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In this paper we study the fractional maximal operator M,, 0 < a < @) on
the Heisenberg group H, in the generalized Morrey spaces M, .,(H,, ), where
@ = 2n + 2 is the homogeneous dimension of H,,. We find the conditions
on the pair (1, p2) which ensures the boundedness of the operator M,, from
one generalized Morrey space M, ., (H,,) to another M, ., (H,),1 < p <
q < o00,1/p—1/q = a/Q, and from the space M ,, (H,,) to the weak space
WMy ,,(H,), 1 <g<o0,1—1/qg=c/Q. We also find conditions on
the ¢ which ensure the Adams type boundedness of M, from M 1 (H,,)
to M %(Hn) forl < p < g < oo and from M, ,(H,) to WMZW% (H,,)

9,9 ®
forl < g < c0.
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As applications we establish the boundedness of some Schrodinger type op-
erators on generalized Morrey spaces related to certain nonnegative poten-
tials V' belonging to the reverse Holder class B (H,,).

Key words : Heisenberg group; fractional maximal function; generalized

Morrey space; Schrodinger operator.

1. INTRODUCTION

Heisenberg group appear in quantum physics and many parts of mathematics, in-
cluding Fourier analysis, several complex variables, geometry and topology. Anal-
ysis on the groups is also motivated by their role as the simplest and the most im-
portant model in the general theory of vector fields satisfying Hormander’s condi-
tion. In the present paper we will prove the boundedness of the fractional maximal

operator on the Heisenberg group in generalized Morrey spaces.

For g € H,, and r > 0, we denote by B(g, ) the open ball centered at g of
radius r, and by CB(g, r) denote its complement. Let | B(g, r)| be the Haar measure
of the ball B(g,r).

Given a function f which is integrable on any ball B(g,r) C H,,, the fractional
maximal function M, f, 0 < a < @ of f is defined by

Mo f(g) = sup| B(g, r)| "3 / | (R)|dh.
r>0 B(g,r)

The fractional maximal function M, f coincides for o« = 0 with the Hardy-
Littlewood maximal function M f = My f (see [8, 26]). The operator M, play
important role in real and harmonic analysis (see, for example [7, 8, 26]).

In this work, we prove the boundedness of the fractional maximal operator
M,, 0 < a < @ from one generalized Morrey space M), ,, (H,,) to M, ,,(H,,),
1 <p<qg<ool/p—1/qg=a/Q,and from M; o, (H,) to the weak space
WMgp,(Hy), 1 < ¢ < 00,1 —1/qg = a/Q. We also prove the Adams type
boundedness of the operator M, from M 1 (H,) to M 1 (H,) for1 < p <

) )



BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR

q < oo and from M ,,(H,) to WMq %(Hn) for 1 < ¢ < oo. In all the cases the
conditions for the boundedness are given it terms of supremal-type inequalities on
(1, p2) and o, which do not assume any assumption on monotonicity of (¢1, ¢2)
and pinr. Let L = —Ap, +V be a Schrodinger operator on Hj,,, where Ay, is the
sub-Laplacian. As applications we establish the boundedness of some Schrodinger
type operators VY (—Ag, + V)% and V'V, (—Am, + V)P on generalized
Morrey spaces related to certain nonnegative potentials V' belonging to the reverse
Holder class By (H,,).

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A &~ B and say that A
and B are equivalent.

2. NOTATIONS

We recall some basic facts on the Heisenberg group, which more detailed informa-
tion can be found in [8, 9, 26] and the references therein. The (2n+1)-dimensional
Heisenberg group H, is the Lie group with underlying manifold R?" x R and mul-
tiplication

n
j=1

The inverse element of g = (z,t) is g~ ! = (—x, —t) and we write the identity

of H, as e = (0,0). The Heisenberg group is a connected, simply connected
nilpotent Lie group. We define one-parameter dilations on H,,, for r > 0, by
8.(x,t) = (rxz,r*t). These dilations are group automorphisms and the Jacobian
determinant is <, where Q = 2n + 2 is the homogeneous dimension of H.,.
A homogeneous norm on H, is given by |g| = |(x,t)] = (Jz|> + |t[)}/2. This
norm satisfies the triangle inequality and leads to a left-invariant distant d(g, h) =
|g~1h|. With this norm, we define the Heisenberg ball centered at g = (x,t) with
radius r by B(g,r) = {h € H, : |g~'h| < r}, and we denote by CB(g,r) =
H,, \ B(g,r) its complement. The volume of the ball B(g,r) is C,,7%, where C,,
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is the volume of the unit ball Bj:

n+2r(2)
(n+ 1) (” )

Cﬂ - ‘3(671)‘

Using coordinates g = (x,t) for points in H,,, the left-invariant vector fields

X1,...,Xon, Xont1 on H,, equal to 8%1, ey %, % at the origin are given by
0 0 0 o . 0

Xj:a—%+2xn+j&, Xn+j: —2.%]‘&, ]Zl,...,?’L, X2n+1:

a$n+j aj

respectively. These 2n + 1 vector fields form a basis for the Lie algebra of H,, with

commutation relations
(X, Xntj] = —4Xonn1

for j = 1,...,n, and all other commutators equal to 0. The sub-Laplacian Ay,
and the gradient Vy, are defined respectively by

2n
Ay, = ZXJQ and Vg, = (X1,...,X2,).
j=1

The sub-Laplacian operator (which is hypoelliptic by Hormanderfs theorem [16])
is well known to play the same fundamental role on H, as the ordinary does on
R™.

In the study of local properties of solutions to of partial differential equations,
together with weighted Lebesgue spaces, Morrey spaces L, » (H,,) play an impor-
tant role, see [10, 17]. They were introduced by Morrey in 1938 [22]. The Morrey
space in a Heisenberg group is defined as follows: for 1 < p < 00,0 < A < Q,a
function f € Ly \(H,) if f € Ll*°(H,,) and

1l = swp 2l < o

u€H,,, r>0

(If X = 0, then Lyo(H,) = L,(Hy,); if A\ = @, then L, o(H,) = Loo(H,); if
A< 0or > Q,then L, y(H,) = O, where O is the set of all functions equivalent
to 0 on H,,.)
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We also denote by WL, »(H,) the weak Morrey space of all functions f €
W Lk¢(H, ) for which

2
Ifllwe,, = sup 7 2 fllwr, B < oo
’ u€Hy,, r>0

where WL, (B(g,r)) denotes the weak L,-space of measurable functions f for
which

1 fllwz,(Bg.r) = SupT [{h € B(g,r): |f(h)| > T},
Note that

WLy(H,) = WLpo(Hy), Lyx(H,) C WL,(H,)

and [ flyr,, <I1fls, -

Everywhere in the sequel the functions ¢(g,7), ¢1(g,r) and w2(g,r) used in
the body of the paper, are non-negative measurable function on H,, x (0, c0).

We find it convenient to define the generalized Morrey spaces in the form as
follows.

Definition 2.1 — Let 1 < p < oo. The generalized Morrey space M, ,,(H),,) is
defined of all functions f € LLOC(HH) by the finite norm

_1
£, = sup (g,7) " [B(g, )7 1 £ ]l Ly (Blga)-
u€H,,r>0

According to this definition, we recover the space L, »(H,,) under the choice
A-Q
plg,r) =77
Ly (Hy) = Mp o (Hn) 0
e(gr)=r P
In [11, 12, 23, 24] there were obtained sufficient conditions on weights ¢
and 9 for the boundedness of the maximal operator M and the singular integral
operators 1" from M, ., (H,) to M, ,,(H,). In [23, 24] the following condition

was imposed on w(g, r):

cre(g.r) < olg, ) < cp(g,r) 2.1)
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whenever r < 7 < 2r, where ¢(> 1) does not depend on ¢, 7 and u € H,,, jointly
with the condition:

o d
| e <cegry. 22)

for the maximal or singular operators and the condition

° d
| rreta T < crlg.ry 23)

for potential and fractional maximal operators, where C'(> 0) does not depend on
r and u € H,.

In [24] the following statements were proved.

Theorem 2.1 — Let 1 < p < 00,0 < a < %, % = ;1,— % and ¢(g,T)

satisfy conditions (2.1) and (2.3). Then for p > 1 the operator M, is bounded
from M, ,(H,) to My ,(H,) and for p = 1 M, is bounded from M, ,(H,) to
WMq)SD(Hn)'

The following statements, containing results obtained in [24] was proved in
[11] (see also [12, 13, 14, 15]).

Theorem2.2 —Let1 <p < oo, 0 < a< %, % % and (1, p2) satisfy

Q=

the condition
< dr
r 901(977‘)7 S CSOQ(J"7T)7 (24)
-

where C' does not depend on g and 1. Then the operator M, is bounded from
M, ,, (Hy) to My ,,(Hy,) for p > 1 and from M, ,, (H,) to WM, ,,(H,) for
p=1

3. BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR IN THE
SPACES M, ,(H,)

3.1 Spanne type result
We denote by L ., (0, 00) the space of all functions g(t), t > 0 with finite norm

1911 Loc 0 (0,00) = €s8 sup v(t)g(t)
t>0
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and Loo(0,00) = Lo 1(0, 00). Let M(0, 00) be the set of all Lebesgue-measurable
functions on (0, 00) and M (0, 0o) its subset consisting of all nonnegative func-
tions on (0, 00). We denote by 911(0, 0o;7) the cone of all functions in T (0, co)

which are non-decreasing on (0, co) and

A= {90 € MT(0,00;7) : tli%1+¢(t) = O} .

Let u be a continuous and non-negative function on (0,00). We define the
supremal operator S,, on g € M(0, co) by

(Sug)(t) = ugll L (to0)s t € (0,00).

The following theorem was proved in [3].

Theorem 3.3 — Let vy, vg be non-negative measurable functions satisfying
0 < HmHLm(t,OO) < oo for any t > 0 and let u be a continuous non-negative

function on (0, 00)

Then the operator Sy, is bounded from Lo 4, (0,00) 10 Log 4, (0,00) on the
cone A if and only if

H'I)qu <””1HZ;(-,00)> HLOO(O,oo) < 0. 3.1)

Sufficient conditions on ¢ for the boundedness of M and M, in generalized
Morrey spaces M,, ,,(H,,) have been obtained in [2, 3, 13, 14, 15, 24].

The following lemma is true.

Lemma 3.1 —Letl <p<oo,0<a<
any ball B = B(g,r) in H,, the inequality

S18)

— % Then for p > 1 and

D=

1
’q

g —Q+a
IMafllL, By S Il B@ey + 7 sup 77N flo ey 32

T>2r
holds for all f € Li*®(Hy,).

Moreover for p = 1 the inequality

Q —Q+a
Mo fllwr,Bigry) S IfllLyBg,2r) +7° sup 7 @l By (33

191
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holds for all f € LY°¢(H.,).

PROOF : Let1 < p < g < oo and % — % = % For arbitrary ball B = B(g, )

let f = fi+ f2, where fi = fx2p, fo = fXt(yp) and 2B = B(g,2r).

Mo fllz,B) < IMafill,s) + | MafollL,(B)-
By the continuity of the operator M,, : L, (H,) — L4(H,,) we have
[Mafillz,B) < I fllz,c2B)-

Let h be an arbitrary point from B. If B(h, )N E(ZB) # (), then 7 > r. Indeed,
ifwe B(h,7)N C(2B), then 7 > |h~tw| > |g7 w| — |7 h| > 2r — 7 =7

On the other hand, B(h, )N C(QB) C B(g,27). Indeed, w € B(h, )N G(QB),
then we get |g~tw| < |[htw| + [g7th| < 7 +7r < 27,

Hence

1
M, fo(h :sup/ F(w)|dw
2(h) >0 |B(h,T)|1=2/@ B(h,T)ﬂE(2B)| (w)

e ),
f(w)|dw
m>r |B(g,27)[t=e/Q B(gﬂf)| )

1
=297 qup / f(w)|dw.
T>2r ‘B<97T)‘1_Q/Q B(g,T)’ ( )’

Therefore, for all h € B we have

1
M, fo(h) <297 sup / f(w)|dw. (3.4)
2( ) T>2r ’B(galrﬂlia/@ B(g,7)| ( )|

Thus

1
IMafll,e)y < fllL,@B) +|Ble

7 |
sup —————— flw)ldw | .
<T>2r ’B(gvT)P_a/Q B(g,T) ‘ ( >‘ >
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Let p = 1. It is obvious that for any ball B = B(g, )

Mo fllwry) < IMafillwe,) + [Mafollwr,s)-

By the continuity of the operator M, : Ly (H,) — W L,(H,,) we have

Mo fillwr,s) S Nl @By

Then by (3.4) we get the inequality (3.3). O

Lemma3.2—Let1§p<oo,0§a<%

— % Then for p > 1 and
any ball B = B(g,r) in H,,, the inequality

s}

9
Mo fllL,Bgr)) ST sup 7 1 f1l2,(B(g,7)) (3.5)

holds for all f € Li*¢(H,,).

Moreover for p = 1 the inequality

Q Q

Mo fllwr,(Bgr) ST9 5;1%) T || fllLy(Blg,r) (3.6)

holds for all f € LI°¢(H,).

PROOF:Letl <p<oo,0<a<

= |0

_a
0 Denote

S

1
> q

—_

1
M :=|BJa sup/ flw)|dw |,
1: =15l ( Bl 7@ Jyggn )
My = ||f||Lp(2B)-

Applying Holder’s inequality, we get

1

1 1 P
M < 1B [ sup — 1 ( / If(w)lpdw>
2 |B(g, 7))t \JBlom)

193
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On the other hand,

1 1 %
B swp —— ([ )
T>2r |B(gv7—)|q B(gﬂ')

1 1
Z Bl | sup ———— | | fllz,2B) = Me.
7>2 |B(g, )9

Since by Lemma 3.1
[Mafllp,3) < M1+ Ma,

we arrive at (3.5).

Let p = 1. The inequality (3.6) directly follows from (3.3). O
Theorem 3.4 — Let 1 < p < 00, 0 < a < %, % = %— % and (p1,p2)
satisfies the condition
0 @ , Q
sup t 7 essinfpi(g,s)s? < Cpalg,r), (3.7)
r<t<oo t<s<oo

where C' does not depend on g and r. Then for p > 1, M, is bounded from
M, ., (Hy) to My, (Hy) and for p = 1, My is bounded from M, ,, (H,) to
WMq>§02 (Hn)‘

PROOF : By Theorem 3.3 and Lemma 3.2 we get

_ _Q
IMaflrtyp, S sup wa(g,r) ' supt a || fllL,(B(gr)
g€l ,r>0 T>r

., _Q
Solg, ) T ) = 16,

if p € (1,00) and

_ _Q
Mo fllwatyy, S sup @a(g,7) " sup7 @ || fll Ly (Bgr)
geH,,,r>0 T>T

SJ Sup 901(977')71 TﬁQ Hf||L1(B(g,r)) = HfHMl,gJ17
geH,,r>0

ifp=1. O
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In the case a = 0 and p = ¢ from Theorem 3.4 we get the following corollary,
which proven in [2] on R".

Corollary 3.1 — Let 1 < p < oo and (1, p2) satisfies the condition

_Q
sup t P ess

Q
inf p1(g,5) s7 < Cpa(g,7), (3.8)
r<t<oco t<s<oco
where C' does not depend on g and r. Then for p > 1, M is bounded from
M, ., (Hy) to My ,,(H,) and for p = 1, M is bounded from M, ,, (H,) to
W Mi g, (Hy,).

Corollary 3.2 —Letp € [1,00) and let ¢ : (0,00) — (0, 00) be an decreasing
Q
function. Assume that the mapping r — o (r) r»

is almost increasing (there exists
a constant ¢ such that for s < r we have p(s) s

Q .
< cp(r) r»). Then there exists
a constant C' > 0 such that

')

M fllm,, < Cllflm,, if p>1,
and

IMfllwams, < Clifllami g

3.2 Adams type result

The following is a result of Adams type for the fractional maximal operator (see
[1D).

Theorem 3.5 —Let 1 < p < qg< o0, 0 < < % and let o(g, T) satisfy the
condition

sup t~9 essinf p(g,s)s? < C(g,r) (3.9)
r<t<oo t<s<o0

and

1 [e
sup t%p(g,7)r < C’rfqip

—-p
r<r<oo

) (3.10)
where C does not depend on g € H,, and r > 0.

Then the operator M,, is bounded from M
p
and from M ,(H,,) to W M

)

1(Hy,) to M 1 (Hy,) forp > 1
PP 0,01
%(Hn)
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PROOF:Let1§p<q<oo,0<oz<%andeM
P
f=fi+ fo, where B = B(g,7), fi = fx2p and f> =fXE(QB)-

(H,,). Write

1
79017

For M,, f2(h) for all h € B from (3.4) we have

1
M, h) < 20—« / d
(f2)(h) < S ARSI B(W)If(w)l w
_Q
S sup 7 1 f1l2,(B(g,7)) (3.11)

Then from conditions (3.10) and (3.11) we get

e)
Mo () S 1 MF(R) + sup 15 |l o)

<r*Mfh)+ [|fllm o sup 7%0(g,7)

pP T>21

_ap
SrOMf(h) +r e | fllm
p

=

1
P

Illae 3\ S8
Hence choose r = ( W) for every h € B, we have

2
q

Mo f(B) < (MF)E 1]y

Sl

P
Hence the statement of the theorem follows in view of the boundedness of

the maximal operator M in M 1 (H,) provided by Corollary 3.1 in virtue of
P
condition (3.9).

1 _Q
[IMafllar = sup (g, 7) 97« |MafllL,(B(g,m)
q,¢ QGHnyT>0

Q=

1-2 1 _Q z
= HfHM 1 sup (,0(977') T 1 ”Mf”Lp(B(g,T))

P g€Hy,, 7>0

1-E 1 _Q a
=fllx® (ge§u1>7>0<ﬁ(977)_1”7_”HMfHLp(B(g,T))>
= HfHMW% HMfHMW%

I

Sl
P
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if 1l <p<q<ooand
_1 _Q
[Mafllwar = sup  @(g,7) 9t ¢ [[Mafllwr,(B(g,r)
g9 9 geH,,, 7>0
< -1 _1 _Q .
~ ||f||Mw geESI:LJPT>O<P(gaT) T 1 ||Mf||WL1(B(g,r))
1-1 10 %
= [1fllar? geﬂﬁupwow(gﬁ) T M fllwr,(B(g,r)
1-1 1
— q q
= 1l UM A lag,
S b,
if 1 <q<oo. O

In the case p(g,7) = 7279, 0 < A < Q from Theorem 3.5 we get the follow-
ing Adams type result [1] for the fractional maximal operator.

Corollary 3.3 — Let 0 < a < Q,1 < p < %,0 < A < @ — ap and
% = 5> Then for p > 1, the operator M, is bounded from Ly, »(H,) to
H,,) and for p = 1, M, is bounded from L; »(H,) to WL, \(H,).

NI
e
>
~

4. THE GENERALIZED MORREY ESTIMATES FOR THE OPERATORS
V(= Ay, +V) 7 aND VIV, (- A, + V)’

In this section we consider the Schrodinger operator —Ap, + V' on H,,, where
the nonnegative potential V' belongs to the reverse Holder class Boo(H,,). The
generalized Morrey M, ,,(H,,) estimates for the operators V7 (—Ay, + V)~ and
VVa, (—Ag, + V)~ are obtained.

The investigation of Schrodinger operators on the Euclidean space R™ with
nonnegative potentials which belong to the reverse Holder class has attracted at-
tention of a number of authors (cf. [5, 25, 29]). Shen [25] studied the Schrodinger
operator —A + V, assuming the nonnegative potential V' belongs to the reverse
Holder class B,(R™) for ¢ > n/2 and he proved the L, boundedness of the op-
erators (—A + V)7, V2(-=A+ V)", V(-A + V)fé and V(—A + V)L Ku-

197
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rata and Sugano generalized Shens results to uniformly elliptic operators in [18].
Sugano [27] also extended some results of Shen to the operator V7 (—A + V)=#
0<y<pA<1and V'V, (-Ag, +V) 7 0<y<5<f<landf—7y 2> 3.
Later, Lu [21] and Li [19] investigated the Schrodinger operators in a more general

setting.

The main purpose of this section is investigate the generalized Morrey M), ,, -

M, ,, boundedness of the operators
i = VI(-Ag, +V) P 0<y<p <1,

T, :xwmm(AH+V)ﬂo<vg2§ﬁ<1ﬁ v> 2

—_
l\Dv—l

Note that the operators V (—Ag, + V) ~! and Vs Va, (—Ag, + V)~ 1in [19]

are the special case of T and 75, respectively.

It is worth pointing out that we need to establish pointwise estimates for 77, 15
and their adjoint operators by using the estimates of fundamental solution for the
Schrodinger operator on H, in [19]. And we prove the generalized Morrey esti-
mates by using M), ,, — M, ,, boundedness of the fractional maximal operators.

Let V > 0. Wesay V € By (H,), if there exists a constant C' > 0 such that
C
\% <— |V
Wl < 757 [,
holds for every ball B in H,, (see [19]).

By the functional calculus, we may write, for all 0 < 3 < 1,

1 o
(—AHn + V>_B = 7_[_/ )\_B (—AHn +V + )\)_1 d.
0
Let f € C§°(H,,). From (—Ag, +V + )~ fH (g, h, N) f(h)dh,
it follows that
Tif(9) = : Ki(g,h)V(g)" f(h)dh

where

K1(0.h) = LA PT(g,h,A)dX for 0< B <1
’ I'(g,h,0) for 5 =1.
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The following two pointwise estimates for 77 and 75 which proven in [29]

Lemma 3.2 with the potential V' € B, (H,,).

Theorem B — Suppose V € By (H,,) and 0 < v < 3 < 1. Then there exists

a constant C > 0 such that

IT1f(9)| < CMaf(g), fe€Cy°(Hy),

where o = 2( — 7).
Theorem C — Suppose V € By (H,), 0 <~ < % <f<landf—~ > %

Then there exists a constant C' > 0 such that

‘TQf(g” < CMaf(g)’ f € Cgo(Hn)v

where oo = 2( — v) — 1.
The above theorems will yield the generalized Morrey estimates for 77 and 75

Corollary 44 — Assume that V' € By (H,), and 0 < v < < 1. Let
1<p<g<o02pB—-—7)=Q ]13 - 5) and the condition (3.7) be satisfied for

a = 2(8 — 7). Then for any f € C§°(H,)

1T Uty oy S 1Nty For p>1

and
||7-1fHWMq,Ap2 S ||f”M1,<p1 fOI‘ p = 1

L < p < 1and

Corollary 4.5 — Assume that V' € By (H,), 0 < v < 3
) and the condition
(H

n)

08— 'y> Lletl <p<g<o0,2(6—7)—-1=0Q (%
(3.7) be satisfied for « = 2(3 — ) — 1. Then for any f € C

1
q
OO
0
|72 f Iy S Nfllnsyyy»  for p>1

and
12fllwng e, SN fllary,,  for p=1
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Corollary 4.6 — Assume that V € By (H,) and 0 < v < < 1. Let
1<p<qg<oo,2B—7)=Q (% — 5) and the conditions (3,9), (3.10) be
satisfied for o = 2(5 — 7).

Then for any f € C§°(H,,)

171 |ae

q,¥

Sl oy, for p>1

1
q

Ay
Sl

and
171 fllw

9,

S HfHM1,<p fOl‘ p - 1

Q=

Corollary 4.7 — Assume that V' € By (H,), 0 < v < L < p<1and
% and the conditions

> 3
B-v>5 Letl <p<qg<o00,2(8-7)—-1=Q
(3.9), (3.10) be satisfied for a« = 2(3 — ) — 1.

1
q

Then for any f € C§°(H,,)

12fllpe  SWflle ,,  for p>1
g, 9 pP
and
1Z2fllwar S W fllary,  for p=1.
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