c = εabc, (4.4)

their commutation relations are1

[Ia, Ib] = −2εabcIc. (4.5)

Define a gauge field A on R× S3 through

A = ψ(τ)eaIa, (4.6)

its curvature is
F =

[
ψ̇e0a − ψ(ψ − 1)εabce

bc
]
Ia. (4.7)

Comparison with (4.3) shows that F is an instanton if and only if

ψ̇ = 2ψ(ψ − 1), (4.8)

which is solved by

ψ =
(

1 + e2(τ−τ0)
)−1

, (4.9)

for some constant τ0 ∈ R. This is an example of a BPST-instanton [12].

1note that the Ia are considered as sections of End(TR4) instead of TS3 here. In fact, one can
view (4.4) as defining a map from TS3 to End(TR4).
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4.2 The gauge-solitonic brane

The BPST instanton has been lifted to heterotic supergravity in [77], and I briefly
review the construction, which serves as a guiding principle for the next chapter.
The metric is chosen conformal to the cylinder metric

g̃ = e2f(τ)(dτ2 + g), (4.10)

and we introduce an orthonormal basis ẽµ = exp(f)eµ, µ = 0, . . . , 3.

The BPS equations. The gaugino equation has been solved above already, now
we focus on the dilatino and gravitino equations. There are two SU(2)-invariant
Weyl spinors ε, ε̃ on R × S3, of the same chirality. Since the volume form ẽ0123 is
SU(2)-invariant, it maps the space of invariant spinors to itself. In fact, γ(ẽ0123) is
minus the chirality operator, and therefore acts as the identity on ε and ε̃. Hence,
the following relations hold:

γ(ẽ123) · ε = −γ(ẽ0) · ε, γ(ẽ123) · ε̃ = −γ(ẽ0) · ε̃. (4.11)

We can then solve the dilatino equation (2.6b) for arbitrary H = a(τ)ẽ123 by setting

φ(τ) = −1

2

∫ τ

τ0

ef(t)a(t)dt. (4.12)

To solve the gravitino equation (2.6a) we make an ansatz for ∇− similar to the
instanton ansatz in the last section:

∇− = d+ s(τ)eaIa. (4.13)

This has automatically holonomy SU(2), so that ε and ε̃ are parallel. Its torsion can
be calculated from the Cartan equation Tµ = dẽµ + (Γ−)µν ∧ ẽν , and is given by
T 0 = 0 and

T a = ef
{

(ḟ − s)e0a − εabc(s− 1)ebc
}
. (4.14)

To solve the gaugino equation we need this to be of the form Tµ = ẽµyH for some
3-form H, which is satisfied if and only if

s = ḟ . (4.15)

The 3-form is then given by

H = 2e2f (1− ḟ)e123, (4.16)

and the dilaton by

φ(τ) = φ0 + f − τ. (4.17)
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The Bianchi identity. Since we are looking for a solution to order O(α′) to the
Bianchi identity, we can replace the curvature form R+ by the Riemann tensor of
flat R4, which vanishes. Therefore, the Bianchi identity reduces to

dH = −α
′

4
tr(F ∧ F ). (4.18)

We normalize the trace such that tr(IaIb) = δab, and obtain the condition

dH =
α′

2
ψ̇ψ(ψ − 1)εabce

0abc =
α′

2
d
(

(1− ψ)2(1 + 2ψ)e123
)
. (4.19)

Now use the instanton equation (4.8) as well as (4.16) to get the equation

e2f (1− ḟ) =
α′

4

(
ψψ̇ − ψ2 + 1

)
. (4.20)

This is solved by

e2f = e2τ +
α′

4
(1− ψ2). (4.21)

We have thus obtained a perturbative solution of heterotic string theory, or an exact
solution of the modified heterotic supergravity, as discussed in Section 2.1.

4.3 The NS5-brane

This is an alternative solution of the original heterotic supergravity on R×S3 or R4

(i.e. R+ is kept in the equations), which has enhanced supersymmetry and does not
receive any α′-corrections. It was found by Callan, Harvey and Strominger in 1991
[22], who called it ’the symmetric solution’.

We consider again the metric g̃ = e2f (dτ2 + g), and make the same ansatz for ∇−
as above in (4.13). We know already that the dilatino equation is solved by (4.12)
if the 3-form H is chosen in the form H = a(τ)ẽ123. One can show that in this
particular situation the interchange relation

(R+)µνκλ = (R−)κλµν (4.22)

holds. Since ∇− has a parallel spinor, it follows that R+ satisfies the instanton
condition, and we can solve the gaugino equation by setting F = R+. Then the
Bianchi identity reduces to dH = 0, which is consistent with (4.16) if and only if

e2f (1− ḟ) = q (4.23)

for some constant q ≥ 0. This equation is solved by

e2f = q + e2τ . (4.24)
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The resulting fields are
g̃ =

(
q + e2τ

)(
dτ2 + g

)
,

H = 2qe123

φ = φ0 +
1

2
log
(
1 + qe−2τ

)
F = R+.

(4.25)

A thorough discussion shows that q is quantized, and depends linearly on α′ [22, 23].
It can be thought of as a brane charge. The limiting behaviour of the solution for
τ → −∞ is as follows

g̃ = q(dτ2 + gS3)

H = 2qVolS3

φ = φ0 −
1

2
log q − τ

F = R+ = R− = 0.

(4.26)

The metric becomes cylindrical, and the dilaton grows linearly with τ . The connec-
tion ∇− in this limit becomes identified with the canonical connection ∇P on S3,
which is flat and has vanishing connection coefficients in the frame defined by the
SU(2)-invariant 1-forms. The connection with opposite torsion ∇+ is flat as well, so
that F = 0. Notice that the choice F = R− is also admissible in this limit, because
R− trivially satisfies the instanton equation. In Chapter 6 below I show that cylin-
drical solutions similar to the cylinder limit (4.26) exist on many non-symmetric
homogeneous spaces. Probably this is true for all real Killing spinor manifolds.
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5.1 Instantons on the cone

In this section I present a generalization of the 4-dimensional BPST-instantons to
the cone over a real Killing spinor manifold. For the special cases of a cone over S6

and S7 these instantons have been found in [35, 41, 62, 51]. Similar instantons on
homogeneous spaces have been constructed in [61, 52], but they coincide with the
ones considered here only on R7 and R8 [46].

It will actually prove more convenient to study the instanton equation on the cylinder
cyl(M), equipped with metric

gcyl = dτ2 + gh (5.1)

(with gh the h-dependent metric in the Sasaki-Einstein and 3-Sasakian cases, and
the Einstein metric in the other cases). The cylinder inherits a K-structure from M ,
and this can be lifted to a G-structure, where G = Spin(7), G2, SU(n+1) or Sp(n+1)
when M is nearly parallel G2, nearly Kähler, Sasaki-Einstein or 3-Sasakian. The
orthogonal complement with respect to the Killing form of k in g will be denoted by
m. The instanton equation on the cylinder is F ∈ g, or equivalently

∗ F = − ∗Qcyl ∧ F, (5.2)

where Qcyl is the Casimir 4-form associated to the G-structure on the cylinder.
Since the instanton equations are conformally invariant, and the cylinder metric is
conformal to the the cone metric, instantons on the cylinder will also be instantons
on the cone.

There are two obvious examples of instantons on the cylinder (or cone): the Levi-
Civita connection ∇c on the cone is an instanton, because the cone is a manifold of
special holonomy, and the canonical connection ∇P on M lifts to an instanton on the
cylinder. Both of these connections have holonomy contained in the structure group
G of the cylinder. The instantons constructed in this section also have holonomy
group G. They interpolate between the Levi-Civita and canonical connections: at
the apex τ = −∞ they agree with the Levi-Civita connection, and at the boundary
τ =∞ they agree with the canonical connection. The instantons depend on a single
parameter τ0: this is a translational parameter from the point of view of the cylinder,
or a scale parameter from the point of view of the cone. In the case where M = S3

the construction reproduces the BPST instanton on R4 [12].
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5.1.1 Nearly Kähler and nearly parallel G2

Nearly parallel G2-manifolds and nearly Kähler 6-manifolds are sufficiently similar
to be treated in a unified way. In both cases the Casimir 4-form on the cylinder is

Qcyl = dτ ∧ P +Q, (5.3)

where as above the normalization is dP = 4Q. The canonical connection lifts to a
connection on the tangent bundle of the cylinder, with holonomy group K = G2 or
SU(3). Our ansatz for a connection on the cylinder R ×M will be a perturbation
of the canonical connection, chosen in such a way that the gauge group of the per-
turbed connection will be G = Spin(7) or G2.

We now choose a local frame ea for T ∗M so that the 3-form P takes its standard
form, and extend this to a local frame for the cylinder by defining e0 = dτ . Then
there is an associated basis Ia, a = 1, . . . , n = dimM for m ⊂ g ⊂ so(n + 1). Since
these are n + 1-dimensional matrices we can attach matrix indices µ, ν = 0 . . . n.
Explicitly, these matrices can be written as follows:

− (Ia)
0
b = (Ia)

b
0 = δab, (Ia)

c
b = −1

ρ
Pabc, (5.4)

where ρ = 2, 3 in the cases n = 6, 7. One way to see that these matrices belong to
g ⊂ so(n+ 1) is to note that the 2-forms,

e0a − 1

2ρ
Pabce

bc, (5.5)

solve the instanton equation (5.2) on the cylinder, so belong to g ⊂ Λ2. The gen-
erators Ia are the images of these 2-forms under the metric-induced isomorphism
Λ2 ∼= so(n+ 1). The matrices Ia are orthonormal with respect to a multiple of the
Cartan-Killing form on g, and we extend them to a basis for g using an orthonormal
basis Ii for k. Clearly (Ii)

0
a = −(Ii)

a
0 = 0. The structure constants satisfy

faib = Iaib, fabc = −2

ρ
Pabc. (5.6)

Here the first equality merely expresses the fact that m and Rn are isomorphic as k
representations. The ansatz for a connection on the cylinder may now be written

∇A = ∇P + ψ(τ)eaIa. (5.7)

When ψ(τ) = 1, ∇A is in fact the Levi-Civita connection ∇c on the cone. This can
be easily proven by a direct calculation. Alternatively, it is enough to show that the
connection with ψ(τ) = 1 is torsion-free when acting on an orthonormal frame for
the cone metric. This will be done in the next section. In the nearly Kähler case
we could add another term propotional to eaωabIb to the gauge field; this possiblity
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will be explored in Chapter 7 below.

The calculation of the curvature of ∇A involves the torsion of the canonical connec-
tion, which is proportional to P . This leads to the relation

d(eaIa) + ΓP ∧ Iaea + Iae
a ∧ ΓP =

1

ρ
PabcIae

bc. (5.8)

Therefore the curvature of ∇A is

F = RP +
1

2
ψ2f iabe

abIi + ψ̇e0aIa +
1

ρ
(ψ − ψ2)Pabce

bcIa, (5.9)

with RP the curvature of ∇P . Now we consider the instanton equation for F . We
already know that RP solves it. It is also not hard to see that the term f iabe

ab solves
the instanton equation. The map Ii 7→ f bia describes the embedding k 7→ so(n), so
for each i, the 2-form f iabe

ab lies in the subspace k ⊂ Λ2. Alternatively, one only
needs to note that RP + 1

2f
i
abe

abIi is the curvature of the Levi-Civita connection on
the cone, and hence an instanton. Thus F is an instanton if and only if the Ia terms
solve the instanton equation, and from equation (5.5) one sees that this happens
exactly when

ψ̇ = 2ψ(ψ − 1), (5.10)

the same equation as in 4 dimensions (4.8). The solution is again

ψ =
(

1 + e2(τ−τ0)
)−1

. (5.11)

The limit τ0 → −∞ is the original connection ∇P on the cylinder, and the limit
τ0 →∞ is the Levi-Civita connection on the cone.

5.1.2 Sasaki-Einstein

The Casimir 4-form on the cylinder over a Sasaki-Einstein manifold depends on the
metric parameter h, which is promoted to a function of τ :

Qcyl = e2h(τ)dτ ∧ P + e4h(τ)Q (5.12)

We construct instantons on Sasaki-Einstein manifolds by the same method as in
the nearly Kähler and nearly parallel G2-cases. Again, we write g = k ⊕ m, where
g = su(n + 1), k = su(n), and m is the 2n + 1-dimensional space orthogonal to k.
Once again, m∗ is isomorphic to the 2n+1-dimensional orthogonal representation of
su(n) that defines the cotangent bundle of M . Assume that a local orthonormal basis
e1, ea for T ∗M has been chosen so that the parallel forms take their standard forms,
and also set e0 = dτ . The generators of k will be denoted Ii and the additional
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generators of m associated to the frame e1, ea will be denoted I1, Ia. Written as
matrices, these have the following non-vanishing elements

(Ii)
b
a =f bia,

(I1)ba =− 1
nωab, −(I1)0

1 =(I1)1
0 = 1,

−(Ia)
0
b =(Ia)

b
0 = δab, −(Ia)

1
b =(Ia)

b
1 = ωab.

(5.13)

In particular, the matrices I1, Ia are the images in so(2m + 2) of the anti-self-dual
2-forms

e01 − e2h

n
ω, eh(e0a + ωabe

1b). (5.14)

With this choice of basis, the structure constants satisfy

f1
ab = −2Pab1, f cab = 0, f b1a = −n+ 1

n
P1ab. (5.15)

Notice the similarity with the formulae (3.56) for the torsion. There are three
sections that could be used to perturb the canonical connection, given by eaIa,
eaωabIb and e1I1, so the natural ansatz for ∇A is

∇A = ∇P + χ(τ)e1I1 + ψ(τ)eaIa + ψ̃(τ)eaωabIb, (5.16)

with χ, ψ, ψ̃ real functions of τ . It can be shown that the instanton equation implies
that the argument of ψ+ iψ̃ is constant and that the instanton equation is invariant
under phase rotations of this complex variable. To simplify the equations we will fix
ψ̃ = 0. Then the curvature of ∇A is

F = RP +
1

2
ψ2f iabe

abIi + χ̇e01I1 + ψ̇e0aIa (5.17)

+(χ− ψ2)Pab1e
abI1 +

n+ 1

n
(ψ − ψχ)P1bae

1bIa.

Once again, RP is the curvature of ∇P so solves the instanton equation. The term
ψ2f iabe

abIi also solves the instanton equation, as can be shown either by a direct
argument, or by using the fact (to be proved in the next section) that the connection
with ψ = χ = 1 is the Levi-Civita connection on the cone. Therefore the instanton
equation is equivalent to

χ̇ = 2ne−2h(ψ2 − χ) (5.18)

ψ̇ =
n+ 1

n
ψ(χ− 1). (5.19)

The ansatz (5.16) and the associated instanton equations (5.18), (5.19) are equiva-
lent to those given in [26].

The flow equations (5.18), (5.19) have two fixed points at (ψ, χ) = (0, 0) and (1, 1)
corresponding to the instantons ∇P and ∇c. The first critical point is stable and
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the second semi-stable, so one expects solutions interpolating from the second to
the first to exist for reasonable choices of h(τ). In fact, when e2h = 2n2

n+1 one can
consistently set χ = ψ, and a solution similar to (5.11) can be written down:

ψ = χ =
(

1 + e2(τ−τ0)
)−1

. (5.20)

In the particular case n = 1 this is just the BPST instanton. A similar class of
solutions for general n has been discovered on non-symmetric homogeneous spaces
(including homogeneous Sasaki-Einstein manifolds) in [61], although the instanton
equation used there appears to differ from ours.

However, the most interesting choice for h is h = 0, corresponding to the Einstein
metric. For n > 1 solutions can be found only numerically [53]. There is however an
exact solution in the n→∞ limit: in this limit, equation (5.18) simplifies to ψ2 = χ
and equation (5.19) becomes

ψ̇ = 2ψ(ψ2 − 1). (5.21)

This is solved by ψ = (1 + exp(2(τ − τ0)))−1/2.

Of particular interest are the cases where M = S2n+1. Then the cone metric extends
smoothly over the apex τ = −∞ to form the manifold R2n+2. The instantons also
extend over the apex, since at τ = −∞ they coincide with the Levi-Civita connection
on R2n+2, which does extend over the apex. Thus the solutions to (5.18) and (5.19)
give rise to a new family of instantons on even-dimensional Euclidean spaces.

5.1.3 3-Sasakian

The Casimir 4-form on the cylinder is

Qcyl =
1

6

(
e4hωα ∧ ωα − e2hεαβγωα ∧ ηβγ + 2e2hdτ ∧ ηα ∧ ωα − 6dτ ∧ η123

)
, (5.22)

where once again we allow h to depend on τ . As above, we write g = k ⊕ m, with
g = sp(n + 1), k = sp(n), and m is the 4n + 3-dimensional space orthogonal to k.
Once again, m∗ is isomorphic to the (4n+ 3)-dimensional orthogonal representation
of sp(n) that defines the cotangent bundle of M .

We assume that a local orthonormal basis eα, ea for T ∗M has been chosen so that
the parallel forms take their standard forms, and also set e0 = dτ . The generators
of k will be denoted Ii and the additional generators of m associated to the frame
eα, ea will be denoted Iα, Ia. The non-vanishing components of these as matrices are

(Ii)
b
a =f bia,

(Iα)β0 =− δαβ, (Iα)γβ =εαβγ ,

(Ia)
b
0 =δab, (Ia)

α
b =− ωαab.

(5.23)
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In particular, the matrices Iα, Ia are the images in so(4n + 4) of the anti-self-dual
2-forms

e0α +
1

2
εαβγe

βγ , eh(e0a + ωαabe
αb). (5.24)

The Lie algebra structure constants satisfy

fαβγ = 2εαβγ , fαab = 2ωαab, f bαa = ωαab, (5.25)

which should be compared to the torsion (3.73). There are 2 matrix-valued forms
which are parallel with respect to connections with holonomy Sp(1)d × Sp(m). We
use both to make an ansatz for a connection:

∇A = ∇P + χ(τ)eαIα + ψ(τ)eaIa, (5.26)

with χ, ψ real functions of τ . Using the above result (3.73) for the canonical torsion,
we obtain for the curvature of the connection:

F = RP +
1

2
ψ2fkabe

abIk

+
(
χ̇e0α + 2(χ− ψ2)ωα − χ(1− χ)εαβγe

βγ
)
Iα

+
(
ψ̇e0a − ψ(1− χ)ωαabe

αb
)
Ia.

(5.27)

Once more, the connection with χ = ψ = 1 is the Levi-Civita connection on the cone.
The first two terms solve the instanton equation, using the fact that the canonical
connection and the Levi-Civita connection on the cone are instantons. Thus the
instanton equation reduces to

0 = χ− ψ2, (5.28)

χ̇ = 2χ(χ− 1), (5.29)

ψ̇ = ψ(χ− 1), (5.30)

which are independent of h(τ). Note that these are 3 equations for 2 unknown
functions, so naively one would not expect to find any solutions. However, in the
case at hand the condition (5.28) is conserved by the flow described by the other
two equations, so solutions can be found. They are:

χ =
(

1 + e2(τ−τ0)
)−1

,

ψ = ±
(

1 + e2(τ−τ0)
)−1/2

.

(5.31)

For M = S4n+3 we obtain an instanton on Euclidean space R4n+4. In the case
n = 0 this is again the BPST instanton, for n ≥ 1 it seems likely that our instantons
coincide with those constructed in [28, 20].
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5.2 Heterotic string theory

We want to solve the heterotic BPS equations (2.6) together with the Bianchi iden-
tity (2.7). In the previous section we have constructed instantons on the cones over
manifolds with real Killing spinor(s). These are solutions of the gaugino equation
(2.6c). In the present section we will extend these solutions to the full set of BPS
equations. Our procedure generalises constructions given in [77, 56, 60, 51] in the
cases where M = S3, S6 and S7. Like in those references, we work perturbatively
in α′. At O(1), the BPS equations are solved by the cone metric, with H = 0 and
φ constant. At O(α′) the gauge field comes into the game, which opens up the
possibility of further solutions in which H and dφ no longer vanish.

Working perturbatively in α′, we will replace the curvature R+ in the Bianchi iden-
tity by the Riemann curvature of the cone. As explained in Section 2.1 this pertur-
bative approach can also be interpreted as a modified heterotic supergravity where
the BPS equations, Bianchi identity and equations of motion are simultaneously
satisfied.

We work using the following metric and G-structure on the cone:

g̃ = e2f(τ)gcyl, Q̃ = e4f(τ)Qcyl, (5.32)

where gcyl and Qcyl are the metric and 4-form on the cylinder introduced in (5.1),
(5.3), (5.12), (5.22). The cone metric is of course f = τ (and h = 0, where appro-
priate). Throughout this section, the Clifford action γ and the contraction operator
y will be assumed to be taken with respect to this metric g̃. The dilatino equation
on a cylinder is discussed in Section A.3 of the appendix, here we shall make use of
these results.

5.2.1 Nearly Kähler and nearly parallel G2

Dilatino equation. If the base is either nearly Kähler or nearly parallel G2, then
there are two SU(3) or G2-invariant spinors ε, ε̃ on the cone, respectively. But only
one of them, ε say, is invariant under the full holonomy group of the cone, i.e. G2

or Spin(7). The spinors satisfy

e2fγ(P ) · ε = −κγ(dτ) · ε, e2fγ(P ) · ε̃ = κγ(dτ) · ε̃ (5.33)

where κ = 4 in dimension 7 or 7 in dimension 8. Thus for any φ = φ(τ), the dilatino
equation for ε is solved by

H = −2

κ
dφyQ̃ = −2φ̇

κ
e2fP. (5.34)
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Gravitino equation. To solve the gravitino equation, we make an ansatz for the
connection ∇− similar to the ansatz (5.7) for the gauge field:

∇− = ∇P + s(τ)eaIa. (5.35)

This connection always solves equation (2.6a), since by construction its holonomy
group is contained in G2 or Spin(7), but we still need to check that its torsion is
given by H. The torsion is calculated by choosing an orthonormal basis

ẽ0 = exp(f)e0, ẽa = exp(f)ea, (5.36)

and employing the Cartan equation Tµ = dẽµ + −Γµν ∧ ẽν . We find that T 0 = 0 and

T a = exp(f)

(
(ḟ − s)e0a +

1− s
ρ

Pabce
bc

)
. (5.37)

On the other hand, the torsion should be Tµ = ẽµyH, where H is the solution (5.34)
to the dilatino equation. Thus we must set s = ḟ , and the gravitino and dilatino
equations are equivalent to

ḟ − 1 =
ρ

κ
φ̇. (5.38)

The general solution is

φ = φ0 +
κ

ρ
(f − τ), (5.39)

where φ0 is the asymptotic value of φ.

Notice that the torsion of ∇− vanishes when s = ḟ = 1. So this connection is
a torsion-free metric-compatible connection on the cone. This justifies the earlier
claim that the connection (5.7) with ψ = 1 is the Levi-Civita connection on the
cone.

The Bianchi identity. The solution (5.7), (5.10) of the instanton equation is valid
for arbitrary scale factor f , since the instanton equations are conformally invariant.
Thus to complete our solution we only need to solve the Bianchi identity. Since
we are only working to leading order in α′, the curvature R+ appearing in the
Bianchi identity (2.7) can be replaced by the curvature R = RiIi of the Levi-Civita
connection on the cone. The trace appearing in the Bianchi identity will be taken
using the quadratic form that makes Ii, Ia orthonormal, so that

tr(F ∧ F −R+ ∧R+) = F i ∧ F i −Ri ∧Ri + F a ∧ F a. (5.40)

These terms will be evaluated separately. First, using the identity,

1

4
PabcPadee

bcde = 2ρQ, (5.41)
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we find that

F a ∧ F a =

(
ψ̇e0a +

ψ − ψ2

ρ
Pabce

bc

)
∧
(
ψ̇e0a +

ψ − ψ2

ρ
Padee

de

)
(5.42)

=
8

ρ
(ψ − ψ2)2Q+

12

ρ
ψ̇(ψ − ψ2)e0 ∧ P. (5.43)

To evaluate the remaining terms, we note that the Riemann curvature Rab = Rifaib
satisfies the first Bianchi identity, exp(τ)eb ∧Rab = 0, and it follows that

f iabe
ab ∧Ri = 0. (5.44)

In addition we note that the 4-form Q can be expressed as the Casimir for the
structure group K:

1

4
f iabf

i
cde

abcd = −8

ρ
Q. (5.45)

It follows from the above that

F i ∧ F i =

(
Ri +

ψ2 − 1

2
f iabe

ab

)
∧
(
Ri +

ψ2 − 1

2
f icde

cd

)
(5.46)

= −8

ρ
(ψ2 − 1)2Q+Ri ∧Ri. (5.47)

Thus, the Bianchi identity is

dH = −α
′

ρ

(
3ψ̇(ψ − ψ2)e0 ∧ P + 2(−1 + 3ψ2 − 2ψ3)Q

)
(5.48)

=
α′

2ρ
d
(
(1− ψ)2(1 + 2ψ)P

)
. (5.49)

Comparing with (5.34), the Bianchi identity is equivalent to

φ̇

κ
exp(2f) =

α′

4ρ
(1− ψ)2(1 + 2ψ). (5.50)

Using (5.10) and (5.38) gives the equation

(ḟ − 1)e2f =
α′

4
(−1 + ψ2 − ψψ̇), (5.51)

which can in fact be integrated exactly:

e2f = e2τ +
α′

4
(1− ψ2). (5.52)

Together with (5.10), (5.39), this gives a solution of the gaugino, gravitino and
dilatino equations and the Bianchi identity. The constant φ0 is the background
value of the dilaton field and τ0 is a parameter controlling the instanton size. In the
cases M = S6, S7 this reproduces solutions constructed in [56, 51].
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5.2.2 Sasaki-Einstein

Dilatino equation. We have that

e2(f+h)γ(P ) · ε = −nγ(dτ) · ε. (5.53)

Thus for any φ = φ(τ), the dilatino equation is solved by

H = − 2

n
dφyQ̃ = −2φ̇

n
e2(f+h)P. (5.54)

Gravitino equation. To solve the gravitino equation, we make an ansatz for the
connection ∇− similar to (5.16)

∇− = ∇P + t(τ)e1I1 + s(τ)eaIa. (5.55)

This has holonomy SU(n + 1), so solves (2.6a). To calculate the torsion of ∇−, we
choose an orthonormal basis

ẽ0 = exp(f)e0, ẽa = exp(f + h)ea, ẽ1 = exp(f)e1, (5.56)

and employ the Cartan equation Tµ = dẽµ + −Γµν ∧ ẽν . We find that T 0 = 0 and

T 1 = ef
(

(ḟ − t)e01 + (1− ehs)P1abe
ab
)

T a = ef+h
{

(ḟ + ḣ− e−hs)e0a + ((1− e−hs) + (1− t)/n)Pab1e
b1
}
.

(5.57)

On the other hand, the torsion should be Tµ = ẽµyH, with H given by (5.54).
Thus we set t = ḟ , s = eh(ḟ + ḣ), so that the gravitino and dilatino equations are
equivalent to

2

n
φ̇ =

n+ 1

n
(ḟ − 1) + ḣ (5.58)

n− 1

n
ḟ + ḣ = 2e−2h − n+ 1

n
. (5.59)

Equation (5.58) can be integrated to give φ in terms of f and h:

φ = φ0 +
n+ 1

2
(f − τ) +

n

2
h. (5.60)

Notice that the torsion of∇− vanishes when s = t = ḟ = 1, h = 0. So this connection
is a torsion-free metric-compatible connection on the cone. This justifies the earlier
claim that the connection (5.16) with χ = ψ = 1 is the Levi-Civita connection on
the cone.
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The Bianchi identity. The trace appearing in the Bianchi identity will be nor-
malised so that the Ia are orthonormal. This convention implies that tr(I2

1 ) =
(n+ 1)/2n. The Ii will be taken to be orthonormal also. Thus,

tr(F ∧ F −R+ ∧R+) = F i ∧ F i −Ri ∧Ri + F a ∧ F a +
n+ 1

2n
F 1 ∧ F 1. (5.61)

Here as above R+ has been replaced by the curvature R = RiIi of the Levi-Civita
connection on the cone, since we are working only to leading order in α′. These
terms will be evaluated separately. First, using the identity,

P1abP1cde
abcd = 8Q, (5.62)

we find that

F a ∧ F a = 4
n+ 1

n
ψ̇ψ(1− χ)e0 ∧ P, (5.63)

n+ 1

2n
F 1 ∧ F 1 = 2

n+ 1

n
χ̇(χ− ψ2)e0 ∧ P + 4

n+ 1

n
(χ− ψ2)2Q. (5.64)

From the first Bianchi identity for R it follows that

F i ∧ F i = −4
n+ 1

n
(ψ2 − 1)2Q+Ri ∧Ri. (5.65)

Thus, the Bianchi identity is

dH = −α
′(n+ 1)

4n

(
4ψ̇ψ(1− χ) + 2χ̇(χ− ψ2)

)
e0 ∧ P

−α
′(n+ 1)

n

(
χ2 − 2χψ2 + 2ψ2 − 1

)
Q (5.66)

= −α
′(n+ 1)

4n
d
(
(χ2 − 2χψ2 + 2ψ2 − 1)P

)
. (5.67)

Comparing with (5.54), (5.58), (5.59) the Bianchi identity reduces to

(ḟ + ḣ− e−2h)e2(f+h) =
α′(n+ 1)

8n

(
χ2 − 2χψ2 + 2ψ2 − 1

)
. (5.68)

We have reduced the heterotic supergravity equations to 4 equations (5.18), (5.19),
(5.59), (5.68). In the case n = 1 these are solved exactly [77] by (5.20), h = 0, and

e2f = e2τ +
α′

4
(1− χ2). (5.69)

For n > 1 solutions may be obtained only numerically. We assume that the solutions
can be expanded in α′:

χ = χ0 + α′χ1, f = f0 + α′f1,

ψ = ψ0 + α′ψ1, h = h0 + α′h1.
(5.70)
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The functions χ0, ψ0, f0, h0 are solutions at O(1) in α′. The unique O(1) solution of
(5.59), (5.68) for which h0 does not blow up at τ = −∞ is f0 = τ , h0 = 0. Then
ψ0, χ0 must solve (5.18), (5.19) with h = 0. As discussed in Section 5.1, there is a
1-parameter family of solutions which do not blow up, with a translational param-
eter τ0. At O(α′), equations (5.18), (5.19), (5.59), (5.68) reduce to the following
differential equations for χ1, ψ1, f1, h1:

ḣ1 = −2(n+ 1)h1 −
n2 − 1

8n
e−2τ

(
χ2

0 − 2χ0ψ
2
0 + 2ψ2

0 − 1
)

(5.71)

ḟ1 = 2nh1 +
n+ 1

8
e−2τ

(
χ2

0 − 2χ0ψ
2
0 + 2ψ2

0 − 1
)

(5.72)

χ̇1 = −4nh1(ψ2
0 − χ0) + 4nψ0ψ1 − 2nχ1 (5.73)

ψ̇1 =
n+ 1

n
(χ0 − 1)ψ1 +

n+ 1

n
ψ0χ1. (5.74)

We assume that solutions of these equations exist for all τ . Solutions h1, χ1, ψ1 of
(5.71), (5.73), (5.74) may blow up as τ → −∞, and for each τ0 there is a unique
solution which does not. Then equation (5.72) has a unique solution satisfying
f1 → 0 as τ → ∞. So, the supergravity equations have a 1-parameter family of
solutions to O(α′). These solutions have the following asymptotics:

1− χ0, 1− ψ0, h1, ḟ1 ∼ e2τ , χ1, ψ1 ∼ e4τ as τ → −∞;

ψ0, ψ1 ∼ e−
n+1
n
τ , χ0, χ1 ∼ e−2n+1

n
τ , h1, f1 ∼ e−2τ as τ →∞.

(5.75)

Numerical solutions can be found in [53].

5.2.3 3-Sasakian

Gravitino equation. Our ansatz for ∇− is similar to (5.26):

∇− = ∇P + t(τ)eαIα + s(τ)eaIa. (5.76)

This solves the gravitino equation (2.6a), for the n + 2 Sp(n)-invariant spinors ε.
Introducing the orthonormal basis

ẽ0 = exp(f)dτ, ẽα = exp(f)eα, ẽa = exp(f + h)ea (5.77)

and using the Cartan equation Tµ = dẽµ + −Γµν ∧ ẽν we find that T 0 = 0 and

Tα = ef
{

(ḟ − t)e0α + 2(1− ehs)ωα − (1− t)εαβγeβγ
}
,

T a = ef+h
{

(ḟ + ḣ− e−hs)e0a + (1− e−hs)ωαabebα
}
.

(5.78)

Skew-symmetry of the torsion requires it to be of the form Tµ = ẽµyH for some
3-form H. This means in particular that we must set t = ḟ and s = eh(ḟ + ḣ). Then
the torsion will be skew-symmetric if and only if

ḟ + ḣ = 2e−2h − 1. (5.79)
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Assuming that (5.79) holds, the 3-form H is given by

H = 2e2f (ḟ − 1)η123 − e2(f+h)
(
ḟ + ḣ− 1

)
ηα ∧ ωα. (5.80)

Notice that when s = t = ḟ = eh = 1 the torsion vanishes. This justifies our earlier
claim that the connection (5.26) with ψ = χ = 1 is the Levi-Civita connection on
the cone.

Dilatino equation. The Sp(n)-invariant spinors come in two groups of n+2 spinors
ε and n spinors ε̃, which satisfy the relations (see Lemma A.3 in the appendix)

γ(η123) · ε = e−2fγ(dτ) · ε, γ(ηα ∧ ωα) · ε = −e−2(f+h)2nγ(dτ) · ε,
γ(η123) · ε̃ = e−2fγ(dτ) · ε̃, γ(ηα ∧ ωα) · ε̃ = e−2(f+h)2(n+ 2)γ(dτ) · ε̃.

(5.81)

Since only the n+ 2 spinors ε solve the gravitino equation, we need to adjust φ such
that they solve the dilatino equation as well. If φ is a function of τ and H is given
by (5.80), the dilatino equation (2.6b) for ε is equivalent to

φ̇ = (n+ 1)(ḟ − 1) + nḣ. (5.82)

Clearly, this is solved by

φ = φ0 + (n+ 1)(f − τ) + nh, (5.83)

where the integration constant φ0 may be interpreted as the background value of
the dilaton field.

The Bianchi identity. The instanton that we constructed in the previous section
solves the gaugino equation on the cone for all possible choices of the functions f, h.
Thus it remains to solve the Bianchi identity (2.7). Working to leading order in α′,
we shall replace R+ by R = RiIi, the Riemann curvature form of the cone. We have

F i = Ri +
1

2
(ψ2 − 1)f iabe

ab. (5.84)

Now we can calculate the terms occurring in the Bianchi identity (without at this
point assuming that ψ, χ solve the instanton equation):

1

2
Fα ∧ Fα = 2χ̇(χ− ψ2)e0 ∧ ηα ∧ ωα − 6χ̇(χ− χ2)e0 ∧ η123

− 2(χ− ψ2)(χ− χ2)εαβγη
αβ ∧ ωγ + 2(χ− ψ2)2ωα ∧ ωα

F a ∧ F a = 4ψ̇ψ(1− χ)e0 ∧ ηα ∧ ωα + 2ψ2(1− χ)2εαβγη
αβ ∧ ωγ

F i ∧ F i = Ri ∧Ri − 2(ψ2 − 1)2ωα ∧ ωα

(5.85)

Here we have used the first Bianchi identity Rif biaẽ
a = 0, as well as the following

formula for the Casimir 4-form

f iabf
i
cde

abcd = −8ωα ∧ ωα. (5.86)
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We assume that the trace has been normalised so that Ia, Ii are orthonormal, then
we must have that tr(IαIβ) = 1/2. Thus the Bianchi identity is

dH = −α
′

4

(
F i ∧ F i −Ri ∧Ri + F a ∧ F a +

1

2
Fα ∧ Fα

)
(5.87)

=
α′

4
d
[
(χ− 1)

{
(1 + χ− 2χ2)η123 − (1 + χ− 2ψ2)ηα ∧ ωα

}]
. (5.88)

Now we assume that the gauge field is an instanton, so that in particular χ = ψ2

(cf. (5.28)). The Bianchi identity is solved by

H =
α′

4

[
−(1 + 2χ)(1− χ)2η123 + (1− χ)2ηα ∧ ωα

]
. (5.89)

Comparing with our earlier solution (5.80) of the gravitino equation, we see that the
Bianchi identity, gravitino equation, and gaugino equation are equivalent to

e2f
(
ḟ − 1

)
= −α

′

8
(1 + 2χ)(1− χ)2, (5.90)

e2(f+h)
(
ḟ + ḣ− 1

)
= −α

′

4
(1− χ)2, (5.91)

together with equation (5.79), where χ is given by the solution (5.31) to the differen-
tial equation (5.29). Note that once again we have more equations than unknowns,
so naively one would not expect this system to have any solutions. In spite of this,
an analytic solution can be found: it is

e2f = e2τ +
α′

8
(1− χ2) (5.92)

e2(f+h) = e2τ +
α′

4
(1− χ). (5.93)

Thus we have obtained a 1-parameter family of solutions of the gaugino, gravitino
and dilatino equations and the Bianchi identity, with the functions χ, ψ, f, h, φ given
in equations (5.31), (5.92), (5.93), (5.83).

In the limits τ → ±∞ we get

τ → −∞ : h→ 0, χ, ψ → 1, e2f → e2τ

(
1 +

α′

4

)
τ → +∞ : h→ 0, χ, ψ → 0, e2f → e2τ .

(5.94)

The limiting behaviour is very similar to the nearly Kähler and nearly parallel G2

cases. In particular, the metric equals the Ricci-flat cone metric in both limits, and
the instanton approaches the canonical connection for τ → ∞ and the Levi-Civita
connection on the cone for τ → −∞. In the particular case M = S4n+3 the solution
extends over the apex of the cone: thus the quaternionic instanton of [28, 20] lifts
to heterotic supergravity on R4(n+1).



6 Near horizon solutions

In the last chapter I presented a class of solutions to the heterotic supergravity BPS
equations which generalize the gauge solitonic branes of [77, 56, 60, 51]. Here an
alternative approach will be taken, which leads to a generalization of the near hori-
zon solution of the NS5-brane. The main difference is that we do not replace the
curvature form R+ in the Bianchi identity by an instanton in this chapter, so that
we obtain an exact solution of the BPS equations and the Bianchi identity, but the
equations of motion will be satisfied only up to terms of higher order in α′.

For simplicity we restrict attention to homogeneous real Killing spinor manifolds, al-
though it appears very likely that the solution exists on non-homogeneous manifolds
as well. It is only in the Bianchi identity that the homogeneity assumption consid-
erably simplifies the calculation. We use the notation and results of Section 3.4.
Recall that a homogeneous naturally reductive non-symmetric space (M = G/K, g)
comes equipped with a 3-form P and a 4-form Q, and a canonical connection ∇P
whose torsion is

T a =
1

2
P abce

bc. (6.1)

Moreover, we have a splitting of the Lie algebra g of G as g = k ⊕ m, and m is a
k-module. In fact, k ⊂ so(m). We want to identify ∇P with the connection ∇− that
occurs in the gravitino equation. This is possible only if ∇P has a parallel spinor,
and we found the condition for this to be that k as a subalgebra of spin(m) leaves a
spinor invariant. But this is indeed the case for a real Killing spinor manifold if the
metric is chosen such that the torsion of ∇P becomes totally antisymmetric. Since
the torsion of ∇P is equal to P , and the torsion of ∇− is the supergravity 3-form H,
we have to identify H = P . The dilaton φ is then obtained from the general method
explained in Section A.3; it becomes a linear function of an additional cylinder vari-
able τ .

To gaugino equation imposes the instanton equation on the gauge field. The simplest
solution is the canonical connection on the tangent bundle of M , so we set F = R− =
RP . Now the Bianchi identity turns into the equation

dH =
α′

4
tr
(
R+ ∧R+ −R− ∧R−

)
, (6.2)

with H = P . From (3.100) we know that left and right hand side are proportional
with a positive proportionality, and due to the fact that the right hand side of this
equation is completely independent of the overall scale of the metric whereas the
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left hand side scales in the same way as the metric, we can conclude that a solution
exists and that it fixes the volume of M in terms of α′.1

To summarize, the solution consists of the following ingredients:

• the cylinder over a non-symmetric naturally reductive homogeneous space
M = G/K;

• the metric on M is induced by the Cartan-Killing form on G;

• the 3-form H coincides with the canonical 3-form P on M ;

• both the gauge field and the connection ∇− are given by the canonical con-
nection ∇P on M ;

• the dilaton is a linear function of the cylinder variable τ ;

• the supersymmetry generator ε is obtained from a K-invariant spinor on M .
This restricts the set of possible base spaces M , since an invariant spinor need
not exist on an arbitrary non-symmetric coset space. All homogeneous Killing
spinor manifolds do satisfy this criterion, however.

In the simplest case where M = S3 = SU(2) the solution reproduces the near-horizon
limit of the NS5-brane [22]. In the general case it would be interesting to find an
interpolating solution between the cone over G/K and the above solution, similarly
to the NS5-brane.

1the tensor Pµνλ must be metric-independent because it appears in the canonical connection;
therefore the 3-form P transforms as P ′ = α2P under a rescaling of the metric in the form
g′ = α2g.



7 Instantons on cones and sine-cones
over nearly Kähler manifolds

7.1 Instantons and submanifolds

Recall the diagram (3.127):

nearly Kähler
sc−−−−→

(+θ)
nearly parallel G2

c

y(+r) c

y(+ρ)

parallel G2
cyl−−−−→

(+τ)
parallel Spin(7)

(7.1)

Let (M6, ω,Ω) be a 6-dimensional nearly Kähler manifold and M8 the Spin(7)-
manifold c(sc(M6)). Its Spin(7)-structure is determined by the 4-form

Ψ =
1

2
r4ω ∧ ω + r2dτ ∧ dr ∧ ω + r3dτ ∧ Im Ω + r3dr ∧ Re Ω. (7.2)

Besides the cone and the sine-cone over M6, it contains the cylinder cyl(M6) = {r =
1} as a submanifold. The G2-structure on cyl(M6) induced by the Spin(7)-structure
of M8 is determined by the 3-form

Φ2 = ω ∧ dτ − Re Ω, (7.3)

which is coclosed but not closed. It is a so-called cocalibrated G2-structure. On the
other hand, there is a G2-structure on the cylinder which is conformally equivalent
to the integrable cone structure, with 3-form given by

Φ1 = ω ∧ dτ + Im Ω. (7.4)

In this section we consider the Spin(7)-instanton equation on M8, its reduction to
the submanifolds c(M6), sc(M6) and cyl(M6) and the relation to the G2-instanton
equations on these submanifolds. Finally, we consider the reduction of these equa-
tions to M6 and compare it to the SU(3)-instanton equation.

7.1.1 Reduction to seven dimensions

Consider the cone M7 = c(M6) and a connection ∇A on M8. We can decompose the
curvature form of ∇A as F +Fτadτ ∧ ea, where ea is a basis of orthonormal 1-forms
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for c(M6) with the cone metric, and F is a two-form on M7. The Spin(7)-instanton
equation is equivalent to the set of equations

∗ F = −Φ ∧ F − ∗Φ ∧ Fτaea

F ∧ ∗Φ = − ∗ Fτaea,
(7.5)

where all Hodge stars are taken with respect to the cone metric on M7 and Φ is
the 3-form (3.121), defining the integrable G2-structure on M7. In fact the two
equations are equivalent, which can be proven by decomposing F according to the
splitting so(7) = g2 ⊕ m′ into its g2 and m′-components, and using the fact that
the g2-instanton operator F 7→ ∗(Φ ∧ F ) has eigenvalues −1 on g2 and 2 on m′.
Additionally one needs the property that F ∈ g2 is equivalent to FyΦ = 0. Like
the G2-instanton equation, (7.5) does not restrict the g2-part of F , but it allows for
a non-vanishing m′-component as well. In particular, if Fτa = 0 then the Spin(7)-
instanton equation on M8 becomes equivalent to the G2-instanton equation on the
submanifold M7.

We can perform a similar reduction to M7 = sc(M6), with curvature decomposition
F + Fρadρ ∧ ea. The Spin(7)-instanton equation becomes

∗ F = −Φ̃ ∧ F − ρ ∗ Φ̃ ∧ Fρaea

F ∧ ∗Φ̃ = −ρ ∗ Fρaea,
(7.6)

where now Φ̃ is the 3-form (3.124) on the sine-cone. Again, the two equations are
equivalent, and the case Fρa = 0 brings us back to the G2-instanton equation on the
sine-cone.

The metric on the cylinder {r = r0 = const} assumes the form g = dτ2 + r2
0g

(6), and
the appearance of r0 is somewhat unconvenient. Therefore I will not work out the
general reduction, but consider only a special case below.

7.1.2 Reduction to six dimensions

Similarly, we can reduce the Spin(7)-instanton equation down to six dimensions.
Depending on which set of coordinates we use, we have the two possible decompo-
sitions

F + Fτadτ ∧ ea + Fradr ∧ ea + Fτrdτ ∧ dr,
F + Fρadρ ∧ ea + Fθadθ ∧ ea + Fρθdρ ∧ dθ,

(7.7)

with F a 2-form on M6, and ea a basis of orthonormal 1-forms on M6. Introducing
the complex 1-forms

F̂ = (Far + iFaτ )ea,

F̃ = (Faθ + iρFaρ)e
a,

(7.8)
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we can write the instanton equation either as

F = (Fyω)ω − ∗(ω ∧ F ) + 2rRe(F̂yΩ)

FyΩ = −r(gab − iωab)F̂bea

Fyω = −r2Fτr,

(7.9)

or, equivalently, in the coordinates (θ, ρ):

F = (Fyω)ω − ∗(ω ∧ F ) + 2 sin(θ) Re
(
eiθF̃yΩ

)
FyΩ = − sin(θ)e−iθ(gab − iωab)F̃bea

Fyω = −ρ sin2(θ)Fρθ.

(7.10)

As usual, the contraction operator y and Hodge dual ∗ are taken with respect to the
6-dimensional metric. It turns out that the first equation implies the other two. We
may decompose F as

F = F 2,0 + F 0,2 + F̊ 1,1 + Fω ω , (7.11)

where F 2,0 and F 0,2 = F 2,0 are (2,0)- and (0,2)-forms with respect to the almost
complex structure J while F̊ 1,1 is a (1,1)-form with zero ω-trace. Equivalently,
we can decompose the first equation of (7.10) into two equations determining the
(2,0)⊕(0, 2)- and ω-part of F . The (1,1)-part orthogonal to ω is unrestricted, as in
the usual SU(3)-instanton equation. The (2,0)⊕(0, 2) component of F is determined
by the second equation of (7.10), and the third one governs the ω-part.

7.2 Explicit ansätze for the connection

A number of instanton solutions on cylinders or cones over nearly Kähler-manifolds
are known [61, 52, 54, 9]. Here I give a brief review of these constructions. As in
Section 5.1 the starting point is the canonical connection ∇P on the nearly Kähler
manifold M6, which has holonomy SU(3) and satisfies the SU(3)-instanton equation.

7.2.1 Reduced instanton equations for gauge group G2

As before, let M6 be a nearly Kähler manifold and denote by M7 either the cone,
sine-cone, or cylinder over M6. We define a gauge field on the tangent bundle over
M7 with gauge group G2 by using a similar - but slightly more general - ansatz as
in Section 5.1:

∇A = ∇P + eaψabIb, (7.12)

with ea a basis of 1-forms on M6, Ib the local section defined in (5.4) and ψab given
by

ψab = ψ1 gab + ψ2 ωab, (7.13)

where ψ1,2 ∈ R. The curvature of this connection is given by

F = Rp +
1

2
|ψ|2f iabIieab −

1

2
Re
[(
ψ

2 − ψ
)(
gcd + iωcd

)]
PabdIce

ab, (7.14)
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where ψ := ψ1 + iψ2, and the {Ii} are a set of su(3)-generators. For this ansatz, the
SU(3)-instanton equation is equivalent to

− ψ + ψ
2

= 0, (7.15)

which has four solutions: ψ = 0, ψ = 1 and ψ = exp
(
±i2π

3

)
. If we consider ψ

as a function of the additional coordinate r, τ or θ on cone, cylinder or sine-cone,
respectively, then the curvature (7.14) acquires additional contributions of the form

∂τψ1 dτ ∧ eaIa + ∂τψ2 dτ ∧ eaωabIb , (7.16)

and the G2-instanton equation yields a differential equation for ψ:

1

2

dψ

dτ
= −ψ + ψ

2
(conformally parallel cylinder), (7.17a)

i

2

dψ

dτ
= −ψ + ψ

2
(cocalibrated cylinder), (7.17b)

r

2

dψ

dr
= −ψ + ψ

2
(metric cone) , (7.17c)

1

2
sin(θ) e−iθ

dψ

dθ
= −ψ + ψ

2
(sine-cone). (7.17d)

As explained before, the cone equation (7.17c) is equivalent to the standard in-
stanton equation (7.17a) on the cylinder, via the substitution r = eτ . It can be
considered as a gradient flow equation, whereas the cylinder equation (7.17b) ad-
mits an interpretation as a Hamiltonian flow equation [52]. The equations (7.17)
appear more naturally from an eight-dimensional point of view, if we consider
M8 = cyl(c(M6)) = c(sc(M6)) with the metric

g(8) = dτ2 + dr2 + r2 g(6) . (7.18)

Choose ∇A as above, with ψ a complex function of r and τ . By defining a complex
coordinate z = r− iτ on R+×R, the Spin(7)-instanton equation for this ansatz can
be written as

Re(z)
dψ

dz
= −ψ + ψ

2
. (7.19)

This equation reduces to the differential equation for the cone, the sine-cone or the
cocalibrated cylinder if we restrict it to a particular path in the complex half-plane
spanned by z. One chooses

• z = r + iτ0 for some constant x0 ∈ R to obtain the metric cone and (7.17c),

• z = −iρ0e
iθ for some constant ρ0 > 0 to obtain the sine-cone and (7.17d),

• z = r0− iτ for some constant r0 ∈ R+ to obtain the cocalibrated cylinder with
metric ḡ = dτ2 + r2

0g
(6). The instanton equation reads

ir0

2

dψ

dτ
= −ψ + ψ

2
, (7.20)
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which is a slight generalization of (7.17b). Contrary to the two cases above, a
solution of (7.20) on the submanifold {r = r0 = const} does not extend trivially
to a solution on the full eight-dimensional space. This can be accomplished by
choosing instead the parametrization z = s(1 − it). For s-independent ψ the
instanton equation becomes

1

2

(
i− t

)dψ
dt

= −ψ + ψ
2
, (7.21)

and the slices {s = s0 = const} carry the cylinder metric s2
0(dt2 + g(6)). Both

(7.20) and (7.21) can be obtained from the Spin(7)-instanton equation re-
stricted to the cylinder. In the first case one obtains exactly the cylindrical
G2-instanton equation by imposing dryF = 0, where dr is the 1-form normal
to the cylinder in M8. This condition is not satisfied for solutions of (7.21)
however, so that these do not solve the G2-instanton equation. Substituting
t = cot(θ) in (7.21) brings us back to the sine-cone equation (7.17d).

Of course, other foliations of M8 are possible, and they lead to additional instanton
equations.

τ

r

Figure 7.1: The complex z-plane, z = r − iτ . M8 is a twisted product of M6 with the
right halfplane {r > 0}. Embedded into M8 are the sine-cone (red half-circle),
cylinder (vertical blue line), and cone (horizontal black line). M8 is foliated
either by cylinders or cones, corresponding to the foliation of the half-plane
by translations of the black and blue lines. A foliation by sine-cones is ob-
tained through variation of the radius of the red half-circle. Upon a good
parametrization of the three submanifolds the G2-instanton equation on one of
them becomes invariant under these shifts, so that a solution on a submanifold
trivially extends to a Spin(7)-instanton on all of M8.

7.2.2 Solutions

Here I collect the known finite-action solutions to the instanton equations (7.17).
The conformally parallel cylinder, and thus the cone, was discussed in Section 5.1
and in a similar setting in [61, 52, 54, 9]:

ψ(τ) = c
(

1 + e2(τ−τ0)
)−1

with c = 1 or c = exp
(
±i2π

3

)
. (7.22)
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The solution (7.22) interpolates between the stationary SU(3)-instantons ψ → c
for τ → −∞ and ψ → 0 for τ → ∞, and it is represented by the black edges in
Figure 7.2. Solutions to (7.17b) on the cocalibrated cylinder have been found in [52]
and are given by

ψ(τ) = − c
2

(
1 + i

√
3 tanh

[√
3(τ−τ0)

])
, (7.23)

with c as above being equal to one of the three non-trivial fixed points. These
solutions interpolate between the fixed points c · exp(−2πi/3) and c · exp(2πi/3),
as is illustrated by the blue edges in Figure 7.2. We also found solutions for the
sine-cone equation (7.17d), namely

ψ(θ) = c
(

cos(θ)− i
3 sin(θ)

)
eiθ/3 . (7.24)

These are drawn in red in Figure 7.2 and interpolate between c for θ → 0 and
c · exp(−2πi/3) for θ → π. Moreover, they give rise to solutions of the Spin(7)-
instanton equation (7.21) restricted to the cylinder, upon substituting θ = arccot(t).
Explicitly, we get

ψ(t) = c
(t− i

3)(t+ i)1/3

(t2 + 1)2/3
. (7.25)

exp(−2πi/3)

exp(2πi/3)

1
0

Figure 7.2: Instantons in the complex ψ plane. The nodes correspond to the four SU(3)-
instantons on the nearly Kähler manifold M6, whereas the edges are interpolat-
ing Spin(7)-instantons on M8 = cyl(c(M6)) or submanifolds thereof. The blue
edges can be realized as G2-instantons on the cocalibrated cylinder cyl(M6),
the red ones solve the nearly parallel G2-instanton equation on the sine-cone
sc(M6), and the black edges are solutions on the cone c(M6). The 3-symmetry
of homogeneous nearly Kähler manifolds is reflected in the permutation sym-
metry of the diagram.

7.2.3 Interpretation

Consider again the diagram (7.1). The four spaces with reduced structure group
SU(3), G2 or Spin(7) are related by certain geometric operations, and each carries a
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distinguished instanton. As a gauge field, the Levi-Civita connection on a Rieman-
nian manifold can be identified with the one on its cylinder, because their connection
1-forms (or gauge fields) are the same. Thus we end up with four geometries giving
rise to three different instantons. They correspond to the canonical connection on
the base M for ψ = 0, the Levi-Civita connection on the cone c(M) for ψ = 1, and
additionally the canonical G2-connection on the sine-cone sc(M), which is gauge-
equivalent to the non-stationary solution (7.24).

To make the identification of (7.24) with the canonical connection on the sine-cone
more precise, we consider an explicit realization of the generators Ia. The canonical
connection ∇P on a nearly Kähler or nearly parallel G2-manifold is obtained from
its Levi-Civita connection by adding a suitable multiple of the canonical 3-form P .
For the sine-cone over a nearly Kähler manifold this recipe leads to the following
expression:

∇P,7 = ∇P,6 +
[

cos(θ)δab − 1
3 sin(θ)ωab

]
eaIb − 1

3dθ J , (7.26)

where J is the almost complex structure acting non-trivially only on the tangent
space to M6 and the Ia are skew-symmetric 7× 7-matrices

(Ia)b0 = δab and (Ia)bc = 1
2Re(eiθΩ)abc . (7.27)

Again, indices a, b, c run from 1 to 6. Upon a gauge transformation

∇P,7 7→ e−θJ/3∇P,7 eθJ/3 , (7.28)

the connection form is transferred to the form of our ansatz (7.13), with ψ given by
(7.24) and the Ia by (5.4), i.e.

(Ia)b0 = δab and (Ia)bc = 1
2Re(Ω)abc. (7.29)

A more general ansatz for the gauge field on the tangent bundle of M8 is possible,
with gauge group Spin(7) instead of G2. So far we made use of the decomposition
g2 = su(3)⊕m, and our gauge field consisted of the canonical SU(3)-connection plus
a 1-form with values in m. We have a similar decomposition

spin(7) = su(3)⊕ 2m⊕ 1, (7.30)

where m is the same su(3)-module as in the decomposition of g2, and 1 is the
trivial su(3)-representation. We could therefore introduce a second set {Ĩa} of m-
generators, a 1-generator I, and consider the gauge field

∇A = ∇P,6 + ψabe
aIb + ψ̃abe

aĨb + fµ I, (7.31)

where f is a function and µ some arbitrary 1-form on M8, for instance µ = dτ, dr, dθ,
or dρ. The Spin(7)-instanton equation reduces to a partial differential equation for
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ψ, ψ̃ and f , and the solutions found above are special cases where ψ̃ = f = 0. A par-
ticular solution where neither ψ nor ψ̃ vanish is the Spin(7)-instanton (5.11), which
interpolates between the canonical G2-connection Â7 on sc(M6) and the Levi-Civita
connection on M8.

The ansatz for the gauge field relies on the splitting g2 = su(3)⊕m. For a homoge-
neous nearly Kähler manifold G/K there is another decomposition g = k⊕m, where
g and k are the Lie algebras of G and K, respectively, and m is the same k ⊂ su(3)-
module as in the g2-decomposition. In fact, the canonical SU(3)-connection on G/K
takes values in K ⊂ SU(3), and depending on whether we consider m as a subset of
g2 or g, the gauge field

∇A = ∇P,6 + ψabe
aIb (7.32)

has gauge group G2 or G. It turns out that the instanton equation for ψ is the same
for both approaches, and whereas we have concentrated on gauge group G2 here,
the gauge group G case has mostly been considered in the literature [61, 52, 54, 9].
For M6 = S6 = G2/SU(3) the two alternatives are equivalent.

In Chapter 5 we have shown that the conical instantons (7.22) for c = 1 embed into
heterotic supergravity, similarly for the solution interpolating between the canonical
connection on the sine-cone and the Levi-Civita connection on the cylinder over
the cone. It would be interesting to find a general supergravity extension for every
solution of the instanton equation (7.19), or even every instanton constructed from
the generalized ansatz (7.31).



8 Conclusions and outlook

I have shown that manifolds M with real Killing spinors play an important role in
heterotic string theory, similarly to the type II string theories and M-theory. A fam-
ily of instantons on the Ricci-flat cone over M has been constructed and embedded
into supergravity. These solutions have been found analytically for nearly Kähler,
nearly parallel G2, and 3-Sasakian manifolds, whereas the case of Sasaki-Einstein
manifolds has been solved numerically by D. Harland [53]. Another solution of the
supergravity equations, similar to the near horizon limit of the NS5-brane, is given
by the cylinder metric over M , with gauge field equal to the canonical connection
on M and a linear dilaton. In this case the H-Bianchi identity has been proven only
for homogeneous base manifolds M , but the BPS equations are solved for arbitrary
Killing spinor manifolds.

One important ingredient of the heterotic BPS equations is the gravitino equation
∇−ε = 0 for some Majorana-Weyl spinor ε, which can be restated as the requirement
that the holonomy group of the connection ∇− must be contained in the stabilizer
subgroup of Spin(9,1) of a spinor. In this thesis I constructed several examples with
compact stabilizer groups, like Spin(7), G2, SU(n), and Sp(n). It is known that some
of these groups are contained in non-compact groups which stabilize the same num-
ber of spinors [49]: there is one invariant spinor for Spin(7)nR8, two for SU(4)nR8,
and three for Sp(2)nR8. It appears likely that one can generalize the ansatz for the
supergravity fields to construct solutions with any of these non-compact holonomy
groups. An example of this type can be found in [75], where the holonomy group is
contained in SU(2)×R4, and the solution consists of a flat 4-dimensional Euclidean
space without fluxes times a 6-dimensional Lorentzian manifold with non-vanishing
fluxes.

Another possible extension of the results could involve resolutions of the conical sin-
gularity. The cone metric over a non-spherical manifold becomes singular at the tip
of the cone, and although there is no general algorithm to resolve this singularity,
many explicit resolutions for special base manifolds are known [74, 47, 71]. In type
II and 11-dimensional supergravity one can extend the brane solutions on the cone
to the resolution [29], and this should be possible in heterotic supergravity as well.
The instanton equation on the resolved cone over a regular Sasaki-Einstein manifold
has been studied in [27].

Since the sine-cone over a manifold with real Killing spinors has real Killing spinors
again, one can consider the instanton and supergravity equations on the cone over
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the sine-cone over M . Several solutions of the former are known to exist, due to
the fact that the cone over the sine-cone is the same space as the cylinder over
the cone, and both the cone and the sine-cone over a real Killing spinor manifold
come equipped with canonical instanton gauge fields. I have illustrated this for the
case of a nearly Kähler manifold, but it seems likely that the full moduli space of
instantons contains more solutions than those presented here. Also the embedding
into supergravity has not been worked out yet, and the case of other base manifolds,
for instance with a Sasaki-Einstein structure, is another interesting project for future
work.
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A Spinors

A.1 Clifford algebras

Let (V, g) be a real vector space endowed with a metric. Define a new product on
the tensor algebra T V over V by imposing the relation

{v, w} := vw + wv = 2g(v, w) (A.1)

for all v, w ∈ V . The resulting algebra Cl(V, g) is called the Clifford algebra over
V . If (V, g) is Rp,g we denote its Clifford algebra by Cl(p, q), and if q = 0 then we
write Cl(p) for Cl(p, 0). Given an orthonormal basis {Iµ} for V the corresponding
elements in the Clifford algebra will be denoted by γµ. There is an induced metric
g−1 on the dual space V ∗, which gives rise to the Clifford algebra Cl(V ∗, g−1). Its
generators corresponding to the dual basis {eµ} are denoted by γµ. The metric has
a unique complex linear extension to V ⊗ C, and there is also a complex Clifford
algebra, satisfying Cl(V ⊗ C, g) = Cl(V, g)⊗ C. We write Cl(n,C) = Cl(Cn).

A.1.1 Even dimensions

A representation of Cl(2n,C) can be defined in terms of a maximal complex subspace
W ≤ C2n such that

g(w1, w2) = 0 (A.2)

for all w1, w2 ∈W . The representation space is the exterior algebra S := ΛW , with
action γ : Cl(2n,C)→ End(S) determined by

γ(w)w1 ∧ · · · ∧ wr = w ∧ w1 ∧ · · · ∧ wr,

γ(w)w1 ∧ · · · ∧ wr =
r∑
i=1

(−1)i−12g(w,wi)w1 ∧ · · · ∧ w̌i ∧ · · · ∧ wr,
(A.3)

for w ∈W and w ∈W , where w̌i means leaving out wi. To give a complex subspace
W of V ⊗ C which satisfies (A.2) is equivalent to the choice of a metric-compatible
complex structure on V , and we shall choose W to be generated by holomorphic
elements I2j−1 + iI2j for j = 1, . . . , n.

Concretely, this means the following. Consider Cl(2n) with generators γ1, . . . , γ2n.
In the complexified Clifford algebra we can introduce the creation and annihilation
operators ζj , ζj (often denoted by a†j and aj instead), j = 1, . . . , n, as

ζj = 1
2(γ2j−1 + iγ2j), ζj = 1

2(γ2j−1 − iγ2j). (A.4)
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They satisfy the relations

{ζj , ζk} = {ζj , ζk} = 0, {ζj , ζk} = δjk. (A.5)

Let w1, . . . , wn be a basis of Cn 'W , then the ζj and ζj act on S as

ζj · wk1 ∧ · · · ∧ wkr = wj ∧ wk1 ∧ · · · ∧ wkr ,

ζj · wk1 ∧ · · · ∧ wkr =
r∑
i=1

(−1)i−1δj,kiw
k1 ∧ · · · ∧ w̌ki ∧ · · · ∧ wkr .

(A.6)

It is known that Cl(2n,C) is isomorphic to End(S), so that we have constructed
the unique irreducible representation of Cl(2n,C), up to equivalence [80]. Since
Cl(2n,C) contains the real Clifford algebra Cl(2n) as a subspace, we also obtain
a representation of the latter, but it is unclear whether this representation is ir-
reducible. This question is related to the concept of charge conjugation, to be
explained below.

Inside the real Clifford algebra Cl(2n) we find the so-called spin algebra, which is a
copy of the orthogonal Lie algebra, under the map

so(2n)→ Cl(2n), A 7→ 1

4
gµκA

κ
νγ

µν . (A.7)

Hence, spin(2n) is generated by elements γµν of degree two. Spinor space splits into
the sets of positive and negative chirality spinors, or Weyl spinors,

S = S+ ⊕ S− := Λ+W ⊕ Λ−W, (A.8)

where Λ±W denotes the even and odd degree components of the exterior algebra. A
single gamma matrix interchanges S+ and S−, so that the action of spin(2n) respects
the splitting (A.8). This can be restated in terms of the so-called chirality operator
Γ, which acts through eigenvalue +1 on S+ and by −1 on S−. The complexified
spin algebra commutes with Γ, and by Schur’s lemma the representation on S must
be reducible. It turns out that S+ and S− are always irreducible representations of
spin(2n)⊗ C, whereas the representation of the real spin algebra sometimes can be
further reduced.

There is an automorphism αC of the Clifford algebra, determined by

γ2j+1 7→ γ2j+1, γ2j 7→ −γ2j . (A.9)

Since the representation of Cl(2n,C) on S is unique, there must exist two maps
C̃1, C̃2 ∈ Aut(S) which implement αC and −αC , in the sense that

αC(η) = C̃−1
1 ηC̃1

−αC(η) = C̃−1
2 ηC̃2

(A.10)
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for all η ∈ Cl(2n,C). One can check that

C̃1 =

{
γ1γ3 . . . γ2n−1 if n is odd

γ2γ4 . . . γ2n if n is even

C̃2 =

{
γ2γ4 . . . γ2n if n is odd

γ1γ3 . . . γ2n−1 if n is even

(A.11)

do the job. Let us introduce a real structure on spinor space S, by considering the
basis elements wj1 ∧ · · · ∧ wjr as real. Then complex conjugation acts on gamma
matrices as

γ∗2j−1 = γ2j−1, γ∗2j = −γ2j . (A.12)

We can also introduce a Hermitian inner product 〈·, ·〉 on S by demanding that the
basis elements wj1 ∧ · · · ∧ wjr are orthonormal. Then the spin representation is
unitary. Furthermore, we define the complex antilinear maps C1, C2 ∈ AutR(S) by

Ckψ = (C̃kψ)∗ (A.13)

for all ψ ∈ S and k = 1, 2. A simple calculation shows that

C−1
1 γµC1 = −C−1

2 γµC2 = γµ (A.14)

for all µ = 1, . . . , 2n. From (A.14) and antilinearity of C1 and C2 it follows that the
embedding of the real spin algebra into its complexification is determined by C1 or
C2:

spin(2n) =
{
η ∈ spin(2n)⊗ C

∣∣ C−1
k ηCk = η

}
(A.15)

for both k = 1 or k = 2, where spin(2n) ⊗ C is considered as a subalgebra of
Cl(2n,C). This property explains the relevance of the so-called charge conjugations
C1 and C2.

To summarize, we have constructed a representation space S of spin(2n), and three
operators C1, C2,Γ ∈ AutR(S) which commute with the action of spin(2n). One of
them, Γ, is indeed complex linear, and Schur’s lemma implies that the representa-
tion space S splits into the eigenspaces S+⊕S− of Γ. Since Schur’s lemma does not
hold over the real numbers, we cannot draw the same conclusion for C1 and C2.

It is not difficult to show that C1 and C2 both square to 1 or −1, depending on
the dimension. Whenever Ck squares to the identity we can define the Majorana
spinors

SM =
{
ψ ∈ S

∣∣ Ckψ = ψ
}
. (A.16)

If, in addition, Ck commutes with Γ, it makes sense to define Majorana-Weyl spinors

S±M = SM ∩ S±. (A.17)
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Whenever Majorana-Weyl spinors exist they form an irreducible spin(2n)-representa-
tion. When there are no Majorana-Weyl spinors, then Weyl spinors are irreducible,
and so are Majorana spinors if they exist [80]. To determine the existence of Ma-
jorana and Majorana-Weyl spinors we simply have to check whether the relations
C2
k = 1 and [Ck,Γ] = 0 hold in a given dimension. The result is

C2
1 = (−1)

1
2
n(n−1)

C2
2 = (−1)

1
2
n(n+1)

[Ck,Γ] = 0 if n is even

{Ck,Γ} = 0 if n is odd.

(A.18)

Hence, there are Majorana spinors in dimensions 0, 2 and 6 mod 8, and Majorana-
Weyl spinors in dimensions 0 mod 8. Elements of S that are neither Weyl nor
Majorana are usually called Dirac spinors.

A.1.2 Odd dimensions

The Clifford algebra in dimension 2n+ 1 has a nontrivial center:

Z
(
Cl(2n+ 1,C)

)
= 〈{1, γ1...2n+1}〉,

and one has

Cl(2n+ 1,C) = Cl+(2n+ 1,C)⊗ Z
(
Cl(2n+ 1,C)

)
, (A.19)

where Cl+(2n+ 1,C) is the subalgebra consisting of elements with an even number
of gamma matrices. A representation can be defined as follows. Single out one
gamma matrix, say γ2n+1. Recall that Cl(0, 2n) denotes the Clifford algebra for a
purely timelike metric, i.e. gµν = −δµν . We denote the generators of Cl(0, 2n) by
γ̃a, a = 1, . . . , 2n. The map Cl+(2n+ 1)→ Cl(0, 2n),

γa,2n+1 7→ −γ̃a, γab 7→ −γ̃ab (A.20)

a = 1, . . . , 2n, defines an algebra isomorphism. Instead of working with time-like
gamma matrices γ̃a we can work in the complexified algbebra Cl(2n,C), and replace
γ̃a by iγaev, where the γaev are space-like generators of Cl(2n). The isomorphism
(A.20) can be extended to a map Cl(2n+ 1,C)→ Cl(2n,C) by demanding that the
central element inγ1...2n+1 be mapped to the identity. The map is then determined
by the following correspondences
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Cl(2n+ 1,C) Cl(2n,C)

1 1

γa −iγaevΓ

γ2n+1 Γ

γab γabev

γaγ2n+1 −iγaev

Table A.1: Mapping gamma matrices in odd dimension to even-dimensional ones.

where a = 1, . . . , 2n, and Γ = inγ1...2n
ev is the usual chirality operator in Cl(2n,C).

The spin representation of Cl(2n,C) then defines a representation of Cl(2n+1,C) as
well, but the question of irreducibility has to be reconsidered. Again, the spin algebra
spin(2n + 1) is contained in Cl+(2n + 1), but it does not respect spinor chirality,
since generators γaγ2n+1 ' −iγaev change chirality. For the same reason, the charge
conjugation must commute not only with even degree elements in Cl(0, 2n) but with
the full real Clifford algebra. In the notation used above only C1 is an admissible
candidate for the charge conjugation. It is determined in time-like dimensions by
the complex linear map

C̃ =

{
γ̃1γ̃3 . . . γ̃2n−1 if n is even,

γ̃2γ̃4 . . . γ̃2n if n is odd,
(A.21)

and satisfies
C2 = (−1)

n
2

(n+1). (A.22)

Hence, Majorana spinors exist in dimensions 1 and 7 mod 8.

A.1.3 Summary: Majorana spinors

We found that Majorana and Majorana-Weyl spinors exist in the following dimen-
sions, mod 8:

n Majorana Majorana-Weyl

0 X X
1 X
2 X -
3 -
4 - -
5 -
6 X -
7 X

Table A.2: Existence of Majorana(-Weyl) spinors for the spin algebra spin(n).
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The case of non-Euclidean signatures was not considered, but it is of relevance to
supergravity which is always defined for Lorentzian signature. In this case a similar
analysis shows that the dimensions are shifted by two relative to the Euclidean
situation: Majorana-Weyl spinors exist in dimension 2 mod 8, and so on. The
Clifford algebras for different signatures in a fixed dimension can all be embedded
into the same complex Clifford algebra, Cl(p, q) ⊂ Cl(p+ q,C), and the information
about the precise embedding is encoded in the charge conjugation C(p,q).

A.1.4 Embedding spinors into higher dimensions

In the previous sections we have constructed the spin representation Sn of spin(n)
for any dimension n. We found that S2n+1 = S2n, the dimension is dimC S2n = 2n,
and that S2n splits into the subrepresentations S+

2n ⊕ S
−
2n.

Lemma A.1. There is a spin(2n− 1)-equivariant isomorphism

ι : S2n−1 → S+
2n. (A.23)

It satisfies
γabev ◦ ι = ι ◦ γab

γa,2nev ◦ ι = ι ◦ (−iγa),
(A.24)

for a = 1, . . . , 2n − 1, where γaev, γ
2n
ev are gamma matrices in dimension 2n, and γa

those in dimension 2n− 1.

Proof. Let ψ ∈ S2n−1 be a Dirac spinor. Then we can decompose ψ into its positive
and negative chirality components ψ = ψ+ + ψ−.1 Recall that spinor space in
dimension 2n is obtained from the one in dimension 2n − 2 by the introduction of
one more complex generator w, and adding to S2n−2 all possible elements w ∧ φ
for φ ∈ S2n−2. The gamma matrices γ2n−1 and γ2n combine into a generator and
annihilator for w, as in (A.4). Now we can define ι(ψ) ∈ S+

2n by

ι(ψ) = ψ+ − iw ∧ ψ−. (A.25)

Equivariance under spin(2n−2) is straightforward, whereas for spin(2n−1)-generators
of the form γaγ2n−1, a = 1, . . . , 2n− 2, a short calculation gives

γaevγ
2n−1
ev ι(ψ) = −iγaevψ− + γaevw ∧ ψ+ = ι

(
γaγ2n−1ψ

)
. (A.26)

Furthermore, we obtain

γa,2nev ι(ψ) = γaevψ
− − iγaevw ∧ ψ+ = ι(−iγaψ)

γ2n−1,2n
ev ι(ψ) = −iψ+ + w ∧ ψ− = ι(−iγ2n−1ψ).

(A.27)

This proves the claim.

As Table A.1 shows, the property (A.24) also holds for the identity map S2n →
S2n+1, which proves Lemma 3.2.

1although the splitting is respected only by the action of the subalgebra spin(2n−2) of spin(2n−1),
the map ι will indeed be spin(2n− 1)-equivariant.
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A.2 Stabilizers

In geometric applications it is of interest to know the stabilizer group Gψ ⊂ Spin(n)
of a given spinor ψ ∈ S. If, for instance, the holonomy group of a connection on
a Riemannian manifold coincides with Gψ, then there exists a parallel spinor. A
general classification of possible stabilizer groups exists only in low dimensions.

A.2.1 Pure spinors

The simplest case is that of pure spinors. Recall that spinor space in dimension
2n is of the form S = ΛW , with W ' Cn. By definition, a pure spinor is one
that can be rotated to Λ0W ' C by a Spin(2n)-transformation. Pure spinors are
then necessarily chiral and non-Majorana. The restriction of the spin representation
to the subgroup SU(n) ⊂ Spin(2n) splits into the irreducible representations Sj =
ΛjCn, j = 0, . . . , n, and in particular pure spinors are invariant under SU(n). In
fact, Gψ = SU(n) if ψ is pure. The concept of pure spinors makes sense in odd
dimensions as well, and the stabilizer remains SU(n) in dimension 2n + 1. A 2n-
dimensional manifold with holonomy group SU(n) is called a Calabi-Yau. In 4n
dimensions the subgroup Sp(n) ⊂ SU(2n) has one invariant spinor in every even
degree component S2j , j = 0, . . . , n, so a total of n + 1 invariant spinors, and a
manifold with holonomy group Sp(n) is called hyperkähler. In 4n + 3 dimensions
the group Sp(n) embedded into a Spin(4n) subgroup of Spin(4n + 3) leaves 2n + 2
spinors invariant, one in every degree Sj , j = 0, . . . , 2n + 2. They are constructed
explicitly in the proof of Lemma A.4 below.

A.2.2 Some exceptional stabilizers

Consider n-dimensional spinor space, with n chosen such that Majorana spinors ex-
ist, and let ψ be a pure spinor. We can build a Majorana spinor out of ψ by adding
its charge conjugate: ψ̃ = ψ + Cψ. What is the stabilizer of ψ̃?

This question is most conveniently analyzed in the Lie algebra setting. The condition
for ψ̃ to be annihilated by g ⊂ so(n) is that

Xµνγ
µνψ̃ = 0 ∀X ∈ g, (A.28)

where Xµν = gµκX
κ
ν . The answer is then simple in dimensions greater than 5 (there

are no Majorana spinors in dimensions 4 and 5 anyway) and different from 7, 8 and
9: Gψ̃ conincides with Gψ, i.e. Gψ̃ = SU(k) with k = [n2 ]. First we have GCψ = Gψ,
since the charge conjugation commutes with spin(n). Furthermore, it follows imme-
diately that g must annihilate ψ and Cψ separately, unless the dimension is 7,8 or
9. This is because our explicit construction of the charge conjugation shows that if
ψ ∈ Λ0W , then Cψ ∈ ΛkW , and in even dimension 2k the spin algebra maps Λ0 to
Λ0⊕Λ2, and Λk to Λk−2⊕Λk. In odd dimension 2k+ 1 it maps Λ0 to Λ0⊕Λ1⊕Λ2
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and Λk to Λk−2 ⊕ Λk−1 ⊕ Λk.

In dimension 7 a Majorana spinor is given by ψ̃ = 1 − iw123, where the wj for
j = 1, 2, 3 form a basis of C3. In the explicit spin representation the condition
(A.28) translates into algebraic equations on the components Xµν of X ∈ g:

X17 = −X36 −X45, X27 = X46 −X35,

X37 = X25 +X16, X47 = X15 −X26,

X57 = −X14 −X23, X67 = X24 −X13,

X12 +X34 +X56 = 0,

(A.29)

which are just the defining equations of the Lie algebra g2 inside so(7) [39]. Hence,
the stabilizer of a Majorana spinor in 7 dimensions is the exceptional Lie group G2.

In dimension 8 a Majorana spinor is of the form ψ̃ = 1 + w1234, where wj for
j = 1, . . . , 4 are a basis of C4. Equation (A.28) gives the following equations:

X12 +X34 +X56 +X78 = 0 (A.30)

and
X13 −X24 −X57 +X68 = 0

X14 +X23 +X58 +X67 = 0

X15 −X26 +X37 −X48 = 0

X16 +X25 −X38 −X47 = 0

X17 −X28 −X35 +X46 = 0

X18 +X27 +X36 +X45 = 0.

(A.31)

These are the defining equations of spin(7) inside spin(8), and the stabilizer of a
Majorana spinor in dimension 8 is Spin(7). The situation remains unchanged in
dimension 9; the stabilizer of ψ̃ is Spin(7) embedded into a Spin(8)-subgroup of
Spin(9).

A.3 The dilatino equation on a cylinder

In Chapters 5 and 6 we need to solve the dilatino equation γ(dφ − 1
2H)ε = 0 on

the cylinder over a real Killing spinor manifold M . In Chapter 5 the metric is
only conformal to the cylinder metric, but the conformal factor can easily be taken
into account separately, so here we focus exclusively on the cylinder. We solve the
equation in a case by case treatment of the different Killing spinor geometries, using
the notation of Section 3.3. For nearly Kähler, nearly parallel G2 and Sasaki-Einstein
manifolds the 3-form H is chosen in the form

H = a(τ)P, (A.32)



84 Spinors

where τ is the cylinder variable, and P the canonical 3-form on M . On a 3-Sasakian
manifold we consider a more general ansatz

H = a(τ)η123 + b(τ)ηα ∧ ωα. (A.33)

The dilaton φ will be a function of τ only. Let k be the Lie algebra of the structure
group of M .

Lemma A.2. For X ∈ k acting on spinors we have

[γ(P ), X] = 0. (A.34)

In the Sasaki-Einstein case the result extends to X ∈ u(n), and in the 3-Sasakian
case to X ∈ sp(n) ⊕ sp(1)d. Moreover, if M is 3-Sasakian, then the two quantized
3-forms γ(η123) and γ(ηα ∧ ωα) separately commute with sp(n)⊕ sp(1)d.

Proof. A simple calculation in the Clifford algebra shows that[
γ(P ), X

]
= γ

(
X · P

)
, (A.35)

where · denotes the action of so(n) on Λ3, and we know that P is invariant under
this action restricted to k. On a Sasaki-Einstein manifold we have P = η ∧ω, which
is also u(1)-invariant, since ω ∈ Λ2 corresponds to the u(1)-generator under the
isomorphism Λ2 ' so(2n+1). In the 3-Sasakian case we know that η123 and ηα∧ωα
are sp(n)⊕ sp(1)d-invariant.

Nearly parallel G2. Suppose first that M is a nearly parallel G2-manifold. Then
there is exactly one Majorana Killing spinor ε on M , which is G2-invariant. It lifts to
twoG2-invariant Majorana-Weyl spinors ε1, ε2 on the cylinder, of opposite chiralities.
In fact, we can set ε2 = γ(dτ)ε1. From the property that γ(P ) changes chirality and
from Lemma A.2 we conclude that γ(P ) interchanges the two 8-dimensional spinors:

γ(P ) · εj = κj γ(dτ) · εj (A.36)

for j = 1, 2 and κj ∈ C. Applying the charge conjugation to (A.36) shows that the
κj must be real. Furthermore, γ(P ) and γ(dτ) anticommute, which implies

κ1 = −κ2. (A.37)

If H = a(τ)P then we can solve the dilatino equation either for ε1 or ε2 by defining

φj(τ) =
κj
2

∫ τ

τ0

a(t)dt. (A.38)

Since κ1 6= κ2 there is at most one spinor solving all BPS-equations, and the amount
of supersymmetry preserved in the two-dimensional space orthogonal to the cylinder
cyl(M) can be at most N = 1. An explicit calculation shows that κj = ±7.
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Nearly Kähler. Let M be 6-dimensional nearly Kähler. There are two invariant
Weyl spinors and both γ(P ) and γ(dτ) commute with su(3). In seven dimensions
there are still only two SU(3)-invariant Dirac spinors ε, ε̃, of opposite U(1)-charges,
and we can set ε̃ equal to the charge conjugate of ε. The fact that P is in a non-
trivial u(1)-representation implies that γ(P ) interchanges ε and ε̃, whereas γ(dτ)
maps them to multiples of themselves. Since γ(dτ) squares to 1 and anticommutes
with the charge conjugation, we must have

γ(dτ) · ε = σε, γ(dτ) · ε̃ = −σε̃, (A.39)

with σ = ±1. There are two SU(3)-invariant Majorana spinors in 7 dimensions:

ε1 = ε+ ε̃, ε2 = i(ε− ε̃). (A.40)

The operator γ(P ) anticommutes with both γ(dτ) and the charge conjugation, which
implies that either again (A.36) holds, with κ1 = −κ2 ∈ R, or

γ(P ) · ε1 = κγ(dτ) · ε2 and γ(P ) · ε2 = κγ(dτ) · ε1, (A.41)

with the same constant κ. Contrary to the 8-dimensional case above we cannote use
a chirality argument in favour of one or the other alternative here, but an explicit
computation reveals that the first option is realized. One finds that κ1 = −κ2 = ±4,
and the dilatino equation is solved by (A.38) for either ε1 or ε2, but not both at
once.

Sasaki-Einstein. There are two Dirac spinors invariant under the complexification
of the structure group SU(n), which are charge conjugate to each other. The com-
mutant of su(n) inside so(2n + 1) is u(1), and the two spinors transform in dual
u(1)-representations. Furthermore, the canonical 3-form P = η ∧ ω is invariant un-
der all of u(n), according to Lemma A.2. Hence γ(P ) commutes with u(n), and
the same is true for γ(dτ), so that both of them map the spinors to multiples of
themselves. A direct calculation shows that (A.36) holds again with a real constant
κ1 = κ2 (a priori the κj could also be purely imaginary, which would rule out so-
lutions to the dilatino equation). In terms of Majorana spinors, where appropriate,
there are two solutions to the dilatino equation. If the metric is given by

g = dτ ⊗ dτ + η ⊗ η + e2h(τ)gZ (A.42)

and the 3-form by H = a(τ)e2h(τ)η ∧ ω, then

γ(H) · ε = −naγ(dτ) · ε, (A.43)

and a solution of the dilatino equation is given by

φ(τ) = −n
2

∫ τ

τ0

a(t)dt. (A.44)
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3-Sasakian. The situation is more complicated for a 3-Sasakian manifold M . There
are 2n + 2 Sp(n)-invariant spinors in dimension 4n + 3, which split into a (n + 2)-
dimensional and an n-dimensional irreducible representation of the subalgebra sp(1)d
of so(4n+3). The quantized 3-forms γ(η123) and γ(ηα∧ωα) commute with the action
of sp(n) ⊕ sp(1)d on spinor space, which by Schur’s lemma implies that in 4n + 3
dimensions they act as scalars on the irreducible subrepresentation of sp(1)d. From
this one can deduce that in 4n + 4 dimensions the action of the two 3-forms is
proportional to γ(dτ), at least on irreducible subrepresentation. More precisely, one
finds the following

Lemma A.3. The action of ηα ∧ ωα and η123 on sp(n)-invariant spinors is as
follows. For ε in n+2:

γ(ηα ∧ ωα) · ε = −2nγ(dτ) · ε
γ(η123) · ε = γ(dτ) · ε,

(A.45)

whereas for ε̃ in the n:

γ(ηα ∧ ωα) · ε̃ = 2(n+ 2)γ(dτ) · ε̃
γ(η123) · ε̃ = γ(dτ) · ε̃.

(A.46)

The proof can be found in the following section. For a general sp(n)-invariant 3-form
on R×M

H = a(τ)e2h(τ)ηα ∧ ωα + b(τ)η123 (A.47)

and metric
g = dτ ⊗ dτ + ηα ⊗ ηα + e2h(τ)gZ (A.48)

on the cylinder, we can therefore define two functions

φn+2(τ) = −n
∫ τ

τ0

a(t)dt+
1

2

∫ τ

τ0

b(t)dt,

φn(τ) = (n+ 2)

∫ τ

τ0

a(t)dt+
1

2

∫ τ

τ0

b(t)dt,

(A.49)

which satisfy
γ
(
dφn+2 − 1

2H
)
· ε = 0,

γ
(
dφn − 1

2H
)
· ε̃ = 0,

(A.50)

for all ε in the image of n+2 and ε̃ in the image of n. Unless a = 0 we cannot satisfy
the dilatino equation (dφ− 1

2H) ·ε = 0 for all sp(n)-invariant spinors simultaneously.
Instead one has a choice whether to solve it for the n+ 2 spinors ε or the n spinors
ε̃.

A.4 Spinors on 3-Sasakian manifolds

This section contains the proofs of two statements made earlier, based on an explicit
construction of the Sp(n)-invariant spinors in dimension 4n + 3. Recall that the
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(4n+3)-dimensional spin group has a subgroup Sp(n)×Sp(1)d, and that the Sp(n)-
invariant spinors transform in the n+2⊕ n-representation of Sp(1)d.

Lemma A.4. Sp(n)-invariant spinors in the n+2-representation of Sp(1)d are Killing
spinors on M .

Proof. Sp(n)-invariance implies that the spinors are ∇P -parallel, so we only have
to show that they are annihilated by the difference of the canonical connection ∇P
and the Killing connection ∇− i

2e
µγµ:(

∇P −∇+ i
2e
µγµ
)
ε = 0. (A.51)

Choose the following embedding of sp(n) into so(4n):

sp(n) =

{
Ax −Ak Aj −Ai
Ak Ax −Ai −Aj
−Aj Ai Ax −Ak
Ai Aj Ak Ax


}
⊂ so(4n), (A.52)

where A = Ax + iAi + jAj + kAk ∈ Hn×n satisfies A† = −A, the defining relation
for sp(n). The additional generators

I =

(
0 −12n

12n 0

)
, J =


1

−1
1

−1

 , K =


−1

1
1

−1

 .

(A.53)
span the sp(1)-commutant of sp(n). Furthermore we choose generators

Ĩ = 2

 0 0 0
0 0 −1
0 1 0

 , J̃ = 2

 0 0 1
0 0 0
−1 0 0

 , K̃ = 2

 0 −1 0
1 0 0
0 0 0

 . (A.54)

of the so(3) algebra orthogonal to so(4n). The diagonal subalgebra sp(1)d is then
generated by

Î = I + Ĩ , Ĵ = J + J̃ , K̂ = K + K̃. (A.55)

Now we group the 4n basis 1-forms of R4n into 4 groups of n forms ej1, e
j
2, e

j
3, e

j
4,

where j = 1, . . . , n, denote again by η1, η2, η3 the 3-dimensional 1-forms, and intro-
duce complex coordinates using the complex structure Î in the 4n + 2 dimensions
orthogonal to η1:

zj1 =
1

2
(ej1 + iej3), zj2 =

1

2
(ej2 + iej4), z =

1

2
(η2 + iη3). (A.56)

We use the map from the odd-dimensional Clifford algebra Cl(4n+ 3,C) to Cl(4n+
2,C) given in Table A.1, where we single out γ1 to be mapped to the chirality
operator Γ. Recall the splitting of spinor space into homogeneous components S =
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S0⊕S1⊕· · ·⊕S2n+1. There is one sp(n)-invariant spinor in every degree, explicitly
given by

ε̂A =
1

A!

( n∑
j=1

wj1 ∧ w
j
2

)A
(∈ S2A)

=
∑

1≤j1<···<jA≤n
wj11 ∧ w

j1
2 ∧ w

j2
1 ∧ · · · ∧ w

jA
2

ε̂A,w = w ∧ ε̂A (∈ S2A+1),

(A.57)

where A = 0, . . . , n, the wj1,2 corresponds to the 1-forms zj1,2, and w corresponds to

z. Using the explicit spin representation one can show that the Cartan generator Î
of our diagonal sp(1) algebra acts as

Î ε̂A+1 = 4i(n− 2A− 1)ε̂A+1, Î ε̂A,w = 4i(n− 2A− 1)ε̂A,w, (A.58)

so that the weight vectors of the irreducible n and n+ 2-representations must be
linear combinations of the type aεA+1 + bεA,w. The precise form of these basis
elements can be determined from the ladder operators

J+ = Ĵ + iK̂ = 8(ζ − iζj1ζ
j
2), J− = Ĵ − iK̂ = 8(−ζ + iζ

j
1ζ
j
2). (A.59)

Here ζ, ζj1 and ζj2 are creation operators for w,wj1 and wj2 respectively, and ζ, ζ
j
1 and

ζ
j
2 the corresponding annihilators. Let

εA = iε̂A,w + ε̂A+1, ε̃A = (n−A)ε̂A,w + i(A+ 1)ε̂A+1, (A.60)

then we obtain
J+εA = −8i(A+ 2)εA+1

J+ε̃A = −8i(A+ 1)ε̃A+1,
(A.61)

using ζj1ζ
j
2 ε̂
A = (A+ 1)ε̂A+1 and ζ

j
1ζ
j
2ε̂
A = −(n−A+ 1)ε̂A−1. Of particular interest

are the ’empty and filled state’ spinors 1 ∈ S0 and ε̂n,w ∈ S2n+1. They satisfy

J+1 = −8iε0, J+εn−1 = 8(n+ 1)ε̂n,w, (A.62)

whereas J+ annihilates ε̃n−1. Thus the εA together with 1 and ε̂n,w span the n+ 2-
representation, whereas the ε̃A span the n. As required, elements of the different
irreps are orthogonal, which follows from |ε̂A|2 = |ε̂A,w|2 =

(
n
A

)
.

Now that we determined which spinors are in the n+ 2- and n-representations, we
can go ahead and determine the condition on a∇P -parallel spinor to solve the Killing
equation. Due to (3.71) this is equivalent to the two equations

eb
(
Jaαbγaγ

α + iγb
)
ε = ηα

(
εαβγγ

βγ + 2iγα
)
ε = 0, (A.63)
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where as usual latin indices a, b, c are 4n-dimensional, and greek indices α, β take val-
ues 1, 2, 3, corresponding to the ηα. In terms of creation and annihilation operators
we have

ebJaαbγaγ
α = eja

{
ζ
j
1 − ζ

j
1 − 2iζ

j
2ζ + 2iζj2ζ

}
+ ejb

{
ζ
j
2 − ζ

j
2 + 2iζ

j
1ζ − 2iζj1ζ

}
+ ejc

{
i(ζj1 + ζ

j
1)− 2ζj2ζ − 2ζ

j
2ζ
}

+ ejd

{
i(ζj2 + ζ

j
2) + 2ζj1ζ + 2ζ

j
1ζ
}
,

(A.64)
and finally

eb
(
Jaαbγaγ

α + iγb

)
= eja

{
ζ
j
1(1 + Γ) + ζj1(Γ− 1)− 2iζ

j
2ζ + 2iζj2ζ

}
+ ejb

{
ζ
j
2(1 + Γ) + ζj2(Γ− 1) + 2iζ

j
1ζ − 2iζj1ζ

}
+ ejc

{
iζj1(1− Γ) + iζ

j
1(Γ + 1)− 2ζj2ζ − 2ζ

j
2ζ
}

+ ejd

{
iζj2(1− Γ) + iζ

j
2(1 + Γ) + 2ζj1ζ + 2ζ

j
1ζ
}

(A.65)

It is not too hard to check that this annihilates the n+2-generators εA, 1 and ε̂n,w,
but not the n-generators ε̃A. The same is true for

1

2
ηαεαβγγ

βγ = ie1
(
ζζ − ζζ

)
+ e2

(
ζ − ζ

)
+ ie3

(
ζ + ζ

)
,

1

2
ηα
(
εαβγγ

βγ + 2iγα

)
= ie1

(
ζζ − ζζ + Γ

)
+ e2

(
ζ(1 + Γ) + ζ(Γ− 1)

)
+ ie3

(
ζ(1− Γ) + ζ(1 + Γ)

)
,

(A.66)

which proves the lemma.

The explicit construction of a basis of the n+ 2- and n-representations of Sp(1)d
allows us to prove Lemma A.3 as well:

Proof of Lemma A.3. Spinor space in 4n + 3 dimensions embeds into 4n + 4 di-
mensions as described in Section A.1.4. In addition to the wj1,2 and w there is one

more complex variable w0 corresponding to 1
2(η1 + idτ). The spinors are lifted to

(4n+ 4)-dimensional spinor space according to (A.25):

ε̂A 7→ ε̂A, ε̂A,w 7→ −iw0 ∧ ε̂A,w. (A.67)

In particular the n+2 and n-generators are

dim 4n+ 3 : εA = iε̂A,w + ε̂A+1,

ε̃A = (n−A)ε̂A,w + i(A+ 1)ε̂A+1

dim 4n+ 4 : εA = w0 ∧ ε̂A,w + ε̂A+1,

ε̃A = −i(n−A)w0 ∧ ε̂A,w + i(A+ 1)ε̂A+1.

(A.68)
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We have the usual complex gamma matrices in 4n dimensions, additionally ζ =
1
2(γ(η2) + iγ(η3)) with corresponding spinor-variable w, and in 4n + 4 dimensions
also ζ0 = 1

2(γ(η1) + iγ(dτ)) with variable w0. Let us introduce the abbreviations

P1 = ηα ∧ ωα, P2 = η123. (A.69)

The images of P1 and P2 in the Clifford algebra are (we consider Cl(4n + 3) as a
subset of Cl(4n+ 2,C))

dim 4n+ 3 : γ(P1) = i
(
ζ
j
1ζ
j
1 + ζ

j
2ζ
j
2 − ζ

j
1ζ
j
1 − ζ

j
2ζ
j
2

)
Γ + 4

(
ζζ

j
1ζ
j
2 − ζζ

j
1ζ
j
2

)
Γ

γ(P2) = i
(
ζζ − ζζ

)
Γ

dim 4n+ 4 : γ(P1) = i(ζ0 + ζ
0
)
(
ζ
j
1ζ
j
1ζ
j
2ζ
j
2 − ζ

j
1ζ
j
1 − ζ

j
2ζ
j
2

)
+ 4i

(
ζζ

j
1ζ
j
2 − ζζ

j
1ζ
j
2

)
γ(P2) = i(ζ0 + ζ

0
)
(
ζζ − ζ

)
(A.70)

In particular the action on the basis elements ε̂A and ε̂A,w is as follows:

dim 4n+ 3 : γ(P1)ε̂A = 2i(n− 2A)ε̂A − 4(n−A+ 1)ε̂A−1,w

γ(P1)ε̂A,w = −2i(n− 2A)ε̂A,w + 4(A+ 1)ε̂A+1

γ(P2)ε̂A = −iε̂A, γ(P2)ε̂A,w = −iε̂A,w

dim 4n+ 4 : γ(P1)ε̂A = 2i(n− 2A)w0 ∧ ε̂A − 4i(n−A+ 1)ε̂A−1,w

γ(P1) · w0 ∧ ε̂A,w = 2i(n− 2A)ε̂A,w + 4i(A+ 1)w0 ∧ ε̂A,w

γ(P2)ε̂A = −iw0 ∧ ε̂A, γ(P2) · w0 ∧ ε̂A,w = iε̂A,w.

(A.71)

After all, we can conclude that

dim 4n+ 3 : γ(P1)εA = 2inεA

γ(P1)ε̃A = −2i(n+ 2)ε̃A

γ(P2)εA = −iεA, γ(P2)ε̃A = −iε̃A

dim 4n+ 4 : γ(P1)εA = −2nγ(dτ)εA

γ(P1)ε̃A = 2(n+ 2)γ(dτ)ε̃A

γ(P2)εA = γ(dτ)εA, γ(P2)ε̃A = γ(dτ)ε̃A.

(A.72)

Thus γ(P1) and γ(P2) are proportional to the identity on the irreducible represen-
tations of sp(1)d on (4n + 3)-dimensional spinor space, in accordance with Schur’s
lemma.
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