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Abstract We deal with the generalized Orlicz-Morrey space Mgy o (R") of the third kind
and consider the decomposition method. Also we characterize its predual space. Some max-
imal estimates for generalized Orlicz—-Morrey spaces of the third kind are also obtained by
using the weighted Hardy operators. As an application, we consider the Olsen inequality,
which is a bilinear estimate on the fractional integral operator. As an appendix, we consider
a general form of the vector-valued boundedness of the Hardy—Littlewood maximal oper-
ator, where ¢ in the definition of My 4 (R") depends on x as well. This paper contains a
remedy for the mistake in the proof of the Olsen inequality of the 2014 paper by the second
author (lida et al. in Z. Anal. Anwend. 33(2):149-170, 2014).

Keywords Orlicz-Morrey spaces - Atomic decomposition - Maximal operators

Mathematics Subject Classification Primary 42B20 - Secondary 42B25 - 42B35 - 46E30

B<X Y. Sawano
yoshihiro-sawano@celery.ocn.ne.jp

V.S. Guliyev
vagif @guliyev.com

S.G. Hasanov
sabirhasanov @ gmail.com

T. Noi
taka.noi.hiro@gmail.com

Department of Mathematics, Ahi Evran University, Kirsehir, Turkey
Institute of Mathematics and Mechanics, Baku, Azerbaijan
Ganja State University, Ganja, Azerbaijan

Department of Mathematics and Information Science, Tokyo Metropolitan University, Hachioji,
Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10440-016-0052-7&domain=pdf
mailto:yoshihiro-sawano@celery.ocn.ne.jp
mailto:vagif@guliyev.com
mailto:sabirhasanov@gmail.com
mailto:taka.noi.hiro@gmail.com

134 V.S. Guliyev et al.

1 Introduction

In this paper, we are oriented to the decomposition of generalized Orlicz—-Morrey spaces
of the third kind and its applications. Generalized Orlicz—Morrey spaces of the third kind
are equipped with two functions @ and ¢; @ : [0, 00) — [0, 00) is a convex bijection and
¢ : (0,00) — (0, 00) belongs to a class of Gy, which consists of all decreasing functions
¢ : (0,00) = (0,00) such that : (0,00) 3¢t @~ ™™ ()"! € (0, 00) is almost de-
creasing, that is, there exists a constant C > O such that u(t) < Cu(s) forall0 <s <t < oo.
Denote by A, the set of all convex bijections @ : [0, co) — [0, oo) such that the doubling
condition:

P2t)<CP((t) (=0) (1.1)

holds for some constant C > 2, which is called the doubling constant, and by V, the set of
all convex functions @ : [0, c0) — [0, co] such that the V,-condition:

2C'P (1) <®(2r) (t>0) (1.2)

holds for some C’ > 1. Note that C in (1.1) exceeds 2 when @ € A, NV, due to (1.2). Recall
also that the conjugate function ¥ of @ is defined by:

W (1) =sup{st —P(s):s >0} (t>=0). (1.3)

Let @ be a Young function. Recall that the Orlicz norm | f|| ¢ ) over a measurable set
E in R” is defined by:

||f||La>(E)Einf=)\>O:/<D<|fix)|)dx§1]. (1.4)
E
Define L?

loc (R™) as the set of all measurable functions f for which f € L?(K) for all com-
pact sets K in R".

We now define generalized Orlicz—-Morrey spaces of the third kind. All the “cubes” in
R" are assumed to have their sides parallel to the coordinate axes. Denote by Q the set of
all cubes. For a cube Q € Q, the symbol £(Q) stands for the side-length of the cube Q;
Q) =10| %, where | - | stands for the Lebesgue measure. The generalized Orlicz—Morrey
space Mgy o (R") of the third kind is defined as the set of all measurable functions f for
which the norm

1 1
> = 7¢_1<—>
I g, Zlelg Q) 0] I fllze o)

is finite. Write G, = Go when @ (¢) =7 with 1 < p < oo. For « € (1, 00), the harmonic
conjugate is defined by: k' = k (k — 1)~'. We use the powered Hardy-Littlewood maximal
operator M) given by: for a measurable function g : R* — C

M g(x) = Sup(me f !g(y)|”dy>K. (1.5)
veo\ 10 Jo

The following result is one of the fundamental theorems in this paper:
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Non-smooth Atomic Decompositions for Generalized. . . 135

Theorem 1.1 Let « € (1,00) and @ € Ay, N V,. Define ¥ by (1.3). Assume in addition that
the quotient ¢ /n of ¢ € G and n € G satisfies the integral condition:

= P(s) ds§C¢(r)
ro N(s)s n(r)

(r>0) (1.6)

and that M® is bounded on LY (R"): for all g € LY (R")
[M“g]|,s <Cliglie. (1.7)

Assume that {Q;}72, C Q, {a;}52, C L (R") and {1,152, C 10, 00) fulfill the following
three conditions:
1. The support condition on a;:

supp(a;) C Q;, (1.8)

2. The size condition on a;:

1 1 < ! 1
lasll 1, = sup —(—/ a() dy) <L v
PMe T gea n(e(@) \ 10 Q‘ 0l n(t(Q,))
3. The coefficient condition on {)\j}fozl:
o0
> o, < o0. (1.10)
Jj=1 My o
Then
o0
£=Y ha (1.11)
j=1
converges in S'(R") N L,‘f;c (R™) and satisfies
oo
1f latpe <C| Y Aixo, (1.12)
j=1

My o

A tacit understanding is that we use the convention that the meaning of C can change
from line to line.

Now we state the next theorem. To this end we fix some notation. We denote by P, (R")
the set of all polynomials in variables x;, x», ..., x, with degree less than or equal to d. Let
No=1{0,1,...}. The space PLl (R™) is the set of all measurable functions f such that

/ | F|(1+ 1x1)" dx < o0, F)x%dx =0
R» R”

for all @ € Nj with |o| < L. Denote by LG, (R") the set of all compactly supported func-
tions which are essentially bounded.

In the present paper we also seek to prove the following decomposition result for the
functions in generalized Orlicz—Morrey spaces of the third kind:
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136 V.S. Guliyev et al.

Theorem 1.2 Let L € Ny, @ € A, NV, and ¢ € Gp. Assume that ¢ satisfies the integral
condition:

> ds
/ ¢(S)?SC¢(V) (r>0). (1.13)

Let f € My o (R"). Then there exist {Q; ?O:I C Q, {aj}?o:] - Lg’gmp(R”) N PER") and

{kj}?il C [0, 00) such that f = Z?il Ajaj in 8'(R") and that, for all v > 0

<Cillflamgg-  (114)

lajl < xo, (G=12,..0. ‘

(Z(ijQ,)”)
j=1

1
v
HM¢YQ)

Here the constant C,, > 0 is independent of f.

In view of Theorems 1.1 and 1.2 and the results in [40, Sect. 4], the decomposition of
the functions requires us the vector-valued inequality for the Hardy-Littlewood maximal
operator and the synthesis of the functions requires us the duality. As we did in [40, 41], if
we combine these theorems, we can prove that the singular integral operators are bounded
in Md)‘(p (Rn) .

As is mentioned in [57, p. 185], these theorems date back to the papers by Uchiyama and
Jones. Note that My 4 (R") covers many classical function spaces.

Example 1.3 Let 1 <g < p < oo and @ € A, N V,. From the following special cases,
we see that our results will cover the Lebesgue space L”(R"), the classical Morrey space
Mg (R"), the generalized Morrey space M9 (R") and the Orlicz space L? (R") with norm
coincidence:

1. f®@)=1t" and ¢ (1) = t_%, then My o (R") = L?(R") with norm equivalence.

2. If @(t) =1t and ¢(¢) = t77, then My 5 (R"), which is denoted by M (R"), is the
classical Morrey space.

3. If @(t) =17, then My »(R") = Mﬁ(]R") is the generalized Morrey space which were
discussed in [16-18, 35, 54]. See [1-3] for local Morrey spaces.

4. If ¢(t) = @~ '(+™™), then My o(R") = L?®(R"™), which is beyond the reach of general-
ized Orlicz—Morrey spaces of the second kind defined in [54] according to an example
constructed in [14]; see Definition 9.1 for its definition.

5. Asaparticular case, by letting @ (¢) = 17! +¢72 for some 1 < p;, p» < 00, we can recover
the intersection space LP'(R") N LP2(R").

6. Another example is @(¢) = ¢”(log(3 4+ ¢))? with p > 1 and g € R. In general @ is not
convex but we can replace @ with a convex function equivalent to ¥.

Other definitions of generalized Orlicz—-Morrey spaces can be found in [36, 38, 39, 54];
see Definition 9.1 in the present paper. Therefore, our definition of generalized Orlicz—
Morrey spaces here is named “third kind”.

By combining the idea of Theorem 1.1 with Example 1.3, we have the following estimate
for Orlicz spaces, whose proof is similar to Theorem 1.1:

Corollary 1.4 Let k € (1,00) and ® € Ay NV, satisfy (1.7). Assume that {Qj}joil C Q,
{a;}52, C L (R") and {23521 C 10, 00) fulfill the following three conditions:
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Non-smooth Atomic Decompositions for Generalized. . . 137

L. The support condition on a;:

supp(a;) C Q;. (1.15)

2. The size condition on a;:

lajll,e <10, (1.16)

3. The coefficient condition on {Aj}ﬁﬁ

o0
ZM‘XQ,
j=1

Then f = Z;’O:I Ajaj converges in L®(R") and satisfies

o0
Z)‘fXQj

j=1

< 00. (1.17)

L?

1fllge =C (1.18)

L®

Our strategy of the proof of Theorems 1.1 and 1.2 is as follows: The proof of Theorem 1.1
hinges upon the duality. Meanwhile, to prove Theorem 1.2 we shall convert the generalized
Orlicz-Morrey space My, o (R") of the third kind to the generalized Hardy—Orlicz—Morrey
space H My o (R") of the third kind as we do in (5.1). In fact, our experience shows that the
Hardy space H”(R") with 0 < p < oo can be more informative than the Lebesgue space
L?(R") with 0 < p < oo when we discuss the boundedness of some operators. See [57] and
references therein for more information on the Hardy space H”(R").

We adopt the following notation, although some of them duplicate:

1. Let A, B > 0. Then A < B means that there exists a constant C > 0 such that A <
CB and A ~ B stands for A < B < A, where C depends only on the parameters of
importance.

2. The symbol B(x, r) stands for the open ball centered at x or radius r > 0.

3. By a “cube” we mean a compact cube whose edges are parallel to the coordinate axes,
namely, the metric ball defined by £ is called a cube. If a cube has center x and radius r,
we denote it by Q(x, r). From the definition of Q(x,r), its volume is (2r)". We write
Q(r) instead of Q(0, r), where 0 denotes the origin. Given a cube Q, we denote by c(Q)
the center of Q and by £(Q) the sidelength of Q: €(Q) = IQI%. Given a cube Q and
k > 0, its k-times expansion k Q means the cube concentric to Q with sidelength k€(Q).

4. By a dyadic cube, we mean a set of the form 2=/m 4+ [0,27/)" for some m € Z" and
J € Z. Note that dyadic cubes are not open nor closed but that cubes are closed.

5. In the whole paper, we adopt the following definition of the Hardy-Littlewood maxi-
mal operator to estimate some integrals: The Hardy-Littlewood maximal operator M is
defined by:

MF(x) = sup XQ—(X)/ IFD]dy  (x eR"), (1.19)
oeco 101 Jo

for a locally integrable function f on R”.
6. Let 0 < o < n. We define the fractional integral operator 1, by:

Iaf(x) = /]Rn %d}’ ()C ER”)

for all suitable functions f on R”".
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138 V.S. Guliyev et al.

7. Let M(0, oo) be the set of all measurable functions on (0, co) and 971+ (0, co) its subset
consisting of all non-negative functions on (0, 00). We denote by (0, co; 1) the cone
of all non-decreasing functions in 9% (0, co). The subset A of 9™(0, co; 1) is define by:

A={¢p M (0,00; 1) :inf¢p =0}. (1.20)

Other definitions are given when needed.

To conclude this section, we describe how we organize the remaining part of this paper.
In Sect. 2 we collect some preliminary facts such as the Holder inequality for our function
spaces as well as preduality. As an auxiliary step, in Sect. 3 we shall prove the boundedness
of the Hardy-Littlewood maximal operator on generalized Orlicz—-Morrey spaces of the third
kind. We prove Theorems 1.1 and 1.2 in Sects. 4 and 5, respectively. A counterpart of The-
orems 1.1 and 1.2 to Hardy spaces with variable exponents and to Hardy—Orlicz spaces are
proved in [40] and [41], respectively. However, as is the case with classical Morrey spaces
[25], we need to be careful when we prove Theorem 1.2. In fact, for a sequence F = {f;}72,
of measurable functions satisfying 0 < f; < f, <---— f and f € My o (R") does not im-
ply IIf = fillmye — O as is seen from the example of f;(x) = |x| /P (1 — XB(, ;1)) (X) in
ME(R") with 1 < g < p < oo. This difficulty will be overcome by the use of Lemma 5.6.
Applications are taken up in Sects. 6 and 7. We apply Theorems 1.1 and 1.2 to prove that the
singular integral operators are bounded on generalized Orlicz—-Morrey spaces of the third
kind in Sect. 6. As another application of Theorems 1.1 and 1.2, we consider a bilinear
operator (f,g) +— g - I,f in Sect. 7. In Sect. 8 we refine what we obtained in Sect. 3;
we reconsider the case when ¢ depends on x. Finally, in Sect. 9 we first compare three
generalized-Orlicz—Morrey spaces and then we discuss the assumptions in Theorems 1.1
and 1.2.

2 Preliminaries

2.1 Fundamental Structure of Generalized Orlicz—Morrey Spaces of the Third
Kind

Here and below, by a Young function we mean a convex bijection on [0, 00). The main
structure of the generalized Morrey space M,  (R") of the third kind is as follows:
Proposition 2.1 Let ¢ € M (0, 00) be a decreasing function and @ a Young function. Write
1
wt)=—&7 ™) @ >0).
¢ (1) ()
Then for all a > 0, we have

wu(r)
= s e 1 A
X0 llrmy o P 1(2a) )

In particular, the following are equivalent;

1. ¢ €Go;
2. forall a > 0, we have X o) € My o (R") and

1

- <_-
Yo <lxowlmss S 50D 2.1
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Non-smooth Atomic Decompositions for Generalized. . . 139

Proof We calculate that
IXo@llay e =sUp L)X 0@ L2 00y
r>0

=supu(2r)|I1 ||L¢(Q(min(a,r)))

r>

= max( sup 1) I110(00)- P AN 2 0o )

O<r<a

= maX( su ] M(zr) )
— R e S o (2ay )

Since we are assuming that ¢ is decreasing, we have
l(r—n) ) sup @—l(r—n)
$Q2a) roh pIP 1 (Ca) ")) T ok p)@ 1 (2a) ")’

as was to be shown. O

1 Xow@llrmy o, = max (

We also need the following scaling law for later consideration:

Lemma 2.2 Let 0 < b < 1 and ® be a Young function. Define D) = @(t%) fort > 0.
Then for all cubes Q and all measurable functions f on Q, we have

1 1
H |f| b ||L¢(Q) = (”f”L‘i(Q)) b .
Proof The proof is straightforward; just use the definition (1.4). We omit the detail. ]
2.2 The Conjugate of @ and Related Holder’s Inequality
Let @ be a function satisfying the doubling condition (1.1) and the V,-condition (1.2). Then
define the conjugate function ¥ of @ by (1.3). Note that ¥ satisfies the same condition
as @; ¥ € A, N V,. Observe also that
st<®(s)+ ¥ () (2.2)

for all s, t > O from the definition of ¥.
We recall the following Holder inequality for Orlicz spaces:

Lemma 2.3 Let @,V : [0, 00) — [0, 00) be Young function that are conjugate each other.
Let f be a measurable function defined on a measurable set E.

1. For all measurable functions g : E — C,

W -gllpie <20  lee @ gl &) (2.3)

2. We can find a measurable function g : E — C with norm 1 such that

/ fx)gx)dx =0, CM e e S/ J@gx)dx <2\ fllpeE, (24
E E
where C > 1 is a constant depending on ®.
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140 V.S. Guliyev et al.

3. Foranya >0,
a<® (@) (a) <2a. (2.5)
Proof For the sake of convenience we recall the proof of (2.5). We refer to [44] for (2.3)
and to [55, Lemma 2.4] for an estimate similar to (2.4).
From inequality (2.2) if we take s = ®~!(a) and t = ¥ ~!(a) we have

o W @) < (@7 (@) + ¥ (¥ (@) =a+a=2a. (2.6)

On the other hand for every t > 0

W(w> = sup(sw - @(s))
t 5>0 t

= sup (s th(t) — <D(s)>

s€(0,1)
D(t
< sup s Q)
se0,r) I

=P(@).

Replacing @ (¢) by ¢ in this inequality, we obtain the following equivalent inequalities:

A p——
@)= T -

— a<d @)W ). 2.7)

From (2.6) and (2.7), we obtain (2.5). Thus, the proof is complete. O
We also use the following absolute continuity of the Orlicz-norm:

Lemma 2.4 Let @ : R" — [0, 00) be a Young function and let f : R" — C be a measurable
Sfunction such that (| f]) € L'(R"). Define f/ = fxys<j)- Then we have

i _ £l —
jlin;o ”f f ”L‘P(Q) =0 2.8)
for any cube Q.
Proof The proof is similar to [55, Proposition 2.7]. We omit the detail. O

The following embedding relation is useful when we want to consider the functions in

MPP(R"):

Proposition 2.5 Let k € (1,00), ® € Ay NV, and n € Go NG,r. Define ¥ by (1.3). Assume
in addition that ¥ satisfies (1.7). Then

I a0 S SN A, 29

forall f € M, (R").
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Non-smooth Atomic Decompositions for Generalized. . . 141

Proof By (2.4), we can find g € LY (R") with norm 1 such that

! 1
1e(Q) (IQI)”f”L *© S @on (|Q|)f g0 dx.

Holder’s inequality yields

1 1 1
¢ 7¢_1 K K
1€Q) <|Q|>”f”L O o) (IQI)”fHL @lghor

By the definition of the norm, we obtain

! ¢"<1>|If|| SIfI ( )IQI/Kllgllu
n(€(Q)) o)1/ e S W e, @ 15 @

Thanks to (1.7) and (2.5), we have

: 45*1( )IIfIIL¢<Q)<IIfIIMn4’ < 1 )‘1’*1<L)IQI-HM(“8H v
n(t(Q)) 10| 10| 10| k

1 1
< 1@ — o —
S e, (IQI) (|Q|)|Q|

SIS lagr,

Thus, the proof is complete. ]

For later consideration, we formulate and prove the following Holder inequality for
Md;’q)(R”)l

Theorem 2.6 Suppose that we are given functions ®; € Ay NV, and ¢; € Gg, fori =1,2,3.
If these functions satisfy

o 0P ) =@ (120)
and
¢3(1) = g1 (P2 (r) (1 > 0),
then for every f € Mgy, o, (R") and g € My, ¢, (R"), we have
1F - 8lngy0p < 20 Fllatg, o, 1811 rtg, 0, - 2.10)
Proof Since || f - gll o3 <2l fll o1 gl ,; see (2.3), we have
G (LD S - gllpos <201 (CD) I fll o1 $2(ED@) 18l o2 < 211 f Iang, o, 1811014, 0,
Hence (2.10) follows. O

See [58, Lemma 2.4] for the classical case of generalized Morrey spaces.
We conclude this section with the following estimate:
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142 V.S. Guliyev et al.

Lemma 2.7 Let ¥ be a doubling Young function. Write p :=log, Cy, where Cy > 2 is the
doubling constant for ¥, so that W (2t) < Cy ¥ (t) for t > 0. Then we have

gl e o) < Co.pligllLro 2.11)

for any cube Q and any measurable function g on Q, where Cg_, depends on Q.

Proof Observe that ¥ (t) <27W (1)t”,t > 1 and that ¥ (0) = 0. As a consequence we may
suppose

1
1 4P
Y(r) < 30] + Cpt (2.12)

for all + > 0 by replacing constant Cb with a large one. Hence we have

gl v g = inf A>O:/ w(lg(x)|>dx§1}
0 y
. (1 (lg@l”
< inf A>0./Q<2|Q|+CQ< Iy ) )dxgl]

P
— inf x>0:cj0_f(|g(x)|> dxs—}
o\ % 2

1
= (2Cp) 7 lglr (o)

as was to be shown. O

2.3 Predual Space
In this section, we characterize the predual space of My, o (R") by the method of Zorko [72].

Definition 2.8 Let (&, ¥) be a complementary pair of Young functions; ¢ and ¥ are re-
lated by (1.3). Let also ¢ € Gg. A (¢, ¥)-block of the third kind is a measurable function A
supported on a cube Q satisfying

1 1
All,w — o' —). 2.13
1410 = S50 (IQI) @13

A function f is said to belong to By (R") if there exist a sequence A = {Aj}j‘;l e t1(N)
and a sequence {A; }5‘;, of (¢, ¥)-blocks of the third kind such that

FE) =Y 1A;x) (2.14)

j=1

for almost every x € R”, where the convergence takes place absolutely. The norm of f is
given by;

IfllBs5 =inf[All,r,

where the infimum is taken over all admissible expressions (2.14).
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Example 2.9 When Q is a cube and g € LY (R") \ {0}, g€ is a (¢, ¥)-block of the third
kind, where

1 1
0_ -1
gf=—-——0 (—)X g. (2.15)
gl e @ (E(Q)) 101)*¢
In fact, we check that supp(g?) C Q and that

5], =;‘p7l<i>llgllm <;¢4<L>,
HO T glepe@) - \IQl W= ewn \lo

which implies that g€ is a (¢, ¥)-block of the third kind. Thus, in particular it follows that

18°],, <1 2.16)

Lemma 2.10 Let A = {)»j}?ozl e ¢Y(N) and let {Aj};?":1 be a sequence of (¢, ¥)-blocks of
the third kind. Then for all f € My ¢ (R"), we have

[e]
Hf D TIGAN] =20 f g 1M (2.17)
j=1 L
Proof Let Q; € Q satisfy supp(A;) C Q; and that [|A;]| v ) < WQ}'))(D_I(@)’ Then

we have

7 e <2071 lA;]] <—2”f”L¢(Qj) 7I< ; ) <2071
A oo Aillrvo. —_— =
JIL L® Q) ALY (Q5) d)(E(Q/)) |Qj| Moo

from (2.13). As a result,
A0 Al 2050 1 lmyg- (2.18)
If we add (2.18) over j € N then we obtain (2.17). O

Corollary 2.11 Let (@, ¥) be a complementary Young pair and ¢ € Gp.
1. Let A = {k_,-}?‘il e ' (N) and {Aj}?o:l be a sequence of (¢, ¥)-blocks of the third kind.

Then the series

FO) =) "2A;(x) (2.19)

j=1

converges absolutely for almost all x € R".
2. Let f € Mgy o (R"). Then the mapping

Lr:Byu(R) 38— / f(x)gx)dx eC (2.20)
Rn

defines a bounded linear functional on By w (R").
3. Let g € By w(R"). Then the mapping

M, : My.o(R") > f > f f(x)g(x)dx e C
R’l
defines a bounded linear functional on Mgy o (R").
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144 V.S. Guliyev et al.

Proof The convergence of the right-hand side of (2.19) is trivial from (2.17). Let g €
Bs,w (R"). Then we have an expression;

o0
g=Y Mag il <2lglls,.,.
j=1

where each a; is a (¢, ¥)-block of the third kind, A = {A; }?o: L€ £'(N) and the convergence
of the sum takes place in the sense of almost everywhere. Then we have

-8l = ZIMI N ailln =20 fllmg o 1M <41 fllmg o 1811840
j=1
from (2.18). Thus, we conclude || f - gll.1 < 4l fllr,4 1815, - Note that (2.11) implies
that f - g € L'(R") and that

< 4||f||M¢q) ||g||3¢_|p .

V J(x)g(x)dx
Rn

Thus, we see that £, and 91, define bounded linear functionals. O

Proposition 2.12 Let (P, ¥) be a complementary Young pair and ¢ € Go. Then L35, (R")
is dense in By v (R").

Proof Let f € By w(R"). Then f has an expression:
o0

=Y raj,
j=1

where each a; is a (¢, ¥)-block of the third kind and {)\j}?il e L' (N). Set f, = Z];:I Aja;
for k € N. Then '

(o]
If = fillspy < D 121 >0

j=k+1

as k — oo. This means that we can suppose that f is expressed as a finite linear combination
of (¢, ¥)-blocks of the third kind or even that f itself is a (¢, ¥ )-block of the third kind.
Let f be a (¢, ¥)-block of the third kind; for some Q € O,

11
wpp(N Q. w0 = 555 ® <@>.

Let us set f/ = f x{r/<j;- Then by virtue of Lemma 2.4

. ; $(Q)) .. ;
timsup f ~ 1, , < oy imsupl £ = ] v g, =0
o1’/
Since f/ € ngmp(R”), we conclude that ngmp(R") is dense in By ¢ (R"). O
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Theorem 2.13 Let (D, ¥) be complementary Young pair and @ € A,. Let £ be a linear
mapping defined by (2.20) for f € My o (R"). Then any bounded linear functional £ on
Bs,w (R") is realized as £ = £5 with some f € Mg o (R").

Proof We fix a cube Q € Q for the time being. Let p :=1log, Cy be the constant in (2.11),
so that p > 1 due to the assumption @ € A,.
From (2.11), for each cube Q, we can define a bounded linear functional

L?(R") > g+ £2(g) = £(x08) €C.

In fact, when g € L7(R") \ {0}, xpg € L”(R") and g2, defined by (2.15), is a (¢, ¥)-block
of the third kind from Example 2.9. Since £ is bounded on By ¢ (R"), we see that

1 1
e 7@1(_) )‘_ sy
‘ (d)(f(Q))llglle o1 )18 )| = I€lssu—c

from (2.16), which together with (2.11) implies

$((Q))
P~ (1)

¢ (£(Q))

L(xo-9)| <
[£(x0-8)] < oD

€115y —cliglle = Co.p 1€y 0 -cligllzr.  (2.21)

whenever g € LP(R") \ {0}. Note that (2.21) is trivially valid for g = 0. By the duality
L?(R")-L? (R"), we can find f, € L” (R") such that

supp(fo) C 0. £0(g) = fR 40 folx) dx (2.22)
for all g € L?(R") and that
$(£(0))
”fQ”Lp/ = CQA,pr(‘é‘)HSHBaWﬁC'

Let Q be a cube and R a cube that engulfs Q. The left-hand side of the second expression
in (2.22) vanishes if g is supported outside Q. In addition, we have

£2(g) = L£(x08) = L(X0Xr8) :/R Xo(x) fr(x)g(x)dx.

Thus, xo(x) fr(x) = fo(x) for almost every x € R”". This implies that the limit f(x) =
lim;_, o fo(j)(x) exists for almost every x € R”".

Let us check that the function f belongs to M,  (R"). To this end, we fix a cube Q once
again. Then we have

C M f oo < /Q F@g@dr,  supp(g) C O

for some measurable function g € LY (R") with norm 1, where C is a constant from
Lemma 2.3.
Note that +¢‘l(ﬁ)ng is a (¢, ¥)-block of the third kind from Example 2.9.

A
Thus, keeping in min

/ f(x)gx)dx = £9(g),
(9]
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we obtain

P Q)L —c
(g

1o o) S £2(8) < %0815y 1€1l5,4—c <

Hence we have f € M, o (R").
Finally, let us check £ = £;. To this end, we need to prove £(g) = £,(g) for all g €
By, w (R") but by Proposition 2.12, we can suppose that g € L, (IR"). Since g is compactly

comp

supported, we can take jy € N so that supp(g) C Q(jo). Then

£(g) =/ foiin(¥)g(x) dx =/ F(x)gx)dx =£Ls(g).
R" RA
As a consequence we have £ = £;. O

Remark 2.14 See [15, 28] for other constructions of predual spaces of classical Morrey
spaces.

3 Boundedness of the Maximal Operator

In this section we aim to recall a boundedness criteria of the Hardy-Littlewood opera-
tor M defined in (1.19) and to extend the Fefferman—Stein vector-valued inequality from
L?(€1,R") to My o (€7, R"). Recall that

IMfllr SUf e, G.D
for 1 < p <ooand
" [FAE
l{xreRr .Mf(x)>k}|§T 3.2)

for all A > 0, which is obtained in [22]. We define L? (£, R") to the set of all sequences of
measurable functions F = { f;}%2 | such that
1
o0 q
(Z £ |")
j=1

J
is finite. Here a natural modification is made when g = co. We write M F = {Mf; 30:1
when F = {f;}52,. Recall that for 1 < p <00, 1 < ¢ < o0 and a sequence F' = {f;}72, of
measurable functions,

”F”Ll’(lq) = ‘
LpP

IMFllpr@ay SNF e, (3.3)

which is obtained in [10].
3.1 L?(R")-Boundedness

Recall that the Orlicz space L? (R") is defined by the norm (1.4). The weak Orlicz space
WL?(R") is the set of all measurable functions f for which the quasi-norm

I fllwee :=supAllxyrisulloe
>0
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is finite. We invoke the following theorem:

Theorem 3.1 [29, 30] Let ® € A, be a Young function. Then,

1. the maximal operator M is bounded from L® (R") to WL?® (R");
2. the maximal operator M is bounded on L® (R") provided ® € V»;

IMfllLe SN fliLe (3.4)
forall f e L®(R").
Corollary 3.2 Let @ € V, and ¢ € Gg. Then for all t e SR") and f € My »(R"),

2n+

- flle ST o SUH51(1 + 1)) e @), (3.5)

Proof We proceed as in [55, Lemma 2.5] by using (3.4). We omit the detail. O

We define the space L? (£, R") to be the set of all sequences F = { f 7172, of measurable

functions for which
w  \}
DIl
j=1
is finite.

The proof of estimate (3.6) can be found in [5].

||F||L¢’((q) = ‘
L®

Lemma33 [f® € A;NV,and 1 < g < oo, then we have
IMFlloea < CqollFllLo e (3.6)
forall F = {fj};?":1 € L? (4, R"). Here Cy.0 depends only on g and ®.
See [36, 41] as well for related estimates.
3.2 My, o (R")-Boundedness

The vector-valued generalized Orlicz—Morrey space My o (€7, R") of the third kind is the
set of all sequences F' = { f;}52, of measurable functions for which

j=1
(Z |fj|‘1>
j=1

We start with the following well-known estimate; for example, see [26] for the proof.

< Q.

||F||M¢_¢(l‘1) = ‘
My o

Lemma 3.4 For any cube Q and a measurable function f, we have

1
124 Q|

Mixemso f10 S S /M\f(y)!dy (xe0).
k=1
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The next theorem is the Fefferman—Stein vector-valued inequality for generalized Orlicz—
Morrey spaces of the third kind.

Theorem 3.5 Let @ € Ay NV, and 1 < g < 0o. Assume that ¢ satisfies the integral condi-
tion (1.13). Then
IMF |l py o0y S NEF g o0

forall F ={f;}32, € My o (47, R").

Proof Let Q be a fixed cube. We need to establish:

1 -1 1 [ee)
sy’ (@> oMYl o ey S TF Ity o) (3.7)
with the implicit constant independent of Q and dependent on the V, and A, constants, the
implicit constant in (1.13) and g.

To simplify, we normalize the right-hand side; || F'|| pmy, o 00) = 1.

We decompose (3.7) into (3.8) and (3.9), where

1 _ 1 .
= ¢ Q) ? 1<@) ” {XQM[X3in]}j:1 HL‘b(eq) Sl (3.9)
and
1 B 1 .
1=Swon? l(@) [{xoMixemso 1 o S 1 (3.9)

As for (3.8), we use the vector-valued maximal inequality (see Lemma 3.3) and proceed as
in [49, 61]. We omit the detail.
As for (3.9), we use Lemma 3.4. We can find {aj};?":l € E"/(N) such that

aj

1
<
~ 60 ;1 2501 Lo

| £ (]| dy

1 <1 / >
— a;| f;(»|dy.
¢(€(Q))k2:1:|2"QI sz;’“ |
and that
Zaj/zl. (3.10)
j=1

Meanwhile,

ad o0 dt
p((2°0)) s | ) —
Z (€2 0)) 0 PO

from the doubling property of ¢. Thus, by (1.13) and (3.10),

| S RN ed ")
NSY e »[") dy s <1,
N;mz(gmszlfsz(;'f’(”') y~; $E(Q) ~
implying (3.9). Thus, the proof is complete. ]
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4 A Norm Estimate

As a model case, we prove Corollary 1.4 before Theorem 1.1.

4.1 Proof of Corollary 1.4

Let ¥ be a function conjugate to @. Then we have (2.4) for some g € LY (R") with norm 1.

If we use the definition of f and use the Holder inequality for the couples (L* (R™), L*(R™))
and (L®(R"), L¥ (R")), then we have

o0
Y hixe,

j=1

[M“g] s 4.1)
L(b

o0
15 gl = [ Y ha, (Mg dx <2
R
j=1

Putting together (1.7), (2.4) and (4.1), we obtain the desired result.
4.2 Proof of Theorem 1.1

By decomposing Q; into cubes of equivalent length, we may suppose each Q; is dyadic. In
fact, we know that Q; is covered by 3" dyadic cubes of equivalent length.

To prove (1.12), we resort to the duality. For the time being, we assume that there exists
N € N such that A; = 0 whenever j > N. Let us assume in addition that the a;’s are non-
negative without loss of generality. Fix a non-negative (¢, ¥)-block g € By v (R") of the
third kind with the associated cube Q, namely, g is supported on the cube Q and g satisfies
the size condition:

1 1
v — o' —). 4.2
gl o = 5700y <|Q|> “2
‘We claim;
If gl S| D rixo, (4.3)
j=1 Mg

Let us gdmit (4.3) and complete the proof of Theorem 1.1. Let fi € B?,.J,(R”). Then
h= Z‘;il ;8. where each g; is a (¢, ¥)-block of the third kind and 2 = {A;}32, € N(N)
satisfies ||)~\||51(N) <2||hll,,, - Thus, from (4.3), we obtain

Z)»./XQ,

Jj=1

)

Lf -l <Y A1 - gl S IAlls,,
Jj=1 My o

or equivalently,

o0
D hiXe,

j=1

€415, 0—C S

My o

Since || f | my.0 < ||£f||3¢vwﬁc due to Theorem 2.13, we have the desired result. So, let us
prove (4.3).

By decomposing Q, we can assume that Q is a dyadic cube as well. We need to distin-
guish three cases;
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1. each Q; contains Q as a proper subset;
2. Q contains each Q; as a proper subset;
3. none of the above happens.

We can handle the third case by mixing the remaining cases. So, we do not consider the
third case. Assume first that each Q; contains Q as a proper subset. If we group the j’s such
that Q; are identical, we can assume that Q; is a dyadic cube containing Q and satisfying
|0l = 27" Q| for each j € N. Then we have

o0 o0
If gl =Y Ajlla;-glliig <2 Ailajlie gl - (4.4)

Jj=1 j=1

By the size conditions (1.9) and (4.2) of a; and g, we obtain

n€(Q)) 1 (1
||aj||Lq>(Q)||g||LW(Q) = (p7](|_é‘) <77(£(Q)) lla; ||L4>(Q)¢ l(@)”é’”u’/(g))
[/
< 29D s 8l o
- (g57)
n(£(Q))

= Q)P (D))

If we insert this estimate into (4.4), then we obtain

o Am(E(Q))

If-gllp=2) —————"——. 4.5
L o Q) (D))
Meanwhile, Proposition 2.1 yields
ik > [|A Il > l A (4.6)
kX Qxk Z A XQjliMy e = i N .
o o , $(E(Q)
for each j € N. Consequently, it follows from (1.6), (4.5) and (4.6) that
(o] (o] o0
PUL(Q,;))n((Q))
Lf gl <2 ==l " o, <2|> Ajxo,
RGO CTeY Pl P V=il IS
Conversely, assume that O contains each Q ;. Then we have
o0 o0
17 -8l =D rilla; - gl <2 Asllasle g gl (4.7)
j=1 Jj=1
By the size condition (1.9) of a;, we obtain
- — . 1Q)) (gl
If-gll=) Ajllaj-glliig;)=2) A; 19l
L ; J J L (Q)) jgl: /n(e(Q])) |QJ|% J
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Thus, assuming Q D Q;, we obtain

I gl =23 2101( inf M¥()

j=1

=2 AiXo: inf M“g(z)d
/Q(Z JXQ,()’)) it g(2)dy

j=1

o0
(1)
<2 Z)‘J'XQJ ||M g”L'l‘(Q)'
Jj=1 L?(Q)
Using (1.7) and (4.2), we obtain
o0
If-gllo S| D Aixo; lgllze o)
j=1 L?(Q)
= 1 1
N R (),
’ 14
ot L¢(Q)¢( (9)) O]
= Z)‘-fXQj
j=1

My o

Thus, (4.3) is proved.
A (weak) variant of Theorem 1.1 is as follows;

Corollary 4.1 Let @ be a Young function and ¢ € Gg. Assume also that {Qj}?il C Q,
{a;}52, C L") and {1;}52; C [0, 00) fulfill

lajl <xo;, (=12,..) 4.8)
and

< Q.

o0
Z)‘./XQ/-
j=1

Then f = Z?OZI Ajaj converges in S'(R") N L? (R") and satisfies

My o

loc

oo
I lmgo < D 2jxo, (4.9)
j=1 Mg o
Proof Observe
o]
|F)] <D Aixo, ()
j=1
for almost every x € R”. a
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Remark 4.2 In comparison with the condition (4.8) in Corollary 4.1, the conditions (1.9)
and (1.16) on a; in Theorem 1.1 are very weak. One can relax the assumption on a; to (1.9)
and (1.16) starting from (4.8) by the use of the duality as was done in (4.7).

5 Non-smooth Decomposition of Functions

In Sect. 4, we considered a synthesis result. Here we obtain an analysis result by proving
Theorem 1.2.
Lett > 0and f € S'(R"). Then define the heat extension of f by:

ey | L x = n
e f(x):<Wexp<— 41 ),f> (XER).

We say that f € H Mgy o (R"), the generalized Hardy—Orlicz—Morrey space of the third kind
if and only if f € S’(R") and it satisfies sup|e'® f| € My, o (R"). We define

t>0

£ lastg o = [suple® sl 5.1)
>0 Mp.0
The next proposition characterizes the space My o (R").

Proposition 5.1 Let @ € A, NV, and suppose that ¢ € Gg satisfies inequality (1.13).

L. If f e My oR"), then f € HMy o (R").
2. If f e HMy o (R"), then f is represented by a measurable function g which belongs to
My o (R"), namely,

(o= [ swrwadr (ces®)).
Furthermore, f € My o (R"), then

1 f A0 ~ I Trg,o- (5.2)

Proof
1. We can easily verify that My ¢ (R") — S’(R"). Also, we have

sup2|e'® f| S Mf
t>0

by virtue of [7, Proposition 2.7]. Again thanks to Theorem 3.1, we see that f €
HMy o (R") with the estimate || fllgaty o S I latgo-

2. Recall that the dual of By ¢ (R") is isomorphic to My o (R") as we have established
in Theorem 2.13. Let £: My o(R") 3 f = £; € (By,w(R"))* be the isomorphism in
Theorem 2.13. By assumption {e’® f},-¢ forms a bounded set in My »(R"). Consider
any sequence {tj}_?‘;l which decreases to 0. Then {Selef ;’11 forms a bounded set in
(Bg,w (R"))*. Thus, by the Banach—Alaoglu theorem, there exists a positive sequence
{tj}j‘;l which decreases to O such that Sesz f is convergent to G = £, € (Bg ¢ (R"))* for

some g € My, ¢ (R") in the weak-* sense. Meanwhile ¢'/2 f is convergent to f € S'(R").
Thus, we conclude S'(R") 5 f =g € My »(R").
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Finally we have || fllzamy.o > I fllayq for fe Mg o (R") which is a direct consequence
of

|f(0)] Ssugle’Af(X)|

for almost all x € R” thanks to the Lebesgue differentiation theorem. Thus, the proof is
complete. O

Definition 5.2 Define the topology on S(IR") with the norm {py }yeny Which is given by the
following formula:

pv(@) =Y sup(1+1x))"[0"0)| (¢ € S(R")).

|a|§NX€Rn

Write Fiy = {p € S(R") : oy (9) < 1}.
Definition 5.3 Let N >> 1. The grand maximal operator M is defined by:

Mf(x)= sup{‘t‘"w(t_l~) * f(x)’ 11>0,p¢€ }'N}
for all f € S'(R") and x € R".

The next proposition characterizes the space My ¢ (R") analogously to Proposition 5.1.

Proposition 5.4 Let @ € A, NV, and suppose ¢ € Gy satisfies inequality (1.13). Let N € N
in Definition 5.3 be sufficiently large.

1. If fe My o(R"), then Mf € My o (R").
2. If f € S'(R") is such that M f € My o (R"), then f is represented by a measurable
function g which belongs to Mgy ¢ (R").

Furthermore, if f € My o (R"), then
IMFllrmgo ~ 1 Mo (5.3)
Proof If f € My »(R"), again by virtue of [7, Proposition 2.7] we have
Mf(x) S Mf(x). (5.4

So, if we go through the same argument as Proposition 5.1, then we learn M f € M o (R").
If f e S'(R") and M f € My o (R"), then a pointwise estimate

suple’® f(x)| SMf(x) (xeR") (5.5)
t>0

allows us to invoke Proposition 5.1; we first obtain

sup’e’Af} e ./\/ld,,qp(R")

t>0

and then Proposition 5.1 yields f € My 4 (R"). Note also that (5.3) is a consequence of
Theorem 3.5, (5.2), (5.4) and (5.5). O

Define Cé’(f’mp R") =C*®MR") N LC"Smp (R™). We invoke the following lemma; see [57] for
the proof.
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Lemma 5.5 Let f € S(R") N L} (R"), d € Ny and j € Z. Then there exist collections of

cubes {Qj,k}keKj and functions {n_;’k}keKj C Cé’;’mp(R”), which are all indexed by a set K ;,
and a decomposition

f=gi+bj, bj=) b

keK;
such that:
0) gj,bj,bjreS'(R").
(i) Define
O;j={xeR":Mf(x)>2/} (5.6)
and consider its Whitney decomposition:
0= 0w (5.7)

kek;

where the cubes {Q j «}kek; have the bounded intersection property.
(ii) Consider the partition of unity {n; x }xex; with respect to {Q r}xek ;- Then each function
n;jk is supported in Q; and

Z Njk=Xxo;» 0=nj=L
kEKj

(iii) The function g; belongs to L>°(R") and it satisfies the inequality:
lgillze S277. (5.8)

(iv) Let xjr =c(Qjx) and L = £(Q ;). Then each distribution b;; is given by: b =
(f = ¢j)njk with a certain polynomial cj i € Py(R") satisfying

(f —cinq-njx)=0
forall g € P;(R"), and

n+d+1

jk
WXIR"\QM (x) (5.9)

Mbj(r) S M) xg,, (60) +2 -
forall x e R".
In the above the implicit constants are dependent only on n.

For each j € Z, consider the level set O; given by (5.6). Then it follows immediately
from the definition that

0; D041 204120 = 0. (5.10)

To handle generalized Orlicz—-Morrey spaces of the third kind, we need the following lemma:

Lemma 5.6 Let ¢ € S(R"). Keep to the same notation as Lemma 5.5. Then we have

, (5.11)

© nrd+L Y G
’(bj’(p>|5CW{Z<W”Mf'XO/”LNQ(ZU)) ]

=0

where the constant C,, in (5.11) depends on ¢ but not on j or k.
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Proof Similar to [25, Lemma 3.3]. We omit the detail. O

The key observation for the proof of Theorem 1.2 is the following, which is based on
Lemma 5.6:

Lemma 5.7 Assume (1.13). In Lemma 5.5, in the topology of S'(R"), we have g; — 0 as
Jj— —ocandbj — 0as j — oo. In particular,

f=> (-8 (5.12)

j=—00

in the topology of S'(R").

Proof Let us show that b; — 0 as j — oo in S’'(R"). Once this is proved, we have f =
lim;_, » g; in S'(R"). Let us choose a test function ¢ € S(R"). Let j > 0. Observe that

00 1 ntdtl AT
{Z(ZW”(MJ‘) 'XO‘,' HLI(Q(ZI))) }

=0

n
% } n+d+1

=1
< {Z(ZT |(MF) - xo, ||L1(Q(2l))>

1=0

S — £ A0
n

1= $2)

=1
< (Z W>||f||w¢,¢

1=0

~ ||f||./\/l¢q§ .

Hence it follows from (5.11) that (b;, ¢) — 0 as j — oo. Likewise by using (5.8), we obtain
gj — 0as j — —o0. Consequently, (5.4) follows. 0

Proof of Theorem 1.2 If we invoke Lemma 5.5, then f can be decomposed;

f=g8j+bj, bj= ij,k, bjk=(f—cjonj«

kEKj
where each b; ; is supported in a cube Q; ; as is described in Lemma 5.5.

We have (5.4) from Lemma 5.7. Here, going through the same argument as the one in
[57, pp. 108-109], we have an expression;

f= Z ZA,-,k, gj+1— &= ZAj,k (je2) (5.13)

Jj=—00keK; kekK;
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in the sense of distributions, where each A belongs to L, ,(R") N P (R"), supported
in Q;x, satisfies the pointwise estimate

Akl < Co2’ (5.14)

for some universal constant C,. With these observations in mind, let us set

aj= € Lyon, R NPL(R"), Kjx = Co2’ €0, 00),

Ak
Co2/
where Cy is from (5.14). Then we automatically obtain that each a; ; satisfies |a; | < X0jx
and that f =) JkKjka)k in the topology of H M, ¢ (R") thanks to Corollary 4.1, once we
prove the estimate on the coefficients. Rearrange {a;«} and so on to obtain {a;} and so on.

To esFa.blish (1.14) we need to estimate ||{AjXQj}?ifoc||M¢>¢(eU). It follows from
the definition of the sequences that {(k;; Qj)}jx = {(A); Qj)}?oz_oo. Thus we have
I {)“jXQj }ﬁ7w||M¢.¢(gv) = {kjkXx0;i}jezkek; | my - If we insert the definition of «; x into
this expression, then we have

” ixo 72 o ” Mo = Co H {2/ XQjk }jGZ.keKj “ Mg, (L)

Jj=—00 kGKj

=G,

My o

We deduce ZkeKj Xo;i ~ Xo; from (5.7) and the bounded intersection property of

oo

{Q, ik, Thus, we have [[{X;x0, 15 oo llmy o) S IH27 X0, 152 ool my o) - Recall that
O; D Oj4 for each j € Z. Consequently we have

) [ v ) v
j=—00 j=—00 j=—00
from (5.10). Thus, we obtain

o0
Z 2 X0)\0j41

j=—00

” {}LjXQ.f }jifoo ||M¢,¢([U) 5

My o

It follows from the definition of O; that 2/ < Mf(x)forallx e © ;. Hence we have

H {}‘./XQJ}?:fOOH Mg o () S

> Xo,\oH]MfH = M fllmgo-

Jj=—00 My o

This is the desired result. ]
Before we conclude this section, a helpful remark may be in order.

Remark 5.8 If f € LY(R") for some 1 < v < 00, then the convergence in (1.11) takes place
in the topology of L”(R").
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6 Applications to Singular Integral Operators

Going through the same argument as [40, Theorem 5.5] and [41, Theorem 5.5], we can prove
the following theorem:

Theorem 6.1 Let @ be a Young function and let ¢ € Gg. Let also k € S(R"). Write

Ay = sup X" V"k(x)|  (m € Ny).

xeRn

Define a convolution operator T by:

Tf(x)=k=x f(x) (feS(R")).

Then T, restricted to My o (R"), is an Mgy ¢ (R")-bounded operator and the norm depends
only on || Fk| L~ and a finite number of collections Ay, A,, ..., Ay with N depending only
on®.

Once Theorem 6.1 is proved, we can obtain the Littlewood—Paley decomposition in the
same way as [40, Theorem 5.7] and [41, Theorem 5.10].

Theorem 6.2 Let @ be a Young function and let ¢ € Gg. Let ¢ € S(R") be a function which
is supported on Q(4) \ Q(1/4) and satisfies

o0

> e[ >0

j=—00

for & e R" \ {0}. Then the following norm is an equivalent norm of Mg ¢ (R"):

||f||gg{¢_2z‘<2]f 277 )Ff] ) ” (f eMyo(R")). (6.1
My o

J=—00

Once we obtain Theorem 6.2, we can establish the wavelet decomposition and the smooth
atomic decomposition as in [46, 50]. Further details are omitted.

7 Olsen Inequality

We shall prove the Olsen inequality on generalized Orlicz—-Morrey spaces of the third kind.
This is a bilinear estimate of I, which is nowadays called the Olsen inequality [43]. Recall
that we define the fractional integral operator I, with 0 < o < n by;

L f () :/R f»

n|x —y|n«

for all suitable functions f on R". Olsen’s inequality is the inequality of the form

g L fllz S NS NxNgNy,

where X, Y, Z are suitable Banach spaces. There is a vast amount of literatures on the Olsen
inequalities; see [8, 5254, 56, 58—60, 63] for theoretical aspects and [11-13] for applica-
tions to PDEs.
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7.1 Boundedness of the Fractional Integral Operator
We shall prove the boundedness of the fractional integral operator I, and the Olsen inequal-
ity by using the Holder inequality on generalized Orlicz—Morrey spaces of the third kind as

follows:

Theorem 7.1 Let 0 <« <n, ¢ € G and @ € Ay, N'V,. Assume that ¢ satisfies

ree@r) + /oot"‘_lqb(t) di <) (r>0) (7.1)
for some b € (0, 1). Define
p)=¢®)" (t>0) (7.2)
and
dy=d(17) (t>0). (7.3)

Then ¢ € Gg, the integral defining I, f (x) converges for almost every x € R" and

Mo f a5 S NS g0 (7.4)
forevery f € My o(R").

Proof The proof of the fact that be G is direct; we omit the proof.
We may assume that f is non-negative, since the integral kernel of I, is positive. Let Q
be any cube centered at x € R”. We define

Il(x)E/ L)_dy and Iz(x)E/ L)_dy
20 X —yI"e r\20 X — Y|"7¢

Using the definition of the Hardy—Littlewood maximal operator and inequality (7.1), we
have

0

L(x) < Z/ S
oo U2

k+1 Q\ZkQ |.)C — ylnfa

= 3 gy oM

0
=2"0(Q)"Mf(x) »_ 2™

k=—00
< o(6(Q)"” Mf(x).
In total, we obtain

L(x) Sp(eQ) Mf (). (75)
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Let ¥ be the conjugate of @. We use Lemma 2.3 to obtain

Lx) <) / A

= Jorrigukg X =y

- 1
25e(Q)) d
- k2=1: 2k /zk+1Q F(ydy

o0
24(0)”
<2} g Mleegltivag
k=1

o0

<4 fllamgo Y QTN B2 E(Q)).

k=1

Now we use our assumption on ¢;

o0 2k+1[(Q) X
I < ° / 17t dt
2(0) SN fllm,, ; o 10)
= ||f||M¢,¢/ '@y dt S PUON N fllmyo- (7.6)
26(Q)
By combining (7.5) and (7.6), we have
L f () SN MF(x) + ¢l fllatg o 7.7
Note that M f (x) > zuﬂﬁf’)‘b 'm; ﬁ =0 from (7.1). Let Q' be any cube that contain x, then
1 2 26 LN S I my.o
0 /;/ Sdy < @“f”L‘D(Q/)HIHL'I’(Q/) =< (1)
Al my.o
=Ty e
Hence it follows that
Sl my.o
Mf(x) < ra"’) Sup (r).
Consequently,
_ l,I/_I(I)Mf()c) 1
0= ?‘j%,"’“”) < W =y El})ﬂﬁ(r) < iggd)(r)-

We can choose jy € Z such that

v (HMf )

Cop (270 7.8
A e < Cop(27) (7.8)

P(270) <
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where Cy is the doubling constant of ¢; ¢ (2t) < Co¢(¢) for t > 0. Using the inequalities
(7.7) and (7.8), we obtain

||f||M¢<p < Mf( )b
b Y rI

Lo f () S OIS Q@| £l agg + MECPILIL . (7.9)

Let S € Q. Using (7.9), we have
Mo fll 65 < lmf)? ||L¢(S)||f||MM,

Thanks to (7.3) and Lemma 2.2, we have ||(Mf)? ;s “Mf”Ld’(S) Consequently,

($)
Mo fll o5 SIME 106 1SN -
Therefore,
SN af o5y S (G(E®)IMSllos)” A1 o S IMF g, o 1 -
Using Corollary 8.3 and the boundedness of the maximal operator (see [6]), we obtain
)Mo fll 65 S NS N rtg o
By taking the supremum of all cubes S € Q, we obtain inequality (7.4). a

Remark 7.2 Theorem 7.1 is a counterpart to the weak type estimate obtained in [21, Theo-
rem 3.1], which was obtained in a fashion similar to that used for [9].

Theorem 7.3 Let b € (0, 1) and 0 < o < n. Suppose that we are given functions @; € Ay N
V, and ¢; € G, fori =1,2,3. Assume that

regi(r) + / g0 di < () (7.10)
for every r > 0. If these functions satisfy
(@7'0)' o' (1) <@ (1) (1=0) (7.11)
and
$3() = o1 ()2 (1) (1 > 0), (7.12)
then
g - Lo f atgy 0 S 1 g, 0 181 Mg, 6, (7.13)

forevery f e My, o, (R") and g € My, ¢,(R").

Proof Define ¢, (1) = ¢1(t)? for t > 0 and &,(¢) = @, (t5) for t > 0. Assumption (7.12)
reads;

¢3(t) = g1 (D2 (t) (> 0).
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Let ©(r) = (&, ' (1))" for t > 0. Then
B100(1) = (7' (1)) = @i (07 (1)) =1
and
O 0d1(1)= 0@ (:7)) = (@ (@ (1)) = (") =1,
which implies @ and &, are inverse to each other. Thus, ;' = ® = (&,')". By virtue of

(7.11), we have ;' (1)@, (1) < &5 (¢). Using Theorem 2.6, we obtain ||g - o f [l r1y, o, <
2||g||M¢2 o ||Io,f||Mq3 6 Finally, using Theorem 7.1, we obtain (7.13). ‘
’ 1-91

7.2 Olsen’s Inequality Revisited
As an application of Theorems 1.1 and 1.2 we can prove the following theorem:

Theorem 7.4 Leta € (0,n), k € (1,00) be such that k' <n/a.Let ® € A;NVyand ¢ € Gg
satisfy (7.1). Define the conjugate function ¥ of @ by (1.3). Assume that

/oos“_lqb(s)ds <rf¢@r) (r>0) (7.14)
and that ¥ satisfies (1.7). Then we have
g Ioaflimyo S IIgIIM:{a I f 1Mo (7.15)
forall f € My o(R") and g € M (R").
Before the proof of Theorem 7.4, a couple of remarks on its assumptions may be in order.
Remark 7.5 Letn(t) =t *fort >0and 1 <6,g < oo. Set
pO=¢®)" >0, SO=2(") =0).

1. The assumptions (1.7), (7.1) and (7.14) are stronger than those of Theorems 1.1 and 1.2
and justify the definition of I, f, since;
(a) the condition (7.1) together with Theorem 7.1 guarantees that I, f makes sense;
(b) the condition (7.14) corresponds to (1.6) and covers the integral condition (1.13).

2. The function & belongs to V,. The function ¢ satisfies the integral condition as is seen
from [42, Proposition 2.7]. As a result, due to Theorem 3.5, the vector-valued inequality

IMF]| SIFI

® é
ME () ME (e9)

holds for all F = {£;}32, € M% (¢9).
Proof The proof is analogous to that of [25, Theorem 1.7], however, the proof of [25, The-
orem 1.7] was not correct; it contains a small mistake. To indicate what it is, we will give a
detailed proof together with a remedy of the proof of [25, Theorem 1.7] in the last paragraph
of this proof.
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Let us modify the proof of [25, Theorem 1.7] to our setting.
We decompose f according to Theorem 1.2 with L > 1;

£= ha;. (7.16)

where {Q,}"“1 Cc QR"Y), {aj}"C1 - ngmp(R") N PL(@®R") and {A; }°° C [0, o0) fulfill
(1.15)—(1. 18)
We concluded in [25] the wrong conclusion;

g f 0] =303 i (M) 8@, ) (xeRY)  (717)
J=1 k=1
by using [25, Lemma 4.2];
o f ()] < ZZ e (L2 [ |xarg, () (xR (7.18)
j=1 k=1

It seems that we can justify (7.18) to a large extent. However, in [25], we are led to
thinking that

Lf =Y ijla, (7.19)

almost everywhere or in Mg 5(R") but this is not the case because (7.16) does not take
place in My o (R").

We can justify (7.18) in the last paragraph of the proof. For the time being, let us suppose
that (7.18) is justified and conclude the proof.

From (7.17), we deduce

o0
Wy o
I8 lafllrmyo S Z 2k(l+—]L+n)(K(2 0;) |g|X2kQ,)
J.k=1 My o
Write b, = L2k 0, |g|X2ij. Then we have
1Bjall e < €(2°Q;) gl ygrser-
Thus, it follows that
g Lecf Natg.o S N8N g D Serzom X2ko,
J k=1 Mg

Observe that x,« 0; =< 2"”M)(Qj. Hence if we choose 1 < 6 < oo so that
L+n+1-6n>0,

then we have

D hi(Mxg,)

j=1

g I flimyo S ||g||le/a
My o

@ Springer



Non-smooth Atomic Decompositions for Generalized. . . 163

By the Fefferman—Stein inequality for generalized Morrey spaces of the third kind; see
Theorem 3.5, we can remove the maximal operator and we obtain

Z)\/XQ/

j=1

g Lo S llrmgo SIS, /e

Mg o

It remains to justify (7.18). Since the kernel of I, is non-negative, we may assume that
f € LY(R") for some v € (1, n/a) by a suitable truncation of f. Then we are in the position
of applying Remark 5.8 to have (7.19) in L*(R"), where u is given by:

1 _ 1 «
u v on
With this remark, we can use (7.18) and we have (7.15). O

8 More General form of the Boundedness of the Maximal Operator

In this section, we consider the case when ¢ is dependent of x as well. So we are given
a function ¢ : R” x (0, c0) — (0, co) as well as the Young function @ : [0, co) — [0, 00).
Recall that for a cube Q, ¢(Q) stands for its center and £(Q) stands for its side-length;
L(Q)=10]| + . In this case the generalized Orlicz—Morrey space My o (R") of the third kind
is defined as the set of all measurable functions f for which the norm

1
S — ) @
17ln0 = 500 50, 200)) <|Q|> SAR

is finite. Likewise the weak generalized Orlicz—Morrey space WMy o (R") of the third kind
is defined as the set of all measurable functions f for which the norm

_ 14 S 1 >
= g _ @ - @
I lhvrty.s = S0 S00). €0)) <|Q| Ixis-nlee o

is finite. Let 1 < ¢ < oo. Denote by My o (€4, R") the set of all sequences F = {f;}52, of
measurable functions on R” such that

”F”/\/lq),cp(@‘/) = || ||{ff()}<:11’

< oQ.

el My o

Similarly denote by WM, o (€9, R") the set of all sequences F = {f;}72, such that

WMy o <000

IF Iwatg o = IOV L

The spaces £9(My o (R")) and £9(WMy o(R")) can be also similarly defined by the
(quasi-)norms:

15t o ang o = I Nt} s < 00

and

(KWa2R l”M(WMM) ’|{||fj||w/\4¢,¢}:i|||[,,<00»

respectively.

@ Springer



164 V.S. Guliyev et al.

Denote by G¢ the set of all functions ¢ : R" x (0, 00) — (0, 00) such that ¢(x,1) <
¢(x,s) forall t > s > 0 and that 1, : (0,00) 3t — @ (x,t ™) ()~! € (0, 00) is almost
decreasing, that is, there exists a constant C > 0 independent of x such that p, () < Cp,(s)
forall 0 < s <t < co. Here @ ! (x, -) is the inverse of @ (x, -).

The following theorem was proved in [6, Theorem 4.6]:

Theorem 8.1 Let @ be a Young function and ¢y, > € Go. Suppose that the functions ¢y, ¢,
and @ satisfy the condition;

sup &' (1) essinf 2L < e, @.1)

r<t<oo 1<s§<00 ¢71(S7")

where the implicit constant does not depend on x and r. Then;
1. the maximal operator M is bounded from Mgy, o (R") to Mg, o (R") if ® € Vy;
2. the maximal operator M is bounded from My, o (R") to WMy, o (R").

Using the boundedness of M on M, ¢ (R") (see Theorem 8.1 to follow), we obtain the
following result:

Lemma 8.2 Let @ € V, and ¢ € Gy. Assume that ¢, D satisfy

sup @' (1" essinf 25 < 5x i, (8.2)

F<t<00 1<s<00 @*1(5‘*”)
for everyr > 0. Then for all t € S(R") and f € My (R"),

)2n+l

e fllier ST Imgo Suﬂg(l + Ix| |z (x0)]. (8.3)
xeR"

Proof We proceed as in [55, Lemma 2.5]. We omit the detail. O

Corollary 8.3 Let @ be a Young function and let ¢ € Gp. Then;

1. the maximal operator M is bounded on Mgy o (R") if @ € V5;

2. the maximal operator M is bounded from My ¢ (R") to WMy o (R").

Corollary 8.4 Let @ be a Young function, ¢, ¢, € Gy and 1 < g < co. Suppose the func-
tions ¢y, ¢ and D satisfy condition (8.1). Then;

1. the maximal operator M is bounded on £4(Mg, o (R")) if @ € Vy;

2. the maximal operator M is bounded from €1 (Mg, o (R")) to £9(WMy, o (R")).

We can use Corollary 8.4 to consider generalized Besov—Orlicz-Morrey spaces of the
third kind, as we did in [23, 33, 45, 62].

Let v € MT(0, 00). We denote by L>(0, 0o) the space of all functions g € M(0, 0o)
with finite norm;

181l 2.0 (0.00) = SUp (1) | g(1)].
t>0
Let u € MT(0, 00). We define the supremal operator S, on g € (0, co) by:

Sug(t) = luglrewo, t€(0,00).
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The following theorem was proved in [4]:

Theorem 8.5 [4] Let vy, V2, U € MT(0, 00) satisfy 0 < ||vi||Lo(.00) < 00 for any t > 0.
Then the supremal operator S,, is bounded from L1 (0, 00) to L*'2(0, 00) on the cone A,
defined by (1.20), if and only if

— 1
UzSu <—)
llvy ||L°°(u,oo)

Here and below by a “weight” we mean a measurable function which is finite and positive
almost everywhere. We will use the following statement on the boundedness of the weighted
Hardy operator

< 0. (8.4)

L®°(0,00)

¢ g0 = [ goueds, 0<r<o0,
t
where w € MM*(0, 00).

Theorem 8.6 [19, Theorem 3.1] Let vy, v, and w € MM (0, 00). Assume that v; : (0, 00) —
(0, 00) is bounded outside a neighborhood of the origin. Then the inequality

| HygllLoow: 0,000 < CligllLoov1 0,00) (3.5)
holds for all g € M (0, oo; 1) if and only if

B =supu,(t) ” L)ds < Q. (8.6)

t>0 t SUPs <7 <o UI(T)

Moreover, the value C = B is the best constant for (8.5).
Before we go further, a couple of remarks may be in order.

Remark 8.7

1. Theorem 8.6 in the case w = 1 was proved in [4, Theorem 5.3].
2. In (8.6) it will be understood that é =0-00=0.
3. See [20, Theorem 1] as well for an application of this result.

The following lemma is true:

Lemma 8.8 Let @ be a Young function and 1 < g < oo.

1. If(p € Ay NV,, then

1M EO oo s

1 CANE O llea L1 e,y
S ” ” F() ”Z‘l ||L‘1’(B(x,3r)) + @_1(}’_”) [ tn+1L (B(x,t dt (87)

holds for any F ={f;}72, C Le_(R") and for any ball B(x,r).

loc
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2. If @ € Ay, then

” ”MF(') qu HWL‘D(B(X,r))
1 M FNea Lt e,
SOl oo+ ey [ s g8
holds for any F = { f; 3‘;0 C L?.(R") and for any ball B(x,r).

Proof We split F = {fj};?‘;l with

F=F+F,, Fi={fi152, B={fi2)5,

Jia = i xsesn (), Fi2O =10 = fia (). ¢
1. Assume @ € A, N V,. It is obvious that
HMEO o sy = TME Ol o sy + M EO ] 0 300,y
First, we estimate ||| M Fi(-)|lea | .o (5(x.))- By Lemma 3.6, we have
HME Ol o sy = HMRO ] ] o
SIAO] o
= [1FO el a3y (8.10)

where the implicit constant is independent of the vector-valued function F.
On the other hand, the estimate for M F, is valid from an estimate similar to
Lemma 3.4. Thus we obtain (8.7) from (8.10).
2. Let @ € A,. It is obvious that

” ”MF(') ”zq ||WL¢(B(x4,r))

<2[|MFAO)] +2|[MF0)]

”WL")(B(x,r)) HWL‘”(B(x,r))'

By the weak-type vector valued maximal inequality for Orlicz spaces (see [30]) we have
HME O] lwio s = TIMEO] o
SHFAO o
= 1FOlll 2o @z @.11)

where the implicit constant is independent of the vector-valued function F. On the other

hand, the estimate for M F; is again valid from an estimate similar to Lemma 3.4. Thus

by (8.11) we obtain inequality (8.8). 0
Lemma 8.9 Let @ be a Young function and 1 < g < oco.

1. If ® € A, N\ V,, then

© o=l dt
” ”MF() ”zq ” L?(B(x.r)) N /r d-1(rm) ” ” F() ”eq ”L‘p(B(x,t)) t (8.12)
for any ball B(x,r) and for any F ={f;}32, C LY (R").
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2. If @ € Ay, then

® o=l dt
” HMF() “eq “WL@’(B(x,r)) N /r ®-1(rm) “ “ F() “lq ” LPBx0) ¢ (8.13)

for any ball B(x,r) and for any F ={f;}32, C LY (R").

Proof Let @ € A, N'V,. Write

FMEOea Il aeo,
S (OIS

Let ¥ be the conjugate of @. Applying Holder’s inequality and inequality (2.5) we obtain

1 o dt
IS m / HIEO e o oy M2 50
- HEO Lo e
G ”)/ l(\B(xt)|) elLeden
_ ,,1 dt
Somiem | 2 EMFOL o T

On the other hand, assuming that @ € A,, we have

N (@r)™) (% dt
I~ [[FO,, HL¢(B(x 2D 2y @l (rn) ), ]

1 [ NFO o e

GO I(CIRDN T
g ML LLCI M
@—l(r—n) o 4 1L (B(x,t))lp—l(t—n) t
dt

1 o0 |
e g ML P P Gk

thanks to inequality (2.5). Since [|[|MF()lleall e gy <1+ 11, we arrive at (8.12) by
Lemma 8.8. Finally, when @ € A, inequality (8.13) directly follows from (8.8). O

Theorem 8.10 Let @ € A, be a Young function and 1 < g < 0o. Suppose that we are given
a Young function ® and ¢y, ¢, € Gp such that an estimate uniform over x € R" and r > 0;

© $1(x, 5)
/r @1 )(§§§;gjm>—<¢z(x r) (8.14)

holds. Then;

1. if @ € Ay N'V,, then the maximal operator M is bounded from My, o(£?,R") to
Mgy, (4, R"), that is,

IMF | myy o0ty S NFlag, o) (8.15)

holds for all F € Mgy, o (€1, R");
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2. if @ € A, then the maximal operator M is bounded from My o7, R") to
WMy, o (£, R"), that is,
IMFllwag, o) S IFlag, o) (8.16)
holds for all F € Mgy, o9, R").
Proof We use (8.14) as follows: Fix x € R". Define
win=2 = 0)
= s 1 =0, w = -
YT i YN
and consider the weighted Hardy operator:
. o ds
ng(t)z/. g(S)T (t >0)
t
where g € M1 (0, 0o0). Note that we are in the position of applying (8.14).
As a consequence applying Theorem 8.6, we obtain
dt
—1(,—n
XE]IS{B,I:)O & (x, 1) @ (t )” ” F() ”eq ”L‘”(B(x,z)) "
- MOl o
" rekr o0 2 <x " o @eny
= f:ﬂg ” H, ” ” F() ”M H L¢(B(x,~))) H L2042 (0,00)
S xseu]éfl ” (“ “ F() H w ||L¢(B(x,<))) ||L°°"’1 (0,00)
—1(.—n
j;ﬂgt fglg ¢](X r)d) (r )” ||F()||K‘I “L(D(B(x,r))
1 —1(.—n
= Xe];%’)() b1(x.7) r )” ”F()” w“ HL“)(B(x,r))
< F g, 0 0)- (8.17)
If @ € A, N V,, then Theorem 8.6, Lemma 8.9 and (8.17) yield
dt

VO Lo

IMF | ay, oe) S SUP
o ? xeR",r>0 ¢2(X, r) 7
S IFag, o)

which proves (8.15). Likewise, if @ € A,, then we have
dt

[T Ol T

1M F[[w s (e4) 5 su
2% xeR", r>0 ¢2(X r)

S IF g, o),
which proves (8.16).
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As a corollary of the vector-valued inequality, we have;

Corollary 8.11 Let @ be a Young function and 1 < q < 0o. Suppose that ¢ € Gg satisfies

/Ooqﬁ(x,t)% Sex,r) (xeR",r>0),

where the implicit constant does not depend on x and r. Then,;
1. whenever ® € Ay NV, and F € Mgy o (€4, R"),
IMF | py. o000y S Il ag o0

with the implicit constant independent of F;
2. whenever ® € Ay and F € Mgy ¢ (£4,R"),

M Fllwaty oty S NF g o)

with the implicit constant independent of F .

In [69, Lemma 2.13] one can find also a result parallel to Corollary 8.11. Note that [69,
Lemma 2.13] is called the modular inequality, while Corollary 8.11 is the vector-valued
norm inequality. If we apply these results, then our results carry over to the case when @
depends on x.

9 Concluding Remarks
9.1 Comparison of Many Generalized Orlicz-Morrey Spaces

To the best knowledge of the authors, there exist three generalized Orlicz—Morrey spaces.

Definition 9.1 Let @ : R” x [0, 00) — [0, 00) and ¢ : @ — (0, 00) be suitable functions.
Let f be a measurable function.
1. For a cube Q € Q define the (¢, @)-average over Q of f by:

I fllg.0x0 Einf[A >0: % , <D<x, |fix)|>dx < 1}.

Define the generalized Orlicz—Morrey space Ly  (R") of the first kind to be the Banach

space equipped with the norm: ||f||£¢'¢ =sup{l| fll@.e)0: 0 € 9QJ.
2. For a cube Q € Q define the @-average over Q of f by:

1flleio Einf{bo: é/f(x, 'f;—x)')dx < 1}.

Define the generalized Orlicz—Morrey space ./\;ld,,q)(R”) of the second kind to be the
Banach space equipped with the norm: ||f||M¢1¢ =sup{¢p (D)l flle.0: O € Q}.
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The spaces Ly o (R"), M¢,¢(R”) and My o (R") are defined by Nakai in [37] (with @
independent of x), by Sawano, Sugano and Tanaka in [54] (with @ independent of x) and by
Deringoz, Guliyev and Samko in [6, Definition 2.3], respectively. According to the examples
in [14], we can say that the scales £ and M are different and that M and M are different.
However, it is not known that £ and M are different.

Example 9.2 Letn =1, &(t) = 1>+ and ¢ () = /7. Then L4 o (R) = MI(R) N MSE(R).
But no matter what function vy we choose, L4 ¢ (R) and M 4(R) are not isomorphic.
Assume to the contrary that L4 ¢ (R) and M, 4 (R) are isomorphic. Then

Cmax(V/r, V/r) < I xonllmy.e = x0llzse < C~ max(Jr, V).
This implies

1 xr0,1 1l mt o = I X0,ar1 ||M,¢
v v,

for some constant a independent of r > 0.
When 0 < r < 1, we deduce

r 1 3 r 1 2
c — ) d — ) dt<c™!
5/o<w(r)f/?> H_/o (wm%) =

and hence C.¥r < (r) < C~1.Y/r. Likewise C&/r < ¥ (r) < C~'.Y/r whenr > 1.
Define a sequence { f;}52, of Affine mappings by

fi) =@2V2) — (2vV2) 4 x.
We also define
Eo=10,1], E;i1=E;U fi(E)).
Then we see that
1< DX, g <C

forall j; see [52, (4.10)]. Meanwhile, keeping in mind, E; is made up of 2/ disjoint intervals
of length 1

X2, laty.0 < Cllxe, g < C < 0.

However,

1l iy = 2 = Y20
VIR

for any j € N. This is a contradiction.
9.2 Comparison of the Assumptions of the Theorems

Here we discuss the meaning of the assumptions of Theorems 1.1 and 1.2. In [25], we have
proved the following theorems:
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Theorem 9.3 [25, Theorem 1] Suppose that the parameters p, q, s, t satisfy
l<g<p<oo, l<t<s<oo, q<t, p<s.

Assume that {Qj}j?czl cCQ, {aj}?';l C M;(R") and {)Lj};?":l C [0, o0) fulfill

| 00
lajllag <1Q;15.  suppa;) C Q. Y Aixe,| <oe. ©.1)
Jj=1 MY
Then f = Z?ozl Xja; converges in S'(R") N L{ (R") and satisfies
[e°]
1 e S {2 *ixe, 92)
j=l MY

Theorem 9.4 [25, Theorem 2] Suppose that the real parameters p, q, L satisfy
1l<g<p<oo, L eNy.

Let f € MJ(R"). Then there exists a triplet {0152, C€ @ {a;}52, CL¥@R) N ’PLL(]R”)
and {};}52, C [0, 00) such that f = Zfozl Xjajin 8’ (R")NLL (R") and that, for all v > 0

Assumption (1.6) and (1.7) correspond to conditions p < s and g < ¢ in Theorem 9.3,
respectively. Assumption (1.13) corresponds to p < oo.

According to the counterexample in [52, Proposition 4.1], we know that we can not
relax the assumption g < ¢; if this were true for ¢ = ¢, then this would contradict to the
counterexample in [52, Proposition 4.1].

However, it is not known that we can relax the assumption p < s.

Remark 9.5 According to the best knowledge of the authors, it seems that there are three
decompositions for Morrey spaces.

1. In 2005, Kruglyak and Kuznetsov considered the Calderén-Zygmund decomposition
[31].

2. In 2007, the “so called” smooth decomposition is obtained [50]. The key idea is to de-
velop the idea obtained in [23, 34, 61, 62]. This decomposition is investigated very inten-
sively in [24, 32, 33, 45, 47, 48]. Later, in [51], by using this atomic decomposition, the
above scale turned out to be the one defined by Yang and Yuan [64, 65]. See [66-68, 70]
for more for this new scale. We refer to [71] for an exhaustive account of these function
spaces as well as the results on this decomposition. In particular, remark that Yang, Yuan
and Zhuo obtained the smooth decomposition for Musielak—Orlicz spaces in [69]. Using
Corollary 8.11 and the main results in [33], one can obtain the smooth atomic decompo-
sition for the Orlicz—-Morrey spaces of the third kind. However, the cost that must be paid
is the size of the number N of the moment condition in words of [69, Definition 5.4].
With the results in this paper and the ones in [33], N must be large enough. To overcome
this disadvantage, one needs another approach, which is the future work.

3. Probably, [27] is the first work on the non-smooth decomposition of functions Hardy—
Morrey space. The paper [25] complements the case when My, o (R") is the classical
Morrey space M} (R").
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