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Abstract

In this thesis we are working with a function theory on the hyperbolic upper-
half space. The function theory is called the hyperbolic function theory and
it is studied since 1990’s by Heinz Leutwiler and Sirkka-Liisa Eriksson. The
advantage of the hyperbolic function theory is that positive and negative
powers of hypercomplex variables are included to the theory. Thus the hy-
perbolic function theory offers a natural generalization of classical complex
analysis.

The hyperbolic space is defined as a Riemannian manifold (R}*!, k), where
the manifold is

R = {(zg, ..., zn) € R™ 1, > 0}

and the metric is
_day+dat -4 dal
— — ]

n—1

Tn

D,

Using harmonic differential forms and Clifford algebras with a negative sig-
nature we obtain the modified Dirac operator defined by

Mif = Duf + Q'

where D, is the Euclidean Dirac operator and )’ is a projection type map-
ping. Null-solutions of M, are called hypermonogenic functions.

In this work we first study what is the corresponding function theory, if
we assume that the Clifford algebra has a positive signature. This work is
accomplished in papers I-IV. We deduce the basic theory very completely
and then we prove the Cauchy type integral formulas. Especially we study
the case where functions takes their values in the so called k-vector spaces.

In papers V and VI we study mean value properties for hypermonogenic



functions.

In the introduction part of this thesis i.e., pages before the appendix pa-
pers, we'd like to give a brief summary of topics which are important (in the
author’s point of view) in the hyperbolic function theory. It is not complete
but gives some ideas for the further studies of the topic. Especially it is not a
review of my research because one may found all the details from the papers
included into this thesis.
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Brief Summary of Publications

In first four papers I-IV we are working with the Clifford algebra with the
positive signature, that is, if R**! is the Euclidean space with an orthonormal
basis {eg, €1, ..., e, }, the Clifford algebra C/,,.; o is an associative algebra with
unit generated by the relations

€:€j + €€ = 2(52'3',
fori,5 =0,...,n. As a geometric model we use the upper-half space
R = {(zg,...,xn) € R™ 1 1 > 0}

with the metric

dad +dz? + - 4 da?
hy = - .

(’L’ékl

For each k£ € R we define the operator Hy by

k
Hyf = 0xf — —Qof
Lo
where O is the Euclidean Dirac operator, i.e.,
Ox = €00y + - -+ + €,0s,

and @)y is a projection type mapping. Null-solutions of Hy are called hyper-
genic functions. We study their basic function theory and deduce the Cauchy
integral formulea for them.

In papers V and VI we study mean-value properties. We are working with the
Clifford algebra with the negative signature, that is, if R™ is the Euclidean
space with a basis {ey,...,e,}, the Clifford algebra C¢y,, is generated by the
relations

61'6]‘ + €j€i = —251']‘,

11
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fori,j =1,...,n. As a geometric model we use the upper-half space
R = {(zg, ..., zn) € R™ i, > 0}

with the metric
dag +dz? + -+ da?
Ik = TN .
an!

On R’ we define the modified Dirac operator Mj, by

k
Myf =D.f + a:_Q/f’
where the operator D, is the Euclidean Cauchy-Riemann operator, i.e.,
D, =0, +€10; + - +€,0;,.

Solutions of the equation My f = 0 are called k-hypermonogenic functions.

We denote the Clifford algebra generted by the elements ey, ..., e,—1 by Cly —1.
Then we have the split Cly,, = Cly,—1 ® Cly -1 €4, that is, for each a € Cly,
there exist Pa and Qa in Cl,_; satisfying

a = Pa+ (Qa)e,.
Let f be a hypermonogenic function. In paper V we study mean-value prop-
ertied for the functions Pf and in paper VI for the functions Qf.
Next we review the most important results paper by paper.

(I) In this paper the basics of hyperbolic function theory using the Clifford
algebra C/,, 11 is developed. The basic operator equalities are deduced.
The main result is the Cauchy integral formula.

(IT) This paper is a survey of papers I, IIT and TV.

(IIT) This paper deals with the multivector functions. The basic multivector
calculus is studied. In the last part of the paper we study integration
theory on multivector functions.

(IV) This is the sequel of paper I. We deduce the Borel-Pompeiu formula
and study multivector calculus.

(V) In this paper we study first hyperbolic geometry. We apply it to the
Cauchy type kernels and we obtain the hyperbolic interpretation to the
kernels.
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(VI) In this paper we study a mean value property for eigenfunctions of the
Laplace-Beltrami operator.

Lastly we express the author’s contribution to the papers. In all publications
the author is the corresponding writer.

(I-IV) In these papers the author did the mathematical work.

(V-VI) The author wrote the manuscripts and contributed to the ideas.
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Chapter 1
Clifford Algebras

In this chapter we will consider briefly Clifford algebras over the Euclidean
space R".

1.1 A General Definition of Clifford Algebras

We will study the Clifford algebras for R™ with the quadratic form

Qrolw) = =2} = —al+ayy 4+ ),
where 7 + s = n. We will denote the space R" with the quadratic form @), s
by R"™?,

The corresponding Clifford algebra is denoted by Cl, . Let eq,...,e,4s be
any QQ-orthonormal (i.e., @, s(e;) = £1) basis of R"* C C/l, . Then Cl,; is
generated by ey, ..., e, subject to the relations

i 251‘]‘, if ¢ S r,

€;€; €;€; = .

! ! _251]7 if i > r.

A more general basis free definition is available for example in [6] or [1].

The most important Clifford algebras in our case are C/;, and C/, o where
the squares of the generators are:

2 1, if €; € an’(),
e. =
! -1, ife; € Céom .

Consider the ordered sets A = {aq,...,ap} C M ={1,...,n}, where 1 < a; <
<o« < a < n, and define
€A = €q " Eqp-

15



16 CHAPTER 1. CLIFFORD ALGEBRAS

Especially ey = 1 and ey = e;. Each a € C/, , admits the representation
a = Z A A€A,
ACM

where a4 € R for each A € M. The number of elements in the set A is
denoted by |A|. Elements of the form

a= § aseq,

|A|=k

are called k-(multi)vectors. The space of k-vectors is denoted by Cﬁﬁs.
Obviously CE%S = R and Cﬁ,s = R"™*. Thus we may decompose C¢,; as a
direct sum of subspaces by

Clrs=ROR” SCL B DCLE.
The natural projection C/,.; — Cly _ is denoted by []s. Each a € C,,, admits

the multivector decomposition as

n

a= Z[a]k.

k=0

Using the projections [-], we define teh following products. The exterior
product A is defined on multivectors by

[al; A bl = [lal;[blklj4h-
and extended to the whole C/, ; by linearity:

n

aNb =" [[al;[ble)jsx-

J:k=0
The inner product - is defined on multivectors by

al; - [o) = {Hamb]k]”" if j,k 0,

0, otherwise,

and extended to the whole C/, ; by linearity:

n

a-b="Y [lal;[Bl]--

J,k=1
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Also we need to define a few involutions, namely reversion, conjugation and
main-involution. Since all involutions are algebra (anti)automorphisms we
need to fix their values only for vectors.

The main involution is the algebra automorphism ' : Cl,, — Cl, s de-
fined by x' = —x.

The reversion is the algebra antiautomorphism * : Cl,; — C{, ; defined
by x* = x.

The conjugation is the algebra antiautomorphism — : Cl,; — C/, s de-

fined as a composition of the previous involutions, that is, if a € C/, ;, then
a=(d)" = (a*).

It is an easy exercise to see that the conjugation is well defined.

1.2 Clifford Algebras with the signature (0,n)
and (n,0)

The Clifford algebras C{,, and C/, o has the special role. The reason for it
is that if x € R™ is a vector, then we may compute its Euclidean norm using
the Clifford multiplication. In C¢,,, we have

and in C/,, o we have
xx = |x|%.

Consequently, if x € C/,,, is non-zero we define its inverse by

_ X

x = TR
x|

and similarly, if x € Cl,, o is non-zero its inverse is defined by
-1 X

Let us abbreviate ey = 1. Then we may embed the vector space R"*! into
the Clifford algebra C¢,,, or C¢, o by

n
(To, X1y eey Tp) Z xje;.
=0
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Thus an element z € R"! is identified with the Clifford number
Tr=x9+X

and it is called a paravector. We may compute its Euclidean norm in C/,
by
1T = Tx = |z|?
and if x # 0 its inverse is defined by
1 T
= —.
|[?

Hence we see that a non-zero paravector admits an inverse. But in general
Clifford algebras are not division algebras. If n > 2 then

(1 — 616263)(1 + 616263) = 0.

Hence some elements are zero divisors if n > 2.



Chapter 2

Geometric and Analytic
Preliminaries

2.1 The Hyperbolic Upper-Half Space

In this section we will consider the certain Riemannian manifold, called the
Poincaré upper-half space. Especially we are interested in computing dis-
tances on it.

In the next section the hyperbolic function theory is related to the Poincaré
upper-half space (Ri“, g), where the hyperbolic metric in canonical coordi-
nates is defined by

n

da + da? + - - + da?
g:

ry
In general, any oriented smooth Riemannian manifold with the metric

n

9= Z gijdxidx;

1,j=0

admits the volume form (see [7]):

dVy(x) = 1/ det(gi;)dzo Ndxy A -+ A dy,.

In the canonical coordinates on the upper-half space det(g;;) = 1/1’%(”“).
Then the volume element is

dz

n+1’
ZL‘TI

dzy, = dV,y(x) =

19
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where dx = dxg Adxi A+ - - Adz, is the Euclidean volume element. We define
the hyperbolic surface element on a smooth manifold-with-boundary U in
R with the codimension 0 by

dO’h:

n
where v is the unit normal field on U and dS the classical scalar surface
element.

The metric g allows us to define a distance on RTI. The geodesics are
described more detailed in the following theorem.

Theorem 2.1.1 On the Poincaré half-space R geodesics are circles or
lines which meet the boundary orthogonally.

Proof. See [15] p. 71 or [8] p. 38.1

The hyperbolic upper-half space is an immersed submanifold of R**1. Its
tangent space at any point z € R’}fl can nonetheless be viewed as a sub-
space of T,R"*1. Tn addition, by dimensional reasons T,R""! = T, R/t for
each z € R, Let ¢ : RT™ — R"*! be the canonical immersion. Then we
may identify ((R%™) and R’:™! as sets. That identification allow us to use
two different geometric structures on Ri“ parallel: the hyperbolic and the
Euclidean structures. Thus we may loosely speak of Euclidean distances and
balls on ]R’ffl, that is, we may compute the Euclidean distance |x — y| for
z,y € RTH.

Lemma 2.1.2 (V, p. 3) The distance dy(x,a) between the points © = xqo+
e1Xy + -+ xpe, and a = ag + e1a1 + - - - + ape, N R?fl 18

dp(x,a) = arcosh A(z,a),
where

|z —al® + 2apz, |z —al’
A = = = 1.
(z,0) (e, ) 22,0, 22,0, +

Next we briefly review the connection between the hyperbolic and the Eu-
clidean distance of two points. As a direct computation we obtain the fol-
lowing formulae.
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Lemma 2.1.3 (V, p. 3) Ifr =x0+ejxa+ -+ xne, and a = ag+ e1a; +
-« + ape, are points in R?fl, then
|z — a* = 2z,a, (M(z,a) — 1),
|z —af” = 2,0, (N2, 0) + 1),
2
oo el (hla))

‘JT—CAL‘Q_ ( Zz,a 2

_'_
where @ = ag + e1a1 + -+ + Ap_1€p—1 — AnCp.

Next we shall prove the connection between the hyperbolic and the Euclidean
ball in R,

Proposition 2.1.4 (V, p. 4) Let ¢ : R — R"™! be the canonical im-
mersion. Then

u(Br(a, Ry)) = Be(7(a, Ry), Re(a, Ry)),

where
T(a, Ry) = ap + are; + - -+ + ap_1€,_1 + ane, cosh Ry,

18 the Fuclidean center and
R.(a, Ry) = a, sinh Ry,
15 the corresponding Fuclidean radius.
The preceding proposition allow us to abbreviate briefly by
By(a, Ry) = Be(7(a, Ry), Re(a, Ry)).

Proposition 2.1.4 says that if x is a boundary point of the hyperbolic ball
By(a, Ry), that is dp(a,x) = Ry, then the Euclidean distance between the
points = and 7(a, Ry) is |x — 7(a, Ry)| = a,sinh R;,. Putting these imme-
diate consequences together we obtain the following corollary, which has an
important role in the theory of mean-value properties.

Corollary 2.1.5 (V, p. 4) If z € R and 7(a,2) = ap + areq + -+ +
Up_16n_1 + ane, coshdy(a, ) then

|x — 7(a,z)| = a, sinhdp(x,a).
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Chapter 3

On Hyperbolic Function Theory

3.1 Operators on the Upper-Half Space

In this section we shall study some geometric operators on the Poincaré
upper-half space. First we recall the Hodge *-operator and its basic proper-
ties, see e.g. [14]. Although the theory of the section is classical we'd like to
give short proofs for the most important results. The most important refer-
ences of the section are the book of Helgason [5], von Westenholz [14], and
the paper of Leutwiler [9]. Note that the similar technique is also available
in the more general setting, see [11].

The Poincaré half-space is a Riemannian manifold (N, gx) such that N =
R”™ with the metric

_dagy +dai+ -+ da?

n

gk ok
:L.TL

The manifold R?™ = {(zg,...,x, € R""! : z, > 0) admits a three different
type of geometries:

o If £ > 0 we obtain similar geometry that in the hyperbolic space.
Distances "decrease” when z,, increase and vice versa.

e If £ = 0 we obtain the Euclidean geometry.

e If £ < 0 we obtain the geometry with the "infinite distances” as =, —
00, but distances "tends to zero” in the neighborhood of the z,-axis.

The metric gives the inner product

(X,Y) = gr(X,Y)

23



24 CHAPTER 3. ON HYPERBOLIC FUNCTION THEORY

for each tangent space. The norm is defined by || X|| = /(X, X) for X, Y €
T.N. Let O,,|. be a basis of T, M and dx;|, is its dual basis of TN, i.e.
Next we want to find orthonormal frame and coframe with respect to the
inner product (-,-). We search the frame in the form X; = ¢;0,,. Since

C
X7 = -

2
J

we obtain the orthonormal frame field on (N, g):
X, = xfﬁxj
for j =0,1,...,n. For a coframe we denote w; = b;dx;. Then
1 = w;(X;) = bjapde;(ds;) = by,

and thus b; = 1/zF that is

n?

oo Wi
J k-
xn

Above discussion allows us to compute Hodge duals. We define the n-forms

dflufj:dffo/\"'/\dl'j_l/\de+1/\"'/\d(L’n

and then 5
o dl’j
J C(Jfln
where 7 =0,1,...,n. Then
. AT
Since *w; = *;l,fi we obtain
o dT;
*dxj = <_1)] k(nil)
Tn

A well known fact is that *x = (—1)¥®=%+1 for k-forms on R’"*. Thus we
have '
*d.ﬁZ'] = (-1)n+]l’i(n_l)dﬂjj.

A 1-form 7 is called harmonic if it is a solution of the system

dn =0, dn=0,
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where d* is the formal adjoint of d (cf. [13]) with respect to the above inner
product. It can be shown that d* = xdx.

Above discussion allows us to prove the following application of the general
result.

Proposition 3.1.1 If n = updxy + uidxy + - - - + updz, is a 1-form on the
upper-half space (R, g). Then

Oour,  Ou;
dn = ’Z; <8_x3 — 8_:B;>dxk Adz;.

and

2k E : 2k+1
7] == JJ X Up, .
91‘] ) n n

Especially, n is harmonic if cmd only if its component functions satisfy the
(M. Riesz) system

Z@u]_ n_l)un:0,

« O
% _ 9y
or;  Oxy’

for k <.

Proof. First we compute

ks 8% 8xk
On the other hand, since
" di;
= (~1Yu; Ty
§=0 Tn

we obtain

n

8u dx; N d; Uy, 5

k(n—1
2 "on; D) ;
= (x% o Ouy k(n — 1)22 1y )dV
n 81’3‘ n n Ik
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where

dI()/\dSL’l/\/\dI'n
dVyg, () = xk(n-&-l) '

n

is the volume form. Since 1 = xdV,, we obtain that

n
0uj

d*n = 2k
n T 61']'

— (n — 1)2% "y,

J=0

The proof is complete.ll

Trying to avoid messy formulae we see that the one of the best possible
metric is described in the following corollary.

Corollary 3.1.2 Let (R"™! hy) be the hyperbolic space with the metric

dzd + do? + -+ + dx,
hi, = i

n—1
Tn

Then n is harmonic if and only if its component functions satisfy the (M.
Riesz) system

" ou; k
— — —Up = OJ
= ox; x,
8Uk o 8uj
8l’j n 8xk’
for k <.
Next we recall an isomorphism between the space of 1-forms and the space

of paravectors. For the construction of an isomorphism we need to recall the
paravector differential (see [12]):

dr = dxg + dx.

where
n

dx = Z e;dx;

j=1

If f is a paravector we define the mapping ¢ by

o fr[dxflo.
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If f=fo+ fiex+ -+ faen then o(f) = fodzo — fidzy — -+ — fudz, and
we see that ¢ is an isomorphism.

The first detailed study of the system (in the case k = n — 1) represented in
the previous corollary is due to Heinz Leutwiler in his paper [9]. He gave the
following definition.

Definition 3.1.3 A paravector valued function f = fo+ fiex+ -+ faoen is
an H-solution if o(f) is a harmonic 1-form.

An important geometric operator on a Riemannian manifold (N, hy) is the
so called Laplace-Beltrami operator. If the metric is expressed as h; =
S hijdagdzr; then the Laplace-Beltrami operator is defined by (cf. [5])

ij=1
Apf = mzaxk<zh]k /| det(h Z])’8f>

where f € C*(N) and h* are the elements of the inverse matrix of (h;;).

The reader should notice that the Laplace-Beltrami operator is only a one
of the geometric operators on a Riemannian manifold. For example, on
n-dimensional Riemannian manifold there exists (n + 1)-Laplace operators
acting on differential forms.

Theorem 3.1.4 In the upper-half space the Laplace-Beltrami operator is

Apf = fﬂ <Z o2 xln (;99;’};)7

where A =3 % is the Euclidean Laplacian.
k

2k
. 5 . .. =

Proof. Since h;; = —#— we have /| det(h;;)| = —r. Since h¥ = z;;' 0,

/ n—T J kntl J

n n

we obtain

2k
BN D a0 Of
Apf=an Z@xk<zxk"ffk8xj>'

k=0 j=0 Tp"
Thus

e, A2
Albf—an Z@xk<;k§;k> 1:7771( %—k%ﬂﬁi)



28 CHAPTER 3. ON HYPERBOLIC FUNCTION THEORY

and the proof is complete.ll

Let us define the so called modified Dirac operator by

n

for f = fo+ fiex + -+ + fuen, where (e,, f) is the Euclidean inner product
such that (e,, 1) =0 and D, is the Cauchy-Riemann operator defined by

D, =0, +€10; + - +e€,0;,.
Sometimes D, is also called the Dirac operator or the paravector derivative.
Proposition 3.1.5 A function f is an H-solution if and only if Df = 0.
Proof. Let f = fo+ fiet + -+ fnen. Then

afO afj
Dflo = Do ]z:&%’]

n

and
df;  0f;
sz_zezejﬁ Zei€j<8x]-_ax->'
i,j=1 1<j v J
i#j
If fis an H-solution then ¢(f) = fodze — fidxy — - -+ — fudx, is a solution
of the system
afO afj
=0
8x0 Z 8@ Tn ’
Ofi _ 90
8xj 8%1 ’

for i,7 =0,1,...,n such that ¢ < j. The proof is complete.ll

3.2 Modified Dirac Operators

Next we shall consider an operator defined on the set of Clifford algebra-
valued functions. It is an extension of the previous modified Dirac operator.
Thus our aim is to find the operator My : C*(£,Cly,) — C*(Q,Clyy)
such that My f = Df for each paravector f. If F' € C*(Q,Cly,,) then the
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generalization of the Dirac operator D, is obvious. The inner product may
be generalized using the Clifford inner multiplication since

en - f= _(emf)

for each paravector valued function f. Using that idea we may define the

operator Mj by
k
My F =D, F — —e, - F.
xn
Of course the generalization is not the only possible one, but it gives us a
quite fruitful theory. The preceding operator is called the (left)-modified
Dirac operator (cf. [3]). We see that the element e, has the special role.

Hence we may also give the following representation for an arbitrary a € C/,
a = Pa+ Qae,,

where Pa and QQa are elements of the Clifford algebra generated by the
elements {eq, ..., e,_1}. It is easy to see that Qae,, = e,(Qa)’. If we abbreviate
Q'a = (Qa)" we have the following result.

Proposition 3.2.1 Using the preceding representation we have

k
MyF = D,F + ~Q'F

""ETL
for F € C*(Q,Cly,).
Proof. Assume F' = PF + ¢,Q'F. Since e, - ¢, = —1 the proof follows.H

Sometimes (e.g. in papers I-IV) we also use the hyperbolic space R7! =

{(20, .o ) : 79 > 0} with the metric h = 20 +dh

o

. Then we use the split
a = Pya + epQoa

where e( is a non-scalar Clifford number since we are working with the vec-
tor variables and the Clifford algebra C¢,.19. The corresponding operator
(abbreviated by Hy) is defined by

k
H.F = 0 F — —QoF
Zo

for ' € C*(Q2,Cl,+10) where Oy is the Dirac operator

Ox = €90y, + €10, + -+ +€,0,,.
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3.3 On Hypermonogenic Functions

If f is a solution of the equation M f = 0 it is called k-hypermonogenic.
If £ = n — 1 solution are called briefly hypermonogenic. In this section we
study some properties of the hypermonogenic functions. First we study their
structure.

The adjoint operator of M}, is defined by

— — k

MpF =D, F — —Q'F
W_here_ﬁx = Opy — €10y, — -+ — €,0,,. Let as abbreviate M = M,_;) and
M == M(n—l)-

Theorem 3.3.1 ([3]) Let Q C R be an open subset and let f : Q1 — Cly,
be a twice differentiable function. Then

PAIMS) = apf — "—LOP]

T, O
o 10Qf Qf

_ n —

QUTM ) = AQF — =3 4 (n— 1)

If f is hypermonogenic, then Pf satisfies the equation

APf—n_lan _0
T, 0%,
and Qf satisfies the equation
n—10Qf QI _

We see that the P-part of a hypermonogenic function is hyperbolic harmonic
and () part satisfies the eigenvalue equation

ApQf =—(n—1)Qf.
Also we have the following important result.

Theorem 3.3.2 ([3]) Let Q be an open subset of R™*'. Then f: Q — Cly,
is hypermonogenic if and only if for only a € Q and only ball B(a,r) C R™!
there exists a mapping H : B(a,r) — Cly,—1 satisfying the equations

f=D,H



3.4. INTEGRAL REPRESENTATIONS 31

and
Ale = O

on B(a,r).

As an example of a hypermonogenic function we express the following results.
The first one is a motivation for the hyperbolic function theory in general.

Theorem 3.3.3 ([3]) A mapping v — x™, where m € Z, is hypermono-
genic.

Corollary 3.3.4 ([3]) Functions €*, sinx and cosx (with usual definitions
as series) are hypermonogenic.

3.4 Integral Representations

In this section we study integral representations for hypermonogenic func-
tions. Especially we are interested Cauchy type formulas and mean-value
properties.

Let a € Cly,,. Then we have
a = Pa+ (Qa)e,.

The hat-involution is an algebra automorphism ~: Cly,, — Cly,, defined by
a= Pa—(Qa)e,.

It is an easy exercise to see that €; = (—1)%"¢; and if a, b € Cly,, then ab = ab.

In this section we denote the surface area of the unit sphere in R"*! by
Wn+1-

The Cauchy formula for the P-part of a hypermonogenic function is then:

Proposition 3.4.1 ([2]) If f is a hypermonogenic function on Q and K C
Q is an oriented (n+ 1)-dimensional manifold-with-boundary. Then for each
a € K we have

n N
:2%

Wn—i—l

dS(x)

-1

Pf(a) -

/8 P(pla (o))
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where dS is the scalar surface element, v is the outer unit normal vector

field, and

Similarly we obtain the Cauchy formula for @-part of a hypermonogenic
function.

Proposition 3.4.2 ([2]) If f is a hypermonogenic function on Q and K C
Q is an oriented (n+ 1)-dimensional manifold-with-boundary. Then for each
a € K we have

n, n—1
~ 2"ay,

Qf(a) =

Qq(x, a)v(x) f(x))dS(x)

Wn+1 oK

where dS is the scalar surface element, v is the outer unit normal vector
field, and

J — 1
2(n—1)" "|z — a|* Yz —al»?
(z—a) '+ (x—a)!
[z —al" "tz —al=t

q(x,a) ==

1
2

Using the hyperbolic geometry we may express the preceding kernels in the
following form.

Theorem 3.4.3 (V, p. 8) Ifd, (z,a) is the hyperbolic distance between the
points x and a in R then

(z, ) x —71(a,x)

x,a) = _

b 2ng,an ! sinh™ ! dy,(z, a)
1 z—17(a,2)

- gy, o — 7(a, 2) [Pt
where

T(a,z) = ag+ are; + -+ - + an_1€4_1 + a, coshdy(z,a)e,.
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The preceding theorem gives us an interpretation to the p-kernel. In the
classical Clifford analysis the Cauchy’s kernel is the mapping z —

r—a
|x,a|n+1

(of course up to constant). In the hyperbolic case the p-kernel is just the
Euclidean Cauchy’s kernel, but we compute it in the different center. Also
there is the coefficient 1/z,,, what is something what we expected.

Theorem 3.4.4 (V, p. 10) If d, (x,a) is the hyperbolic distance between
the points x and a in ]RSLFJrl then

(x — 7(a,z)) coshdy(x,a) — a, sinh®dy(z, a)e,

q(.’]j7 a) = (2an$n)n Sinh’rl—l-l dh(l‘, a)
1 m 1 1
2z |z —7(a, $)|”+1Q7(a7 =)~ 2z,)" |7 — 7(a, 7)1
where

T(a,z) = ag+ are; + -+ - + ap_164_1 + a, coshdy(z,a)e,.

The preceding theorem gives us an interpretation to the ¢-kernel. Recall that
the Newton’s kernel in the theory of harmonic function is (up to constant)
the mapping x — W Thus we see that the g-kernel is a linear com-
bination of the Cauchy’s and the Newton’s kernels with the center 7(a,z).
Moreover, since we consider the kernel of the Cauchy’s formula for the Q)-part
of a hypermonogenic function, it can be expected that the coefficient e, is in

the special role.

Using the hyperbolic kernels we may prove the following mean-value proper-
ties.

Theorem 3.4.5 ([4];V, p. 12) Let U C R} be open. The following prop-
erties are equivalent:

(a) h is hyperbolically harmonic on U.

(b) h is smooth and

ha) = — /a o, M)

wy, sinh” Ry,

for all By(a, Ry,) C U.
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(¢) h is smooth and
__ / h(x)dza(x)
V(Bh(CI,, Rh)) Bp(a,Rp) "

for all By(a,Ry) C U where V(By(a, Rp)) = wn fOR" sinh" tdt is the
hyperbolic volume of the ball By(a, Ry,).

h(a) =

Recall that the Q-part of a hypermonogenic function is a solution of the
Laplace-Beltrami equation, i.e.,

ApQf =—(n—-1)Qf.
Hence we may study their mean value properties:

Theorem 3.4.6 (VI, p. 6) Let Q C R be an open subset and let h :
Q — Clyp—1 be a smooth function. The following properties are equivalent.

(1) h is an eigenfunction, i.e, is a solution of
Aph(z) = —(n — 1)h(x)
for x € Q.

(2)
1

h(a) = —wn+1¢(Rh) /%h(a’Rh) h(z)dop(x)

where "
h
¥(Ry,) = sinh Rh/ sinh™2(t)dt
0

whenever B(a, Ry) C Q.
(3)

n—1
h(a) = —wn+1¢(Rh) /Bh(a’Rh) h(x)dxy,

where wy1 1s the surface area of the (n + 1)-unit sphere and
Ry,
¢(Rp) = (n — 1) cosh Rh/ sinh" " 2(t)dt — sinh" ' Ry,.
0

whenever B(a, Ry,) C .
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